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ABSTRACT

We combine pulsar population synthesis with simulation-based inference (SBI) to constrain the

magneto-rotational properties of isolated Galactic radio pulsars. We first develop a framework to model

neutron-star birth properties and their dynamical and magneto-rotational evolution. We specifically

sample initial magnetic-field strengths, B, and spin periods, P , from log-normal distributions and

capture the late-time magnetic-field decay with a power law. Each log-normal is described by a mean,

µlogB , µlogP , and standard deviation, σlogB , σlogP , while the power law is characterized by the index,

alate. We subsequently model the stars’ radio emission and observational biases to mimic detections

with three radio surveys, and produce a large database of synthetic P -Ṗ diagrams by varying our

five magneto-rotational input parameters. We then follow an SBI approach that focuses on neural

posterior estimation and train deep neural networks to infer the parameters’ posterior distributions.

After successfully validating these individual neural density estimators on simulated data, we use an

ensemble of networks to infer the posterior distributions for the observed pulsar population. We obtain

µlogB = 13.10+0.08
−0.10, σlogB = 0.45+0.05

−0.05 and µlogP = −1.00+0.26
−0.21, σlogP = 0.38+0.33

−0.18 for the log-normal

distributions, and alate = −1.80+0.65
−0.61 for the power law at 95% credible interval. We contrast our results

with previous studies and highlight uncertainties of the inferred alate value. Our approach represents

a crucial step towards robust statistical inference for complex population-synthesis frameworks and

forms the basis for future multi-wavelength analyses of Galactic pulsars.

Keywords: Machine learning — Neutron stars(1108) — Population synthesis — Pulsars(1306) — Radio

pulsars(1353) —Simulation-based inference

1. INTRODUCTION

As one of the end points of stellar evolution of mas-

sive stars, neutron stars are influenced by many ex-

tremes of physics including strong gravity, large den-

sities, fast rotation and extreme magnetic fields. Con-

sequently, these compact objects have been connected

with several of the most energetic transient phenomena

in our Universe such as fast radio bursts, superluminous

supernovae, ultra-luminous X-ray sources, long- and

short-duration gamma-ray bursts, and gravitational-
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wave emission (e.g., Bachetti et al. 2014; Metzger et al.

2014; Berger 2014; Abbott et al. 2017; Margalit et al.

2018; Petroff et al. 2022). Accurately modeling these

processes requires a detailed understanding of neutron-

star properties, which also set constraints on massive

stellar evolution. Inferring the birth properties of neu-

tron stars and the physics that govern their subsequent

evolution is, thus, crucial for other fields of astrophysics.

Detecting and accurately characterizing individual ob-

jects within the entire neutron-star population is, hence,

critical. As a result, the number of known pulsars (those

neutron stars that emit regular electromagnetic pulses)

has steadily increased since the first detection in 1967

(Hewish et al. 1968) and we currently know around 3,500
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of these objects (Manchester et al. 2005).1 These are vis-

ible across the full electromagnetic spectrum and their

emission is predominantly driven by their enormous ro-

tational energy reservoirs. Roughly 400 of these sources

are confirmed to be in binaries of which the majority

were strongly influenced by accretion from their com-

panions and spun up to short spin periods earlier in

their lives. The remaining ∼ 3, 100 sources are primar-

ily isolated neutron stars. Due to observational limita-

tions and diverse emission properties, we cannot detect

these with a single telescope, but instead have to focus

on certain subpopulations. With around 1,100 mem-

bers, a subset of isolated radio pulsars constitutes the

largest fraction of neutron stars detected in a single sur-

vey (Posselt et al. 2023). However, these numbers only

cover a tiny portion of the overall neutron-star popula-

tion. We can provide a rough estimate of the neutron

stars in the Milky Way by multiplying their birth rate

(a core-collapse supernova rate of ∼ 2 per century; see

Keane & Kramer 2008; Rozwadowska et al. 2021) with

the age of the Milky Way (∼ 13 billion years; see, e.g.,

Xiang & Rix 2022; Conroy et al. 2022) to arrive at a

total of 260 million Galactic neutron stars.

To bridge the gap between expected and observed neu-

tron stars, we take advantage of population synthesis.

This approach relies on producing a large catalog of

synthetic pulsar populations which are passed through

a set of filters to mimic observational constraints. The

resulting populations are then contrasted with the true

observed sample to find those parameter regions that

best explain the data. Although different versions of

this methodology have been applied to pulsar data for

several decades (e.g., Narayan & Ostriker 1990; Lorimer

2004; Faucher-Giguère & Kaspi 2006; Gonthier et al.

2007; Bates et al. 2014; Gullón et al. 2014, 2015; Cieślar

et al. 2020), the complexity of models that capture the

properties of observed Galactic neutron stars signifi-

cantly complicates the comparison between the simu-

lated populations and the observed one. This is espe-

cially true if we are interested in quantifying uncertain-

ties for our neutron-star parameters, because Bayesian

Markov chain Monte Carlo (MCMC) or nested sampling

methods (the standard tools for this kind of question,

see, e.g., Feroz et al. (2009); Foreman-Mackey et al.

(2013); Sharma (2017); Ashton et al. (2019); Speagle

(2020)) become infeasible for pulsar population synthe-

sis unless significant simplifications for simulation mod-

els and the likelihood function are made (Cieślar et al.

2020). The main reason for this is that we can no longer

1 https://www.atnf.csiro.au/research/pulsar/psrcat/; v2.1.0

write down an explicit likelihood for realistic neutron-

star simulation frameworks. In this paper, we, thus, fo-

cus on simulation-based inference (SBI) (also known as

likelihood-free inference; for a recent review see Cran-

mer et al. (2020)) in the context of pulsar population

synthesis for the first time.

In the past few years, SBI has successfully challenged

traditional approaches such as approximate Bayesian

computation (e.g., Rubin 1984; Beaumont et al. 2002;

Dean et al. 2011; Frazier et al. 2017) in those areas of

science that rely on complex simulators which lead to

intractable likelihoods. The existence of such a simula-

tor, essentially acting as a forward model, is the only

requirement for SBI. As such, the approach is ideal for

astrophysics and has been recently applied to parameter

estimation in, e.g., cosmology (Alsing et al. 2019; Lemos

et al. 2023; Lin et al. 2023; Hahn et al. 2023), high-

energy astrophysics (Mishra-Sharma & Cranmer 2022;

Huppenkothen & Bachetti 2022), gravitational-wave as-

tronomy (Dax et al. 2021; Cheung et al. 2022; Bhardwaj

et al. 2023) and exoplanet research (Vasist et al. 2023).

SBI is particularly powerful in combination with neural

networks, whose benefits for pulsar population synthesis

studies was outlined in Ronchi et al. (2021) by inferring

point estimates for the dynamical properties of radio

pulsars in the Milky Way.

In this study, we take a Bayesian perspective to in-

fer posteriors of neutron-star parameters using SBI. For

this purpose, we model the Galactic neutron-star dy-

namics, the magneto-rotational evolution and the radio

emission properties. We then run snapshots of the total

pulsar population at the current time through a set of

filters to mimic observational limitations. The resulting

simulation output are synthetic P -Ṗ diagrams (where

P and Ṗ denote the pulsar spin period and its time

derivative, respectively) of the observed pulsar popula-

tion. We then construct an SBI pipeline, which we train,

validate and test on a large database of these synthetic

P -Ṗ diagrams to infer posterior distributions of our in-

put parameters. We specifically focus on five parameters

related to the initial period distribution of pulsars and

their magnetic-field properties that crucially affect the

positions of stars in the P -Ṗ plane. We then apply our

optimized deep-learning framework, for the first time,

to the radio pulsars detected in the Parkes Multibeam

Pulsar Survey (PMPS) (Manchester et al. 2001; Lorimer

et al. 2006), the Swinburne Intermediate-latitude Pul-

sar Survey (SMPS) (Edwards et al. 2001; Jacoby et al.

2009) and the low- and mid-latitude High Time Reso-

lution Universe (HTRU) survey (Keith et al. 2010) (all

recorded with Murriyang, the Parkes radio telescope).

https://www.atnf.csiro.au/research/pulsar/psrcat/
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Figure 1. The key ingredients for pulsar population synthesis. Starting from the bottom left, this approach relies on modeling
the neutron stars’ dynamical evolution as well as their magneto-rotational properties. For a given beaming geometry and
luminosity model, we then determine the pulsars’ radio emission and its propagation across the Galaxy towards the Earth. For
the neutron stars pointing towards us, we subsequently invoke survey limitations and sensitivity thresholds to determine those
objects that are detectable. The resulting synthetic populations are compared to the observed ones to constrain input physics.

The paper is structured as follows: Sec. 2 summarizes

our population synthesis framework. We then provide a

general overview of SBI as well as our choice of set-up

in Secs. 3.1 and 3.2, respectively, whereas Sec. 3.3 sum-

marizes the machine-learning experiments conducted for

this study. We next address network training and infer-

ence results plus corresponding validation approaches

in Sec. 4, specifically benchmarking our pipeline on test

simulations before applying it to the observed pulsar

population. Finally, we provide a detailed discussion of

our approach and results as well as an outlook into the

future in Sec. 5.

2. PULSAR POPULATION SYNTHESIS

2.1. Overview

The key ingredients for our pulsar-population synthe-

sis model are summarized in Fig. 1. We first require a

prescription for the star’s dynamical properties to pop-

ulate our synthetic Galaxy with neutron stars. To this

end, we model their birth positions and velocities plus

their subsequent dynamical evolution in the Milky Way.

We further capture the stars’ initial magnetic and rota-

tional characteristics in addition to their evolution. For

both these aspects, our framework broadly follows ear-

lier works (see, e.g., Faucher-Giguère & Kaspi (2006);

Gullón et al. (2014); Cieślar et al. (2020); Ronchi et al.

(2021)) and our simulator employs a Monte-Carlo ap-

proach to sample relevant parameters at birth from cor-

responding probability density functions. We note that

we save computation time by not evolving the dynami-

cal properties for each single simulation. As the dynam-

ical and magneto-rotational properties are independent,

we instead simulate a single dynamical database for a

large number of current pulsar positions and velocities,

and subsequently sample from these distributions before

determining the magneto-rotational evolution. Next, we

characterize the stars’ radio emission by implementing a

realistic beaming geometry. We then simulate detections

by propagating the corresponding radio pulses across the

Galaxy for a specific electron-density model. The result-

ing emission for those pulsars pointing towards Earth is

then contrasted to observational biases and sensitivity

thresholds for a given radio survey to determine which

synthetic pulsars would be detected. The resulting mock

populations are then compared to the observed popula-

tions to constrain relevant model parameters. We ex-

plore SBI for this purpose as outlined in detail in Sec. 3.

2.2. Dynamical evolution

To create our dynamical database from which we sam-

ple neutron-star positions and velocities, we simulate 107

neutron stars from birth to today. For each object, we

randomly assign an age sampled from a uniform distri-

bution up to a maximum age of 108 yr, which ensures
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that our synthetic Milky Way is populated with a suffi-

cient number of neutron stars within reasonable compu-

tation time. As sources older than 108 yr are no longer

detectable as radio pulsars (see below), this approach

provides a realistic description of the current positions

and velocities of these objects.

We then define a cylindrical reference frame, (r, ϕ, z),

whose origin is located at the Galactic center. Here,

r, ϕ and z denote the distance from the origin in kpc,

the azimuthal angle in radians and the distance from the

Galactic plane in kpc, respectively. In particular, we po-

sition our Sun at r = 8.3 kpc, ϕ = π/2, and z = 0.02 kpc

(see Pichardo et al. 2012, and references therein).

To determine the birth locations of individual neu-

tron stars, we first focus on the distributions of their

massive progenitors in the (r, ϕ)-plane and along z sep-

arately. Considering the distribution of free electrons

as a tracer of star formation in the Milky Way which

correlates with the massive OB stars that evolve into

neutron stars, we sample the initial positions in r, ϕ ac-

cording to the Galactic electron density distribution of

Yao et al. (2017). This will also allow consistency when

relating pulsar distances with their dispersion measures

in Sec. 2.5. In addition, as the Galactic matter distribu-

tion is not static, we assume that the Milky Way rotates

rigidly in clockwise direction with an angular velocity

Ω = 2π/T , where T ≈ 250Myr (Vallée 2017; Skowron

et al. 2019). For a given stellar age, we can thus retrace

the angular coordinate, ϕ, at birth.

Moreover, we assume that pulsar birth positions along

the z-direction follow an exponential disk model (Wain-

scoat et al. 1992) and sample from a probability density

function of the form

P(z) =
1

hc
exp

(
−|z|
hc

)
. (1)

We follow the pulsar population studies of Gullón et al.

(2014) and Ronchi et al. (2021) and set the characteris-

tic scale height, hc, to a fiducial value of 0.18 kpc. Note

that this is consistent with the distribution of young,

massive stars in our Galaxy (Li et al. 2019). We then

randomly assign each star’s z-coordinate a positive or

negative sign to distribute our population above and be-

low the Galactic plane.

Next, we focus on the pulsars’ birth velocities, which

are a combination of the kick velocity, vk, imparted dur-

ing the supernova due to explosion asymmetries (see

Janka et al. 2022; Coleman & Burrows 2022, and ref-

erences therein), and the velocity, vpr, inherited from

the progenitors’ orbital Galactic motion. Specifically, we

sample the magnitude of the kick velocities, vk ≡ |vk|,

from a Maxwell distribution,

P(vk) =

√
2

π

v2k
σ3
k

exp

(
− v2k
σ2
k

)
, (2)

and then assign a random direction to determine the kick

along the r-, ϕ- and z-directions. For the dispersion pa-

rameter, σk, we take a fiducial value of σk ≈ 260 km s−1

(Hobbs et al. 2005), which is broadly consistent with

observed proper motions of radio pulsars (Hobbs et al.

2005; Faucher-Giguère & Kaspi 2006). See, however,

Verbunt et al. (2017); Igoshev (2020) who find that a

double Maxwellian characterizes the data better.

The second velocity component due to the progenitors’

motion depends on the Galactic gravitational potential,

ΦMW, and points along the azimuthal direction:

vpr =

√
r
∂ΦMW (r, z)

∂r
ϕ̂, (3)

where ϕ̂ is a unit vector in ϕ-direction. For this study,

we consider a Galactic potential that is given as the sum

of four components, i.e., the nucleus, Φn, the bulge, Φb,

the disk, Φd, and the halo, Φh, (Marchetti et al. 2019).

The nucleus and bulge contributions are described by a

spherical Hernquist potential (Hernquist 1990):

Φn,b = − GMn,b

Rn,b +R
, (4)

where R =
√
r2 + z2 is the spherical radial coordinate

and G the gravitational constant. The disk has a cylin-

drical Miyamoto–Nagai potential of the form (Miyamoto

& Nagai 1975)

Φd = − GMd√(
ad +

√
z2 + b2d

)2
+ r2

, (5)

where ad and bd represent the scale length and scale

height of the disk, respectively. Finally, the halo is char-

acterized by a spherical Navarro–Frenk–White potential

(Navarro et al. 1996):

Φh = −GMh

R
ln

(
1 +

R

Rh

)
. (6)

The free parameters, Mn,b,d,h, Rn,b,h, ad and bd, can be

obtained through fits of the Milky Way’s mass profile

and are given in Tab. 2 of Ronchi et al. (2021) (see also

Bovy (2015) and Tab. 1 of Marchetti et al. (2019)).

After determining the initial positions and velocities

for each of our 107 neutron stars, we perform the dy-

namical evolution by solving the Newtonian equation of

motion in cylindrical coordinates, r̈ = −∇ΦMW, accord-

ing to the stars’ respective ages. This way, we obtain a

database of current pulsar positions and velocities in the

Milky Way.
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2.3. Magneto-rotational evolution

The primary diagnostic for the pulsar population is

the P -Ṗ diagram. For our study, we focus on rotation-

powered radio pulsars, which are the easiest to detect

and constitute the largest class of neutron stars. Cor-

responding period and period-derivative measurements

for this population are enabled via radio timing. To

first order, radio pulsars can be approximated as rotat-

ing magnetic dipoles, implying that their spin-down is

driven by electromagnetic dipole radiation. The loca-

tions of individual neutron stars, and the shape of the

population’s distribution, in the P -Ṗ plane are, hence,

determined by their dipolar magnetic fields and rotation

periods at birth, and the subsequent magneto-rotational

evolution. The latter couples the evolution of the pulsar

period, P , the dipolar magnetic-field strength, B, at the

pole and the inclination angle, χ, between the magnetic

and the rotation axis.

To capture these physics, we first sample the misalign-

ment angle at birth, χ0, randomly in the range [0, π/2]

according to the probability density (Gullón et al. 2014)

P(χ0) = sinχ0. (7)

We then sample the logarithm of the initial magnetic

field, B0, (measured in G) and the initial period, P0,

(measured in s) for each pulsar from normal distribu-

tions of the form (Popov et al. 2010; Gullón et al. 2014;

Igoshev 2020; Igoshev et al. 2022; Xu et al. 2023)

P(logB0) =
1√

2πσlogB

exp

(
− logB0 − µlogB

2σ2
logB

)
, (8)

P(logP0) =
1√

2πσlogP

exp

(
− logP0 − µlogP

2σ2
logP

)
. (9)

The means, µlogB , µlogP , and the standard deviations,

σlogB , σlogP , are free parameters of our model and four

of those parameters, whose posteriors we set out to infer

with our SBI approach in Sec. 3. We will specifically ex-

plore the ranges µlogB ∈ [12, 14], µlogP ∈ [−1.5,−0.3],

σlogB ∈ [0.1, 1.0] and σlogP ∈ [0.1, 1.0] to encompass

results of earlier analyses (e.g., Gullón et al. 2014).

Assuming that pulsars spin down due to dipolar emis-

sion, we follow Philippov et al. (2014); Spitkovsky (2006)

and solve the following coupled differential equations

Ṗ =
π2

c3
B2R6

NS

INSP

(
κ0 + κ1 sin

2 χ
)
, (10)

χ̇ = −π2

c3
B2R6

NS

INSP 2
κ2 sinχ cosχ, (11)

where c is the speed of light, RNS ≈ 11 km the neutron-

star radius and INS ≃ 2MNSR
2
NS/5 ≈ 1.36 × 1045 g cm2
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Figure 2. Illustration of the B-field parameterization used
for this study. The five solid curves represent realistic two-
dimensional simulations of magneto-thermal evolution in the
neutron-star crust (Viganò et al. 2021). We fit these together
with the late-time power-law evolution of the magnetic field
with several broken power laws. The dashed curves shown
here are determined for alate = −3.0. The colors represent
the initial magnetic-field strength, B0. To avoid the field
decaying to unrealistically small numbers at very late times,
we sample the final fields from a Gaussian distribution. The
procedure, which allows us to easily extract the dipolar field
strength, B, at different times, t, to study the magneto-
rotational evolution of our synthetic pulsars, is described in
detail in Appendix A.

the stellar moment of inertia (for a fiducial mass MNS ≈
1.4M⊙). For realistic pulsars surrounded by plasma-

filled magnetospheres, we choose κ0 ≃ κ1 ≃ κ2 ≃ 1, and

note that Eqn. (11) implies that χ decreases with time,

i.e., our pulsars move towards alignment.

The final ingredient is a suitable prescription for the

evolution of the dipolar magnetic-field strength. While

the B-field decay in the neutron-star crust is typically

assumed to be driven by the combined action of the Hall

effect and Ohmic dissipation (e.g., Aguilera et al. 2008),

changes in the magnetic field are strongly coupled to

the thermal properties of the neutron-star interior (e.g.,

Pons & Viganò 2019). This is particularly important

for strongly magnetized neutron stars with fields above

∼ 1013 G and, hence, relevant for a significant fraction

of our simulated pulsar population. In the past decade,

several theoretical and numerical efforts have begun to

unveil the complex processes of magneto-thermal evolu-

tion (e.g., Viganò et al. 2013, 2021; De Grandis et al.

2021; Igoshev et al. 2021; Dehman et al. 2023). As cor-

responding simulations are highly time-consuming, we

instead develop a new approach, outlined in detail in

Appendix A and summarized in Fig. 2, that parameter-
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izes a range of magneto-thermal simulations for differ-

ent magnetic-field strengths (Viganò et al. 2021). This

prescription allows us to extract magnetic fields up to

pulsar ages of around 106 yr. Above this value, current

numerical simulations become unreliable because they

rely on implementations of complex microphysics that

are unsuitable for cold, old stars. Moreover, they do

not capture the highly uncertain physics of neutron-star

cores, which become relevant at large ages. We instead

incorporate the cores’ field evolution at late times by

means of a power law of the form

B(t) ∝
(
1 +

t

τlate

)alate

, (12)

where τlate ≈ 2 × 106 yr, t is the time, and the power-

law index, alate, is the fifth free parameter of our model.

We note that although the details of core field evolu-

tion are not known, Eq. (12) is physically motivated be-

cause several known mechanisms exhibit similar power-

law behavior (see Appendix A). We will, hence, ex-

plore the parameter range alate ∈ [−3.0,−0.5]. Finally,

to prevent the dipolar magnetic field from decaying to

arbitrarily small values (in disagreement with obser-

vations of old, recycled millisecond pulsars; see, e.g.,

Lorimer (2008)), we assume that the field eventually

reaches a constant value. Therefore, we sample the log-

arithm of the field, Bfinal, from a normal distribution

with a mean µlogB,final = 8.5 and a standard deviation

σlogB,final = 0.5 in line with observations of old pulsars.

Following this prescription allows us to determine the

spin periods, dipolar field strengths and misalignment

angles for our simulated pulsars at the current time.

2.4. Emission characteristics

We next implement a prescription for the radio emis-

sion geometry to determine those pulsars whose beams

sweep over the Earth and are, in principle, detectable.

In the canonical model of radio pulsars, their emission is

produced close to the stellar surface in the cone-shaped,

open field-line region (Lorimer & Kramer 2012; John-

ston et al. 2020). Assuming that this entire region is

involved in the emission, geometric considerations allow

us to estimate the half opening angle of the emission

beam, ρb, (in rad) via (Gangadhara & Gupta 2001)

ρb ≃
√

9πrem
2cP

, (13)

where rem is the emission height. The latter is thought

to be period independent and we set it to 300 km follow-

ing Johnston et al. (2020) (see also references therein).

Note that several studies of pulsars with stable emission

profiles have recovered this ρb ∝ P−1/2 behavior (e.g.,

Kramer et al. 1994; Maciesiak & Gil 2011; Skrzypczak

et al. 2018). Knowledge of ρb, then, allows us to ob-

tain the solid angle, Ωb, covered by a pulsar’s two radio

beams. More specifically,

Ωb = 4π(1− cos ρb). (14)

As we do not expect biases in how we observe this conal

emission for any given pulsar, we draw a random line-

of-sight angle, α, with respect to the rotation axis in the

range [0, π/2] using the probability density sinα. Com-

bined with the half opening angle, ρb, and the evolved

inclination angle, χ, we can then determine those pul-

sars whose radio beams are visible from Earth. We note

that as a result of this purely geometric argument, be-

tween ∼ 60 − 95% of our generated pulsars (depending

on the specific choice of magneto-rotational parameters)

are typically not detectable.

We proceed with determining the emission charac-

teristics of those neutron stars that point towards the

Earth. In particular, we follow Maciesiak et al. (2011)

and express the intrinsic pulse width (measured in s) of

our simulated pulsars as follows:

wint =
2

π
arcsin

√
sin2

(
ρb

2

)
− sin2

(
α−χ
2

)
sin (α) sin (χ)

P. (15)

Finally, as the radio emission is ultimately driven by the

stars’ rotational energy reservoir, we assume that the

intrinsic radio luminosity, Lint, (in erg s−1) for each star

depends on the spin-down power, |Ėrot| = 4π2INSṖ /P 3.

In particular, we consider

Lint = L0

√
Ṗ

P 3
, (16)

where L0 is a normalization factor whose logarithm we

sample from a normal distribution with mean µlogL =

35.5 and standard deviation σlogL = 0.8 (see also

Faucher-Giguère & Kaspi 2006; Gullón et al. 2014) to

eventually recover observed luminosities.

2.5. Simulating detections

Armed with the knowledge of intrinsic pulsar proper-

ties, we now turn to the possibility of detecting those

objects whose emission beams cross our line of sight.

First, the bolometric radio flux, S, that reaches us from

any given simulated pulsar is equal to

S =
Lint

Ωbd2
, (17)
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Table 1. Survey parameters for the Parkes Multibeam Pulsar Survey (PMPS), the Swinburne
Intermediate-latitude Pulsar Survey (SMPS), the low- and mid-latitude High Time Resolution
Universe (HTRU) survey taken from Manchester et al. (2001); Lorimer et al. (2006), Edwards
et al. (2001); Jacoby et al. (2009) and Keith et al. (2010), respectively. We provide the survey
region where completeness is above 90% in Galactic longitude (l) and latitude (b), the central
observing frequency (f), the channel width (∆fch), the sampling time (τsamp), the telescope
gain (G), the number of observed polarizations (npol), the observing bandwidth (∆fbw), the
integration time (tobs), the degradation factor (β), the system temperature (Tsys), and the
signal-to-noise (S/N) threshold for each of the surveys. Corresponding units are given in
brackets in the first column.

Survey PMPS SMPS HTRU mid HTRU low

sky region −100◦ < l < 50◦ −100◦ < l < 50◦ −120◦ < l < 30◦ −80◦ < l < 30◦

|b| < 5◦ 5◦ < |b| < 30◦ |b| < 15◦ |b| < 3.5◦

f (GHz) 1.374 1.374 1.352 1.352

∆fch (kHz) 3000 3000 390.625 390.625

τsamp (µs) 250 125 64 64

G (K Jy−1) 0.735 0.735 0.735 0.735

npol 2 2 2 2

∆fbw (MHz) 288 288 340 340

tobs (s) 2100 265 540 4300

β 1.5 1.5 1.5 1.5

Tsys (K) 21 21 23 23

S/N threshold 9 9 9 9

where d is the distance known from the dynamical evolu-

tion outlined in Sec. 2.2. To determine the correspond-

ing radio flux density, Sf , (measured in Jy) at a specific

observing frequency, f , we follow Lorimer & Kramer

(2012) and assume that the radio emission spectrum fol-

lows a power law in f . In particular, we set the spectral

index to −1.6 (Jankowski et al. 2018). We can, hence,

approximate the total fluence of a pulse with width, wint,

as Sfwint. Assuming that this fluence stays constant as
the radio signal propagates from the pulsar towards us,

we estimate the flux density, Sf,obs, that reaches Earth

as

Sf,obs ≃ Sf
wint

wobs
(18)

where wobs is the observed pulse width.

Specifically, as a radio pulse propagates, it experiences

dispersion and scattering caused by interactions with the

free electrons and density fluctuations in the interstellar

medium (ISM), respectively. Both mechanisms result in

a broader pulse when compared with the intrinsic width,

wint. Further broadening is caused by instrumental ef-

fects, which are dominated by the sampling time, τsamp,

of the hardware used to record radio observations. Ac-

counting for these processes, we can write the observed

pulse width as (Cordes & McLaughlin 2003):

wobs ≃
√
w2

int + τ2samp + τ2DM + τ2scat. (19)

We follow Bates et al. (2014) to determine τDM, encod-

ing the pulse smearing due to dispersion for a single fre-

quency channel of the telescope’s receiver. Specifically,

τDM =
e2

πmec

∆fch
f3

DM, (20)

where e is the electronic charge, me the corresponding

mass, ∆fch the hardware-specific width of a frequency

channel at observing frequency, f , and DM is the dis-

persion measure. We further use the empirical fit rela-

tionship from Krishnakumar et al. (2015) for τscat, the

pulse smearing due to scattering of radio waves by an

inhomogeneous and turbulent ISM:

τscat = 3.6× 10−9DM2.2
(
1 + 1.94× 10−3DM2

)
, (21)

where τscat is measured in s. We moreover account for a

significant scatter in the underlying data (see Fig. 3 in

Krishnakumar et al. (2015)) by drawing log τscat values

from a Gaussian distribution around the fit in Eqn. (21)

with a standard deviation of 0.5. We also incorporate

the fact that Krishnakumar et al. (2015) analyzed ob-

servations at 327MHz by rescaling to a given observ-

ing frequency, f , assuming a Kolmogorov spectrum, i.e.,

τscat ∝ f−4.4 (see Lorimer & Kramer 2012, for details).

As τDM and τscat both depend on the pulsars’ respective
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Figure 3. Observed populations of isolated Galactic radio pulsars detected with the Parkes Multibeam Pulsar Survey (PMPS),
the Swinburne Intermediate-latitude Pulsar Survey (SMPS) and the low- and mid-latitude High Time Resolution Universe
(HTRU) survey (highlighted in yellow, light blue and purple, respectively). The left panel shows the distribution of these three
populations in Galactic latitude, b, and longitude, l, while the right panel depicts the detected pulsars in the period, P , and
period derivative, Ṗ , plane. In the latter, we also give lines of constant spin-down power, |Ėrot|, and constant dipolar surface
magnetic field, B, (estimated via Eqn. (10) for an aligned rotator). Data taken from the ATNF Pulsar Catalogue (Manchester
et al. 2005, https://www.atnf.csiro.au/research/pulsar/psrcat/, v1.69). Observational filters are described in detail in the text.

dispersion measure, we again employ the Galactic elec-

tron density distribution of Yao et al. (2017) to convert

our simulated neutron-star positions from Sec. 2.2 into

DM values.
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Figure 4. Distributions of mean radio flux density measure-
ments, Smean,1400, at 1400 MHz for the populations of iso-
lated Galactic radio pulsars detected with the Parkes Multi-
beam Pulsar Survey (PMPS), the Swinburne Intermediate-
latitude Pulsar Survey (SMPS) and the low- and mid-
latitude High Time Resolution Universe (HTRU) survey
(in yellow, light blue and purple, respectively). We show
the normalized number of stars as a function of radio flux
density as histograms with solid lines. Dashed lines rep-
resent the corresponding probability density functions ob-
tained via kernel-density estimation (KDE) using a Gaus-
sian kernel. Data taken from the ATNF Pulsar Cata-
logue (Manchester et al. 2005, https://www.atnf.csiro.au/
research/pulsar/psrcat/, v1.69).

At this stage, we require information for the radio sur-

veys we want to emulate. We specifically focus on three

surveys recorded with Murriyang, the Parkes radio tele-

scope: the Parkes Multibeam Pulsar Survey (PMPS)

(Manchester et al. 2001; Lorimer et al. 2006), the Swin-

burne Intermediate-latitude Pulsar Survey (SMPS) (Ed-

wards et al. 2001; Jacoby et al. 2009), and the low- and

mid-latitude High Time Resolution Universe (HTRU)

survey (Keith et al. 2010). All relevant survey parame-

ters (including the sampling time, τsamp, the observing

frequency, f , and the channel width, ∆fch, needed to

calculate wobs) are summarized in Tab. 1.

To assess if those simulated stars that cross our line

of sight are detectable with a given survey, we first de-

termine if they are located in the surveys’ fields of view.

While PMPS and HTRU have a similar sky coverage, we

highlight that SMPS detected pulsars at higher Galactic

latitude (see left panel of Fig. 3). This survey is, thus,

sensitive to older neutron stars which have had sufficient

time to move away from their birth positions closer to

the Galactic plane, providing complementary informa-

tion on the pulsar population. For those objects that

fall within our survey coverage, we subsequently estab-

lish if they are sufficiently bright to be detected. To do

so, we calculate the pulsars’ signal-to-noise ratio using

the radiometer equation (Lorimer & Kramer 2012):

S/N =
SmeanG

√
npol∆fbwtobs

β [Tsys + Tsky(l, b)]

√
P − wobs

wobs
. (22)

https://www.atnf.csiro.au/research/pulsar/psrcat/
https://www.atnf.csiro.au/research/pulsar/psrcat/
https://www.atnf.csiro.au/research/pulsar/psrcat/
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Here, Smean ≃ Sf,obswobs/P denotes the mean flux den-

sity averaged over a single rotation period P , G is the

receiver gain (see Lorimer et al. 1993; Bates et al. 2014,

for details), npol is the number of detected polarizations,

∆fbw the observing bandwidth, tobs the integration time

and β > 1 a degradation factor that accounts for imper-

fections during the digitization of the signal. Moreover,

Tsys denotes the system temperature and Tsky(l, b) is the

sky background temperature dominated by synchrotron

emission of Galactic electrons which varies strongly with

latitude, l, and longitude, b. To model the latter, we use

results from Remazeilles et al. (2015), who provided a

refined version of the temperature map of Haslam et al.

(1981, 1982). As the underlying data were obtained at

408 MHz, we rescale to the relevant observing frequen-

cies by assuming a power-law dependence of the form

Tsky ∝ f−2.6 (Lawson et al. 1987; Johnston et al. 1992).

A synthetic pulsar counts as detected, if the value ob-

tained from Eqn. (22) exceeds the surveys’ sensitivity

thresholds. We aim to recover the numbers of detected

isolated Galactic radio pulsars for each survey, i.e.,

PMPS: 1009 observed pulsars,

SMPS: 218 observed pulsars, (23)

HTRU: 1023 observed pulsars.

To obtain these values, we used the data from the ATNF

Pulsar Catalogue (Manchester et al. 2005)2 and removed

extragalactic sources and those in globular clusters. We

further applied a cut-off in period (P > 0.01 s) and pe-

riod derivative (Ṗ > 10−19 s s−1; for those objects with

measured Ṗ values because the above counts also include

a small number of pulsars without Ṗ measurements) to

remove those objects that have (likely) been spun up by

accretion from a companion star and cannot be modeled

with the framework discussed so far. The locations of
those objects with known period and period derivatives

are shown in the P -Ṗ plane in the right panel of Fig. 3.

The distribution of mean flux densities, Smean, measured

at 1400MHz for isolated Galactic pulsars in our three

surveys as recorded in the ATNF catalogue is shown in

Fig. 4. Note that this database does not contain flux

measurements for all sources, and that uncertainties on

reported Smean values can be large. We also note that

Smean values in the catalogue do not form a homoge-

neous sample as there is no standardized way for Smean

measurements to be reported in the literature. For ex-

ample, in some cases Smean is measured by observing a

flux calibration source, while other values are estimated

using the radiometer equation (22), introducing addi-

2 https://www.atnf.csiro.au/research/pulsar/psrcat/; v1.69

tional systematics due to different prescription for the

signal-to-noise ratio or pulse width. For ease of com-

parison with our simulated pulsar populations, we also

show kernel-density estimation (KDE) fits for the corre-

sponding probability density functions obtained with a

Gaussian kernel in Fig. 4.

2.6. Simulation output

To simulate our mock observed pulsar populations, we

do not make any assumptions on the neutron-star birth

rate. Instead, we randomly sample a subset of 105 neu-

tron stars from our dynamical database (see Sec. 2.2).

We subsequently evolve these stars magneto-rotationally

as outlined in Sec. 2.3 and assess how many of them are

detected by each of the three surveys (see Secs. 2.4 and

2.5), saving their respective properties. We iterate this

process until the number of detected stars matches the

number of observed objects in all surveys. Note that we

adaptively reduce the number of stars we draw from our

dynamical database to 104 and 5×103, once we have re-

covered 90% and 95% of the target values, respectively.

The output of a single simulator run, which has a typ-

ical computation time of around 1 hr, is a data frame

containing the properties of those pulsars we can detect

with PMPS, SMPS and HTRU, respectively.

The location of the resulting synthetic population and

the shape of the stars’ distribution in the P -Ṗ plane

is directly controlled by the magneto-rotational param-

eters, µlogB , σlogB , µlogP , σlogP and alate, the five pa-

rameters we want to infer. Three examples of synthetic

P -Ṗ diagrams are shown in the top row of Fig. 5.

We note that our prescription does not rely on a by-

hand implementation of a pulsar death line (e.g., Bhat-

tacharya et al. 1992; Chen & Ruderman 1993; Rudak

& Ritter 1994; Zhang et al. 2000), beyond which pulsar

emission ceases, as done in most previous population-

synthesis studies (e.g., Faucher-Giguère & Kaspi 2006;

Bates et al. 2014; Cieślar et al. 2020). We opt for this ap-

proach due to significant uncertainties around the radio

emission process generally associated with the produc-

tion of electron-position pairs in pulsar magnetospheres

above the polar caps (Ruderman & Sutherland 1975).

In particular, different assumptions on magnetic-field

strengths and geometries, pair production, and stellar

properties (like mass and radius) lead to different death

lines, effectively expanding into a death valley. We, thus,

avoid adopting a somewhat arbitrary choice for a sin-

gle death line. In our simulations, pulsars instead be-

come undetectable naturally if they approach the bot-

tom right of the P -Ṗ plane. This is due to the evolution

towards (i) smaller misalignment angles, χ, resulting in

smaller beaming fractions, and (ii) smaller Ṗ (and thus

https://www.atnf.csiro.au/research/pulsar/psrcat/
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Figure 5. Examples of simulated pulsar populations and the corresponding density maps, which are fed into the simulation-
based inference pipeline. The top row shows synthetic P -Ṗ diagrams for the three surveys considered in this study generated
from three random sets of magneto-rotational parameters. In particular, test sample 1 (top left) is the result of a simulation with
µlogB ≈ 13.19, σlogB ≈ 0.96, µlogP ≈ −0.85, σlogP ≈ 0.51 and alate ≈ −0.86, while test sample 2 (top middle) was generated
with µlogB ≈ 13.86, σlogB ≈ 0.88, µlogP ≈ −0.42, σlogP ≈ 0.61 and alate ≈ −1.71. Finally, test sample 3 (top right) corresponds
to µlogB ≈ 13.35, σlogB ≈ 0.24, µlogP ≈ −1.25, σlogP ≈ 0.60 and alate ≈ −2.38. The bottom row shows the three density maps
(one for each survey) generated with a resolution of 32 from the P -Ṗ diagram for test sample 1. Here, dark blue encodes regions
where no neutron stars are present, while yellow bins represent the largest density for the binned pulsar distribution.

lower |Ėrot|), ultimately leading to sources that are too

faint to be detected.

At this point, we also highlight that our approach pro-

vides information on the number of total stars generated

over a time scale of 108 yr (the oldest possible age for

stars in our dynamical database), implying that we can

directly determine the birth rate required to reproduce

observations for a given survey. Although not the pri-

mary focus of this work, we note two things here: first,

the number of detectable neutron stars per iteration step

described above and, thus, the birth rate (as well as the

distribution of stars in the P -Ṗ plane) depends strongly

on the five magneto-rotational parameters. For some pa-

rameter combinations, reaching the counts in Eqn. (23)

requires unrealistically large birth rates, and thus exten-

sive computation time. To mitigate this issue, we stop

our iterative simulation approach once the birth rate ex-

ceeds a conservative limit of 5 neutron stars per century

(Keane & Kramer 2008; Rozwadowska et al. 2021) even

though this implies that we do not reach the numbers

of observed objects in these simulations. We, however,

still use these simulations in the following to assess if our

inference approach can identify those parameter combi-

nations that require birth rates ≳ 5 as unreasonable

from the distribution of stars in the P -Ṗ plane alone.

Second, for a single simulation run, we generally do not

obtain the same birth rate for all three surveys and esti-

mates can differ by a factor of ∼ 1− 3 neutron stars per

century. In principle, we only expect the correct phys-

ical simulator to produce the observed distributions of

pulsars across different surveys. The correct simulation

framework is, however, not known and constraining the

relevant physics is the main goal of our analysis. To ex-

plore this behavior, we thus produce neutron stars until

the target values in all three surveys are reached (or ex-

ceeded). While this implies that the number of detected

objects in some simulations can be larger than the ob-

served number of stars for a given survey (by up to a

factor of ∼ 3), our focus on the location and shape of

the distribution of pulsars in P and Ṗ and not their to-
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tal number (see below) circumvents this issue. We will,

however, return to the issue of the birth rate in the dis-

cussion in Sec. 5.6, once we have explained our inference

approach and provided results for our best estimates.

To provide a broad range of synthetic P -Ṗ diagrams

for our inference pipeline, we explore the ranges outlined

in Sec. 2.3 and uniformly sample random combinations

of the five parameters as follows:

µlogB ∈ U(12, 14),
σlogB ∈ U(0.1, 1),
µlogP ∈ U(−1.5,−0.3), (24)

σlogP ∈ U(0.1, 1),
alate ∈ U(−3,−0.5).

We generate a total of 360,000 parameter combinations

(which we refer to as our input parameters, labels or

ground truths below) and simulate the corresponding

synthetic populations in parallel over the course of six

weeks.

To represent the discrete output of our simulator in a

way that can be processed by a neural network, we con-

vert a single P -Ṗ diagram for three surveys as seen in

the top row of Fig. 5 into three two-dimensional density

maps (one for each survey) by counting the number of

stars within a given bin. In particular, we set the limits

P ∈ [0.001, 100] s and Ṗ ∈ [10−21, 10−9] s s−1 and test

our inference procedure for a resolution of 32 and 64

bins. To avoid sharp edges in our binned distributions,

we apply a smoothing Gaussian filter (with radius 4σ

and σ = 1), which will also improve the stability during

the training of our machine-learning pipeline. An exam-

ple of the resulting density maps is shown in the bottom

row of Fig. 5 for one of our test simulations.

The final preprocessing stage for our simulated data

is either a normalization or a standardization step (de-

pending on the choice of set-up discussed below) to pro-

vide the neural network with signals and labels of similar

magnitude. In the former case, the bins in each individ-

ual density map are rescaled such that they contain con-

tinuous values between 0 and 1. The same holds for the

corresponding labels, which are normalized over the en-

tire parameter ranges given in Eqn. (24). On the other

hand, standardization is achieved by using z-scores, so

that the resulting information in each map has a mean

of 0 and standard deviation of 1. The same method is

applied to the labels across our entire set of simulations.

3. SIMULATION-BASED INFERENCE

3.1. Overview

The pulsar population-synthesis pipeline summarized

in Sec. 2 is a typical example of a stochastic forward

model which aims to emulate real-world observations.

We specifically introduced stochasticity by sampling rel-

evant variables from underlying probability distributions

using Monte-Carlo techniques. In particular, given the

input parameter, θ = {θ1, θ2, . . . }, our simulator gener-

ates a synthetic realization of the observed data, x. The

key challenge is then to constrain our model parameters

in such a way that they are consistent with true observa-

tions, x0, and our prior knowledge, encoded in the prior

distribution, P(θ). To this end, we want to compute the

posterior distribution, P(θ|x), using Bayes’ theorem

P(θ|x) = P(θ)P(x|θ)
P(x)

, (25)

where P(x|θ) is the likelihood of our data, x, given the

parameter, θ, and

P(x) ≡
∫

P(x|θ′)P(θ′) dθ′, (26)

denotes the evidence obtained by marginalizing over all

θ. However, for complex simulators like ours, we typ-

ically cannot write down an explicit form of the likeli-

hood function, so P(x|θ) is essentially intractable. In

addition, even if the likelihood were tractable, Eqn. (26)

involves an integral over θ, which becomes challenging

for simulators with high-dimensional parameter spaces.

Simulation-based inference (SBI) circumvents these is-

sues by taking advantage of the fact that our simulator

encodes the likelihood function implicitly (see Cranmer

et al. 2020, for a recent review). These approaches have

been particularly successful in combination with deep-

learning techniques because neural networks can be used

to learn a probabilistic association between a given sim-

ulation outcome, x, and the input parameters, θ. This

allows an approximation of the posterior distribution,

P(θ|x), without the need to explicitly compute the like-

lihood. Three approaches exist to achieve this goal:

• Neural posterior estimation (NPE): The network

learns to directly map the simulator output, x,

onto the posterior distribution, P(θ|x), for the un-
derlying parameters, θ. This requires the use of a

flexible neural density estimator such as a normal-

izing flow or a mixture density network (MDN)

(e.g. Papamakarios & Murray 2016; Lueckmann

et al. 2017; Greenberg et al. 2019; Mishra-Sharma

& Cranmer 2022; Vasist et al. 2023; Dax et al.

2021; Hahn et al. 2023).

• Neural likelihood estimation (NLE): The network

emulates the simulator by learning an association

between θ and x, thus providing direct access to
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Figure 6. Schematic representation of our inference pipeline for three input P − Ṗ maps (one for each survey) with resolution
32 × 32. A convolutional neural network (CNN) is first used to extract features from our images and produce a compressed
representation of our simulation output, x. We then train a Gaussian mixture density network (MDN), a flexible neural density
estimator, on this latent representation to approximate the posterior distribution of the simulation input parameters, θ.

an approximation of the likelihood, P(x|θ). Be-

cause the prior is known, the posterior can then be

obtained by an additional MCMC sampling step

(e.g., Papamakarios et al. 2018; Alsing et al. 2019).

• Neural ratio estimation (NRE): Here, the network

learns the likelihood-to-evidence ratio, r(θ,x) ≡
P(x|θ)/P(x), which is equivalent to P(θ|x)/P(θ)

using Bayes’ theorem (25). Once r(θ,x) is known,

the posterior can be recovered through MCMC by

sampling the prior weighted by the ratio, r(θ,x)

(e.g., Hermans et al. 2019; Miller et al. 2021;

Bhardwaj et al. 2023).

For the following study, we choose an NPE approach

to directly learn the posterior conditional on our sim-

ulated data (avoiding the additional sampling step re-

quired for NLE and NRE) and take advantage of the cor-

responding implementation in the open-source Python

package sbi (Tejero-Cantero et al. 2020).3

3.2. Deep-learning set-up

For NPE, we approximate the posterior using a fam-

ily of densities, qψ, characterized by the distribution pa-

rameters, ψ. For our SBI pipeline, we then use a neural

network, F , to learn these ψ for our simulator output, x,

by adjusting the network weights, ϕ. In particular, we

aim to optimize the neural density estimator such that

qF (x,ϕ)(θ) ≈ P(θ|x). This can be achieved by mini-

mizing the Kullback–Leibler divergence, DKL(P1||P2),

which is a measure of the difference between two prob-

ability distributions, P1 and P2 (Kullback & Leibler

3 https://github.com/sbi-dev/sbi

1951). Papamakarios & Murray (2016) showed that this

is equivalent to minimizing the expectation value of the

following loss function

L(ϕ) = −
N∑
i=1

log qF (xi,ϕ)(θi) (27)

over a training data set {θi,xi} of size N , provided that

N is large and the density estimator sufficiently flexible.

In practice, we maximize the negative of L(ϕ), i.e., the
total log-posterior. A key advantage of the resulting pos-

terior approximation is that the evaluation of qF (x,ϕ)(θ)

corresponds to a simple forward pass through a neural

network (without the need to simulate additional data),

which is very fast. We will take advantage of this amor-

tized nature of the posterior to assess the quality of our

inferences below.

For our pulsar study, we have drawn the model param-

eters θi = {µlogB , σlogB , µlogP , σlogP , alate} from uni-

form priors as defined previously in Eqn. (24). The

corresponding output, xi, of a single run through the

simulator are the three P -Ṗ density maps (one for each

survey) illustrated in the bottom row of Fig. 5. In the

following, we stack these maps together to form a three-

channel input for our neural network. Of the 360,000

synthetic simulations produced, we use 90% for training

and validation reserving the remaining 10% for testing

purposes. The former data set is further split into 90%

for training (291, 600 populations) and 10% for valida-

tion (32, 400 populations). We note that as each popu-

lation is represented by three density maps, we train the

following inference pipeline on roughly 875, 000 images.

Performance results for the unseen test samples quoted

in the following are computed for 10% of the full test

set (3, 600 populations) for computational reasons. The

full workflow is illustrated schematically in Fig. 6.

https://github.com/sbi-dev/sbi
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Table 2. Information for the 22 machine-learning experiments conducted for this study. The columns summarize the specific
training data and hyperparameters as well as the resulting metrics: the experiment number (#); the resolution (res) for our
P -Ṗ density maps; the different surveys and the fraction (frac; in %) of the 291, 600 populations in the training set used for
training; information on whether we standardized (std) or normalized (norm) the input; the number of Gaussian components
(comp) in our MDN; the batch size (BS); the learning rate (LR); the CNN architecture (we distinguish our baseline set-up
and a deeper network; see Secs. 3.2 and 3.3 for details); the best metric computed over the validation set (VM); the number of
training epochs; the time it took to train the network in seconds and the average metric computed over our 3, 600 test samples
(TM). In bold, we highlight those parameters that we have varied with respect to the baseline experiment #1. Experiments
with an asterisk (⋆) are removed from the following analysis due to training irregularities.

# res surveys frac (%) input comp BS LR CNN VM epochs time (s) TM

1 32 PMPS, SMPS, HTRU 100 std 10 8 0.0005 baseline 3.65 38 9, 373 3.64

2 32 PMPS, SMPS, HTRU 100 std 10 8 0.0005 deep 3.71 49 14, 292 3.71

3 64 PMPS, SMPS, HTRU 100 std 10 8 0.0005 baseline 3.55 55 78, 837 3.54

4 64 PMPS, SMPS, HTRU 100 std 10 8 0.0005 deep 3.64 89 128, 119 3.64

5 32 PMPS, SMPS, HTRU 75 std 10 8 0.0005 baseline 3.74 71 13, 232 3.78

6 32 PMPS, SMPS, HTRU 50 std 10 8 0.0005 baseline 3.56 58 7, 000 3.55

7⋆ 32 PMPS, SMPS, HTRU 100 norm 10 8 0.01 baseline 3.47 30 7, 445 3.73

8 32 PMPS, SMPS, HTRU 100 norm 10 8 0.001 baseline 9.66 54 13, 015 9.60

9 32 PMPS, SMPS, HTRU 100 std 8 8 0.0005 baseline 3.74 52 12, 389 3.73

10 32 PMPS, SMPS, HTRU 100 std 5 8 0.0005 baseline 3.83 118 27, 973 3.86

11 32 PMPS, SMPS, HTRU 100 std 10 16 0.0005 baseline 3.99 85 10, 476 3.97

12 32 PMPS, SMPS, HTRU 100 std 10 32 0.0005 baseline 4.11 79 5, 346 4.06

13 32 PMPS, SMPS, HTRU 100 std 10 8 0.001 baseline 3.36 61 14, 785 3.33

14 32 PMPS, SMPS, HTRU 100 std 10 8 0.0001 baseline 4.22 75 18, 369 4.22

15 32 HTRU 100 std 10 8 0.0005 baseline 3.43 63 15, 568 3.42

16 32 SMPS, HTRU 100 std 10 8 0.0005 baseline 3.58 40 9, 979 3.59

17 32 PMPS, SMPS 100 std 10 8 0.0005 baseline 3.41 69 16, 937 3.41

18⋆ 64 PMPS, SMPS, HTRU 50 std 10 8 0.0005 baseline 3.45 47 5, 766 3.44

19 32 PMPS, SMPS, HTRU 100 norm 10 32 0.001 baseline 10.05 44 2, 864 10.20

20 32 PMPS, SMPS, HTRU 100 norm 10 32 0.0001 baseline 10.31 90 5, 815 10.49

21 32 PMPS, SMPS, HTRU 100 norm 10 16 0.001 baseline 9.82 77 9, 901 9.98

22⋆ 32 PMPS, SMPS, HTRU 100 norm 10 16 0.0001 baseline 10.45 124 15, 603 10.55

Due to the complexity of these data, we do not train

a neural density estimator directly on the density maps.

We instead first apply a CNN to extract features from

our images and embed the corresponding information in

a lower-dimensional latent vector. We choose the follow-

ing baseline architecture for our embedding network:

• 2D convolution layer with kernel size 3×3, 3 input

channels, 32 output channels, stride 1, padding 1.

• 2D Max pooling layer with size 2× 2, stride 2, no

padding.

• 2D convolution layer with kernel size 3×3, 32 input

channels, 64 output channels, stride 1, padding 1.

• 2D Max pooling layer with size 2× 2, stride 2, no

padding.

• Fully connected linear layer with the flattened out-

put from the second pooling layer as input and 32

output neurons encoding the latent representation.

After each convolution and the fully connected layer, we

apply a rectified linear unit (ReLU) activation function.

The weights for the CNN are initialized using the Kaim-

ing prescription (He et al. 2015) to avoid exploding or

vanishing gradients during the training process.

We subsequently pass the latent vector generated by

the CNN to a neural density estimator. We implement a

MDN and specifically opt for a Gaussian-mixture model

(GMM) in five dimensions to approximate the posterior,

qF (x,ϕ)(θ), for our five free magneto-rotational parame-

ters. This implies

qF (x,ϕ)(θ) =

C∑
c=1

αc N (θ|µc,Σc), (28)
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where, C denotes the total number of Gaussian compo-

nents used, αc is the mixture weight and N (θ|µc,Σc)

the multi-variate Gaussian distribution with mean vec-

tor µc and covariance matrixΣc for the c-th component.

For our MDN, we follow sbi’s default implementation

and use:

• Three fully connected layers with 32 neurons each.

• Four fully connected output layers which encode

the Gaussian mixture weights, αc, means, µc, di-

agonal and upper triangular components of the co-

variance matrices, Σc, respectively. These contain

c, 5c, 5c and 10c neurons, respectively.

We again apply the ReLU activation function after each

hidden layer, while weights are now initialized with Py-

Torch’s default initialization (Glorot & Bengio 2010).

We subsequently train the entire pipeline using the

gradient descent optimizer Adam (Kingma & Ba 2014).

At each epoch the network undergoes a series of op-

timization steps based on the information provided in

the entire training data set before epoch-averaged train-

ing and validation metrics are computed based on the

negative losses defined in Eqn. (27), i.e., we maximize

our metrics. Note that we also set an early stop of 20

to prevent overfitting, which implies that the training

process is interrupted (and the weights of the best val-

idation epoch recorded) once the validation metric has

not improved for 20 epochs.

3.3. Experiments

Table 2 summarizes the 22 different experiments that

we have conducted for this study to assess the perfor-

mance of SBI for pulsar population synthesis. For this

purpose, we varied aspects of the training data as well

as the hyperparameters of our deep-learning pipeline. In

particular, for the input we explored two different resolu-

tions for the P -Ṗ maps, 32 and 64, respectively, assessed

the network performance when all three density maps or

only two/one are provided, and whether normalization

or standardization during preprocessing leads to differ-

ent results. We further studied the impact of using the

full training data set or smaller subsets. Moreover, for

the network we varied the number of Gaussian mix-

ture components in our neural density estimator, the

batch size, and the learning rate, and we explored two

different CNNs for our embedding net. In addition to

the baseline architecture described in Sec. 3.2, we also

conducted two experiments with a deeper network com-

posed of four convolutional blocks. Here, the two convo-

lutional layers introduced previously are followed by an

0 10 20 30

Training epoch

1.0

1.5

2.0

2.5

3.0

3.5
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T
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ri
or

Training

Validation

Figure 7. Training behavior for baseline experiment #1.
We show the training metric (dashed, light blue) and the
validation metric (solid, purple) as a function of the train-
ing epoch. We seek to maximize the total log-posterior,∑N

i=1 log qF (xi,ϕ)(θi), over the training and validation data
sets, respectively, as the network learns. Both metrics in-
crease as expected and the validation curve closely tracks
the training curve, i.e., we see little overfitting. The best
validation metric is reached at epoch 17 and the early stop
criterion, thus, halts the training after 37 training epochs.

additional layer with 32 and 64 input/output channels,

respectively. Kernel size, stride, padding, subsequent

pooling and fully-connected layers were kept as above.

Due to the computational cost of each training exper-

iment, a full grid search over all relevant configurations

was beyond the scope of this work. We, therefore, opted

to produce a representative set of experiments that pro-

vide sufficient information to study the variation of our

inferred posteriors in Sec. 4. Finally note, that almost

all of our optimizations are performed on a Tesla V100

SXM2 GPU with 32GB memory. We only trained ex-

periments #3 and #4, for which the full training data

set with a resolution of 64 was too large to be optimized

on the GPU, on a CPU with 32GB RAM. In those two

cases, training the network, thus, took markedly longer

than for the other experiments (see below).

4. RESULTS

4.1. Training

Several metrics for our experiments are summarized in

the last four columns of Tab. 2. We observe that the op-

timization of our neural networks take between∼ 1−8 hr

on the GPU and on the order of a day on a CPU, com-

pleting ∼ 30 − 124 training epochs. In general, we find

good training behavior with the validation metric closely

tracking the training metric and little or no overfitting.

This is also evident in the network’s generalization abil-
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Table 3. Magneto-rotational parameters for three random test samples and the observed
pulsar population. The first five rows show the ground truths, θ, used to simulate the test
populations. The second block gives medians and 95% credible intervals (CIs) obtained
from inferences with the neural network from experiment #1. The final block contains
medians and 95% CIs determined from the ensemble posterior combining 19 experiments.

Parameters Test sample 1 Test sample 2 Test sample 3 Observed population
G

ro
u

n
d

tr
u

th
s,

θ

µlogB 13.19 13.86 13.35 −
σlogB 0.96 0.88 0.24 −
µlogP −0.85 −0.42 −1.25 −
σlogP 0.51 0.61 0.60 −
alate −0.86 −1.71 −2.38 −

9
5
%

C
I

ex
p

er
im

en
t

#
1 µlogB 13.28+0.18

−0.18 13.73+0.15
−0.15 13.33+0.05

−0.04 13.07+0.07
−0.08

σlogB 0.95+0.08
−0.08 0.79+0.07

−0.07 0.23+0.02
−0.02 0.43+0.03

−0.03

µlogP −0.90+0.13
−0.13 −0.35+0.19

−0.18 −1.17+0.33
−0.34 −0.98+0.25

−0.29

σlogP 0.49+0.10
−0.09 0.73+0.20

−0.15 0.73+0.25
−0.31 0.54+0.33

−0.25

alate −0.83+0.06
−0.06 −1.88+0.35

−0.35 −2.47+0.43
−0.43 −1.77+0.35

−0.38

9
5
%

C
I

en
se

m
b

le

µlogB 13.29+0.20
−0.20 13.74+0.19

−0.16 13.34+0.05
−0.05 13.10+0.08

−0.10

σlogB 0.96+0.07
−0.08 0.78+0.09

−0.08 0.24+0.02
−0.02 0.45+0.05

−0.05

µlogP −0.92+0.16
−0.15 −0.40+0.20

−0.27 −1.23+0.33
−0.34 −1.00+0.26

−0.21

σlogP 0.49+0.10
−0.09 0.74+0.20

−0.17 0.67+0.30
−0.28 0.38+0.33

−0.18

alate −0.84+0.06
−0.07 −1.76+0.39

−0.43 −2.34+0.43
−0.45 −1.80+0.65

−0.61

ity illustrated by the average metrics computed over the

unseen test set of 3, 600 simulations. The evolution of

the training and validation metrics for experiment #1

is shown in Fig. 7 as an example. We remind the reader

that we aim to maximize the total log-posterior. After

visual inspection of all training curves, we remove exper-

iment #7 due to irregularities in the training behavior

and experiments #18 and #22 due to a slight tendency

to overfitting. Note that these shortcomings were not

directly visible from the training metrics in Tab. 2. We

also highlight that we find systematically larger training,

validation and test metrics in those experiments where

our input density maps were normalized. In the follow-

ing, we however assess the quality of the corresponding

posteriors and find that these do not result in better in-

ferences. Beyond this difference, we cannot identify any

significant variation in the metrics between the remain-

ing configurations. We, hence, proceed with an analy-

sis of all experiments apart from numbers #7,#18 and

#22.

4.2. Benchmark inferences

As a first assessment of our approximated posteriors,

we focus on inferring the five magneto-rotational pa-

rameters, µlogB , σlogB , µlogP , σlogP , alate, for simulated

populations where we know the input parameters, θ.

We specifically look at the three simulations, whose P -

Ṗ diagrams were illustrated in the top row of Fig. 5.

Corresponding ground truths, θ, are summarized in the

top five rows in Tab. 3. In Figs. 8 and 9, we show the

resulting one- and two-dimensional marginal posterior

distributions obtained by repeatedly sampling from the

neural network optimized during experiment #1. For all

three cases, the posteriors are well defined, significantly

smaller than our prior ranges (24) shown along the axes,

and centered around the ground truths, θ, highlighted

in light blue. To quantify this, we calculate the 1−, 2−
and 3−σ credible regions, shown as contours in the two-

dimensional posteriors. In the one-dimensional posterior

panels, the corresponding 95% credible intervals (CIs)

are given as dashed, black lines, while medians are illus-

trated as solid, purple lines. Their numerical values are

given in Tab. 3. We observe that the ground truths, θ,

are typically contained within the 2−σ credible regions,

which we interpret as evidence that our NPE approach is

capable of producing reasonable posterior distributions.

In general, the credible regions for the two parameters

characterizing the initial magnetic-field distribution are

narrower than those for the initial period distribution

and the late-time magnetic-field decay. We confirm that

this behavior is qualitatively similar for the remaining

P -Ṗ simulations in our test set.
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Figure 8. Benchmark inference for test simulation 1 using
the network from experiment #1. The corner plot shows
one- and two-dimensional marginal posterior distributions
for the five magneto-rotational parameters. We also show
corresponding ground truths, θ, in light blue and the medi-
ans in purple. We observe that the posteriors cover the θ
well. Corresponding 95% CIs are summarized in Tab. 3.

We next compare the inferences for our various train-

ing experiments. To visualize corresponding differences,

we plot the one-dimensional marginalized posteriors for

all 19 experiments for the three test samples in gray in

Fig. 10. Ground truths, θ, are shown as dashed lines in

light blue. We observe that the width of individual pos-

terior approximations as well as their medians can vary

somewhat between different test samples and magneto-

rotational parameters. Compared across the full test set,

this behavior is again more dominant for the period and

late-time magnetic-field parameters than for the initial

B-field properties. However, no individual NPEs stand

out by exhibiting either particularly good or poor pos-

teriors. Further note that we also do not see any differ-

ences for those experiments with normalized input maps

that showed systematically better metrics than those ex-

periments trained on standardized data. This highlights

that training behavior alone does not provide sufficient

information on the quality of the resulting inference.

In light of this, we also determine the combined poste-

rior for all 19 experiments. We calculate the correspond-

ing ensemble posterior, q(θ), as the weighted average of

the individual posteriors (Hermans et al. 2021):

q(θ) =

19∑
j

wjqFj
(θ), (29)

Figure 9. Same as Fig. 8 but for test simulations 2 and 3.

where wj represents the weight of the j-th component.

Giving equal importance to each experiment in the en-

semble, we choose wj = 1/19. The corresponding one-

dimensional marginalized ensemble posteriors for µlogB ,

σlogB , µlogP , σlogP and alate for the three test simula-

tions are illustrated as purple histograms in Fig. 10. As

expected, they fall within the individual posteriors. The

corresponding 95% CIs for the three test samples, which

are typically comparable or slightly wider than those
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Figure 10. One-dimensional marginal posteriors for the five magneto-rotational parameters for the three test simulations
inferred using 19 different NPE experiments shown in gray. The horizontal axes represent the parameters’ prior ranges. The
ground truths are shown as vertical dashed lines in light blue. We observe variation between the experiments, specifically for
µlogP , σlogP and alate. We also plot the ensemble posteriors (purple) obtained as a weighted average of the individual posteriors.

calculated for experiment #1 posteriors alone, are sum-

marized in the bottom five rows of Tab. 3.

4.3. Posterior validation

To further assess whether posterior estimates are well-

calibrated, we determine their coverage. As outlined in

detail in Appendix B, the coverage probability measures

the fraction of test samples for which (for a given cred-

ibility level 1− α) the ground truths, θ, fall within the

corresponding 1−α region of their respective posteriors,

qF (x,ϕ)(θ). For a well-calibrated posterior distribution

and a sufficiently large number of test samples, this frac-

tion should equal 1− α. This implies that the coverage

probability as a function of the credibility level is di-

agonal. In contrast, for a conservative posterior that

is wider than the true posterior, we would recover a

fraction larger than 1 − α. Conversely, for a narrower

(overconfident) posterior, the corresponding fraction of

test samples is less than 1−α. In terms of the coverage,

this corresponds to curves above and below the diago-

nal, respectively, and can, therefore, be used to assess

the quality of approximate posteriors.

We show the coverage probabilities for our different

posterior estimates as a function of the credibility level,

1−α, in Fig. 11. We single out the coverage for the pos-

terior from experiment #1 (dashed, light blue) and the
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Figure 11. Coverage probability as a function of the credi-
bility level, 1 − α, for our approximate posteriors calculated
for 3, 600 test simulations. We specifically highlight the cov-
erage for experiment #1 as a dashed, light blue line and that
for the ensemble as a solid, purple line. All remaining exper-
iments are given in gray. For a well-calibrated posterior, the
coverage follows the diagonal shown in black.

ensemble posterior (solid, purple). All remaining exper-

iments are shown in gray. We observe that the approxi-

mate posteriors for individual experiments closely follow

the diagonal, exhibiting either slightly conservative or

slightly overconfident behavior. As expected, the most

conservative estimate is given by our ensemble posterior,

which incorporates variations in the inference for 19 dif-

ferent machine-learning configurations across all 3, 600

test samples. These results provide additional support

that our neural posteriors are trustworthy and have in-

deed learned to accurately infer magneto-rotational pa-

rameters from simulated P -Ṗ density maps.

4.4. Inference on the observed population

Following the benchmark experiments and the cover-

age determination, we now turn our attention to the true

pulsar populations observed with the PMPS, the SMPS

and the low- and mid-latitude HTRU survey. The corre-

sponding P -Ṗ diagram was shown in the right panel of

Fig. 3. We represent these populations as three density

maps as outlined in Sec. 2.6 and subsequently feed them

through our trained neural networks to infer the five pa-

rameters, µlogB , σlogB , µlogP , σlogP and alate, assuming

that our simulation framework provides a realistic de-

scription of the underlying physics.

We show the corresponding one-dimensional marginal

posterior distributions for individual experiments (gray

histograms) and the ensemble (purple histograms) in

Fig. 12. Additionally, a corner plot for the one- and two-

dimensional ensemble posteriors is illustrated in Fig. 13.

Corresponding medians (shown in purple in the corner

plot) and 95% CIs for experiment #1 and the ensemble

are also summarized in the last column of Tab. 3.

The general trend (already observed for the simulated

populations) that the initial magnetic-field parameters,

µlogB and σlogB , are much better constrained by our

NPE framework than the remaining three values also

holds for the observed population. As seen in the first

two panels of Fig. 12, all 19 experiments recover nar-

row posteriors around similar medians. For the initial

period-distribution parameters, µlogP and σlogP , (see

third and fourth panel, respectively), we obtain wider

posteriors and a larger variety of median values between

different experiments. These posteriors, however, cover

similar regions within our prior ranges and are compa-

rable to what we observed for the test samples. In con-

trast, the inferred posteriors for alate (the final panel in

Fig. 12) exhibit different behavior to our benchmark ex-

periments. In particular, posteriors vary significantly in

width between different experiments with those at the

larger (smaller) end of the alate range generally exhibit-

ing narrower (larger) widths. Moreover, several distri-

butions do not overlap at all. This is manifest as a rela-

tively wide posterior in the ensemble which also shows a

second peak, primarily driven by the right-most individ-

ual posterior resulting from experiment #2. Note that

this configuration did not cause irregularities during the

network optimization or unusual posteriors for our test

samples. We, therefore, do not associate this behavior

with the network itself. The corresponding bi-modality

is also visible in the final row of the corner plot in Fig. 13.

We will discuss our interpretation of this below.
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Figure 12. One-dimensional marginal posteriors for the five magneto-rotational parameters for the observed pulsar population.
We show inference results for 19 different NPE experiments in gray and the ensemble posterior in purple.

Figure 13. Inference results for the observed pulsar population using the ensemble posterior of 19 different NPEs. The corner
plot shows one- and two-dimensional marginal posterior distributions for the five magneto-rotational parameters. We highlight
the medians in purple. Corresponding values and 95% CIs are summarized above the panels and in Tab. 3.
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śl
a
r
et

a
l.
(2
0
2
0
)

T
h
is

w
o
rk

P
(r

,
ϕ
)

sp
ir
a
l
a
rm

s,
sp

ir
a
l
a
rm

s,
sp

ir
a
l
a
rm

s,
sp

ir
a
l
a
rm

s,
e-
d
en

si
ty

m
o
d
el

P
(r
)

P
(r
)

P
(r
)

P
(r
)

Y
a
o
et

a
l.
(2
0
1
7
)

P
(z

)
ex

p
o
n
en

ti
a
l

ex
p
o
n
en

ti
a
l

ex
p
o
n
en

ti
a
l

ex
p
o
n
en

ti
a
l

ex
p
o
n
en

ti
a
l

G
a
la
c
ti
c

-
-

-
-

T
≈

2
5
0
M
y
r

r
o
ta

ti
o
n

P
(v

k
)

ex
p
o
n
en

ti
a
l

ex
p
o
n
en

ti
a
l,
n
o
rm

a
l

ex
p
o
n
en

ti
a
l

M
a
x
w
el
l

M
a
x
w
el
l

P
(B

0
)

lo
g
-n
o
rm

a
l

lo
g
-n
o
rm

a
l

lo
g
-n
o
rm

a
l

lo
g
-n
o
rm

a
l

lo
g
-n
o
rm

a
l

P
(P

0
)

n
o
rm

a
l

n
o
rm

a
l,
lo
g
-n
o
rm

a
l

n
o
rm

a
l

n
o
rm

a
l

lo
g
-n
o
rm

a
l

B
(t
)

-
-

m
a
g
n
et
o
-t
h
er
m
a
l
m
o
d
el
s

ex
p
o
n
en

ti
a
l

m
a
g
n
et
o
-t
h
er
m
a
l
m
o
d
el
s

V
ig
a
n
ò
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5. DISCUSSION AND CONCLUSIONS

In this study, we have successfully developed a new

machine-learning pipeline that combines pulsar popula-

tion synthesis with simulation-based inference (SBI) for

the first time and tested the corresponding approach by

inferring magneto-rotational properties of neutron stars.

5.1. Simulation framework

We first discussed our implementation of the forward

model, i.e., the prescription for simulating the dynam-

ical and magneto-rotational properties of the Galac-

tic population of isolated radio pulsars, modeling their

radio emission and subsequently mimicking observa-

tional limitations for the Parkes Multibeam Pulsar Sur-

vey (PMPS), the Swinburne Intermediate-latitude Pul-

sar Survey (SMPS) and the low- and mid-latitude High

Time Resolution Universe (HTRU) survey. We followed

earlier frameworks (e.g., Faucher-Giguère & Kaspi 2006;

Bates et al. 2014; Gullón et al. 2014, 2015; Cieślar et al.

2020) but implemented several key differences, as com-

pared in detail in Tab. 4. In particular, we sampled the

birth positions of our pulsars from the Galactic elec-

tron distribution (Yao et al. 2017) instead of following

the typical approach of combining a spiral-arm model

with a radial pulsar distribution like that Yusifov &

Küçük (2004). The latter is deduced for the observed,

evolved pulsar sample and not the initial population.

Moreover, we have included the (rigid) rotation of the

Galaxy to treat the pulsar birth positions more consis-

tently compared to earlier analyses. For the magnetic-

field evolution, we used a similar approach to Gullón

et al. (2014, 2015) taking advantage of the newest two-

dimensional magneto-thermal simulations (Viganò et al.

2021) and solved for the coupled evolution of the spin

period, P , and the misalignment angle, χ, for a plasma-

filled magnetosphere. To capture the field changes at

late times, we developed a new physically motivated pre-

scription in which the magnetic field, B, decays accord-

ing to a power law captured by the index, alate. To-

gether with the means, µlogB , µlogP , and standard de-

viations, σlogB , σlogP , which characterize the normally

distributed logarithms of the initial periods and the ini-

tial fields, we hence obtained five parameters that con-

trol the neutron stars’ magneto-rotational evolution.

To simulate the detection of our synthetic pulsars, we

make the following changes compared to earlier studies:

first, we do not model the pulsars’ pseudo luminosity de-

fined as Lps ≡ Sf,obsd
2 (where Sf,obs is the detected flux

at frequency, f , and d the pulsar distance) but instead

assume that the intrinsic neutron-star luminosity, Lint,

is proportional to the spin-down power, Ėrot. In par-

ticular, we considered Lint ∝ |Ėrot|1/2 to determine the

bolometric radio flux and subsequently propagate the

corresponding pulsed emission towards the Earth. We

also used a geometry-based description to determine the

pulsars that are beamed towards us, which earlier works

typically treat in an empirical manner. In addition, we

do not implement a pulsar death line to quench radio

emission but instead let pulsars become undetectable

naturally. Finally, we not only looked at PMPS and

SMPS but also incorporated the HTRU survey for the

first time. Using the resulting simulation framework, we

then produced 360, 000 synthetic P -Ṗ diagrams which

we converted to one density map per survey in prepara-

tion for the neural networks. 90% of these simulations

were used for training and validation, and the remaining

10% reserved for testing.

5.2. Inference procedure

The second part of this study is centered on the imple-

mentation of the SBI approach, specifically focusing on

neural posterior estimation (NPE), to learn a probabilis-

tic association between our simulator output and the in-

put parameters, θ = {µlogB , σlogB , µlogP , σlogP , alate}.
To do so, we first used a convolutional neural network

(CNN) to extract features from our high-dimensional P -

Ṗ maps and obtain a compressed representation, which

was then transferred into a flexible neural density esti-

mator. By taking advantage of the open-source Python

package sbi (Tejero-Cantero et al. 2020),4 we specifi-

cally opted for a Gaussian-mixture density model in five

dimensions to approximate our posterior. To study the

sensitivity of the NPE results on the representation of

our input data and the network hyperparameters, we

conducted 22 distinct experiments. An inspection of the

corresponding training metrics led us to discard three

experiments due to irregular training behavior or over-

fitting. The remaining 19 trained neural networks were

analyzed further and we found no significant differences

in the resulting inferences when benchmarked on three

random test simulations. The same was observed when

validating the posteriors through a coverage calculation

over the test set with 3, 600 samples, highlighting that

all 19 posterior estimates are well-calibrated. From this

we concluded, in particular, that the training behavior

is a poor identifier of subsequent inference quality, be-

cause normalization of input maps led to systematically

better training, test and validation metrics compared

to standardizing the input but comparable inferences.

Learning rate and batch size played a negligible role in

both set-ups.

4 https://github.com/sbi-dev/sbi

https://github.com/sbi-dev/sbi
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We also point out that the use of smaller training data

sets did not affect the inference quality either. While we

expect that training sets of ≲ 10% (i.e., 30, 000 simula-

tions) will eventually have an effect on this, databases of

50% (i.e., 150, 000 simulations) are sufficient when infer-

ring five parameters. For comparable studies, this would

imply a significant reduction in simulation time, the

most costly part of these analyses. Similar performances

further justify optimizing our networks for density maps

with a resolution of 32× 32 bins instead of 64× 64 and

the shallower baseline CNN to speed up the training pro-

cess. Additionally, we highlight that the use of different

numbers of Gaussian mixture components also led to

comparable optimization metrics and inference results.

Extracting the corresponding mixture weights, αc, af-

ter the optimization, we find that across the entire test

data set we only require two or three Gaussians to ap-

proximate our posteriors. We, however, point out that

training with a larger number of components was faster

due to fewer training epochs. Finally, note that the use

of fewer surveys (i.e., one or two density maps only) did

not change the inference results for our five magneto-

rotational parameters. Naively, one might think that

complementary information on the pulsar population

as, e.g., provided by SMPS, which is sensitive to older

stars at higher Galactic latitudes, would help the net-

work learn better posteriors. We do, however, not ob-

serve such behavior in our experiments. Although this

might suggest that using single surveys in the future

could be sufficient to constrain neutron-star parameters

through population synthesis, we caution that different

surveys, in principle, provide additional information on

the neutron-star birth rate (see below) which was not

supplied to our neural networks, i.e., we focused on the

location and shape of the pulsar population in the P -Ṗ

plane only.

Due to the variations in our inference results, and be-

cause we could not identify a single neural network as

the best posterior estimator, we also determined the en-

semble posterior through an equally weighted average of

the individual experiments. The resulting posterior be-

haved as expected and showed more conservative behav-

ior than the ensemble members. For the next section,

we, will, hence, follow the recommendation by Hermans

et al. (2021) and use our (most conservative) ensemble

posterior to analyze the observed pulsar population.

5.3. Inference results on the observed population

Following the validation of our NPE approach, we sub-

sequently used the ensemble posterior estimator to infer

11 12 13 14 15 16
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Figure 14. A comparison of initial magnetic-field, B0, (top)
and period, P0, (bottom) distributions for the radio pulsar
population. The logarithms of B0 and P0 are normally dis-
tributed (see Eqns. (8) and (9)) and characterized by means,
µlogB,P , and standard deviations, σlogB,P , respectively. I.e.,
these distributions are normalized such that the total area
under the curves equals one for logarithmic abscissa values.
Corresponding numerical values are summarized in Tab. 5.
The results of this work are illustrated as black, solid lines.
Additional studies are shown as detailed in the legends.

the five magneto-rotational parameters for the true pop-

ulation of isolated Galactic radio pulsars observed with

our three surveys. In particular, we found the following

best estimates at 95% credible level:

µlogB = 13.10+0.08
−0.10,

σlogB = 0.45+0.05
−0.05,

µlogP = −1.00+0.26
−0.21, (30)

σlogP = 0.38+0.33
−0.18,

alate = −1.80+0.65
−0.61.

The corresponding corner plot was illustrated in Fig. 13,

while we show the resulting distributions for the initial

magnetic field and period as black solid lines in Fig. 14.
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Table 5. Comparison between best parameters for the log-normal initial magnetic-field and
initial period distributions in the literature. We provide references and the four relevant
parameters. Note that the first three studies use a different prescription for the initial
period, which prevents a direct comparison with our study. For Gullón et al. (2015) and
Cieślar et al. (2020), we compare with model D for the radio-pulsar population and the
rotational model, respectively. The corresponding distributions are illustrated in Fig. 14.
Where available, we quote CIs at the 68% level (including for this work), but note that
these are difficult to compare due to the difference in inference methods and underlying
models and data.

References µlogB σlogB µlogP σlogP

Faucher-Giguère & Kaspi (2006) 12.65 0.55 − −
Gullón et al. (2015) 12.99 0.56 − −
Cieślar et al. (2020) 12.67+0.01

−0.02 0.34+0.02
−0.01 − −

Igoshev et al. (2022) 12.44 0.44 −1.04+0.15
−0.20 0.53+0.12

−0.08

This work 13.10+0.04
−0.05 0.45+0.03

−0.02 −1.00+0.11
−0.10 0.38+0.16

−0.10

As noted during the benchmarking experiments, we

generally obtain narrower posterior distributions for the

initial magnetic-field parameters when compared to the

initial period parameters. Difficulties in constraining ro-

tational birth properties are, however, not a shortcoming

of our inference approach itself as this was also noted by

earlier population-synthesis analyses (e.g., Gullón et al.

2014, 2015). Instead, this has a physical reason that

lies in the coupled evolution of the stars’ misalignment

angle, rotation period and magnetic field. While the B-

field initially stays constant (see Fig. 2), pulsars move

from the top left in the P -Ṗ plane diagonally towards

the bottom right, following lines of constant magnetic

field (see, e.g., right panel in Fig. 3). As they do, stars

with comparable field strengths but different initial pe-

riods evolve towards similar P values. In addition, the

misalignment-angle evolution introduces further degen-

eracies because all χ decrease with time. However, as the

field decays, spin-down and misalignment evolution slow

down and pulsars begin to evolve almost vertically to-

wards smaller Ṗ values. These processes depend further

on B0 and P0 as stronger initial fields and smaller initial

periods result in faster spin-down and faster evolution

towards alignment. This is especially visible for test

sample 3 (top right panel of Fig. 5), which is character-

ized by the smallest period mean, µlogP , of all three test

cases. The combined action of these effects is that stars

born with different rotational properties attain similar

P at current times. This information loss on the initial

period makes it harder to infer corresponding param-

eters. As expected, test simulation 3, thus, shows the

largest 95% CIs for µlogP and σlogP out of our three test

samples (third column in Tab. 3 and last row in Fig. 10).

5.4. Comparing results with earlier works

Contrasting the posterior medians from Eqn. (30) with

the results of earlier population-synthesis studies sum-

marized in Tab. 5 and Fig. 14, we first note that our

µlogB estimate is roughly consistent with Gullón et al.

(2014, 2015) but somewhat larger than those of Faucher-

Giguère & Kaspi (2006), Cieślar et al. (2020) and Igo-

shev et al. (2022). Moreover, while very close to Igoshev

et al. (2022), we obtain a smaller σlogB than Gullón et al.

(2014, 2015) and Faucher-Giguère & Kaspi (2006) and

a slightly larger estimate than Cieślar et al. (2020). Al-

though these works determine optimal parameter ranges

different to us (see Tab. 4), we expect the variation in

the B0 constraints to be mainly due to our more realistic

prescription for the field and the coupled P -χ evolution.

A direct comparison of our initial period parameters

and earlier population-synthesis literature is not possi-

ble, because (following recent results by Igoshev et al.

(2022); see also Xu et al. (2023)) we considered the pe-

riods’ logarithm and not the periods themselves to be

normally distributed. We, however, highlight that our

inferred µlogP is comparable with that of Igoshev et al.

(2022), whereas our σlogP is somewhat smaller (see bot-

tom panel of Fig. 14). Igoshev et al. (2022) focused on

a simplified analysis of 56 young neutron stars in super-

nova remnants and looked at magneto-rotational prop-

erties only. The authors were, thus, able to define an

explicit likelihood function and perform statistical in-

ference. Corresponding CIs given in Tab. 5 are similar

to ours, but we highlight that a systematic comparison

is complicated due to the distinct choices of underly-

ing data and inference techniques. In this context, we

also point out that although Cieślar et al. (2020) derive

relatively narrow posteriors (see Tab. 5) for a range of
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pulsar properties using an MCMC analysis, their un-

derlying simulation framework is significantly reduced

compared to ours invoking, e.g., (unrealistic) exponen-

tial field decay, vacuum magnetospheres, no coupling

between periods and misalignment angles, and a simpli-

fied prescription for the beamed emission. In addition,

they make an explicit assumption on the likelihood that

might not accurately capture the complexity of the pul-

sar population synthesis even for their simplified model.

We reiterate the robustness of our SBI approach which

eliminates the need for an explicit expression for the

likelihood and is, therefore, also suitable for more com-

plex simulators like ours. Moreover, as outlined above,

the use of a neural density estimator results in amor-

tized posterior distributions that allow fast evaluation

and sampling. We used this fact to determine the cov-

erage and validate our posteriors, a procedure that is

infeasible in MCMC or nested sampling approaches due

to the time-consuming need for repeated sampling.

5.5. Late-time magnetic-field decay

We now turn our attention to the parameter, alate, the

power-law index for the late-time magnetic-field decay.

We newly introduced alate in pulsar population synthe-

sis to account for the highly uncertain, core-dominated

field evolution above 106 yr in a phenomenological way.

While corresponding inferences were satisfactory for our

benchmark experiments, we found that posteriors for

alate inferred from the observed population differed sig-

nificantly between our 19 experiments, resulting in sys-

tematically larger 95% CIs for smaller alate medians and

vice versa (see right most panel in Fig. 12). In addition,

several posteriors did not overlap at all across our prior

range, leading to a bi-modality in the ensemble poste-

rior. As we did not see anything similar for our synthetic

simulations, we do not associate this behavior with the

networks’ performance or the SBI approach itself. In-

stead, we hypothesize that this is due to shortcomings

in our simulation framework. Put differently, our statis-

tical inferences are only as good as the simulation model

used to train our density estimator. Consequently, we

see the complications in inferring alate as an indication

that our treatment of the late-time field evolution via a

power law (albeit physically motivated by the behavior

of known magnetic-field evolution mechanisms) is insuf-

ficient to model the observed pulsar population.

Although further work is needed to better understand

the late-time evolution of neutron-star fields, we can as-

sure ourselves that our current power-law prescription is

not too far off reality. To do so, we rerun our simulator

with the best estimates summarized in Eqn. (30). We

show an example of the resulting population in Galactic

longitude and latitude, and P and Ṗ in Fig. 15. Both

panels are analogous to the respective plots in Fig. 3.

Moreover, Fig. 16 shows a comparison between the es-

timated probability density functions for the radio flux

density distributions for the observed populations (solid

lines) and our best-parameter simulation (dashed lines).

While a detailed comparison between this simulated

and the observed population and a study of implications

for the neutron-star birth rate is beyond the scope of

this work, we will highlight a few main aspects. First,

we note that the distributions look markedly similar,

giving a reasonable level of confidence in our underly-

ing simulation framework. This is particularly true for

the Galactic longitude vs. latitude distribution and the

mean radio flux densities. We attribute the small re-

maining differences in Fig. 16 primarily to uncertainties

in the flux density measurements in the ATNF pulsar

catalogue discussed previously in Sec. 2.5, our choice

of luminosity function (see Eqn. (16)) and systematics

in the determination of pulsar survey sensitivities (see

Tab. 1). Finally, we do see a slight shift in the SMPS

population in the P -Ṗ diagram towards lower Ṗ values.

This might again hint at missing physics at late times

because SMPS is sensitive to somewhat older pulsars

compared to the other two surveys.

5.6. Neutron-star birth rate

We can further count the numbers of detected pulsars

in all three synthetic surveys for our best-estimate sim-

ulation. Running our simulator ten times to account for

its stochastic nature, we obtain average pulsar counts

of 1013, 242 and 1298 for the PMPS, the SMPS, and

HTRU survey, respectively. Comparing these to the true

observed counts in Eqn. (23), we find an equivalent num-

ber of objects in PMPS (within the sensitivity limits of

our iterative approach of generating and detecting pul-

sars as summarized in Sec. 2.6), while we overestimate

the SMPS population by ∼ 11% and the HTRU popu-

lation by ∼ 27% on average.

To understand these small discrepancies, we return to

our earlier discussion of the neutron-star birth rate in

Sec. 2.6. In particular, for our best estimates, we reach

the observed target counts (23) for each survey for the

following birth rates:

PMPS: ∼ 2.02± 0.02 neutron stars per century,

SMPS: ∼ 1.84± 0.03 neutron stars per century, (31)

HTRU: ∼ 1.66± 0.02 neutron stars per century,

where we quote means and standard errors for the ten

runs. These estimates are somewhat smaller than those

obtained in earlier population-synthesis studies (Gullón

et al. 2014; Faucher-Giguère & Kaspi 2006) and very
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Figure 15. Simulated populations of isolated Galactic radio pulsars detected with the PMPS, the SMPS and the low- and
mid-latitude HTRU survey (highlighted in yellow, light blue and purple, respectively) for the parameters inferred via SBI from
the observed radio pulsar population (see Eqn. (30)). The left panel shows the distribution of the simulated population in
Galactic latitude, b, and longitude, l, while the right panel depicts the pulsars in the period, P , and period derivative, Ṗ , plane.
In the latter, we also give lines of constant spin-down power, |Ėrot|, and constant dipolar surface magnetic field, B, (estimated
via Eqn. (10) for an aligned rotator). Both plots directly compare to the true (observed) population shown in Fig. 3.

close to the recent core-collapse supernova estimate from

Rozwadowska et al. (2021) (1.63 ± 0.46 per century).

The differences in Eqn. (31) are sufficient to result in

the slight overproduction of objects noted above. We
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Figure 16. Distributions of mean radio flux densities,
Smean,1400, at 1400 MHz for the populations of isolated
Galactic radio pulsars in the Parkes Multibeam Pulsar
Survey (PMPS), the Swinburne Intermediate-latitude Pul-
sar Survey (SMPS) and the low- and mid-latitude High
Time Resolution Universe (HTRU) survey (in yellow, light
blue and purple, respectively). To avoid overcrowding
the plot, we omit the underlying histograms (see Fig. 4)
and only show the individual probability density func-
tions obtained via KDE using a Gaussian kernel. Esti-
mates for the observed population are shown as solid lines,
while one of our best-parameter simulations is shown with
dashed lines. Data taken from the ATNF Pulsar Cata-
logue (Manchester et al. 2005, https://www.atnf.csiro.au/
research/pulsar/psrcat/, v1.69).

remind that this is because we continue producing neu-

tron stars until we hit the number of observed pulsars

in all three surveys. In our specific case, PMPS detec-

tions require a slightly larger birth rate than the other

two surveys. As mentioned previously, the main rea-

son for this is that we only expect the correct physical

model to produce the same birth rate across all surveys,

again hinting that our simulator is missing some physics.

Nonetheless, besides successfully constraining magneto-

rotational parameters for pulsar population synthesis us-

ing SBI for the first time, we do recover birth-rate results

in Eqn. (31) that are very similar across all surveys.

5.7. Future directions

In light of the previous conclusions, we intend to fur-

ther develop our current approach in a number of ways.

On the simulation side, we will investigate additional

luminosity prescriptions that go beyond our assumption,

Lint ∝ |Ė|1/2, as this is another quantity that can signif-

icantly affect the pulsar distribution. Varying the expo-

nent in our simulations, which was beyond the scope of

this study due to computational limitations, but using

SBI to constrain corresponding parameter ranges would

be a first step in that direction. Moreover, while we

followed Gullón et al. (2014, 2015) and took a signif-

icant step forward in incorporating a realistic descrip-

tion of the neutron-star magnetic field, we already noted

above that further investigations into the field evolu-

tion of the neutron-star core at late times will be im-

portant for future population-synthesis frameworks. Fi-

nally, new pulsar surveys (in the radio band as well as

https://www.atnf.csiro.au/research/pulsar/psrcat/
https://www.atnf.csiro.au/research/pulsar/psrcat/
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in other wavelengths) might hold the key to further con-

straining the neutron-star population. While we did not

see a significant improvement in our inferences using in-

formation from one, two or three radio surveys, future

studies will benefit from larger numbers of detected pul-

sars and accurate classification of telescope and detec-

tion biases. Furthermore, other wavebands, specifically

X-rays or gamma-rays, provide complementary informa-

tion on the neutron-star population. Our focus on realis-

tic magnetic-field evolution and the expansion of our ap-

proach to new three-dimensional magneto-thermal simu-

lations (e.g., De Grandis et al. 2021; Dehman et al. 2023)

will be particularly crucial to determine realistic X-ray

luminosities of the most strongly magnetized neutron

stars. As highlighted by Gullón et al. (2015), modeling

these so-called magnetars and the isolated radio pulsar

population consistently will be crucial to break degen-

eracies and constrain neutron-star physics further.

The increase in simulator complexity associated with

these improvements will not only result in more free

parameters but also inevitable lead to larger computa-

tion times for our forward model. The approach taken

here, i.e., simulating a large database for input parame-

ter combinations that cover the entire space sufficiently,

will become infeasible. To overcome these hurdles, we

will also have to explore new SBI approaches. Sequential

methods (e.g. Papamakarios et al. 2018; Deistler et al.

2022; Bhardwaj et al. 2023) that reduce the need for

simulations by starting from a relatively small database

and adaptively providing additional simulations (gener-

ated for those parts of the parameter space that are most

useful for a neural density estimator to learn a posterior

approximation) seem particularly suited to these tasks.
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Excelencia Maŕıa de Maeztu CEX2020-001058-M. We

also acknowledge partial support from grant SGR2021-

01269 (PI: Graber). M. R.’s and C. P. A.’s work has

been carried out within the framework of the doctoral

program in Physics at the Universitat Autonoma de

Barcelona.

Software: Astropy (Astropy Collaboration et al.
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APPENDIX

A. MAGNETIC-FIELD PRESCRIPTION

As outlined in Sec. 2.3, a key ingredient for the magneto-rotational evolution of radio pulsars is a realistic prescription

for the evolution of the dipolar magnetic-field strength, B, up to neutron-star ages of 108 yr. While earlier population-

synthesis studies have typically either neglected magnetic-field decay entirely, or relied on simplified descriptions

invoking decaying exponentials or power laws, we choose a different approach and take advantage of recent progress

in modeling the magneto-thermal evolution of neutron-star crusts. In particular, we use a set of five two-dimensional

simulations (Viganò et al. 2021) to fit the early-time magnetic-field evolution which is driven by the combined action

of the Hall effect and Ohmic dissipation (see, e.g., Pons & Viganò 2019, for details on these mechanisms).

All five curves, shown as solid lines in Fig. 2, were simulated with realistic assumption on relevant physics. In

particular, the stellar structure and composition are based on the equation of state SLy4 (Douchin & Haensel 2001)

for a neutron star of mass 1.4M⊙, resulting in a radius of 11.74 km. The impurity parameter at the highest densities

in the inner crust is set to 100 (Pons et al. 2013), representing the presence of resistive nuclear pasta phases (see, e.g.,
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Chamel & Haensel 2008), whereas the impurity profile for other crustal densities matches the results of Carreau et al.

(2020) (see their Fig. 5). Furthermore, the model for the neutron-star envelope is taken from Potekhin et al. (2015),

while specific parameterization for the superfluid and superconducting energy gaps (SFB for the crustal neutrons,

TToa for the core neutrons and CCDKp for the core protons) were adopted from Ho et al. (2015).

What varies between the different simulations is the initial poloidal magnetic-field strength, B, taking the values

1012, 1013, 1014, 1015, 5× 1015 G, respectively. This also implies different toroidal field strengths, which are typically a

factor 10 larger than the poloidal Bs. We observe in Fig. 2 that those runs with larger magnetic fields decay faster.

This is a direct result of the Hall effect which depends on B and acts to redistribute the magnetic-field energy to smaller

scales, where it subsequently decays due to Ohmic dissipation. For sources with B ≲ 1012 G and coupled thermal

evolution, this Hall cascade does not take place and magnetic fields remain pretty much constant on timescales of the

order of 106 yr.

Above this timescale, however, current magneto-thermal simulations become unreliable because the implementation

of relevant microphysics (Potekhin et al. 2015) is unsuited to old neutron stars with temperatures ≲ 106 K. In addition,

these simulations focus primarily on the crust and do not include a realistic treatment of the highly uncertain dynamics

of the neutron-star core, which should become relevant above ∼ 106 yr. As we require a prescription for the field above

106 yr for our population synthesis, we develop a simplified parameterization for the late-time magnetic-field evolution

that encodes the unknown evolution of the stellar core. As highlighted in Eqn. (12), we assume that field changes at

late times can be captured by a power law characterized by the index, alate. This choice is physically motivated because

several known magnetic-field evolution mechanisms exhibit the same functional form. For example, Hall-like physics

are encoded by alate = −1 (Aguilera et al. 2008), while ambipolar diffusion follows a power law with alate = −0.5

(Goldreich & Reisenegger 1992).

To directly parameterize the behavior of the magnetic field across all relevant B ranges and times t, we describe the

field evolution with the following broken power laws:

B(t) = B0

(
1 +

t

τ1

)a1
(
1 +

t

τ2

)a2−a1
(
1 +

t

τlate

)alate−a2

for τ1 < τ2 < τlate, (A1)

B(t) = B0

(
1 +

t

τ1

)a1
(
1 +

t

τlate

)alate−a1

for τ1 < τlate < τ2, (A2)

B(t) = B0

(
1 +

t

τlate

)alate

for τlate < τ1 < τ2. (A3)

Here, the two timescales τ1 ≡ A1B
b1
0 and τ2 ≡ A2B

b2
0 depend on the initial magnetic field, B0, while τlate is a constant.

The latter together with the free parameters A1,2, b1,2 and the power-law indices a1,2 can be adjusted to closely fit the

numerical simulations. Measuring all three timescales in years and B0 in Gauss, we then choose τlate = 2 × 106 yr,

A1 = 1014 yrG−b1 , b1 = −0.8, A2 = 6× 108 yrG−b2 , b2 = −0.2, a1 = −0.13, and a2 = −3.0.

For particularly steep power-law indices, alate, the current prescription, in principle, allows the magnetic field to

decay to unrealistically small values in contrast with observations of old millisecond pulsars (Lorimer 2008). To

prevent this, we assume that the magnetic field eventually settles at a constant value, Blate, for very late times. In

line with detected old neutron stars, we randomly sample the logarithm of Blate from a normal distribution with a

mean µlogB,final = 8.5 and a standard deviation σlogB,final = 0.5 as already outlined previously. The result of this

magnetic-field prescription for alate = −3.0 is shown as the dashed lines in Fig. 2.

B. COVERAGE CALCULATION

To validate our neural posterior estimates, we follow Cook et al. (2006) who demonstrated that for a well-calibrated

posterior distribution, the smallest volume that contains the ground truth, θ, for a given sample in a test data set

follows a uniform distribution. This, in turn, implies that the cumulative distribution function of these quantiles

across the entire test set forms a diagonal line. The graphical representation of this cumulative distribution function

is commonly referred to as the coverage plot (see Fig. 11). Put differently, if we consider a credibility level 1− α, we

expect the ground truth, θ, to fall into this region for a fraction 1− α of test samples if the coverage is diagonal.

To calculate the corresponding coverage for our posteriors and assess how well they are calibrated, we take advantage

of the amortized nature of our approximate posterior. In particular, for each of our 3, 600 test samples, we have access
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to the ground truth, θ, and the corresponding posterior approximation, qF (x,ϕ)(θ), where F (x,ϕ) represents a trained

neural network. To determine the coverage, we need to calculate the quantiles for each θ. In our case, where we infer

five magneto-rotational parameters and the posterior, qF (x,ϕ)(θ), is a five-dimensional probability density function

(see Eqn. (28)), we obtain corresponding quantiles by determining the so-called highest-density regions (HDRs), i.e.,

those regions covering our sample space for a given probability 1−α that have the smallest possible volume (Hyndman

1996). To obtain these HDRs for each of our test samples, we first compute the total log-posterior at the ground truth,

θ, i.e., log qF (x,ϕ)(θ). From each posterior, we subsequently draw samples, θs, with s ∈ {1, . . . , S}, for which we also

individually compute the log-posterior, i.e., log qF (x,ϕ)(θs). The HDR for a given test sample with ground truth, θ,

is now the percentage of samples, θs, which satisfy the condition log qF (x,ϕ)(θs) > log qF (x,ϕ)(θ). To compute the

cumulative distribution function (coverage) across our test set, we repeat this process iteratively for all 3, 600 test

samples to determine, for a given credibility level 1−α, the fraction of test samples where the HDR is smaller or equal

to 1− α.

Deviations from the diagonal are present when posterior estimates are either too wide (conservative) or too narrow

(over-confident). In the former case, ground truths would be enclosed within a given HDRs more often than expected

for the true posterior, while in the latter scenario the opposite applies. The resulting coverage curves would, thus, lie

above and below the diagonal, respectively, highlighting the benefit of the coverage plot in validating our posteriors.

Finally note that for our ensemble approach, we calculate the HDR with the ensemble posterior, q(θ), using the

condition log q(θs) > log q(θ). The remaining steps are identical to those outlined above.
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et al. 2018, AJ, 156, 123, doi: 10.3847/1538-3881/aabc4f

Bachetti, M., Harrison, F. A., Walton, D. J., et al. 2014,

Nature, 514, 202, doi: 10.1038/nature13791

Bates, S. D., Lorimer, D. R., Rane, A., & Swiggum, J.

2014, MNRAS, 439, 2893, doi: 10.1093/mnras/stu157

Beaumont, M. A., Zhang, W., & Balding, D. J. 2002,

Genetics, 162, 2025, doi: 10.1093/genetics/162.4.2025

Berger, E. 2014, ARA&A, 52, 43,

doi: 10.1146/annurev-astro-081913-035926

Bhardwaj, U., Alvey, J., Miller, B. K., Nissanke, S., &

Weniger, C. 2023, PhRvD, 108, 042004,

doi: 10.1103/PhysRevD.108.042004

Bhattacharya, D., Wijers, R. A. M. J., Hartman, J. W., &

Verbunt, F. 1992, A&A, 254, 198

Bovy, J. 2015, ApJS, 216, 29,

doi: 10.1088/0067-0049/216/2/29

Carreau, T., Fantina, A. F., & Gulminelli, F. 2020, A&A,

640, A77, doi: 10.1051/0004-6361/202038347

Chamel, N., & Haensel, P. 2008, Living Reviews in

Relativity, 11, 10, doi: 10.12942/lrr-2008-10

Chen, K., & Ruderman, M. 1993, ApJ, 402, 264,

doi: 10.1086/172129

Cheung, D. H. T., Wong, K. W. K., Hannuksela, O. A., Li,

T. G. F., & Ho, S. 2022, PhRvD, 106, 083014,

doi: 10.1103/PhysRevD.106.083014
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Pons, J. A., & Viganò, D. 2019, Living Reviews in

Computational Astrophysics, 5, 3,

doi: 10.1007/s41115-019-0006-7
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Viganò, D., Garcia-Garcia, A., Pons, J. A., Dehman, C., &

Graber, V. 2021, Computer Physics Communications,

265, 108001, doi: 10.1016/j.cpc.2021.108001
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