2312.14810v2 [cs.CE] 27 Mar 2024

arXiv

Accurate, scalable, and efficient Bayesian optimal experimental design with
derivative-informed neural operators

Jinwoo Go?, Peng Chen®

@School of Computational Science and Engineering, Georgia Institute of Technology, 30332 GA, Atlanta, USA

Abstract

We consider optimal experimental design (OED) problems in selecting the most informative observation sen-
sors to estimate model parameters in a Bayesian framework. Such problems are computationally prohibitive
when the parameter-to-observable (PtO) map is expensive to evaluate, the parameters are high-dimensional,
and the optimization for sensor selection is combinatorial and high-dimensional. To address these challenges,
we develop an accurate, scalable, and efficient computational framework based on derivative-informed neural
operators (DINOs). The derivative of the PtO map is essential for accurate evaluation of the optimality
criteria of OED in our consideration. We take the key advantage of DINOs, a class of neural operators
trained with derivative information, to achieve high approximate accuracy of not only the PtO map but
also, more importantly, its derivative. Moreover, we develop scalable and efficient computation of the op-
timality criteria based on DINOs and propose a modified swapping greedy algorithm for its optimization.
We demonstrate that the proposed method is scalable to preserve the accuracy for increasing parameter
dimensions and achieves high computational efficiency, with an over 1000x speedup accounting for both
offline construction and online evaluation costs, compared to high-fidelity Bayesian OED solutions for a
three-dimensional nonlinear convection-diffusion-reaction example with tens of thousands of parameters.

Keywords: Optimal experimental design, Bayesian inverse problem, Derivative-informed neural operators,
Dimension reduction, Uncertainty quantification, Greedy algorithm

1. Introduction

Mathematical modeling and computational simulation become increasingly important for understanding
and optimizing complex systems in many scientific and engineering fields. In practical applications, various
uncertainties arise in the modeling and simulation either because of the lack of knowledge of the systems
(epistemic uncertainty) or the inherent randomness in the systems (aleatoric uncertainty) that cannot be
reduced. To reduce the epistemic uncertainty commonly represented as uncertain model parameters, it is
essential to acquire knowledge or data of the systems by proper experimental design and calibrate the model
parameters by either deterministic or statistical/Bayesian inference from the experimental or observational
data. However, these experiments may be very expensive to conduct or take an enormous time or space.
This is where optimal experimental design (OED) comes into play. OED designs experiments to acquire the
most informative data under budget/time/space constraints [T}, 2, B 4L [5].

In this work, we consider OED for Bayesian inverse problems constrained by large-scale models described
by partial differential equations (PDEs) under infinite/high-dimensional uncertain parameters, see [6l [3]
7, [8L @, Bl 10, M1] and references therein. For the design optimality criteria, we consider both variance-
based alphabetic optimality [3] [7, [§], and information theory-based optimality criterion known as mutual
information or expected information gain (EIG) [9, [5, M1I]. The variance-based optimality criteria seek
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to minimize the uncertainty represented by summary statistics of the posterior covariance, such as A-
optimality (the trace of posterior covariance) and D-optimality (the determinant of posterior covariance),
while the information theory-based EIG seeks to maximize the average information gained from all possible
realizations of the experimental data. Mathematically, the EIG is defined as the expectation of Kullback—
Leibler divergence between the posterior and the prior distributions over the data or marginal likelihood
distribution, which involves the integration with respect to both the posterior and data distributions.

Several challenges are faced in solving OED with these optimality criteria for PDE-constrained large-scale
Bayesian inverse problems, including: (1) each evaluation of the optimality criteria requires the computation
of a parameter-to-observable (PtO) map—the map from the uncertain parameters to the observational
quantity of interest of the system—at many data and parameter samples; (2) each computation of the
PtO map involves a solution of the model, which can be very expensive for large-scale PDE models; (3)
the dimensions of the uncertainty parameter space and the experiment design space can be very high or
infinite as considered in our work, which brings the curse-of-dimensionality, i.e., the computational /sampling
complexity increase rapidly (exponentially) with respect to the dimensions, for many conventional methods;
and (4) the combinatorial optimization with respect to the experimental design may be highly non-convex,
as in the example of optimal placement of sensors from a large number of candidate sensor locations.

To address these challenges, various computational methods have been developed over the last decade,
including (1) sparse polynomial chaos approximation of PtO maps [4, [12], (2) Laplace approximation of
non-Gaussian posterior distributions [I3, [9, 14} 15, [I6], (3) low-rank approximation of prior-preconditioned
Hessian of the data misfit term [3] [} 13} 17, [I8] 19], (4) reduced order models [20} 2], 22] and deep neural
networks [I1] that serve as surrogate models of the PDEs or PtO maps, (5) variational inference and neural
estimation in a fast approximation of the EIG or mutual information [23, 24l 25 26], and (6) efficient
optimization methods based on gradient information [3} I3, [12], greedy algorithms [27), 28] 21, 22], and
swapping greedy algorithms [10] [5] [IT].

In this work, we consider the Laplace approximation of the posterior distribution [I3] @, 14, 15] [16] and
the low-rank approximation of the prior-preconditioned Hessian of the data misfit term [3] [7] 13} 17} [18] [19].
Though achieving significant computational reduction, such approximations are still infeasible for large-
scale PDE models with high-dimensional parameters. This is because (1) a Maximum-A-Posteriori (MAP)
point needs to be computed in the Laplace approximation for each observed data and each given experi-
mental design, which requires the solution of a large-scale PDE-constrained high-dimensional optimization
problem; (2) the evaluation of the optimality criteria involves a low-rank factorization of the large-scale
prior-preconditioned Hessian of the misfit at each MAP point; (3) both the MAP points and the low-rank
factorizations need to be computed numerous times, e.g., millions of times for the combinatorial optimization
of the high-dimensional experimental design by a greedy algorithm.

Contributions. We propose to address these computational challenges by developing an accurate,
scalable, and efficient computational framework based on the derivative-informed neural operator (DINO)
[29]. We make the key observation that not only the PtO map but also its derivative (Jacobian) with respect
to the parameters have to be evaluated numerous times for the Laplace and low-rank approximations. This
motivates us to build a fast surrogate of the PtO map that is accurate not only for the map but also for
its derivative, which is the essential property of DINO that trains a neural network to reduce the errors
of both the map and its derivative. To achieve the computational scalability of DINO with increasing
parameter and observation dimensions, we employ dimension reduction techniques by projecting the input
and output to proper low-dimensional subspaces. We identify the most informative input subspaces for the
MAP point approximation and the Jacobian approximation as a derivative-informed input subspace (DIS).
Thanks to the dimension reduction, we can considerably reduce the size of the neural network and use a
relatively small number of training data of both the PtO map and its projected Jacobian to achieve high
approximation accuracy. We also propose to compute the projected Jacobian data in the input and output
subspaces instead of the full Jacobian, which only requires the solutions of a small number of the PDEs and
its adjoint systems for each Jacobian sample. This effectively alleviates the computation and storage cost
for the Jacobian data and only requires marginal cost compared to that for generating the PtO map data.

Using the DINO evaluation of the PtO map and its projected Jacobian, we further derive the formula-
tions to (1) compute the MAP point by solving a low-dimensional optimization problem using automatic
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differentiation with reliable derivatives, and (2) solve a small-scale eigenvalue problem in the input subspace
for the low-rank approximation of the Hessian of the misfit. These computations enable efficient evaluations
of the optimality criteria for each data and corresponding experimental design with any given number of
sensors. To this end, we propose a modification of a swapping greedy algorithm developed in [5] to solve the
Bayesian OED optimization problem by a different initialization of the sensors using a greedy algorithm.
We demonstrate the high accuracy, scalability, and efficiency of our approach with two examples of two-
dimensional (2D) and three-dimensional (3D) PDE models, and with hundreds of observables and tens of
thousands of parameters. Specifically, we achieve 80x speedup compared to the high-fidelity Bayesian OED
solution for the 2D model and 1148 x speedup for the 3D model, including both online evaluation and offline
construction costs of the surrogates.

Related work. Our work is more closely related to the recent work [5] in using Laplace and low-
rank approximations and [11] in using surrogate models than other works listed above. We point out the
significant difference that in [5] the Laplace approximation is not constructed at the MAP point but rather
at the prior sample point because of the prohibitive computational cost. Moreover, the authors assumed that
observation noise is uncorrelated to enable an offline-online decomposition of the low-rank approximation.
In [11], a neural network surrogate was constructed to compute only the PtO map and the EIG by a double
loop Monte Carlo (DLMC) sampling. The surrogate was not constructed using the additional Jacobian
information, thus was not accurate and not used to compute the Jacobian and the related A-/D-optimality
criteria as well as the Laplace approximation based EIG. It is limited to relatively large observation noise
because of the pollution of the neural network approximation errors in the accurate computation of the
likelihood function, which is crucial for the DLMC sampling. In contrast, our work is not subject to these
limitations. However, we remark that our method is limited to the low-rankness or fast spectral decay
of the PtO map and the Hessian of the data misfit term as in [5, II]. The fast spectral decay is the
intrinsic property of many high-dimensional problems and has been exploited in various other contexts
besides Bayesian OED, e.g., Bayesian inference [30} 31l 32, B3] B4} 35}, [36], model reduction for sampling and
deep learning [37, 38, [39], 40], and optimization under uncertainty [41], [42] [43] 44].

The rest of the paper is organized as follows: We present Bayesian OED problems with three optimality
criteria constrained by PDEs to infer infinite-dimensional parameters from noisy observations in Section
This is followed by Section [3|in solving Bayesian OED problems by high-fidelity approximation using finite
element discretization, Laplace, and low-rank approximations of the posterior. Section [] introduces DINO
surrogates incorporating proper dimension reduction techniques, efficient computation of the optimality
criteria, and a modified swapping greedy algorithm to accelerate the solution of the Bayesian OED problems.
We then present the numerical results in Section [5| to demonstrate the accuracy, scalability, and efficiency
of the proposed method in solving Bayesian OED problems constrained by large-scale PDEs. Finally, we
conclude the paper in Section [6]

2. Problem statement

We present Bayesian inverse problems constrained by PDEs with infinite-dimensional parameters, Bayesian
OED problems in the context of optimal sensor placement, and the challenges for their solutions.

2.1. Bagyesian inverse problem

We consider Bayesian inverse problems to infer uncertain parameters in mathematical models described
by PDEs written in an abstract form as

R(u,m) =0in V', (1)

where u € V is the state variable in a separable Banach space V defined in physical domain D € R?, e.g., in
dimension d = 1,2, 3; m represents the uncertain parameter. Specifically, we consider m as a random field
parameter in a Hilbert space M defined in D, which is infinite-dimensional. The operator R : V x M — V'
represents the strong form of the PDE, where V' is the dual of V.



Let B : V — R? denote an observation operator that maps the state variable u to a vector of ds-
dimensional observation functionals, with d, € N. We define a corresponding PtO map F : M — R% as
F(m) := B(u(m)). In particular, we consider the observation made in d, sensor locations (1, ..., x4, ) with
x; € D indicating the i-th sensor location in domain D. In the OED problem, we can only choose r; € N
out of the d, candidate sensors because of the budget constraint, where typically ds > r5. We use a design
matrix & € R% X" to represent the selection of 7, sensors out of the dy candidates, with & = 1if the j-th
sensor is selected at the i-th location x;, and &; = 0 if not. Moreover, we consider that one location can
not be placed with more than one sensor. Mathematically, we define the admissible design matrix set = as

ds Ts
E=QLeR™ g €01}, > &i=1, ) & €{0,1} 5. (2)
i=1 j=1

For a given design matrix £ € =, we denote the corresponding PtO map as F¢ = {F : M — R™. We
consider that the noisy observation data y is corrupted with an additive observation noise €, given as

Yy = Fe(m) + €, (3)

where we assume the observation noise obeys Gaussian distribution € ~ N(0, T'ypise) With zero mean and
covariance I'yoise € R™*"s. Under this assumption, the likelihood of the data y for a parameter m and
design matrix & is given by

Mike(Y|M, &) = W exp (—®(y,m,§)), (4)

where |T'poise| denotes the determinant of T'hoise, and the potential function ®(m,y, &) represents a data-
model misfit term given as

By, m.€) = lly — Fe(m)lis = 3 (4~ Felm) Tokaly — Felm)) (5)

Given data y in , the inverse problem is to infer the parameter m constrained by the model . In
a Bayesian framework, the inference is to update the probability distribution of the parameter m from its
prior distribution piprior to the posterior distribution pipest conditioned on the observation data y and design
matrix £&. We consider a Gaussian prior piprior = N (Myprior; Cprior) With mean mpyior and covariance operator
Cprior : M — M. In particular, we use a common choice of Matérn covariance operator Cprior = A~* [45],
where A = —yA + §1 with homogeneous Neumann boundary condition, A is the Laplacian, I denotes the
identity, and the constants «,y,d > 0 collectively determine the smoothness, correlation, and variance of
the parameter. We require o > d/2 for the covariance to be of trace class [46], where d is the dimension of
the domain D. Given this prior, Bayes’ rule states that the posterior of the parameter written in the form
of Radon—Nikodym derivative satisfies

dﬂgfst (m)

1
dptprior(m) — (Yl

)ﬂ-like(y|m7§>7 (6)

where 7(y|¢) is known as model evidence or marginal likelihood distribution given by

7@@Afmwm&%mm» (7)

which is typically computationally intractable in infinite or high dimensions.

2.2. Bayesian optimal experimental design

The Bayesian OED problem in our context seeks the optimal placement of 74 sensors out of ds candidate
locations that provide maximum information to infer the parameter. For this task, we consider several widely
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used optimality criteria, including the variance-based A-optimality criterion and D-optimality criterion, and
the information theory-based EIG or mutual information.

The variance-based A-/D-optimality criteria are defined for a Laplace approximation of the posterior
distribution given by fipost = N (mmap, Cpost). Here, myap denotes the MAP point defined as

1 1
maiap (y, ) = arg min lly = Fe(m)|s + 5lm = mpriorl B (®)
and the covariance operator Cpost is given by

Cpost = (Hmisﬁt (mMAP> + CI;]{OJ_la (9)

where Humisat (maap) is Hessian of data-model misfit term ®(m, y, &) with respect to m evaluated at myap.
A common choice for H st (mmap) in infinite- /high-dimensional Bayesian OED is to use its Gauss-Newton
approximation

Hmistit (Maap) & Hipig (mamap) = VinFe(myap) Tpgise VinFe (Marap), (10)

with the Jacobian V,,F¢(mmap) : M — R evaluated at the MAP point myap. This corresponds to a
Fisher information matrix-based optimality criterion [47]. The Gauss—Newton approximation of the Hessian

is exact if the PtO map F¢(m) is linear with respect to m, or it can be considered as a linear approximation
of F¢(m) at the MAP point, i.e.,

fg(m) %fg(mMAp)—i—Vm}"g(mMAp)(m—mMAp). (11)

We note that for the A-/D-optimality criteria, we need to obtain the MAP point mpap by solving the
optimization problem and compute the Jacobian V,,F¢(mmap) at the MAP point, both of which are
constrained by the PDE and depend on the realization of the data y and the design matrix &.

To this end, we can define the Bayesian OED problem with the A-optimality criterion as

£y = arg min Eryg) [trace(CY:s: (m¥iap))], (12)
and D-optimality criterion as
gB = arg Iglelél EW(’.’JK) [det(cl;}orcg(ﬁt (m’l!{/fiP))]7 (13)

where trace(-) and det(-) denote the trace and determinant. The covariance operator Cg(’ét (mi’/fAP) is defined
in (@, with the superscript representing the dependence on the data y observed at the sensors determined
by the design matrix {. The expectation E (e[| is taken with respect to the distribution of the data y
conditioned on £. This expectation can be evaluated by the double integral Ep, o, Eymmye (-Jm.e)[-]-
Alternatively, the Bayesian OED with the information theory-based EIG seeks to maximize the expected

information gained from the sensors, i.e.,
6t = argmaxExyje) | Dicc (i lprior)| (14)

where the information gain is measured by the Kullback-Leibler (KL) divergence between the posterior
distribution Ngg)it and the prior distribution fiprior, defined as

d‘LLy’é (m)
D v, rior) — E ; 1 S Tt ' o
KL (Mpost”up ) mNHgfsc [ 08 <d/.l/prior (m) ( )

Under the assumption of Gaussian prior pprior = N (Mprior; Cprior) and using the Laplace approximation of
the posterior ﬂg,ﬁ =N (mmp,c%ﬁ ), the analytical form of the KL divergence is given by [7]

rior post
misfit :
rior

X 1 1 _ 1
DKL (Mgét”ﬂprior) = 5 IOg det(l + Cpriorngl’i&Sﬁt) - §trace(/Hy7£ proit) + §||mf/f§xp - mprior”?;;l . (16)
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Several computational challenges arise in solving the Bayesian OED problems with these optimality
criteria, including: (1) the dimension of the uncertain parameter space and the design space can be infinite
or very high, which brings the curse of dimensionality, i.e., the computational /sampling complexity increases
exponentially with respect to the dimensions; (2) each evaluation of the optimality criteria (trace ,
determinant , EIG ) requires numerous expensive PDE solves for the computation of the PtO map
F¢ and its Jacobian V,, F¢; (3) the optimization with respect to experimental design £ is combinatorial and
high-dimensional, which may require a large number of evaluations of the optimality criteria.

3. High-fidelity approximations

In this section, we follow [I3] [5, [45] 48] and present high-fidelity approximations using a finite element
method to discretize the infinite-dimensional parameter field and solve the Bayesian OED problem based on
Laplace and low-rank approximations. We highlight the specific computational challenges of high-fidelity
approximations as the motivation and basics to develop our computational framework in Section We
also take the high-fidelity approximations of all the related quantities as the reference to demonstrate the
accuracy, scalability, and efficiency of our proposed method in Section

3.1. High-fidelity discretization

The random field parameter m lives in the infinite-dimensional Hilbert space M. We discretize m by a
finite element method in a finite-dimensional space My, C M of dimension d,, with piecewise continuous
Lagrange polynomial basis {¢; }?:1 such that ¢;(z;) = d;;. Let h denote the mesh size of the discretization,
we approximate the parameter by m;, € Mg, defined as

drm
mp(z) = ijﬁﬁj(x)v (17)

where m = (my,ma, ...,mg,,)T € R4 is a coefficient vector of my,. The prior distribution for this discretized
parameter m is Gaussian pu(m) = N (Meprior, I'prior) With mean vector Moy and covariance matrix I'prior
as discretized from the mean mpyior and the covariance operator Cprior = A~ with A = —yA 4 61. Let M
and A denote the finite element mass matrix and stiffness matrix given by

M;; = /D@(I)%(I)d% i,j=1,....dm, (18)

and

Aij = /D(—VV@(QC) V() +6¢i(x)¢;(x))dx, i,j=1,...,dm,
then the inverse of the covariance matrix I'pyior for a = 2 is given by [45]

-l =AM 'A.

prior

3.2. Laplace and low-rank approximations

By the high-dimensional discretization, we can write the Laplace approximation of the posterior distribu-
tion of m as N (m¥5p, IYs (m¥Sp)), where the MAP point mYS, is obtained from solving the following

finite/high-dimensional optimization problem corresponding to () in the function space

| 1
miihe =arg min Sy = Fe(m)|[f +5llm = mpollf (19)

with F¢ denoting a map from m to the observables corresponding to a discrete version of the PtO map F¢ for
a given sensor selection £. To solve this optimization problem, we can employ, e.g., an inexact Newton—-CG
algorithm, which requires the computation of the derivative of F¢(m) with respect to m.
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The posterior covariance matrix Fpost(mMgp) evaluated at m{\’/fip is given by

FgOEt( MgA ) (Hgngﬁt(mMAP) + 1—‘;rlor)i ’ (20)

where HY. (m¥%5,) is a discrete approximation of H¥:5. (maap) in (I0) given by

Hr!]{uiﬁt (mg/I’AP) Hmlsﬁt( I?\J/[ ) (V FE (’rn’MAP))TrnollseV FE (mMAP) (21)

The posterior covariance matrix I'poe¢ is high-dimensional and involves the Jacobian Vg, Fy and its
transpose which requires solving the PDE and its adjoint. To efficiently compute the posterior covariance,
we employ a low-rank decomposition by first solving a generalized eigenvalue problem

Hr?lliﬁt(mf/fiP)wl =\ F;I‘IOI‘ i = 1’ SR (22)
with eigenpairs (\;,w;), ¢ = 1,...,r, corresponding to the largest r eigenvalues Ay > --- > A, and
w; Fpéor ;i = 0ij, 1,7 = 1,...,r. Tt requires O(r) linearized PDE solves using a randomized SVD al-
gorithm [45], see [0] for more details. Let A, = diag(A1,...,\), W, = (w1,...,w,), and V, = I’prllorWT, we

have W'V, = I and obtain a low-rank approximation from as in [48]
FpriOTHml:Eaﬁt (mMAP) W A VT (23)

which is accurate for a relatively small r as long as the eigenvalues decay fast with A.;; < 1. To this end,
the posterior covariance can be approximated by [48]

Fgoit< ) (Fprlor mlsﬁt (mg/fAP> + I)_lrprior
(W A VT + I) prior
= (I_ WT‘DT‘/T ) prior
Fprior - WTDT’WTT7

(24)

where we factorized I'pyior in the first equality, used low-rank approximation in the inequality, employed
Sherman—Morrison-Woodbury formula for the second equality with D, = diag(A1/(14+ A1), ..., Ar/(14+ A1),
and used the definition of V;. such that V.IT prior = W1 in the last equality.

3.3. High-fidelity Bayesian OED
By applying the Laplace and low-rank approximations of the posterior, we can compute the approximate

A-optimality optimal design corresponding to as

& ~ arg mgin Er(yle) [trace(Tprior — WD, W,)] = arg max Er(yle) [trace(W, D, W], (25)

where the equality is due to that I'p.ior does not depend on y and €.
Similarly, we can compute the approximate D-optimality optimal design corresponding to as

T

& ~ arg IricinIEﬁ(yK) [det(W, A VT +1)71)] = arg mﬁax]Ew(y‘g) [H(l + \)

i=1

(26)

For the EIG criteria defined in with the Laplace approximation and , we can compute the
approximation with the following form [5]

DY
gEIG ~ arg max ]Eﬂ.(y‘g) Zlog 1 + )\ ) Z 1+ )\ mpr10r||r;{or‘| . (27)
=1



3.4. Computational challenges

We remark that both the eigenpairs (\;, w;), i = 1,...,r, and the MAP point ml?\’/[’ip depend on the data
sample y and the design . The conditional expectation E(y¢) in the above three optimal design problems
can be computed using sample average approximation (SAA) by drawing samples y™ = Fg(m(")) + €,
n=1,...,N,, with m{ drawn from the prior distribution of m and " drawn from the observation noise
distribution. Then we need to solve the optimization problem for the MAP point and the generalized
eigenvalue problem for the eigenpairs at each of the Ny samples, which becomes computationally
prohibitive for large N and large-scale PDEs to solve. We point out that the authors of [5] replace the
MAP point mI’\’/I(Z)ﬁ,g by the prior sample m (™), which avoids solving the optimization problem . Moreover,
they assume uncorrelated observation noise €™ in each observation dimension, by which they only need to
solve a generalized eigenvalue problem in high dimensions once and then solve N, eigenvalue problems of
size r x r for each design ¢ in the design optimization. However, the MAP point may be rather different from
the prior sample, especially for a small number of observables, which can make their method potentially
less effective. The computational method in solving the generalized eigenvalue problem also becomes not
applicable for correlated observation noise. In this work, we propose to efficiently compute both the MAP
point and the eigenpairs by using derivative-enhanced surrogate models, which completely avoids solving
the PDE models during the optimization for the optimal design once the surrogate models are constructed.
Moreover, we do not need the observation noise (as required in [5]) to be uncorrelated to use the surrogate
models.

4. Bayesian OED with DINO

In this section, we present our approach for scalable and efficient computation of the optimality criteria
based on DINO [29], and introduce a swapping greedy algorithm modified from [5] to optimize the experi-
mental design. To achieve the scalability of the DINO approximation with accurate derivative evaluation, we
employ derivative-informed dimension reduction methods [40, [49] to reduce the dimensions of both the input
parameters and output observables. For the efficient computation of the optimality criteria, we formulate
both the optimization of the MAP point problem and the generalized eigenvalue problem in the
derivative-informed subspaces. Additionally, we present a complexity analysis of the high-fidelity and DINO
approximations in terms of the number of PDE solves for the full Bayesian OED optimization.

4.1. Derivative-informed dimension reduction

The random field parameter m defined in the function space M is infinite-dimensional. By the high-
fidelity discretization of m in Section the dimension d,, of discrete parameters m is often very high.
Meanwhile, the dimension dr of candidate sensors or observables F' is also set high to select the most infor-
mative sensors. The high dimensionality of input parameters and output observables makes it challenging to
build an accurate neural network surrogate of the PtO map without a sufficiently large number of training
data and a big training cost. To address this challenge, we present derivative-informed dimension reduction
and a commonly used principal component analysis (PCA) for comparison.

In both the computation of the MAP point by a Newton-CG optimizer to solve ([19)) and the evaluation
of the Gauss—Newton Hessian in , we need to compute the derivative V., F(m). This motivates a
derivative-informed dimension reduction for the input parameter m. Specifically, let m(n) = Mprior +
F;ﬁizorn with the whitened noise 7 ~ N (0, I). We can formally write the eigenvalue decomposition for input
dimension reduction as

Ey [VoFT (m(n) VoF(m(m)] ¢ =N, i=1,...,r, (28)
with A\; > --- > A, and (¢)T) = §;;, which are equivalent to compute [40, 49]

Em [V FT(m) Vi F(m)] 9@ = N0 @) i=1,..7, (29)

prior



with 'gb(i) = F;fforcp(i) and (w(i))TF;rliorz/;(j) = 4;;. The expectation can be computed by SAA. To this end,

the input parameter dimension reduction can be computed by the linear projection

m=m, = MMprior + Z 511/}(2) where ,61 = (m — mprior)TF;rliord}(i)- (30)
i=1

We also consider a derivative-informed output dimension reduction by writing

E, [VoF(m(®)) Vo FT (mn)] @ = g™, i=1,...,r, (31)
with Ay > --- > A, and (w(i))Tq/)(j) = 0;;, which are equivalent to compute

Em [Vin F(m) Tprior Vi FT (m)] 9 = NpD, i =1, r, (32)

where the expectation is computed by SAA. Then the projected output observables can be computed by

F~F..=F+ Zﬁﬂ/i(i) where ;= (F — F)T'L/J(i), (33)

i=1

where F' is a the sample mean of F. To distinguish the eigenvectors for the input and output dimension
reduction, we use %% for m and 1/)%) for F. We also name W, = ({1, ..., 9)) and ¥p = ( g), e g))
as the derivative-informed input subspace (DIS) basis and derivative-informed output subspace (DOS) basis.

For a comparison of the derivative-informed dimension reduction, we briefly present a commonly used
PCA dimension reduction. Given N samples of the input-output pairs (m("), F) . n =1,..., N, where
F™ is computed by solving the PDE model at m (™), we can perform dimension reduction of them by PCA
or equivalently a truncated singular value decomposition (t£SVD). Let matrix B = (F() — F ... F(N) _ F)
with sample mean F. The tSVD of B, which can be computed by a randomized SVD algorithm, is given by

B~ B, :=¥.%,0" (34)
where U, = (zp(l), . .,d)(r)) and &, = (qb(l), . .7¢(T)) are the matrices with r columns of the left and
right singular vectors respectively corresponding to the r largest singular values o1 > --- > o, with X, =
diag(oy,...,0,). For any new F, we can perform the dimension reduction by the linear projection

FrF,=F+) By where = (F—F) g, (35)

i=1

Note that instead of using the sample-based PCA dimension reduction for the input parameter, we can also
compute a discrete version of a truncated Karhunen-Loéve expansion (KLE) for m ~ N (mpyior, Lprior) as

m R My = Mo + 3 B with 8 = /A, (36)
=1

where ()\i,'zb(i)), i = 1,...,r, are the eigenpairs of the covariance matrix I'pyior, and 7; ~ N (0,1). The
sample-based PCA projection converges to the KLE projection with an increasing number of samples.

4.2. Deriative-informed neural operators

Based on the dimension reduction for the input and output, we construct a neural network surrogate
Fyn(m) of the PtO map F(m), or the discrete observation operator (thus neural operator), as

F(m) ~ Fyn(m) := Dy, o Pgo &y, (m), (37)



where £y, : R9m — R™™ represents an encoder defined by the linear projection with basis ¥,,, € Rém*mm
as in by DIS or in by KLE. The output of the encoder is the ry,-dimensional coefficient vector
Ev,,(m) = B,, = (B1,---, B, )T defined in the linear projections. Dy, : R"F — R9F represents a decoder
by the linear projection with basis ¥ € R4 *"F as in by DOS or in by PCA. Note that the
full dimension of the observable vector F is dr, the same as the number of candidate sensors ds;. The
map Pg : R™ — R"F is given by a neural network parametrized by parameters 8, which takes the ry,-
dimensional input 3,,, and map it to a rp-dimensional output to approximate the coefficient vector B of
the linear projection of F' as in by DOS or in by PCA. One example is given by

(bg(z) =Zrzr + b, (38)

where
ziy1 =z + Wihi((Ziz + by), 1=0,...,L—1, (39)

is a sequence of ResNets [50] with input zo = 2z, h; represents elementwise nonlinear activation functions,
0 = Wy, Zo,bo, ..., Wr_1,Zr_1,br_1,Z1,br) collects all the neural network parameters. Note that the
neural network size depends only on rr and r,,, which is small so a relatively small number of data would
be sufficient for the training of the neural network.

To generate the training data, we draw N, random samples m(™ and solve the PDE to obtain F(™),
n = 1,...,N;. Then we project them to their corresponding reduced basis and obtain ,6'%) and ﬂgl)
Note that the samples in computing the projection basis in the last section do not need to be the same
samples drawn here. In practice, we take a subset of samples drawn here to compute the projection basis
first. To construct the neural network surrogate that is accurate not only for the PtO map F'(m) but also
for its Jacobian J(m) = V,,F(m), we also compute a reduced Jacobian I = L Jm,, € RIFxrm
with the full Jacobian J™ = V,,,F(") at each of the N samples. This computation requires the solve of
min(rp, rm) linearized PDEs corresponding to the PDE model (I)). These linearized PDEs have the same
linear operator 9, R or its adjoint at each sample m(). The computational cost can be amortized by, e.g.,
one LU factorization of the linear operator and repeated use of this factorization as a direct solver.

To this end, we define the loss function for the training of the neural network with two terms as

ZHﬂF — Bo(BIN)3 + NI — Ve (B3, (40)

nl

where the first term measures the difference between the projected PtO map and its neural network ap-
proximation in Euclidean norm, and the second term is informed by the derivative (thus DINO [29]) and
measures the difference of their Jacobians in Frobenius norm. Note that Vg®g € R"**"™ represents the
Jacobian of the neural network output ®g with respect to its input, which can be computed by automatic
differentiation. The evaluation of the loss function and its gradient with respect to the parameters 6 is very
efficient since all quantities depend only on the small reduced dimensions rr and 7,,. We remark that the
scaling parameter A in the loss function can be properly tuned to balance the two terms. We find that
in practice A = 1 is sufficient to achieve improved accuracy of the PtO map and its reduced Jacobian.

4.3. Efficient computation of the MAP point and the eigenpairs with DINO

Once the neural network ®¢ defined in is well trained with the derivative-informed loss function ,
we obtain a DINO surrogate Fyy of the PtO map F as in . As the surrogate is trained to approximate
both the PtO map and its derivative, we can use it in a derivative-based optimization algorithm to solve
problem for the MAP point and compute the eigenpairs in that involve the Jacobian as in .
Thanks to the dimension reduction of the input parameters and output observables by the encoder and
decoder as in , respectively, we can efficiently compute the MAP point and eigenpairs in the reduced
spaces, which can significantly reduce the computational cost.

More specifically, to compute the MAP point, we solve the following optimization problem

1
Viip :argmmfl\y ¢ D0 Po(B)II7 1+ I8, (41)
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where I, ! \Ilafpior\llm € R™*"m can be computed once and used repeatedly in solving the optimization
problem. When ¥,, is taken as the DIS basis computed from , we have I',,! = I. Note that this opti-
mization problem has a reduced dimension 7, < d.,, compared to the high d,,-dimensional optimization
problem . We propose to solve it using a gradient-based optimization algorithm, e.g., the quasi-Newton
LBFGS algorithm, where the derivative of the neural network ®¢(3) with respect to the input 3 can be
efficiently computed by automatic dlﬁerentlatlon Once BM A p is obtained, we can compute the approximate
high-dimensional MAP point mM AP by the linear projection, e.g., DIS in

To compute the eigenpairs of ( at the MAP point using the DINO surrogate Fny in , we first

observe that its Jacobian is given by

\4 FNN (mMAP) \IJF VB‘I)G (IBMAP) ‘IernF;nor’ (42)

where we use the DIS basis ¥, for the input encoder, and ¥, either PCA basis or DOS basis for the output
decoder. Second, by observing the similarity of the generalized eigenvalue problem and the generalized
eigenvalue problem in computing the DIS basis, we propose to approximate the eigenvector w; of
by the linear projection with DIS basis as w; = ¥, u; € R4 with the coefficient vector u; € R™, then
the generalized eigenvalue problem can be simplified (by multiplying ¥, on both sides) as

HYS By ws = Awiy,  i=1,...,Tm, (43)

misfit

. Y€
where the reduced matrix Hmlsﬁt

Hr?uéﬁt (IBMAP) (Vf}‘be (ﬂMAP)) ET nomeg \IJF V,BCDG (BMAP) (44)

which can be efficiently evaluated by automatic differentiation. Moreover, the eigenvalue problem
can also be efficiently solved in the reduced dimension r,,. Once the MAP point and the eigenpairs are
computed, we can evaluate all the optimality criteria as in Section

(BYp) € R *"m is given by

4.4. Swapping greedy algorithm

In this section, we present a swapping greedy algorithm as a modification of that developed in [5] to
optimize the experimental design for the optimal sensor placement problem. Recall that we need to choose r;
sensors out of dg candidate sensor locations. We first apply a standard greedy algorithm to place the sensor
one by one from 1 to 75 sensors according to one of the optimality criteria, and then employ a swapping
greedy algorithm to swap the selected 75 sensors one by one with the rest of the sensors to improve the
optimality criterion until a stopping condition is satisfied, see Algorithm[I] More specifically, we initialize an
empty sensor set in line [3] select and add the sensors s7, t = 1,...,7, one by one by a greedy algorithm in
line 4] to |10| to maximize one of the optimality criteria, where the optimality criteria are computed either by
high-fidelity approximation as in Section or by neural network acceleration as in Section Then, we
start from the selected sensor set by the greedy algorithm and swap the sensors from it one by one with the
rest of the candidate sensors in line [I2) to [22] We stop the swapping loop if the improved design optimality
is smaller than tolerance or if the number of the swapping loops is larger than a maximum number ki x.
We remark that an initial sensor set with rs sensors is selected by a leverage score in [5] before starting
the swapping loop since the optimality criteria can only be evaluated in an online optimization stage for a
fixed number (r,) of sensors in its algorithm. In contrast, we can efficiently evaluate the optimality criteria
for an arbitrary number of sensors, which allows us to initialize the sensor set by a greedy algorithm before
swapping. We observe fewer swapping loops to converge in our example (1 to 2 loops are sufficient).

4.5. Computational complexity

The total computation for the swapping greedy algorithm requires O(ksrsds) evaluations of the optimality
criterion to select rg sensors from dy candidates with ks < knax loops of the swapping greedy algorithm.
Note that the greedy algorithm for initialization takes O(rsds) evaluations of the optimality criterion. Each
of the optimality criteria takes N times of solving the optimization problem to compute the MAP point

11



Algorithm 1 Swapping greedy algorithm

1: Input: A set S = {s1,...,84,} of ds candidate sensors, a budget of 7 sensors, a maximum number of
swapping loops kmax, and an optimality tolerance ey .
: OQutput: A set S* of r5 optimal sensors.

[\

: Set an empty sensor set S? = 0.
fort=1,...,r; do
Choose the optimal sensor s; at step t as

57 = arg Serg\zgf;_l optimality(&({s} U S*™1)),

where £({s} U S?™1) is the design matrix for the selected sensors {s} U St~1.
Update the set of selected sensors S* as

© %

St={si}uUsL.

10: end for
11: Set an initial loop number k£ = 0 and design improvement € = 2.
12: while k£ < kjax and € > ein do

13:  Denote a set of 7, selected sensors as S;.° = S = {s1,...,s,,}, and compute optimality(£(S,*)) for
the corresponding experimental design £(S}°).

14: fort=1,...,rs do

15: Select the candidate sensor s; to swap with the ¢-th sensor s; in S™ as

16:

s; = arg S&%}ér optimality (§(S™ \ {s:} U {s}))

17: Update S™s by swapping its ¢-th sensor s; with sj.
18:  end for
19:  Compute the optimality(£(S")) for the updated sensor set S™, compute the incremental improvement
of the optimality criterion
20:
¢ = optimality(£(S™)) — optimality (£(S,7)),

21:  and update k + k + 1.
22: end while
23: return S* = S"s.

and Ny times of solving the eigenvalue problem to compute the eigenpairs, where Ny is the number of
samples in the SAA of the expectation in the optimality criteria.

If we only use the high-fidelity approximation without neural network acceleration, by the same swapping
greedy algorithm we would have to solve O(Ngksrsds) times the optimization problem to compute the
high-fidelity MAP point and solve O(Nsksrsds) times the high-fidelity generalized eigenvalue problem
to compute the eigenpairs. By using an inexact Newton-CG algorithm to solve the optimization problem
, we need to solve N, state PDEs and Ny N, linearized PDEs (for Hessian-vector product), with
Nyt Newton iterations and Neg (in average) CG iterations per Newton iteration. For the solution of the
generalized eigenvalue problem by a randomized SVD algorithm, we need to solve one state PDE and
O(r) linearized PDEs to compute r eigenpairs. We remark that if a direct solver is used, e.g., by first LU
factorization and then its repeated use to solve the linearized PDEs, then the cost Cs of each linearized PDE
solve becomes much smaller than the cost C7 to solve the state PDE, so that the additional computational
cost for the Jacobian data generation is comparable or smaller (depending on the nonlinearity of the state
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PDEs) than that for the PtO map data generation, as reported in our examples. The computational
complexity in terms of the number of PDE solves is summarized in Table

For the neural network construction, we first need to build the basis for the input and output dimension
reduction, with O(N,y,) state PDE solves (using O(N,y,) samples for SAA in (29)) and O(Np,7m,) linearized
PDE solves to get rp, bases for input dimension reduction, and O(Np) state and O(Nprp) linearized PDE
solves to get rp bases for output dimension reduction. To generate NNy samples of the PtO map and its
Jacobian in the reduced dimension for training the neural network surrogate, we need to solve IN; state
PDEs (for PtO map), and O(N;r;) linearized PDEs (for Jacobian) with v = min(ry,,7r). As the neural
network is constructed in the reduced dimensions with a relatively small O(ry,rF) degrees of freedom, its
training cost is negligible compared to the data generation. Once trained in an offline stage, the evaluation
of the neural network and its Jacobian is many orders of magnitude faster than the large-scale PDE solves
and can be efficiently used to solve the Bayesian OED problem without the PDE solves in the online stage.
The computational complexity in terms of the number of PDE solves is also summarized in Table

# PDE solves High-fidelity
MAP point O(NsksrsdsNnt)C1 + O(Ngksrsds Nt Neg)Co
Eigenvalue problem O(Nsksrsds)Ci + O(Nsksrsdsr)Ca
# PDE solves DINO
Dimension reduction O(Nm + Np)C1 + O(Nm7m + Nprp)Ca
Training data O(N¢)C1 4+ O(Nyry)Co

Table 1: Computational complexity in terms of the number of PDE solves, each state PDE with cost C7 and each linearized
PDE with cost Ca. Ns: # samples to compute optimality criterion, ks: # swapping loops, 7s: # sensors to select, ds: #
candidate sensors, Npt: # Newton iterations, N¢g: # CG iterations per Newton iteration, r: # eigenpairs, N¢: # training
samples, 4 = min(rym,rr): the smaller number of the dimensions of the input projection rm and the output projection rp,
Ny and Np: # samples used to construct the input and output dimension reduction.

5. Numerical result

In this section, we demonstrate the accuracy, scalability, and efficiency of our proposed computational
framework for two Bayesian OED problems. For the accuracy of neural network surrogates, we consider
the approximation of the PtO map, its Jacobian, the MAP point, the eigenvalues, and the three different
optimality criteria for Bayesian OED. For scalability, we show the preserved accuracy and cost in terms of the
number of PDE solves with increasing parameter dimensions. For efficiency, we compare the computational
cost of the neural network surrogates with that of the high-fidelity approximation, including the cost of both
offline training and online evaluation of the surrogate in selecting optimal sensors.

5.1. Test problems

We consider two test problems, one of a linear diffusion problem and the other of a nonlinear convection-
diffusion-reaction problem with a nonlinear reaction term, both with infinite-dimensional parameter fields
and leading to nonlinear Bayesian inverse problems. We present the two examples in this subsection and
the numerical results side by side in the following subsections for ease of comparison.

5.1.1. Linear diffusion problem

For the first test problem, we consider Bayesian OED for optimal sensor placement to infer a permeability
field in pressure-driven Darcy flow in a physical domain D = (0,1)?, which is governed by the following
diffusion equation prescribed with suitable boundary conditions

-V (e™Vu)=0in D,
u =1 on 0Dsep,

45
u =0 on 8-Dbott0ma ( )

e™Vu-n =0 on dDgqes,
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where the state variable u represents the pressure field of the Darcy flow driven by the pressure difference
with Dirichlet boundary conditions v = 1 on the top boundary 0D;p and u = 0 on the bottom boundary
ODpottom- A homogeneous Neumann boundary condition is assumed on the two sides dDgiges, Where n
denotes the unit-length outward normal for the side boundaries. €™ represents a positive permeability field
with lognormal distribution, i.e., the model parameter m ~ N(0,C) is assumed be to be Gaussian random
field with Matérn covariance C = A~2 = (—yA + 61)~2, where we set v = 0.1, and § = 0.5. We use a finite
element method (FEM) with piecewise linear polynomials to approximate the parameter and pressure fields
discretized using a uniform mesh of size 64 x 64. A random sample of the parameter, the corresponding state
as a solution of the diffusion equation, and its pointwise observation with Gaussian additive noise following
N(0,0.1) at the 50 candidate sensor locations are shown in the top of Figure[l] We consider 50 candidate
sensors in the lower part of the physical domain and select 5 sensors from the 50 candidates.

Prior t
Tior State 1.0 Observations
1.0
0.6
. 0.8 0.8
0.6 0.6 0.4
2 "= = = = = n
0.4 041 = = = = = = = = = &= 0.2
0 02{ = = = = = = = = = &=
042 - L] - - L] L] - L] - - O‘O
0.0 ‘ : :
0.0 0.00 025 0530 075 1.00
State
bservati
—3 1.0 Observations s
D
2.0
—4 08 S
1.5 " aEmEE 2.0
0.6 -
-5 e
1.0 0.4 T TR EE R 15
—6 0.5 0.2 I R A
1.0
0.0
-7 0.0 0.00 025 050 075 1.00

Figure 1: A random prior sample m ~ AN (0,C) (left), the high-fidelity solution u(m) by finite element approximation (middle),
and the observation data y at all the candidate observation points (right). Top: diffusion problem. Bottom: CDR problem.

5.1.2. Nonlinear convection-diffusion-reaction problem

For the second test problem, we consider Bayesian OED to infer a reaction coefficient field in mass
transfer problem in the domain D = (0,1)%, d = 2,3, which is governed by the nonlinear (semilinear)
convection-diffusion-reaction (CDR) equation

—vAu+v-Vu+e™u = fin D,

46
u =0 on 0D, (46)

where a homogeneous Dirichlet boundary condition is prescribed on the whole boundary dD. The source
term is given as a Gaussian bump f(z) = max(0.5, exp(—25||x — x4||3)) at s = (0.7,0.7) (2D) and x, =
(0.7,0.7,0.7) (3D). The velocity field v in the convection term is obtained as the solution of the following
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steady-state Navier—Stokes equations

—vAv+v-Vo+Vp=0in D,
V-v=0in D, (47)
v =g on JdD,

where g = (0,1) (2D) and g = (0,1,0) (3D) on left wall, g = (0,—1) (2D) and g = (0,—1,0) (3D)
on the right wall, and zero elsewhere. We set the viscosity v = 0.01. We use a finite element method
to solve the equations with piecewise quadratic polynomials for the approximation of the velocity field v
and piecewise linear polynomials for the approximation of the pressure field p, the parameter field m, and
the concentration field u. The finite element solution u at a random parameter sample m with the same
Gaussian prior distribution as in the last example, and its corresponding observation data y at 100 candidate
observation locations are shown at the bottom plots of Figure [II We seek to choose 10 sensors out of the
100 candidates for the Bayesian OED problem.

5.2. Dimension reduction

We perform dimension reduction for the high-dimensional input parameters in both application problems
and for the output observables in the second problem since the output dimension ds; = 50 is relatively small
in the first problem. We first use a uniform mesh of size 64 x 64, which leads to a discretization of the infinite-
dimensional input parameter m to a 4, 225-dimensional parameter vector m by finite element approximation
as in . We compute the eigenpairs for the KLE projection and the DIS projection by solving
the eigenvalue problem for I'pyior and the generalized eigenvalue problem , respectively. We use 1,024
random samples to approximate the expectation in . The eigenvalues and eigenvectors of KLE and DIS
are shown in Figure [2] and [3] From Figure [2] we can observe that the DIS eigenvalues are smaller and also
decay faster than the KLE eigenvalues for both problems. From the second and third rows of Figure [3| we
can see that the DIS basis functions are different for the two problems and the first DIS basis functions
expose the features of the solutions of the two PDE problems as shown in Figure [T} while the KLE basis
functions are the same for the two problems as shown in the first row.

L0t — DIS - — DIS
KLE KLE
10“ 1 10(1 i
8 8
109 g 1079
g g
o s
<] <)
10754 10704
1091 10774
100 10! 102 10° 10! 102

Index Index

Figure 2: Decay of the eigenvalues of the prior covariance I'prior used in the KLE approximation of the parameter and the
eigenvalues of the generalized eigenvalue problem used in DIS approximation of the parameter . Left: for the diffusion
problem. Right: for the CDR problem.

The relative errors of different input and output projection methods are shown in Figure [ Specifically,
we compute the mean of the relative input projection errors for the observables and the Jacobian as

||F(m)—F(Pr(m))|2} {IJ(’m)—J(Pr(m))HF

E and E (48)
" [1F(m)]]2 " 1T (m)]|r

where P, denotes a linear projector of the parameter vector m by either KLE in or DIS in (30), || - ||2
and || - |7 denote the Euclidean norm for the observable vector and the Frobenius norm for the Jacobian
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Figure 3: KLE bases 1, 4, 16, 64 (top). DIS bases 1, 4, 16, 64 for the diffusion (middle) and CDR (bottom) problems.

matrix, respectively. More explicitly, we evaluate the projected Jacobian matrix as

J(Pr(m)) = J(m) W B (W iB) T or J(Pr(m)) = J(m) WS (W®) T (49)

prior

for the KLE basis WKI'E or the DIS basis WDIS. The expectation in is evaluated by SAA using 100
samples. We also compute the relative input projection error for the MAP point in as

Im¥ip — Pr(m¥ip)llar

Yy
lmipl |

(50)

where ||m||y = VmT Mm with the mass matrix M defined in (I8). The expectation is evaluated by SAA
using 100 samples of y = F(m) + € by drawing random samples m and €. From the first and second rows
of Figure [d] we can observe that using the DIS basis yields smaller projection errors for all three quantities.
Moreover, the DIS basis is particularly advantageous for the approximation of Jacobian, which plays a key
role in evaluating the optimality criteria. On the other hand, as shown in the third row of Figure [4] the
output projection used in the CDR problem is less sensitive to the projection basis of PCA in and DOS
in , as measured by the average (using 100 samples) of the relative projection error for the observables
and the Jacobian as

||F(m) — Fr.(m)|| |7 (m) — ¥ p¥EJI (m)]|F
[[F(m)] 2 1S (m)||F ’

where the projected observables F,. are defined in or with corresponding PCA basis U = WECA or
DOS basis ¥ = WPOS, For the following computations, we use 128 DIS basis functions for input projection
in both problems and 30 PCA basis functions for output projection in the second problem, which leads to
less than 1% error in both the input and output dimension reduction for the PtO map.

Er,

| a5 | (51)

5.8. Accuracy and scalability of DINO approzimations
We construct the DINO surrogates as presented in Section using PyTorch [5I]. Specifically, we
construct the encoder by the DIS projection with the reduced dimension r,, = 128 as in . For the
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Figure 4: Relative errors of the input projection (top and middle rows for the two 2D examples, respectively) and output
projection (bottom row for the CDR problem) for the observables (left), the MAP point (middle), and the Jacobian (right).
We use DIS and KLE basis for input projection, and DOS and PCA basis for output projection.

CDR problem, we also construct the decoder by the PCA projection with the reduced dimension rp = 30
as in . We connect the encoder layer with one linear layer, three ResNet layers, and another linear layer
before the decoder layer. The two linear layers map the input and output dimensions to the same dimension
as in the ResNet layers, for which we choose 100. We use sigmoid as the activation function inside the
ResNet layers and tanh for all other layers. This specific architecture is among the best (with the smallest
generalization errors) of several ones we tested with different numbers of layers, dimensions, and activation
functions. We use an Adam optimizer [52] with a learning rate of 0.001. For the diffusion model, we train
the neural network with Jacobian for 100 epochs and without Jacobian for 200 epochs. For the CDR model,
we train the neural network with Jacobian for 200 epochs and without Jacobian for 300 epochs. We select
these numbers of epochs based on when the validation error stops decreasing. We use the libraries FEniCS
[53], hIPPYlib [54], and hIPPYflow [55] to generate the high-fidelity data, using a mesh of size 64 x64 unless
otherwise stated in scalability test, and project the data to get (83,,,, BF, Jr) used in the loss function
for training and testing.

5.3.1. The accuracy of the neural network approximations

We train the neural networks ten times starting from different initializations with different training sizes.
Then we compute for each case the neural network approximations of the PtO map F and the reduced
Jacobian J,., as well as the MAP points by solving the optimization problem . We report the mean of
the relative errors averaged over the ten trials of the neural network training in Figure[5] The relative errors
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Figure 5: Mean of relative errors with increasing training size for the neural network approximations of the PtO map F', the
reduced Jacobian J,, and the MAP point myap. The results in solid and dashed lines are for the neural networks trained
with and without the Jacobian, respectively. Diffusion (left) and CDR (right) problems.

of the PtO map and the reduced Jacobian are defined as

||F(m)—FNN(m)|2} [||Jr(m)—Va‘I’e(ﬂm)|F}
and E , (52)
" [ [1E(m)]]2 " 1 (m)]|
averaged over 1024 test samples, and the relative error of the MAP point is defined as
g | ImEise —ma( mpnw} (59
4 Y€ ’
llmyiaplla

averaged over 200 samples, with m, = mpior + \IJBLIS,BIZ\’/[&P. We use PyTorch’s LBFGS optimizer with 100
maximum iterations to compute the MAP points using the neural network surrogate (DINO) trained with the
Jacobian data. For the neural network surrogate trained without Jacobian data, we have to use an additional
300 iterations of Pytorch’s Adam optimizer with a 0.01 learning rate before LBFGS to obtain a convergent
computation of the MAP points. Increasing training size makes the neural network approximations more
accurate for all three quantities. Moreover, the neural networks trained with the Jacobian information lead
to much more accurate approximations than those trained without Jacobian, especially when the training
size is relatively small, see Table |2| for the relative approximation errors (mean and standard deviation) at
the training size of a relatively small size 1,024 and larger size 8,192.

To illustrate the accuracy of the MAP point, we take a random prior sample from the test data set, see
left of Figure[6] solve the PDE, and generate synthetic observation data at all candidate sensors to compute
the MAP point using FEM and DINO trained with 8,192 samples. The MAP points computed by DINO and
FEM, as shown in the middle of Figure[6] are very close to each other with pointwise errors about two orders
of magnitude smaller than the MAP point, see right of Figure[6] We can also observe that MAP points look
similar but not very close to the prior samples because of the intrinsic ill-posedness of the inverse problems.
Note that in solving the Bayesian OED problems, we only need to consider random samples drawn from the
prior distribution so it is sufficient for DINO to be accurate for the prior samples. We also test DINO with an
out-of-(prior)distribution sample (piecewise constant binned from a prior sample) in the CDR problem, see
the bottom of Figure[6] The MAP point computed by DINO is still very close to the MAP point computed
by FEM, which demonstrates the robustness of DINO for this problem. However, we do not expect this to
hold for more general problems or more general out-of-distribution samples, especially those far from the
prior distribution.
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Linear diffusion problem
Training size 1,024 8,192
Loss function with J w/o J with J w/o J
F 4.77% (0.4%) 17.2% (0.42%) 2.23% (0.34%) 5.82% (0.26%)
Jr 11.26% (0.23%) 40.32% (0.42%) 4.65% (0.1%) 15.4% (0.28%)
MAP 12.52% (0.65%) 34.48% (1.32%) 5.39% (1.39%) 17.23% (0.7%)
Nonlinear convection-diffusion-reaction problem
Training size 1,024 8,192
Loss function with J w/o J with J w/o J
F 1.9% (0.1%) 15.94% (0.93%) 1.02% (0.1%) 1.90% (0.06%)
Jr 15.13% (0.21%) 86.24% (0.1%) 7.7% (0.21%) 17.69% (0.21%)
MAP 3.22% (0.14%) 132.1% (84.73%) | 1.89% (0.36%) | 4.38% (0.22%)

Table 2: Mean (and standard deviation) of the relative approximation errors of the neural network surrogates trained with
1,024 and 8,192 training samples for the loss function with Jacobian (DINO) and without (w/o0) Jacobian for the two problems.
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Figure 6: Prior samples (left), MAP points computed by the DINO surrogate and FEM (middle), and the errors of DINO
approximation compared to FEM (right) for the diffusion problem (top) and the CDR problem (middle). Bottom: The
comparison as above rows for an out-of-distribution sample (piecewise constant) for the CDR problem.

To demonstrate the high accuracy of the reduced Jacobian by DINO in solving the generalized eigenvalue
problems, we plot the generalized eigenvalues of by FEM and of by DINO at the MAP points
computed from three random test samples, as shown in Figure [} We can observe that the dominant
eigenvalues, the first ten in the leading three orders of magnitude, are almost indistinguishable for the two
methods in both test problems, especially in the nonlinear CDR, problem.
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Figure 7: The generalized eigenvalues of computed using FEM and the eigenvalues of computed using DINO at three
MAP points (computed from three random prior samples) for the diffusion problem (left) and the CDR problem (right).

5.3.2. The scalability of the neural network approximations

To check the scalability of the neural network approximations by DINO, we increase the parameter
dimensions by refining the mesh. Thanks to the dimension reduction using the same reduced dimensions,
the neural network size does not change which leads to the same training cost for different mesh sizes. Figure
indicates that the accuracy of the DINO approximations for increasing mesh sizes of 32 x 32, 64 x 64,
and 128 x 128 remains the same for the PtO map F', the reduced Jacobian J,., and the MAP point, which
implies the scalability (dimension-independence) of the DINO approximations with respect to increasing
parameter dimensions. This scalability also holds for the approximations of the generalized eigenvalues with
the use of the DINO approximations of the reduced Jacobian as shown in Figure [9]

10% | v P28 10% 1 e P18
—— F_64 —— F 64
_ - F 32 = -+ F_32
5 _
= -+ Jr128 g -~ J, 128
v —— J,_64 Y —— J,_64
= )32 £ 1% —— )32
3 ec MAP128 g —*- MAP_128
—— MAP_64 —— MAP_64
—e MAP_32 —e- MAP_32
1% — ‘ - - 0.1% ‘ - ‘
1024 2048 4096 8192 1024 2048 4096 8192
Training size Training size

Figure 8: Mean of relative errors of the PtO map F, the reduced Jacobian J,, and the MAP point with increasing training
sizes and mesh sizes 32 x 32, 64 x 64, and 128 X 128 for the diffusion problem (left) and the CDR problem (right).

5.4. Accuracy verification and solution of Bayesian OED

For the Bayesian OED problem, we select 5 sensor locations from 50 candidates for the diffusion prob-
lem and 10 sensor locations from 100 candidates for the CDR problem as shown in Figure To check
that the DINO surrogates constructed for the full PtO map F' at all candidate observations preserve the
approximation accuracy for the selected number of observations, we plot the relative errors of the DINO
approximation for the PtO map F¢ at a random design &, its reduced Jacobian, the MAP point, and the
generalized eigenvalues in Figure which confirms the preserved accuracy for all quantities. Note that
there are only 5 and 10 generalized eigenvalues for the 5 and 10 selected observations.

To this end, we have constructed and verified the accuracy and scalability of the DINO surrogates
for approximating the quantities involved in computing the optimality criteria of the Bayesian OED. We
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Figure 9: The generalized eigenvalues of (22) by FEM and the eigenvalues of (43) by DINO with increasing parameter
dimensions with mesh sizes (32 x 32, 64 x 64, and 128 x 128) for the diffusion problem (left) and the CDR problem (right).
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Figure 10: Left: mean of relative errors for the PtO map Fg, the reduced Jacobian J;-, and the MAP point with 5 and 10
observations for the diffusion problem (top) and CDR problem (bottom). Right: the eigenvalues by DINO and FEM.

compute these criteria, namely the A-optimality in , the D-optimality in , and the EIG-optimality in
using the eigenpairs from reduced eigenvalue decomposition. We plot the optimality criteria computed
using DINO and FEM approximations at 200 random samples (m,y) and report both the R? scores and the
mean and standard deviation of the relative errors in Figure The results reveal a very high correlation
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between the DINO and FEM computation of the optimality criteria with R? score mostly larger than 0.99
and with small relative errors. On the other hand, the relative errors for the three optimality criteria
obtained by the neural network trained without the Jacobian (NN without J) are much larger than those
obtained by DINO. This demonstrates the enhanced accuracy of the proposed method by incorporating
derivative information in DINO. We use 2048 training samples for both DINO and NN without J for the
plots in Figure We also include the relative errors of approximate optimality criteria with the training
sizes of 1024, 4096, and 8192 in Table We observe that as the neural network approximations become
more accurate with increasing training sizes, the approximation of the optimality criteria also become more
accurate. Moreover, DINO leads to much more accurate approximations (particularly for the D-optimality
and EIG-optimality) than the neural network trained without Jacobian, especially when the training size is
relatively small (e.g., at 1024).

R2 Score: 0.9859 R? Score: 0.9934 R2 Score: 0.9903
2500, ° PINO ’ 6 : 10/ . DpINO 4
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L o4 E
w2000 w v
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2 4 3
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2000 2500 5.0 75  10.0
NN NN
(a) 1.47%(0.97%), 2.07%(3.02%) (b) 2.45%(1.42%),27.77%(7.68%) (c) 1.15%(2.25%), 14.79%(14.00%)
2 . 2 .
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Figure 11: R? score (for correlation) of DINO vs FEM evaluations of the optimality criteria, mean and standard deviation
of the relative errors obtained by DINO and the neural network trained without Jacobian information (NN w/o J) compared
to FEM in the evaluation of the trace (left), determinant (middle), and information gain (right) at 200 random samples. We
choose 5 sensors in the diffusion problem (top) and 10 sensors in the CDR problem (bottom).

We run the swapping greedy algorithm [1| by setting the stopping criteria ky.x = 3 and e, = 0.01, and
use DINO to find the optimal sensor locations according to the three optimality criteria of A-optimality, D-
optimality, and EIG. To check the optimality of the sensors selected by the algorithm using DINO surrogates,
we compute the three optimality criteria using the high-fidelity FEM at the selected sensors compared to 200
randomly selected sensors. The results are shown in Figure[I2] from which we can see that optimality criteria
achieve their largest values at the sensors selected using DINO surrogates according to the corresponding
optimality criteria, which demonstrates the effectivity of the DINO surrogates. Moreover, note that larger
optimality criteria correspond to smaller uncertainty in the model parameter estimation. The uncertainty
indicated by the optimality criteria is effectively reduced by the optimal design from random design.

The corresponding sensors selected according to different optimality criteria are shown in Figure [13| for
the two test problems with 5 and 10 sensors, respectively. We can see that different optimality criteria can
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Linear diffusion problem

Training size 1,024 4,096 8,192
Optimality with J w/o J with J w/o J with J w/o J
A 1.41% (1.12%) 3.08% (3.26%) 1.49% (0.98%) 1.43% (1.21%) 1.46% (1.14%) 1.14% (1.03%)
D 3.95% (1.58%) 27.73% (9.48%) 2.07% (1.25%) | 19.64% (5.14%) | 1.59% (1.23%) | 12.36% (2.12%)
EIG 2.26% (2.04%) 16.97% (9.92%) 1.33% (1.08%) | 13.18% (7.57%) | 0.98% (0.78%) 6.76% (3.83%)
Nonlinear convection-diffusion-reaction problem
Training size 1,024 4,096 8,192
Optimality with J w/o J with J w/o J with J w/o J
A 0.55% (0.47%) 1.76% (1.95%) 0.41% (0.21%) 0.45% (0.65%) 0.47% (0.31%) 0.42% (0.26%)
D 4.73% (2.96%) 81.7% (39.94%) 3.33% (1.17%) 10.48% (3.4%) 2.65% (0.91%) 4.98% (1.54%)
EIG 1.81% (1.18%) | 48.61% (28.84%) | 1.31% (0.73%) 4.93% (3.1%) 1.0% (0.54%) 2.14% (1.29%)

Table 3: Mean (and standard deviation) of the relative errors of optimality criteria using the neural network surrogates trained
with 1,024, 4,096, and 8,192 samples with Jacobian (DINO) and without (w/o0) Jacobian for the two problems.
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Figure 12: FEM optimality values at the optimal sensors selected using DINO by the swapping greedy algorithmwith different
optimality criteria compared to those at 200 random designs. Diffusion (left) and CDR (right) problems.

lead to slightly different sensors. The uncertainty is effectively reduced from the prior to the posterior as
observed in the pointwise prior and posterior variance in Figure Moreover, we can also see that the
reduction of the uncertainty by the (A-)optimal sensor locations is more than that by a random choice of
the sensor locations, consistent with the smaller trace values.

23



D-optimal sensor location EIG-optimal sensor location

L0 A-optimal sensor location 1.0 1.0
0.8 0.84 0.8
0.6 0.6 0.6
. . . L ] L ] L ] L ] | ] L ]
04 0.4 0.4
0.2 0.2 0.2
0.

1.0 L0 1.0

0.8 . 0.8 0.8 .

0.6 0.6 . ) 0.6 ) ) .

0.4 0.4 ) 0.4 ) .

0.2 . ) ) 0.2 . 0.2 .

"0 05 0 om Lo o 0 ok om 1w " 0B ok om L

Figure 13: Optimal sensor locations selected by the swapping greedy algorithm [1| using the A-/D-/EIG-optimality criteria. 5
sensors selected for the diffusion problem (top) and 10 sensors selected for the CDR problem (bottom).

5.5. Application to a 3D test problem

We further apply the proposed method to solve a Bayesian OED problem governed by a 3D CDR equation
in the physical domain D = (0,1)3. We consider a selection of 8 sensor locations out of 512 candidates
equidistantly distributed in the domain to infer the model parameter following Gaussian prior m ~ AN (0,C)
with Matérn covariance operator C = A2, where A = —yA + I, we set v = 0.4 and § = 1.0.

For the FEM approximation of both the state and the parameter fields, we use piecewise linear polynomi-
als with a uniform mesh of size 32 x 32 x 32, leading to 35,937 dimensional discrete parameters. The FEM
solution of the 3D forward problem is computationally much more expensive than that of the 2D forward
problem. For the DINO surrogate, we use the same ResNet architecture as that for the 2D diffusion problem
with a larger reduced input dimension of 256 and reduced output dimension of 128 for the 512 outputs.

We train the DINO with increasing numbers of training samples, which leads to increasing accuracy of
the DINO approximation of the PtO map F, the reduced Jacobian J,., and MAP point mpap, as shown in
Figure (left). From this figure, we can also see much higher accuracy for all three quantities predicted
by the neural networks trained with the Jacobian information compared to those trained without it. A
comparison of the MAP point computed by DINO vs FEM is shown in Figure from which we can
observe an accurate approximation by DINO. The eigenvalues at three different MAP points computed by
DINO are very accurate compared to FEM, as shown in Figure (right).

We use the trained DINO surrogate to compute the three optimality criteria, i.e., the expected A/D-
optimality and information gain, with 128 random samples in evaluating the expectation of the optimality
criteria. We apply the swapping greedy algorithm to optimize the sensor locations, with the eight sensors
selected using different optimality criteria shown in Figure and the optimality values at the selected
sensors shown in Figure We observe that the optimality values at the selected sensors are optimal with
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Figure 14: Pointwise prior variance (left), posterior variance with A-optimal (middle) and random sensor locations (right) for
the diffusion (top) and the CDR problem (bottom). The trace of the posterior variance for A-optimal and random sensor
placements are 20,176 and 20,599 for the diffusion problem, and 4,076 and 4,458 for the CDR problem, respectively.
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Figure 15: Mean of relative errors with increasing training size for the DINO approximations of the PtO map F, the reduced
Jacobian J;, and the MAP point myap (left). Comparison of the generalized eigenvalues by DINO and FEM (right).

respect to the corresponding optimality criteria and much larger than those at the randomly selected sensors,
which demonstrates the effectiveness of the swapping greedy algorithm for the 3D Bayesian OED problem.

5.0. Efficiency of the computational framework

In this section, we demonstrate the efficiency of our proposed approach by reporting the computational
cost of generating the training data, training the DINO surrogates, and their use in solving Bayesian OED
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Figure 17: Eight optimal sensor locations selected using DINO by the swapping greedy algorithmwith the optimality criteria
of A-optimality (left), D-optimality (middle), and EIG-optimality (right).
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Figure 18: Optimality values at the optimal sensors selected by the swapping greedy algorithm [1| using different optimality
criteria compared to those at 200 random designs. The optimality values are efficiently computed using DINO.

problems. We compare these costs to those of the high-fidelity computations. We use the CPU of AMD
EPYC 7543 with 1 TB memory for high-fidelity computation and neural network evaluation. For the training
of the neural network surrogate, we use the GPU of NVIDIA RTX A6000 with 48 GB memory.

In Table [4] we report the numbers for the two (2D and 3D) CDR problems corresponding to the com-
putational complexity analysis in Section In particular, for the computation of the MAP point, we use
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an inexact Newton-CG optimizer from the hIPPYlib library for the high-fidelity approximation (averaged
5 times) and an LBFGS optimizer from PyTorch for the neural network approximation.

Problem | Ny | ks | 75 | ds | Npy | Neg dm Tm | TF N, Ny
2DCDR | 128 | 2 | 10 | 100 | 5.6 | 4.6 | 16,641 | 128 | 30 | 8,192 | 100
3D CDR | 128 | 2 8 | 512 | 4.2 | 2.2 | 35,937 | 256 | 128 | 2,048 | 100

Table 4: Ns: # SAA samples, ks: # swapping loops, rs: # sensors to select, ds: # candidate sensors, Ny;: averaged #
Newton iterations, Nc¢g: averaged # CG iterations per Newton iteration, dm: # discretized parameters, r: # input project
bases, rp: # output projection bases, N¢: # training samples, Np: # BFGS iterations.

In Table[5] we report the computational time (averaged over 5 times) by FEM using FEniCS v.s. by DINO
using PyTorch for the computation of the PtO map, the MAP point by solving the optimization problem
v.S. , and the eigenvalue decomposition v.S. . A speedup from hundreds for the 2D problem
to thousands for the 3D problem can be observed. As the evaluation of the optimality criteria is dominated
by one MAP optimization and one eigenvalue decomposition for each sample, the combined speedup of the
DINO compared to FEM is about (5.1 4 0.7)/(0.04 + 0.007) = 123 and (128.7 + 10.0)/(0.04 + 0.02) = 2,312
for the 2D and 3D problems, respectively.

2D-CDR | PtO | MAP | Eigenpairs || 3D-CDR | PtO | MAP | Eigenpairs
FEM 0.8 5.1 0.7 FEM 25.5 | 128.7 10.0
DINO | 0.002 | 0.04 0.007 DINO | 0.003 | 0.04 0.02

Speedup | 400 127 100 Speedup | 8,500 | 3,218 500

Table 5: Time (in seconds) and speedup by DINO v.s. FEM for the computation of the PtO map, the MAP point, and the
eigenvalue decomposition, averaged over 5 times.

In Table [6] we report the offline computational time in (1) computing the (DIS and PCA) projection
bases for input and output dimension reduction, (2) computing the training data of the PtO maps and (3)
their Jacobians, and (4) training the neural networks. We note that the cost of computing the additional
reduced Jacobian data is smaller than that of the PtO map data, as the reduced Jacobian computation is
amortized by a direct solver using LU factorization (0.04 seconds for 2D CDR and 2.38 seconds for 3D CDR)
and its repeated use in solving r; = min(ryy,, rr) linearized PDEs (each takes 0.0008 < 0.04 seconds for 2D
CDR and 0.02 < 2.38 seconds for 3D CDR). The training of the neural networks takes much less time (145
seconds for 2D CDR and 413 seconds for 3D CDR in GPU) than that of generating the training data.

Problem | Bases | PtO | Jacobian | Total || Train (GPU)
2D-CDR 437 6,554 492 7,482 145
3D-CDR | 31,241 | 52,224 10,076 93,541 413

Table 6: Offline time (in seconds) in computing the input and output projection bases, PtO maps, Jacobians, and training
(GPU) the neural networks, averaged over 5 times.

In solving the Bayesian OED problem constrained by the 2D CDR equation, it takes 2.1 CPU hours to
generate the projection bases and the training data of the PtO map and its Jacobian, and an additional
0.04 GPU hours for training the neural networks. Then it takes 3.8 CPU hours using DINO to run the
swapping optimization algorithm with 293,120 evaluations of the optimality criteria. In contrast, it would
take 472.2 CPU hours using the high-fidelity model to solve the Bayesian OED problem. The speedup in
CPU hours by the DINO surrogate (including both offline and online time) over the high-fidelity evaluation
is 80.0 (472.2/(3.8+2.1)). In the case of the 3D CDR, the speedup in CPU hours by DINO surrogate over the
high-fidelity model with 1,552,896 evaluations of the optimality criteria is 1148.3 (59,829.6/(26.1 + 26.0)).
We remark that to further speed up the computation, we have implemented both the data generation and
the optimality criteria evaluation in parallel, using 128 CPU processors.
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6. Conclusion

In this work, we developed an accurate, scalable, and efficient computational framework based on DINO
to solve Bayesian OED problems constrained by PDEs with infinite-dimensional parameter input. We con-
sidered the three different optimality criteria of A-/D-optimality and EIG, which all require the computation
of the Jacobian with Laplacian and low-rank approximations of the posterior. We employed DINO with
derivative-informed dimension reduction to achieve high accuracy and scalability of the approximations for
both the PtO map and its Jacobian. We derived efficient formulations for computing the MAP point and
eigenvalue decomposition in the reduced dimension. To solve the optimization problem of the Bayesian
OED, we proposed a modified swapping greedy algorithm initialized by a greedy algorithm.

With two numerical examples of linear diffusion and nonlinear CDR problems in both two and three
dimensional physical domains, we demonstrated the accuracy, scalability, and efficiency of the proposed
method. Specifically, we demonstrated that DINO provides more accurate approximations of the PtO
map, the reduced Jacobian, and the MAP point than other neural networks trained without Jacobian.
This results in significantly higher approximation accuracy for all optimality criteria in Bayesian OED. We
demonstrated that the accuracy of DINO approximations with proper dimension reduction is scalable with
respect to increasing parameter dimensions for the same number of training samples, or the same number
of PDE solves. We also demonstrated that the proposed method achieved high efficiency with a speedup of
80x in 2D and 1148 in 3D, including both the offline data generation and online evaluation time, compared
to the high-fidelity approximations for the CDR problems.

The proposed computational framework is applied to using Laplace and low-rank approximations of the
posterior distribution for Bayesian OED in this work. It is limited to that Laplace approximation is a good
approximation of the posterior and the decay of the eigenvalues of the Hessian is fast. In future work, we plan
to address these limitations by developing the DINO surrogates in the context of variational approximation
of the posterior distribution that can be highly non-Gaussian, and by using nonlinear dimension reduction
and hierarchical approximation of the Hessian. We also plan to extend the computational framework to
solve sequential Bayesian OED problems with efficient construction of time-dependent DINO surrogates.
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