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Over the past century, an intense debate in statistical mechanics has been about the correctness of Boltzmann’s
surface entropy versus Gibbs’ volume entropy, for isolated systems. Both entropies make significantly different
predictions for systems with few degrees of freedom. Even in the thermodynamic limit, they can disagree—
while Boltzmann entropy allows negative absolute temperatures to exist, Gibbs entropy precludes such a
possibility. Here, we show that modifying Boltzmann’s entropy via a relative energy tolerance eliminates
thermodynamic inconsistencies in several model systems with unbounded energy spectra by ensuring positive,
finite temperatures. Concomitantly, the proposed entropy allows for negative temperatures in systems with
bounded spectra and closely matches canonical ensemble predictions. This work conclusively remedies the
prevalent deficiencies of the Gibbs and Boltzmann entropy formulations and paves the way for the use of the
modified Boltzmann entropy in the microcanonical ensemble, allowing negative temperatures to exist.

The microcanonical ensemble in statistical mechanics,
originally proposed by Gibbs over a century agol, con-
tinues to receive a significant extent of attention?. In
the physics literature, there exist two competing entropy
definitions in the microcanonical ensemble: Gibbs’ vol-
ume entropy (also referred to as the Hertz entropy -0,
based on the phase space volume and Boltzmann’s sur-
face entropy™? (also referred to as the Boltzmann-
Planck entropy), based on the phase space density. Even
though Boltzmann’s surface entropy dominated textbook
discourses™ 7 many studies favored the use of the Gibbs
entropy? S About a decade ago, Dunkel and
Hilbert indicated that Boltzmann’s surface entropy leads
to violations of equipartition and unphysical results, i.e.,
negative/infinite temperatures, for some model systems
with unbounded spectra®. Subsequently, several arti-
cles appeared that pointed out that Gibbs entropy suf-
fers from serious objections such as the consideration of
all states with energy lower than energy F, rather than
only the states at the desired energy, and the inability
to allow for negative temperatures in systems with non-
monotonically increasing density of stateg® 122024

Although the Boltzmann and Gibbs entropies usually
agree for very large systems, they differ significantly and
lead to widely varying temperatures for isolated systems
with few degrees of freedom®”. (In some cases, even in
the thermodynamic limit, e.g., the case of a two-state
system (see below), they can disagree.) Note that the
principles of statistical mechanics can be applied to sys-
tems with few degrees of freedom, as the statistical aver-
aging is carried out over the classical phase space or the
available quantum states, rather than over the degrees of
freedom®25728 Thus, even quantities like the tempera-
ture of an isolated quantum state??3 or the entropy of
a few-body system are well defined3433,
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In light of this fact, that both entropy definitions have
shortcomings for small systems? is particularly unnerv-
ing. Indeed, the lack of a universal microcanonical en-
tropy formulation not only adversely impacts the fun-
damental physical understanding of the thermodynamics
of small systems*#, but also could impede technological
progress in the future, wherein systems of few atoms,
molecules, or electrons are increasingly becoming physi-
cally realizable®®. In this work, we show that the consid-
eration of a relative energy tolerance in the microcanon-
ical ensemble eliminates all thermodynamic inconsisten-
cies put forth in previous work pertaining to systems with
unbounded spectra, while at the same time allowing neg-
ative temperatures in systems with bounded spectra.

Formulation of the relative-energy constrained Boltz-
mann entropy. Considering the microcanonical (NVE)
ensemble with fixed number of particles N, volume V,
and energy F, the Gibbs entropy (Sg) is defined as
Sa = kg InQ, where € denotes the volume of the classi-
cal phase space or the number of quantum states in the
region F' < E (Figure ) For a classical system, this
can be written as

1 N 3. N

where © is the Heaviside step function, ©(z) =
1, >0
0; <0
sionality of the system, r" denotes the positions of the
particles, and pV denotes their momenta. Alternatively,
for a quantum-mechanical system, we can write

, h is Planck’s constant, d is the dimen-

O = Te[O(E — H)] (1)

where Tr denotes the trace, i.e., the sum over quantum
states in a Hilbert space. In contrast, the Boltzmann
entropy (Sp) is conventionally defined as Sp = kg Inw,
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where

1 N, N H—-E
w:w/drdp(S( . )

o= fs(12E)] @

and € is an absolute energy tolerance, as visualized in

Figure [Th. Physically, the tolerance appears because no

system is perfectly isolated, and some amount of per-

turbation or broadening in the energy occurs due to the

system’s interactions with its surroundings (Figure [Ip).
From Eq. and , one can infer that

or

o0

w=enr (3)
Even for a discrete spectrum, although direct enumer-
ation is often used as a simplification®®, Eq. is
preferred!37 ag it allows the correct definition of en-
tropy for nondegenerate quantum systems?’&?’g. Typi-
cally, € has been interpreted to be a fixed constant in
Eq. , and this has led to inconsistent results for sim-
ple systems with unbounded energy levels, e.g., negative
temperatures for an ideal gas with one degree of freedom
or infinite temperature for a quantum harmonic oscilla-
tor and an ideal gas with two degrees of freedom. We
suggest here that instead of using an absolute energy tol-
erance, the energy tolerance in the microcanonical en-
semble should be defined relative to the system’s energy
(Figure ) Indeed, a system with 1 J of energy and
with 1 eV = 1.602 x 107! J of energy should not use the
same tolerance in the microcanonical ensemble. This is
because the higher the energy of a system, the greater its
interaction with its surroundings, causing more broad-
ening or perturbation in its energy. Thus, we propose
that the constraint inside the delta function should be
expressed in terms of the relative error of H, = % from
1. In terms of the phase space integrals or Hilbert space
summations, doing so amounts to applying a constraint
on H without using up a degree of freedom. Thus, clas-
sically, one should write

1 oo (H—1

whereas for a quantum-mechanical system, we should

write
I

where €, is a relative error tolerance. In Egs. and
7 we have used the subscript r to denote the use of
the relative deviation from the desired energy. It can be
shown that w, = ¢, F g—%, as indicated in Figure . Note
that there is some precedent in the literature for adopting
an energy-dependent tolerance=55,
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FIG. 1. Motivation and explanation of the relative-energy-
constrained Boltzmann entropy. (a) For a density of states
n(E), the Gibbs entropy is defined by the logarithm of the
area under the curve, i.e., 2, while the Boltzmann entropy is
defined by the logarithm of the change in area due to a fixed
energy perturbation e, i.e., g—ge. (b) Interaction of a system
with its surroundings leads to smearing of the system’s energy
E by a perturbation €. (c) The proposed entropy considers
an energy-dependent energy perturbation, given as ¢, F.

We now apply the new approach for calculating the mi-
crocanonical relative-energy-constrained Boltzmann en-

tropy, Sp, = kplnw,, and the corresponding tempera-
ture
1 0SB,
— = (6)
Tp. OF

T

to several example systems. One may think that
converting an absolute energy constraint to a relative
energy constraint would not affect the calculation of
entropy significantly. However, as seen in Table [
we conclusively show that using a relative constraint
preserves the degrees of freedom of a system and thus
leads to thermodynamically consistent behavior for
various isolated systems with few degrees of freedom.

Application of the modified entropy to example sys-
tems: d-dimensional monoatomic ideal gas. Consider
a d-dimensional monoatomic ideal gas consisting of N
atoms of mass m each, occupying a total volume V.
This system has unbounded energy levels and thus should
not have negative temperature, as correctly argued by
Dunkel and Hilbert?. The volume of the phase space for
this system is™
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TABLE I. Comparison of the predictions of the Gibbs, conventional Boltzmann, and proposed modified Boltzmann entropies in
the microcanonical ensemble with the corresponding predictions in the canonical ensemble. Only the relative-energy-constrained
Boltzmann entropy leads to predictions consistent with the canonical ensemble in every case considered.

System Gibbs Conventional Boltzmann|Modified Boltzmann Canonical
3D ideal gas E=3NkpT E=(CF-1)ksT E=3kpT E=3NkpT
Harmonic oscillator (high T)| E =kgT — % T =00 E =kgT FE =kgT
Harmonic oscillator (any T)* E;f“ = 23;(:2?)%7)2 T =00 E;f“ p 1%)71 E;f" o 1%)71
Particle in 1D box E=tT E=-ksT E = %21 E = EeT
Negative temperatures? No Yes Yes Yes

2 Note that Eg = %hu and 6 = g—g for the harmonic oscillator.

Further, the number of states can be written as

dN

VN (2rm)%
hANN! T (45)

w =

The Gibbs temperature (Tg) can be calculated using the
equation i = %LEG to obtain F = %kBTg. How-
ever, using the analogous equation for Boltzmann tem-
perature, assuming a fized enerqgy tolerance €, leads to
E = (4L —1)kpTp. Note that if dN = 1, ie., the
system has one degree of freedom, one obtains negative
temperatures whereas if dN = 2, i.e., the system has
two degrees of freedom, one gets infinite temperature?.
This is a serious shortcoming of the Boltzmann entropy,
as pointed out by Dunkel and Hilbert®, as one is led to
predict negative/infinite temperature for a system whose
energy is unbounded. Considering a fractional energy tol-

N dN
\% (2rm) 2~ E 2 €
HANNT F( AN ) T

which combined with Eq. @ leads to

erance, one however obtains w, =

Supplementary Information* and in Table [Il The ensu-
ing E vs. T relationships for various entropy choices
are plotted in Figure Therein, one sees that only
the modified Boltzmann entropy predicts thermodynam-
ically consistent results at all temperatures, including
the existence of the zero-point energy (%hl/) and agree-
ing with the high-temperature prediction of £ = kgT.
On the contrary, while the Gibbs entropy fails to pre-
dict the existence of a zero-point energy (i.e., leads to a
Planck oscillator rather than a Schrodinger oscillator#!),
the Boltzmann entropy predicts infinite temperatures for
all energies. Note that, to the best of the author’s knowl-
edge, this is the first derivation of the temperature of a
single, isolated quantum harmonic oscillator, i.e., in the
microcanonical ensemble; previous expressions relied on
the consideration of multiple oscillators, in the limit of a
large number of oscillators (see, e.g.;*¥ and*¥).

Quantum particle in a 1D box. The energy of a quan-

B = ﬂkBTB tum particle in a one-dimensional (1D) box is given

2 astl B, = “LL;, where a = h;:: and n = 1,2,3,...,

The above equation .not only disallows nega.tive/inﬁnite o that O = L./ E At high temperatures, the states
temperatures for an ideal gas but fixes the disagreement ] e T,

between the energy of a three-dimensional ideal gas as ~ form a continuum, and we find that £ = *£7¢ and

traditionally calculated in the canonical (E = %kBT) Pg = Tg 85@ = % This statistical-mechanical pres-

3N _

5 ) kpT) ensembles (see

and microcanonical (E = (
Table [I)!
Quantum harmonic oscillator.
monlc oscillator, the energy of the system is given as
E, = hv (n+ 2), where n = 0,1,2,... and v represents
the frequency of vibration of the oscillator. It follows
that Q@ = 1+ n = % + % At the high-temperature
limit, the states can be treated as a continuum, so that
kpTa = % + E. Although applying the original defi-
nition of Boltzmann entropy leads to infinite tempera-
ture, the newly proposed definition (Eq. . ) results in
Wy = = kpTp,, which predicts finite,
positlve temperatures Again, only the relative-energy-
constrained Boltzmann entropy leads to predictions con-
sistent with the canonical ensemble (Table [[)! One can
also derive expressions valid for the temperature under all
cases, using discretized definitions of the partition func-
tion and temperature (see, e.g., ref.*), as shown in the

For a quantum har-
40

sure equals the thermodynamic pressure calculated as
Pr = —g—f. Now, although the conventional Boltzmann
entropy leads to a negative temperature (E = kB2TB )
and negative pressure (PB = ——) the newly proposed
definition of Boltzmann entropy fixes these predictions,

as seen in Table L to yield F = kBTB’ and Pp, = 2E.

Two-level system and the possibility of negative tem-
peratures. We now demonstrate that the newly proposed
definition of Boltzmann entropy still allows for negative
temperatures for systems having non-monotonic density
of states!221%22 i ¢ ' a bounded phase space. Considering
the well-known case of a two-state system, with energy
levels 0 and F; and Ny particles occupying the ground
state and N; particles occupying the excited state, the
energy of the system is £ = N;FE; and the number of
particles is N = Ny + Njp. It follows that the number of
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FIG. 2. Comparison of various microcanonical entropies in
terms of their ability to predict the thermodynamic behavior
of a quantum harmonic oscillator. The canonical prediction
is shown using a blue line and the high-temperature canoni-
cal/modified Boltzmann predictions are shown using a dashed
black line. Blue, red, and green circles represent predictions of
the modified Boltzmann, Gibbs, and conventional Boltzmann
entropies in the microcanonical ensemble. In these cases, lines
are simply a guide. Only the modified Boltzmann entropy
predicts the existence of the correct zero-point energy at 0 K
and degenerates to the limit of kgT at high temperatures.

states with energy less than or equal to E is
N1

N
2= NJIN]!
Nj=1

where Ny = E/E; and Nj = N — Nj.

Boltzmann partition function is given as

The original

AQ NI €
W= ——€=

AE~ (No— 1)!(N1 + 1) By

where AQ is obtained as the difference in the summa-
tion expressions of  with N going up to (N; + 1) and
N;. Considering a large number of particles and applying
Stirling’s approximation results in

SB = kBNlan kB(NO - 1)IH(N0 — 1) —

kp(Ny+1)In(N;, +1) + kgln Ei
1

For fixed N, the absolute-energy-constrained Boltzmann
temperature can be determined to be

AFE Ey

= _1)No—1 Ni+1Y\ °
ASB  kpn (Enggl\’gﬁgxiigﬁéﬁ)

Tp =

Since we are considering a large number of particles, the

temperature reduces to Tp = % Now, if £1 >0

kp 1n(%(1l

and Ny < Ny, i.e., we consider a system exhibiting “pop-
ulation inversion”, we find that Tp < 0. Analogously,
the modified Boltzmann partition function is given as

AQ B N! e B
€ = .
(No — DNy + 1) By

Wy =

AET
This leads to, via the Stirling’s approximation, the fol-

lowing expression for the temperature:

AE £y

. = No—1)No—1(N;+1)N1+2 ’
ASBT kB In ((15/032)2’032(1£71+2)1\)]1i2]\71)

Tg

which also simplifies, for a large number of particles,

to Tp, = #N, also allowing negative tempera-
kBIH(N—(l))
tures. (This is the same expression that one obtains

by direct enumeration as wellt?.) On the other hand,
Gibbs entropy would not admit negative temperatures
at all due to a monotonically increasing total number
of states. Thus, Gibbs entropy cannot account for sys-
tems with bounded spectra in a thermodynamically con-
sistent manner 2426 Note that this also indicates that
Gibbs and Boltzmann entropies can disagree, even in the
thermodynamic limit. Now, according to the above dis-
cussion, the newly proposed relative-energy-constrained
Boltzmann entropy (Sp,) allows for both negative and
positive temperatures, and in the appropriate contexts
in which they should be seen, i.e., systems with bounded
and unbounded phase space, respectively (see Table .
Therefore, this work indicates that previous negative
temperature measurements for various systems are in-
deed correct*™®3 unlike what is stated in ref®. In fact,
another argument against negative temperature, viz.,
the incorrect interpretation of Carnot efficiencies being
more than one has also been addressed by Abraham and
Penrose®?,

Conclusions. In this work, we introduced a relative
energy constraint in the calculation of the microcanoni-
cal partition function, which eliminates negative/infinite
temperatures for systems with unbounded spectra, such
as ideal gases with a few degrees of freedom, a quantum
harmonic oscillator, and a quantum particle confined in
an infinite well. At the same time, the proposed entropy
definition allows for negative temperatures for systems
with non-monotonic density of states, i.e., a bounded
spectrum, such as a two-state system with population
inversion. This makes the proposed entropy definition
the one that is the closest to predictions from the canon-
ical ensemble in each case considered (see Table . The
physical insight underlying the proposed approach is that
systems with higher energy will interact more with their
surroundings, thus causing a larger perturbation in their
energy. Mathematically, while an absolute energy con-
straint uses up one degree of freedom from the system
(by fixing the value of E), the use of a relative energy
constraint fixes only the ratio H/FE, thus retaining the
original number of degrees of freedom of the system and
resulting in the correct scaling of energy with tempera-



ture for various systems. Thereby, we proposed a reso-
lution to the ongoing debate in microcanonical statisti-
cal mechanics on the use of the Gibbs volume entropy
and Boltzmann surface entropy. Overall, this work sets
the foundation for using the relative-energy-constrained
Boltzmann surface entropy in the microcanonical ensem-
ble of statistical mechanics. Thereby, the work puts on
firm theoretical footing the existence of negative temper-
atures for systems with bounded energy spectra. Finally,
this work lays a solid foundation for accurate theoreti-
cal descriptions of isolated systems with few degrees of
freedom using statistical mechanics.
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