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SMOOTHNESS ESTIMATION FOR WHITTLE-MATERN
PROCESSES ON CLOSED RIEMANNIAN MANIFOLDS

MORITZ KORTE-STAPFF!, TONI KARVONEN?2, AND ERIC MOULINES?

ABSTRACT. The family of Matérn kernels are often used in spatial statistics, function
approximation and Gaussian process methods in machine learning. One reason for
their popularity is the presence of a smoothness parameter that controls, for example,
optimal error bounds for kriging and posterior contraction rates in Gaussian process
regression. On closed Riemannian manifolds, we show that the smoothness parameter
can be consistently estimated from the maximizer(s) of the Gaussian likelihood when
the underlying data are from point evaluations of a Gaussian process and, perhaps
surprisingly, even when the data comprise evaluations of a non-Gaussian process. The
points at which the process is observed need not have any particular spatial struc-
ture beyond quasi-uniformity. Our methods are based on results from approximation
theory for the Sobolev scale of Hilbert spaces. Moreover, we generalize a well-known
equivalence of measures phenomenon related to Matérn kernels to the non-Gaussian
case by using Kakutani’s theorem.
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1. INTRODUCTION

When modelling the covariance structure of spatial or spatio-temporal observations,
one of the most common choices is to use parametric models based on Matérn kernels.
In the simplest isotropic form, they give the covariance between the observations u(z;)

and u(xs), indexed by sampling sites z1, 75 € R?, as

217(57(1/2) .
(1) Cov(u(m),u(r2)) = ‘72m\/F 2y oI K mape (VT |1 — o)
where s > d/2 and 7,02 > 0 are covariance parameters, ||-|| denotes the Euclidean

norm on R? and K, is the modified Bessel function of the second kind. The Matérn
covariance functions are attributed to and are ubiquitously used in spa-
tial statistics. In addition, they are popular as priors for Bayesian Gaussian process
regression and as radial basis functions for scattered data interpolation. For a review

of Matérn kernels and its application in a varitey of fields such as machine learning and

function approximation, we refer to the recent review paper by [Porcu et al.| (2023)). An

important characterization was proved by Whittle| (1963)). Let W be spatial Gaussian

white noise and v(s,7) a suitable normalization function. Whittle showed that the

stationary solution u of the stochastic partial differential equation (SPDE)

(2) (r — A)5/2u =o\vu(s, T) W,

on R? is a Gaussian process with covariance (1}). Here A is the Laplacian and W is

Gaussian white noise. This characterization was used in [Lindgren et al. (2011), among

others, to define Whittle-Matérn processes on Riemannian manifolds by replacing the

Euclidean Laplace operator in by the Laplace-Beltrami operator of the respective
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Riemannian manifold. Whittle-Matérn Gaussian processes on Riemannian manifolds
were further investigated, for example, in Borovitskiy et al. (2020)); Lang and Schwab
(2015); ILi et al.| (2023)).

Stein strongly advocates the use of Matérn covariance functions (Stein, 1999, p. 14:
“Use the Matérn.”), mainly because the parameter s controls the local behaviour of
corresponding Gaussian processes. More precisely, a Gaussian process with the covari-
ance structure (1)) is [s —d/2] — 1 times mean square differentiable (Stein, 1999, p. 31).
This is related to the fact that Matérn covariance functions are reproducing kernels for
the scale of Sobolev spaces H*(R?). In fact, for many tasks for which Matérn Kernels
are used, the smoothness parameter s is the only parameter that matters asymptot-
ically. For example, it is shown in van der Vaart and van Zanten (2011)) that for
Bayesian Gaussian process regression optimal contraction rates can only be attained
if the smoothness parameter of the Gaussian process prior matches the smoothness
of the unknown regression function. This is similar to results in, for example, Wang
et al.| (2020) and Narcowich et al,| (2006]), where optimal approximation and kriging
error rates depend only on the smoothness of the kernel and the function to be approx-
imated. Moreover, estimation of smoothness parameters is necessary to guarantee the
reliability of uncertainty quantification provided by non-parametric methods, such as
Gaussian process regression (Bull, 2012; (Giné and Nickl, 2010; |Hadji and Szabd|, 2021;
Szabd et al., |2015).

Despite the ubiquity of (Whittle-)Matérn kernels in spatial statistics, Gaussian pro-
cess regression and function approximation, and the importance of the smoothness
parameter s, the consistency of the maximum likelihood estimator of s has been an
open problem in the infill (or fized-domain) asymptotic framework (Zhang and Zim-
merman), 2005)), i.e., when the sampling sites become increasingly dense in a bounded
domain over which the process is observed. This is the case even when the observa-
tions do stem from a correctly specified Gaussian process and is in contrast to the
case of increasing-domain asymptotics, where it has long been known that maximum
likelihood estimators of all parameters are consistent and asymptotically normal in
the well-specified case (Mardia and Marshall, |1984). In addition to the comparative
lack of positive results, it is known for Gaussian processes that consistent estimation
of the parameters 7 and o2 in or is not possible if d < 4. In this case only
the so-called microergodic parameter 75~%2¢? can be consistently estimated (Bolin and
Kirchner;, 2023; |Li et al., 2023} |Zhang, [2004). This is due to equivalence of the involved
Gaussian measures. In dimension 5 or higher, consistent estimators are given in |An-

deres (2010). Due to the difficulty of establishing theoretic guarantees for estimation
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of the smoothness parameter, there is a large amount of literature on estimation of
the microergodic parameter under the seldomly satisfied assumption that the correct
smoothness is known (e.g., [Bachoc, [2014; |Du et al., 2009; Kaufman and Shaby) 2013
Li, |2022; [Stein, [1999; [Wang and Loh| 2011; Zhang), 2004)).

Recently, however, progress has been made in estimating the smoothness parameter s
in the context of infill asymptotics. A consistent estimator for s based on observations of
a Gaussian process with covariance function (1)) on [0,1)¢ for d = 1,2, 3 was presented
in Loh et al.| (2021). This work was extended in |[Loh and Sun| (2023)) to take into
account, for example, noisy observations of the process. On manifolds, consistency of
the maximum likelihood estimator for the smoothness parameter on the torus and the
circle was investigated by |Chen et al.| (2021]) and Petit| (2023) under somewhat restrictive
assumptions. The estimation of Sobolev regularity of deterministic functions observed
over bounded Euclidean domains using Gaussian likelihoods was studied in [Karvonen
(2023)).

We focus on the maximum likelihood estimation for stochastic processes with Whittle—
Matérn covariance structure observed on closed Riemannian manifolds. Such manifolds
are necessarily compact and therefore we work in the infill asymptotic framework. Our

main contributions are as follows:

(1) THEOREM [4.8/and COROLLARY [4.10} We show that maximizers of the Gaussian
likelihood for the smoothness parameter s are consistent estimators under the
assumption that the points at which the process is observed are quasi-uniform.
This continues to hold for observations from a variety of non-Gaussian processes
and thus justifies the use of Gaussian maximum likelihoods for smoothness es-
timation even when there is no reason to assume that the underlying processes
is Gaussian.

(2) THEOREM [5.1f We show that the phenomenon of equivalence of measures and
consequently the inconsistent separation of range scale (7) and variance (o?)
parameters is not restricted to Gaussian processes. Specifically, we show that
for a variety of other non-Gaussian stochastic processes the same phenomenon

of equivalence of measures occurs as in the Gaussian case.

Let us describe Theorem and Corollary in more detail. Let {e;} be eigen-
functions of the negative Laplacian —A on a closed Riemannian manifold and {\;}
the corresponding eigenvalues. We observe a stochastic process v at pairwise distinct

points (z1,...,2,) = x on the manifold. The process, which has positive magnitude
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and range scale parameters oy and 79 and smoothness sg > d/2, is defined by
U(Qf) = 0oV ,0(807 TO) Z(TO + )\i)780/2£i€i($)7
i=1

where {{;} are i.i.d. zero-mean random variables with unit variance and v(sg, 7o) is
a suitable normalization constant. Note that the random variables {&;} need not be
Gaussian. We allow the likelihood to be misspecified in two ways. First, we do not
assume the family of candidate covariance functions contains the true covariance of
u. We consider any suitable family of kernels {K},~q4/2 such that the reproducing
kernel Hilbert space of K is norm-equivalent to a Sobolev space of order s. Second,
in the place of the true likelihood, which may be non-Gaussian, we use the Gaussian
log-likelihood

((s; u()) = — 5 log(2) - %log (det(K(z)) — %u(m)TKs(w)_lu(azL

where K (x) is the n x n covariance matrix with entries (K,(x));; = K (z;, ;) and
u(x) = (u(xy),...,u(x,)) € R". Theorem and Corollary can then be formu-

lated somewhat informally as follows.

Theorem. Assume that the sequence of points {x;} is quasi-uniform and that the family
of kernels { K }s~q/2 has a certain norm monotonicity property. Let {5,} be a sequence
of mazimizers of the Gaussian log-likelihood {(s;u(x)) on a bounded interval containing

So-

(1) If so > d, then §, — so in probability.
(2) If so > d/2 and {&;} are Gaussian, then 8, — so almost surely.

These results are of practical importance, as we show that the smoothness parameter
can be consistently estimated by using any family of kernels whose reproducing kernel
Hilbert spaces are the Sobolev scale of Hilbert spaces. This enables the estimation of
smoothness by using, for example, the generalized Wendland class of compactly sup-
ported kernels that are computationally cheaper than Matérn kernels. It also shows that
the parameters o and 7 don’t need to be known to estimate the smoothness. Moreover,
in Section we establish an interesting connection between the parameters o2 and s,

2 compensates to some extent for misspecification of

namely that the estimation of o
smoothness. Again, these results do not require any Gaussianity assumptions. This is
similar to the results in [Karvonen| (2021)); |Karvonen et al.| (2020); and Naslidnyk et al.
(2023). Although our main focus is on stochastic processes on Riemannian manifolds,

we provide essentially the same results for processes observed on bounded Euclidean
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domains based on Dirichlet Laplacian operators (Bolin and Kirchner| 2023 Lindgren
et al., 2011)).

All of the above mentioned work on estimating smoothness assumes that the sampling
sites are sufficiently uniform in some sense. We assume that the sampling sites are quasi-
uniform, an assumption that is frequently used in the function approximation literature
and therefore allows us to exploit the wealth of results obtained there. Although it
is a rather strict assumption, quasi-uniformity is more general than the uniformity
assumptions used in (Chen et al| (2021) and [Petit| (2023). As far as we know, no
consistency results have yet been obtained under this assumption in the context of
estimating covariance parameters for stochastic processes. However, since the samples
of a stochastic process with a Whittle-Matérn covariance kernel are homogeneous in
the sense that their smoothness does not vary spatially, any sequence of sampling sites
should suffice. Indeed, many results for estimating the microergodic parameter do
not include assumptions on the sampling sites (e.g., [Kaufman and Shaby, 2013; |Li,
2022 Ying, |1991; Zhang, 2004). Refined techniques are needed to avoid uniformity
assumptions when estimating smoothness.

The rest of the work is structured as follows. In Section 2l we introduce the manifold
setting in which we work and give some functional analytical background information.
In Section [3] we introduce our model and provide some regularity results. Our main
results are presented in Section[dl Our techniques are similar to those used in|[Karvonen
(2023)) and build on known results from the literature on function approximation. Fur-
thermore, we provide additional results for the Gaussian case, discuss the estimation
with other kernels and briefly the estimation of the microergodic parameters. In Sec-
tion |5 we state our results concerning the equivalence of measures. The main tool is a
theorem of Kakutani (Kakutani, [1948)) on the equivalence of infinite product measures.
In Section [6] we present a simple translation of our results for processes on bounded Eu-
clidean domains based on Dirichlet Laplacian operators. Finally, in Section |7l we present
a simulation study assessing our theoretical results regarding the stability of smoothness

estimation against model misspecification and evaluating finite sample properties.

2. NOTATION AND BACKGROUND

We equip the Euclidean space R* with the Euclidean norm |[|-||. All other norms are

specifically defined. For two sequences a,, and b, we write a, < b, if a, < Cb, for a

Y

positive constant C. If a,, < b, and b, < a,, then a, < b,. Finally, we generally use ¢

and C' for generic positive constants that occur in lower and upper bounds respectively.

These constants may differ from one line to the next.
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2.1. Closed Manifolds and the Laplace-Beltrami Operator. We begin with a
brief introduction to our manifold setting. See Lee (2013| [2018)) for more details. Let
M C R* be a connected and closed (i.e. compact and without boundary) embedded d-
dimensional Riemannian submanifold in the sense of (Lee, 2013, Chapter 5), where the
Riemannian metric on M is given by the restriction g|,s of the standard Riemannian
metric ¢ on R*. Note that any smooth Riemannian manifold can be isometrically
embedded into R* for k large enough by the Nash embedding theorem. Let daq be the
distance function on M based on g. Then (M, dy,) is a complete metric space. Let V
denote the Levi-Civita connection. The exponential map exp}/,\/‘ ECTyM — Mis
given by

expy”(v) = 7(1),

where 7, is the unique geodesic with v(0) = p and 7/(0) = v and 7, M is the tangent
space to p. Since M is compact, it has a finite but positive injectivity radius ro > 0,
which means that whenever r < ry the exponential map expﬁ" is a diffeomorphism on
B.(0) = {veR?| |lv|]| <r} for all p € M (where we have identified T, M with R?)
with image exp)'(B,(0)) = Qp(r). This results in local charts {(€,(r), (exp;*)~")},
which give the so-called normal coordinates. Due to compactness, we can cover M
with finitely many {€2,,(r)}, where the p; are points on M to obtain an atlas for M
of normal coordinates. To simplify notation, we write ¢; for (exp;,\;‘)_l and €; for
Q,,(r). Furthermore, let {1;} be a partition of unity subordinate to {(£2;, ¢;)}, which
is to say that suppvy; C €);. Such a partition always exists, see Proposition 7.2.1
in (Triebel (1992). We require 0 < r < 1¢/32 for technical reasons (cf. [Triebel, 1992,
Remark 7.2.1/2). We let dA\ys denote the Riemannian volume form, which allows us to
define Ly(M) as the Hilbert space of equivalence classes of square integrable functions
equipped with the usual inner product (-, -)o and norm ||-||o.

The Laplace-Beltrami operator will be important to us. To define this operator,
let C*°(M) be the infinitely often differentiable functions on M and G = (g;;);; the
component matrix of the Riemannian metric on M in local coordinates. The Laplace—

Beltrami operator A is the operator given in local coordinates for f € C*°(M) as

1 n n -
Af = ——— 0;Vdet(G Y0 ),
f i) (; Vdet(G) gg i f
where ¢g¥ are the entries of G™' and {0;}¢, are the basis for the T,M. There is
a unique, self-adjoint and negative semi-definite extension of A [originally defined on
C*>®(M)] to a domain D(A) C Ly(M) (Strichartz, 1983). We identify the extension
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with A. By Theorem 1.3 in (Craioveanu et al.,|2001, Chapter 3) there is an orthonormal
basis {e;} of Ly(M) consisting of infinitely often differentiable eigenfunctions of —A
such that the corresponding eigenvalues {\;} satisfy Weyl’s law. That is, A\; = 0 and
there are C, ¢ > 0 such that

(3) < )\ <04 forall Q> 2.

2.2. Function Spaces. We now present several families of function spaces that are
useful for studying the sample paths of stochastic processes. We also present some well-
known results that establish connections between these spaces that will be important

later.

2.2.1. Sobolev Spaces. We define Sobolev spaces on R? as Bessel potential spaces and
refer to (Triebel, 1992, Chapters 1 and 2) for other equivalent definitions. Define the
Fourier transform f of f € Ly(R%) as f f]Rd _”T5 dx. The Sobolev space of
order s > 0 is

1Y = { £ € LR | 11 = [ 1+ IEPVIAOP aE < oo}

On closed manifolds we define Sobolev spaces via the eigenpairs {(e;, A;)} of —A. For
other definitions and equivalence results, see Chapter 7 in [Triebel| (1992)). For a real
a, we write a — A for al — A, where [ is the identity. The operator 1 — A must have
positive eigenvalues {1+ \;} and from Weyl’s law (3]) we have ci?/? < 14 \; < Ci%? for

all i > 1. For s € R we define the fractional powers (1 — A)® via the functional calculus

A)f = ZHA (f, ei)oe:.

We may now define the Sobolev space of order s > 0 on M as

;= {1 € M) | 151, = 10— )11 = S0+ 000, <

={f € Li(M) | (1 = A)f € Ly(M)}.

It is well known and easy to show that these spaces are Hilbert spaces with the inner

product

(f, 9>Hz =((1- A)S/Qfa (1— A)S/29>0,

see |Strichartz| (1983). We have the following useful connection between H?*(R?) and
H;. Here we implicitly make use of Theorem 7.4.5 in [Iriebel (1992). See Grofie and

Schneider (2013) for a result for more general submanifolds.
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Theorem 2.1 (Theorem 1 in |Skrzypczak, 1990). Let s > 0. The restriction operator
Twf = flam is a bounded linear operator Ty : H**E=D/2(RF) — H3. Moreover, Th
has a bounded inverse operator Epng : Hy — H5th=d/2(Rk),

In the definition of H}, we could have used the operator 7 — A instead for any 7 > 0.
Clearly, the resulting spaces are norm equivalent. In the statistical context considered
in the remainder of the paper, 7 has a concrete interpretation as a correlation range

scale parameter. To account for 7, we introduce a modified inner product and norm on

Hj. Let 6 = (s,7) and
(f.9)o = v(O){(r = A)2f (7 = A)2g);and  |[fllo = V{f. Fo.

where v(f) is a positive “normalizing” function. It is easy to show that the norms
|-lzzs and [|-||o are equivalent. The function v(¢) will be discussed more extensively in
Section 2.3l

The following lemma about monotonicity of the norms will be very convenient. Note
that || f[|my < [1fll gy and | fllmeery < |1fllgo gr) whenever s <s'.

Lemma 2.2. Let 0 = (s,7) and ¢ = (s',7'). Suppose there exists C' that does not

depend on s, T such that
v(@)(r + N < Co(0) (1 + N)*

whenever s’ < s. Let f € Hi. Then || f|leo < C||f|le whenever s < s.

Proof. The result follows from

(e o] o0

1115 ZU(G')Z(T%M)S’(L ei)o < Cv(9)Z(T+A) (f.eo=Clflls O

S or

The assumption in Lemma holds if, for example, 7 is fixed and v(0) > e~
v is continuous and # varies in a compact set. Finally, for s € R, define the scale of

Hilbert spaces Hj and their inner product as

Za?(1+)\i)3<oo} and (a,b); =v(0 ZT—{-)\
=1

i=1

i = {o= ()2 c B

For s > 0 we have the obvious isomorphism ¢ : Hi — H3 given by (:(f)): = (f,eo.

Observe that ]:IE equals the Hilbert space of square summable sequences.
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2.2.2. Holder Spaces and the Sobolev Imbedding Theorem. For 0 < o < 1 and a function
f + M — R such that the mth covariant derivative V" exists we define the Holder semi-

norm

Pl sup 19 VO,
AyEM m(z,y)

where the supremum is taken over all y in the same normal coordinate chart as z and

V™ f(y) denotes the tensor at x after parallel transport along the geodesic between x

and y; see Aubin (1998, p. 8) for the definition of parallel transport. The norm ||-||, is

the natural norm induced by the Riemannian metric g, see for example [Hangelbroek

et al.| (2010) for details.

Following |Aubin| (1998), for any I € N and 0 < o < 1 we define the Holder space
(M) = {72 M R | [Fllcroqae) = [V]a +max sup [ 97 (2, < oo ).
m=t geM

The relevance of Holder spaces in our context arises in part from the Sobolev imbedding
theorem. Specifically, the Sobolev space Hj for s > d/2 can be continuously embedded
in C4*(M) for all [ +a < s—d/2; see Aubin| (1998, Theorem 2.20) or Hangelbroek et al.
(2010} Section 3.3). In particular, the point evaluation functionals on Hj are bounded
and thus the spaces H} are reproducing kernel Hilbert spaces (RKHS) for s > d/2. We
identify the reproducing kernels and discuss their properties in the next section. Apart
from the Sobolev embedding theorem, the Holder spaces will appear in connection with

sample path properties of Gaussian processes. The continuous functions will be deonted

by C(M).

2.3. Kernels. Note that the operator Vv(0)(r — A)™/2 : Ly(M) — H; C Ly(M) is
Hilbert—Schmidt for s > d/2 as

S |Voo)(r - A)e||r = O)> (7 4+ M) < Cu(0) Y i < .
=1 =1 =1

It thus follows (Reed and Simon, 1980, Theorem VI.23) that vv(6)(r — A)~™*/2 is an
integral operator with the corresponding kernel Ky € Ly(M x M) given by

(4) Ko Z T+ N) Ce(x)ei(y).

The kernel Ky is the reproducing kernel of Hj endowed with the (-, )y inner product.
The pointwise definition makes sense as e; can be identified with C*°(M) functions.

We write Ky(x) for Ky(x,x). The following proposition collects some facts about Kj.
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Additional regularity properties of the kernel can be established via the results obtained
in Kerkyacharian et al. (2018)).

Proposition 2.3. Let Ky be the kernel defined in with s > d/2. Then

(i) Ky is continuous and the series in converges uniformly and absolutely.

(i1) Ky is strictly positive definite.

Proof. Let a € (0,1) be such that & < s — d/2. We first prove [(i)] According to the
Sobolev embedding theorem, Hi C C'%*(M) and the inclusion operator is continuous.
It is a well-known consequence of the Arzela—Ascoli theorem that the embedding of
C%*(M) in C(M) is compact, and thus also the embedding of H; in C(M). The
continuity of Kjy then follows from Lemma 2.2 in Ferreira and Menegatto| (2013). The
remaining assertions in |(i)| follow from the continuity of the kernel and the compactness
of M in combination with Dini’s theorem; see for example Lemma 4.6.6 in |Hsing and
Eubank| (2015).

To prove (i), we repeat an argument from Hangelbroek et al.| (2010). Positive semi-
definiteness is obvious. For & = (z1,...,%,), define (Ky(x));; = Ko(x;, ;). A straight-
forward calculation yields

n 2

cTKg(a:)c = Z<Cz‘K6("xi)uch9('7xj)>§ =

1,7=1

n

ZCiKa(',l‘i)

=1

0
Assume that x; # x; for ¢ # j. If the right hand side above is 0 for a non-zero ¢, then
{Ky(-,z;)} are not linearly independent. This means that, for every f € Hj,

Fla) = (f, Ko 2:))o = Y _(f.a;Ko(- ;)0 = Y a;f())
J# JF
for some coefficients a;. Because Hj contains bump functions such that f(x;) # 0
and f(xz;) = 0 for j # 4, this yields a contradiction and thus Kj is strictly positive
definite. 0J

In addition to s and 7, we consider a magnitude parameter o2, which is included in
the model via the scaled kernel function (x,y) — 02 Ky(x,y).

At this point, we want to briefly discuss the normalizing function v(f). Different
choices for v(#) have been advocated for in the literature. The function v(f) = 77574/2
is used in Sanz-Alonso and Yang| (2022)), who provide a compelling justification in their
Remark 2.1: This choice balances the average marginal variance of a process with
covariance function Ky(x,y) and thus the parameter o2 approximately controls the

—s+d/2

marginal variance. The function v(0) =7 also appears in the spectral density of
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the Euclidean Matérn covariance function given in . Similarly motivated is the use
in Borovitskiy et al.| (2020) and |Li et al.| (2023)) of the normalizing function

(5) va:<vdéw)[;§;@=+M)s@@fdxM>4.

On certain manifolds (e.g., the sphere) Ky(z) does not depend on z (Borovitskiy et al.,
2020; Narcowich and Ward, [2002)). With v(6) in (5], 02 is exactly the marginal variance.

However, explicit computation of this normalization is difficult. The precise form of

v(0) will not be important as long as we can use Lemma [2.2]

3. WHITTLE-MATERN PROCESSES ON CLOSED MANIFOLDS

We will consider the following random elements in Ly(M). Let (2, F,P) be a prob-
ability space and let {¢;} be a sequence of i.i.d. random variables defined on 2 such
that E(&) = 0 and E(£?) = 1. Set

(6) u:a¢mm§:@+xgw%ﬁ.

For s > d/2 this is indeed an element of Ly(M).

Proposition 3.1. The random element u defined in @ 1s almost surely in Hz_d/Q_E
for all s —d/2 > € > 0. In particular, u € Ly(M) if s > d/2.

Proof. Let € > 0 be such that s — d/2 — e > 0. By Weyl’s law in (3)),

2 n

= lim v(0) Y (7 + 1) E (&)

0 i=1

< 3 2/d 7d/276
< Jim 0 ()

i=1

n

Z(T + )" e;

=1

lim E

n—oo

n
T -—1—2¢/d
= nh_)rglo C Z l < 00.
i=1
The monotone convergence theorem yields Elul|2 < oo, so that ||u|| < oo almost
surely. 0
Note that E(u) = 0. Furthermore, the covariance operator of u is by construction
Cov(u) = E(u®u) = c?v(0) (1 — A) %,

where for two elements vy, vy € La(M) (v1 @ v2)(f) = (v1, flove. If s > d, the Sobolev

embedding theorem guarantees that u almost surely has continuous sample paths so
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that the measurability of the pointwise evaluations is not a problem. Normally, however,
the smoothness parameter is considered over the range s > d/2, which only guarantees
that u is an element in Ly(M). Fortunately, it follows from the results of Section
that the assumptions of Steinwart| (2019, Theorem 3.3) are fulfilled for any s >
d/2. This theorem ensures the existence of a measurable version @ of u such that
Cov(u(z),u(y)) = 0?Kg(x,y) and, moreover, @ admits the Karhunen—Logve expansion

o0

() =Y (i, e:)oei(x) = oVv(0) Z(r + )72 (w)es ()

i=1
for P-almost all w. Here measurability of 4 means that the map (z,w) — ,(x) is
measurable with respect to the product o-algebra F @ B(M), where B(M) is the o-
algebra generated by the open subsets of M. We may therefore assume that point
evaluations of u are measurable.

An alternative way to define u is to define it as the (unique) solution to the Whittle—

Matérn stochastic partial differential equation
(7) (1 — A)**u = Vo)W,

where W is white noise. This approach is due to Peter Whittle (Whittle, 1963) and is
the approach taken in [Lindgren et al. (2011) and [Bolin and Kirchner| (2023)). In both
works more general differential operators than (7 — A) are considered. We believe that
our results on smoothness estimation should translate to other differential operators but
for concreteness and simplicity of presentation, we restrict our attention to the standard
Whittle-Matérn covariance operators. To make sense of and see that this yields the
same model as @, define white noise to be any sequence of i.i.d. centered random
variables W = {¢;} with finite second moments and then note that (i) for 6 = (s, 1)
where s < —d/2, the norm ||[W)||; is finite almost surely by the argument used in the
proof of Proposition and (i) the operator = o (7 — A)* defined through

o0
~

(o (T =A) ) (a) = ) (T +N) Cae
i=1

is an isometric isomorphism from HY to H™™ for all # > —2s. A more standard
construction that yields the same model is used in [Lindgren et al.| (2011)) and |Bolin and
Kirchner| (2023).

We emphasize that we do not assume that the & are Gaussian random variables.
Unless otherwise specified, we only assume that & have finite second moments. However,
we do assume that the random variables are independent. In the Gaussian case, this

is not a restriction. Any mean zero Gaussian process with covariance function Ky
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admits a Karhunen—Loeve decomposition @ with independent {&;}. For non-Gaussian

processes, {;} are only guaranteed to be uncorrelated.

4. GAUSSIAN MAXIMUM LIKELIHOOD ESTIMATION

We want to recover the smoothness parameter s via maximum likelihood estimation.
Fix therefore the true parameter vector 6y = (so, 79) with sg > d/2 and let u be defined
by

(8) u(z) = ogVu(b) Z(To + X)) e (x),

where {&} are i.i.d. random variables with E(;) = 0 and E(¢?) = 1. By construc-
tion, the covariance operator of u is o2v(6y) (179 — A)~*°. The corresponding covariance

function is
Cov(u(x),u(y)) = oo Ky, (2,y) = oav(by) Z 7o+ i) 0ei(x)e; (y).
=1

Assume that we observe the process u at pairwise distinct points (z1,...,2,) = @.
Using this notation, we write u(z)" = (u(z1),...,u(z,)). To estimate the smoothness
parameter sg of the process u, we will use the maximum likelihood estimators. However,
we allow the likelihood to be misspecified in two different ways. First, instead of
requiring that the true family of covariance kernels 02K, is used, we only require the
use of a family of kernels {K},-q/2 such that for each s their RKHS #H* with the norm
|-||s is norm equivalent to Hj. This includes the correctly specified kernels 02Ky with
o # 0g or T # 1. Moreover, it turns out that there are other well-known and useful
kernels whose RKHS are norm equivalent to H;. We discuss some of these kernels in

Section [£.4] Second, we always use the Gaussian log-likelihood
1 1
(9)  Ussul@)) = — log(2m) — 5 log (det(K, (@) — su(@) K,(@) u(a).

Here, we write K (x) for the matrix with entries (K (x));; = Ks(x;, z;). Of course,
this can be a correctly specified likelihood only if u is a Gaussian process.

It is well known that the spatial sampling of the points z1, ..., x, has significant im-
pact on the quality of maximum likelihood estimators (e.g., Bachoc, 2014). To establish
consistency of the maximum likelihood estimator, we will make a fairly restrictive as-
sumption on the uniformity of sampling. However, this assumption is standard in the
function approximation literature (e.g., Narcowich et al. [2006; [Wendland|, 2004) and
thus allows us to use the wealth of results established there. Moreover, all existing re-

sults on smoothness estimation for Gaussian processes require some type of uniformity
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assumption (Chen et al., 2021; Karvonen, 2023; [Loh and Sun|, 2023; Loh et al., 2021;
Petit, [2023). Define the fill-distance h, and the separation radius q, as

1
(10) hey = félﬁ 1I£z‘glndM(x’xi> and ¢, = érgéijnd/\,l(xi,xj).
Also define the mesh norm (or mesh ratio) py = hy/qe. Note that by definition ¢, < hy
and therefore p, > 1. Our consistency results assume that the point sequence is quasi-

uniform.

Definition 4.1. A sequence of points {x;} C M is quasi-uniform if

he < @z < n=,

This implies pg is uniformly bounded from above.

Note that uniformly sampled random points are not quasi-uniform. In [Loh et al.
(2021, Section 4), an estimator for the smoothness of Gaussian random fields on
bounded Euclidean domains with the Matérn covariance function is introduced, which
is consistent when x; are sampled from a density that is uniformly lower bounded on
the domain. However, the estimator there effectively uses only a subset of the sampling
sites that are quasi-uniform up to factors of log(n), but whose cardinality is of order n.
A modification of the construction in Loh et al.| (2021, Section 4) for the manifold M
could be used to establish variants of our consistency results for random points.

Our proofs are based on connecting the quadratic form u(x)" K(x) 'u(z) and the
log-determinant log(det(K(x)) in the Gaussian likelihood (9)) to quantities related to
optimal interpolation in the RKHS H?*. Namely, the quadratic form is the squared
RKHS norm of the minimum norm interpolant and the log-determinant is related to
worst-case approximation error. Let K be a positive definite reproducing kernel of an
RKHS H and u a function that has been observed at the points z1, ..., x,. The unique

minimum norm interpolant my,, of w is
My = argrgin{”fny | f(z;) =u(x;), 1 <i< n}
€

We write m,,, for the minimum norm interpolant based on the kernel K. It is well
known and easy to verify that the quadratic form in @D equals the squared norm of

this interpolant:
(11) Imnlly = u(z) " Ko(2)  u(z).

For a proof, see for example Theorem 3.5 in Kanagawa et al.| (2018)).
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For the connection to worst-case approximation error, define the “conditional vari-

ances”

(12) Vi(yle) = K (y) — K(y, ) Ko(2) ' K (,y).

Here, K,(y, x) is the 1 x n vector with entries K(y, x); = K,(y,z;). If u is a Gaussian
process with covariance function given by K, this is indeed the conditional variance of
u(y) given {u(z;) |1 < j < n}. The variance V4(-|x) is the worst-case approximation
error in that
S [f(Y) = msn(y)] = VVs(ylz).
as<1

See, for example, Kanagawa et al. (2018 Corollary 3.11). Now, let ™ denote the set
consisting of x1,...,2,,. Using the Shermann-Morrison-Woodbury identity and

repeatedly, we write
det(K = (K, — K(zn, 2" ") K (" ") K,(x" ", 2,)) det(K(x" "))
=V, (xn|a:” 1)det(K ("))

n
= H (5]

The identities and show that precise control of the Vi(y|lx) and ||ms,||s

allows for precise control over the log-likelihood @ We next establish bounds for

(13)

these quantities. From here on, we fix a family of kernels K, their reproducing kernel
Hilbert spaces (H?, ||||s) required to be equal to Hj up to equivalent norms and the

corresponding minimum norm interpolants m ,, of .

4.1. Norm and Determinant Bounds. In this section we present a number of aux-
iliary results. The proofs are moved to [A] as they are either technical in nature or
modifications of well-known results. We assume throughout that u is defined by .
To simplify the notation, we use u for both the random element and its sample paths.

First, we set up bounds for ||ms,||s. The size of the norm depends on the smoothness
of u. If u is very smooth, then |ms,||, is small because m,, is “simple’; if u is very
coarse, then the norm is large because mg, must be “complicated”. The following
proposition restricts how smooth u can be by providing a lower bound for the decay

rate of its Fourier coefficients. The proofs are given in the Appendix.

Proposition 4.2. Let sy > d/2 and let {&;} be the sequence of i.i.d. random variables

used in the definition of u in . Then almost surely, there is a positive constant c
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such that

oo
Z(Tg +A) 0 > cRT20/L forall R eEN.
i=R
Next, we introduce a lower bound for ||ms,|s under an approximation condition.
That this condition holds for some useful kernels, in particular for 02Ky, will be con-

firmed later.

Proposition 4.3. Let 0 = (s,7) with s > d/2. Suppose that f € H® and, almost surely,
(14) lu = fllo < Cyn=*0/HH12H/E L Con=s/4| |

for every € > 0, where Cy,Cy > 0 can depend on s, sg, €, M and the sample path. Then

almost surely
19) If|? > Cplt2ls—so)/d=¢

for every € >0, where C' > 0 depends on s, sg, €', M and the sample path.

Remark 4.4. We would like to discuss the assumption in , which may seem un-
usual. We are mainly interested in applying Proposition with f = mg,. In this

scenario one commonly has the error estimate
lu = msnllo < Cn=/ 2L ]| gy gyn,

which clearly implies (14), and we will set up a similar bound in Propositz'on below.
Note, however, that we do not assume that f = ms,. The proposition holds for any f

that approximates u sufficiently well. This additional flexibility will be important later.

The following proposition shows that the assumption for Proposition is generally
satisfied if s > sq. Since they apply to functions outside the RKHS of H?, results of this
type are often referred to as “escape” results and are based on the fundamental work by
Narcowich and Ward, (2002) and |[Narcowich et al.| (2006)). The statement and the proof
are essentially the same as in [Fuselier and Wright, (2012)). For completeness, we provide
the proof in the Appendix. The proof combines known results for the Euclidean case
from [Narcowich et al.| (2006) with Theorem [2.1]

Proposition 4.5. Let f € H}° with so > d and let min be its minimum norm inter-
polant from the RKHS H?®. Then there exists a positive constant C' that depends on sg

and M such that we have almost surely

(16) 1f = mLallo < Ch o[l fllso
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when hy is small enough. Thus, if hy — 0 and C' is allowed to depend on f, then ((16)
holds for all n.

See Lemma 3.8 in [Hangelbroek et al.| (2010)) for a precise statement on how small A,
needs to be. Under quasi-uniformity, h, < Cn~'/% and p, is uniformly upper bounded
and for f = u we thus obtain

lu = mgallo < Chy= 2oy o= 27|l —ajo-
17
( ) S C«n—so/d—l-l/2+e/d||uHSO_d/2_6

for all € > 0, where C' can depend on the sample path. Together, Propositions {4.3
and 4.5 provide lower bounds on ||ms,||s when s > sy > d. Next we provide an upper
bound.

Proposition 4.6. Let u be as in . Suppose that so > d and s > d/2. Let ms,, be

the minimum norm interpolant for u. Then almost surely
(18) ||msn||§ < Cp2smso) e

for all e > 0, where C depends on s, 0y, € and the sample path. If & are Gaussian, then

it is only necessary to assume so > d/2 to obtain
(19) cn < ||m507n||§0 <Cn

almost surely for positive constants ¢ and C' that depend only on 6y and the sample path.

See the Appendix for a proof. The bound in is well known in the Euclidean
setting and its proof only needs to be slightly adapted. The bound in follows
from a simple argument based on the law of large numbers. In the Gaussian case, the
bound is strictly stronger than if s = s0.

Finally, we obtain bounds for the worst-case approximation error. These results are
standard and we merely adapt known proofs for manifolds. The proofs are included in
the Appendix.

Proposition 4.7. Let s > d/2.

(1) Suppose the family of norms {||-||s}ssas2 is such that || f||s < C| flls for every f
whenever s < s'. Let ' be all points in  except x;. Then, for s < S, there is
a constant ¢ > 0, that only depends on S, such that

lrélllgnn Vi(zila}) > eqz> .
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(2) There exists a positive constant C, that only depends on s and M, such that

sup V,(ylz) < Ch2
yeM

4.2. Estimation of the Smoothness Parameter. Based on the previous auxiliary

results, we may now prove the main result of this paper.

Theorem 4.8. Let u be defined as in with sg > d. Let the family of kernels
{Ks}ssas2 be such that the associated norms {||-||s}s>a/2 satisfy the monotonicity con-

dition that, whenever s < s,

(20) 1f1ls < ClLfIls

for some positive C' that does not depend on s and s'. Assume that the sequence of points

{z;} is quasi-uniform. If{s,} is a sequence of maximizers of the Gaussian log-likelihood

(21) (s u(w)) = —g log(2m) — %bg(det(Ks(w))) - %u(w)TKs(w)lu(w)

in (d/2, Smax] With sg < Smax for arbitrary but fized Syax, then

Sp = 8o in probability.

Proof. Any maximizer of £(s;u(x)) also maximizes the logarithm of the likelihood ratio
L(s) = 2(L(s; u(x)) — ((s0; u(x)))

M wlxe) " ) u(x) —ulz) " x) lu(x
—log(det< el )))+<>K50<> (@) - u(z) K, (@) u(=).

Note that
{8, — s0| > 0} C { sup  L(s) EO}U{ sup  L(s) 20}
d/2<s<s0—0 80—0<5<Smax

for every 6 > 0 for which the suprema are over non-empty sets. Thus it suffices to show
that

(22) IP’( sup E(s)EO)—l—]P’( sup E(s)20>—>0 as n — oo

d/2<SSSQ—5 50—0<5<Smax

for every such § > 0. Consider first the case s > 59+ 9. Choose 0 < € < min{2J/d, sg —
d}. Tt follows from combining Propositions |4.3[and 4.5{and quasi-uniformity that almost

surely

U(CC)TKSOJr&(iIJ)_lu(m) = ||7;~L$O+57n||§0+(S > Opl+2d/d—c,
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Moreover, for any s > sg + 9, we have by and the minimum norm property that

Cnlt2o/d= < Hm80+6nH30+6 < ”m87’LH50+5 < s

Note that C' in the above display depends on ¢ and sy but not on s and C5 also doesn’t
depend on s. Next, we have by Proposition equation that almost surely

u(w)TKSO (w)ilu@’) = HmsmnHSO < Cn'te

for some € < 2§/d — €, where C' only depends on 6, ¢’ and the sample path. Clearly,
we can find such an € for every §. This gives

“u(z) — u(e) " Ky (x) tu(z) < ntte —plt?e

sup u(a:)TKso(:I:)

(23) $>s0+0

14+20—e¢
5 —n )

almost surely, where the hidden constants only depend on 9, €,y and the sample path.
For the terms involving the log-determinants we have, as in ,

—log(det(Ks(x)) + log(det (K Zlo ( o (i[2 )>

ZL‘ |332 1)

By quasi-uniformity, the bounds in Proposition E apply to each V,(z;|z*~!). Therefore
for all s > d/2

Vs(l‘¢|wi71) > i~ 2Smax—=d)/d o q Vso($i|w ) < O (2s0—d)/d_

Thus, for s > s¢ + 9,

-1 n
Zlog( S0 J}z|33 )) < nlog(C'/c) + Zlog (i(QSmafoSO)/d>

(x;]x?—1) —

(24)
= nlog(C/c) + HSmax = S0) Z log(i) < nlog(n),

where we have used Stirling’s approximation Y. log(i) = log(n!) = nlog(n) — O(n)
and the hidden constants depend on sy and d but not on s. It follows from the esti-
mates and that almost surely there exist positive constants C; and C5 such
that

lim sup  L(s) < lim Cynlog(n) — Cyn't2/4¢ = —c.

n—00 50+6§5<Smax n—00

From this it follows that lim sup,,_, ., 5, < s¢ almost surely, which is stronger than what

is required for .



SMOOTHNESS ESTIMATION FOR MATERN PROCESSES 21

Consider then the case d/2 < s < sy — §. By repeating the steps in (24)), we obtain

(25) Zlo ( so (Ti[2 1)> < (so— 0 — so)nlog(n) = —dnlog(n).

.CL’ |.’.UZ 1)

Let myg,,, denote the minimum norm interpolant based on the correct kernel 02Ky, .
By norm equivalence and the minimum norm property, |[msynllse < |[Mognllse <
CHmt‘)Om”@o' Thus

u(@) K@) u(e) < 0y °Cul@) Ko () u()

(26) T . "
= C&, Koy ()2 g, () Koy () °€, < C D &0
=1
where {€, = (€1, ..., &nn)} forms a triangular array of pairwise uncorrelated random

variables with mean 0 and variance 1. The estimates and and Markov’s
inequality yield

IP’< sup E(S)ZO) ( Cyonlog(n +0225m— (a:)lu(w)ZO)

d/2<s<s0—08

 : 1
< P(Zfiz > cnlog(n)) < — 0.

— clog(n)
This concludes the proof of (22). O

The assumption sy > d was only used to prove P (limsup,,_,. $, > so) = 1. Thus if
we relax the assumption to sy > d/2, we still obtain P(s, < sg) — 0. However, if we

impose additional assumptions on the {£;} we can strengthen the statement of Theorem

48

4.3. The Gaussian Case. In this section, we will discuss the particular case where
the {&} are standard Gaussian random variables, for concreteness and because of the
importance of Gaussian processes in spatial statistics and other related fields. We first
establish a path regularity result, similar to Lang and Schwab) (2015, Theorem 4.6),
which gives the result for the sphere M = S471. A stronger result for the sphere is
given in [Lan et al.| (2018)). For various other path regularity results, see [Henderson
(2023); Meerschaert et al.| (2013)); Scheuerer| (2010); [Steinwart| (2019).

Proposition 4.9. Let {&;} be an i.i.d. sequence of standard Gaussian random variables.
Let I+ a < sp—d/2 withl € N and 0 < a < 1 and let u be defined as in (§). Then

there is a version of u whose sample paths are almost surely elements of CY*(M).
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Proof. As in the proof of Theorem 4.6 in Lang and Schwab| (2015]), it suffices to establish
the claim for d/2 < sy < d/241 because for any u and 1 < [ € N such that so—1 > d/2

we have
1 v(6 = - -
Ly 2 200 (o Ay S ) — Aoy e = ) (g aytrzg,
=1

ofy v(6o)

~1/2 is an isomorphism from C%* to C“* for

and for integer [ the operator (1 — A)
0 < a < 1 by Theorem XI.2.5 in (Taylor| (1981)). Moreover, @ is a mean-zero Gaussian
process with covariance function Kj;, and d/2 < 5, < d/2+1 where 3, is the smoothness
parameter in 6, = (80,70). The claim is now an immediate consequence of the results
in [Kerkyacharian et al.| (2018]). More concretely, note that the results there apply to
the Laplace—Beltrami operator on compact manifolds as mentioned in the Section 3
and the Examples on their page 283. Then apply first their Corollary 5.2, then their

Theorem 4.6 and finally their Proposition 3.2. 0

To simplify the notation in what follows we assume that sy — d/2 = [ + o with
0 <a < 1. It follows from Proposition that in the Gaussian case we have in fact

= Hzofd/Qfe(M) N C«l,afe(M) — HiJrafe(M) N Cl,afe(M)

for all € > 0 small enough. That is, u possesses Sobolev and Holder regularity of the

same order. Thus one might hope to have the following analog of Proposition
(27) Ju = mgpllo < Cn™/ Y25y || e g

for all sy > d/2 when the sequence of points is quasi-uniform. That this is indeed the
case on closed manifolds has recently been shown in Corollary 1 of Hangelbroek et al.
(2018)), which is based on results in Hangelbroek et al. (2010). However, their result
applies only to even s € N. While it appears likely that results like should hold
for general s > d/2, the result in Hangelbroek et al.| (2018)) suffices for our purposes.

Corollary 4.10. Let the family of kernels { K} s~q/2 and the sequence of points {x;} be
as in Theorem[{.§ Assume that the sequence {&;} used to define u in s a sequence
of i.i.d. standard Gaussian random variables and that sg > d/2. Let {8,} be a sequence

of mazximizers of the Gaussian log-likelihood in (d/2, Smax). Then

Sp, — So almost surely.

Proof. The conclusion is stronger than that of Theorem {4.8]in two ways: (i) so > d/2
instead of sy > d and (ii) the convergence is almost sure rather than in probability.

The assumption sy > d was used in the proof of Theorem [£.8| only to show that almost
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surely
2 142(s—s0) /d—
I3 = mt 270/

via Proposition [4.3] which is only needed to show that P(limsup,_,. $, < so) = 1.
Thus it suffices to show that in the Gaussian case the assumption for Proposition
is fulfilled for sy > d/2. For this purpose, let b be a natural number such that
2b > max{Smax, So} and let 7y, denote the minimum norm interpolant from H?.
Note that because u(z;) = mgpn(x;) for all 1 < i < n, it follows that Mg, is the
minimum norm interpolant for both v and m,. Then Proposition and Corollary 1
in Hangelbroek et al.| (2018) give

||u - ms,nHO S ||u - m?b,n”g + ||T~n2b,n - ms,n”o

< Oy T2 | o gy + Con ™ g

for constants C', Cy > 0 that do not depend on n. Thus the assumptions of Proposition
are fulfilled. Repeating the proof of Theorem {4.8| yields P(limsup,,_, . S, < so) = 1.
It remains to prove P(liminf, ,, 8, > so) = 1. For this, note that the estimate ((19))

in Proposition 4.6/ shows that almost surely there exists a positive constant C' such that
u(x) " K () tu(x) < Cn.
Repeating the same steps as in the proof of Theorem yields that, almost surely,

sup  L(s) < —Cionlog(n) + Con — u(x) K () tu(x) < —nlog(n) — —oo,
d/2<s<sg—0

which implies P(lim inf,, ,« $, > s¢) = 1 and thus completes the proof. O

4.4. Estimation Using Other Kernels. In this section we discuss some kernels to
which Theorem applies. Of course, the theorem applies to the correctly specified
kernels 02 Ky from Section [2| as long as the corresponding norms fulfill the norm mono-
tonicity property; see Lemma [2.2] Although these kernels have many nice theoretical
properties, their evaluation requires the calculation of an infinite sum. Furthermore,
the eigenvalue decomposition of the Laplace—Beltrami operator is only known in certain
special cases, e.g. on the sphere or the torus. Therefore, even obtaining an approximate
evaluation of Ky can be hopeless. Another aspect of practical importance is that the
matrices Ky(x) are dense, so that the evaluation of the Gaussian likelihood for large

n is computationally intensive. Therefore, it would be desirable to find other classes
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{K}ssay2 of kernels that have good practical properties and allow a consistent estima-
tion of sg. The crucial property that these kernels have to satisfy is that their RKHS
are equal to H} up to equivalent norms.

One class of kernels we consider here are kernels from the ambient space R*. Such
kernels were applied to function approximation on closed manifolds in [Fuselier and
Wright| (2012) and some of the results in this section are essentially from their work.
For manifolds M C R it is quite easy to arrive at positive definite kernels by using
kernels from the ambient space R¥. Specifically, if K is a positive definite kernel on

R* x R*, then its restriction is
K(--) = K(, ) mxm

is of course positive definite as well. The RKHS of a particular class of kernels K were
identified in Fuselier and Wright| (2012]).

Theorem 4.11 (Theorem 2 in |[Fuselier and Wright, 2012). Let M C RF be a d-
dimensional closed manifold. Let K (z,y) = ®4(]|x — y||) be a positive definite kernel

on R such that the Fourier transform of ®, satisfies
(28) by (&) = (1+[lg|?)~trt=ar2,

Then the RKHS H* with norm ||-||s of the restriction K(-,-) = K(-, )| mxrr 35 Hf up
to equivalent norms.

It is also known that the kernel K is the kernel for an RKHS equal to H5t(=d/2(RF)
up to equivalent norms (Wendland, 2004, Chapter 10). In Theoremit is also assumed
that the norms fulfil the monotonicity property (20]). Fortunately, this is inherited from
the norm monotonicity property of the original kernel. The following result is a direct
consequence of [Fuselier and Wright| (2012, Lemma 4), which in turn is a reformulation
of the results in [Schaback (1999, Section 9), which can be found also in Wendland
(2004, Theorem 10.46 and Corollary 10.47). See the Appendix, Proposition for a
proof.

Proposition 4.12. Let K,(-,-) be as in Theorem|4.11. Let H*(R¥) be the RKHS of K,
and H* the RKHS of K(-,-) = Ky(-, ) mxm. Let s < 8" If || fllgseey < ClIf g )
for all f € H¥ (R¥) and some C independent of s, then || f|ls < C||fll¢ for all f € H*.

The prime examples of such kernels are the isotropic Matérn kernels on R* given in
. The fact that their RKHS have monotone norms is shown for example in [Karvonen
(2023, Lemma 3.9).
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Another class of kernels satisfying are the so-called generalized Wendland func-

tions
g291-+ /1 ( ) 7n2>/~€1 r
ulu®— — 1 —u)lfde it 0< <1,
O p) 4w 7

0 if > 1

Ou(llz —yll) = Ou(r) =

™| 3

see Bevilacqua et al.| (2019); |Gneiting (2002); [Hubbert and Jager (2023). Here 8 and o>
are positive and p > (d+1)/2+k, while I'(+) is the gamma function. For s = k+(d+1)/2
the RKHS of @, is equal to H¥(M) (Bevilacqua et al., 2019, Theorem 1). Generalized
Wendland functions, in a slightly different form, are studied as covariance functions
for Gaussian processes in Bevilacqua et al. (2019). The difference is irrelevant for
our purposes. The advantage of the generalized Wendland functions is that they are
compactly supported and thus yield sparse kernel matrices. The monotonicity of the
corresponding norms is proved in Proposition [A.3]

If M = S% ! is the sphere, the restriction of the generalized Wendland functions
to M was investigated by Hubbert and Jager| (2023)). Further covariance functions on
the sphere with explicit smoothness parameters are presented in (Gneiting (2013) and
Guinness and Fuentes| (2016]).

4.5. Estimation of the Magnitude Parameter. The smoothness parameter s is
fixed to a largely arbitrary value in many applications. Here we consider a setting in
which the model smoothness s > s is fixed but the magnitude parameter o is estimated
via maximum likelihood. Define therefore K, = 0%K,. Straightforward differentiation
of the Gaussian log-likelihood @D with respect to o then yields the maximum likelihood

estimator

o (@) K@) @) [l
n n n

It is now an immediate consequence of Propositions to that 62 blows up with
a polynomial rate that depends on the extent, s — sy, to which the model oversmooths
the truth.

Corollary 4.13. Let K, be a kernel whose RKHS H® is equal to H} up to equivalent
norms and let u be defined as in with s > sg > d. Assume that the sequence of

points {x;} is quasi-uniform. Then almost surely

Cn?(s—so)/d—e < 6_721 < Cn?(s—so)/d—i-e
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for any € > 0, where the constants c¢,C' > 0 depend only on s, 6y, M, € and the sample
path.

If u is a Gaussian process, an improved version of this corollary can be obtained by
proceeding as in Section [1.3] According to Proposition [£.5 the minimum-norm inter-
polant my, with misspecified smoothness s > s, tends to u at essentially the same

rate n—s0/d+1/2

as Mg, n. Note that the estimation of the magnitude does not affect
the minimum norm of the interpolant. Corollary is useful because it shows that
a computationally simple magnitude estimate correctly compensates for the misspecifi-
cation of smoothness and ensures that the conditional variance is a reliable indicator of
predictive uncertainty. Proposition and Corollary imply that for quasi-uniform
points the correct variance V, and the variance V,,, = 62V, for the kernel K, with
the plug-in maximum likelihood estimator o = &, fulfill

sup V, (z]x) < p2s0/dtl and g 2s0/dtle S sup Vg, (z|x) S p~2s0/dt1te

zeEM zeEM
This means that V,, decays at the essentially “correct” rate.

When smoothness is well specified (i.e. s = sp), a number of consistency and as-
ymptotic normality results for magnitude estimation in Matérn and related models on
Euclidean domains have been obtained in the last 30 years (e.g., Kaufman and Shaby,
2013; [Ying, |1991; Zhang, 2004)). Li et al. (2023)) considered essentially the same set-
ting as in this work and established consistency of the microergodic parameter in the
Gaussian case with correctly specified kernel. A corresponding asymptotic normality

result of the form (assuming d < 3)
(29) V(62u(0,) — a3v(8)) — N(0, 209v(6p)?)

can be derived with known arguments, which are used for example in Bolin et al.
(2023); Du et al.| (2009); Kaufman and Shaby| (2013)); [Wang and Loh| (2011). A formal
statement and proof can be found in the Appendix. The proof is essentially from Bolin
et al.| (2023, Proposition 3), where a different scenario is considered.

The results for misspecified smoothness are recent. Versions of Corollary for
the expected value of 62 have been proved in Karvonen| (2021) and Naslidnyk et al.
(2023). Karvonen et al. (2020) proved the corollary for a class of self-similar functions
on Euclidean domains, while Xu and Stein (2017) obtained rates for the magnitude
estimator when the model has Gaussian covariance K (z,y) = exp(—(z —y)?/(27?)) for
7 > 0 and the observations are generated by a low-order monomial on the interval [0, 1].
When the observations are contaminated by noise, posterior contraction rates and the

coverage of credible sets for a Brownian motion model with an estimated magnitude
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parameter were investigated in [Sniekers and van der Vaart| (2015ayb, [2020) and Travis
and Ray| (2023)).

5. EQUIVALENCE OF MEASURES

In the previous section, we discussed briefly the estimation of the parameters 7 and
o?. Note that the central limit theorem in is stated only for the product o%v(#), the
so-called microergodic parameter. This is due to the well-known fact that for Gaussian
processes, the parameters o and 7 cannot be consistently estimated if the dimension
d < 3. For bounded Euclidean domains, see for example Zhang| (2004) and Bolin and
Kirchner| (2023)); for closed manifolds, see |Li et al.| (2023). This is due to equivalence
of the Gaussian measures describing the distribution of the processes. More concretely,
in the context considered here the cited results state that if d < 3 and if 8; and 6, are

such that s; = s, and
atv(fh) = a5v(62),

then the Gaussian measures N (0, cv(6;)(m1 — A)®) and N (0, 03v(03) (1 — A)*2) are
equivalent. Otherwise they are orthogonal. The results in [Bolin and Kirchner| (2023)
and |Li et al. (2023)) apply only to Gaussian measures.

However, as far as we know, there are no results for the non-Gaussian case. In this
section, we will show that this continues to hold for non-Gaussian processes. To address
this scenario, we will use a theorem of Kakutani| (1948]), for which the assumption that
{&} are independent is important. Here we briefly establish the necessary measure-
theoretic framework with more details in [Bl

A measure m, is absolutely continuous with respect to a measure ms, denoted by
my <K mg, if my(B) = 0 implies that m;(B) = 0. Two measures m; and msy are
equivalent if m; < ms and ms < my. Two probability measures are orthogonal if
there is a set B for which m,(B) = 1 and my(B) = 0. We start with the complete
probability space (€, F,P) on which the sequence {} is defined. To simplify the

notation in this section, let
)\1(0) =V U(e)(T + )\i>78/2-

These are the eigenvalues of the operator vVv(0)(r — A)~*/2,
Let {(R, B(R),Psx,0))} be a sequence of probability spaces with B(R) the Borel o-
algebra generated by the open sets, and P, g the distribution of

aVo(0) (T + \) %6 = o i(0)E;.
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Consider the infinite direct product measure space (R, B<, P, ), where R* is the infi-
nite Cartesian product, B> is the smallest o-algebra making all coordinate projections
measurable and P, is the infinite product measure P,y := Q) Py, (s).-

Recall that 131'2 is the Hilbert space of square-summable sequences. One can show
HY is B-measurable and that the o-algebra B(H?) generated by the open sets in H?
in fact equals {AN HY | A € B>}, see Proposition Note that P,e(H?) = 1 for
s > d/2 by Proposition Thus we may understand each measure P,y as a measure
on the space (H?, B(H?)). They induce measures on (Ly(M), B(Ly(M))) via Pygor™!

as ¢! is an isomorphism. Of course, the measures P, g0 t~1 are the distributions of the

random elements u defined in @, see Proposition .
Given two probability measures m; and ms, let A be a measure such that m; < A

and my < A. Such a measure always exists (e.g., A = m; +ms). The Hellinger distance

dmy; [dm
plmoms) = [\

where dm; /d\ and dmgy/d\ are Radon—-Nikodym derivatives. It is known that p does not

between m; and my is

depend on the choice of A (Kakutani|, [1948| Section 4). Moreover, p has the following
properties: (i) 0 < p(my,mse) < 1, (i) p(my,ms) = 1 <= my = my, and (iii)
p(myi, ma) = p(ma, my) (Kakutani, 1948, p. 215). Kakutani’s theorem (Kakutani, 1948|
p. 218) links equivalence or orthogonality of the infinite product measures P, and
Py ¢ to the behaviour of p(P,y, ), Porr,(er)) as @ — 0o. These Hellinger distances have
a particularly convenient form in the scenario under consideration. Concretely, let Py
denote the distribution of the ¢; and assume it admits the density f with respect to the

Lebesgue measure. Then a simple change of variables yields

P d
IO( 0')\(9)7 / O')\ O'A ‘9,\/ O'A 9 ( /\(0/)) x

[ 223 i1 (2002 a

P(]P’ 20/ 20 P1)-

Thus, the Hellinger distance only depends on the ratio o \;(0)/(o’X;(0")). This motivates
the function p(a) = p(P,,Py), which has a global maximum ¢(1) = 1. Sufficient
regularity of the function ¢ implies ¢’(1) = 0 and ¢”(1) < 0 and so a Taylor expansion
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shows that

o5~ E- (£ (-

[5G e

for some a* such that |[a* — 1| < |a — 1]. Hence — log(y(a)) behaves like (a — 1)? in a

neighborhood of 1 if ¢ is sufficiently regular. Under this condition, we can provide a
criterion for equivalence and orthogonality for two infinite product measures P,z 4, and

]PJO;QQ .

Theorem 5.1. Let {&;} be a sequence of i.i.d. random variables such that E(&;) = 0
and E(E%) < oco. Assume that, for all a,b > 0 and each i, the distributions of a&; and
b&; are equivalent measures and the distribution of & admits a density with respect to

the Lebesque measure. Moreover, assume that the function @(a) = p(Py,Py) satisfies
(30) c(la—1)* < —log(p(a)) < Cla—1)?

in a neighborhood of 1. If the parameters sy, 71,02 and Sy, T, 03 are such that

(31) s1 =35y and oiv(0) = o3v(fy),

then the measures Pg2 g, and Pyz g, are equivalent if d < 3 and orthogonal if d > 3. If
fails and if ¢ is uniformly bounded away from 1 outside of (1 —e€,1+ €) for every

¢ > 0, the measures Pyz2 9, and P39, are orthogonal.

Proof. We start with a simple observation that, for a in a neighborhood of 1,
(32) c(a—1)? <log(a)® < C(a—1)%

Kakutani’s theorem states that P,, 9, and Py, g, are equivalent if

o0

(33) > —10g [p(Poyri (1) Poanez))] < 00

i=1
and orthogonal otherwise. Let
o1y/v(01) (T + X)) /2
(op) U(92)(7-2 + )\i>—82/2.

i =
Under the assumptions in (31J),

1+ A /2 i—00
34 ;= — 1.
( ) “ (TQ _'_)\z)
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Thus, combining , and , we obtain

To + A 2 To—T1 2 —
— log [p(]Pgl/\i(el)7P0'2)\i(92)):| = - log(gp(ai)) = log (7_1 T )\‘) = (T1 n )\‘) =1 4/d,

where the last < follows from Weyl’s law (3]). Thus holds if and only if >°°° i~/ <
00. This sum is finite if and only if d < 4. To show that ¢ being uniformly bounded

away from 1 outside of every neighborhood of 1 implies orthogonality of the resulting

measures, note that
a; =0 if sy >89, a;— 00 ifsy<sy and s — oiv(d;)/osv(fy) else.

Thus, if does not hold, there exist § and N such that »° v —log(¢(a;)) > > ooy 0.
]

We have assumed that the distributions of a&; and b§; are equivalent measures for
each positive a and b. If this is not the case, one can easily see that the resulting infinite
product measures cannot be equivalent, see Kakutani (1948, p. 218). Note that this
restricts the distributions that can lead to equivalent measures. For example, if the
distribution & has a Lebesgue density that vanishes on a set with positive Lebesgue
measure, then the distributions a&§; and b¢; need not be equivalent measures for all
a and b. However, this does not imply that the resulting infinite product measures
are necessarily orthogonal. This means that a consistent estimate may still not be
possible. For example, let Py, 9, and P,, g, be non-orthogonal measures, even though
01 # 09. Argue as in Zhang (2004) and assume that {5, } is a sequence of estimators
that converge to oy in probability under P,, o,. Then there exists a subsequence {dy, }
such that

Pohgl( lim &y, = 01) ~1.
kn—r00

Because P,, 4, is not orthogonal to IP,, ,, we have

]P)U2,92 (

and so under P,, 9, consistent estimation of o, may still not occur.

lim OA-kn = 0'1> >0
kp—o00

To show that two measures m; and mqy are not orthogonal, it suffices to show that
either m; < mgy or m; < my. A simple deduction from the proofs in [Kakutani| (1948)

gives a condition for P,, o, < IP,, 4,. This is essentially part of Kakutani’s theorem.

Corollary 5.2. Consider the setup of Theorem[5.1] but assume only that the distribution
of a&; is absolutely continuous with respect to b&; if a < b. Assume holds and d < 3.
Moreover, let 01 and 05 be such that 1 < 1 < 1y. Then P,, 5, < Pgy,0,.
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Proof. This is a consequence of Lemma 5 in [Kakutani| (1948) and the proof of Theorem

bl O

Examples 5.3. We give three examples for the distributions of &;:

(1) In the standard Gaussian case we recover the well-known results because a simple
computation gives p(P,,Py) = \/m and it 1s straightforward to see that
holds.

(2) More generally, it suffices to show that ¢ is twice continuously differentiable
to obtain , which can be shown to be the case if & has t-distribution with
degrees of freedom larger than 2 in order to guarantee finite second moments.

(3) An example that pertains to Corollary is & + 1 ~ Exp(1), where Exp(1)
is the exponential distribution with scale 1. A simple computation shows that

p(a) =2y/a/(1+ a) and so (30) can be shown to hold.

We note here that while the independence assumption is crucial for the use of Kaku-
tani’s theorem, the assumption that {;} are identically distributed may be relaxed. The

proofs remain essentially unchanged if additional technical assumptions are imposed.

6. RESULTS FOR THE DIRICHLET LAPLACIAN

Some of our results can be directly applied to Laplacian operators on bounded Eu-
clidean domains augmented with boundary conditions. They are frequently studied in
connection with Markov random field approximations of Matérn type fields (Lindgren
et al., [2011). As a concrete example, we take the Dirichlet Laplacian operator and
present some of the results from the Sections [2to [5. Most of the proofs are analogous,
so most of the time we only provide sketches or point out where previously presented
results need to be adapted.

In the following we consider an open and connected M C R? with Lipschitz boundary
OM (Stein, 1970, p. 189), which satisfies a interior cone condition (Wendland, 2004,
Definition 3.6). Let M = M UM denote the closure of M. For such a set M we define
the Sobolev spaces H*(M) as

H*(M) = {f € Ly(M) | thereis g€ H*(R?) such that g|y = f},

which is equipped with the norm || f||gs(ar) = inf{||g|lm=ar) | g € H*(R?) s.t. glm = f}-
Note that H*' (M) C H*(M) C Ly(M) if s > s > 0. The Hilbert space Ly(M) and the
Holder space C**(M) are defined analogously to the spaces in Section
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For M we consider the usual Laplacian operator

d

32

821’1‘.

A= —

i=1
However, to obtain an eigendecomposition to define or to ensure that the SPDE
in has a unique solution, we need to augment the Laplacian with boundary con-
ditions. We consider Dirichlet boundary conditions and denote the resulting operator
by Ap. It is known that there is a basis for Lo(M) consisting of eigenfunctions e; of
—Ap with eigenvalues );. The functions e; can be chosen so that they are infinitely
differentiable on M and so that e;|gps = 0. Moreover, Weyl’s law holds, that is
ci¥/d < )\; < Ci*?. See Section 6 in Davies (1995)), in particular Corollary 6.2.2 and
Theorem 6.2.3. We can thus define the spaces

Hj ={f€L(M)| (1—Ap)"°f e Ly(M)},

ia 1+ X\)° },

i=1

oy, = {{az} CR

with corresponding norms ||-||g and ||-||; for some 7 > 0. These spaces are analogous to
the spaces H and H; that we defined in Section 2.2.1]

The spaces H}  have been characterized in Lemma 4.3 of Bolin and Kirchner| (2023))
for wide range of values of s. Define € = {s € R | s # 2k + 1/2 for some k € N}. For

any s ¢ € we have

(35)  Hj, = {f e H*(M) ’ (1= AYf=0in L2(OM) for all j < VS; 1J }

and the norm [|-[|g is equivalent to ||-|[zsary on H} . This presents the key difference
to the manifold case: rather than equal to the Sobolev spaces, the spaces Hj & are now
proper subspaces. This makes the analysis more difficult. However, we do retain norm
equivalence.

Denote the resulting kernel of Hj = by KJ. Our assumptions on M guarantee that
the Sobolev imbedding theorem holds (Aubin, (1998, Theorem 2.33) and thus H*(M) C
C%(M) for all @ > s — d/2 and the imbedding is compact. Thus, Proposition is
essentially unchanged, we only need z; ¢ OM to guarantee strict positive definiteness.

The results in Section [5| apply without changes. Let u now be defined as
(36) u(z) = ooV (o) Z(To + X)) 7026 ei(2),
i=1

where {()\;, e;)} are the eigenpairs of Ap.
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Unfortunately, we cannot show that all results in Section[dhold in the same generality.
First, we need to slightly adapt our sampling assumption. Define

1
Jz = min {édist(w,aM),qw} and hg = sup min ||z; — x|,

weM 1i<n

where ¢, = min,4;||z; — z;||/2 and h, are analogous to the quantities in ((10)). The
difference is that we now have to work with ¢, to make sure that the points are far
enough away from the boundary OM. Set p, = §u/hs. We then assume that ¢, =<
he = n~ Y4 and call points that fulfil this condition quasi-uniform.

Then the results of Propositions and apply unchanged. However, the result
of the Proposition must be changed. Firstly, we need s ¢ €. Also, at the moment

we cannot show the analogue of ,

HU _ ms,nHO < hio—d/2—6ﬁ2—80+d/2+e‘|u|

—d/2—¢
H3O
Lp

for the minimum norm interpolant ms,, from H; . However, we can show the following.

Proposition 6.1. Let m,,, be the minimum norm interpolant from an RKHS Hf, that
is equal to Hy —up to equivalent norms. Let u be defined as in with sg > d and
s> 59, s ¢ €. Then almost surely for every 0 < € < so—d/2 such that so—d/2—e ¢ €
we have

lu = msnllo < Ohio_d/2_eﬁiz_so+d/2+e||u||80—d/2—6 + Chgllmspl|s-
Proof. Let my, be the minimum norm interpolant from H*(M). Since m,,, € H*(M),

Ms, is also the minimum norm interpolant for mg,. Using the escape result from

Narcowich et al| (2006, Theorem 4.2) and norm equivalence, we have

||U - ms,nHO S HU - ms,nHO + ”ms,n - ms,n |0

< Chsmo—d/Q—Eﬁfc—so—i-d/Q—f—e||u|

Hsofd/Qfe(M) ‘I‘ Ohsa: ||m57n || HS(M)

< thjco701/27653750er/2+6Hu”so_d/Q_E 4 Ohstms,an 0

As long as s ¢ €, the result of Proposition holds without change if we replace
H} by Hj . Finally, the results of Proposition @ are well known in the Euclidean
case (e.g., Karvonen, 2023, Proposition 3.6 and 3.7). We only need s ¢ € to translate

these results to our setting.

Theorem 6.2. Let u be defined as in with sy > d. Let {K}ssas2 be any family
of kernels such that the RKHS of K is equal to H}  up to equivalent norms and such

that the corresponding norms are monotone. Assume that the sequence of points {x;}
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is quasi-uniform. If {3,} is a sequence of mazximizers of the Gaussian log-likelihood

{(s; u()) = — 1 log(2r) - %log(det(Ks(a:))) - %u(w)TKs(w)_lu(w)

in (d/2, Smax) with so < Spax, then
Sp — sg in probability.

Proof. The proof is the same as of that of Theorem [£.8] the only change being that
Proposition is used in the place of Proposition [4.5] Note that the restriction s ¢ €
in is not a problem. Because u € Hzofd/ >~ for all € > 0, we can choose § and ¢
appearing in the proof of Theorem in such a way that we avoid any problems. [J

While the path regularity result in the Gaussian case can be proved in the same way as
in Proposition , extending Corollaryto the case so > d/2 is less straightforward as
the results in [Hangelbroek et al.| (2018)) are proved only for closed manifolds. However,
almost sure convergence can be shown in the Gaussian case.

One should be able to establish similar results for von Neumann boundary conditions.
While we are not currently aware of results completely characterizing the corresponding
spaces H} for s > 0, there are results in Kim, (2020) which can probably be straight-
forwardly extended with a proof similar to that of Lemma 4.3 in [Bolin and Kirchner
(2023)).

7. SIMULATION STUDY

We conduct simulation studies to assess finite sample properties and stability against
model misspecification for smoothness estimation. As underlying manifold, we use the

sphere S?. In this case, the spectral decomposition of the covariance operators is given

as
[eS) l
(r—A)" = Z(T +N)7° Z Cim & Cim
=0 m=—1
where A\; = [(I + 1) and the functions e;,, are the so-called real spherical harmonics

for which explicit expressions are available (Stein and Weiss, 1971, Chapter IV). Even
though in this case the eigenfunctions and eigenvalues are known, in practice we must
truncate the infinite sums in order to compute the kernel Ky of (7 —A)*® and sample the
corresponding random fields. With the addition theorem for spherical harmonics (Stein
and Weiss, 1971, Chapter IV, Corollary 2.9), it is straightforward to show that the
error incurred on the diagonal of the kernel when truncating at [ is of order (20=%). An

application of the Cauchy—Schwarz inequality then shows that the same bounds holds
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for the off-diagonal elements as well. Let Ky stand for the truncated kernel. Because
the addition theorem implies that the truncated kernel is constant as a function of x for
any truncation level [, we may normalize the kernel such that Ky(z) = Ky(z,z) = 1. In
our simulation studies we chose I = 100. That is, we use the first 310 (2i +1) = 10201
eigenfunctions and eigenvalues. With s chosen as in the simulation setup below, this
results in a uniform pointwise error for the kernel of order 10716,

We consider the following three cases of model misspecification: (i) we use Gaussian
observations and the correct (truncated) kernel but with incorrect T (range scale) pa-
rameters, (ii) we use non-Gaussian observations, and (iii) we estimate the smoothness
using Eucliean Matérn kernels and Euclidean generalized Wendland kernels restricted
to the sphere even though the observations are generated using the (truncated) kernel
Ky,. For scenario (ii), we always standardize the Karhunen-Loeve coefficients to have
mean 0 and variance 1. In the last scenario (iii), the other kernel parameters have to
be specified. In an attempt to isolate the effect of the kernel, we chose the other pa-
rameters before optimization by minimizing the difference to the true covariance. This
works very well for Euclidean Matérn kernels but slightly less well for the generalized
Wendland kernels.

To assess the effect of sample size, we consider sample sizes n = 500, 1000, 2000. For
each sample size, we generate 100 samples of a Gaussian process with true parameters
0o = (s0,70) = (5,20) and 100 samples of non-Gaussian processes for scenario (ii)
in which we use the true range scale parameter during smoothness estimation. The
range over which we optimize is fixed to [1 + 1077,30]. As our theoretical results
require quasi-uniformity, we use nearly equidistant points on the sphere generated by the
regular placement algorithm given in Deserno| (2004). To maximize the Gaussian log-
likelihood, we use the implementation of the SHGO global optimization algorithm from
the Python library scipy. When using simpler (local) optimizers, we found that they
could on occasion get stuck in local minima, especially for larger sample sizes, perhaps
due to numerical instability of the likelihood evaluation. A summary of the resulting
estimates for the different scenarios can be found in the violin plots in Figures
Overall, we find that smoothness estimation appears to work well even for misspecified
models.

First, from Figure[l] we note that estimation appears to be stable against distribution
misspecification of the Karhunen—Loeve coefficients {&;}. When the coefficients are
Bernoulli distributed, estimation appears to work even better than in the case of a

correctly specified model (compare with Figure . For exponentially and ¢ distributed
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coefficients, the estimation of sy appears to work similarly well. In all cases, the bias
appears to be very small and decreases with increasing sample size.

Next, from Figure [2, we note that misspecifying the range scale parameter results in
biased smoothness estimates for finite sample sizes. Moreover, there is clear positive
correlation between range scale parameter and estimated smoothness parameter. In our
opinion, the bias is not very large relative to range scale misspecification. Concretely,
a normalized kernel with parameter § = (s,7) = (5,1) is somewhat pathological as
the correlation is never smaller than 0.975 across the entire sphere while with 75 = 20
the correlation is essentially 0 at large distances. However, even when 7 is not grossly
misspecified, the bias appears to decrease only slowly as the sample size increases.

Finally, smoothness estimation also works well with misspecified kernels, see Figure
In this setting the Euclidean Matérn kernel appears to be superior to the generalized
Wendland kernel, perhaps due to the fact that the true kernel is more closely related to
the Matérn kernel. It is not clear whether the biases present in the estimation results
are inherent to the kernel used or whether they are the result of the specification of the

remaining kernel parameters.
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FIGURE 1. Robustness against distributional misspecification. Red
dashed line corresponds to sy = 5.
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FIGURE 2. Robustness against misspecification of the range scale param-
eter. True parameter is 79 = 20. Red dashed line corresponds to sy = 5.
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FiGUuRE 3. Robustness against misspecification of the kernel. Red
dashed line corresponds to sog = 5.
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APPENDIX A. PROOFS FOR SECTION [4]

In this section we provide proofs for some of the results in Section [4

A.1. Proofs of Propositions and [4.3] Before we can provide the proof, we need

tail bounds for sums of the form

[e.9]

S ai(& — E&),

i=R
where a; > 0 and &; is a sub-Gaussian random variable. These are standard results, but
we have not been able to find a reference for infinite sums. Since the proof is short, we
include it here. Following Definition 2.2 in [Wainwright (2019), a random variable X is

sub-Gaussian with sub-Gaussian parameter v if

E(et(XfE(X))) < e"*QtQ/Z
for all t € R.

Lemma A.1. Let {a;} be a square-summable sequence with a; > 0 and {&} an i.i.d.
sequence of sub-Gaussian random variables with mean p and sub-Gaussian parameter
~v. Then fort >0, we have

[ee] t2
P( 2“&‘”'”) S%"p(‘m)'
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Proof. Note first that by definition, we have

E (exp (Aéai(& - m))] < (72)2 iaf < 0.

=R

Jim Lo

Because log is continuous and monotonically increasing, Fatou’s lemma implies that

E (exp (/\; a;(& — u))) E (exp (Aéai(& — u)))]

< ('7)‘)2 i a2,

2 K3
i=R

< liminf log

M—o0

log

Thus Y ;7 5 a;&; is sub-Gaussian with sub-Gaussian parameter 42 Y >° , a7 so that Propo-
sition 2.5 in |Wainwright| (2019)) yields, for ¢ > 0,

r(ue-nzr) soo (- grg) -
i=R ™

i=R
PROPOSITION [4.2] Let so > d/2 and let {&} be the sequence of i.i.d. random
variables used in the definition of u in (8)). Then almost surely, there is a positive

constant ¢ such that

o0

Z(To + Ag) 02 > cR™¥0/4+L for all R e N.

=R

Proof. Tf &; satisfies 0 < E(£?) < oo, we may select b be such that
& = min{¢7, b}

has positive mean. Then 5? is bounded and thus sub-Gaussian. Then, because

D ()G > (o + )0,
i=R i=R

it suffices to prove the claim for & such that £ is sub-Gaussian. First, note that Weyl’s

law implies that

o 00 s
(37) Z(TO —+ )\Z,)*SO Z c Z Z’*QSO/d Z / x*QSo/d dr = CR72SO/d+1
i=R i=R R

[e.o]

(38) Z(TU + )\i)_250 < CZi_4SO/d < / $_480/d dr = C(R+ 1)—4so/d+1’
i=R R

i=R +1
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Next, we can write

i(ToJFAz')_sO&Q—i(TOJr)\ +Z To+Ai)”
=R i=R

Dividing through by R=**¢*! combined with (37) yields

R250/d71 Z(To + )\1)780&2 = RQSO/dl( Z(T{) + )\ + Z T0 + )\ )
i=R =R

(39) > e+ RPN N (rg 4 M) TR - 1),
=R

Lemma and give

2s0/d—1 < 2 ¢ PR~ vo/dt2
P |R*%°/%" To + N;) % —)§2ex (— — )

( >+ ) - D> 5) <200 (~ g

2 R—4s0/d+2
< 2€Xp <_8’}/2C(R + 1)—450/d+1)

<2exp(—CR).
For the sets
> c
Ap = { Rs0/d1 ;(7’0 + X)) - 1)| > 5} ;

we thus have

> P(Ap) <) 2exp(—CR) < 0
R=1 R=1

An application of the Borel-Cantelli lemma yields that almost surely there exists an
Ry < oo such that

e . c
RE=o/d=1 Z(Tg )T -] <5
i=R
for all R > Ry. Plugging this back into , we obtain
— = -5 so/d— - —s ¢
R0/ 2(70 + X)) > e+ R 12(70 + )T -1) > o)

for R > Ry. This is equivalent to

o

Z(To —+ )\i)’soé“i? > §R7250/d+1.

i=R
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Finally, note that for any Ry, the sum of the first Ry — 1 is strictly positive almost
surely and so adjusting the constant ¢ yields the claim for any R € N. O

PROPOSITION [4.3| Let § = (s, 7) with s > d/2. Suppose that f € H* and, almost

surely,
(40) lu— fllo < Con=so/dH2H/E 4 Con==/1| £

for every e > 0, where Cy,Cy > 0 can depend on s, s, €, M and the sample path. Then

almost surely
(41) IFIIS = Cntr2temso/i=e

for every € > 0, where C' > 0 depends on s, sy, €', M and the sample path.

Proof. The proof is similar to that of Theorem 8 in jvan der Vaart and van Zanten| (2011)).
Recall the spaces ]:Iz and the isomorphism ¢ : H; — I;Tz given by «(f); = (f,e;)o from
Section m To simplify notation, we let f = 1(f). For two sequences a,b € H 7 we
define (ab); = a;b;. Because f € Hj, we have feH ;. Define 1 as the sequence such
that (1g); =0if i < R and (1g); = 1 if ¢ > R. By norm equivalence,

o0 o0

IFLRZ = D700+ 02 < (14 ) D1+ M) 2
(42) v 2

< C(L+Xp)(IfI3:

By Proposition [4.2, almost surely there exists 0 < ¢ < oo such that, for all R € N,

(43) ||ﬁ1R||§ = Zﬁ? = v(6p) Z(TO )R > cv(0) R™250/ %41,
=R i=R

Via the reverse triangle inequality, we obtain

1/ 1&llo = [[a1rllo = [I(f — @)1rlls = [[a1rllo — [I/ — ullo-

Now set

QCln—so/d+1/2+e/d 1/(=s0/d+1/2)
= () |
Using and and the above choice of R we get
1f1allo = laLrlly = I1f = ullo
> mR_so/dHn — Oyp S0/ dH1/2e/d _ an_s/dllflls
> Oy =0/ 2k d _ cop=s/d)| ||
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Then and Weyl’s law in give
11l = (1 +Ar)*2 ) f1Rllg
> CRs/d (Oln—so/d+1/2+e/d . OQTL_S/d”f“s)
> cns/d—2ss/(d(250—d)) (Cln—so/d+1/2+e/d . CQTL_S/dHf”S)

— C(Cln1/2+(sfso)/d+e/d72es/(d(2307d)) - 02n72es/(d(2307d))Hf”s)
> C(Oln1/2+(S—SO)/d+€/d—2€S/(d(280—d)) . CQHst)»

where on the last line we used the fact that 2sq > d. Rearranging then yields

I flls > enl/2—(s=s0)/d+e/d=2es/(d(250—d))

Since €/d — 2es/(d(2sg — d)) — 0 as € — 0, relabelling completes the proof. O

A.2. Function Approximation in RKHS on Manifolds. To prepare the remaining

proofs, the following lemma will be convenient.

Lemma A.2 (Lemma 1 in |Krieg and Sonnleitner, 2022). The exponential map is bi-
Lipschitz. That is,

cillz —yll < dm(d;'(x), 05 (1) < Cjllz =y

for some c;,C; > 0 and all x,y € ¢;(Q;). Consequently, choosing ¢ = min;<;<,, and

C' = maxi<j<m C; we have

cllz =yl < dm(e; ' (2), 05 (y) < Cllz —yll for all z,y € Q; and 1 < j < m.

PROPOSITION . Let f € H}° with so > d and let mgn be its minimum norm
interpolant from the RKHS H®. Then there exists a positive constant C' that depends

on sg and M such that we have almost surely
(44) 1f = mallo < Chg pe> (1 fllso

when hg is small enough. Thus, if hy — 0 and C' is allowed to depend on f, then
holds for all n.

Proof. We make extensive use of Theorem . To that end, recall that Ty f = flm is a
bounded operator Ty : H*T*=9/2(RF) — H3. Its inverse Exq on H} is bounded as well.
Furthermore, note that from Lemma [A.2]it follows that the point set {¢;(x;) | z; € Q;}

has separation radius ¢/, such that

¢tz < ¢, < Oy,
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Throughout the remainder of the proof C' denotes universal constants only depending
on Sy, s, 7, M that may be different from one occurence to the next. Note that as in

Lemma 10 in [Fuselier and Wright| (2012), we have for h; small enough
(45) 1f =mLnllo < ChRILf = m,llso-

Now let Er(f be the extension of f. It follows from Theorem 3.4 and Corollary 3.5 in
Narcowich et al| (2006) that there exists a sequence n = n(n) such that n < ¢! and
corresponding functions f, : R¥ — R satisfying the following:

(1) For the Fourier transform fm we have supp fn C B,(0). That is, f, is bandlim-
ited.
(2) The function f, interpolates u, that is
folw) = f(w), 1< i <n
(3) We have HE.Mf - fﬂ| Hso+(k—=d)/2(Rk) < 5HEMf|

with the boundedness of the restriction operator, implies

1 = Tafullso < Clliflso-

Hoo+(—d)/2(RkY which, together

(4) We have an| Ho0+(k—d)/2(RE) < C||Emf]

equivalence, implies

Hoo+(k—d)/2(RkY which, together with norm

/3]

Moreover, the functions f, satisfy the Bernstein inequality

[foll zrs ey < C* | f

Because u,, is bandlimited, it follows that f, € H*(R*) for all s. Then, norm equiva-

moott—a2gwry < O f|lso-

Hs'(RF):

lence and standard Hilbert space theory imply

(46) ITaafy = mLallire gy < ClTafy = mlls < Cll TSyl

Furthermore, norm equivalence, the Bernstein inequality of bandlimited functions,

property 4 above and boundedness of the extension and restriction operators imply

(47) CllTmfylls < 0778_80||fn||H$o+<k*d>/2(Rk) <O flso-
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Combining and with property |3| and using once more Lemma 10 in |Fuselier
and Wright, (2012)) gives

1f = mLallso < N = Toaullso + 1Tanfy — mLullso
< Cllfllso + Ch I Taafy = mi ulls

) < O f o + OB | Taa s

hm s—s0
smum+o(;) CllF s

T

< (C+Cpz ) fllso-
Because p, > 1, it follows that (C'+ Cpg ) < Cps*°. Thus combining and

we obtain for h, small enough
1f = mIllo < Chi pg> 1 fllso- O

PROPOSITION . Let u be as in . Suppose that sg > d and s > d/2. Let ms,,

be the minimum norm interpolant for w. Then almost surely
(49) Imlls < Cnemsotiee

for all e > 0, where C' depends on s, 0y, € and the sample path. If & are Gaussian, then

it is only necessary to assume so > d/2 to obtain
(50) cn < HmSO,anO <Cn

almost surely for positive constants ¢ and C' that depend only on 6y and the sample path.

Proof. Let Ty, and Exq be the bounded restriction and extension operators from The-
orem . Let u, be a sequence of bandlimited function as in the proof of Proposition
such that u(z;) = Epu(x;) = uy(x;). Then

||un||HsO+(k—d)/2(Rk) < C||EMU||H30+(k—d)/2(Rk).

Theorem norm equivalence, the minimum norm property and the Bernstein in-

equality for bandlimited functions yield

1m0 lls < [Tt lls < Clltg|l grosoe-arzgry < C™* 2=ty | prognsz-a-e gy

< CqR ™ ullsp-aja—e-

This proves .
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To prove , let myg, , be the minimum norm interpolant from H;° equipped with

the norm ||-||g,. Since V(u(x)) = 02 Kp,(x), we can write
ST
Img0.all, = u(@) " Ko, ()" ulx) = 05€, Koy ()" Koy () K, Zé}m

where {€,} = {(€n1,...,&un)} forms a triangular array of independent chi-squared

random variables. By the strong law of large numbers,

1 n
~2 a.s.
~) G
i=1

which yields the claim for ||mg, ,||lg,- For any other kernel the claim then follows from

the minimum norm property and norm equivalence . 0

In the proof of Proposition it will be convenient to use the following equiva-
lent definition of Sobolev spaces on M. Let {(£2;,¢;)}", denote the atlas of normal
coordinates with subordinate partition of unity {¢;}. We define the Sobolev spaces

Hs (M) = Z i (f Hs (Rd) < OO}

Vif o (z) if x € ()

0 else.

(51) H*(M) = {f € Ly(M) ‘ I1£117

where

(52) mi(f)(x) =

As in Section we have identified T,M with R?. Tt follows from Triebel (1992,
Theorem 7.2.3) that this definition is independent of the choice of normal coordinates
and the partition of unity up to equivalent norms and it follows from Triebel (1992,
Theorem 7.4.5) that H*(M) is norm equivalent to Hj. Define balls in a bounded

Fuclidean domain M and on a manifold M as
Bi(x)={yeM]||z—yl<r} and BM(z)={yeM|du(z,y) <r}.
PROPOSITION [4.7] Let s > d/2.

(1) Suppose the family of norms {||-||s}s>as2 is such that || f||s < C|| flls for every f
whenever s < s'. Let ' be all points in x except x;. Then, for s < S, there is

a constant ¢ > 0, that only depends on S, such that

25—d
Juin Vi(zi|2) 2 cqz”™"
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(2) There exists a positive constant C, that only depends on s and M, such that

sup V,(ylz) < Ch2
yeM

Proof. We start by proving and follow the same strategy as in the proof of Propo-
sition 3.5 in |Karvonen (2023). We have
Vi(zilz™") = sup |f(a) —ml,(mi|z )P,
I1fll3es <1

where m/ , (-|£}) is the minimum norm interpolant based on the observations { f(x;)|j #
i}. The goal is to construct a function f such that || f|x < 1 and f(z;) = 0 for all
j # 1. In this case, it is clear that m{,(-|}") = 0 and so f(z;) — m{,, (z;|®}) = f(z;).
This is a well-known strategy and usually so-called bump functions are used. Our

construction here is due to Krieg and Sonnleitner| (2022, Section 2.2). Recall the atlas
{(Q4,¢5)}7L, and let {¢);}72, be a subordinate partition of unity. We now generate a
finite set of new atlasses based on geodesic coordinates that are particularly well suited

for our purposes. First, we construct a new covering of M via {(4€2;, ¢;)}, where
A0 ={x e M | dm(z,p;) < 4r}

and p; is the center of §2;, that is, 0 in local coordinates of (£2;, ¢;) and the ¢; are now to
be understood as inverses of the exponential maps on By,.(0). This is possible because
r < 19/32 and so the extensions are still diffeomorphisms and the radii of the 4€2; are
still less than 7 /8 as required by Chapter 7 in[Triebel (1992)). We construct new atlasses
Ay and partitions of unity ¥ in the following way. First, let I, = {j | 2; N 1.5Q; = 0}.
Then define the atlas Ay, = {(4S2), ¢;) }jer, U {(4€%, ¢x)}. Note that 4€ U U ;, 49
still covers M. Finally, define v as
he= Y1y
j<m, j&Jx

and Uy = {d)j}jeJk U ¢y. This is still a partition of unity such that supp Y C 48, and
supp ¥ C 4€, with the convenient property that by construction, ¢, = 1 on 1.5€).
Finally, it follows from Theorem 7.2.3 in [Triebel (1992) that each atlas A; together
with partition of unity ¥, generates a space that is norm equivalent to H*(M).

Now suppose g < /2. Then B*(x;) C 1.5 whenever z; € Q4 and x; ¢ B(x;)
for j # ¢. Lemma implies that

O (Bega (01(20)) = 0" ({y € du() | ly — dwli)|| < cga}) € By () € 1.5,
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Now, define f : M — R such that f(z) = 0if z ¢ Q and, for z € ¢, ' (),

exp | — it o = dr(@)] < cga,
fogi'(x) = e i

Cqx

0 else.

That is, flg, = g o ¢x for g : RY — R such that

exp | — 5 it [lr— ()] < cGa,
$—¢i($i)

Cqx

0 else.

Note that ¢y, f = f and Y;f =0 for j # k. Following the exact same steps as in the
proof of Proposition 3.5 in Karvonen| (2023), it follows that there exists a constant C'
such that

1S © &1 | s ey = |9l s may < Cq/*=%.

Thus, by norm equivalence, norm monotonicity and the fact that each atlas Ay yields
a norm equivalent space and there are only finitely many such atlasses, we have that
there exists an f such that f(z;) =1 and

1/2
1flls < Cllf sy = (ZHW s e ) = Cllmi(Nls@s = Cllallas@a

< Cq¥**,

where ﬂf is the analog of the function defined in based on A;, and V. The constant
s < 1 for all
s < S yields fi(x;) > Cqs 92 In the case gz > /2 we repeat the procedure with g,
replaced by r/2. From this it follows that

Vi(u(wi)a) = sup |f(z;) —ml,(z|2])?

[1fll3¢s <1
> fsc(xi)2
> min{C(r/2)*7¢, C¢25~*

C' depends on S and H?®. Appropriately rescaling f to fs. such that || fi|

as claimed.
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Next we prove (2)). It follows from Lemma 10 in [Fuselier and Wright| (2012) that, for
every f € Hj,

17 = lloe < CHE RIS = 1 les < OB f e

for h, small enough, see the comment below Proposition [£.5, Then

sup Vi(zla) = sup sup |f(z) —ml,(2)]* = sup |[f —ml, |5 < ORI fI3
zeM €M || fll3s <1 1 ll2s <1
S Chis_d

for h, small enough, where C' does not depend on f. Adjusting the constant C', the
bound holds for all n. OJ

A.3. Proofs for Restricted Kernels. Here we give proofs for some results in Sec-

tion E.4l

PROPOSITION [4.12,  Let K,(-,-) be as in Theoreml|4.11, Let H*(R*) be the RKHS of
K, and H* the RKHS of K,(-,-) = K(-, ) mxm- Let s < s If || fllae ey < Cllf Nl sy
for all f € H¥(R¥) and some C independent of s, then || f|ls < C||flls for all f € H?.

Proof. Lemma 4 in [Fuselier and Wright| (2012) shows that for f € H* there exists
an extension operator E such that ||f|ly = ||Ef]

#+' wry- Moreover, for every s the
restriction operator Ty has norm bounded by 1 as operator T : H*(R*) — H,. It
follows that f = T\ (FE f and so

1flls = ITmESlls < | Ef]

Proposition A.3. Set = r+(d+1)/2. Let k < &' and let H*(R¥) and H" (R*) be the
RKHS of ®, and ®, with norms ||-||. and ||-||«, respectively. Then H* (RF) C H*(R¥)
and

s @h) < ClE g @ey = ClIfls- O

1flle < A1 f]lw-
forall f € H,r.

Proof. By Theorem 10.12 in [Wendland| (2004]), for any integrable and continuous radial

basis function ® on R” the corresponding RKHS norm can be expressed via

11 = [ IF©rPaQIeD ™ ds

The generalized Wendland functions @, are such radial basis functions (Hubbert and
Jiger, 2023). This implies H, C H, It thus suffices to show that . (z) < D.(2)
whenever k£ < k/. Equation 3.17 in Hubbert and Jager| (2023)) provides a closed form
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for the Fourier transform of ®,. Set A = (d + 1)/2 + x and note that A > 1. Then

b () = 22 T(NT(A+ 1) e (A;gA; 3>\+1;_ (ﬁf) |

T(3)) 2 2

where 1 F; is the hypergeometric function (Abramowitz and Stegun|, 1964, Chapter 15).
Note that the fourth argument is negative. Display 15.3.1 in |Abramowitz and Stegun

(1964) shows that the hypergeometric function has the integral representation

3. 3\+1 28\ 2
F 9. .
12()\’2)\’ 2 <2>>

-ty |, a0 (o) ) Kt

(53)

Now consider
I(3/220+1/2) 2 T(AWI(A+1)
(54) I = T(3/2\)[(1/2)  T(3\)

and let 9(© be the digamma function, that is ¢©(2)I'(2) = I'(2) (Abramowitz and
Stegunl, (1964, Chapter 6). It is an easy consequence of display 6.4.1 in |/Abramowitz and

Stegun| (1964)) that 1/(®) is monotonically increasing. Straightforward calculation yields

V(A 3 3 1 3 3
’ ((A)) =240 (? + 5) +10g(2) + O () + O+ 1) = Zo) (§A) =30 (3.

Because ¥(\) > 0, the derivative 9 is negative if and only if the right hand side is
negative. Due to the monotonicity of of (), for A > 1/2 we have

3 3 1 5
(55) SO LN+ 2 ) +0ON+1) — Z9O(3)) < 0.

2 2 2 2
Moreover, for A = 1 we have by displays 6.3.2 and 6.3.5 in |Abramowitz and Stegun
(1964) that

—% (wm) @A) + w<°>(3A)> — 0 (§A> +1og(2) + v @ ()\) <.

Again by monotonicity, for all A > 1 we then have

(56) —% (W (;A) 4 ¢<°>(3A)) O @A) +log(2) + O () < 0.

Combining and yields 9'(\) < 0 for all A > 1.
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To see that the integral in (53)) is decreasing in A, note that, for t € (0, 1),

0 3o B2\ - (B2)*\ " [3 (82)*
AL ) =P L Zlog(t) —log (14t .
) T T  loglt) —log { 1+

Because 0 < t < 1, this implies that the non-negative function inside the integral

in (H3)) is pointwise (in t) decreasing in A, and thus the integral must be decreasing in
A. Combining and , we thus see that

®,.(z) = I\ /01 3211 —¢)71/2 (1 + t@yA dt

is the product of two decreasing functions in A. Because A is increasing in x, it follows

that @, is decrasing in x and thus for all z > 0 and for k < k" we have
D, (2) < D(2),

which proves the claim. O

A.4. An Asymptotic Normality Result. Here we formally state and proof an as-
ymptotic normality result from Section [4.5]

Proposition A.4. Letu be as in and assume that {&;} are i.i.d. standard Gaussian.

2

- and

Assume that the true smoothness parameter is known and fized at sg > d/2. Let &

Tn be the maximizers of the log-likelithood

1 1
(1, 0% u(x)) = —g log(27) — 5 log (det(c®Ky(x)) — Fu(w)TKg(a:)’lu(w),
o
where 6 = (so, T) and 7, is constrained to be in [r,, 7y| for some 1 < 7, < 1y < c0. Let

0, = (50,7n). If d < 3, then
Vn(62v(0,) — o2v(8,)) — N(0, 2080(6y)?).

Note that the restriction 7, > 1 is not really a restriction. We can always rescale the
underlying distances to obtain 7, > 1. The assumption d < 3 is due to the fact that
both 02 and 7y can be consistently estimated if d > 3 (Anderes, [2010)).

Proof. We have

u(z) " Ko, () 'u() 1 e
57 0 —1=— — 1) = N(0,2
( ) \/ﬁ 7’LO'(2) \/ﬁ;(gn,z ) N( ) )7
for example by an application of the Lindeberg—Feller theorem (Kallenberg), 2002, Theo-
rem 6.13). Now fix an arbitrary 7, and let 6; = (s, 71). Let furthermore ¢ be such that

otv(fr) = ogv(b) and let 67 ,, be the maximum likelihood estimator when using 7 = 7
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and s = s9. Because ofv(61) = ogv(bp), it suffices to show /n(67 _ /o7 —1) = N(0,2)
in order to show that /n(62 ,v(61) — ogv(fo)) — N(0,04v(6)?). Now

v (&;%n B 1) - % LL%U(fB)TKel(fB)_IU(m) - %U(m)TKgo(m)—lu(m)
u(z) " Koy (z) tu(x) .

+\/ﬁ{

Asymptotic normality of the final summand follows from (57). The choice of oy yields
equivalence of the measures N (0, o2v(6;)(m1 —A)*) and N (0, o3v(0g) (19— A)*). There-
fore the other summand tends to 0 by an application of Chebychev’s inequality as the

2

variances of

Ui%u@fmw)lu(w) - %u(wﬂf@o(m)lu(w)

are uniformly bounded; see for example Theorem 1 combined with display (2.9) in Ibrag-
imov and Rozanov| (1978)). This yields the claim for arbitrary 7, and in particu-
lar for 7, and 7y. Let 0, = (so,71) and 0y = (so,7y). Now, by construction
7, is a bounded sequence in [r7,7y| and so the claim follows if we can show that

G, nV(01) < 62, 00(Tn) < 07, n0(0y). For this purpose let 71 < 75. Then
n[52 0(02) — 82, 0(0)] = u(@)” [o(0) K5 (@) — v(0) K5 (@)] u().

Thus it suffices to show that v(62) K, ' () — v(61) Ky, (2) is positive semi-definite. We

have

KG (CC) S — T - _ T K@ (a:)

2 = Ty + )\Z 5061‘ Z)e;(x j T +>\1 Soei xT)e;\x = : s
where for two matrices A, B we write A < B if B — A is positive semi-definite. This
yields the claim as A = B <= A~! < B~! for positive definite matrices A, B. O

APPENDIX B. INFINITE PRODUCT MEASURES AND KAKUTANI’S THEOREM

In this section, we essentially repeat the content of Section 5 in [Kakutani (1948) in
order to state Kakutani’s theorem and then provide some additional results pertaining
to the setting of the present paper.

Let {(€, Fi,P;)} be a sequence of measure spaces. Define Q2 to be the set of

sequences

0 = {{wi}ig) | wi € i}
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A subset R of Q% is called rectangular if it is of the form
i=(1s) < (11 2)
i=1 i=n+1
with B; € F;, where the products [ and x are the Cartesian products. An elementary
set is a subset of Q2 that is the finite, disjoint union of rectangular sets. The family of
elementary sets is a field (Kakutani, 1948, p. 217). Let F* be the smallest o-algebra

containing all elementary sets. To define the infinite product measure P := >, P;,

for a rectangular set R and an elementary set £ = (J;_, R; we set
P(R)=]][Pi(B) and P(E)=> P(R).
' i=1

The measure P is then the extension (Kakutani, 1948, p. 217) of P to F*. Clearly, Q>
is a rectangular set and thus if the IP; are probability measures, then so is P.
To state Kakutani’s theorem, consider the two infinite direct product measure spaces

(Q>°, F>°,P;) and (2, F>,Py) constructed from the sequences of measures spaces

{(, F;,Py1,)} and {(, F;,Po;)}. Recall that the Hellinger distance is defined as

[dP;,; [dPy;
Pi;,Py;) = : ~d\.
p( 1,y 2,7,) /Ql d)\ d)\ >\

Theorem B.1 (Kakutani’s theorem from Kakutani, (1948). Assume that the measures

Py, and Py; are equivalent for all i. Then the infinite product measures Py and Py are

either equivalent or orthogonal. They are orthogonal if and only if

Hp(]P’LZ-,]PQJ) =0 or equivalently Z —log [p(Py;,Py,)] < o0.
i=1 i=1

Moreover,
p(Pr, Po) = [ ] p(Prs, Pay).
i=1

Next, we consider the special case where Q; = R, and F; = B(R). Let Iy denote the
set of square-summable sequences and ||-||; the corresponding norm. Then [, C R™.
By definition of F*°, a  ||a||? is the countable sum of positive, measurable functions
and thus measurable on (R*, F*°), see Lemmas 1.10 and 1.13 in Kallenberg (2002)).
Thus Iy = (|||ls) ([0, 00)) is measurable.

Proposition B.2. Let B(ly) denote the o-algebra generated by the open sets with respect
to the norm topology. Then B(ly) = F>*|, = {ANly | A€ F>*}.
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Proof. To show B(ly) C F*|,,, reasoning as above, we note that for b € Iy, the function
g(a) = |la — b5 is measurable and Bs(b) = g~*(]0,0)), where B;(b) is the ball of radius
0 around b € l5. The claim now follows from separability of l,. For the converse, note
that the sets I N ((a;, b;) x [[;;€2;) generate F7°°;, and are open in lp. O

Next, let
u=o+/v(0) Z(T + X)) e,
i=1

where {{;} are i.i.d. random variables with finite second moment, and let P, 4 be as in
Section [l

Proposition B.3. For any B € B(Ly(M)) we have
P(u € B) =P, 4(«(B)).

Proof. Because ¢! is an isomorphism, «(B) is measurable. By definition, P(u € B) =

P(a € «(B)). Let R=[];_, Bi x [[;=,.1 R be a rectangular set. Then

P(ue R)=P (ﬂ {a\/v(Q)(T + )% € Bz}) = HPUAi(G)(Bi) =P,p(R).

From this the claim follows for elementary sets. By definition they generate F>° and

so by the uniqueness of the extension
P(a e A) =P, 9(A)

for any measurable set A, in particular for A = «(B) where B € B(Ly(M)). O
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