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GLOBAL RIGIDITY FOR SOME PARTIALLY HYPERBOLIC

ABELIAN ACTIONS WITH 1-DIMENSIONAL CENTER

SVEN SANDFELDT

Abstract. We obtain a global rigidity result for abelian partially hyperbolic

higher rank actions on certain 2−step nilmanifolds XΓ. We show that, under

certain natural assumptions, all such actions are C∞−conjugated to an affine

model. As a consequence, we obtain a centralizer rigidity result, classifying

all possible centralizers for any C1−small perturbation of an irreducible, affine

partially hyperbolic map on XΓ. Along the way, we also prove two results of

independent interest. We describe fibered partially hyperbolic diffeomorphisms

on XΓ and we show that topological conjugacies between partially hyperbolic

actions and higher rank affine actions are C∞.

1. Introduction

Rigidity of Zk−actions on tori (and nilmanifolds) with some hyperbolicity have

been studied extensively. The general philosophy is: large abelian actions with

some hyperbolicity should be globally rigid, i.e. smoothly conjugated to algebraic

models. A big breakthrough result in this direction was obtained by Katok and

Spatzier [43] where they prove that all perturbations of certain algebraic Anosov

actions are smoothly conjugated back to the corresponding algebraic models.

There they also outline a rigidity program for abelian actions with hyperbol-

icity. Since the paper by Katok and Spatzier, a lot of results have been obtained

for large abelian actions close to some algebraic model with some hyperbolicity

[16, 18, 14, 59, 60, 64, 65, 63, 23, 12]. Even earlier than the result by Katok and

Spatzier, Katok and Lewis [42] proved a global rigidity statement for Anosov ac-

tion on tori. In [42], the authors show that a certain class of Anosov Zd−actions

on the torus Td+1 is, necessarily, smoothly conjugated to an algebraic model,

even though the action might not be close to the algebraic model. A crucial

assumption in [42] is that the Zd−action contains many Anosov elements. The

property of having many Anosov elements was removed by F. Rodriguez Hertz

in [50], where Rodriguez Hertz only assumes that the action contains one Anosov

element. Nilmanifolds are natural generalizations of tori. There has been a lot

of work studying global rigidity of higher rank1 Anosov actions on nilmanifolds
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since the paper by Katok and Lewis [37, 38, 39, 25]. The culmination of these

works is the result by F. Rodriguez Hertz, Z. Wang and Fisher, Kalinin, Spatzier

[52, 26] proving that abelian higher rank Anosov actions on (infra-)nilmanifolds

are smoothly conjugated to algebraic models, completely resolving the question of

global rigidity of abelian higher rank Anosov actions on these manifolds. Relaxing

the Anosov assumption leads to the question:

When are partially hyperbolic Zk−actions on nilmanifolds globally rigid?

These actions have been remarkably resistant. Even local rigidity for algebraic

partially hyperbolic actions on (non-toral) nilmanifolds has been open for a long

time, until recent advances by Z. J. Wang [63]. In this paper, we produce an

initial result towards answering the global rigidity question.

In Theorem A we prove the first global rigidity result for higher rank abelian

actions on nilmanifolds with one partially hyperbolic element.

The questions of local and global rigidity of higher rank actions can also be stud-

ied for different types of actions, either dropping the assumption that the action

is abelian, or dropping the assumption that the action should have some hyper-

bolicity. Local rigidity has been obtained for large abelian parabolic actions, with

no hyperbolicity [17, 15, 62, 13]. Removing the assumption that the action should

be abelian, we can study the actions of higher rank lattices in semi-simple Lie

groups, see for example [24] and the references therein. In fact, the rigidity result

for Abelian actions in [42] was used to obtain local rigidity of SL(n,Z)−action

on tori. Considering rigidity of Anosov lattice actions on nilmanifolds, there are

also global results, see for example [10]. A key point in [10] is that any conjugacy

between the hyperbolic lattice action and the algebraic model also conjugates the

action of a large abelian subgroup to some algebraic abelian action. So, the results

of [52, 26] can be applied to improve the regularity of the conjugacy. Considering

the main results of this paper, see Theorem A, a natural question is:

Are partially hyperbolic higher rank lattice actions on Heisenberg nilmanifolds

globally rigid?

1.1. Global rigidity of partially hyperbolic actions. Let G be a simply

connected ℓ−step nilpotent Lie group. That is, the lower central series G(1) = G,

G(j+1) = [G,G(j)], terminate at ℓ, G(ℓ) = e. Given a lattice Γ ≤ G we define the

associated compact nilmanifold as the quotient XΓ = Γ\G. Compact nilmanifolds

have associated groups of automorphisms and affine maps

Aut(XΓ) = {L ∈ Aut(G) : LΓ = Γ},(1.1)

Aff(XΓ) = {f0(x) = L(x)g−1 : L ∈ Aut(XΓ), g ∈ G}.(1.2)
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By automorphism rigidity of nilpotent lattices [48] we can, equivalently, define

Aut(XΓ) = Aut(Γ) = Aut(π1XΓ). An automorphism ρ : Zk → Aut(XΓ) is said to

have a rank−1 factor if there is some quotient X̂Γ of XΓ such that ρ descends to

X̂Γ and the induced map ρ̂ : Zk → Aut(X̂Γ) factor through a map Z → Aut(X̂Γ).

A homomorphism ρ : Zk → Aut(XΓ) is higher rank if it has no rank−1 factor.

More generally, given a smooth action α : Zk × XΓ → XΓ we have an induced

map α∗ : Z
k → Aut(π1XΓ). We say that α is higher rank if the induced map α∗

is higher rank.

A diffeomorphism f : XΓ → XΓ is partially hyperbolic if there is a Df−invariant

splitting TXΓ = Es ⊕ Ec ⊕ Eu such that Es is exponentially contracted, Eu is

exponentially expanded and the behaviour alongEc is dominated by the behaviour

of Df along Es and Eu (for a precise definition, see Section 2.1). If the center

bundle Ec is the trivial bundle then f is Anosov. The main result of this paper

is an extension of the results of [52] to certain nilmanifolds by weakening the

assumption that α is Anosov. Instead, we assume that the action α contains a

partially hyperbolic element.

Theorem A. Let G be a 2−step nilpotent Lie group with dim[G,G] = 1, Γ ≤ G

a lattice and XΓ = Γ \ G the associated nilmanifold. Let α : Zk ×XΓ → XΓ be a

smooth higher rank action with n0 ∈ Zk such that f = αn0 is partially hyperbolic

and satisfying

(i) f has 1−dimensional center,

(ii) the stable and unstable foliations W s, W u are quasi-isometric in the uni-

versal cover.

Then α is C∞−conjugated to some affine action α0 : Z
k → Aff(XΓ).

Remark 1. With G as in Theorem A the groupG can be written asG = Hn×Rm,

n 6= 0, where Hn is a Heisenberg group. The nilmanifold XΓ is also a product of

a Heisenberg nilmanifold and a torus. On these manifolds there exists no Anosov

actions since the derived subgroup, [G,G], is isometric for any automorphism.

So Theorem A is the only global rigidity result on these manifolds, since [52, 26]

do not apply. In fact, to the author’s knowledge, Theorem A is the first global

rigidity result for abelian actions assuming only one partially hyperbolic element.

Remark 2. In principle the proof of Theorem A should work for ℓ−step G with

ℓ > 2 as long as dimG(ℓ) = 1. In this case the quasi-isometric assumption,

assumption (ii), would have to be changed. This is a work in progress.

Remark 3. If α is topologically conjugated to some affine action, then the meth-

ods from [52] generalize to partially hyperbolic systems, see Theorem 1.2. So, the

main novelty of Theorem A is that we produce a topological conjugacy from α to

an affine action α0.
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1.2. Applications to centralizer classification and centralizer rigidity.

Given a diffeomorphism f : M → M on a closed manifold we define its smooth

centralizer as the group of diffeomorphisms that commute with f . That is, we

define

Z∞(f) = {g ∈ Diff∞(M) : fg = gf}.(1.3)

We are interested in two questions about the group Z∞(f):

(i) What are possible groups that arise as Z∞(f) for some f ∈ Diff∞(M)?

(ii) If Z∞(f) is large (compared to the conjecturally generic size Z, [56, 57])

what can be said about f?

In this level of generality, questions (i) and (ii) are difficult (or possibly im-

possible) to answer. Instead, we fix f0 ∈ Aff(XΓ) for some XΓ = Γ \ G, and

consider question (i) and (ii) for those f ∈ Diff∞(XΓ) that are C1−close to f0.

We call (i) the question of local centralizer classification and (ii) the question of

local centralizer rigidity around f0. These questions were raised and addressed by

Damjanović, Wilkinson and Xu in [20] where the authors study perturbations of

time−t0 map of geodesic flows on negatively curved manifolds and trivial circle

extensions of hyperbolic automorphisms. In [5] the authors study local central-

izer rigidity of time−1 maps of Anosov flows on 3−manifolds, generalizing results

from [20] in the context of 3−manifolds. Another generalization of results from

[20] was obtained by W. Wang in [66], where semi-simple Lie groups of higher

rank were studied instead of rank−1 simple groups. For ergodic toral automor-

phisms, Gan, Xu, Shi and Zhang studied partially hyperbolic diffeomorphisms on

T3 homotopic to an hyperbolic automorphism [28]. In [54] the author studies lo-

cal centralizer classification and rigidity for some partially hyperbolic, irreducible2

toral automorphisms.

If f is partially hyperbolic with (uniquely integrable) center foliation W c, then

we obtain a normal subgroup Z∞
c (f) ⊂ Z∞(f), the center fixing centralizer :

Z∞
c (f) := {g ∈ Diff∞(XΓ) : gx ∈ W c(x), x ∈ XΓ}.(1.4)

From [21, Theorem 5], if Z∞
c (f) is sufficiently big and f is fibered (see [21, Defi-

nition 1]) then f is smoothly conjugated to an isometric extension of an Anosov

map. Combining this with Theorem A we completely classify the centralizers of

diffeomorphisms C1−close to affine partially hyperbolic maps.

2An automorphism A ∈ GL(d,Z) is irreducible if the characteristic polynomial pA(t) is

irreducible in Q[t].
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Let G be the (d+ 1)−dimensional Heisenberg group and XΓ = Γ \ G a compact

Heisenberg nilmanifold. We have a natural fibration

π : XΓ → Td(1.5)

such that any affine map on XΓ descends to an affine map on Td. From the group

relations in G, any automorphism L ∈ Aut(XΓ) induce an element of Sp(d,Z)

on Td. Any L ∈ Sp(d,Z) also define an element of Aut(XΓ), see Section 2.2.

Given f0 ∈ Aff(XΓ) we denote by Lsu ∈ Sp(d,Z) the induced automorphism on

Td. Before stating the theorem we define for any f0 ∈ Aff(XΓ), with irreducible,

hyperbolic induced map on the base Lsu ∈ Sp(d,Z), the natural number

r0(f0) = rank

(
Z∞(f0)

Z∞
c (f0)

)
= rank

(
ZSp(d,Z)(Lsu)

)
.(1.6)

The number r0(f0) is calculated explicitly in Lemma A.3, if d ≥ 6 then r0(f0) > 1.

Theorem B. Let XΓ be a compact Heisenberg nilmanifold and let f0 ∈ Aff(XΓ)

be partially hyperbolic with 1−dimensional center and Lsu irreducible. If f ∈
Diff∞(XΓ) is C1−close to f0 then one of the following holds

(i) either Z∞(f) is virtually trivial,

(ii) or Z∞(f) is virtually Z× T in which case f is an isometric extension of

some Anosov diffeomorphism on Td,

(iii) or Z∞(f) is virtually Zr0 × T and if r0 > 1 then f is C∞−conjugate to

some (possibly different) affine map f̃0 ∈ Aff(XΓ).

Remark 4. All cases (i), (ii) and (iii) occur, so Theorem B completely classifies

the centralizer of f ∈ Diff∞(XΓ) close to a partially hyperbolic f0 ∈ Aff(XΓ). Case

(i) holds generically [6]. Case (ii) can be produced by fixing some irreducible,

hyperbolic L ∈ Sp(d,Z) and defining f on G ∼= Rd×R by f(x, t) = (Lx, t+β(x))

where the second coordinate is identified with [G,G] ∼= R and β : Td → R is a

cocycle over L that is not cohomologous to a constant. The last case holds when

f is C∞−conjugate to some affine f̃0, so in particular when we take the trivial

perturbation f = f0.

Remark 5. Similar results as Theorem B have been obtained independently by

Damjanović, Wilkinson and Xu using different methods with additional assump-

tions [19].

1.3. Partially hyperbolic maps on nilmanifolds. When proving Theorems

A and B, we use a description of partially hyperbolic diffeomorphisms on the

nilmanifolds considered in Theorem A. The main property that we show is that,

under the assumptions of Theorem A, the system f is fibered in the terminology

of [4]:
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Theorem 1.1. Let G = Hn × Rm (where we allow n = 0), Γ ≤ G a lattice with

associated nilmanifold XΓ = Γ \G. Let f ∈ Diff∞(XΓ) be partially hyperbolic and

satisfy (i), (ii) from Theorem A. If G is abelian we assume, in addition, that the

induced map f∗ : H1(XΓ) → H1(XΓ) has at least one rational eigenvalue. The

following holds

(i) f is dynamically coherent with global product structure,

(ii) all foliations W σ, σ = s, c, u, cs, cu, are uniquely integrable,

(iii) the center foliation W c have compact oriented circle leaves,

(iv) f is fibered over some hyperbolic Lsu ∈ GL(d,Z) in the sense that there

is some Hölder Φ : XΓ → Td such that Φ(fx) = LsuΦ(x), W c(x) =

Φ−1(Φ(x)) and Φ is homotopic to the projection π : XΓ → Td,

(v) there is a finite index subgroup Z∞
fix(f) ≤ Z∞(f) such that if g ∈ Z∞

fix(f)

we have Φ(gx) = BΦ(x) where B ∈ GL(d,Z) is defined by BΦ∗ = Φ∗g∗,

B is the induced map on homology if G is non-abelian,

moreover, if G is not abelian then

(vi) f is accessible.

Remark 6. The assumption that f∗ has at least one rational eigenvalue is to

remove derived-from-Anosov examples since these examples are not fibered.

Remark 7. Properties (i) and (ii) follow from [7].

Remark 8. This Theorem is similar to the classification of partially hyperbolic

diffeomorphisms on 3−dimensional manifolds by Hammerlindl and Hammerlindl-

Potrie [33, 32, 34]. In fact, in dimension 3, using [8], Theorem 1.1 essentially

reduces to the main results of [33, 32] (in [32] we must make the extra assumption

that the linearization L ∈ GL(3,Z) has at least one rational eigenvalue).

1.4. Improved regularity of topological conjugacies between higher rank

actions. The conjugacy in Theorems A and B, case (iii), is produced in two

steps. First, we construct a topological conjugacy and second we show that the

topological conjugacy is C∞. The second step is the content of the following

theorem, that may be of independent interest.

Theorem 1.2. Let XΓ be a nilmanifold and α0 : Zk → Aff(XΓ) a homomor-

phism. Suppose that α0 is higher rank. If α : Zk → Diff∞(XΓ) is bi-Hölder

conjugate to α0 by H : XΓ → XΓ and there is some n0 ∈ Zk such that f = αn0 is

partially hyperbolic and accessible with center dim(Ec) = dim(Ec
α
n0
0
), then H is a

C∞−diffeomorphism.
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Theorem 1.2 is a generalization of the global rigidity result by F. Rodriguez Hertz

and Z. Wang [52] to some higher rank partially hyperbolic actions. In fact, large

parts of the results in [52] generalize immediately to partially hyperbolic actions.

One exception is that Rodriguez Hertz and Wang use a characterization of Anosov

diffeomorphisms due to Mañé [45], to show that many elements of the action are

Anosov. This characterization can not be applied in the partially hyperbolic

setting. We also change some technical aspects of the proof, removing the use of

Pesin theory.

1.5. Description of proofs. Let G and α : Zk ×XΓ → XΓ be as in Theorem A

and f = αn0 the partially hyperbolic element. By considering the Lie algebra of

G, g, it is immediate that G takes the form G = Hn × Rm, n 6= 0, where Hn is

the (2n+1)−dimensional Heisenberg group (for n = 0 we will consider Hn as the

trivial group 1). Moreover, under the assumptions of Theorem B G has to be a

Heisenberg group Hn for some n (this follows since any lattice Γ in Hn × Rm is,

virtually, a product lattice so irreducibility of (f0)∗ guarantee that either n = 0

or m = 0). The proof of Theorem A is divided into three steps, first we show

that any f as in Theorem A is fibered, then we show that any action α as in

A is topologically conjugated to some affine model and finally we show that the

topological conjugacy can be improved to a smooth conjugacy.

1.5.1. Step 1. The first part of the proof of Theorem A is to show that any element

f as in the theorem has to fiber over a hyperbolic automorphism of the torus and

that f is accessible. Both of these properties are contents of Theorem 1.1. First,

we obtain a map Φ on G, which is a contender for being the map in Theorem 1.1,

this is done as in [27]. Second, we show that Φ is injective on the lifted stable

and unstable leaves Ŵ σ, σ = s, u. By invariance of domain, this implies that the

stable and unstable distributions of f satisfy dim(Eσ) ≤ dim(Eσ
0 ), where E

σ
0 is the

corresponding distribution for the linearization L of f . Since f has center Ec of

dimension 1 by assumption we conclude that dim(Eσ) = dim(Eσ
0 ) for σ = s, c, u.

This shows, see Lemma 3.1, that Φ descends to a map Φ : XΓ → Td. Showing

that Φ gives a fiber bundle structure as in Theorem 1.1 is then similar to [7].

Proving accessibility uses a topological argument. Since XΓ does not have a

virtually abelian fundamental group, and since the kernel of the induced map

Φ∗ = π∗ : π1XΓ = Γ → Zd(1.7)

is the center of Γ, there can not exist a connected compact set K ⊂ XΓ such that

Φ : XΓ → Td is a finite covering map. This implies, in particular, that f can not

have a compact su−leaf. So, the proof of accessibility reduces to proving that if

f has a non-open accessibility class, then there is a compact su−leaf. Obtaining

a compact su−leaf is done by studying the holonomies between center leaves in
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the universal cover induced by the fundamental group, as in [49, map Tn defined

on page 71]. If Kx ⊂ G ∩ Ŵ c(x) is the closed set such that y ∈ Kx does not have

open accessibility class, then there is an action of Γ on Kx defined by mapping y

to the unique intersection between the accessibility class of γy and Kx. We show

that the induced Γ−action on the image of Kx in Ŵ c(x)/[Γ,Γ] has a fixed point

if Kx is non-empty. This fixed point corresponds to a compact su−leaf, which

gives a contradiction so Kx must be empty.

1.5.2. Step 2. The remainder of the proof of Theorem A follows an idea by

Spatzier and Vinhage [58]: instead of producing the conjugacy directly, we pro-

duce a homogeneous structure onXΓ that is compatible with α. The homogeneous

structure on XΓ is obtained as the action of a certain quotient of the su-path group

(see Section 4). We use the map Φ to define the su-path group, P, and a natural

action of P on XΓ. The most technical part of the paper is the following theorem

from Section 6.

Theorem 1.3. There is a unique α−invariant measure µ such that Φ∗µ = vol,

moreover λc
µ = 0.

Using Theorem 1.3 we show that there is a normal subgroup, N , of P such

that N = P/N is a Nilpotent Lie group that act transitively and freely on G.

Moreover, the action of N is constructed such that α is compatible with the

N−action in the sense that the joint action of N ⋊ Zk is through a semi-direct

product. We then use the N−action to produce coordinates on XΓ, in which f

is affine. These coordinates gives a bi-Hölder conjugacy H from α to some affine

action α0.

1.5.3. Step 3. We finish the proof of Theorem A by proving Theorem 1.2, improv-

ing the regularity of H from bi-Hölder to C∞. The proof is similar to the proof

in [52]. We begin the proof by using results from Wilkinson [67] to show that

the conjugacy H is smooth along the center W c. The proof of Theorem 1.2 then

follows [52] to show that the component of the conjugacy along some coarse expo-

nent [χ] defining a chamber wall for the chamber that contains n0 (see Section 2.2)

is smooth. That is, we show that the [χ]−component of the bi-Hölder conjugacy

H restricted to W s(x) and normalized by x 7→ e, denoted H
[χ]
x : W s(x) → G[χ]

where G[χ] is the coarse group with Lie algebra E
[χ]
0 , is uniformly C∞. Once we

know that H
[χ]
x is smooth, we study the map

P : Grℓ(Es) → R, P (x, V ) = det
(
DxH

[χ]
x |V

)
(1.8)

where ℓ = dim(E
[χ]
0 ) and the determinant is calculated with respect to some

background Riemannian metric. The main observation is that P (x, V ) can not
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vanish for all V ∈ Grℓx(E
s) for any x ∈ XΓ (see Lemma 8.7). This shows that H

[χ]
x

is a submersion for every x, so its fibers form a C∞−foliation within W s, denoted

W ss. Finally, we construct a α−invariant distribution E[χ] transverse to the

distribution Ess = TW ss by using a graph transform argument. Existence of the

distributions E[χ] and Ess allows us to produce new partially hyperbolic elements

of the action α in a Weyl chamber adjacent to the Weyl chamber containing

the first partially hyperbolic element, n0. By induction we produce a partially

hyperbolic element in every Weyl chamber. Using that α contains many partially

hyperbolic elements, H
[χ]
x is uniformly C∞ for every coarse exponent [χ]. It follows

that H is uniformly C∞ along W s and W u. Since H is uniformly C∞ along W s,

W u and W c we can apply Journé’s lemma twice to show that H is C∞.

Theorem B follows from Theorem A and results from [21].

1.6. Outline of paper. In Section 2 we go through some of the background

results, and basic definitions from partially hyperbolic dynamics and higher rank

actions on nilmanifolds. In Section 3 we prove Theorem 1.1. In Section 4 we

introduce the su−path group, one of the main objects in this paper, and show

some of its basic properties. In Section 5 we recall the suspension construction

of an abelian action and use it, combined with results from [3], to derive an

invariance principle for higher rank actions on nilmanifolds. Section 6 is the most

technical part of the paper, here we prove Theorem 1.3. In Section 7 we prove

that the action α in Theorem A is topologically conjugated to some affine action.

In Section 8 we prove Theorem 1.2, showing that the topological conjugacy is

C∞. Finally, in Section 9 we complete the proofs of Theorems A and B. We also

include an appendix, Appendix A, proving some basic properties of higher rank,

abelian algebraic actions on nilmanifolds.

1.7. Acknowledgements. The author thanks Danijela Damjanović, Homin Lee,

Kurt Vinhage, Amie Wilkinson and Disheng Xu for useful discussion.

2. Background and definitions

2.1. Partially hyperbolic diffeomorphisms. Let M be a smooth closed man-

ifold and f ∈ Diff∞(M) a diffeomorphism. We fix a smooth metric g on M

inducing a norm ‖·‖. We say that f is (absolutely) partially hyperbolic if there is

a continuous Df−invariant splitting

TxM = Es(x)⊕Ec(x)⊕Eu(x)(2.1)
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and constants ν, γ, γ̂, ν̂ ∈ (0, 1), n0 ∈ N such that for n ≥ n0

‖Dfn|Es‖ ≤ νn < γn ≤
∥∥(Dfn)−1 |Ec

∥∥−1
,(2.2)

‖Dfn|Ec‖ ≤ γ̂−n < ν̂−n ≤
∥∥(Dfn|Eu)−1

∥∥−1
.(2.3)

If we can choose the constants such that

ν < γγ̂r, ν̂ < γrγ̂(2.4)

then we say that f is r−bunching. The distributions Es, Ec and Eu are the stable,

center and unstable distributions respectively.

Let f ∈ Diff∞(M) be partially hyperbolic. The stable and unstable distributions

are always uniquely integrable to foliationsW s andW u with uniformly C∞ leaves,

but the center distribution may fail to be integrable. A sufficient condition for Ec

being integrable is dynamical coherence. We say that f is dynamically coherent if

Ecs = Ec⊕Es and Ecu = Ec⊕Eu are both integrable to foliations W cs and W cu.

In this case we obtain a foliation tangent to Ec by intersecting W c = W cs ∩W cu.

We will denote the distance between two points p, q ∈ W σ(x), σ = s, c, u, cs, cu, in

the leaf metric by dσ(p, q). Denote the ball about x of radius ε in dσ by W σ
ε (x). If

f is r−bunching and dynamically coherent thenW cs, W cu andW c have uniformly

Cr leaves [35] (or [20, Theorem 7]).

Let M̂ be the universal cover of M . We lift f : M → M to a diffeomorphism

F : M̂ → M̂ . Any foliation F on M naturally lifts to a foliation F̂ of M̂ . In

particular, if f : M → M is partially hyperbolic (and dynamically coherent) then

we can lift all foliations W σ, σ = s, c, u, cs, cu, to foliations Ŵ σ on M̂ . Similarly

one lifts the distributions Eσ on M to distributions on M̂ , also denoted Eσ.

Definition 2.1. We say that a continuous foliation with C1−leaves F of M have

quasi isometric leaves in the universal cover if there is a constant Q ≥ 1 such that

d(x, y) ≤ dF(x, y) ≤ Qd(x, y), x, y ∈ F̂(p)(2.5)

where dF is the metric along F .

Remark 9. The inequality d(x, y) ≤ dF (x, y) is immediate since any path con-

necting x and y along F̂(p) also connect x and y in M̂ .

Remark 10. We could have asked dF(x, y) ≤ Ad(x, y) +B in the definition, but

this is equivalent to Definition 2.1 since dF and d are comparable in small balls

in F if F have uniformly C1−leaves.

Assume now that f : M → M is dynamically coherent. Since Es is uniformly

transverse to Ecu, W s and W cu have a local product structure. Similarly, W c and

W u subfoliate W cu and Ec is transverse to Eu, so the foliations W c and W u have

a local product structure in W cu.
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Definition 2.2. We say that f have global product structure [31] if

#Ŵ cs(x) ∩ Ŵ u(y) = 1, x, y ∈ M̂,(2.6)

#Ŵ s(x) ∩ Ŵ cu(y) = 1, x, y ∈ M̂,(2.7)

#Ŵ s(x) ∩ Ŵ c(y) = 1, x, y ∈ Ŵ cs(p),(2.8)

#Ŵ c(x) ∩ Ŵ u(y) = 1, x, y ∈ Ŵ cu(p).(2.9)

When f has global product structure we define global holonomy maps in the

universal cover M̂ . Given x ∈ M̂ and y ∈ Ŵ u(x) we define

πu
x,y : Ŵ

cs(x) → Ŵ cs(y), {πu
x,y(z)} = Ŵ u(z) ∩ Ŵ cs(y).(2.10)

Since Ŵ u and Ŵ c subfoliate Ŵ cu the holonomy maps πu
x,y restricts to maps

W u(q)

W c(x) W c(y)

W u(p)

W u(r)

p

q

r

πu

x,y
(p)

πu

x,y
(r)

πu

x,y
(q)

Figure 1. Unstable holonomy between W c(x) and W c(y), y ∈ W u(x).

πu
x,y : Ŵ c(x) → Ŵ c(y). The holonomy maps πu

x,y descend to holonomy maps

between center leaves on M , Figure 1. Similarly we define stable holonomies

πs
x,y : W c(x) → W c(y) when y ∈ W s(x). When we consider holonomies between

center leaves then the holonomy maps are C1+α [9]. If f is r−bunching then the

holonomies πσ
x,y : W

c(x) → W c(y), σ = s, u, are Cr [47].

We say that a path γ : [0, 1] → M is an su−path if [0, 1] has a subdivision

0 = t0 < t1 < ... < tN−1 < tN = 1 such that Im
(
γ|[tj ,tj+1]

)
is entirely contained in

either an W s−leaf or a W u−leaf. If any two points x, y ∈ M are connected by an

su−path, then we say that f is accessible. A set E ⊂ M is σ−saturated, σ = s, u,

if x ∈ E implies W σ(x) ⊂ E, and su−saturated if it is s and u−saturated.

Equivalently f is accessible if the only su−saturated sets are M and ∅. For
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x ∈ M (or M̂) we define the accessibility class of x

AC(x) = {y ∈ M : there is an su− path connecting x and y}.(2.11)

We define a closed set Λ(f) by x ∈ Λ(f) if AC(x) is not open. That is

Λ(f) =


 ⋃

AC(x) is open

AC(x)




c

=
⋂

AC(x) is open

AC(x)c(2.12)

If f has 1−dimensional center direction, then Λ(f) is laminated by accessibil-

ity classes [51, Proposition A.3]. In particular, if f has 1−dimensional center

and Λ(f) = M then Es ⊕ Eu is jointly integrable to some continuous foliation

W su with smooth leaves (in fact, the foliation W su will be a Cr−foliation if f is

r−bunching). In the other extreme, f is accessible if and only if Λ(f) = ∅ and in

this case f has a unique accessibility class.

2.2. Nilmanifolds and higher rank actions. Let G be a (simply connected)

Lie group with Lie algebra g. We define the lower central series of g inductively

as

g
(0) = g, g

(j+1) = [g(j), g].(2.13)

If there is ℓ such that g(ℓ) = 0 then we say that g is nilpotent, and the minimal

ℓ satisfying g
(ℓ) = 0 is the step of g. We say that G is a ℓ−step nilpotent Lie

group if g is ℓ−step nilpotent. Given a discrete subgroup Γ ≤ G, we say that Γ

is a lattice if the quotient space Γ \G carries a Haar measure µΓ (which it always

does for nilpotent groups, [11, Theorem 1.2.10]), and with respect to this measure

µΓ(Γ\G) < ∞. Equivalently, for nilpotent groups [11, Corollary 5.4.6], a discrete

subgroup Γ ≤ G is a lattice if the quotient Γ \G is compact.

If G is simply connected, nilpotent and Γ ≤ G is a lattice, then we define the

associated compact nilmanifold by

XΓ = Γ \G.(2.14)

Denote by µΓ the normalized Haar measure on XΓ. We write

pΓ : G → XΓ(2.15)

for the natural projection map. If G is ℓ−step then we obtain a natural sequence

of (normal) subgroups

G = G(0) DG(1) D ...DG(ℓ−1) DG(ℓ) = e, G(j) = exp
(
g
(j)
)
.(2.16)

The intersection Γ(j) = G(j) ∩ Γ defines a lattice in G(j), see [11, Theorem 5.2.3].

For each 0 ≤ j ≤ ℓ, we define

X
(j)
Γ = XΓ/G

(j), π(j) : XΓ → X
(j)
Γ(2.17)
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where X
(j)
Γ is a compact nilmanifold and π(j) : XΓ → X

(j)
Γ is a fiber bundle. In

particular, if G is 2−step then we get one (non-trivial) projection map π(1) : XΓ →
X

(1)
Γ . Since G(1) = [G,G], G/G(1) = G/[G,G] is abelian. So X

(1)
Γ is a torus. In

the case of 2−step nilpotent nilmanifolds, we will write

π : XΓ → Td(2.18)

for the projection. The fibers of π are G(1)/Γ(1) which, since G(2) = e, is also a

torus. So π : XΓ → Td is a fiber bundle with base and fibers both tori, but XΓ is

not a torus (if G is 2−step).

We define the automorphism and affine group of XΓ by

Aut(XΓ) = {L ∈ Aut(G) : LΓ = Γ},(2.19)

Aff(XΓ) = {f0(x) = L(x)g−1 : L ∈ Aut(XΓ), g ∈ G}.(2.20)

There is a natural map Aff(XΓ) → Aut(XΓ) defined by mapping f0(x) = L(x)g−1

to the automorphism L. Each projection π(j) induce a map Aut(XΓ) → Aut(X
(j)
Γ ).

Fix a homomorphism

ρ : Zk → Aut(XΓ), ρn : XΓ → XΓ, n ∈ Zk.(2.21)

We say that ρ has a rank−1 factor if there is a nilpotent group Ĝ, of positive

dimension less than or equal to the dimenison of G, a homomorphism φ : G → Ĝ

such that Γ̂ = φΓ is a lattice in Ĝ and an automorphism L ∈ Aut(X̂Γ̂) such

that for some finite index subgroup Λ ⊂ Zk we have some n : Λ → Z satisfying

φρn = Ln(n)φ, n ∈ Λ. That is, ρ has a rank−1 factor if there is a factor of

XΓ where the projected action of Zk is a Z1−action (up to finite index). More

generally, if α0 : Zk → Aff(XΓ) is a homomorphism then we say that α0 has a

rank−1 factor if the induced map

Zk α0−→ Aff(XΓ) −→ Aut(XΓ)(2.22)

has a rank−1 factor.

Definition 2.3. A homomorphism α0 : Z
k → Aff(XΓ) is higher rank if it has no

rank−1 factor.

Let α0 : Zk → Aff(XΓ) be a homomorphism. We say that χ : Zk → R is a

Lyapunov exponent of α0 if there is v ∈ g \ 0 such that

χ(n) = lim
ℓ→±∞

1

ℓ
log
∥∥αℓn

0 (v)
∥∥ .(2.23)

The Lyapunov exponents χ are linear and extends uniquely to Rk, we will consider

Lyapunov exponents as linear maps on Rk. The Lyapunov space associated to χ,
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Eχ
0 ≤ g, is the subspace where Equation 2.23 hold. For the 0−functional we write

Ec
0. Note that

g = Ec
0 ⊕

⊕

χ

Eχ
0 .(2.24)

Denote the set of Lyapunov exponents for α0 by

Lyap(α0) = {χ 6= 0 : χ is a Lyapunov exponent of α0}.(2.25)

For χ ∈ Lyap(α0), define the associated coarse exponent and coarse space by

[χ] = {χ′ ∈ Lyap(α0) : χ
′ = cχ, for some c > 0}, E

[χ]
0 =

⊕

χ′∈[χ]

Eχ′

0 .(2.26)

If χ(n) > 0 (or χ(n) < 0) then χ′(n) > 0 (or χ(n) < 0) for every χ′ ∈ [χ], we define

[χ](n) as the sign of χ(n) (or as 0 if χ(n) = 0). We also define ker[χ] = kerχ.

Definition 2.4. Let {[χ1], ..., [χN ]} be the coarse exponents of α0 and

U =

(
N⋃

j=1

ker[χj ]

)c

.(2.27)

Each connected component C of U is a Weyl chamber of α0. The kernels ker[χ]

are Weyl chamber walls. A wall ker[χ] is a wall of C if dim C ∩ ker[χ] = k − 1.

Two coarse exponents, [χ] and [η], are dependent if [χ](n) = −[η](n), otherwise

the two exponents are independent. Given any two χ′, χ′′ ∈ [χ] it is immediate
[
Eχ′

0 , Eχ′′

0

]
⊂ Eχ′+χ′′

0

(
with Eχ′+χ′′

0 = 0 if χ′ + χ′′ 6∈ Lyap(α0)
)

(2.28)

so E
[χ]
0 is a subalgebra of g. We define the associated group

G[χ] ≤ G, G[χ] = exp
(
E

[χ]
0

)
.(2.29)

A useful fact, that we will use in Section 8, is that within stable group, Gs, any

coarse group G[χ] have a transverse group that is normal. More precisely, if αn

0 ,

n ∈ Zk, has stable space Es
0, [χ](n) < 0, and

Ess
0 :=

⊕

[η] 6=[χ]
[η](n)<0

E
[η]
0(2.30)

then Ess
0 ≤ Es

0 is an ideal in Es
0, [52, Lemma 3.1]. Equivalently, the subgroup

Gss = exp(Ess
0 ) ≤ Gs = exp(Es

0) is a normal subgroup.

The following two lemmas are well-known, we include proofs in Appendix A.

Lemma 2.1. If α0 : Zk → Aff(XΓ) is higher rank then there are at least two

independent coarse exponents.
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Lemma 2.2. If α0 : Zk → Aff(XΓ) is higher rank and [χ] is a coarse Lyapunov

exponent then the space

V =
⊕

[η] 6=±[χ]

E
[χ]
0

defines a minimal translation action on XΓ (the translation action by V is the

translation action of the exponential of the Lie algebra generated by V ).

Given a homomorphism α : Zk → Diff∞(XΓ), written α(n) = αn, we obtain a

linearization ρ : Zk → Aut(π1XΓ) ∼= Aut(XΓ).

Definition 2.5. A smooth action α : Zk → Diff∞(XΓ) is higher rank if the

linearization ρ : Zk → Aut(XΓ) is higher rank.

Fix n ≥ 1, d = 2n and define Hn := Rn × Rn × R. With g = (q, p, z) ∈ G and

h = (q′, p′, z′) ∈ G we define a multiplication

gh = (q, p, z)(q′, p′, z′) = (q + q′, p+ p′, z + z′ + q · p′) .(2.31)

This makes Hn into a group, the (d+ 1)−dimensional Heisenberg group. Denote

by ω the symplectic form on Rd = Rn ⊕ Rn. The Lie bracket on g is

[(X,Z), (X ′, Z ′)] = (0, ω(X,X ′)), X,X ′ ∈ Rd Z,Z ′ ∈ R.(2.32)

Let Γ ⊂ Hn with nilmanifold XΓ = Γ \Hn. For L ∈ Aut(XΓ) we obtain a map

Lsu ∈ GL(d,Z) by projecting onto the base, one checks that this element Lsu

satisfy Lsu ∈ Sp(d,Z). In particular, if [χ] is a coarse exponent of α0 : Zk →
Aff(XΓ) then −[χ] is also a coarse exponent. That is, the coarse exponents come

in negatively proportional pairs.

In the remainder, we will be interested in groups G of the form G = Rℓ × Hn

for some ℓ ≥ 0 and n ≥ 0. These groups constitute all abelian simply con-

nected nilpotent groups and all 2−step, simply connected nilpotent Lie groups

with dim[G,G] = 1. Recall the Baker–Campbell–Hausdorff formula [11]

eXeY = eX+Y+[X,Y ]/2, X, Y ∈ g.(2.33)

Fix a left invariant metric, d, on G. Using the Baker–Campbell–Hausdorff for-

mula, it is immediate that for eZ = gc ∈ [G,G], d(e, gc) ≤ 4
√

‖Z‖.

3. Some properties of partially hyperbolic diffeomorphisms with

quasi isometric leaves in the universal cover

In this section, we prove Theorem 1.1. We begin by proving that Φ from Theorem

1.1 exists in Section 3.1. In section 3.2 we show that f is accessible.
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Let G = Hn × Rℓ be the product of some Heisenberg group and some abelian

group, Γ ≤ G a lattice and XΓ the associated compact nilmanifold. If n > 0 then

we write d = 2n + ℓ and let π : G → Rd be the base projection. If n = 0 and

we have an automorphism L ∈ Aut(XΓ) with 1−dimensional center, then we let

d = ℓ−1 and π : G → Rd be the projection from G onto G/Ec
0 (note that if L has

1−dimensional center then the center direction Ec
0 is a rational line). We assume

in the remainder of this section that f ∈ Diff∞(XΓ) satisfy all the assumptions of

Theorem 1.1. Denote by L ∈ Aut(XΓ) the linearization of f and Lsu ∈ Aut(Td)

the induced map on the base.

3.1. Existence of Franks-Manning coordinates. We write f : XΓ → XΓ

fx = L(x)e−v(x)(3.1)

with v : XΓ → g. Fix a lift F : G → G, Fx = L(x)e−v(x). For x ∈ G, let

F nx =: xn, n ∈ Z.(3.2)

The splitting g = Es
0 ⊕ Ec

0 ⊕ Eu
0 , with respect to L, decompose v, vσ, σ =

s, c, u, cs, cu. Denote by π̃ : G → G/Gc ∼= Rd′ the projection, where Gc = exp(Ec
0)

is the center of L (we do not know, a priori, that Ec
0 has dimension 1). Write

A : Rd′ → Rd′ for the map induced by L, then A is hyperbolic (if dimEc
0 6= 1 then

A 6= Lsu). Recall the following well-known lemma.

Lemma 3.1. There exists a unique Hölder map Φ : G → G/Gc ∼= Rd′

Φ(x) = π̃(x) + ϕ(x), ϕ(γx) = ϕ(x), γ ∈ Γ(3.3)

such that Φ(Fx) = AΦ(x). If dim(Ec
0) = 1 then d′ = d, Φ : G → Rd descends to

a map Φ : XΓ → Td homotopic to π and A = Lsu.

Proof. The lemma follows from a calculation showing that ϕ satisfy vsu(x) =

ϕ(fx)−A(ϕ(x)), which has a unique solution since A is hyperbolic. If dim(Ec
0) = 1

then Ec
0 = [g, g] if G is non-abelian (since [g, g] lie in the center of any automor-

phism) so G/Gc is the natural quotient by [G,G]. The lemma follows since ϕ is

Γ−invariant. If G is abelian, then Ec
0 is some 1−dimensional rational line (since

we assume that Lsu have at least one rational eigenvalue) and the last conclusion

follows. �

Lemma 3.2. If y ∈ Ŵ σ(x), σ = s, u, then Φ(y) = Φ(x) if and only if x = y.

That is Φ : Ŵ σ(x) → Φ(x) + Eσ
0 is injective. Moreover, dimEσ = dimEσ

0 for

s, c, u, so Φ descends and A = Lsu is hyperbolic.

Remark 11. We prove the lemma when G is non-abelian. The proof when G is

abelian simplifies since all terms from brackets vanish.
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Proof. Assume that σ = u, for the other case we reverse time. Let y ∈ Ŵ u(x).

Write yn = xne
γn

where γn ∈ g. With respect to the decomposition g = Es
0 ⊕

Ec
0 ⊕ Eu

0 , decompose γn = γn
s + γn

c + γn
u . If Φ(x) = Φ(y) then Φ(xn) = Φ(yn)

for all n ≥ 0, so ‖π(xn)− π(yn)‖ ≤ 2 ‖ϕ‖C0 =: C independently of n. On the

other hand, ‖π(xn)− π(yn)‖2 = ‖γn
s ‖2 + ‖γn

u‖2. So to show that Φ is injective on

Ŵ u(x), it suffices to show that γn
u → ∞ as n → ∞ if x 6= y.

Suppose for contradiction that x 6= y and ‖γn
u‖ ≤ K uniformly in n. From our

definitions

xn+1e
γn+1

=yn+1 = F (yn) = L(yn)e
−v(yn) = L(xn)e

L(γn)e−v(yn) =

L(xn)e
L(γn)−v(yn)−[L(γn),v(yn)]/2 =

F (xn)e
v(xn)+L(γn)−v(yn)−([L(γn),v(yn)]−[v(xn),L(γn)]+[v(xn),v(yn)])/2

or if we take logarithms

γn+1 = v(xn) + L(γn)− v(yn)−(3.4)

[L(γn), v(yn)]− [v(xn), L(γ
n)] + [v(xn), v(yn)]

2
.(3.5)

Using 3.5 we estimate
∥∥γn+1

s

∥∥ ≤ ‖Lγn
s ‖+ C,(3.6)

∥∥γn+1
c

∥∥ ≤ ‖γn
c ‖+ C + k (‖γn

s ‖+ ‖γn
u‖) ,(3.7)

with constants C,K, k that only depend on ‖v‖C0 . Since L is contracting on Es
0

there is τ ∈ (0, 1) such that ‖γn+1
s ‖ ≤ τ ‖γn

s ‖+ C, or

‖γn
s ‖ ≤ C

1− τ
(3.8)

uniformly in n. We have ‖γn
u‖ ≤ K by assumption, so for some possibly larger C

we obtain
∥∥γn+1

c

∥∥ ≤ ‖γn
c ‖+ C, ‖γn

c ‖ ≤ Cn +
∥∥γ0

c

∥∥ .(3.9)

After possibly enlarging C again, we have

d(xn, yn) = d(e, eγ
n

) ≤ d(e, eγ
n
s +γn

u ) + d(e, eγ
n
c ) ≤ C(

√
n+ 1).(3.10)

On the other hand, the assumption that Ŵ u(xn) is quasi isometric implies that

there is some λ > 1 and Q ≥ 1 such that

d(xn, yn) ≥
1

Q
du(F

nx, F ny) ≥ 1

Q
λndu(x, y).(3.11)

If du(x, y) 6= 0, then Equations 3.10 and 3.11 gives a contradiction for n sufficiently

big, so x = y.



18 SVEN SANDFELDT

Since Φ : Ŵ σ(x) → Φ(x) + Eσ
0 , σ = s, u, is injective it follows by invariance of

domain that dim(Eσ) ≤ dim(Eσ
0 ). On the other hand, we have

dim(Es) + dim(Eu) + 1 = d+ 1 = dim(Es
0) + dim(Ec

0) + dim(Eu
0 )(3.12)

or 1 ≥ dim(Ec
0), so dim(Ec

0) = 1. This implies dim(Es) + dim(Eu) = dim(Eu
0 ) +

dim(Es
0), which only hold if dim(Eσ) = dim(Eσ

0 ), σ = s, u, since dim(Eσ) ≤
dim(Eσ

0 ). That A = Lsu is hyperbolic follows by Lemma 3.1. �

Remark 12. We will make no notational distinction between the map Φ : G →
Rd and the induced map Φ : XΓ → Td.

Lemma 3.3. For every x ∈ G the map Φσ,x : Ŵ σ(x) → Eσ
0 , defined by

Φσ,x(y) = Φ(y)− Φ(x),(3.13)

is a homeomorphism. For any y ∈ Ŵ σ(x), the map Φσ,x : Ŵ σ
R(y) → Eσ

0 is

uniformly bi-Hölder for fixed R.

Proof. By Lemma 3.2 Φ : Ŵ σ(x) → Φ(x) + Eσ
0 is injective so Φσ,x is injective.

Since Ŵ σ(x) and Eσ
0 have the same dimension, it follows by invariance of domain

that Φσ,x has an open image and is homeomorphic onto its image. In particular,

the image of Φσ,x contain some ball Bσ
rx(0) around 0 in Eσ

0 (to make rx well-defined

we take the maximal possible rx). Given γ ∈ Γ we have

Φσ,γx(γy) = Φ(γy)− Φ(γx) = Φ(y) + π(γ)− Φ(x)− π(γ) = Φσ,x(y)(3.14)

from which it follows that x 7→ rx is Γ−invariant. Moreover, Φσ,x and Ŵ σ(x) vary

continuously in x, so rx > r0 is open. Combined with Γ−invariance and the fact

that XΓ is compact, we find r0 > 0 such that rx ≥ r0 for all x ∈ G. Assume now

σ = u, the other case follows by reversing time. We have

Φu,x(Ŵ
u(x)) =Φu,x(F

nŴ u(x−n)) = LnΦu,x−n
(Ŵ u(x−n)) ⊃ LnBu

r0
(0)

and letting n → ∞, using that L expand Eu
0 , we obtain Φu,x(Ŵ

u(x)) = Eu
0 .

So Φu,x is a homeomorphism. Since Φ is Hölder, (x, y) 7→ Φu,x(y) is Hölder in x

and y. The set Φ−1
u,x

(
Bu

1 (0)
)
is compact in Ŵ u(x), so we define Kx as the minimal

radius such that the closure of Ŵ u
Kx

(x) contain Φ−1
u,x

(
Bu

1 (0)
)
. Since x 7→ Φu,x vary

continuously the map x 7→ Kx also vary continuosly in x. If K = supxKx, then

K is such that if z, w ∈ Ŵ u(x) satisfy du(z, w) ≥ K then ‖Φ(z)− Φ(w)‖ ≥ 1.

Let µ =
∥∥L|Eu

0

∥∥ > 1 and λ > 1 such that du(F
nw, F nz) ≥ cλndu(z, w). Let

z, w ∈ Ŵ u(x) satisfy du(z, w) ≤ 1. There is n = n(z, w) ≥ 0 such that n(z, w) ≤
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−κ log du(z, w) + C, du(zn, wn) ≥ K and κ only depends on λ. We have

‖Φu,x(z)− Φu,x(w)‖ = ‖Φ(z)− Φ(w)‖ =
∥∥L−n (Φ(zn)− Φ(wn))

∥∥ ≥
µ−n ‖Φ(zn)− Φ(wn)‖ ≥ µ−n ≥ µκ log(du(z,w))−C =

µ−Cdu(z, w)
κ log(µ).

Fix r > 0 such that Φ−1
u,x(B

u
r (0)) ⊂ Ŵ u

1 (x) for all x. For v1, v2 ∈ Bu
r (0) we obtain

du(Φ
−1
u,x(v1),Φ

−1
u,x(v2)) ≤ µC/κ log(µ) ‖v1 − v2‖1/κ log(µ)(3.15)

so Φ−1
u,x : Bu

r (0) → Ŵ u(x) is uniformly Hölder. Given y ∈ Ŵ u(x) and v0 ∈ Eu
0

Φu,y(Φ
−1
u,x(v + v0)) = Φ(Φ−1

u,x(v + v0))− Φ(y) = v + v0 + Φ(x)− Φ(y)(3.16)

or if we choose Φ(y)− Φ(x) = v0, then

Φ−1
u,x(v + v0) = Φ−1

u,y(v)(3.17)

which shows that Φ−1
u,x is uniformly Hölder on any ball of radius r. By covering

any ball of radius R with balls of radius r, the lemma follows. �

Lemma 3.4. If γ : [0, 1] → G is a C1−curve that is tangent to Ecs (or Ecu) then

Φ(γ(1)) ∈ Φ(γ(0)) + Es
0 (or Φ(γ(1)) ∈ Φ(γ(0)) + Eu

0 ).

Proof. Let γ be tangent to Ecs. Write Hx = Φ−1(Φ(x)). For y ∈ Hx

‖π(y − x)‖ ≤ ‖ϕ(y)− ϕ(x)‖ ≤ 2 ‖ϕ‖C0 = C(3.18)

so Hx ⊂ π−1BC(Φ(x)). In particular, for y ∈ Hx let y = xeη(y), we estimate

‖ηs(y)‖2 + ‖ηu(y)‖2 ≤ C2.(3.19)

Let ηn : Ŵ u(x) → g be defined by yn = xne
ηn(y). Since

F nHx = F nΦ−1(Φ(x)) = Φ−1(Φ(F nx)) = Hxn

we have ‖ηns (y)‖ , ‖ηnu(y)‖ ≤ C uniformly in n ∈ Z. As in the proof of Lemma 3.2

it follows that we also have ‖ηnc (y)‖ ≤ C|n| for some (possibly larger) constant

C. Let γ : [0, 1] → G be a C1−curve tangent to Ecs, we denote the end-points

of γ by x = γ(0) and y = γ(1). We find z ∈ Ŵ s(y) and w ∈ Ŵ u(z) such that

w ∈ Hx (this corresponds to choosing a two-legged su−path from Φ(y) to Φ(x)

in Rd, which always exists). By the reverse triangle inequality

d(xn, wn) ≥ d(wn, zn)− d(xn, yn)− d(yn, zn).(3.20)

Using that w and z lie in the same unstable leaf and that Ŵ u have quasi-isometric

leaves, d(wn, zn) ≥ cλnd(w, z) for some c > 0 and λ > 1. Since γ is a C1−curve

along Ecs from x to y we have

d(xn, yn) ≤
∫ 1

0

∥∥Dγ(t)F
n(γ̇(t))

∥∥ dt ≤ Cλ̂n · |γ|(3.21)
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where |γ| is the length of γ and λ̂ < λ. Finally, d(yn, zn) ≤ C uniformly for n ≥ 0

since y and z lie in the same stable leaf. Equation 3.20 implies

cλnd(w, z)− Cλ̂n|γ| − C ≤ d(xn, wn) = d(e, eη
n(w)) ≤ C

√
n, n ≥ 0(3.22)

for some constant C. If d(w, z) > 0, we obtain a contradiction for n large enough.

We conclude that d(w, z) = 0. That is, w = z so Ŵ s(y) ∩Hx = {w} 6= ∅, which
implies

Φ(x)− Φ(y) = Φ(w)− Φ(y) = Φs,y(w) ∈ Es
0(3.23)

proving the lemma for sc. The lemma is shown for cu by reversing time. �

We can now prove the first five points of Theorem 1.1

Proof of Theorem 1.1. Dynamical coherence of f follows from [7]. Any curve γ

tangent to Ecs satisfies Φ(γ(1)) ∈ Φ(γ(0)) + Es
0 by Lemma 3.4, so Ŵ cs(x) ⊂

Φ−1(Φ(x) + Es
0) and Φ−1(Φ(x) + Es

0) is a union of Ŵ cs−leaves. We claim that

Φ−1(Φ(x) +Es
0) is path-connected, which proves that Φ−1(Φ(x) +Es

0) = Ŵ cs(x).

Given any y ∈ G there is a unique intersection Ŵ u(y) ∩ Φ−1(Φ(x) + Es
0) = {w}

(since Ŵ u(y) maps homeomorphically onto Φ(y)+Eu
0 under Φ). Since Φ−1(Φ(x)+

Es
0) is tangent to Ecs, Ŵ u is tangent to Eu the map G → Φ−1(Φ(x) + Es

0), y 7→
Ŵ u(y)∩Φ−1(Φ(x)+Es

0) is continuous. Since G → Φ−1(Φ(x)+Es
0) is surjective and

G is path-connected it follows that Φ−1(Φ(x)+Es
0) is path-connected. Properties

(i) and (ii) follows. Using Ŵ cs(x) = Φ−1(Φ(x) +Es
0), Ŵ

cu(x) = Φ−1(Φ(x) + Eu
0 )

and Ŵ c(x) = Ŵ cs(x) ∩ Ŵ cu(x) we obtain Ŵ c(x) = Φ−1(Φ(x)). Since Φ descends

to a map Φ : XΓ → Td, the fibers W c(x) = Φ−1(Φ(x)) are compact. Denote by

Γc = {γ ∈ Γ : Lγ = γ}(3.24)

where L ∈ Aut(XΓ) is the linearization of f . For γc ∈ Γc we have

γcŴ c(x) = Ŵ c(γcx) = Φ−1(Φ(γcx)) = Φ−1(Φ(x)) = Ŵ c(x)(3.25)

where we have used Φ(γx) = π(γ)+Φ(x) and ker π = Γc. So, if we fix a generator

γc
0 of Γc then we can orient Ŵ c(x) by letting γc

0x > x. This is a well-defined

orientation of Ŵ c(x) since x 7→ γc
0x have no fixed points. That W c are circles

follows since they are compact 1−dimensional manifolds.

Let ε > 0 be small and fix x ∈ XΓ. We denote by D = W s
ε (W

u
ε (x)), U = W c(D)

and D′ = Φ(D) = Φ(U). With ε small enough can define πsu : U → Ŵ c(x) by the

unique holonomy first alongW s then W u in U . We obtain a map U → D′×W c(x)

by y 7→ (Φ(y), πsu(y)), this map is smooth along W c since the holonomies are Cr

(where r depends on the bunching, if f is 2−bunching then the holonomies are C2

[47]). That Φ semiconjugates (a finite index subgroup of) the centralizer Z∞(f)

onto its linearization is immediate since Φ is (essentially) unique homotopic to
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π (note that the uniqueness in Lemma 3.1 implies that Φ : XΓ → Td is unique

modulo the fact that we could change Φ(x) to Φ(x) + p0 where Lsup0 = p0).

Indeed, for any g ∈ Z∞(g) we let B ∈ GL(d,Z) be the induced map on Td by its

linearization and let Φ̃(x) = B−1Φ(gx). Then Φ̃ is homotopic to π and we still

have

Φ̃(fx) = B−1Φ(gfx) = B−1Φ(fgx) = LsuB
−1Φ(gx) = LsuΦ̃(x)(3.26)

so Φ̃(x) = Φ(x) + p0 where p0 is a fixed point for Lsu. We define

Z∞
fix(f) = {g ∈ Z∞(f) : gW c(x) = W c(x) if fW c(x) = W c(x)}.(3.27)

Since Φ(fx) = LsuΦ(x) and Lsu has finitely many fixed points, Z∞
fix(f) has finite

index in Z∞(f). For g ∈ Z∞
fix(f) and Φ(x0) = 0 we have fW c(x0) = W c(x0) so

gW c(x0) = W c(x0). It follows that

p0 = Φ̃(0) = B−1Φ(gx0) = B−1Φ(x0) = 0(3.28)

or B−1Φ(gx) = Φ(x). �

3.2. Proof of accessibility. In this section, we show the last point of Theorem

1.1. For γ ∈ Γ, define Tγ : G → G by

Tγ(x) = Ŵ u
[
Ŵ s(γx) ∩ Ŵ cu(x)

]
∩ Ŵ c(x) = Ŵ u(Ŵ s(γx)) ∩ Ŵ c(x)(3.29)

which are well-defined by point (i) of Theorem 1.1. A calculation shows

FTγ(x) = TLγ(Fx).

Recall that we denote by Λ(F ) ⊂ G and Λ(f) ⊂ XΓ the complement of open

accessibility classes. The set Λ(F ) is closed and su−saturated. Since Ec is

1−dimensional, the set Λ(F ) is laminated by accessibility classes, denoted Ŵ su(x)

[51]. The union of open accessibility classes is Γ−invariant, so Λ(F ) is Γ−invariant.

Moreover, F maps accessibility classes to accessibility classes so FΛ(F ) = Λ(F ).

Given γ, γ′ ∈ Γ and x ∈ Λ(F ) we have

Tγ(Tγ′(x)) =Ŵ su
(
γ
[
Ŵ su(γ′x) ∩ Ŵ c(x)

])
) ∩ Ŵ c

([
Ŵ su(γ′x) ∩ Ŵ c(x)

])
=

Ŵ su(Ŵ su(γγ′x) ∩ Ŵ c(γx)) ∩ Ŵ c(x) =

Ŵ su(γγ′x) ∩ Ŵ c(x) = Tγγ′(x)

so restricted to Λ(F ) the map (γ, x) 7→ Tγ(x) defines a group action of Γ, see

also [49, Lemma 6.1]. Before starting the proof we will need an elementary, but

important, auxiliary lemma on Zk−actions on the circle.

Lemma 3.5. Let f1, ..., fk, g ∈ Homeo+(T) be orientation preserving homeomor-

phisms on the circle and let K ⊂ T be a compact subset that is invariant by g
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and each fj. Moreover, assume that fifj = fjfi on K and that there is some

hyperbolic integer matrix (Aj
i )1≤i,j≤k such that

gfi = f
A1

i

1 ...f
Ak

i

k g, on K.(3.30)

Then the Zk−action generated by f1, ..., fk on K, β : Zk×K → K, has a periodic

point. That is, there is a point p ∈ K and a finite index subgroup Λ ≤ Zk such

that βnp = p for n ∈ Λ.

Remark 13. The condition in Equation 3.30 says that β : Zk × K → K joint

with g form an Abelian-by-Cyclic (AbC) action on K.

In the proof, we will use the following two lemmas.

Lemma 3.6. If f ∈ Homeo+(T) is an orientation preserving homeomorphism

on the circle with zero rotation number, ω(f) = 0, and K ⊂ T is a compact

f−invariant set, then f have a fixed point in K.

Proof. If f has zero rotation number then for any p ∈ T the sequence fnp con-

verges to a fixed point of f as n → ∞. For any x ∈ K the sequence fnx lie in K

since K is f−invariant. By compactness of K any limit point of fnx also lies in

K, so f has a fixed point in K. �

Lemma 3.7. Let f, g ∈ Homeo+(T) be orientation preserving homeomorphisms

of the circle and assume that there is a f and g−invariant probability measure ν.

Then the rotation numbers satisfies ω(fg) = ω(f) + ω(g).

Proof. The proof of this lemma is standard. We include it for completeness.

We write f(x) = x + u(x), g(x) = x + v(x) where u, v : T → R. Recall that if µ

is a f−invariant measure then we obtain the rotation number of f as

ω(f) =

∫

T

u(x)dµ(x) + Z.(3.31)

Similarly, we can obtain the rotation number for g. Noting that the measure ν

is fg−invariant and that f(gx) = x + u(gx) + v(x) we can write the rotation

number of fg as

ω(fg) =

∫

T

[u(gx) + v(x)] dν(x) + Z =

∫

T

u(gx)dν(x) +

∫

T

v(x)dν(x) + Z =

∫

T

u(x)dν(x) +

∫

T

v(x)dν(x) + Z =

ω(f) + ω(g)
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where the second to last equality use that ν is g−invariant. �

Proof of Lemma 3.5. Since the β−action is abelian on K it has an invariant mea-

sure on K. By Lemma 3.7 the rotation numbers satisfy

ω(fn1
1 ...fnk

k ) = n1ω(f1) + ...+ nkω(fk)(3.32)

for all integers n1, ..., nk ∈ Z. Since g preserves orientation, conjugacy invariance

of rotation number and Equation 3.30 implies

ω(fi) = ω(f
A1

i

1 ) + ...+ ω(f
Ak

i

k ).(3.33)

Or if we denote the map fn1
1 ...fnk

k by βn, then we can write ω(βn) = ω(βAn).

Using Equation 3.32 we obtain

ω
(
β(A−I)n

)
= 0(3.34)

for all n ∈ Zk. Since A is hyperbolic A − I is invertible over the rationals. So

there is a finite index subgroup Λ ⊂ Zk such that ω(βn) = 0 for all n ∈ Λ. Let

e1, ..., ek ∈ Λ be generators. By Lemma 3.6 the map βe1 has a fixed point in K.

Since βe2 commute with βe1 within K it follows that βe2 preserve the compact set

Fix(βe1) ∩K 6= ∅. So, if we apply Lemma 3.6 once more we see that the set

K ∩ Fix(βe1) ∩ Fix(βe2)(3.35)

is non-empty. Proceeding by induction, we find a point p ∈ K that is fixed

by βe1, ..., βek , and therefore by Λ. Since Λ has a finite index in Zk the lemma

follows. �

Recall that L ∈ Aut(XΓ) is the linearization of f and we define the L−fixed part

of Γ by Γc, see Equation 3.24.

Lemma 3.8. Assume that Λ(f) 6= ∅. There is a finite index subgroup Γ′ ≤ Γ and

x ∈ Λ(F ) such that Tγ(x) ∈ Γcx for γ ∈ Γ′.

Proof. Fix generators γ1, γ2, ..., γd ∈ Γ. Let x0 ∈ G be such that Φ(x0) = e. We

identify Ŵ c(x0)/Γ
c ∼= W c(pΓ(x0)) with T. Since Γc is central in Γ we can identify

Tγj : Ŵ c(x0)/Γ
c → Ŵ c(x0)/Γ

c with circle diffeomorphisms. We also identify F

with a circle diffeomorphism (by our choice of x0 and the fact that Γc is L−fixed

we have FŴ c(x0)/Γ
c = Ŵ c(x0)/Γ

c). Let K = (Λ(F ) ∩ Ŵ c(x0))/Γ
c, which is

compact, Tγj−invariant, F−invariant and non-empty. Since any γc ∈ Γc act

trivially on T under Tγc (and therefore K), the action Tγ on K factor through

Γ/Γc ∼= Zd. Moreover, F satisfy FTγ = TLγF so the assumptions of Lemma 3.5

are satisfied with Tγj = fj and g = F . So, there is a finite index subgroup of Γ/Γc

that admits a fixed point on T, which implies the lemma. �
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An immediate corollary of Lemma 3.8 is that there is a compact su−leaf.

Lemma 3.9. If Λ(f) 6= ∅, or equivalently if f is not accessible, then there is a

compact su−leaf intersecting each center leaves q < ∞ times.

Proof. For any x ∈ Λ(F ), the map

Ŵ su(x)
Φ−→ Rd(3.36)

is a homeomorphism by points (i) and (iv) in Theorem 1.1. We choose x0 as in

Lemma 3.8 and obtain Γ′ ≤ Γ of finite index such that γŴ su(x0) ⊂ ΓcŴ su(x0)

for all γ ∈ Γ′. Note that Φ∗Γ
′ = π∗Γ

′ = Λ ⊂ Zd has finite index in Zd. We define

Λ∗ = {γ ∈ Γ : γŴ su(x0) = Ŵ su(x0)} ⊂ Γ′.(3.37)

Since γŴ su(x0) ⊂ ΓcŴ su(x0) for all γ ∈ Γ′ there is for each γ ∈ Γ′ some γc ∈ Γc

such that γγc ∈ Λ∗. In particular, Φ∗Λ∗ = Λ. Since Λ is a lattice in Rd, and

we obtain a homeomorphism Ŵ su(x0)/Λ∗
∼= Rd/Λ it follows that Ŵ su(x0)/Λ∗ is

compact. The image pΓŴ
su(x0) = W su(pΓ(x0)) is homeomorphic to Ŵ su(x0)/Λ∗,

proving the lemma. �

We can now prove the last claim of Theorem 1.1

Proof of (vi) in Theorem 1.1. If f is not accessible then we construct Λ∗ ⊂ Γ as

in Equation 3.37. Since π∗Λ∗ has finite index in Zd the group Λ∗×ker π∗ has finite

index in Γ. Since Λ∗ × ker π∗ is abelian this implies that Γ is virtually abelian,

which is a contradiction if G is a non-abelian nilpotent Lie group. �

4. Action of the su-path group

In this section, we introduce and prove the basic properties of the su−path group,

P. The su−path group naturally acts on XΓ (Definition 4.1). The group P, its

various subgroups and its action on XΓ will be the key object in the proofs in the

following sections.

4.1. The su-path group. Let α : Zk×XΓ → XΓ be some smooth action and let

ρ : Zk → GL(d,Z) be the action defined by ρnΦ = Φαn from Theorem 1.1. We

will assume that we have some f = αn0 satisfying the assumptions of Theorem

A. Let L be the linearization of f and let Es
0, E

u
0 be the stable and unstable

distributions for L.

Definition 4.1. We define the su−path group P as the free product

P = Es
0 ∗ Eu

0 .(4.1)
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If w ∈ P is a word in P then we define Π(w) = w1 + ...+wN to be the sum of all

factors in w. We define the normal subgroup Pc = Π−1(0).

Given any pair of negatively proportional course Lyapunov spaces, E
−[χ]
0 , E

[χ]
0 , of

ρ, we define the [χ]−path group

P[χ] = E
−[χ]
0 ∗ E[χ]

0 , Pc
[χ] = P[χ] ∩ Π−1(0)(4.2)

with E
−[χ]
0 = 0 of−[χ] is not a coarse exponent. We also define the complementary

[χ]−path group

Q[χ] =




⊕

[η] 6=±[χ]
[η](n0)>0

E−[η]


 ∗




⊕

[η] 6=±[χ]
[η](n0)>0

E[η]


 , Qc

[χ] = Q[χ] ∩ Pc.(4.3)

It is immediate that P[χ],Q[χ] ⊂ P, Pc
[χ],Qc

[χ] ⊂ Pc. The following well-known

lemma on free products will be useful.

Lemma 4.1. Let V,W be vector spaces, G = V ∗U and Π : G → V ⊕W the map

defined by

Π(v1u1...vnun) = v1 + ... + vn + u1 + ... + un.(4.4)

Then Π−1(0) = ker Π = [G,G] and any w ∈ G can be written w = w̃vu with v ∈ V ,

u ∈ U and w̃ ∈ [G,G].

Proof. For w = v1u1...vnun ∈ G we have

v1u1...vnun = [v1u1(−v1)(−u1)] u1(v1 + v2)u2...vnun =

[v1u1(−v1)(−u1)] · [u1(v1 + v2)(−u1)(−v1 − v2)] ·
(v1 + v2)(u1 + u2)v3u3...vnun.

Since v1u1(−v1)(−u1), u1(v1 + v2)(−u1)(−v1 − v2) ∈ [G,G] and (v1 + v2)(u1 +

u2)v3u3...vnun consists of n− 1 pairs, we find w1, ..., wℓ ∈ [G,G] such that

w = w1...wℓ · (v1 + ... + vn) (u1 + ...+ un) .(4.5)

This proves the last part. Since Π(wj) = 0 for each j, we have Π(w) = v1 +

... + vn + u1 + ... + un. In particular, if w ∈ ker Π then v1 + ... + vn = 0 and

u1 + ... + un = 0, so w = w1...wℓ ∈ [G,G]. �

Definition 4.2. Given t ∈ Eσ
0 we define ηtσ : G → G (or ηtσ : XΓ → XΓ) by

ηtσx = Φ−1
σ,x(t), where Φσ,x is defined in Lemma 3.3.

Remark 14. By the conclusion of Lemma 3.3, the map ηtσ is well-defined.
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Lemma 4.2. The map ησ : Eσ
0 × G → G, (t, x) 7→ ηtσx, is a Hölder Eσ

0−action

that satisfies Fηtσx = ηLsut
σ Fx. The action ηtσ naturally descend to XΓ, and if g ∈

Z∞(f), B is the automorphism defined by Φ(gx) = BΦ(x), then gηtσx = ηBt
σ gx.

Finally, Φ(ηtσx) = t + Φ(x), so Φ semi-conjugates ηtσ to the standard translation

action along Eσ
0 on the base.

Proof. That ηtσ defines an action is immediate from the definition. Indeed, given

t, s ∈ Eσ
0 we have

Φ(ηsση
t
σx) =Φ(Φ−1

σ,ηtσx
(s)) = s+ Φ(ηtσx) = s+ Φσ,x(η

t
σx) + Φ(x) =

s+ t+ Φ(x)

so if we subtract Φ(x) then Φσ,x(η
s
ση

t
σx) = s+t. Applying Φ−1

σ,x on both sides of the

equality we have ηsση
t
σx = ηs+t

σ x. This also shows that Φ(ηtux) = Φ(x) + t. Given

γ ∈ Γ we have Φσ,γx(γy) = Φ(γy)−Φ(γx) = Φ(y)−Φ(x) = Φσ,x(y) which implies

ηtσ(γx) = γηtσx, so ηtσ descend to XΓ. For g ∈ Z∞(f) we have Φ(gx) = BΦ(x)+p0
for some p0 ∈ Td (that is fixed by Lsu). It follows that

Φσ,gx(gy) = Φ(gy)− Φ(gx) = B (Φ(x)− Φ(y)) = BΦσ,x(y)(4.6)

or with Φσ,x(y) = t

ηBt
σ (gx) = gy = gηtσ(x).(4.7)

Next, we show that ησ is Hölder. Let u = σ, the other case is similar. Since Φu,x

is a bi-Hölder homeomorphism, Lemma 3.3, it is immediate that (t, x) 7→ ηtux is

Hölder in t. The foliations Ŵ u and Ŵ cs are uniformly transverse, so we find ε0 > 0

and K such that for x, y ∈ XΓ with d(x, y) ≤ ε0 we have Ŵ
u
loc(x)∩Ŵ cs

loc(y) = {z},
du(x, z) ≤ Kd(x, y), dcs(z, y) ≤ Kd(x, y).(4.8)

If y ∈ Ŵ cs(x) then the proof of Theorem 1.1 shows Φ(y) ∈ Φ(x) + Es
0, so

Φ(ηtuy) =Φ(y) + t = Φ(x) + t+ [Φ(y)− Φ(x)] =

Φ(ηtux) + [Φ(y)− Φ(x)] ∈ Φ(ηtux) + Es
0,

or ηtuy ∈ Ŵ cs(Φ(ηtux)). That is, η
t
u preserve the foliation Ŵ cs. Given t ∈ Eu

0

d(ηtux, η
t
uy) ≤ du(η

t
ux, η

t
uz) + dcs(η

t
uz, η

t
uy)(4.9)

so it suffices to show that ηtu is Hölder along Ŵ u and Ŵ cs. For y ∈ Ŵ u(x)

Φu,x(η
t
uy) =Φ(ηtuy)− Φ(x) = Φu,y(η

t
uy) + Φ(y)− Φ(x) =

t+ Φ(y)− Φ(x)

or ηtuy = Φ−1
u,x(t+ Φ(y)− Φ(x)). Since Φ is Hölder and Φ−1

u,x is uniformly Hölder

d(ηtux, η
t
uy) ≤ C ‖Φ(y)− Φ(x)‖θ ≤ C ′d(x, y)θ

′

(4.10)
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so ηtu is Hölder along Ŵ u. Given y ∈ Ŵ cs(x) we have ηtuy ∈ Ŵ cs(ηtux) since

ηtu preserve Ŵ cs. On the other hand, ηtuy ∈ Ŵ u(y) by the definition of Φu,y.

So ηtuy = πu
x,ηtux

(y). The unstable Holonomy is (uniformly) Hölder [47], so ηtu is

Hölder along Ŵ cs. �

Definition 4.3. We define an action of P (or Pc,P[χ],Q[χ],Pc
[χ],Qc

[χ]) on XΓ

(and on G) by

ηwPx = η
ws

1w
u
1 ...w

s
N
wu

N

P x = ηw
s
1

s ηw
u
1

u ...η
ws

N
s η

wu
N

u x(4.11)

where ησ is defined in Definition 4.2 and shown to be an action in Lemma 4.2.

Remark 15. We make no notational distinction between the action on XΓ and

G. It is clear that the action on G covers the action on XΓ in the sense that the

projection pΓ : G → XΓ intertwines the two actions.

Lemma 4.3. We have the relationship Φ(ηwPx) = Φ(x) + Π(w). That is Φ semi-

conjugates the P−action onto the translation action on Td (and Rd).

Proof. By induction, it suffices to consider v ∈ Eσ
0 . The Lemma follows from

Lemma 4.2. �

Lemma 4.4. For any w ∈ P the homeomorphism ηwP preserve the center foliation,

W c. Moreover, if w = vsNv
u
N ...v

s
1v

u
1 with vσj ∈ Eσ

0 , x0 = x and

xu
1 = ηv

u
1

u x0, xs
1 = ηv

s
1

s xu
1 ,

...

xu
N = η

vuN
u xs

N−1, xs
N = η

vsN
s xu

N

then ηwPx = xs
N and the map ηwP : W c(x) → W c(ηwPx) coincide with the composition

W c(x0)
πu
x,xu

1−−−→ W c(xu
1)

πs
xu
1
,xs

1−−−→ W c(xs
1)

πu
xs
1
,xu

2−−−→ ...
πs
xu
N

,xs
N−−−−→ W c(xs

N ).(4.12)

That is, we have

ηwP |W c(x) = πs
xu
N
,xs

N
◦ πu

xs
N−1,x

u
N
◦ πs

xs
N−1,x

u
N−1

◦ ... ◦ πs
xu
1 ,x

s
1
◦ πu

x0,xu
1
.(4.13)

If f is r−bunching then holonomies between center manifolds are Cr−smooth, so

ηwP is Cr along W c for all w ∈ P.

Proof. By induction it suffices to consider w = v ∈ Eσ
0 for σ = s, u. This was

shown in the proof of Lemma 4.2. The regularity follows from [47]. �

Lemma 4.5. We have w ∈ Pc if and only if ηwPx ∈ Ŵ c(x) for every x ∈ G.

Remark 16. When w ∈ Pc then Lemma 4.5 shows that ηwPW
c(x) = W c(x) for

every x, so Pc is the (homotopically trivial) center fixing part of P.
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Proof. It is immediate from the definition of Pc and Lemma 4.3 that if w ∈ Pc

then ηwPx ∈ Φ−1(Φ(x)) = Ŵ c(x) for every x ∈ G. Conversely, if ηwPx ∈ Ŵ c(x)

then Φ(x) + Π(w) = Φ(ηwPx) = Φ(x) so Π(w) = 0. �

Lemma 4.6. If f is accessible, then the Pc−action is transitive on Ŵ c(x) for all

x ∈ G, and the Pc−action is transitive on W c(x) for all x ∈ XΓ.

Proof. Since f is accessible ηPPx ⊃ W c(x) for every x ∈ XΓ, and ηwPx ∈ W c(x)

if and only if Π(w) ∈ Zd, Lemma 4.3. Given n ∈ Zd we write Pn = {w ∈
P : Π(w) = n}. Then Pc = P0. It follows

W c(x) =
⋃

n∈Zd

ηPn

P x

and since W c(x) is uncountable and Zd is countable there is at least one n0 such

that #ηP(Pn0)x > 1. If we fix some w ∈ P−n0 then

#ηwPη
Pn0
P x = #η

wPn0
P x > 1.

For any w′ ∈ Pn0 we have Π(ww′) = Π(w) + Π(w′) = 0 so wPn0 ⊂ Pc,

or #ηP
c

P x > 1. Given any w = ws
1w

u
1 ...w

s
Nw

u
N ∈ Pc we define a path wt =

(tws
1)(tw

u
1 )...(tw

s
N)(tw

u
N ) ∈ Pc, t ∈ [0, 1], from 0 to w. It follows that the image

I = ηP
c

P x is an interval in W c(x), since it contains at least 2 distinct points and

is connected. We claim that x is an interior point in this interval. If x is not

an interior point, then I = [x, y), [x, y] or (y, x], [y, x] for some y ∈ W c(x). We

will assume that one of the first two cases holds the other two cases are similar.

Let x 6= z ∈ I and let ηwPx = z. Then the interval [x, z] lie within I, [x, z] ⊂ I.

Since w−1 ∈ Pc and ηw
−1

P preserves orientation we have I ⊃ ηw
−1

P [x, z] = [ηw
−1

P x, x]

which would imply ηw
−1

P x = x. After applying ηwP on both sides of ηw
−1

P x = x we

obtain x = ηwPx = z. This is a contradiction since we assumed z 6= x. The point

x is interior in ηP
c

P x and x was arbitrary, so the orbit of x under ηPc

P is open. This

holds for every x and W c(x) is connected, so ηP
c

P x = W c(x). The second part of

the lemma follows.

The first claim follows from the second part. Indeed the second part implies that

for any x ∈ G the Pc−orbit of x is open in Ŵ c(x). Connectedness of Ŵ c(x)

implies the first part of the lemma. �

The following lemma is immediate from Lemma 4.2. Recall that ρ : Zk →
GL(d,Z) is defined by Φαn = ρnΦ.

Lemma 4.7. Let ρn : P → P be the map

ρn(ws
1w

u
1 ...w

s
Nw

u
N) = (ρnws

1)(ρ
nwu

1 )...(ρ
nws

N)(ρ
nwu

N)

then αnηwP = ηρ
nw

P αn. Moreover, ρn preserve Pc, P[χ], Q[χ], Pc
[χ] and Qc

[χ].
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5. An invariance principle for higher rank Anosov actions

In this section we prove an invariance principle for cocycles over higher rank

Anosov actions. Before stating the invariance principle, we introduce cocycles.

Let XΓ be a nilmanifold (where, in this section, G is any simply connected nilpo-

tent Lie group), and ρ : Zk → Aut(XΓ) a higher rank action. We will assume

that ρ is the restriction of some map Q : Rk → Aut(G). Let ΦX : X → XΓ be a

Hölder fiber bundle over XΓ with fibers Xx = Φ−1
X (x) uniformly Cr for some r > 1

(we allow r ∈ (1, 2)). We will assume throughout this section that X is compact,

and therefore have compact fibers.

Definition 5.1. We say that F : Zk × X → X , written F n : X → X , is a

cocycle over ρ if F is a Zk−action covering ρ. That is, F n+m = F nFm and

ΦXF
n = ρnΦX . Moreover, F is a Cs−cocycle if F n : Xx → Xρnx is uniformly Cs.

For each coarse exponent [χ] of ρ we have a translation action T[χ] : G
[χ] ×XΓ →

XΓ, T
g
[χ]x = xg−1 for g ∈ G[χ].

Definition 5.2. Let F be a cocycle over ρ. The cocycle F admit [χ]−translations

if there is a Hölder action η[χ] : G
[χ] × X → X covering T[χ] such that

F nηg[χ] = ηρ
ng

[χ] F
n,(5.1)

for any n ∈ Zk.

Our interest in cocycles over algebraic actions comes from the following lemma.

Lemma 5.1. If α is as in Theorem A, with Φαn = ρnΦ, then α is a C2−cocycle

over ρ that admit [χ]−translations for every coarse [χ] where η[χ] = ηP |E[χ]
0
.

Proof. The lemma is immediate from Theorem 1.1 and Lemma 4.3. �

The main result of this section is a sufficient condition for the translation action

η[χ] to preserve a F−invariant measure.

Theorem 5.1. Let F be a Cs−cocycle, s > 1, over ρ. Let ν be a F−invariant

probability measure projecting onto µΓ, (ΦX )∗ν = µΓ. Let λ1
F,ν, ..., λ

N
F,ν : Zk → R

be the ν−Lyapunov exponents of F along the fibers of X . If

N⋂

i=1

ker λi
F,ν 6⊂ ker[χ](5.2)

then ν is η[χ]−invariant.
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Remark 17. In Theorem 5.1 we assume that ρ is the restriction of some ho-

momorphism Q : Rk → Aut(G). In practice this is not an issue, since if

Zk → GL(d,Z) is a homomorphism then there is a finite index subgroup of Zk

that satisfies this assumption.

To apply results from [3] it will be convenient to reformulate η[χ]−invariance of

ν into essential holonomy invariance. Let x ∈ XΓ, g ∈ G[χ] and y = T g
[χ]x. Since

ηg[χ] cover T
g
[χ], we define

h[χ]
x,y : Xx → Xy, h[χ]

x,y(ξ) = ηg[χ](ξ).(5.3)

We say that h
[χ]
x,y is the [χ]−holonomy between Xx and Xy.

Definition 5.3. Let ν be F−invariant such that (ΦX )∗ν = µΓ and let {νx}x∈XΓ

be the disintegration of ν over ΦX . We say that ν, or {νx}x∈XΓ
, is essentially

[χ]−holonomy invariant if there is a µΓ−full measure set Y ⊂ XΓ such that

(h
[χ]
x,y)∗νx = νy for x, y ∈ Y .

Lemma 5.2. Let ν be F−invariant and projecting onto µΓ. If ν is essentially

[χ]−holonomy invariant then ν is η[χ]−invariant.

Proof. Let Y ⊂ XΓ be a full measure subset such that (h
[χ]
x,y)∗νx = νy for x, y ∈ Y .

Let g ∈ G[χ] and Ỹ = Y ∩ ηg
−1

[χ] Y so that x, ηg[χ]x ∈ Y for x ∈ Ỹ . If ϕ ∈ C0(X )
∫

X

ϕ(ηg[χ]ξ)dν(ξ) =

∫

Ỹ

(∫

Xx

ϕ(ηg[χ]ξ)dνx(ξ)

)
dµΓ(x) =

∫

Ỹ

(∫

ηg
[χ]

Xx

ϕ(ξ)d(h
[χ]

x,T g

[χ]
x
)∗νx(ξ)

)
dµΓ(x) =

∫

Ỹ



∫

X
T
g
[χ]

x

ϕ(ξ)dνT g

[χ]
x(ξ)


dµΓ(x) =

∫

X

ϕ(x)dν(x),

so ν is ηg[χ]−invariant. �

5.1. The suspension construction. Fix a higher rank action ρ : Zk → Aut(XΓ)

and a cocycle F n : X → X over ρ as in Theorem 5.1. We recall the definition of

the suspension of an action α : Zk ×M → M .

Definition 5.4. Let τ : Zk × (M × Rk) → M × Rk be defined by τn(x, s) =

(αnx, s− n). We define the suspension S of α as

S :=
(
M × Rk

)
/τ.
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Given (x, s) ∈ M ×Rk we denote by [x, s] the equivalence class of (x, s) in S. We

also define a natural action on S by αt

S(x, s) = (x, s+ t). Since

αt

Sτ
n(x, s) =αt

S(α
nx, s− n) = (αnx, t+ s− n) = τn(x, t+ s) =

τnαt

S(x, s)

the action αS descends to an action on S. Moreover the map M ×Rk ∋ (x, s) 7→
s + Zk ∈ Tk descends to a map πS : S → Tk with fibers M . The map πS semi-

conjugates αS to the natural translation action on Tk.

Given any α−invariant measure µ on M we define a measure µS on S as follows.

For each x ∈ Tk we choose some s ∈ Rk such that s + Zk = x, we then obtain

a map ιs : M → π−1
S (x) ⊂ S defined by ιs(y) = [y, s]. Define a measure µx on

π−1
S (x) by

(ιs)∗µ = µx.(5.4)

Given any n ∈ Zk we have ιs+n(y) = [y, s+n] = [αny, s] = ιsα
ny. So α−invariance

of µ implies

(ιs+n)∗µ = (ιs)∗α
n

∗µ = (ιs)∗µ

showing that µx is well-defined. Define a suspended measure µS by

µS =

∫

Tk

µxdvolTk(x).(5.5)

One checks that µS is αS−invariant.

In the remainder of this section, we denote by S0 the suspension of ρ with action

ρS0 : Rk × S0 → S0 and by S the suspension of F with action FS : Rk × S → S.
We also denote by µS0 the suspension of µΓ and νS the suspension of ν. Note that

µS0 is a volume on S0. Let Q : Rk → Aut(G) be a homomorphism such that

Q|Zk = ρ.(5.6)

Suspend the actions T g
[χ] and ηg[χ] by

T̂ g
[χ] ([x, s]) =

[
TQ−sg
[χ] x, s

]
, η̂g[χ] ([x, s]) =

[
ηQ

−sg
[χ] x, s

]
.(5.7)

For any n ∈ Zk we have

T̂ g
[χ]([ρ

nx, s− n]) =
[
TQnQ−sg
[χ] ρnx, s− n

]
=
[
ρnTQ−sg

[χ] x, s− n
]

(5.8)

so T̂[χ] is a well-defined action on S0 that acts in the fibers of πS0 : S0 → Tk.

Similarly the action η̂[χ] is well-defined on S. We define ΦS : S → S0 by

ΦS([ξ, s]) = [ΦX (ξ), s].(5.9)

Since ΦX semi-conjugates ρ onto F , ΦS is well-defined. The following lemma is

immediate from our definitions.
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Lemma 5.3. Let ΦS , FS , ρS0, T̂[χ] and η̂[χ] be as above. The following holds

(i) the map ΦS : S → S0 is a Hölder fiber bundle with uniformly Cr fibers.

In fact, for any s ∈ Tk the restriction ΦS |π−1
S

(s) coincides with ΦX using

natural identifications of π−1
S (s) ∼= X and π−1

S0
(s) ∼= XΓ,

(ii) the map FS is a Cs cocycle over ρS0,

(iii) the Lyapunov exponents for ρS0 coincide with the Lyapunov exponents of

ρ,

(iv) the νS−Lyapunov exponents along the fibers of ΦS for FS coincide with

the Lyapunov exponents of F ,

(v) the map ΦS conjugates η̂[χ] to T̂[χ].

Proof. Point (i) follows from the analogous properties of ΦX since ΦS is defined

in the fibers of πS : S → Tk. That ΦS conjugates FS to ρS0 is immediate from

its definition: ΦS [ξ, s+ t] = [ΦX (ξ), s+ t]. That FS is Cs along the fibers of ΦS

is immediate since F is Cs along the fibers of ΦX (note that the identifications

ιs(ξ) = [ξ, s], X → π−1
S (s + Zk), defines a smooth structure on the fibers of ΦS

in which FS is uniformly Cs). Points (iii) and (iv) holds for Zk ⊂ Rk, and any

functional is determined by its values on a lattice, proving (iii) and (iv). Point (v)

is immediate from the definitions and the fact that ΦX conjugate η[χ] to T[χ]. �

We define holonomies along the orbits of T̂[χ] as in Equation 5.3. That is, if x ∈ S0,

y = T̂ g
[χ]x then

ĥ[χ]
x,y(ξ) = η̂g[χ](ξ).(5.10)

We say that νS (or the disintegration {νS,x}x∈S0) is essentially [χ]−holonomy

invariant if there is a µS0 full measure set Y ⊂ S0 such that

(ĥ[χ]
x,y)∗νS,x = νS,y, x, y ∈ Y.(5.11)

The key fact about the suspension, is that holonomy invariance of νS implies ho-

lonomy invariance of ν. So, by Lemma 5.2, Theorem 5.1 follows by [χ]−holonomy

invariance of νS .

Lemma 5.4. The measure ν is essentially [χ]−holonomy invariant if and only if

νS is essentially [χ]−holonomy invariant.

Lemma 5.4 is immediate from the following lemma.

Lemma 5.5. We have (ΦS)∗νS = µS0. For [x, s] ∈ S0 we have

νS,[x,s] = (ιs)∗νx.(5.12)
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Proof. By construction we have νS = (ιs)∗ν ⊗ ds, so

(ΦS)∗νS =

∫

Tk

(ΦS)∗(ιs)∗νds =

∫

Tk

(ΦSιs)∗νds =

∫

Tk

(ιsΦX )∗νds =

∫

Tk

(ιs)∗µds = µS0.

If we define νS,[x,s] := (ιs)∗νx, then

νS,[ρnx,s−n] = (ιs−n)∗νρnx = (ιsρ
−n)∗νρnx = (ιs)∗νx = νS,[x,s](5.13)

where we have used ιs+n(x) = [x, s + n] = [ρ−nρnx, s + n] = [ρnx, s] = ιs(ρ
nx).

So νS,[x,s] is well-defined. We calculate
∫

S0

νS,[x,s]dµS0([x, s]) =

∫

S0

(ιs)∗νxdµS0([x, s]) =

∫

Tk

[∫

ιsXΓ

(ιs)∗νxd(ιs)∗µΓ([x, s])

]
ds =

∫

Tk

[
(ιs)∗

∫

XΓ

νxdµΓ(x)

]
ds =

∫

Tk

(ιs)∗νds = νS

which proves that νS,[x,s] is a disintegration of νS over ΦS . �

Proof of Lemma 5.4. If ν is essentially [χ]−holonomy invariant, then we find Y ⊂
XΓ such that (h

[χ]
x,y)∗νx = νy for x, y ∈ Y . Letting Ỹ ⊂ S0 be the image of Y ×Rk

in S0, one direction in Lemma 5.4 follows from the formula in Lemma 5.5. For

the converse direction, let Y ⊂ S0 be such that (ĥx,y)∗νS,x = νS,y for x, y ∈ Y .

Since µS0(Y ) = 1 we have for ds−almost every s ∈ Tk

µΓ(ι
−1
s
(Y ∩ π−1

S0
(s))) = 1.

For any s ∈ Rk, g ∈ G[χ] and x ∈ XΓ we have

ιsT
g
[χ](x) =

[
T g
[χ](x), s

]
=
[
TQ−sQsg
[χ] (x), s

]
= T̂Qsg

[χ] [x, s] = T̂Qsg
[χ] ιs(x).

Similarly, ιsη
g
[χ] = η̂Q

sg
[χ] ιs. Since ιs maps fibers of ΦX to fibers of ΦS , it follows

that ι−1
s
ĥ
[χ]
[x,s],[y,s]ιs = h

[χ]
x,y. With Ỹ = ι−1

s
(Y ∩ π−1

S0
(s)) and Lemma 5.5

(h[χ]
x,y)∗νx =

(
ι−1
s
h
[χ]
[x,s],[y,s]ιs

)
∗
νx =

(
ι−1
s
h
[χ]
[x,s],[y,s]

)
∗
νS,[x,s] =

(ι−1
s
)∗νS,[y,s] = νy,

for x, y ∈ Ỹ . Choosing s such that µΓ(Ỹ ) = 1, it follows that ν is essentially

[χ]−holonomy invariant. �
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5.2. Proof of Theorem 5.1. By Lemmas 5.2 and 5.4 it suffices to show that the

disintegration of the suspension of ν is essentially [χ]−holonomy invariant. We

use the following general criteria for obtaining holonomy invariance, proved in [3,

Proposition 4.2] (or [3, Corollary 4.3]).

Theorem 5.2. Let f : M → M be a volume preserving diffeomorphism on a

closed, smooth manifold with an invariant contracting smooth foliation W . Let

X → M be a Hölder fiber bundle with uniformly Cr fibers and F : X → X a

map covering f such that F is uniformly Cs along the fibers of X → M . We

assume that W admits holonomies in X , that is for every y ∈ W (x) there is a

map hW
x,y : Xx → Xy and satisfying (sh1), (sh2) and (sh3) in [3, Section 2.4].

Let ν be a F−invariant measure on X projecting onto volume. If the ν−exponent

of F along the fibers of X → M is 0 then the disintegration of ν is essentially

W−holonomy invariant. That is, there is a full volume set Y ⊂ M such that

(hW
x,y)∗νx = νy for x, y ∈ Y .

Proof. The theorem would follow immediately from [3, Proposition 4.2] if the

foliation W coincided with the stable foliation of f (in the sense of [3, Section

4.1]). However, following the proof, it suffices that W is contracting. In fact,

since W is a contracting foliation it is standard to produce a measurable partition

subordinate to W , see for example [44], which simplifies the proof. �

Proof of Theorem 5.1. Let FS be the suspension of F and ρS0 the suspension of

ρ. By assumption we find t0 ⊂ Rk \ 0 such that F t0
S has zero exponents along the

fibers of ΦS and [χ](t0) < 0. If f = ρt0S0
, F = F t0

S and W is the orbit foliation of

T̂[χ], then we apply Theorem 5.2 to conclude that νS is essentially [χ]−holonomy

invariant. The theorem follows from Lemmas 5.2 and 5.4. �

6. Invariant structure in the center direction

Let α : Zk×XΓ → XΓ be a smooth action satisfying the assumptions of Theorem

A. In this section, we prove Theorem 1.3, that is: f , and α, have a unique measure

of maximal entropy. Moreover, if µ is the measure of maximal entropy then Φ∗µ =

vol and the disintegration of µ is invariant under stable and unstable holonomy.

Equivalently [3, 53] we show that the µ−center exponent vanish, λc
µ = 0. The

proof of Theorem 1.3 is by contradiction, so we assume that λc
µ(f) 6= 0. The

proof splits into two cases. First, we have a generic case when the kernel of

λc
µ : Zk → R does not coincide with the kernel of some exponent χ : Zk → R of ρ.

Second, we have an exceptional case when ker λc
µ = kerχ for some exponent χ of

ρ. The first case is dealt with by using Theorem 5.1 and Lemma 5.1. The second,

more technical, case is dealt with by studying the circle dynamics induced by the
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holonomy maps on the center leaves. Suppose that λc
µ has the same kernel as [χ].

We begin by showing that the P[χ]−action commute with the Q[χ]−action. This

implies that either Pc
[χ] or Qc

[χ] act transitively on center leaves (see Lemma 6.2).

If Qc
[χ] act transitively on center leaves then Theorem 5.1 can be applied, as in the

generic case. If Pc
[χ] acts transitively on center leaves, then we show that Q[χ] acts

minimally on XΓ. We use the minimality of the Q[χ]−action, and the fact that

Q[χ] commute with Pc
[χ] to produce a continuous T−action preserving W c that

commutes with α. This shows that the exponent λc
µ must vanish, a contradiction.

Denote by Mf
vol(XΓ) the f−invariant measures projecting to volume

Φ∗µ = vol, µ ∈ Mf (XΓ).(6.1)

Equivalently the measures Mf
vol(XΓ) are precisely the measures of maximal en-

tropy for f [53]. From [53] the set Mf
vol(XΓ) is finite so we may assume, after pos-

sibly dropping to a finite index subgroup, that Mf
vol(XΓ) consist of α−invariant

measures. We assume, for contradiction, that λc
µ(f) 6= 0 for some µ ∈ Mf

vol(XΓ),

which implies λc
ν(f) 6= 0 for all ν ∈ Mf

vol(XΓ) [53].

Lemma 6.1. For any two µ, ν ∈ Mf
vol(XΓ) we have ker λ

c
µ = ker λc

ν where λc
µ, λ

c
ν :

Zk → R. Moreover, there is a vol−full measure set Y ⊂ Td such that for any

y ∈ Y we have x1, ..., xN ∈ Φ−1(x) with x1 < x2 < ... < xN in the orientation

of Φ−1(y) such that (xj−1, xj+1) is the stable or unstable manifold for some ν ′ ∈
Mvol(XΓ) in Φ−1(y).

Proof. We sketch the construction of measures in [53]. Let µ ∈ Mf
vol(XΓ) and

(µc
x)x∈XΓ

the disintegration of µ with respect to the center foliation. The measures

µc
x are atomic µ−almost everywhere, since λc

µ(f) 6= 0 and W c has 1−dimensional

leaves. Denote by Fµ the f−invariant foliation in W c, the stable foliation if

λc
µ(f) < 0 and the unstable foliation if λc

µ(f) > 0. Let Y ⊂ Td be such that µc
x

exists and is atomic for each x ∈ Φ−1(y). For y ∈ Y let

µc
x = (δp1(x) + ...+ δpk(x))/k.(6.2)

We define qj(x) as the positively oriented end point of Fµ(pj(x)). Define a new

measure ν by νy = δq1(x) + ... + δqk(x) and ν = νy ⊗ dvol(y). Then Φ∗ν = vol and

ν is ergodic, so ν ∈ Mf
vol(XΓ). For any n ∈ Zk such that λc

µ(n) < 0, Fµ(pj(x)) is

a stable manifold for αn. If λc
ν(n) < 0, then any point in (pj(x), qj(x)) lie in the

stable manifold for both pj(x) and qj(x), which is a contradiction. It follows that

λc
µ(n) < 0 implies λc

ν(n) ≥ 0, or λc
µ = −cλc

ν for some c > 0 (note that c 6= 0 since

there are no measure ν ∈ Mf
vol(XΓ) with zero center exponent [53]). The first part

of the lemma follows for measures constructed as above. Since #Mvol(XΓ) < ∞
[53] the construction of new invariant measures outlined above can only produce

new measures finitely many times. This proves the last part of the lemma, since



36 SVEN SANDFELDT

if the invariant manifolds did not cover the center leaves, then we could proceed

the construction. This also proves the first part of the lemma since the measures

constructed above have invariant manifolds covering the entire center leaves for

vol−almost every Φ−1(y). �

6.1. Generic case of Theorem 1.3. Let µ ∈ Mf
vol(XΓ). If ker λc

µ does not

coincide with ker[χ] for any coarse exponent of ρ, then ηP |E[χ]
0

preserve µ for all

coarse [χ] by Theorem 5.1 and Lemma 5.1. So, µ is ηP−invariant. Accessibility

of f implies that ηP acts transitively, which implies that the disintegration of µ,

µc
x, can not be atomic. This is a contradiction since we assumed that λc

µ(f) 6= 0.

6.2. Exceptional case of Theorem 1.3. Now we deal with the exceptional

case of Theorem 1.3. We fix µ ∈ Mf
vol(XΓ) and assume that λc

µ = rχ for some

Lyapunov exponent χ of ρn. Denote by [χ] the corresponding coarse Lyapunov

exponent. We will need two preliminary result on circle maps.

Lemma 6.2. If G,H ⊂ Homeo+(T) are two path-connected groups such that

GH.x = HG.x = T for all x ∈ T then either G.x = T or H.x = T.

Proof. We have G.x = (a, b), G.x = (a, b], G.x = [a, b) or G.x = [a, b] since G is

path-connected. We write I = G.x. If I 6= T then we claim that a and b are fixed

by G. Indeed, if g ∈ G then g(I) = I and since g is an orientation preserving

homeomorphism, g fix the endpoints of I. So, G.a = a and G.b = b. If H.x ⊂ I

then T = GH.x = G.x = I 6= T, so H.x 6⊂ I. Since H is path-connected J = H.x

is an interval that contain x and J 6⊂ I, so a ∈ H.x or b ∈ H.x. Assume that

a ∈ H.x. Since a is fixed by G we have T = HG.a = H.a ⊂ H.x so H.x = T. �

Lemma 6.3. Let K ⊂ T be compact such that

(i) there is a subgroup G ⊂ Homeo+(T) acting transitively, with subgroup

GK = StabK(G) = {g ∈ GK : gK = K},
(ii) if x ∈ K, g ∈ G satisfy gx ∈ K then g ∈ GK,

(iii) if g ∈ GK satisfy gx = x for x ∈ K then g|K = idK ,

(iv) there is a compact subset G0 ⊂ G such that G0x = T for every x ∈ T.

Then K = T or K is finite.

Proof. The group GK act transitively and freely on K by (i), (ii) and (iii). Com-

bining this with (iv) it follows that GK is a compact group, so GK preserves a

measure ν on T. From Lemma 3.7 it follows that the rotation number ω : GK → T

is a homomorphism. If ω(g) = 0 for g ∈ GK , then g fix a point in K by Lemma

3.6, so by (iii) we have g|K = idK . It follows that, if we view GK ⊂ Homeo(K),
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ω : GK → T is injective. The image T = ω(GK) is compact, so either T = T or

#T < ∞. In the second case, since ω|GK
is injective, we have #K = #GK < ∞.

In the first case, ω : GK → T is injective and surjective, so a homeomorphism. It

follows that K is homeomorphic to a circle, so K →֒ T is a local homeomorphism

by invariance of domain. In particular, K is both open and closed. Since T is

connected it follows that K = T. �

Lemma 6.4. The action of P[χ] commute with the action of Q[χ].

Proof. By induction it suffices to consider v ∈ E
±[χ]
0 and w ∈ E

[η]
0 for [η] indepen-

dent of [χ]. Assume v ∈ E
[χ]
0 , the other case is identical. Let g = ηvPη

w
Pη

−v
P η−w

P .

Fix

C−
v,w =

{
n ∈ Z2 : lim

ℓ→∞

1

ℓ
log
∥∥ρℓnv

∥∥ , 1
ℓ
log
∥∥ρℓnw

∥∥→ 0

}

which is a non-empty cone since [χ] and [η] are independent. Let Y ⊂ Td be the

full measure set from Lemma 6.1. Given y ∈ Y let x ∈ Φ−1(y). We have

αℓngx =αℓnηvPη
w
Pη

−v
P η−w

P x =

ηρ
ℓnv

P ηρ
ℓnw

P η−ρℓnv
P η−ρℓnw

P αℓnx.

The action ηP is Hölder by Lemma 4.2, so from or choice of C−
v,w there is uniform

κ > 0 such that for any n ∈ C−
v,w

lim sup
ℓ→∞

1

ℓ
log dc

(
αℓnx, αℓngx

)
≤κ min

[η̃]=[η],[χ̃]=[χ]
(χ̃(n) + η̃(n)) ≤

κ min
[η̃]=[η]

η̃(n)

where the last inequality is immediate since [χ](n) < 0. In particular, gx lie in

the stable manifold of x for any n ∈ C−
v,w. Assume for contradiction that gx 6= x.

Since gx, x ∈ W c(x) lie in the same stable manifold, if x 6= gx then Lemma 6.1

implies

lim sup
ℓ→∞

1

ℓ
log dc

(
αℓnx, αℓngx

)
= λc

ν(n)

for some ν ∈ Mf
vol(XΓ). So, λc

ν(n) ≤ κmin[η̃]=[η] η̃(n) for any n ∈ C−
v,w. Since [χ]

is independent of [η] we find nj ∈ C−
v,w such that χ̃(nj) → 0 for any [χ̃] = [χ]. By

independence we may also choose nj such that

lim
j→∞

min
[η̃]=[η]

η̃(nj) → −∞.

Since λc
ν has the same kernel as [χ] we also have λc

ν(nj) → 0. This is a contradic-

tion since

0 = lim
j→∞

λc
ν(nj) ≤ lim

j→∞
κ min

[χ̃]=[χ]
η̃(nj) = −∞.
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We conclude that gx = x. Since gx = x holds on a dense set, and g is continuous,

we have g = idXΓ
. �

By Lemmas 6.2 and 6.4 either Pc
[χ] or Qc

[χ] must act transitively on every W c(x).

We will prove that neither Pc
[χ] or Qc

[χ] can act transitively on W c(x), which is a

contradiction.

Lemma 6.5. The group Qc
[χ] can not act transitively on any W c(x).

Proof. Let Y ⊂ XΓ be the subset where Qc
[χ] act transitively on W c(y), y ∈ Y .

Since Qc
[χ] is normal in Q[χ] (it is the kernel of a homomorphism) it is immediate

that Y is Q[χ]−invariant. But, by Lemma 6.4 the set Y is also P[χ]−invariant.

Using Lemma 6.4 again, it follows that Y is P-invariant. Since f is accessible it

follows that, either Y = ∅ or Y = XΓ.

Assume for contradiction that Y 6= ∅, so Y = XΓ. The remainder of the proof is

similar to the proof of the generic case of Theorem 1.3. Indeed, by Theorem 5.1

and Lemma 5.1 the action Qc
[χ] preserve µ. Since Qc

[χ] act transitively on every

W c(x), then the disintegration of µ, µc
x, is not atomic. This is a contradiction, so

we conclude that Y = ∅. �

Before proceeding, we define the space

V = ΠQ[χ] =
⊕

η 6=±[χ]

E
[η]
0(6.3)

and the associated translation action on Td by Rv(x) = x+ v. By Lemma 2.2, Rv

is a minimal action.

Lemma 6.6. The group Pc
[χ] can not act transitively on any W c(x0).

As in the proof of Lemma 6.5 we may assume that Pc
[χ] act transitively on every

W c(x), we will do this in the remainder. We split the proof of Lemma 6.6 into

parts. We begin by proving that Q[χ] act minimally.

Given x ∈ XΓ we define

Kx := {ηwPx : w ∈ Q[χ]}.(6.4)

First, we show that Kx is a minimal set for the Q[χ]−action for every x ∈ XΓ.

Lemma 6.7. For any y ∈ Kx we have

Kx = {ηwPy : w ∈ Q[χ]},(6.5)

that is Kx is a minimal set for the Q[χ]−action. In particular, the set {Kx}x form

a partition of XΓ.
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Proof. Define Y ⊂ XΓ as those x ∈ XΓ such thatKx is minimal for theQ[χ]−action.

A standard application of Zorn’s lemma shows that there is some compact set

M ⊂ XΓ such that M is minimal for the Q[χ]−action. Since M ⊂ Y it fol-

lows that Y is non-empty. Given any w ∈ Q[χ] we have ηwPKx ⊂ Kx, so Y is

Q[χ]−invariant. By Lemma 6.4 the action of P[χ] commute with the action of

Q[χ]. So, given w ∈ P[χ] the map ηwP : Kx → ηwPKx conjugates the Q[χ]−action

on Kx to the Q[χ]−action on ηwPKx = Kηw
P
x. It follows that x ∈ Y if and only if

ηwPx ∈ Y . Since Y is P[χ]−invariant andQ[χ]−invariant, Lemma 6.4 implies that Y

is su−saturated. Accessibility and the fact that Y 6= ∅ implies that Y = XΓ. �

Lemma 6.8. The action of Q[χ] is minimal.

Proof. Since Kx is Q[χ]−invariant, Lemma 4.3 implies

Φ(Kx) = Φ(ηwPKx) = Φ(Kx) + Π(w), w ∈ Q[χ](6.6)

so Φ(Kx) is compact and invariant by the translation action Rv from Equation

6.3. The translation action by V is minimal, so Φ(Kx) = Td. It follows that

Kx ∩W c(y) 6= ∅ for every y ∈ XΓ.

If we let G = η
Pc
[χ]

P and K = Kx ∩W c(y) then the assumptions in Lemma 6.3 are

satisfied (after identifying W c(y) ∼= T). Indeed, G act transitively by Lemma 4.6.

Property (ii) and (iii) follows from Lemmas 6.4 and 6.7. To show property (iv),

we follow [2, Section 8.3]. For N ∈ N, write

Pc
[χ],N = {w = v1v2...vN ∈ Pc

[χ] : vj ∈ E
±[χ]
0 , ‖vj‖ ≤ N, n ≤ N}.(6.7)

That is Pc
[χ],N consist of those words in Pc

[χ] with at most N letters, and each

letter has length of at most N . The following is immediate from the definition

Pc
[χ],N+1 ⊃ Pc

[χ],N , Pc
[χ] =

⋃

N≥1

Pc
[χ],N .(6.8)

Let KN = {ηwP : w ∈ Pc
[χ],N}. Let KN = KNx0 = {k(x0) : k ∈ KN} for fixed

x0 ∈ W c(y). Then KN ⊂ KN+1 is an ascending sequence of compact sets. If

KN0 = W c(y) and x ∈ W c(x) then x0 ∈ KN0x so K2N0x ⊃ KN0x0 = W c(y). That

is, property (iv) of Lemma 6.3 holds if KN0 = W c(y) for some N0. Since
⋃

N≥1

KN = {ηwPx0 : w ∈ Pc
[χ]} = W c(y),(6.9)

Baire’s category theorem implies that there is N1 such that int(KN) 6= ∅ for N ≥
N1 (where int(KN) is the interior in W c(y)). Define UN = int(KN) and CN = U c

N

(where the complement is in W c(y)). If N ≥ N1 then x0 ∈ KNUN ⊂ U2N , so

KN ⊂ KNU2N ⊂ U3N . From Equation 6.9 we obtain

W c(y) =
⋃

N≥1

KN =
⋃

N≥N1

KN ⊂
⋃

N≥N1

U3N =
⋃

N≥1

UN(6.10)
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or

∅ =
⋂

N≥1

CN .(6.11)

Since CN+1 ⊂ CN is a descending sequence of compact sets it follows that there

is N0 such that CN0 = ∅. Equivalently UN0 = KN0 = W c(y), proving that

property (iv) of Lemma 6.3 holds. Lemma 6.3 implies that #Kx ∩W c(y) < ∞ or

Kx ∩W c(y) = W c(y) for every x, y ∈ XΓ.

We claim that #Kx ∩ W c(y) is independent of y. Indeed, as in the proof of

Lemma 6.7, for any w ∈ P we have ηwPKx = Kηw
P
x. So given any z ∈ Kx ∩W c(y)

we find, by accessibility, some w ∈ P that satisfy ηwPx = z and in extension

ηwPKx = Kz = Kx (since z ∈ Kx, and {Kx}x∈XΓ
is a partition, Lemma 6.7). We

also have ηwPW
c(x) = W c(y) (since z ∈ W c(y)) so ηwP(Kx∩W c(x)) = Kx∩W c(y).

It follows that

#Kx ∩W c(y) = #Kx ∩W c(x)(6.12)

for all y ∈ XΓ. If #Kx ∩ W c(x) = q < ∞, then the fibers of Φ intersect Kx

precisely q times. Given z0 ∈ Td we define

ε0 = inf
y 6=y′ y,y′∈Φ−1(z0)∩Kx

d(y, y′) > 0.

Let {y1, ..., yq} = Kx ∩ Φ−1(z0) and δ > 0 small. For z ∈ Bδ(z0), we define

yj(z) as the element in Φ−1(z) ∩ Kx that minimize d(yj(z), yj(z0)) (if this does

not define a unique point, choose an arbitrary minimizer). If zn → z0 then any

convergent subsequence of yj(zn) converges to an element of Kx ∩Φ−1(z0). From

our choice of yj(z) it is clear that any convergent subsequence converge to yj(z0).

So, yj(zn) → yj(z0) and yj is continuous at z0. Choose δ > 0 small enough such

that d(yj(z), yj(z0)) < ε0/100 for all z ∈ Bδ(z0) and j = 1, ..., q. For z, z′ ∈ Bδ(z0)

and i 6= j the reverse triangle inequality implies

d(yi(z), yj(z
′)) ≥d(yi(z0), yj(z

′))− d(yi(z0), yi(z)) ≥
d(yi(z0), yj(z0))− d(yj(z0), yj(z

′))− d(yi(z0), yi(z)) >

ε0 −
ε0
50

>
49ε0
50

> 0.

where the last inequality use the definition of ε0. In particular, yi(z) 6= yj(z) for

every z ∈ Bδ(z0), so Kx ∩ Φ−1(z) = {y1(z), ..., yq(z)}. Moreover, we have

d(yi(z), yi(z
′)) ≤ d(yi(z), yi(z0)) + d(yi(z0), yi(z

′)) <
ε0
50

.(6.13)

Since ε0/50 < 49ε0/50, yi(z
′) is the element y ∈ Kx ∩ Φ−1(z′) that minimize

d(yi(z), y). The same argument that showed continuity at z0, now show that yj
is continuous at any z ∈ Bδ(z0). So the functions y1, ..., yq : Bδ(z0) → Kx are

continuous. Note that Φ restricted to Kx ∩Φ−1(Bδ(z0)) ∩Bε0(yj(z0)) has inverse
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given by yj. So, Φ : Kx → Td is a finite covering map. In particular, Kx is

homeomorphic to Td. It follows that the map

(Φ|Kx
)∗ : π1T

d ∼= Zd → Γ ∼= π1XΓ(6.14)

is injective with image of finite index. The map

Zd ∼= π1Kx
iKx−−→ π1XΓ = Γ(6.15)

is injective since its injective after composition with Φ∗ = π∗. The group Γ′ =

Im(iKx
)∗× ker Φ∗ = Im(iKx

)∗× [Γ,Γ] has finite index in Γ and is abelian. Since Γ

is not virtually abelian, this is a contradiction. We conclude that Kx ∩W c(y) =

W c(y) for every y which implies that Kx = XΓ for every x. �

Lemma 6.9. The map r : Pc
[χ] → T, r : w 7→ ω(ηwP |W c(x)) is a well-defined

surjective homomorphism. Moreover, r(w) = 0 if and only if ηwP = idXΓ
.

Proof. We fix w ∈ Pc
[χ], g = ηwP . Let ϕ : Td → T be defined by

ϕ(y) := ω(g|Φ−1(y)).(6.16)

The function ϕ is continuous since rotation numbers vary continuously in the

C0−topology [40, Proposition 11.1.6]. Given any w ∈ Q[χ] we have gηwP = ηwPg,

by Lemma 6.4, and ΦηwP = RΠ(w)Φ by Lemma 4.3. Let V be the space defined in

Equation 6.3. Given any v ∈ V let w ∈ Q[χ] be such that Π(w) = v. We have

ϕ(Rv(x)) =ω(g|Φ−1(Rv(x))) = ω(g|ηw
P
Φ−1(x)) =

ω(ηwPgη
w−1

P |ηw
P
Φ−1(x)) = ω(g|Φ−1(x)) = ϕ(x)

where the second to last equality uses that the rotation number is conjugacy

invariant [40, Proposition 11.1.3]. Since ϕ is invariant of the translation action

of V and the translation action of V is minimal, ϕ is constant. That is, g :

W c(x) → W c(x) has a rotation number independent of x ∈ XΓ. This shows that

r : Pc
[χ] → T is well-defined. If r(w) = 0 then ηwP fix some x, so Lemmas 6.4 and

6.8 implies that ηwP = idXΓ
.

Since H = ηP |Pc
[χ]

∼= Pc
[χ]/{w ∈ Pc

[χ] : η
w
P = idXΓ

} act transitively and freely on

each W c(x), it follows that H is homeomorphic to W c(x) ∼= T. So, G is a compact

topological group. Since H is compact the H−action preserve a measure. That r

is a homomorphism follows from Lemma 3.7. The image r(H) ⊂ T is a compact

subgroup, so it is either finite or T. If r(H) is finite then every orbit is finite since

r(w) = 0 implies that ηwP = idXΓ
. But H act transitively on every W c(x), so the

H−orbits can not be finite. We conclude that r(H) = T. �

We can now prove Lemma 6.6.
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Proof of Lemma 6.6. Suppose that Pc
[χ] act transitively on some W c(x0). By

Lemma 6.9 we can define an action ηc : T × XΓ → XΓ by ηscx = ηwPx with w

chosen such that r(w) = s. The action ηc is free, and transitive on the center

leaves. Moreover, for n ∈ Zk and w ∈ Pc
[χ] we have

ηρ
nw

P = αnηwPα
−n(6.17)

so by conjugacy invariance of the rotation number, r(ρnw) = r(w) = s. It follows

ηsc = ηρ
nw

P = αnηwPα
−n = αnηscα

−n(6.18)

which proves that α commute with ηc. This implies that α have vanishing Lya-

punov exponent along W c, which is a contradiction. We conclude that Pc
[χ] can

not act transitively on W c(x0). �

We finish the proof of Theorem 1.3 in the exceptional case.

Proof of Theorem 1.3 in exceptional case. By Lemma 6.4 the action of Pc
[χ] com-

mute with the action of Qc
[χ]. Since f is accessible η

Pc
[χ]

P η
Qc

[χ]

P x = W c(x) for all

x ∈ XΓ. By Lemma 6.2 either Pc
[χ] or Qc

[χ] act transitively on W c(x). Lemma 6.6

shows that Pc
[χ] does not act transitively on W c(x) so Qc

[χ] must act transitively

on W c(x). This is a contradiction by Lemma 6.5. �

7. Compatible algebraic structure

Let α : Zk × XΓ → XΓ and f : XΓ → XΓ be as in the previous section. From

Theorem 1.3 there is a unique α−invariant measure µ that projects to volume,

and this measure satisfies λc
µ = 0. We use this measure to construct an algebraic

structure on XΓ that is compatible with f : XΓ → XΓ. This algebraic structure

is then used to produce a topological conjugacy between α and an affine action

α0, Theorem 7.1.

We begin by using the measure µ to construct a circle action ηc : T ×XΓ → XΓ

that commutes with α and ηP , preserves center leaves and acts transitively and

freely on each center leaf. Moreover, if w ∈ Pc then ηwP = ηtc for some t ∈ T.

This shows that the action of P on XΓ factor through a nilpotent group with

base Eu
0 ⊕ Es

0 and center isomorphic to T. Lifting this action to G we obtain a

transitive free action of a 2−step nilpotent group, N , on G.

Using that λc
µ = 0, the following two lemma are proved as in Lemmas 6.4 and 6.9.
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Lemma 7.1. Given two independent course Lyapunov path groups P[χ] and P[η]

with w1 ∈ P[χ] and w2 ∈ P[η] then

ηw1
P ηw2

P = ηw2
P ηw1

P .(7.1)

Lemma 7.2. For any w ∈ Pc the rotation number of

ηwP : W c(x) → W c(x)(7.2)

is independent of x. The map r(w) mapping w ∈ Pc to the rotation number of

ηwP is a homomorphism with kernel {w ∈ Pc : ηwP = idXΓ
}.

Using Lemmas 7.1 and 7.1 we produce an N−action, with N nilpotent, on G.

Lemma 7.3. The action of P on G factor through a nilpotent Lie group N that

acts transitively and freely on G, the action of N descends to an action on XΓ.

Proof. We denote by N the image of P in Homeo(G), and Ñ the image of P in

Homeo(XΓ). We begin by showing that the Pc−action on XΓ factor through an

abelian group. As in the proof of Lemma 6.6, we define ηsc : XΓ → XΓ by ηsc = ηwP
for any w ∈ Pc that satisfies ω(ηwP |W c(x)) = s. By Lemma 7.2 ηc is well-defined,

continuous and acts transitively and freely on each W c(x).

As in the proof of Lemma 6.6, it follows that α commute with ηc. Let r be

from Lemma 7.2. Given w ∈ P and wc ∈ Pc we have r(wwcw
−1) = r(w) since

ηwPη
wc

P (ηwP)
−1 has the same rotation number as ηwP . It follows that

ηr(wc)
c = ηwPη

wc

P (ηwP)
−1 = ηwPη

r(wc)
c (ηwP)

−1(7.3)

which shows that ηc commute with ηP . We let r̃ : Pc → R be defined by r̃(w) =

ω̃(ηwP) where ω̃(ηwP) ∈ R is the rotation number of ηwP with respect to the natural

lift toG from Definition 4.3. Lift ηc toG, and note that ηwP = η
r̃(w)
c . It is immediate

from the analogous properties of ηc : T×XΓ → XΓ that ηc : T×G → G commute

with α and ηP .

Denote by N ⊂ Homeo(G) the image of P under ηP . We denote by N c ⊂ N the

image of Pc. Since ηc commute with ηP and since ηwP = η
r̃(w)
P for w ∈ Pc, it holds

that N c is central in N . Moreover, Lemma 4.1 implies

Pc = [P,P](7.4)

so N c = [N,N ]. It follows that N is 2−step nilpotent. By Lemma 4.1 we can

write any w ∈ P as w = wcvsvu with vσ ∈ Eσ
0 , σ = s, u, and wc ∈ Pc. It

follows that ηwP = η
r̃(wc)
c ηvss ηvuu , so T : Es

0 ×Eu
0 ×R → N , T (vs, vu, t) = ηtcη

vs
s ηvuu is

surjective. If ηtcη
vs
s ηvuu = ηt

′

c η
v′s
s η

v′u
u then we apply Φ and obtain vs = v′s, vu = v′u,

Lemma 4.3. If vs = v′s, vu = v′u then we can simplify and obtain ηtc = ηt
′

c . Since ηc
is a free action this implies t = t′. So T : Es

0 ×Eu
0 ×R → N is bijective. It is also
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clear that T is continuous. Let (vs, vu, t) and (v′s, v
′
u, t

′) be such that T (vs, vu, t) is

close to T (v′s, v
′
u, t

′). After applying Φ, it is immediate that vs is close to v′s and

vu is close to v′u. Writing h = T (vs, vu, t)T (v
′
s, v

′
u, t

′)−1 we obtain

h = ηvss ηvu−v′u
u ηv

′
s

s ηt−t′

c , ηt−t′

c = η−v′s
s η−vu+v′u

u η−vs
s h

so ηt−t′

c is close to idG. Since ηc act freely, it follows that t − t′ is close to 0. It

follows that T has a continuous inverse, so T is a homeomorphism. Since N is a

topological group, homeomorphic to Es
0 ×Eu

0 ×R, N has a unique structure as a

Lie group [46, 29]. �

Theorem 7.1. The diffeomorphism f : X → X is bi-Hölder conjugate to some

affine map f0 : X → X where f0(x) = L(x)z0 with z0 ∈ Gc.

Proof. Let N be the group from Lemma 7.3 and F a lift of f . For w ∈ P we have

FηwPF
−1 = ηLsuw

P by Lemma 4.7. It follows that L̃(n) = FnF−1 ∈ N for every

n ∈ N . So, L̃ : N → N is an autormophism such that Fn = L̃(n)F for n ∈ N .

Define Λ ⊂ N by λ ∈ Λ if λ(e) ∈ Γ for the identity element e ∈ G. Since

any two λ, λ′ ∈ Λ are lifted from XΓ we have some γ ∈ Γ such that λ′(λ(e)) =

λ′(γ) = γλ′(e) ∈ Γ. Similarly if λ ∈ Λ then λ−1(λ(e)) = λ(e)λ−1(e) so λ−1(e) =

(λ(e))−1 ∈ Γ. It follows that Λ is a subgroup of N . Moreover, Γ is closed in G so,

since the action of N is continuous, Λ ⊂ N is closed.

The map q : N ∋ h 7→ h(e) ∈ G is a homeomorphism. Indeed, q is bijective so it

is a homeomorphism by invariance of domain. Let h ∈ N and λ ∈ Λ. Then

q(hλ) = h(λ(e)) = λ(e)h(e) = λ(e)q(h) = q(λ)q(h)

so q descends to a map N/Λ → Γ \G = XΓ. If q(h) = γq(h′) for some h, h′ ∈ N

and γ ∈ Γ then we find some λ ∈ Λ such that γ = λ(e) (since the action of N on

G is transitive). It follows that

q(h) = λ(e)q(h′) = λ(e)h′(e) = h′(λ(e)) = q(h′λ)

or h(e) = h′(λ(e)). The action of N is free, so h = h′λ. That is, we have a

diagram

N G

N/Λ XΓ

q

q

where both horizontal maps are homeomorphisms. The group N is a nilpotent

Lie group by Lemma 7.3, so N/Λ is a nilmanifold. It follows that N is isomorphic

to G as a Lie group and Λ is isomorphic to Γ under this map N → G [48].
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We claim that the induced map f̃ : N/Λ → N/Λ, f̃ = q−1 ◦ f ◦ q is affine.

Equivalently, F̃ : N → N , F̃ = q−1◦F ◦q is affine. From the relation Fn = (L̃n)F ,

n ∈ N , we obtain

q
(
F̃ (n)

)
= F (q(n)) = F (n(e)) = L̃(n)(fe) = L̃(n) (n0(e)) = q

(
L̃(n) · n0

)

where n0 ∈ N is chosen such that n0(e) = Fe. It follows that F̃ , and therefore

also f̃ , is affine.

Denote byH : XΓ → XΓ the conjugacy such thatH(fx) = f0(h(x)) = L(H(x))z0.

After conjugating with a translation, we may assume that z0 ∈ Gc = [G,G]. To

finish the proof, we show that H : XΓ → XΓ is bi-Hölder. By uniqueness of Φ we

have Φ(x) = π(H(x)) = H(x)Gc. Since Φ : XΓ → Td is Hölder and the inverse of

Φ restricted to stable and unstable leaves is Hölder, Lemma 3.3, H is bi-Hölder

along W s and W u. So, it suffices to show that H is Hölder along W c(x) and H−1

is Hölder along W c
0 (x). Write

H(x) = xe−h(x) = xe−(hs(x)+hc(x)+hu(x))(7.5)

with h : XΓ → g and hσ : XΓ → Eσ
0 , σ = s, c, u. Since π(H(x)) = Φ(x) and Φ is

Hölder, both hs and hu are Hölder. The functional equation for H implies

H(fx) =(fx)e−h(fx) = L(x)e−v(x)e−h(fx) = L(x)e−v(x)−h(fx)+
[v(x),h(fx)]

2 =

L(H(x))z0 = L(x)e−Lh(x)+Z0

or

h(fx)− Lh(x) =
[v(x), h(fx)]

2
− v(x) + Z0.(7.6)

We obtain an equation for hc(x)

hc(fx)− hc(x) =
[vs(x), hu(fx)] + [vu(x), hs(fx)]

2
− vc(x) + Z0 = w(x)

where w : XΓ → Ec
0 is Hölder. It follows that hc(x) is Hölder [67], so H is Hölder.

Next we show that H−1 is Hölder along W c
0 (x). Fix X ∈ Es

0, Y ∈ Eu
0 such that

[X, Y ] = Z 6= 0 with Z ∈ Ec
0. Given any t ≥ 0 the Baker–Campbell–Hausdorff

formula implies etXetY e−tXe−tY = et
2[X,Y ]. We have

H−1
(
xet

2Z
)
−H−1 (x) =H−1

(
xetXetY e−tXe−tY

)
−H−1 (x) =

H−1
(
xetXetY e−tXe−tY

)
−H−1

(
xetXetY e−tX

)
+

H−1
(
xetXetY e−tX

)
−H−1

(
xetXetY

)
+

H−1
(
xetXetY

)
−H−1

(
xetX

)
+

H−1
(
xetX

)
−H−1 (x) .



46 SVEN SANDFELDT

Using that H−1 is Hölder along W s
0 and W u

0 we have, for t small, some exponent

θ and some constant C

d
(
H−1

(
xet

2Z
)
, H−1 (x)

)
≤ Ctθ.

Since d(xet
2Z , x) ≥ ct2 for small t

d
(
H−1

(
xet

2Z
)
, H−1 (x)

)
≤ Cd

(
x, xet

2Z
)θ/2

.

For y ∈ W c
0 (x) close, it follows d(H

−1(x), H−1(y)) ≤ Cd(x, y)θ/2. �

8. Rigidity: Smoothness of the bi-Hölder conjugacy

In this section, we prove Theorem 1.2. Let α, α0 and f = αn0 , f0 = αn0
0 be as in

Theorem 1.2. We prove Theorem 1.2 under the assumption that f is accessible,

this is done for two reasons. First, the proof simplifies because we can apply [67]

to obtain regularity of the conjugacy along the center direction. In particular,

there is no loss of generality in assuming that the center of f0 coincides with the

joint center of α0, see Remark 19. Second, if f is accessible then α naturally

preserves a volume form µ and H∗µ = µΓ, see Lemma 8.2.

If α is assumed to preserve a volume form µ such that H∗µ = µΓ then a result

similar to Theorem 1.2 still holds, without accessibility. We give a brief sketch of

the proof. Let H : G → G be a lift of the conjugacy. By the argument below,

H is uniformly C∞ along W σ and DxH : Eσ(x) → Eσ
0 , σ = s, u, is invertible at

each x. Define

Ĥ : G
H−→ G → G/Gcs(8.1)

then the fibers of Ĥ coincides with Ŵ cs. In particular, Ĥ is uniformly C∞ along

Ŵ cs. Moreover, since H is uniformly C∞ along W u, Ĥ is uniformly C∞ along

W u. By Journé’s lemma [36] Ĥ is smooth. The map DxĤ|Eu(x) is invertible, so

Ĥ is a submersion. It follows that the leaves of Ĥ form a C∞−foliation, so W cs

is a C∞−foliation. Similarly, W cu is a C∞−foliation. Once we know that W c

is a C∞−foliation the argument in [52, 26] to obtain regularity of H along W s

and W u can also be used along W c (note that, a priori, the assumptions of [52,

Theorem A.1] are not satisfied for W c).

8.1. Dynamical coherence and regularity of center leaves. We begin by

proving that f is dynamically coherent with W cs, W cu and W c all uniquely inte-

grable. We use this without mention in the remainder.

Lemma 8.1. The map f is dynamically coherent with W cs, W cu and W c all

uniquely integrable with uniformly C∞ leaves.



HIGHER RANK PARTIALLY HYPERBOLIC ACTIONS ON NILMANIFOLDS 47

Proof. Since f is conjugated to f0 = αn0
0 , and f0 is uniformly subexponetial along

its center Ec
0, f is also uniformly subexponential along its center Ec. Indeed,

for any f−invariant measure ν the stable Pesin manifold W s
ν (x) maps into the

stable manifold, W s
0 (H(x)), of f0 under H . Since H is invertible dimW s

ν (x) ≤
dimW s

0 (H(x)). It follows that no ν−exponents are negative along Ec. By ex-

changing f for f−1, no ν−exponent is positive along Ec. By [55] f is uni-

formly subexponential along Ec. We fix lifts F , F0 and H to G, such that

H(Fx) = F0(H(x)). If γ : I → G is a C1−curve tangent to Ecs then, for

any ε > 0, the length |F n ◦ γ| satisfies
|F n ◦ γ| ≤ Cεe

nε.(8.2)

The conjugacy H : G → G can be written H(x) = xh(x)−1 with h : G → G being

Γ−invariant. We estimate

d(H(x), H(y)) =d(xh(x)−1, yh(y)−1) ≤
≤d(x, xh(x)−1) + d(y, yh(y)−1) + d(x, y) =

d(e, h(x)−1) + d(e, h(y)−1) + d(x, y) ≤ d(x, y) + C

for some uniform C. With x = H−1(z) and y = H−1(w) we obtain

d(H−1(z), H−1(w)) ≥ d(z, w)− C.

Now, d(F n(γ(0)), F n(γ(1))) ≤ Cεe
nε, so

Cεe
nε ≥d(F n(γ(0)), F n(γ(1))) = d(H−1HF n(γ(0)), H−1HF n(γ(1))) ≥

d(HF n(γ(0)), HF n(γ(1)))− C = d(F n
0 H(γ(0)), F n

0 (H(γ(1))))− C.

With ε sufficiently small it follows that H(γ(1)) ∈ W cs
0 (H(γ(1))). We conclude

that Ecs is uniquely integrable with leaves given by

W cs(x) = H−1(W cs
0 (H(x))).(8.3)

Similarly, Ecu is uniquely integrable with W cu(x) = H−1(W cu
0 (H(x))). Since f is

uniformly subexponential along Ec each foliation W cs, W cu and W c = W cs∩W cu

have uniformly C∞ leaves, see [20, Theorem 7] (or [35]). �

8.2. Volume preservation and smoothness along the center direction.

To apply arguments using exponential mixing we need to show that α as in The-

orem 1.2 preserve a smooth volume form. Since we assume that the action α is

accessible, we show that H is C∞ along W c without using the exponential mixing

argument from [26], and instead relying on results from [67].

Lemma 8.2. Let α be as in Theorem 1.2, then α preserve a smooth volume form

µ. Moreover, the conjugacy H : XΓ → XΓ is volume preserving in the sense that

H∗µ = µΓ where µΓ is the Haar measure on XΓ.
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Proof. Existence of an invariant Hölder continuous volume form, µ, follows from

[30, Theorem 1.5]. We assume accessibility, so smoothness of µ follows from [67,

Theorem A, case (IV)]. As in [25, Proposition 2.4], H∗µ is a measure of maximal

entropy for the α0−action. From [61] it follows that H∗µ = µΓ. �

Remark 18. By Moser’s trick, there is no loss of generality if we assume that

µ = µΓ.

We show that H is uniformly C∞ along W c following [67].

Lemma 8.3. The restriction H : W c(x) → W c
0 (H(x)) is uniformly C∞.

Proof. Let M = W c(x)×W c
0 (H(x)) and let N ⊂ M be the graph

N = {(y,H(y)) : y ∈ W c(x)}.(8.4)

Given any two z, w ∈ W c(x) we fix a su−path γ from z to w, such a path always

exists by accessibility. Denote by hγ
z,w : W c(x) → W c(x) the composition of

holonomy maps along γ (note that z, w ∈ W c(x) so W c(z) = W c(w) = W c(x)).

Since f is uniformly subexponential along W c, f is ∞−bunching so hγ
z,w is C∞

[47]. Since H map W σ, σ = s, u, onto W σ
0 we have Hhγ

z,w = hHγ,0
H(z),H(w) where

hHγ,0
H(z),H(w) : W

c
0 (H(x)) → W c

0 (H(x)) is the composition of holonomy maps along

Hγ. We define

ĥz,w : M → M, ĥz,w(p, q) =
(
hγ
z,w(p), h

Hγ,0
H(z),H(w)(q)

)
.(8.5)

Since Hhγ
z,w = hHγ,0

H(z),H(w)H we have ĥz,w(N) = N . Moreover, ĥz,w(z,H(z)) =

(w,H(w)). Since z and w were arbitrary, and ĥz,w is smooth, it follows that N

is C∞−homogeneous. By [67, Corollary 1.3] N is a C∞ submanifold. The graph

of H : W c(x) → W c(H(x)) is C∞, so the map H : W c(x) → W c
0 (H(x)) is also

C∞. Finally, H is uniformly C∞ along W c since it intertwines the holonomies of

f with the holonomies of f0. �

Remark 19. Using Lemma 8.3 we may assume, without loss of generality, that

the center Ec
0 of f0 coincides with the joint center of α.

8.3. Smoothness of coarse components along the stable foliation. Let

g = Es
0 ⊕ Ec

0 ⊕ Eu
0 be the splitting of g with respect to f0. Denote by Gσ,

σ = s, c, u, cs, cu, the subgroup associated to Eσ
0 . We have a C∞−diffeomorphism

Gs ×Gc × Gu → G defined by (gs, gc, gu) 7→ gsgcgu. Write H(x) = xh(x)−1 with

h : XΓ → G satisfying h(γx) = h(x) for all γ ∈ Γ. We decompose h(x) with

respect to the map Gs ×Gc ×Gu → G

h(x) = hs(x)hc(x)hu(x).(8.6)
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It is immediate that each hσ is a Hölder map. Given a coarse exponent [χ] we

denote by G[χ] the subgroup associated to E
[χ]
0 .

Let [χ] be a coarse exponent along Es
0. We decompose hs(x) further

hs(x) = hss(x)h[χ](x)(8.7)

where h[χ](x) is the component of hs(x) along G[χ] and hss(x) is the component

of hs(x) along the complementary group Gss, see [52, Lemma 3.1]. The following

is proved in [52, Section 3].

Lemma 8.4. Let α be as in Theorem 1.2 with αn0 = f partially hyperbolic and

ker[χ], [χ](n0) < 0, a wall of the chamber that contains n0. The map h[χ](x) in the

Equation 8.7 is C∞ along W s, with all derivatives along W s uniformly Hölder.

Proof. The proof follows as in [52, Section 3] once we note that we do not need

f to be Anosov. Indeed, once restricted to the foliation W s, the argument only

requires the action α to be exponentially mixing with respect to volume, which

is proved in [30]. �

8.4. New partially hyperbolic elements: passing the chamber wall. Let

n0 be in the Weyl chamber C and let ker[χ] be a chamber wall for C. Now we

start the work of passing the Weyl chamber wall ker[χ] by constructing a partially

hyperbolic element in the chamber C′ adjacent to C through ker[χ]. We initially

follow [52], but change the argument from Section 4 in [52], by not relying on

smooth ergodic theory. If x ∈ XΓ then the map H : W s(x) → W s
0 (H(x)) =

H(x)Gs is a homeomorphism. We define

Hs,x : W s(x) → Gs, H(y) = H(x) (Hs,x(y))
−1 .(8.8)

If αn

0 (x) = ρn(x)η−1
n

with ρn ∈ Aut(XΓ) and ηn ∈ G then Hs,x satisfy

Hs,αnx(αny) = ηnρ
n (Hs,x(y)) η

−1
n
.

We obtain a formula for Hs,x in terms of h

yh(y)−1 = H(y) = H(x)Hs,x(y)
−1 = xh(x)−1Hs,x(y)

−1

or, using the decomposition h(x) = hs(x)hcu(x),

yhcu(y)
−1hs(y)

−1 = xhcu(x)
−1hs(x)

−1Hs,x(y)
−1.

For y ∈ W s(x) we write y = xgx(y)
−1 where (x, y) 7→ gx(y) is chosen continuously

and such that gx(x) = e. Then gx : W s(x) → Gs is C∞. With this notation

xgx(y)
−1h(y)−1 = yh(y)−1 = H(y) = H(x)Hs,x(y)

−1 = xh(x)−1Hs,x(y)
−1
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or

Hs,x(y) =h(y)gx(y)h(x)
−1 =

hs(y)hcu(y)
[
(h(x)gx(y)

−1)s(h(x)gx(y)
−1)cu

]−1
=

hs(y)
[
hcu(y)

(
h(x)gx(y)

−1
)−1

cu

] (
h(x)gx(y)

−1
)−1

s
.

If we multiply both sides of the equality, on the left by hs(y)
−1 and on the right

by (h(x)gx(y))s, then the right-hand side of the equality lie in Gcu, but the left-

hand side lies in Gs. It follows that both sides of the equality are identity, so for

y ∈ W s(x) we have

hcu(y) =
(
h(x)gx(y)

−1
)
cu
,(8.9)

Hs,x(y) = hs(y)
(
h(x)gx(y)

−1
)−1

s
.(8.10)

Using the fact that the map a 7→ aσ, σ = s, cu, and the map gx : W s(x) → G are

both smooth the following is immediate, see also [52, Corollary 3.14].

Lemma 8.5. The map hcu is uniformly C∞ along W s.

Define Hs,x(y) = (Hs,x(y))ssH
[χ]
s,x(y) with H

[χ]
s,x(y) ∈ G[χ]. From our definitions it

is immediate

{y ∈ W s(x) : H [χ]
s,x(y) = e} = H−1(W ss

0 (H(x))), W ss
0 (y) = yGss.

So, if we prove that H
[χ]
s,x is a (local) C∞ submersion for every x, then the fibers

of H
[χ]
s,x defines a smooth foliation (within W s). This shows that the, a priori only

Hölder, foliation W ss(x) = H−1(W ss
0 (H(x))) is a Hölder foliation with uniformly

smooth leaves.

Lemma 8.6. The map H
[χ]
s,x : W s(x) → G[χ] is uniformly C∞.

Proof. Since Gss is normal in Gs, [52, Lemma 3.1], we have

Hs,x(y) =hs(y)
(
h(x)gx(y)

−1
)−1

s
=

hss(y)h[χ](y)
[(
h(x)gx(y)

−1
)−1

s

]
ss

[(
h(x)gx(y)

−1
)−1

s

]
[χ]

=

ass · h[χ](y)
[(
h(x)gx(y)

−1
)−1

s

]
[χ]

for some ass ∈ Gss. That is, we obtain the formula

H [χ]
s,x(y) = h[χ](y)

[(
h(x)gx(y)

−1
)−1

s

]
[χ]

(8.11)

which is uniformly C∞ along W s since h[χ] and gx are, Lemma 8.4 . �

Lemma 8.7. The map DxH
[χ]
s,x : Es(x) → E

[χ]
0 is surjective at every x ∈ XΓ. In

particular, the foliation W ss has uniformly C∞ leaves.
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Denote by K = {DxH
[χ]
s,x : is not surjective}, then K is compact and α−invariant.

We wish to show that K = ∅. Since H : W s(x) → W s
0 (H(x)) is surjective, it

follows by Sard’s theorem that K 6= XΓ. We will show that if K is non-empty

then K contains a W ss−leaf, which is a contradiction since every W ss−leaf is

dense (Lemma A.1).

Proof of Lemma 8.7. In the remainder, we fix some background metric 〈·, ·〉, and
will calculate determinants with respect to the top form induced by 〈·, ·〉. Assume

for contradiction that K 6= ∅. Fix n such that αn contract W ss and W [χ], with n

close to the kernel ker[χ] (we specify later how close). Fix y ∈ W ss(x) and some

subspace V0 ⊂ Es(y) of dimension dim(E
[χ]
0 ). We also define Vn = Dyα

nnV0. The

relation H
[χ]
s,αmx(α

my) = ηmρm
(
H

[χ]
s,x(y)

)
η−1
m

implies

det(DyH
[χ]
s,y|V0) = det(ρ−nn|

E
[χ]
0
) det(DαnnyH

[χ]
s,αnny|Vn

) det(Dyα
nn|V0).(8.12)

If χ is a representative of [χ] then the estimate det(Dρ−nn) ≤ Ce−rnχ(n), for

some uniform r > 0 depending on the dimension of E
[χ]
0 , is immediate. If

ℓ = dim(E
[χ]
0 ) and Grℓ(E

s) is the ℓ−grassmannian bundle of Es then (V, x) 7→
det(DxH

[χ]
s,x|V ), (V, x) ∈ Grℓ(E

s), is uniformly smooth along W s. For x ∈ K we

have det(DxH
[χ]
s,x|V ) = 0 since DxH

[χ]
s,x is not surjective. It follows that there is

some constant C such that

| det(DyH
[χ]
s,y|V )| ≤ Cds(y,K)(8.13)

for y ∈ W s(K). Since y ∈ W ss(x), we have

det(DαnnyH
[χ]
αnny|Vn

) ≤Cd(αnny,K) ≤ Cd(αnny, αnnx) ≤ C ′e−λn(8.14)

where λ > 0 can be chosen independently of n if we let n be close to the kernel

of [χ]. Equations 8.12 and 8.14 implies

| det(DyH
[χ]
s,y|V0)| ≤ Ce−n(λ+rχ(n))| det(Dyα

nn|V0)|.

Since αn

0 contract the foliationsW ss andW [χ], αn contractsW s, we have a uniform

bound | det(Dyα
nn|V0)| ≤ C. We obtain an estimate

| det(DyH
[χ]
s,y|V0)| ≤ Ce−n(λ+rχ(n)).

With n be sufficiently close to ker[χ] we have λ+ rχ(n) > 0 and finally if n → ∞
then

det(DyH
[χ]
s,y|V0) = 0.

The point y was arbitrary, so W ss(x) ⊂ K for x ∈ K. The foliation W ss is

minimal, Lemma A.1, and K is closed, so K = XΓ which contradicts Sard’s

theorem. �



52 SVEN SANDFELDT

To show that E[χ] exists as a continuous bundle we will apply a linear graph

transform argument. Denote by Ess(x) theDαn−invariant, continuous subbundle

tangent to W ss(x). Let F (x) be any continuous bundle that is complementary to

Ess within Es. We can, for example, fix a metric and let F be the complement

of Ess within Es. Fix n ∈ Zk such that [χ](n) < 0 and αn expands W ss (that is,

we chose n such that −n have passed the chamber wall ker[χ] from the chamber

that contains n0). Write g = αn. With respect to the splitting Es = F ⊕Ess we

write

Dxg(u, v) = (A(x)u,B(x)v + C(x)u)

where A(x)u is Dxg(u) projected onto F (gx) and C(x) is Dxg(u) projected onto

Ess(gx).

Lemma 8.8. We have ‖A‖C0 < 1.

Proof. Note that DxH
[χ]
s,xDxg = Deα

n

0DxH
[χ]
s,x. There is µ < 1, depending on our

choice of n ∈ Zk, such that for any u ∈ F (x) we have
∥∥DgxH

[χ]
s,gx (A(x)u +B(x)u)

∥∥ =
∥∥Deα

n

0DxH
[χ]
s,x(u)

∥∥ ≤ µ
∥∥DxH

[χ]
s,x(u)

∥∥ .(8.15)

Since B(x)u ∈ Ess(gx) and kerDxH
[χ]
s,x = Ess(x) (the fibers of H

[χ]
s,x are the folia-

tion W ss(x)) it follows that DgxH
[χ]
s,gxB(x) = 0. That is, Equation 8.15 simplifies

∥∥DgxH
[χ]
s,gxA(x)u

∥∥ ≤ µ
∥∥DxH

[χ]
s,x(u)

∥∥ .(8.16)

Since DxH
[χ]
s,x : F (x) → E

[χ]
0 is an isomorphism (of vector bundles after identifying

E
[χ]
0 with the trivial bundle XΓ × E

[χ]
0 → XΓ) the lemma follows (after possibly

altering the norm used or exchanging n for Nn with N sufficiently large). �

Lemma 8.9. The map T : Γ0(Hom(F,Ess)) → Γ0(Hom(F,Ess)) defined by

(TP )(x) = B(x)−1 (P (gx)A(x)− C(x))

has a unique fixed point.

Proof. Since ‖A‖C0 , ‖B−1‖C0 < 1 the lemma follows from Banach’s fixed point

theorem. �

Lemma 8.10. There exists an α−invariant continuous subbundle E[χ] ⊂ Es such

that Es = E[χ] ⊕ Ess.

Proof. Let P ∈ Γ0(Hom(F,Ess)) be the unique T−fixed point from Lemma 8.9.

Define E[χ](x) := Graph(P (x)) = {(u, P (x)u) : u ∈ F (x)}. It is immediate that
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E[χ] ⊕Ess = Es. Given u ∈ F (x)

Dxg(u, P (x)u) = (A(x)u,B(x)P (x)u+ C(x)u) =

(A(x)u, P (gx)A(x)u− C(x)u+ C(x)u) =

(A(x)u, P (gx)A(x)u) ∈ Graph(P (gx))

soDxgE
[χ](x) ⊂ E[χ](gx). ThatDxgE

[χ](x) = E[χ](gx) follows since Dxg is invert-

ible. That E[χ](x) is αm−invariant for all m ∈ Zk follows by applying the graph

transform of αm on the element P ∈ Γ0(Hom(F,Ess)). This defines a T−fixed

point, since g commute with αm, and the T−fixed point is unique, Lemma 8.9, so

the αm−graph transform of P is P . Equivalently, E[χ] is Dxα
m−invariant. �

Since DxH
[χ]
s,x : E[χ](x) → E

[χ]
0 conjugates Dxα

n to Ad(ηn)Dρn the following

lemma follows immediately by induction.

Lemma 8.11. Every element n ∈ Zk \ 0 defines a partially hyperbolic αn : XΓ →
XΓ where the center of αn has the same dimension as the center of αn

0 .

Remark 20. Lemma 8.11 passes the Weyl chamber containing n0, and produce

new partially hyperbolic element in adjacent chambers.

8.5. Finishing the proof of Theorem 1.2. We finish the proof of Theorem

1.2 by showing that H is a C∞ diffeomorphism. We begin by proving that hσ,

σ = s, u, are C∞.

Lemma 8.12. The maps hσ : XΓ → Gσ, σ = s, u, are C∞.

Proof. It suffices to consider the case σ = s. By Lemma 8.5 and Journé’s lemma

[36] it suffices to show that hs is uniformly smooth along W s. Number all coarse

exponents along W s by [χ1], ..., [χN ]. The function hs can be decomposed with

respect to the map G[χ1] × ...×G[χN ] → Gs, see [52, Lemma 3.2], as

hs(x) = h[χ1](x)...h[χN ](x).(8.17)

Using Lemmas 8.11 and 8.4 it is immediate that h[χN ](x) is C∞. Moreover, we

use Lemmas 8.11 and 8.4 to show that h
(1)
[χj ]

(x) = h[χj ](x)/G
(1) is smooth for all

j = 1, ..., N . If we define h
(i)
[χj ]

(x) = h[χj ](x)/G
(i) and assume that h

(i−1)
[χj ]

(x) is

smooth, then we can change the order of products in 8.17 modulo a polynomial in

h
(i−1)
[χj ]

. Once more applying Lemmas 8.11 and 8.4, h
(i)
[χj ]

is C∞ for each j = 1, ..., N .

For i large enough, using that G is nilpotent, h[χj ] is C
∞ along W s. �

We are now ready to prove Theorem 1.2.
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Proof of Theorem 1.2. If we show that H is C∞ then H is automatically a dif-

feomorphism since the Jacobian can never vanish, this would contradict volume

preservation of α.

By Lemma A.1 the map H is uniformly C∞ along W c. From equation 8.9 we have

Hs,x(y) = hs(y) (h(x)gx(y)
−1)

−1
s and since gx(y) and hs(y) are both uniformly C∞

along W s, by Lemma 8.12, it follows that Hs,x is uniformly C∞ along W s. That

is H is uniformly C∞ along W s. Similarly, H is uniformly C∞ along W u. Using

Journé’s lemma along W c and W s, H is uniformly C∞ along W cs. Using Journé’s

lemma once more along W u and W cs it follows that H is C∞. �

9. Proof of main theorems

We complete the proofs of Theorems A and B.

Proof of Theorem A. By Theorem 7.1 the action by α is bi-Hölder conjugate to

some affine action α0. Produce the conjugacy H for the special element f = αn0 ,

but it then also conjugates the full action into an affine action. This is easily seen

to hold directly by the construction of H but also follows from an argument as in

[1]. Applying Theorem 1.2 proves Theorem A. �

Proof of Theorem B. Let f0 ∈ Aff(XΓ) and f ∈ Diff∞(XΓ) be C1−close to f0.

Write Lsu : Td → Td for the induced hyperbolic automorphism. Note that f

satisfy assumptions (i) and (ii) of Theorem A since it is close to f0. In particular,

we obtain Φ from Theorem 1.1. We denote by Z∞(f) the C∞−centralizer of f

and let Z∞
c (f) ⊂ Z∞(f) be the center fixing, normal subgroup of Z∞(f) from

Equation 1.4. Define the quotient

Z∞
su(f) = Z∞(f)/Z∞

c (f).(9.1)

If g ∈ Z∞
c (f) then Φ(gx) = Φ(x) so if we consider the induced map on H1XΓ for

g then Φ∗g∗ = Φ∗ or since Φ∗ : H1XΓ → H1T
d is an isomorphism, it follows that

g∗ = id. Conversely, if g∗ = id then, since Φ semiconjugates g to g∗ Theorem 1.1, it

holds that Φ(gx) = Φ(x) so g ∈ Z∞
c (f). It follows that each non-trivial g ∈ Z∞

su(f)

represent an element of Z∞(f) that project onto a non-trivial automorphism on

Td. In particular, if rank(Z∞
su(f)) > 1 then the image of Z∞(f) in ZAut(Lsu)

contains a subgroup isomorphic to Z2. Irreducibility of Lsu implies that this

Z2−subgroup in Z∞(f) is higher rank. The action of Z∞(f) is C∞−conjugate

to some affine action by Theorem A. If rank(Z∞
su(f)) = 1 and #Z∞

c (f) = ∞
then [21, Corollary 18] implies that case (ii) of Theorem B holds. Finally, if

rank(Z∞
su(f)) = 1 and #Z∞

c (f) < ∞ then Z∞(f) is virtually Z so case (i) of

Theorem B holds. �
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Appendix A. Some algebraic lemmas

In this appendix, we show some basic properties of higher rank, algebraic actions

on nilmanifolds. The first two lemmas, 2.1 and 2.2, are stated in Section 2.2.

Proof of Lemma 2.1. If the conclusion does not hold then there is a decomposition

g = Es
0⊕Ec

0⊕Eu
0 so that every αn

0 is subexponential along Ec
0 and either contract

or expand Es
0 and Eu

0 . Consider the projected action on the base. If this is

rank−1, then the whole action is rank−1 (and has a rank−1 factor). Recall that

for any n ∈ N there is some εn > 0 such that if L ∈ GL(n,Z) satisfies that the

eigenvalues of L with modulus larger than one have a product bounded by 1+ εn,

then L have no eigenvalues of modulus larger than 1.

Let W ⊂ Rk be the kernel of the unique pair of negatively proportional exponents

of α0. For any n ∈ Zk sufficiently close to W , all eigenvalues of αn

0 ∈ GL(n,Z) will

be close to the unit circle, which implies that all eigenvalues of αn

0 lie on the unit

circle. It follows that any n ∈ Zk sufficiently close to W lies in W . In particular

rank(Zk ∩W ) = dim(W ) = k − 1.(A.1)

Elements in W have all eigenvalues on the unit circle, dropping to a finite index

subgroup of Zk, we may assume that all eigenvalues are 1. After taking a quotient

to remove Jordan blocks, the action of W is trivial. Since dim(W ) = k − 1, the

action of Zk is rank−1. �

Proof of Lemma 2.2. The translation action of V is minimal if and only if the

induced translation action on the base is minimal, so we assume without loss of

generality that XΓ is a torus. Let W be the rational span of V , then V acts

minimally if and only if W = Rd. If W 6= Rd then Tℓ ∼= Td/W with ℓ ≥ 1,

and α0 descend to Tℓ. We have quotiened out all coarse exponents except for

one negatively proportional pair, so the factor Tℓ has only one pair of negatively

proportional exponents. By Lemma 2.1 Tℓ is a rank−1 factor, which is a contra-

diction. We conclude that W = Rd, so V act minimally. �

We will need a lemma, like Lemma 2.2, but only considering coarse directions that

lie in the same stable direction for some element of the action αn0
0 . The following

lemma is a consequence of Lemma 2.1.

Lemma A.1. Let α0 : Zk → Aff(XΓ) be higher rank. We say that n ∈ Zk is

regular if the center of αn

0 coincide with the joint center of α0. Let n0 be regular

and Es
0 be the stable space associated to αn0

0 . Let [χ] be a coarse exponent such

that ker[χ] is a wall for the Weyl chamber that contains n0 and E
[χ]
0 ⊂ Es

0. Either
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Es
0 = E

[χ]
0 or the complementary subspace Ess

0 , Ess
0 ⊕E

[χ]
0 = Es

0, defines a minimal

foliation in XΓ.

Proof. After projecting to the base, we assume without loss of generality that XΓ

is a torus Td. If E
[χ]
0 = Es

0 for [χ](n0) < 0, then there is nothing to prove, so

suppose that there is at least one coarse exponent [η] satisfying [η] 6= [χ] and

[η](n0) < 0. Write Ess
0 for the complementary subspace defined by

Ess
0 =

⊕

[η](n0)<0
[η] 6=[χ]

E
[η]
0 .(A.2)

Let W be the rational closure of Ess
0 , then W is α0−invariant and rational. Each

αn

0 |W preserves the lattice W ∩ Zd so det(αn

0 |W ) = ±1. Given a coarse exponent

[η], define η′ = r(η′)η for [η′] = [η] and dW[η] ∈ [0, 1] by

dW[η] =

∑
η′∈[η] r(η

′) dim(Eη′

0 ∩W )
∑

η′∈[η] r(η
′) dim(Eη′

0 )
.(A.3)

From this definition it is immediate that
∣∣∣det(αn

0 |E[η]
0 ∩W

)
∣∣∣ =

∣∣∣det(αn

0 |E[η]
0
)
∣∣∣
dW
[η]

, n ∈ Zk.(A.4)

Our choice of W implies that dW[η] = 1 if [η](n0) < 0 and [η] 6= [χ]. Rewrite

1 = |det(αn

0 |W )| =
∏

[η]

∣∣∣det(αn

0 |E[η]
0
)
∣∣∣
dW
[η]

=




∏

[η](n0)<0
[η] 6=[χ]

| det(αn

0 |E[η]
0
)|


 ·

∣∣∣det(αn

0 |E[χ]
0
)
∣∣∣
dW
[χ] ·


 ∏

[η](n0)>0

| det(αn

0 |E[η]
0
)|dW[η]


 .

Using | det(αn

0 )| = 1

∏

[η](n0)<0
[η] 6=[χ]

| det(αn

0 |E[η]
0
)| = 1∣∣∣det(αn

0 |E[χ]
0
)
∣∣∣
·
∏

[η](n0)>0

1∣∣∣det(αn

0 |E[η]
0
)
∣∣∣

and combining estimates

1 =
∣∣∣det(αn

0 |E[χ]
0
)
∣∣∣
dW
[χ]

−1

·
∏

[η](n0)>0

| det(αn

0 |E[η]
0
)|dW[η]−1.(A.5)

If nj ∈ Zk is a sequence in the same Weyl chamber as n0 such that nj → ker[χ],

then
∣∣∣det(αnj

0 |
E

[χ]
0
)
∣∣∣
dW
[χ]

−1

→ 1.
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Each [η] 6= ±[χ] satisfies | det(αnj

0 |
E

[η]
0
)| ≥ µ > 1 for some uniform µ. Letting

j → ∞, dW[η] = 1 for [η](n0) > 0, [η] 6= −[χ]. It follows that E
[η]
0 ⊂ W for

[η] 6= ±[χ]. If Td/W is non-trivial, then the projected action on Td/W does not

have two independent coarse Lyapunov exponents. By Lemma 2.1, Td/W is a

rank−1 factor of α0. This contradicts the assumption that α0 is higher rank so

W = Rd which proves the lemma. �

Lemma A.2. Let A ⊂ GL(n,Z) be a free abelian subgroup with Lyapunov expo-

nents Lyap(A). Let N be the maximal number of linearly independent Lyapunov

exponents (that is, N = dim(span(Lyap(A)))). If the intersection of the kernels

of all χ ∈ Lyap(A) is trivial in A then rank(A) ≤ N .

Proof. Let p(t) ∈ Z[t] be of degree d, monic and with constant term ±1. Let

λ1, ..., λd be the roots of p(t) (possibly with multiplicity). There is a constant

µd > 1 such that either p(t) has only roots on the unit circle or

M(p(t)) =

d∏

j=1

max(1, |λj|) ≥ µd(A.6)

see for example [22]. We number {χ1, ..., χn} = Lyap(A). Let dj be the di-

mension of the Lyapunov space associated to χj. Given a ∈ A let pa(t) be the

corresponding characteristic polynomial. We obtain

logM(pa(t)) =
∑

χj(a)>0

djχj(a).(A.7)

Suppose that rank(A) > N for contradiction. We let χ1, ..., χN be chosen such

that every χj lie in span(χ1, ..., χN ). If an ∈ A is such that χ1(an), ..., χN(an) → 0

then χj(an) → 0 for all j = 1, ..., n. The intersection

V :=

N⋂

j=1

kerχj ⊂ A⊗ R(A.8)

is non-trivial since rank(A) > N . The set A is a lattice in A ⊗ R, so we find a

sequence an ∈ A such that d(an, V ) → 0 as n → ∞ but an 6→ e (where e is the

identity in A ⊂ GL(n,Z)). It follows that

logM(pan(t)) =
∑

χj(a)>0

χj(an)(A.9)

tends to 0 as n → ∞. With n big enough logM(pan(t)) < log µd which implies

that an has only roots on the unit circle. It follows that an lie in the kernel of all χj ,

so an = e by assumption. This implies that an → e which is a contradiction. �

Lemma A.3. Let A ∈ Sp(d,Z) be hyperbolic with irreducible characteristic poly-

nomial. If r1(A) denotes the number of real eigenvalues of A and r2(A) the number

of pairs of complex eigenvalues of A then rank(ZSp(d,Z)(A)) = r1(A)/2 + r2(A)/2.
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Proof. Fix A ∈ Sp(d,Z) with irreducible characteristic polynomial. Let

Λ2(R
d) = Rd ∧ Rd(A.10)

be the vector space of 2−vectors from Rd. Consider the induced map A ∧ A :

Λ2(R
d) → Λ2(R

d). Note that Λ2(Z
d) is a A ∧ A−invariant lattice in Λ2(R

d).

Denote by W ≤ Λ2(R
d) the subspace defined by A ∧ A|W = idW , that is W is

the eigenspace of 1 for A ∧ A. We write Γ := W ∩ Λ2(Z
d), since W is a rational

subspace of Λ2(R
d) the subgroup Γ ≤ W is a lattice.

Given B ∈ ZGL(d,Z)(A) the wedge B ∧ B preserve W and stabilize Γ in W . So,

after identifying W ∼= Rd/2 and Γ ∼= Zd/2 we obtain a map Ψ : ZGL(d,Z)(A) →
GL(d/2,Z) defined by Ψ(B) := (B ∧ B)|W . It is immediate that Ψ is a homo-

morphism. Fix eigenvectors e1, ..., ed/2, ẽ1, ..., ẽd/2 ∈ Cd such that Aej = λjej and

Aẽj = ẽj/λj . We can identify (the complexification of) W by W = span(e1 ∧
ẽ1, ..., ed/2 ∧ ẽd/2), so for B ∈ ZGL(d,Z)(A) we have

B ∧B(ej ∧ ẽj) = µj(B)µ̃j(B)ej ∧ ẽj(A.11)

where Bej = µj(B)ej and Bẽj = µ̃j(B)ẽj . If Ψ(B) = e, then µj(B)µ̃j(B) = 1

which implies that B preserve the symplectic form that A preserve (note that

e1, ..., ed/2, ẽ1, ..., ẽd/2 can be chosen such that the symplectic form can be written

e1∧ ẽ1+ ...+ ed/2 ∧ ẽd/2). Conversely, if B ∈ ZSp(d,Z)(A) then Ψ(B) = e. Equation

A.11 also implies that the Lyapunov exponents of Im(Ψ) are given by

χΨ
j (Ψ(B)) = log |µj(B)|+ log |µ̃j(B)|.(A.12)

It follows that Im(Ψ) has r1(A)/2 + r2(A)/2 Lyapunov exponents. Indeed, if

µj(B), µ̃j(B) takes values in R then log |µj(B)|+log |µ̃j(B)| defines one Lyapunov
exponent. If µj(B), µ̃j(B) takes values in C\R then µj(B) = µj′(B) and µ̃j(B) =

µ̃j′(B) are eigenvalues of ZGL(d,Z)(A), and

χΨ
j (B) = χΨ

j′(B).(A.13)

By Lemma A.2, rank(Im(Ψ)) ≤ r1(A)/2 + r2(A)/2 − 1 since | det(Ψ(B))| = 1

implies that, at least, one Lyapunov exponent of Im(Ψ) can be written as a

combination of the other Lyapunov exponents. By [41], the rank of ZGL(d,Z)(A)

is r1(A) + r2(A)− 1, so

rank(ker(Ψ)) =rank(ZGL(d,Z)(A))− rank(Im(Ψ)) ≥

r1(A) + r2(A)− 1−
[
r1(A) + r2(A)

2
− 1

]
=

r1(A) + r2(A)

2

or since ker(Ψ) = ZSp(d,Z)(A), rank(ZSp(d,Z)(A)) ≥ (r1(A)+r2(A))/2. The converse

inequality is clear from Lemma A.2 since if χ is a Lyapunov exponent of ZSp(d,Z)(A)

then so is −χ. �
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[20] D. Damjanović, A. Wilkinsson, and D. Xu. Pathology and asymmetry: Centralizer rigidity

for partially hyperbolic diffeomorphisms. Duke mathematical journal, 170(17):3815–3890,

2021.



60 SVEN SANDFELDT
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