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We study the counting problem of BPS D-branes wrapping holomorphic cycles of a general toric
Calabi-Yau manifold. We evaluate the Jeffrey-Kirwan residues for the flavoured Witten index
for the supersymmetric quiver quantum mechanics on the worldvolume of the D-branes, and find
that BPS degeneracies are described by a statistical mechanical model of crystal melting. For
Calabi-Yau threefolds, we reproduce the crystal melting models long known in the literature. For
Calabi-Yau fourfolds, however, we find that the crystal does not contain the full information for
the BPS degeneracy and we need to explicitly evaluate non-trivial weights assigned to the crystal
configurations. Our discussions treat Calabi-Yau threefolds and fourfolds on equal footing, and
include discussions on elliptic and rational generalizations of the BPS states counting, connections
to the mathematical definition of generalized Donaldson-Thomas invariants, examples of wall
crossings, and of trialities in quiver gauge theories.ar
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1 Introduction and Summary
One of the fascinating aspects of supersymmetry is that it allows one to obtain non-perturbative
results which are hard to be obtained otherwise. With the help of the supersymmetric localiza-
tion (see e.g. [1] for a review), the infinite-dimensional path integral can be reduced to a finite-
dimensional integral of over the moduli space of Bogomolnyi-Prasad-Sommerfield (BPS) con-
figurations, so that we can exactly compute partition functions and physical observables of the
theory. This has led to precision studies of supersymmetric gauge theories, black holes and string
theory.
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In this paper, we are interested in the counting problem of the supersymmetric ground states
of Type IIA string theory on a Calabi-Yau (CY) manifold, whose holomorphic cycles are wrapped
by Dp-brane with even p’s. In particular we consider non-compact toric Calabi-Yau threefolds
and fourfolds.

On the one hand, on the worldvolume of the D-branes we find supersymmetric quiver quantum
mechanics. We expect that the BPS degeneracy can be computed by evaluating the BPS index
(Witten index [2]) of the quantum mechanics, with fugacities turned on for global symmetries.

On the other hand, when putting Type IIA string theory on a toric Calabi-Yau threefold, the
counting problem of BPS states can be nicely translated into the combinatorial problem of crystal
melting. The statistical mechanical model of crystal melting for a general toric CY threefold was
formulated in [3] (see also [4–17], and [18] for a review), generalizing the crystal melting model
for C3 [19]; the BPS degeneracies can be obtained by enumerating all the possible configurations
of the molten crystals satisfying the melting rule. Mathematically, these BPS invariants are in
fact the generalized Donaldson-Thomas (DT) invariants [20], and the crystal configurations are
nothing but the fixed-point sets of the moduli space, in the equivariant localization with respect to
the torus action originating from the toric geometry.

One of the main goals of this paper is to connect these two descriptions, by directly deriving
the crystal melting model from the evaluation of supersymmetric indices by applying the afore-
mentioned supersymmetric localization techniques. Following [21], the integral of the 1-loop
determinant can be computed using the Jeffrey-Kirwan (JK) residue [22]. For the cases of the
toric CY threefolds, we discuss them in Appendix B. It is worth noting that recently the relations
between JK residues and DT3 invariants were proven mathematically in [23,24] (see also [25–27]
for relevant calculations). Moreover, our discussion generalizes (with interesting new features) to
toric CY fourfolds. We shall consider the BPS bound states formed by D6-/D4-/D2-/D0-branes
wrapping compact cycles in the CY fourfold, with a pair of non-compact D8- and anti-D8-branes
filling the CY.

There are clear similarities between the BPS state countings on threefolds and fourfolds. For
example, the definition of the 3d crystals can be naturally extended to those of the 4d crystals,
and it is natural to expect that the 4d crystals would likewise give a combinatorial interpretation
of the BPS spectra. Indeed, thanks to the JK residue formula, we can actually show that the
torus fixed points are in one-to-one correspondence with the crystal configurations, for both the
threefolds and the fourfolds. The melting rule of the crystals is then a natural consequence of the
pole structure in the JK residue formula. As we are considering the BPS indices, there would also
be signs given by the fermion number. For CY threefolds, we shall not only obtain the expected
crystal structure, but also recover the correct signs from the JK residues.

For toric CY fourfolds, the 4d crystals were recently discussed in [28], where the combina-
torial structure can be nicely obtained from the periodic quivers and brane brick models. Here,
we would like to discuss how the 4d crystals could appear from a different perspective, namely
the BPS index computations, where the situations for the toric CY fourfolds could be more com-
plicated compared to the threefolds. Although we still have the 4d crystals, it is important to
emphasize that the crystals themselves are not sufficient for BPS counting. Although the 4d crys-
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tals still label the isolated fixed points of the moduli space, they cannot encode the full information
of the BPS states; the full information can be extracted only when supplemented by the weights
obtained from the JK residue formula, and the weights are rational functions of the fugacities
associated to the global symmetries. This is a significant difference from the threefold cases.

Let us discuss the fourfold cases in more detail. In the 1-loop determinant for the index, there
are contributions from chiral and Fermi multiplets, as well as from vector multiplets. The infor-
mation of the supermultiplets is nicely encoded by a 2d N = (0, 2) quiver. The corresponding 2d
N = (0, 2) quiver gauge theory can be considered as the worldvolume theory of probe D1-branes
on the Calabi-Yau fourfold. This class of theories is represented by a Type IIA brane configuration
known as a brane brick model [29–39]. The dimensional reduction of this class of theories gives
rise to an N = 2 supersymmetric quiver quantum mechanics. The non-compact D8-/anti-D8-
brane pair corresponds to the “framing” of the quiver, which represents the non-dynamical flavour
branes. In particular, the chiral and Fermi multiplets thereof come from the strings connected to
the D8 and anti-D8 respectively.

We also turn on a background B-field [40], and the chamber structures could depend on its
value. In certain limit of the fugacities/chemical potentials, we expect the tachyon condensation
to happen, and the D8/anti-D8 pair would annihilate into a single D6-brane. For X ×C where X

is a toric CY threefold, this should then recover the partition function for X . From the partition
functions we have for C2×C2/Zn and conifold×C, we find that the limit should be ϵk/(v1−v2) →
0 (for any k = 1, 2, 3, 4), where ϵk and v1,2 are the equivariant parameters associated to the CY
isometries and the framing respectively.

Moreover, as we are considering the D8/anti-D8 pair (though considering Dp-branes bound to
a single D8 is still well-posed), the framing node should be U(1|1) (instead of U(1)). In terms of
the crystal structure that labels the fixed points, it is reflected by the fact that when v2 is tuned to be
certain linear combinations of v1 and ϵk, the crystal would get truncated. Indeed, in the JK residue
formula, this may cause extra cancellations of the factors in the numerator and the denominator in
the 1-loop determinant, and thus terminates the growth of the crystal at the corresponding atom(s).

As an illustration, we shall discuss some examples of 2d N = (0, 2) theories given by brane
brick models and compute their BPS partition functions. As the stability of the BPS states could
vary for different moduli, there is also the wall crossing phenomenon. We shall consider the
chambers that can be reached via “mutations” of the framed quivers. For 2d N = (0, 2) quivers
that can be obtained from dimensional reduction of 4d N = 1 quivers, some of the chamber
structures can be naturally inherited from the threefold counterparts. On the other hand, for 2d
N = (0, 2) theories themselves, they also enjoy certain IR equivalence known as the triality [41]
(see also [42]) that were shown to have a natural interpretation in terms of brane brick models
[31]. Therefore, it is expected that there is a richer chamber structure under wall crossing for the
fourfold cases. It would be an interesting problem to systematically extend this discussion to more
general examples of toric Calabi-Yau fourfolds.

In mathematics literature, there are also extensive studies on defining the (generalized) DT
invariants for the CY fourfolds. For instance, such invariants were introduced and explored in
[43–48] using the obstruction theory. It turns out that they have some nice physical interpretations,
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where certain Ext groups correspond to the multiplets in the gauge theories and the insertions are
related to the framings. Moreover, the DT invariant in this mathematical definition depends on the
choice of the orientation of a certain real line bundle on the Hilbert scheme. We will see that this
is a choice of the sign collectively from the J- and E-terms of the gauge theory in each crystal
configuration, and would be canonically determined with the physical input.

Let us also mention that for the cases of Calabi-Yau threefolds, it has recently been found that
there exist some infinite-dimensional algebras, known as the (shifted) quiver Yangians [49–54], as
the BPS state algebras underlying the BPS state counting—the 3d crystals are the weight spaces
of the representations of the quiver Yangians, and the BPS partition functions are nothing but
the characters of the quiver Yangians for the crystal representations. It is natural to imagine
that similar algebras exist for the cases of Calabi-Yau fourfolds, which have the 4d crystals as
the representation spaces1. Let us again emphasize that, however, the situation for Calabi-Yau
fourfolds is more complicated since the 4d crystal in itself is not sufficient to fully recover the
data of the physical BPS state counting. The BPS algbera should also incorporate the non-trivial
weights as mentioned above.

The paper is organized as follows. In §2, we will review 2d N = (0, 2) quiver gauge the-
ories associated to toric CY fourfolds and their realization in terms of brane brick models. In
§3, after recalling the JK residue formula used for localization, we will derive the combinato-
rial part, namely the 4d crystals, in the BPS counting problem for the fourfolds. We shall also
comment on the extra data of the BPS states that are not encoded by the crystals, as well as the
wall crossing phenomenon. In §4, we will mention the elliptic and rational counterparts of the
partition functions, where the elliptic invariants have further constraints on the parameters due to
the anomalies. Some explicit examples will be given in §5. In §6, we will discuss the connections
between the BPS counting and the mathematical definition of the DT invariants. In Appendix A,
we list the contributions from the supermultiplets in the integrands for the elliptic genera for both
2d N = (2, 2) and N = (0, 2) theories. We will show in Appendix B how the 3d crystals, as well
as the correct signs in the BPS indices, can be obtained from the JK residue formula for toric CY
threefolds.

2 Toric CY4 and 2d N = (0, 2) Theories
In this paper, we study an N = 2 supersymmetric quiver quantum mechanics associated with
a toric Calabi-Yau fourfold compactifications of Type IIA string theory. Such a quiver quantum
mechanics (with N = 2 supercharges) can be obtained as the dimensional reduction of a class
of 2d N = (0, 2) quiver gauge theories. These theories are worldvolume theories of D1-branes
probing toric Calabi-Yau fourfolds and are realized in terms of a Type IIB brane configuration
known as a brane brick model [29–39]. The following section gives a brief review of brane brick
models.

1The charge function introduced in [55] could play a role in such representations.
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Figure 1: Quiver diagram for the C4 brane brick model.

Quivers. Given a quiver Q = {Q0, Q1}, where the set of vertices is denoted by Q0 and the set
of edges by Q1, we can use the following dictionary in order to identify the gauge symmetry and
matter content of the corresponding 2d N = (0, 2) gauge theory:

• a vertex a represents a U(Na) gauge group;

• an oriented edge from an initial vertex a to a terminal vertex b represents a bifundamental
chiral multiplet Xab;

• an unoriented edge between vertices a and b represents a Fermi multiplet Λab.

We note that Fermi fields are not assigned an orientation in the quiver diagram due to the Λab ↔
Λab symmetry of 2d N = (0, 2) theories. Fig. 1 shows as an example the quiver diagram for the
C4 brane brick model.

The J-and E-terms. Given a Fermi multiplet Λab, there is an associated pair of holomorphic
functions of chiral fields called Eab and Jba and are the J- and E-term relations of the correspond-
ing 2d N = (0, 2) theory. These are restricted to be binomials for toric Calabi-Yau fourfolds,
where Eab transforms in the same representation as Λab, while Jba transforms in the conjugate
representation of Λab. They satisfy an overall constraint

∑
tr(EabJba) = 0. The general form of

the J- and E-terms is as follows,

Jba = J+
ba − J−

ba , Eab = E+
ab − E−

ab , (2.1)

where J±
ba and E±

ab are monomials in chiral fields.
As an example, the above C4 quiver has the following J- and E-terms:

J E

Λ(1): Y Z − ZY = 0 , DX −XD = 0 ,

Λ(2): ZX −XZ = 0 , DY − Y D = 0 ,

Λ(3): XY − Y X = 0 , DZ − ZD = 0 ,

(2.2)

where X, Y, Z,D are the chirals and Λ(i) correspond to the Fermis.

Periodic Quivers. The quiver and J- and E-terms of a 2d N = (0, 2) theory corresponding to a
toric Calabi-Yau fourfold can be turned into a periodic quiver on a 3-torus. Such a periodic quiver
is dual to the underlying Type IIA brane configuration known as a brane brick model that realizes
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Figure 2: The periodic quiver for the C4 brane brick model.
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Figure 3: Illustration of J- and E-term plaquettes that correspond to a single Fermi field in the
brane brick model.

this class of 2d N = (0, 2) theories. As we will see later, when computing the BPS index, the
fixed points of the torus action on the moduli space are actually labeled by a 4-dimensional uplift
of the periodic quiver. The periodic quiver for the C4 theory is illustrated in Fig. 2.

In the periodic quiver, each monomial in the J- and E-terms is represented by a (minimal)
plaquette. By plaquette, we mean a closed loop in the periodic quiver composed of multiple
chirals and one single Fermi. In particular, the chirals form an oriented path with the two endpoints
connected by the Fermi. The toric condition (2.1) indicates that there are four plaquettes for each
unoriented edge, corresponding to

(
Λab, J

±
ba

)
and

(
Λab, E

±
ab

)
. Pictorially, this is illustrated in

Fig. 3.

Brane Brick Models. Brane brick models [29–39] represent a large class of 2d N = (0, 2)

theories that are realized as worldvolume theories of D1-branes probing toric Calabi-Yau four-
folds. They represent Type IIA brane configurations of D4-branes suspended from an NS5-brane,
forming a tessellation of a 3-torus. The periodic quiver of the corresponding 2d N = (0, 2)

theory forms the dual graph of this tessellation. The brane bricks in the brane brick model corre-
spond to the U(N) gauge groups and brick faces correspond to either chiral or Fermi fields of the
corresponding 2d N = (0, 2) theory.
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Brane brick models exhibit brick matchings, which are collections of chiral and Fermi fields
that cover every plaquette of the brane brick model exactly once. Such brick matchings correspond
to GLSM fields in the GLSM description of the moduli spaces associated to abelian brane brick
models. They are directly related to vertices in the toric diagram of the corresponding toric Calabi-
Yau fourfold and allow us to better the moduli spaces associated to brane brick models [29,30,38].

Dimensional Reduction. The class of 4d N = 1 theories that are worldvolume theories of D3-
branes probing toric Calabi-Yau threefolds X can be represented by a bipartite periodic graph
on a 2-torus known as a brane tiling [56–59]. Similar to brick matchings in brane brick models,
brane tilings exhibit special collections of chiral fields in the 4d theory that are given by perfect
matchings in the associated bipartite graph. These perfect matchings correspond to GLSM fields
in the toric description of the corresponding Calabi-Yau threefold X .

When one dimensionally reduces a 4d N = 1 theory given by a brane tiling, the resulting 2d
N = (2, 2) theory is known to correspond to a brane brick model associated to a toric Calabi-Yau
fourfold of the form X × C [29, 30, 33]. The 4d vector Va and 4d chiral multiplets Xab become
under dimensional reduction 2d N = (2, 2) vector and chiral multiplets, which in turn can be
represented in terms of 2d N = (0, 2) multiplets as follows:

• 4d N = 1 vector Va: 2d N = (0, 2) vector Va + 2d N = (0, 2) adjoint chiral Φaa;

• 4d N = 1 chiral Xab: 2d N = (0, 2) chiral Xab + 2d N = (0, 2) Fermi Λab.

The superpotential W of the 4d N = 1 gives rise to the J- and E-terms of the 2d theory as
follows,

Jba =
∂W

∂Xab

, Eab = ΦaaXab +XabΦbb , (2.3)

for every chiral Xab and Fermi Λab coming from a 4d N = 1 chiral Xab.
We note that dimensional reduction of brane tilings into brane brick models can be generalized

with an additional orbifolding that breaks the factorization of the toric Calabi-Yau fourfold X×C.
This process is known as orbifold reduction in the literature [33]. A further generalization of this
process is known as 3d printing of brane brick models [35].

Triality. It is known that 2d N = (0, 2) theories exhibit IR dualities similar to Seiberg duality
[60] for 4d N = 1 theories. This IR phenomenon for 2d N = (0, 2) theories is known as
triality [41, 42]. As the name suggests, this low energy equivalence between 2d N = (0, 2)

theories leads to the original theory after performing the triality transformation three times on the
same gauge group of the 2d theory. Triality has a natural interpretation in terms of a local mutation
of the corresponding brane brick model [31]. When one performs the local mutation three times,
triality returns the original brane brick model. As will be discussed in §3.5, triality for brane brick
models is closely related to the wall crossing phenomenon in the BPS state counting problem.
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3 The 4d Crystals from BPS States Countings
In this section, we shall use the JK residue formula to write the index. We will use this to obtain
the crystals for BPS counting, together with the non-trivial weights that are not incorporated in
the crystals.

3.1 JK Residues for Supersymmetric Indices

Let us quickly summarize the JK residue formula for the supersymmetric index [61–63]. The
flavoured supersymmetric index is defined as

I(y, {wi}, {qi}) = Tr

[
(−1)F e−β{Q,Q†}yR

∏
i

wfi
i

∏
k

qfkk

]
, (3.1)

where F is the fermion number, and y, wi, qk are the fugacities for the R-symmetry and flavour
symmetries. In particular, wi (resp. qk) will be used to denote the fugacities associated to the
framing (resp. U(1) isometries) for the quiver gauge theories. It would be convenient to write

xi = e2πiui , y = e2πiz , wi = e2πivi , qk = e2πiϵk . (3.2)

Henceforth, we shall use the variables for the fugacities and the chemical potentials interchange-
ably. In the case of toric CY fourfolds, we have (ϵ1, ϵ2, ϵ3, ϵ4) ∈ U(1)3 for the Ω-background. It
would also be convenient to introduce

ϵ = ϵ1 + ϵ2 + ϵ3 + ϵ4 , q = q1q2q3q4 . (3.3)

The CY condition is then ϵ = 0, or equivalently, q = 1, for the (unrefined) indices.
From [21], we learn that the index can be computed using the JK residues:

I =
1

|W |
∑

u∗∈M∗
sing

JK-Resu=u∗(Q(u∗), η)Z1-loop(y, u) , (3.4)

where W is the Weyl group, and we have collectively denote {ui} as u. The 1-loop determinant
Z1-loop denotes the integrand of the residue, and JK-Res denotes the Jeffrey-Kirwan residue. Let
us explain each ingredient in turn.

The integrand: Z1-loop The integrand Z1-loop factorizes into the contributions from the N =

(0, 2) vector/chiral/Fermi multiplet contributions:

Z1-loop(u) =
∏
V

ZV (y, u)
∏
χ

Zχ(y, u)
∏
Λ

ZΛ(y, u) . (3.5)

The contributions from the different multiplets are given as follows:
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• Vector multiplet V with gauge group G:

ZV =
∏

α∈Φ(G)

2i sin(−πα(u)) =
∏

α∈Φ(G)

(
−x−α/2 (xα − 1)

)
, (3.6)

where Φ denotes the root system of G and xα = e2πiα(u). As we are considering the unitary
gauge groups in this paper, we have

ZV =
∏
(i,j)

2i sin
(
πu

(a)
i − πu

(a)
j

)
2i sin

(
πu

(a)
j − πu

(a)
i

)
=
∏
(i,j)

(
x
(a)
i x

(a)
j

)−1 (
x
(a)
i − x

(a)
j

)(
x
(a)
j − x

(a)
i

)
, (3.7)

where the product is over all pairs of (i, j) with i ̸= j, and we have included the superscript (a)
to indicate the gauge node in the quiver.

• Chiral multiplet χ in a representation R:

Zχ =
∏
ρ∈R

1

2i sin (πρ(u) + πF (z))
=
∏
ρ∈R

1

x−ρ/2y−F/2 (xρyF − 1)
, (3.8)

where F denotes the flavour charge. For the chirals connecting two unitary gauge nodes a, b of
ranks Na, Nb, we have2

Zχ =

 1∏
I

2i sin
(
πFχaa,I

(ϵk)
)
δabNa

×
Na∏
i=1

Nb∏
j=1

1∏
I

2i sin
(
πu

(a)
i − πu

(b)
j + πFχba,I

(ϵk)
)∏

I

2i sin
(
πu

(b)
j − πu

(a)
i + πFχab,I

(ϵk)
)

=

 1∏
I

q
− 1

2
χaa,I

(
1− qχba,I

)


δabNa

×
Na∏
i=1

Nb∏
j=1

1∏
I

(
x
(a)
i x

(b)
j qχba,I

)−1/2 (
x
(a)
i − qχba,I

x
(b)
j

)∏
I

(
x
(a)
i x

(b)
j qχab,I

)−1/2 (
x
(b)
j − qχab,I

x
(a)
i

) ,

(3.9)

2The first line comes from the fact that the adjoint representation of U(N) is reducible. In other words, there is a
U(1) part besides the SU(N) roots.
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where ϵI = −FI (ϵk). To avoid possible confusions, we shall always refer to ϵI and FI as
weights and charges respectively so that they have the opposite signs3. We shall also use wi =

e2πivi for the fields connected to the framing node.

• Fermi multiplet Λ in a representation R:

ZΛ =
∏
ρ∈R

2i sin (−πρ(u)− πF (z)) =
∏
ρ∈R

(
−x−ρ/2y−F/2

(
xρyF − 1

))
. (3.10)

For the Fermis connecting two unitary gauge nodes a, b of ranks Na, Nb, we have

ZΛ =

(∏
I

2i sin (−πFΛI
(ϵk))

)δabNa Na∏
i=1

Nb∏
j=1

∏
I

2i sin
(
−πut(ΛI) + πus(ΛI) − πFI(ϵk)

)
=

(∏
I

(
−q

−1/2
I (1− qI)

))δabNa Na∏
i=1

Nb∏
j=1

∏
I

(
−
(
xt(ΛI)xs(ΛI)qI

)−1/2 (
xt(ΛI) − qIx

s(ΛI)
))

,

(3.11)

where s(Λ), t(Λ) ∈ {a, b} based on the choice of the orientations of the edges4, and hence we
have also omitted the subscripts i, j.

The space M For gauge group G of rank N whose Lie algebra is g, denote the Cartan subalgebra
as h and the coroot lattice as Q∨. Then the space M is defined as hC/Q

∨. From Z1-loop, each
multiplet gives rise to a hyperplane Hi = {Qi(u) + · · · = 0} ⊂ M with covector Qi ∈ h∗. For
instance, a chiral leads to ρ(u) + F (z) = 0 where Qi = ρ.

Take Msing =
⋃
i

Hi. The set of isolated points where at least N linearly independent hyper-

planes meet is denoted as M∗
sing. Then Q(u∗) is the set of Qi meeting at u∗ ∈ M∗

sing. In this paper,

3For the 2d N = (0, 2) quivers that can be obtained from dimensional reduction of 4d theories, the weights can
also be determined as follows. As the original periodic quiver (for 4d N = 1) on T 2 is uplifted to one on T 3, we
have an extra cycle/direction parametrized by the new adjoints Φaa. This would then cause the vertical shifts of the
multiplets in the periodic quiver. Suppose that Φaa are shifted by 1. As a result, the superpotential would have shift
−1 as the J- and E-terms should have opposite vertical shifts. We may then write the shift of Xab (Jba, resp. Eab) as
sab (−sab − 1, resp. sab + 1).

To determine sab, we can choose one perfect matching in the brane tiling of the 4d theory. As a perfect matching
would pick out precisely one Xab in each monomial term of the superpotential, we can therefore choose these Xab

in this perfect matching to have sab = −1 while keeping the other chirals unshifted. In the toric diagram, this adds
a vertex above the one corresponding to the chosen perfect matching, uplifting the polygon into a polyhedron (Of
course, choosing different perfect matchings would not change the geometry due to the SL(3,Z) invariance of the
toric diagram). Notice that the shifts of the Fermis Λab are given by sab + 1(̸= sab), so the chirals and the Fermis
would connect different (lattice) nodes in the periodic quiver.

Therefore, for these 2d theories, we can assign the weights of Φaa, whose vertical shifts are always 1, to be ϵ4. The
weights of Xab are then shifted by sabϵ4(= −ϵ4 or 0) compared to their 4d N = 1 counterparts.

4Recall that choosing an orientation for one edge would simultaneously determine the orientations for all the other
edges. Different choices should give the same result due to the symmetry between Λ and Λ.
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the singularities are always non-degenerate. In other words, the number of hyperplanes meeting
at u∗ is always N for any u∗.

The covector η ∈ h∗ picks out the allowed sets of hyperplanes in the JK residue. This is given
by the positivity condition:

η ∈ Cone(Qij) :=

{
N∑
j=1

ajQij

∣∣∣∣∣ aj ≥ 0

}
. (3.12)

Here, we shall mainly focus on the choice η = (1, 1, . . . , 1), whose admissible singularities as we
will see give rise to the crystal structure corresponding to the cyclic chambers.

The Jeffrey-Kirwan Residue The JK residue [22] (see also [64]) is defined by

JK-Res
dQi1(u)

Qi1(u)
∧ · · · ∧ dQiN (u)

QiN (u)
:=

{
sgn(det(Qi1 , . . . , QiN )) , η ∈ Cone(Qij) ,

0 , otherwise ,
(3.13)

which can be rewritten as

JK-Res
du1 ∧ · · · ∧ duN

Qi1(u) . . . QiN (u)
=


1

|det(Qi1 , . . . , QiN )|
, η ∈ Cone(Qij) ,

0 , otherwise ,
. (3.14)

There is an equivalent way to define the JK residue constructively as a sum of iterated residues
[65]. The key ingredient is a flag. For each u∗ with (Qi1 , . . . , QiN ), we consider a flag

F = [F0 = {0} ⊂ F1 ⊂ . . .FN ], dimFj = j (3.15)

such that the vector space Fj at level j is spanned by {Qi1 , . . . , Qij}. Denote the set of flags as
FL(Q(u∗)), and we choose the subset

FL+(Q(u∗)) =

{
F ∈ FL(Q(u∗))

∣∣∣∣ η ∈ Cone
(
κF
1 , . . . , κ

F
N

)}
, (3.16)

where
κF
j :=

∑
Qi∈Q(u∗)∩Fj

Qi . (3.17)

Introduce the sign factor ν(F) = sgn
(
det
(
νF
1 , . . . , ν

F
N

))
. The JK residue can then be obtained by

JK-Res(Q(u∗), η) =
∑
F

ν(F)JK-ResF . (3.18)

Here, the iterated residue JK-ResF is defined as follows. Given an N -form ω = ω1,...,Ndu1∧ · · ·∧
duN , choose new coordinates

ũj = Qij · u, j = 1, . . . , N (3.19)
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such that ω = ω̃1,...,Ndũ1 ∧ · · · ∧ dũN . Once this is given, the contribution to the JK residue from
a flag is evaluated as

JK-ResF ω = Resũr=ũ∗
r
. . .Resũ1=ũ∗

1
ω̃1,...,N = J

(
∂ũi

∂uj

)
Resur=u∗

r
. . .Resu1=u∗

1
ω1,...,N , (3.20)

where J denotes the Jacobian.

Remark In [66], the integrand for the instanton partition function of the gauge origami system
[67] was expressed using certain vertex operators. The OPEs of the vertex operators can be read
off from the quivers. Using the above expression for Z1-loop, it is straightforward to verify the
statement therein. These vertex operators can then be used to define the so-called quiver W-
algebras [68].

3.2 Flags and JK Residues

Although the JK residue formula and the computation of the index contain more information, the
collection of the intersection points u∗ of the hyperplanes can be viewed as some 4d configuration
for the CY fourfold. Each site in the configuration corresponds to one of the coordinates in u∗.
For later convenience, we may call such configurations “crystals” and their sites “atoms”. The
first definition of the JK residue above tells us about the “final state” of the crystal. On the other
hand, the constructive definition of the JK residue tracks the growth/melting of the crystal (say,
from rank N−1 to rank N ) revealed by the flags. Of course, the equivalence of the two definitions
means that the index only depends on the final shape of the crystal configuration. In the followings,
we shall derive the melting rule for the 4d crystals.

When evaluating the JK residue using flags, it would be helpful to write the weight at level N
as

ZN (u1, . . . , uN) = ZN−1 (u1, . . . , uN−1)∆ZN−1,N (u1, . . . , uN) , (3.21)

where we have suppressed the superscripts (a) of ui for brevity. As the poles are always simple,
the iterated residues have the decomposition

ResuN=u∗
N
. . .Resu1=u∗

1
ZN (u1, . . . , uN)

= ResuN=u∗
N
. . .Resu1=u∗

1
(ZN−1 (u1, . . . , uN−1)∆ZN−1,N (u1, . . . , uN))

=
(

ResuN−1=u∗
N−1

. . .Resu1=u∗
1
ZN−1 (u1, . . . , uN−1)

) (
ResuN=u∗

N
∆ZN−1,N

(
u∗
1, . . . , u

∗
N−1, uN

))
,

(3.22)

and the first bracket in the last line is the one obtained at level N − 1.
As ZN can be obtained from ZN−1 by multiplying the factor ∆ZN−1,N . Together with the

contributions from the vector multiplet

Na−1∏
i=1

2i sin
(
πu

(a)
Na

− πu
(a)
i

)
2i sin

(
πu

(a)
i − πu

(a)
Na

)
, (3.23)

12



the extra ∆ZN−1,N is composed of the factors52i sin
(
−πv2 + πu

(a)
Na

)
2i sin

(
πu

(a)
Na

− πv1

)
δa,0

, (3.24)

with the initial node connected to the framing node labelled by 0, and6

Nb∏
i=1


∏
I

2i sin
(
−πut(ΛI) + πus(ΛI) − πFΛI

(ϵk)
)

∏
I

2i sin
(
πu

(a)
Na

− πu
(b)
i + πFχba,I

(ϵk)
)∏

I

2i sin
(
πu

(b)
i − πu

(a)
Na

+ πFχab,I
(ϵk)

)
 (3.25)

for all nodes b connected to the node a. Here, we require the quiver theory to satisfy the followings:

• The theory has a corresponding periodic quiver, which is a weight lattice.

• There is at most one edge (either chiral or Fermi) connecting any two lattice points (namely,
the nodes in the periodic quiver).

In paritcular, this is true for quivers arised from toric CY fourfolds considered in the paper7.
This indicates that the flavour charge of the chiral χab,I (or χba,I) would not only differ the one
of a Fermi Λab,I by a multiple of ϵ. In other words, Fχab,I

̸= FΛab,I
= FΛab,I

+ nϵ (recall that
eventually we would like to take ϵ = 0). Likewise, none of the adjoint chirals would have flavour
charge being a multiple of ϵ as well, i.e., Fadj ̸= 0 = nϵ. This means that we can take ϵ = 0 (or
equivalently, q = 1) before evaluating the residues (as opposed to the threefold cases discussed in
Appendix B where the order is reversed). In fact, the Calabi-Yau condition should always come
before the evaluation of the integral so that the poles could be correctly cancelled by the factors
in the numerator. For example, for the C4 case whose periodic quiver was given in (2), at rank 4,
there is one contribution from

(u1, u2, u3, u4) = (v1, u1 + ϵ3, u1 + ϵ4, u2 + ϵ4) = (v1, u1 + ϵ3, u1 + ϵ4, u3 + ϵ3) . (3.26)

This can be depicted as
u1 u2

u3 u4

-ε1-ε2

ε3

ε4

. (3.27)
5Here, we simply take one chiral and one Fermi from the framing node to one (initial) gauge node. One can of

course consider more general framings with multiple edges connecting the framing node and different gauge nodes,
some of which could be related by wall crossing.

6We have omitted the U(1) part contributions from the possible adjoint loops as they do not have any poles in u.
7One way to see this is to consider the brane brick model of the quiver. The lattice points correspond to the brane

bricks, i.e., the convex polytopes, in this dual graph. Any two polytopes can share at most one face, which is the edge
in the weight lattice/periodic quiver.
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For u4, the corresponding pole has order 2, which comes from the contributions u4 − u2 − ϵ3 and
u4−u3− ϵ4 (that are both equal to u4− v1− ϵ3− ϵ4) due to the chirals8. However, this is actually
a simple pole since one such factor is cancelled by u1 − u4 − ϵ1 − ϵ2 in the numerator due to the
Fermi. This is because we need to take the Calabi-Yau condition ϵ1 + ϵ2 + ϵ3 + ϵ4 = 0 first so that
u1 − u4 − ϵ1 − ϵ2 = −(u4 − u1 − ϵ3 − ϵ4).

Notice that not all the flags have non-vanishing contributions. In order to characterize the
flags with non-vanishing contributions, we first discuss the construction of the 4d crystals from
the periodic quivers.

For the case of the Calabi-Yau threefold, the process of obtaining the 3d crystal is as follows
[3]:

1. We start with a quiver diagram on the two-torus, and consider the periodic quiver in the
universal cover, i.e., R2.

2. Choose a vertex of the quiver diagram, and consider a set of paths on the quiver diagram.

3. We can add an extra direction by considering the R-charges.

We follow the same strategy as in our case at hand:

1. We start with a quiver diagram on the three-torus, and consider the periodic quiver in the
universal cover, i.e., R3.

2. Choose a vertex of the quiver diagram, and consider a set of (chiral) paths on the quiver
diagram.

3. We can uplift the 3d periodic quiver with the direction coming from the R-charges. Each
path in the quiver diagram (starting from the initial node a0 and ending at some node b)
can be written as pa0,b(n) = va0,bω

n. Here, va0,b is the shortest path from a0 to b, and ω

corresponds to some closed loop. This loop can be viewed as composed of the chirals only,
or one can equivalently take some “shortcut” such that it consists of both chirals and Fermis
due to the J-/E-terms. Following this path pa0,b(n), we put an atom b at depth n in the uplift
direction below the atom of colour b with the path pa0,b(0) = va0,b.

We notice that combinatorially this is exactly the structure discussed in the very nice paper [28].
Readers are referred to [28] for more details on the 4d crystals and the connections to the brane
brick models. Here, our interest is to derive the crystals from the perspective of the BPS states
counting.

8Here, we are using the rational version as it is the most straightforward one to see how the pole structure is related
to the periodic quiver.
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3.3 Crystals from JK Residues

As the JK residues over the flags may or may not be zero, the crystals cannot grow arbitrarily.
Now, let us derive the melting rule of the crystals. While this was done previously for the particular
examples of the solid partitions in the C4 [69], we will generalize the discussion to an arbitrary
toric Calabi-Yau four-fold.

For brevity, let us denote the basis vector (0, . . . , 0, 1, 0, . . . , 0) ∈ RN with the only non-zero

element at the ith entry as ei. Then η =
N∑
i=1

ei at level N . For an admissible set σ such that

η ∈ Cone(σ), we can see a tree structure as follows. Given that σ must contain at least one ej , the
vector ek − ej is allowed in σ while ej − ek is not. Then if ej and ek − ej are in σ, the vector
el − ek is allowed while ek − el is not etc.

At a generic level, there would still be more admissible σ than the atoms in the crystal due to
the cancellations of the factors in the numerator and the denominator in Z1-loop.

Our proof proceeds by induction with respect to the rank of the gauge group. Suppose that the
pole structures are consistent with the crystal configurations at level N − 1. Then we can focus
on the part ∆ZN−1,N and always assume that σ = σ(N−1) ⊔ {eN − ej} for some j < N where
σ(N−1) only involves ei<N .

In ∆ZN−1,N , the possible poles would be in one of the following scenarios:

• If the pole for u(a)
N corresponds to an atom already appeared in the molten crystal at size N −

1, then u
(a)
N = u

(b)
j − Fχba,I

(ϵk) = u
(a)
j′ for some j′ < N as depicted in Fig. 4. The pole

j’

N

j

Figure 4: Suppose the atom labelled N is already existing in the crystal. The pole u
(a)
N = u

(b)
j −

Fχba,I
corresponds to the arrow from j to N . However, this atom already has some label j′ as it

has been added to the crystal.

containing u
(a)
N −u

(a)
j′ would then be cancelled by the same factor in the numerator coming from

the contribution of the vector multiplet as given in (3.23).

• If the pole for u(a)
N corresponds to an addable atom for the molten crystal, then u

(a)
N = u

(b)
j −

Fχba,I
(ϵk) gives a pole for some j < N . It could be possible that there are multiple such factors,

namely u
(a)
N = u

(b1)
j1

− Fχb1a,I
(ϵk) = u

(b2)
j2

− Fχb2a,J
(ϵk) = . . . . There would exist some j′ such
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j’

N

j1

j2

a

b1

b2c
j’

N

j1

j2

a
b1

b2c

b3

Figure 5: The atom to be added at level N is shown in blue. Left: There are two same factors in
the denominator coming from the chirals, but one of them gets cancelled by the contribution from
the Fermi. This is in fact a pair of plaquettes from the J- or E-term. Right: There are multiple
contributions from the chirals (either pointing forwards or pointing backwards) to the same pole.
This would be cancelled to a simple pole by the factors in the numerator from the Fermis.

that

u
(a)
N = u

(b1)
j1

−Fχb1a,I
(ϵk) = u

(c)
j′ −Fχcd1,K

(ϵk)−· · ·−Fχdnb1,L
(ϵk)−Fχb1a,I

(ϵk) = u
(c)
j′ −FΛab,I

(ϵk) ,

(3.28)
where the last equality follows from the J-/E-term plaquette in the quiver. As a result, one
of the two factors from u

(a)
N = u

(b1)
j1

− Fχb1a,I
= u

(b2)
j2

− Fχb2a,I
is killed by the corresponding

contribution from the Fermi multiplet (3.11) in the numerator. After cancelling one such factor,
the surviving one with the next factor, say from u

(b3)
j3

, would form another pair, and this proce-
dure can be repeated pairwise. Eventually, there would be a simple pole left. In other words,
the number of chirals connecting the existing atoms and an addable atom is always one more
than the number of Fermis connecting the existing atoms and this addable atom in the crystal9.
Schematically, this is shown in Fig. 5.

• If the pole for u(a)
N corresponds to a position that does not belong to the size N molten crystal

(obtained from the size N − 1 crystal), then the cancellation of this factor is the same as given
in (3.28). This is diagrammatically shown in Fig. 6.

Therefore, the 4d configuration at level N would be a crystal of size N . By induction, the fixed
points are in one-to-one correspondence with the crystal configurations satisfying the melting rule:
an atom a is in the molten crystal C whenever there exists a chiral I such that I · a ∈ C. In other
words, I · a /∈ C whenever a /∈ C. If one considers the Jacobi algebra CQ/⟨J-, E-terms⟩, the
melting rule says that the complement of C is its ideal.

9Of course, the initial atom(s) would be special as we keep the weights of the edges connecting the framing node
generic so that the corresponding factors in the numerator and the denominator do not cancel each other.
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j’

N

j1

j2

a
b1

b2c

b3
j3

Figure 6: The atom and the arrow in grey are not present in the crystal. Therefore, the blue atom
cannot be added to the crystal as there is no corresponding pole.

Example Let us illustrate the above three scenarios with an example. For C4 whose toric dia-
gram and quiver can be found in (5.1) below, the 1-loop determinant reads

Z1-loop =


∏

1≤k<l≤3

(−ϵk − ϵl)

4∏
k=1

(−ϵk)


N (

N∏
i=1

(ui − v2)

(ui − v1)
dui

)
 N∏

i ̸=j

(uj − ui)
∏

1≤k<l≤3

(ui − uj − ϵk − ϵl)

4∏
k=1

(uj − ui − ϵk)

 , (3.29)

where we have used the rational version for simplicity. Let us give one example for each of the
scenario:

• Suppose we have a single atom with position u1 = v1 in the crystal, and we would like to
add the second one to it. We have

Z1-loop =


∏

1≤k<l≤3

(−ϵk − ϵl)

4∏
k=1

(−ϵk)


2(

(u1 − v2)

(u1 − v1)

(u2 − v2)

(u2 − v1)
du1du2

)
 2∏

i ̸=j

(uj − ui)
∏

1≤k<l≤3

(ui − uj − ϵk − ϵl)

4∏
k=1

(uj − ui − ϵk)

 . (3.30)

Then the contribution from u2 = v1 is zero since the pole u2 − v1 is cancelled by the factor
u2 − u1 = u2 − v1 in the numerator.
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• Consider the figure in (3.26) which is reproduced here:

u1 u2

u3 u4

-ε1-ε2

ε3

ε4

. (3.31)

Suppose we have the configuration with atoms labelled by (u1, u2, u3). To add the atom
labelled by u4, we have two poles

u4 − u2 − ϵ3 = u4 − u1 − ϵ3 − ϵ4 and u4 − u3 − ϵ4 = u4 − u1 − ϵ4 − ϵ3. (3.32)

However, there is a factor

u4 − u1 − (−ϵ1 − ϵ2) = u4 − u1 − ϵ3 − ϵ4 (3.33)

from the Fermi multiplet in the numerator. Therefore, we would have a simple pole left as
expected.

• In this figure, the configuration with only (u1, u2, u4) is not allowed since the corresponding
pole u4 − u2 − ϵ4 would be cancelled by u4 − u1 − (−ϵ1 − ϵ2) = in the numerator from
the Fermi multiplet. Likewise, the configuration (u1, u3, u4) is also not allowed. Only when
both u2 = u1 + ϵ3 and u3 = u1 + ϵ4 are present can we add u4 in the above figure.

3.4 Weights for Crystals

For a toric CY3, each crystal corresponds to a BPS state in the index up to a sign10. However,
as mentioned before, the 4d crystals, albeit having a one-to-one correspondence with the fixed
points, do not encode the full information of the BPS spectrum.

In general, it is not easy to write down the full BPS partition function in a closed form. Nev-
ertheless, using the constructive definition of the JK residue, we can get the recursive formula for
the BPS indices. Recall that the BPS partition function reads11

ZBPS(p0, . . . , p|Q0|−1) =
∑

n0+···+n|Q0|−1=N

In(qk)p
n0
0 . . . p

n|Q0|−1

|Q0|−1 , (3.34)

where IN(qk) is the index at level N which takes all the crystal configurations of size N into
account, but with non-trivial weights depending on qk. In other words, we have

IN(qk) =
∑
|C|=N

ZC(qk) , (3.35)

10We also show this using the JK residue formula in Appendix B.
11Here, we use the formal variable pa representing the colours of the crystal. There should be non-trivial maps

from pa to the variables associated to the D-branes.
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Recall that a crystal CN of size N can be obtained from some crystal CN−1 of size N − 1. For
brevity, let us abbreviate ZCN

as ZN . Then

ZN(qk) = ZN−1(qk)∆ZN−1,N(qk) , (3.36)

where

ZN−1(qk) = ResuN−1=u∗
N−1

. . .Resu1=u∗
1
ZN−1 (u1, . . . , uN−1) ,

∆ZN−1,N(qk) = ResuN=u∗
N
∆ZN−1,N

(
u∗
1, . . . , u

∗
N−1, uN

)
. (3.37)

In particular, u∗
i is actually a function of the fugacities qk. This is precisely (3.22). More con-

cretely, for unitary gauge groups, the iterative factor ∆ZN−1,N(qk) is given by

∆ZN−1,N(qk) = ((3.23) × (3.24) × (3.25))′|u=u∗(qk) , (3.38)

where the apostrophe indicates that we remove the factor of the corresponding pole in the denom-
inator (which always comes from the chirals).

3.5 Wall Crossing

For CY threefolds, as pointed out in [70], the chambers under “the wall crossing of the second
kind” [71] are essentially related by Seiberg dualities. The cyclic chambers achieved this way still
have the crystal structures, but with different shapes12. Here, we can study the similar phenomena
under mutations13 on the node(s) connected to the framing node.

In general, for an N = (0, 2) quiver, we can mutate the quiver in line with the triality following
the rules in §2. This would lead us to different cyclic chambers as the framing changes. However,
for a 2d quiver with a 4d parent theory, we can also first take the Seiberg duality for the 4d quiver
and then dimensionally reduce it to 2d. An example can be found in Figure 7. We expect this to
be different from the direct manipulation on the 2d quiver itself. In other words, the diagram

4d quiver A 4d quiver B

2d quiver A′ 2d quiver B′

mutation

mutation?

dim’l red’n dim’l red’n (3.39)

does not commute. While the general rules of triality/mutation for quivers with supersymmetry
enhanced to N = (2, 2) is still not clear, there seems to be richer chamber structures for toric CY
fourfolds (even just for those admitting crystal descriptions).

12Of course, the cyclic chambers are not necessarily obtained by mutations. See for example the dP0 case in [51,
§5.2].

13Mathematically, quiver mutations are mainly defined for quivers without self-loops and 2-cycles (despite some
extensions in some mathematical literature). Moreover, these quivers only have oriented arrows (namely no Fermis).
In this paper, we simply use mutation to refer to the IR equivalence manipulation on the quivers.
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Figure 7: The wall crossing of the conifold×C quiver. Here, we are only showing the chambers
that descend from the cyclic chambers of the 4d N = 1 quiver. The labels indicate the multiplici-
ties of the edges. These were also recently studied in [72].

Again, a closed expression for the wall crossing formula is not easy to obtain. Nevertheless,
we can still use the JK residue formula to compute the index after the wall crossing. The new
crystals can then be read off from the flags. The crystals can also be obtained directly from the
quiver after the wall crossing, where the nodes/atoms connected to the framing node by the chirals
correspond to the starters, pausers or stoppers in the language of [51]. The positions of these atoms
are determined by the weights of the chirals. We shall consider more examples in §5.

Moreover, one may also consider the covectors η other than (1, . . . , 1). This would give rise
to different sets of allowed cones. In particular, the resulting chambers may not have the combi-
natorial crystal descriptions satisfying the melting rule. Nevertheless, the BPS index can still be
computed using the JK residues.

4 Elliptic and Rational Generalizations
We have seen that the BPS index of a 1d quantum mechanics can be obtained from the 2d N =

(0, 2) elliptic genus under dimensional reduction. It is therefore natural to consider more general
possibilities, by considering the 2d elliptic genera themselves (“elliptic version”), as opposed to
the 1d indices (“trigonometric/K-theoretic version”). We can also consider further dimensional
reduction on a circle to 0d, to discuss “rational/cohomological version”. Let us briefly discuss
these in this section.

4.1 The Elliptic Invariants

Instead of supersymmetric indices of 1d quantum mechanics, we can compute the 2d elliptic genus
of the theory, by using the expressions for the 1-loop determinant reviewed in Appendix A. We
then obtain the elliptic version of the generalized DT invariants for the 2d N = (0, 2) theories.
By taking the trigonometric limit of the elliptic genus, one recovers the K-theoretic invariants
discussed above. Note that some particular examples are discussed in the literature: for a special
example of C3, the N = (2, 2) elliptic invariants were computed in [73] and dubbed “elliptic DT
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invariants”, and the cases with abelian gauge groups were considered in [34]. Our discussion,
however, applies to a general toric Calabi-Yau threefolds and fourfolds, and to a general non-
Abelian theory.

There is one subtlety in the discussion of the 2d elliptic genus: unlike the 1d quiver quantum
mechanics and the 0d quiver matrix model (to be mentioned below), the 2d theories are subject to
anomaly constraints. This is similar to the case studied in [73].

Due to the gauge R-symmetry anomaly, the integrand of the elliptic genus is only doubly
quasi-periodic under ui → ui + a + bτ with a, b ∈ Z and any ui for generic v1,2. Often, there
would be an extra phase e−2πib(v1−v2) under the transformation. Therefore, we need

v1 − v2 ∈ Z . (4.1)

Here, we are just considering the case when there is one chiral-Fermi pair from the framing node
to only one of the gauge nodes14. One may also consider more general framings which could lead
to different conditions depending on the cases. We will analyze some examples in §5.

It is worth noting that under the shift ϵk → ϵk + 1 or vk → vk + 1 for any ϵk or vk, the
corresponding fugacity is invariant. However, the elliptic genus may not be so due to the presence
of the Jacobi theta functions. Physically, this is caused by the ’t Hooft anomaly, and ZT 2 → ±ZT 2 .

4.2 The Rational Limit

We may dimensionally reduce the 1d N = 2 quantum mechanics to a 0d quiver matrix model.
This can be achieved by taking the rational limit β → 0 in the fugacities

xi = e2πiβui , wi = e2πiβvi , qk = e2πiβϵk , (4.2)

where we have taken the redefinition of the variables to make the scaling more explicit. In the
index formula, this replaces the functions of form sin(u) with u. As a result, we have a partition
function for the matrix model (the 0d theory).

Now that we have mentioned the 0d theories, it is tempting to consider those arising from
a toric CY5 and wonder if they would also admit some combinatorial structure described by 5d
crystals for their partition functions (possibly with non-trivial weights). We run into a problem for
a general toric CY5—the resulting 0d theory has minimally N = 1 supersymmetry and we do not
have a supersymmetric partition function via localization for 0d N = 1 theories. Nevertheless,
for the 0d theories obtained from dimensional reductions of the 1d N = 2 theories as discussed
above, we have more (N ≥ 2) supersymmetries. In other words, the formula of the partition
function from the BPS index provides a partial combinatorial structure for the theories associated
to C × CY4. This is characterized by the same 4d crystals from their 1d parent theories (with
non-trivial weights), where one parameter, say ϵ5, is turned off.

14Of course, the flavour symmetry is U(1) (or U(1|1)) in the context of (generalized) DT theory. For general
SU(M) (or SU(M |M)) flavour symmetry which can be thought of as multiple D8-branes, the condition would
become M(v1 − v2) ∈ Z.
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5 Examples
Let us now consider some examples as illustrations of our discussions above. Some features of
some examples were also studied previously in [66, 69, 74–76].

5.1 Solid Partitions: C4

The simplest example would be the C4 case whose toric diagram and quiver are

<latexit sha1_base64="crqkVJjMdtxDUtkiuB6qhJIwzDM="></latexit>
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(5.1)

It is straightforward to see that the four adjoint chirals15 have weights ϵ1,2,3,4, and we shall pick
the choice such that the weights of the three adjoint Fermis are −ϵk − ϵl with 1 ≤ k < l ≤ 3. We
shall take the chiral (resp. Fermi) connected to the framing node to have weight v1 (resp. −v2)16.

At rank N , the integrand is then

Z1-loop = qN
2

4


∏

1≤k<l≤3

(1− qkql)

4∏
k=1

(1− qk)

√
w1

w2


N (

N∏
i=1

(xi − w2)

(xi − w1)

dxi

xi

)
 N∏

i ̸=j

(xj − xi)
∏

1≤k<l≤3

(xi − xjqkql)

4∏
k=1

(xj − xiqk)

 . (5.2)

It would also be convenient to write
µ := w1/w2. (5.3)

Let us list some indices at low ranks as an illustration17:

• Level 1:

– crystal labelled by v1:

I1 =
(1− q1q2)(1− q1q3)(1− q2q3)q4

(√
µ− 1/

√
µ
)

(1− q1)(1− q2)(1− q3)(1− q4)
. (5.4)

15This can also be determined by the dimensional reduction for the C3 case where the three chirals have weights
ϵ1, ϵ2 and ϵ′3 = −ϵ1 − ϵ2. After taking the vertical shift, the four adjoint chirals in the C4 quiver would have weights
ϵ1, ϵ2, ϵ′3 − ϵ4 and ϵ4. The identification ϵ3 = ϵ′3 − ϵ4 yields the weight assignment.

16When writing the 1-loop determinant, we shall always make the choice that the Fermis connected to the framing
node are opposite to the accompanied chirals.

17Recall that we have q ≡ q1q2q3q4 = 1.
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• Level 2:

– crystal labelled by v1, v1 + ϵi (i = 1, 2, 3, 4):

I2,i =− I1
(1− q1q2)(1− q1q3)(1− q2q3)q

3
4

(1− q1)(1− q2)(1− q3)(1− q4)
(qi

√
µ− 1/

√
µ)

(qj − 1)(qk − 1)(ql − 1)(q2i qj − 1)(q2i qk − 1)(q2i ql − 1)

(qi + 1)(qi − qj)(qi − qk)(qi − ql)(qiqj − 1)(qiqk − 1)(qiql − 1)
, (5.5)

where i, j, k, l ∈ {1, 2, 3, 4} are distinct values (notice that j, k, l are symmetric).

The index is

I2 =
4∑

i=1

I2,i . (5.6)

• Level 3:

– crystal labelled by v1, v1 + ϵi + 2ϵi (i = 1, 2, 3, 4):

I3,(i,i) =− I2,i
(1− q1q2)(1− q1q3)(1− q2q3)q

5
4

(1− q1)(1− q2)(1− q3)(1− q4)
(q2i

√
µ− 1/

√
µ)

(qj − 1)(qk − 1)(ql − 1)(q3i qj − 1)(q3i qk − 1)(q3i ql − 1)

(q2i + qi + 1)(q2i − qj)(q2i − qk)(q2i − ql)(qiqj − 1)(qiqk − 1)(qiql − 1)
,

(5.7)

where i, j, k, l ∈ {1, 2, 3, 4} are distinct values (notice that j, k, l are symmetric);

– crystal labelled by v1, v1 + ϵi + ϵj (i, j = 1, 2, 3, 4, i ̸= j):

I3,(i,j) =− I2,i
(1− q1q2)(1− q1q3)(1− q2q3)q

5
4

(1− q1)(1− q2)(1− q3)(1− q4)
(qj

√
µ− 1/

√
µ)

(qi + 1)(qj − qi)(qi − 1)(qk − 1)(ql − 1)(qiq
2
j − 1)(q2j qk − qi)(q

2
j ql − qi)

(q2j − qi)(qj − q2i )(qiqj − 1)(qjqk − qi)(qjql − qi)(qj − qk)(qj − ql)
,

(5.8)

where i, j, k, l ∈ {1, 2, 3, 4} are distinct values (notice that k, l are symmetric and
I3,(i,j) = I3,(j,i)).

The index is
I3 =

∑
1≤i≤j≤4

I3,(i,j) , (5.9)

In general, we may also try to write down the generating function of the BPS indices18

ZBPS =
∑

N∈Z≥0

∑
N1+···+N|Q0|=N

IN1,...,N|Q0|
(qk)p

N1
1 . . . p

N|Q0|
|Q0| , (5.10)

18Often in literature, the subscripts of pa start from 0. Here, we save the label 0 for the framing node, and hence
a = 1, . . . , |Q0| for pa.
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where pa is the formal variable for each colour of the atoms in the crystal. It would also be
convenient to introduce p = (−1)|Q0|p1p2 . . . p|Q0| (notice the sign).

For the C4 case, it was conjectured in [69, 74] that the BPS partition function reads

ZBPS = PE[F ](p, µ, {qk}) , (5.11)

F(p, µ, {qk}) =
[q1q2][q1q3][q2q3][µ]

[q1][q2][q3][q4][p
√
µ][p/

√
µ]

, (5.12)

where [X] := X1/2 − X−1/2 and PE[f ](x1, . . . , xn) is the plethystic exponential of a function f

in variables x1, . . . , xn:

PE[f ](x1, . . . , xn) := exp

( ∞∑
m=1

1

m
f (xm

1 , . . . , x
m
n )

)
. (5.13)

Rational limit In the rational limit, the integrand is

Z1-loop =


∏

1≤k<l≤3

(−ϵk − ϵl)

4∏
k=1

(−ϵk)


N (

N∏
i=1

(ui − v2)

(ui − v1)
dui

)
 N∏

i ̸=j

(uj − ui)
∏

1≤k<l≤3

(ui − uj − ϵk − ϵl)

4∏
k=1

(uj − ui − ϵk)

 . (5.14)

The above partition functions then becomes

Zmat = PE[F ](p, v1 − v2, {ϵk}) = M(p)
(v1−v2)(ϵ1+ϵ2)(ϵ1+ϵ3)(ϵ2+ϵ3)

ϵ1ϵ2ϵ3ϵ4 , (5.15)

F(p, v1 − v2, {ϵk}) =
(v1 − v2)(ϵ1 + ϵ2)(ϵ1 + ϵ3)(ϵ2 + ϵ3)p

ϵ1ϵ2ϵ3ϵ4(1− p)2
, (5.16)

where

M(x, t) :=
∞∏
k=1

1

(1− xtk)k
(5.17)

is the MacMahon function, and M(t) = M(1, t).

Elliptic invariants For the elliptic genus, we have

Z1-loop =

(−2πη(τ)3θ1(τ, ϵ1 + ϵ2)θ1(τ, ϵ1 + ϵ3)θ1(τ, ϵ2 + ϵ3)

θ1(τ,−ϵ1)θ1(τ,−ϵ2)θ1(τ,−ϵ3)θ1(τ,−ϵ4)

)N
(

N∏
i=1

−θ1(τ, v2 − ui)

θ1(τ, ui − v1)
dui

)
(

N∏
i ̸=j

θ1(τ, uj − ui)θ1(τ, uj − ui + ϵ1 + ϵ2)θ1(τ, uj − ui + ϵ1 + ϵ3)θ1(τ, uj − ui + ϵ2 + ϵ3)

θ1(τ, uj − ui − ϵ1)θ1(τ, uj − ui − ϵ2)θ1(τ, uj − ui − ϵ3)θ1(τ, uj − ui − ϵ4)

)
.

(5.18)
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Notice that −θ1(τ, v2−ui) = θ1(τ, ui−v2). Indeed, under the transformation of ui → ui+a+ bτ

with a, b ∈ Z for any ui, the integrand would get an extra phase e−2πib(v1−v2). Therefore, we need
to have v1 − v2 ∈ Z.

5.2 Orbifolds: C2 × C2/Zn

Let us now consider a special family of the C4 orbifolds, namely C2 ×C2/Zn. The toric diagram
and the quiver are given as
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When n = 2, there are only two gauge nodes, and there are two pairs of opposite chirals and four
Fermis connecting the two nodes. The weights of the adjoint chirals (resp. Fermi) for each node
are taken to be ϵ3,4 (resp. −ϵ1− ϵ2). For nodes a and a+1, the chiral a → a+1 (resp. a+1 → a)
connecting them has weight ϵ1 (resp. ϵ2) while the Fermis have weights −ϵ1 − ϵ3 and −ϵ2 − ϵ3.
Here, a = n + 1 is understood as a ≡ 1 (mod n). The edges connected to the framing node are
assigned the same weights as in the C4 case.

For the dimension vector N = (Na), the integrand is then

Z1-loop = q

∑
a∈Q0

(Na−Na+1)
2

2

3 q

∑
a∈Q0

N2
a

4

(
1− q1q2

(1− q3)(1− q4)

) ∑
a∈Q0

Na
(√

w1

w2

)N1
(∏

a∈Q0

Na∏
i=1

dx(a)
i

x
(a)
i

)
 N1∏

i=1

(
x
(1)
i − w2

)
(
x
(1)
i − w1

)
∏

a∈Q0

Na∏
i ̸=j

(
x
(a)
i − x

(a)
j

)(
x
(a)
j − x

(a)
i q1q2

)
(
x
(a)
i − x

(a)
j q3

)(
x
(a)
i − x

(a)
j q4

)


∏
a∈Q0

Na∏
i=1

Na+1∏
j=1

(
x
(a)
i − x

(a+1)
j q2q3

)(
x
(a+1)
j − x

(a)
i q1q3

)
(
x
(a+1)
j − x

(a)
i q1

)(
x
(a)
i − x(a+1)q2

)
 . (5.20)

Again, we have n+ 1 ≡ 1. As an illustration, let us list some indices at low ranks for n = 2:

• Level 1:
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– crystal with a single atom of colour p1:

I1 =
(1− q1q2)q3q4

(√
µ− 1/

√
µ
)

(1− q3)(1− q4)
. (5.21)

• Level 2:

• crystal with an atom of colour p1 and an atom of colour p2:

I2,(11) =
2∑

i=1

(−1)i+1q4(1− q1q2)(1− qiq1q3)(1− qiq2q3)(qi − q1q3)(qi − q2q3)

qiq3(1− q3)(1− q4)(1− qiq1)(1− qiq2)(q1 − q2)
I1 .

(5.22)

• crystal with two atoms of colour p1:

I2,(2,0) =
4∑

i=3

(−1)i+1q33q
3
4(1− q1q2)(1− qi)(1− qiq1q2)(qi − q1q2)

(
qi
√
µ− 1/

√
µ
)

qi(1− q3)(1− q4)(1− qiq3)(1− qiq4)(q3 − q4)
I1 .

(5.23)

Rational limit In the rational limit, the integrand is

Z1-loop =

(
−ϵ1 + ϵ2

ϵ3ϵ4

) ∑
a∈Q0

Na
(∏

a∈Q0

Na∏
i=1

du(a)
i

)(
N1∏
i=1

u
(1)
i − v2

u
(1)
i − v1

)
∏

a∈Q0

Na∏
i ̸=j

(
u
(a)
i − u

(a)
j

)(
u
(a)
j − u

(a)
i − ϵ1 − ϵ2

)
(
u
(a)
i − u

(a)
j − ϵ3

)(
u
(a)
i − u

(a)
j − ϵ4

)


∏
a∈Q0

Na∏
i=1

Na+1∏
j=1

(
u
(a)
i − u

(a+1)
j − ϵ2 − ϵ3

)(
u
(a+1)
j − u

(a)
i − ϵ1 − ϵ3

)
(
u
(a+1)
j − u

(a)
i − ϵ1

)(
u
(a)
i − u

(a+1)
j − ϵ2

)
 . (5.24)

In fact, it was conjectured in [76] that

Zmat = PE[F ]
(
p, {p[a,b]}, v1 − v2, {ϵk}

)
= M(p)

n(v1−v2)(ϵ1+ϵ2)(ϵ1+ϵ3)(ϵ2+ϵ3)
ϵ1ϵ2ϵ3ϵ4

+(n− 1
n)

(v1−v2)(ϵ1+ϵ2)
ϵ1ϵ2

∏
1<a≤b≤n

M̃
(
p[a,b], p

) (v1−v2)(ϵ1+ϵ2)
ϵ3ϵ4 ,

(5.25)

F
(
p, {p[a,b]}, v1 − v2, {ϵk}

)
=

(
n(ϵ1 + ϵ3)(ϵ2 + ϵ3)

ϵ1ϵ2ϵ3ϵ4
+

n− 1/n

ϵ1ϵ2
+

∑
1<a≤b≤n

p[a,b] + 1/p[a,b]
ϵ3ϵ4

)
(v1 − v2)(ϵ1 + ϵ2)p

(1− p)2
, (5.26)

where
M̃(x, t) = M(x, t)M

(
x−1, t

)
. (5.27)

Here, we have introduced the notations p[a,b] := (−1)a−b+1papa+1 . . . pb (notice the sign). In the
limit ϵ4/(v1 − v2) → 0, this recovers the partition function for the threefold C× C2/Zn.
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Elliptic invariants For the elliptic genus, we have

Z1-loop =

(−2πη(τ)3θ1(τ, ϵ1 + ϵ2)

θ1(τ,−ϵ3)θ1(τ,−ϵ4)

) ∑
a∈Q0

Na
(∏

a∈Q0

Na∏
i=1

dua

) N1∏
i=1

−θ1

(
τ, v2 − u

(1)
i

)
θ1

(
τ, u

(1)
i − v1

)


∏
a∈Q0

Na∏
i ̸=j

θ1

(
τ, u

(a)
i − u

(a)
j

)
θ1

(
τ, u

(a)
i − u

(a)
j + ϵ1 + ϵ2

)
θ1

(
τ, u

(a)
i − u

(a)
j − ϵ3

)
θ1

(
u
(a)
i − u

(a)
j − ϵ4

)


∏
a∈Q0

Na∏
i=1

Na+1∏
j=1

θ1

(
u
(a+1)
j − u

(a)
i + ϵ2 + ϵ3

)
θ1

(
u
(a)
i − u

(a+1)
j + ϵ1 + ϵ3

)
θ1

(
u
(a+1)
j − u

(a)
i − ϵ1

)
θ1

(
u
(a)
i − u

(a+1)
j − ϵ2

)
 . (5.28)

Again, the gauge anomaly would require v1 − v2 ∈ Z.

5.2.1 Wall Crossing of C2 × C2/Z2

Let us consider the wall crossing of the specific example with n = 2. We shall focus on the
chambers that are induced by the cyclic chambers of the corresponding 4d quivers. For C×C2/Z2,
the cyclic chambers have the structure

C0 C1 C2 ......
C̃2 C̃1 C̃0

D2 + D0 D2 + 2D0 D2 + 3D0 D2 + D0D2 + 2D0D2 + 3D0D0

NCDT CoreDT PT .

(5.29)

For the chambers CK , the crystals are coloured plane partitions with K semi-infinite faces “peeled
off”:

<latexit sha1_base64="a7Q9h/0Vz9d06WngpcKHnvCW+fw=">AAACI3icbVDLSgMxFM34tr5qXboJtgVBKDMi1aWgC8FNBVuFtpRMeluDmWRI7pSWob/iTvRf3IkbF/6IKzNtF74OBA7n3Ms9OWEshUXff/fm5hcWl5ZXVnNr6xubW/ntQsPqxHCocy21uQ2ZBSkU1FGghNvYAItCCTfh/Vnm3wzAWKHVNY5iaEesr0RPcIZO6uQLLYQhpqXLg6BEGerIjjv5ol/xJ6B/STAjRTJDrZP/bHU1TyJQyCWzthn4MbbT0MUAM86VW4mFmPF71oemo8rJtp1Oso9p2Sld2tPGPYV0oua+baQssnYUhW4yYnhnf3uZ+J/XTLB30k6FihMExaeHeomkqGlWBO0KAxzlyBHGjUDBKb9jhnF0deVaFnD6AYQolgwhVWwg+pPaaBZISztOs7KC39X8JY3DSlCtVK+Oiqfns9pWyC7ZI/skIMfklFyQGqkTTobkgTyRZ+/Re/Fevbfp6Jw329khP+B9fAGjvKUO</latexit>

K + 1 atoms

.

(5.30)
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For the chambers C̃K , the crystals are of the Toblerone shape [77]:

<latexit sha1_base64="gTAAnuEsZNbAKNrHtCxc1xtmDgs=">AAACIXicbVDLSgMxFM34rPU16tJNsAquyoyIj53gRnBTwT6gLSWT3tZgJhmSO8Uy9E/cif6LO3En/okrM20XWj0QOJxzL/fkRIkUFoPgw5ubX1hcWi6sFFfX1jc2/a3tmtWp4VDlWmrTiJgFKRRUUaCERmKAxZGEenR/mfv1ARgrtLrFYQLtmPWV6AnO0Ekd328hPGC2f71PGerYjjp+KSgHY9C/JJySEpmi0vG/Wl3N0xgUcsmsbYZBgu0sciHAjIoHrdRCwvg960PTUeVk287GyUf0wCld2tPGPYV0rBZ/bGQstnYYR24yZnhnZ71c/M9rptg7a2dCJSmC4pNDvVRS1DSvgXaFAY5y6AjjRqDglN8xwzi6sootCzj5AEKcSIaQKTYQ/XFpNA+kpR1leVnhbDV/Se2oHJ6UT26OSxfn09oKZJfskUMSklNyQa5IhVQJJwPySJ7Ji/fkvXpv3vtkdM6b7uyQX/A+vwGy2aST</latexit>

K atoms

<latexit sha1_base64="gTAAnuEsZNbAKNrHtCxc1xtmDgs=">AAACIXicbVDLSgMxFM34rPU16tJNsAquyoyIj53gRnBTwT6gLSWT3tZgJhmSO8Uy9E/cif6LO3En/okrM20XWj0QOJxzL/fkRIkUFoPgw5ubX1hcWi6sFFfX1jc2/a3tmtWp4VDlWmrTiJgFKRRUUaCERmKAxZGEenR/mfv1ARgrtLrFYQLtmPWV6AnO0Ekd328hPGC2f71PGerYjjp+KSgHY9C/JJySEpmi0vG/Wl3N0xgUcsmsbYZBgu0sciHAjIoHrdRCwvg960PTUeVk287GyUf0wCld2tPGPYV0rBZ/bGQstnYYR24yZnhnZ71c/M9rptg7a2dCJSmC4pNDvVRS1DSvgXaFAY5y6AjjRqDglN8xwzi6sootCzj5AEKcSIaQKTYQ/XFpNA+kpR1leVnhbDV/Se2oHJ6UT26OSxfn09oKZJfskUMSklNyQa5IhVQJJwPySJ7Ji/fkvXpv3vtkdM6b7uyQX/A+vwGy2aST</latexit>

K atoms

.

(5.31)

Here, the orange lines indicate the top rows in the crystals. Notice that the first one is for K = 1

in this figure as C̃0 trivially has ZBPS = 1.
For the chambers of C2 × C2/Z2 that are induced by the above chambers of C × C2/Z2, we

shall use the same notations CK and C̃K . Moreover, it is also clear how the framing of the quiver
would change:

<latexit sha1_base64="dJoY3WyZbawSVGUnGK15RVe/pSw="></latexit>

m + 1
<latexit sha1_base64="gNJz8fEasHtYI8W1ibuR9Pt5G98="></latexit>

m + 1

<latexit sha1_base64="qXIJ3LNTLB4hb4dUNjCfdp+1TkY=">AAACFHicbVA9TwJBEN3DL8Qv1NJmIyGxIncGP0oSG0tMPCABQvaWATbs7V1250jIhd9gZ/S/2Blbe/+KlXtAoeBLJnl5byYz84JYCoOu++XkNja3tnfyu4W9/YPDo+LxScNEiebg80hGuhUwA1Io8FGghFasgYWBhGYwvsv85gS0EZF6xGkM3ZANlRgIztBKfqcfoekVS27FnYOuE29JSmSJeq/4bed4EoJCLpkxbc+NsZsGdi/oWaHcSQzEjI/ZENqWKiubbjo/dkbLVunTQaRtKaRztfBrImWhMdMwsJ0hw5FZ9TLxP6+d4OC2mwoVJwiKLxYNEkkxotnntC80cJRTSxjXAgWnfMQ042jzKXQM4OIBhDCWDCFVbCKG85xodlAkzSyd2bC81WjWSeOy4l1Xrh6qpVp1GVuenJFzckE8ckNq5J7UiU84EeSJvJBX59l5c96dj0VrzlnOnJI/cD5/AAMgoBQ=</latexit>. . . <latexit sha1_base64="qXIJ3LNTLB4hb4dUNjCfdp+1TkY=">AAACFHicbVA9TwJBEN3DL8Qv1NJmIyGxIncGP0oSG0tMPCABQvaWATbs7V1250jIhd9gZ/S/2Blbe/+KlXtAoeBLJnl5byYz84JYCoOu++XkNja3tnfyu4W9/YPDo+LxScNEiebg80hGuhUwA1Io8FGghFasgYWBhGYwvsv85gS0EZF6xGkM3ZANlRgIztBKfqcfoekVS27FnYOuE29JSmSJeq/4bed4EoJCLpkxbc+NsZsGdi/oWaHcSQzEjI/ZENqWKiubbjo/dkbLVunTQaRtKaRztfBrImWhMdMwsJ0hw5FZ9TLxP6+d4OC2mwoVJwiKLxYNEkkxotnntC80cJRTSxjXAgWnfMQ042jzKXQM4OIBhDCWDCFVbCKG85xodlAkzSyd2bC81WjWSeOy4l1Xrh6qpVp1GVuenJFzckE8ckNq5J7UiU84EeSJvJBX59l5c96dj0VrzlnOnJI/cD5/AAMgoBQ=</latexit>. . .

<latexit sha1_base64="8jGLWtnap/Mw8aURdmsU15Iebww=">AAACEnicbVDLTgJBEJzFF+IL9ehlIpJ4kewaX0cSLx4xyiMBQmaHBibMzm5meknIhk/wZvRfvBmv/oC/4skB9qBgJZ1UqrrT3eVHUhh03S8ns7K6tr6R3cxtbe/s7uX3D2omjDWHKg9lqBs+MyCFgioKlNCINLDAl1D3h7dTvz4CbUSoHnEcQTtgfSV6gjO00kNw5nXyBbfkzkCXiZeSAklR6eS/W92QxwEo5JIZ0/TcCNuJb7eCnuSKrdhAxPiQ9aFpqbKyaSezUye0aJUu7YXalkI6U3O/JhIWGDMOfNsZMByYRW8q/uc1Y+zdtBOhohhB8fmiXiwphnT6N+0KDRzl2BLGtUDBKR8wzTjadHItAzh/ACGIJENIFBuJ/iwlOj0olGaSTGxY3mI0y6R2XvKuSpf3F4XySRpblhyRY3JKPHJNyuSOVEiVcNInT+SFvDrPzpvz7nzMWzNOOnNI/sD5/AGHtp6l</latexit>

m � 1
<latexit sha1_base64="cKepVp8owIzfAltDk/qEn9jqyWU=">AAACEHicbVDLSgNBEJz1GeMr6tHLYAx4Crvi6xjw4jEB84BkCbOTTjJkdnaZ6Q2EJV/gTfRfvIlX/8Bf8eQk2YMmFjQUVd10dwWxFAZd98tZW9/Y3NrO7eR39/YPDgtHxw0TJZpDnUcy0q2AGZBCQR0FSmjFGlgYSGgGo/uZ3xyDNiJSjziJwQ/ZQIm+4AytVAu7haJbduegq8TLSJFkqHYL351exJMQFHLJjGl7box+GtidoKf5UicxEDM+YgNoW6qsbPx0fuiUlqzSo/1I21JI52r+10TKQmMmYWA7Q4ZDs+zNxP+8doL9Oz8VKk4QFF8s6ieSYkRnX9Oe0MBRTixhXAsUnPIh04yjzSbfMYCLBxDCWDKEVLGxGMwzorODImmm6dSG5S1Hs0oal2XvpnxduypWzrPYcuSUnJEL4pFbUiEPpErqhBMgT+SFvDrPzpvz7nwsWtecbOaE/IHz+QOfXp4z</latexit>m<latexit sha1_base64="T8Omj5EJyWHfgG8ZEczEj7cWWz0="></latexit>m

<latexit sha1_base64="YWMior3NnlNoZRh9XOVXlfjJ7Us="></latexit>

m � 1

<latexit sha1_base64="cKepVp8owIzfAltDk/qEn9jqyWU=">AAACEHicbVDLSgNBEJz1GeMr6tHLYAx4Crvi6xjw4jEB84BkCbOTTjJkdnaZ6Q2EJV/gTfRfvIlX/8Bf8eQk2YMmFjQUVd10dwWxFAZd98tZW9/Y3NrO7eR39/YPDgtHxw0TJZpDnUcy0q2AGZBCQR0FSmjFGlgYSGgGo/uZ3xyDNiJSjziJwQ/ZQIm+4AytVAu7haJbduegq8TLSJFkqHYL351exJMQFHLJjGl7box+GtidoKf5UicxEDM+YgNoW6qsbPx0fuiUlqzSo/1I21JI52r+10TKQmMmYWA7Q4ZDs+zNxP+8doL9Oz8VKk4QFF8s6ieSYkRnX9Oe0MBRTixhXAsUnPIh04yjzSbfMYCLBxDCWDKEVLGxGMwzorODImmm6dSG5S1Hs0oal2XvpnxduypWzrPYcuSUnJEL4pFbUiEPpErqhBMgT+SFvDrPzpvz7nwsWtecbOaE/IHz+QOfXp4z</latexit>m<latexit sha1_base64="T8Omj5EJyWHfgG8ZEczEj7cWWz0="></latexit>m

<latexit sha1_base64="qXIJ3LNTLB4hb4dUNjCfdp+1TkY=">AAACFHicbVA9TwJBEN3DL8Qv1NJmIyGxIncGP0oSG0tMPCABQvaWATbs7V1250jIhd9gZ/S/2Blbe/+KlXtAoeBLJnl5byYz84JYCoOu++XkNja3tnfyu4W9/YPDo+LxScNEiebg80hGuhUwA1Io8FGghFasgYWBhGYwvsv85gS0EZF6xGkM3ZANlRgIztBKfqcfoekVS27FnYOuE29JSmSJeq/4bed4EoJCLpkxbc+NsZsGdi/oWaHcSQzEjI/ZENqWKiubbjo/dkbLVunTQaRtKaRztfBrImWhMdMwsJ0hw5FZ9TLxP6+d4OC2mwoVJwiKLxYNEkkxotnntC80cJRTSxjXAgWnfMQ042jzKXQM4OIBhDCWDCFVbCKG85xodlAkzSyd2bC81WjWSeOy4l1Xrh6qpVp1GVuenJFzckE8ckNq5J7UiU84EeSJvJBX59l5c96dj0VrzlnOnJI/cD5/AAMgoBQ=</latexit>. . . <latexit sha1_base64="qXIJ3LNTLB4hb4dUNjCfdp+1TkY=">AAACFHicbVA9TwJBEN3DL8Qv1NJmIyGxIncGP0oSG0tMPCABQvaWATbs7V1250jIhd9gZ/S/2Blbe/+KlXtAoeBLJnl5byYz84JYCoOu++XkNja3tnfyu4W9/YPDo+LxScNEiebg80hGuhUwA1Io8FGghFasgYWBhGYwvsv85gS0EZF6xGkM3ZANlRgIztBKfqcfoekVS27FnYOuE29JSmSJeq/4bed4EoJCLpkxbc+NsZsGdi/oWaHcSQzEjI/ZENqWKiubbjo/dkbLVunTQaRtKaRztfBrImWhMdMwsJ0hw5FZ9TLxP6+d4OC2mwoVJwiKLxYNEkkxotnntC80cJRTSxjXAgWnfMQ042jzKXQM4OIBhDCWDCFVbCKG85xodlAkzSyd2bC81WjWSeOy4l1Xrh6qpVp1GVuenJFzckE8ckNq5J7UiU84EeSJvJBX59l5c96dj0VrzlnOnJI/cD5/AAMgoBQ=</latexit>. . .
.

(5.32)
For convenience, let us swap the labels of the two gauge nodes every time we cross a wall of
marginal stability. In other words, a = 1 always refers to the gauge node with incoming chirals
from the framing node.

For the CK chamber, the chirals connecting the framing node and the gauge node 1 (resp. 2)
have weights v1+Kϵ1, v1+(K−1)ϵ1+ϵ2, . . . , v1+Kϵ2 (resp. v2+Kϵ1+ϵ2, v2+(K−1)ϵ1+2ϵ2,
. . . , v2 + ϵ1 + Kϵ2 when existing) while the accompanied Fermis have weights −v2 − Kϵ1,
−v2−(K−1)ϵ1−ϵ2, . . . , −v2−Kϵ2 (resp. v1+Kϵ1+ϵ2, v1+(K−1)ϵ1+2ϵ2, . . . , v1+ϵ1+Kϵ2
when existing). Therefore, in the integrand, we only need to change the factors coming from the
framing to  N1∏

i=1

(
u
(1)
i − v2 −Kϵ1

)
. . .
(
u
(1)
i − v2 −Kϵ2

)
(
u
(1)
i − v1 −Kϵ1

)
. . .
(
u
(1)
i − v1 −Kϵ2

)


 N2∏
i=1

(
v1 +Kϵ1 + ϵ2 − u

(2)
i

)
. . .
(
v1 + ϵ1 +Kϵ2 − u

(2)
i

)
(
v2 +Kϵ1 + ϵ2 − u

(2)
i

)
. . .
(
v2 + ϵ1 +Kϵ2 − u

(2)
i

)
 , (5.33)
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where we have used the equivariant version for simplicity. We conjecture that the equivariant
partition function is

Zmat = PE[F ]
(
p(K), p(K,[2,2]), v1 − v2, {ϵk}

)
= M

(
p(K)

) 2(v1−v2)(ϵ1+ϵ2)(ϵ1+ϵ3)(ϵ2+ϵ3)
ϵ1ϵ2ϵ3ϵ4

+
3(v1−v2)(ϵ1+ϵ2)

2ϵ1ϵ2M
(
p(K,[2,2]), p(K)

) ∞∏
k=K+1

1(
1− p−1

(K,[2,2])p
k
(K)

)k


(v1−v2)(ϵ1+ϵ2)
ϵ3ϵ4

, (5.34)

F
(
p(K), p(K,[2,2]), v1 − v2, {ϵk}

)
=

(v1 − v2)(ϵ1 + ϵ2)p(K)

(1− p(K))2

(
2(ϵ1 + ϵ3)(ϵ2 + ϵ3)

ϵ1ϵ2ϵ3ϵ4
+

3

2ϵ1ϵ2

)
+

(v1 − v2)(ϵ1 + ϵ2)

ϵ3ϵ4

((
p(K,[2,2]) + 1/p(K,[2,2])

)
p(K)(

1− p(K)

)2 − 1

p(K,[2,2])

K∑
k=1

kpK(K)

)
, (5.35)

where p(K) = p1p2 and p(K,[2,2]) = −pK1 p
K+1
2 . The crystals are the 4d versions of (5.30), where

one “peels off” a 3d subcrystal every time one crosses a wall from CK to CK+1.
For the C̃K chamber, the chirals connecting the framing node and the gauge node 2 (resp. 1)

have weights v2+Kϵ1, v2+(K−1)ϵ1+ϵ2, . . . , v2+Kϵ2 (resp. v1+(K−1)ϵ1, v1+(K−2)ϵ1+ϵ2,
. . . , v1 + (K − 1)ϵ2 when existing) while the accompanied Fermis have weights v1 +Kϵ1, v1 +
(K−1)ϵ1+ ϵ2, . . . , v1+Kϵ2 (resp. −v2− (K−1)ϵ1, −v2− (K−2)ϵ1− ϵ2, . . . , −v2− (K−1)ϵ2
when existing). Therefore, in the integrand, we only need to change the factors coming from the
framing to  N1∏

i=1

(
u
(1)
i − v2 − (K − 1)ϵ1

)
. . .
(
u
(1)
i − v2 − (K − 1)ϵ2

)
(
u
(1)
i − v1 − (K − 1)ϵ1

)
. . .
(
u
(1)
i − v1 − (K − 1)ϵ2

)


 N2∏
i=1

(
v1 +Kϵ1 − u

(2)
i

)
. . .
(
v1 +Kϵ2 − u

(2)
i

)
(
v2 +Kϵ1 − u

(2)
i

)
. . .
(
v2 +Kϵ2 − u

(2)
i

)
 , (5.36)

where we have used the equivariant version for simplicity. We conjecture that the equivariant
partition function is

Zmat = PE[F ]
(
p̃(K), p̃(K,[2,2]), v1 − v2, {ϵk}

)
=

 K∏
k=1

1(
1− p̃(K,[2,2])p̃k(K)

)k


(v1−v2)(ϵ1+ϵ2)
ϵ3ϵ4

,

(5.37)

F
(
p̃(K), p̃(K,[2,2]), v1 − v2, {ϵk}

)
=

p̃(K,[2,2])(v1 − v2)(ϵ1 + ϵ2)

ϵ3ϵ4

(
K∑
k=1

k∑
l=1

(
√
µ)2l−k−1p̃K(K)

)
,

(5.38)
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where p̃(K) = p−1
1 p−1

2 and p̃(K,[2,2]) = −pK+1
1 pK2 . The crystals are the 4d versions of (5.31), where

one adds a “layer” of a 3d subcrystal every time one crosses a wall from C̃K to C̃K+1.
Let us also make a comment on the elliptic invariants. For the chamber CK , the shift of

u
(1)
i → u

(1)
i + a + bτ with a, b ∈ Z would yield an extra phase e−2πi(K+1)(v1−v2), and hence

(K+1)(v1−v2) ∈ Z. On the other hand, the transformation of u(2)
i would lead to K(v1−v2) ∈ Z.

As K + 1 and K are coprime, we should again have v1 − v2 ∈ Z. Likewise, for the chamber C̃K ,
the transformations of u(1)

i and u
(2)
i would give rise to K(v1− v2) ∈ Z and (K +1)(v1− v2) ∈ Z.

Therefore, we should have v1 − v2 ∈ Z.

5.3 Conifold×C
Another typical example would be the conifold×C. The toric diagram and the quiver are
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The weights of the edges are

χ11 χ12,1 χ12,2 χ21,1 χ21,2 χ22 Λ12,1 Λ12,2 Λ21,1 Λ21,2

ϵ4 ϵ1 −ϵ1 ϵ2 −ϵ2 − ϵ4 ϵ4 −ϵ1 + ϵ4 ϵ1 + ϵ4 ϵ2 + ϵ4 −ϵ2

, (5.40)

which can be directly obtained from the dimensional reduction of the conifold case. The weights
of the chiral and the Fermi connected to the framing node are still v1 and −v2 respectively.

For the dimension vector N = (N1, N2), the integrand is then

Z1-loop =q
(N1−N2)

2

2
4

(
1

1− q4

)N1+N2
(√

w1

w2

)N1
(

N1∏
i=1

dx(1)
i

x
(1)
i

)(
N2∏
i=1

dx(2)
i

x
(2)
i

)
(

N1∏
i=1

w2 − x
(1)
i

x
(1)
i − w1

)(
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i ̸=j

x
(1)
i − x

(1)
j

x
(1)
i − x

(1)
j q4

)(
N2∏
i ̸=j

x
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i − x

(2)
j

x
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i − x

(2)
j q4

)
 N1∏
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(
x
(1)
i − x

(2)
j q−1

1 q−1
3

)(
x
(1)
i − x

(2)
j q−1

2

)(
x
(2)
j − x

(1)
i q1q

−1
4

)(
x
(2)
j − x

(1)
i q−1

1 q−1
4

)
(
x
(1)
i − x

(2)
j q2

)(
x
(1)
i − x

(2)
j q1q3

)(
x
(2)
j − x

(1)
i q1

)(
x
(2)
j − x

(1)
i q−1

1

)
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(5.41)

As an illustration, let us list some indices at low ranks:
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• Level 1:

– crystal with a single atom of colour p1:

I1 =

√
q4
(√

µ− 1/
√
µ
)

(q4 − 1)
. (5.42)

• Level 2:

• crystal with an atom of colour p1 and an atom of colour p2:

I2,(11) =
∑
ς=±1

ς
(
1− qς1q

−1
1 q−1

3

) (
1− qς1q

−1
2

) (
qς1 − q1q

−1
4

) (
qς1 − q−1

1 q−1
4

)
√
q4q

ς
1(1− q4)

(
q1 − q−1

1

)
(1− qς1q2) (1− qς1q1q3)

I1 , (5.43)

• crystal with two atoms of colour p1:

I2,(2,0) = −
√
q4
(
q4
√
µ− 1/

√
µ
)

1− q4
I1 . (5.44)

Rational limit In the rational limit, the integrand is

Z1-loop

=

(
− 1

ϵ4

)N1+N2
(

2∏
a=1

Na∏
i=1

du(a)
i

)(
N1∏
i=1

u
(1)
i − v2

u
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i − v1

) 2∏
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Na∏
i ̸=j

(
u
(a)
i − u

(a)
j

)
(
u
(a)
i − u

(a)
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)

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N2∏
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(
u
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)(
u
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)(
u
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u
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)
(
u
(1)
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(2)
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)(
u
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(2)
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)(
u
(2)
j − u

(1)
i − ϵ1

)(
u
(2)
j − u

(1)
i + ϵ1

)
 .

(5.45)

We conjecture that the equivariant partition function is

Zmat = PE[F ]
(
p′, p[2,2], v1 − v2, {ϵk}

)
= M(p′)

(v1−v2)(ϵ1+ϵ2)(2ϵ1+ϵ3)(2ϵ1+ϵ4)
2ϵ1ϵ3ϵ4(ϵ1−ϵ2)

+
(v1−v2)ϵ3(ϵ1−ϵ2)(2ϵ1−ϵ4)

2ϵ1ϵ4(ϵ1+ϵ2)(2ϵ1+ϵ3) M̃
(
p[2,2], p

′) (v1−v2)
ϵ4 , (5.46)

F
(
p′, p[2,2], v1 − v2, {ϵk}

)
=

(
(ϵ1 + ϵ2)(2ϵ1 + ϵ3)(2ϵ1 + ϵ4)

2ϵ1ϵ3ϵ4(ϵ1 − ϵ2)
+

ϵ3(ϵ1 − ϵ2)(2ϵ1 − ϵ4)

2ϵ1ϵ4(ϵ1 + ϵ2)(2ϵ1 + ϵ3)

+
p[2,2] + 1/p[2,2]

ϵ4

)
(v1 − v2)p

′

(1− p′)2
, (5.47)

where p′ := −p0p1 and p[2,2] := −p1 (notice the sign). In the limit ϵ4/(v1− v2) → 0, this recovers
the partition function for the conifold.
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Elliptic invariants The integrand for the elliptic genus is straightforward to write down. Hence,
we shall omit the full expression here. Again, due to the factor N1∏

i=1

−θ1

(
τ, v2 − u

(1)
i

)
θ1

(
τ, u

(1)
i − v1

)
 , (5.48)

the gauge anomaly would require v1 − v2 ∈ Z.

5.3.1 Wall Crossing

Let us now consider the wall crossing, focusing on the chambers that are induced by the cyclic
chambers of the corresponding 4d quivers [78]. For the conifold, the cyclic chambers have the
same structure as given in (5.29). For the infinite chambers CK , the crystals look like
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For the finite chambers C̃K , the crystals are
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Here, the orange lines indicate the top rows in the crystals. Notice that the first one is for K = 1

in this figure as C̃0 trivially has ZBPS = 1.
For the chambers of the conifold×C that are induced by the above chamber of the conifold,

we shall use the same notations CK and C̃K . Moreover, the framing of the quiver would change
as in Fig. 7, which is reproduced here:
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.

(5.51)

For convenience, we swap the colours and the labels of the two gauge nodes every time we cross
a wall of marginal stability. In other words, a = 1 always refers to the gauge node in red with
incoming chirals from the framing node, and the weights of the edges remain the same as in (5.40).

For the CK chamber, the chirals connecting the framing node and the gauge node 1 (resp. 2)
have weights v1+Kϵ1+Kϵ2, v1+(K−2)ϵ1+Kϵ2, . . . , v1−Kϵ1+Kϵ2 (resp. v2+(K−1)ϵ1+Kϵ2,
v2+(K−3)ϵ1+Kϵ2, . . . , v2−(K−1)ϵ1+Kϵ2 when existing) while the accompanied Fermis have
weights −v2−Kϵ1−Kϵ2, −v2−(K−2)ϵ1−Kϵ2, . . . , −v2+Kϵ1−Kϵ2 (resp. v1+(K−1)ϵ1+Kϵ2,
v1 + (K − 3)ϵ1 +Kϵ2, . . . , v1 − (K − 1)ϵ1 +Kϵ2 when existing). Therefore, in the integrand,
we only need to change the factors coming from the framing to N1∏

i=1

(
u
(1)
i − v2 −Kϵ1 −Kϵ2

)
. . .
(
u
(1)
i − v2 +Kϵ1 −Kϵ2

)
(
u
(1)
i − v1 −Kϵ1 −Kϵ2

)
. . .
(
u
(1)
i − v1 +Kϵ1 −Kϵ2

)

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 N2∏
i=1

(
v1 + (K − 1)ϵ1 +Kϵ2 − u

(2)
i

)
. . .
(
v1 − (K − 1)ϵ1 +Kϵ2 − u

(2)
i

)
(
v2 + (K − 1)ϵ1 +Kϵ2 − u

(2)
i

)
. . .
(
v2 − (K − 1)ϵ1 +Kϵ2 − u

(2)
i

)
 , (5.52)

where we have used the equivariant version for simplicity. We conjecture that the equivariant
partition function is

Zmat = PE[F ]
(
p′(K), p(K,[2,2]), v1 − v2, {ϵk}

)
= M

(
p′(K)

) (v1−v2)(ϵ1+ϵ2)(2ϵ1+ϵ3)(2ϵ1+ϵ4)
2ϵ1ϵ3ϵ4(ϵ1−ϵ2)

+
(v1−v2)ϵ3(ϵ1−ϵ2)(2ϵ1−ϵ4)

2ϵ1ϵ4(ϵ1+ϵ2)(2ϵ1+ϵ3)M
(
p(K,[2,2]), p

′
(K)

) ∞∏
k=K+1

1(
1− p−1

(K,[2,2])p
′k
(K)

)k


(v1−v2)
ϵ4

, (5.53)

F
(
p′(K), p(K,[2,2]), v1 − v2, {ϵk}

)
=

(
(ϵ1 + ϵ2)(2ϵ1 + ϵ3)(2ϵ1 + ϵ4)

2ϵ1ϵ3ϵ4(ϵ1 − ϵ2)
+

ϵ3(ϵ1 − ϵ2)(2ϵ1 − ϵ4)

2ϵ1ϵ4(ϵ1 + ϵ2)(2ϵ1 + ϵ3)

+
p(K,[2,2]) + 1/p(K,[2,2])

ϵ4

)
(v1 − v2)p

′
(K)(

1− p′(K)

)2 − 1

p(K,[2,2])ϵ4

K∑
k=1

kp′
K
(K) ,

(5.54)

where p′(K) = −p1p2 and p(K,[2,2]) = −pK1 p
K+1
2 . In the DT chamber, this agrees with the equivari-

ant DT invariants in [45] (upon redefinition of the parameters). The crystals are the 4d versions of
(5.49), where one “peels off” a 3d subcrystal every time one crosses a wall from CK to CK+1.

For the C̃K chamber, the chirals connecting the framing node and the gauge node 2 (resp. 1)
have weights v2 +Kϵ1 + (K − 1)ϵ2, v2 + (K − 2)ϵ1 + (K − 1)ϵ2, . . . , v2 −Kϵ1 + (K − 1)ϵ2
(resp. v1+(K−1)ϵ1+(K−1)ϵ2, v1+(K−3)ϵ1+(K−1)ϵ2, . . . , v1−(K−1)ϵ1+(K−1)ϵ2 when
existing) while the accompanied Fermis have weights v1+Kϵ1+(K−1)ϵ2, v1+(K−2)ϵ1+(K−
1)ϵ2, . . . , v1−Kϵ1+(K−1)ϵ2 (resp. −v2−(K−1)ϵ1−(K−1)ϵ2, −v2−(K−3)ϵ1−(K−1)ϵ2,
. . . , −v2 + (K − 1)ϵ1 − (K − 1)ϵ2 when existing). Therefore, in the integrand, we only need to
change the factors coming from the framing to N1∏

i=1

(
u
(1)
i − v2 − (K − 1)ϵ1 − (K − 1)ϵ2

)
. . .
(
u
(1)
i − v2 + (K − 1)ϵ1 − (K − 1)ϵ2

)
(
u
(1)
i − v1 − (K − 1)ϵ1 − (K − 1)ϵ2

)
. . .
(
u
(1)
i − v1 + (K − 1)ϵ1 − (K − 1)ϵ2

)


 N2∏
i=1

(
v1 +Kϵ1 + (K − 1)ϵ2 − u

(2)
i

)
. . .
(
v1 −Kϵ1 + (K − 1)ϵ2 − u

(2)
i

)
(
v2 +Kϵ1 + (K − 1)ϵ2 − u

(2)
i

)
. . .
(
v2 −Kϵ1 + (K − 1)ϵ2 − u

(2)
i

)
 , (5.55)

where we have used the equivariant version for simplicity. We conjecture that the equivariant
partition function is

Zmat = PE[F ]
(
p̃′(K), p̃(K,[2,2]), v1 − v2, {ϵk}

)
=

 K∏
k=1

1(
1− p̃(K,[2,2])p̃′

k

(K)

)k


(v1−v2)
ϵ4

, (5.56)
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F
(
p̃′(K), p̃(K,[2,2]), v1 − v2, {ϵk}

)
=

p̃(K,[2,2])(v1 − v2)

ϵ4

(
K∑
k=1

k∑
l=1

(
√
µ)2l−k−1p̃′

K

(K)

)
, (5.57)

where p̃′(K) = −p−1
1 p−1

2 and p̃(K,[2,2]) = −pK+1
1 pK2 . In the PT chamber, this agrees with the

rational limit of the K-theoretic PT invariants in [48]. The crystals are the 4d versions of (5.50),
where one adds a “layer” of a (semi-infinite) 3d subcrystal every time one crosses a wall from C̃K

to C̃K+1. Notice that, however, in contrast to the finite 3d crystals for the conifold, the 4d crystals
in the chambers C̃K for the conifold×C are infinite (due to the fourth direction extended by the
adjoint chirals).

Let us also make a comment on the elliptic invariants. For the chamber CK , the shift of
u
(1)
i → u

(1)
i + a + bτ with a, b ∈ Z would yield an extra phase e−2πi(K+1)(v1−v2), and hence

(K+1)(v1−v2) ∈ Z. On the other hand, the transformation of u(2)
i would lead to K(v1−v2) ∈ Z.

As K + 1 and K are coprime, we should again have v1 − v2 ∈ Z. Likewise, for the chamber C̃K ,
the transformations of u(1)

i and u
(2)
i would give rise to K(v1− v2) ∈ Z and (K +1)(v1− v2) ∈ Z.

Therefore, we should have v1 − v2 ∈ Z.

5.4 Trialities: Q1,1,1

In general, the N = (0, 2) quivers do not need to have 4d counterparts as above. As an example,
Q1,1,1 has the toric diagram

<latexit sha1_base64="C/MLPCKlF+YV45fc/RWfmL1RTQc="></latexit>

(0, 0, 0)
<latexit sha1_base64="Q78IYd2jjkdKnTgvfqG7qDYx1lU="></latexit>

(0, 1, 0)
<latexit sha1_base64="r1dpiiQEooVfhHF3oJnuy6ZdQAU="></latexit>

(1, 0, 0)

<latexit sha1_base64="FPu7fLKZ1ot+8MB55SZ15uWqGzE="></latexit>

(1, 1, 0)

<latexit sha1_base64="XP+1U1eYVmW3knmC9p4Er3QYxfQ="></latexit>

(1, 1,�1)

<latexit sha1_base64="3/G3hgoze/qYT29DCmxzrCtvaZw="></latexit>

(0, 0, 1)

.

(5.58)

In particular, its quiver gauge theories enjoy triality featured in N = (0, 2). Its three phases form
the triality network

A

A

A

S

NT

NT
NT

.

(5.59)

Here, phase A (resp. S) is antisymmetric (resp. symmetric) in the sense of the permutation of
the coordinate axes while phase NT is non-toric. Here, we shall only focus on phase A as an
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illustration of triality and wall crossing. The outer circle with three quivers of phase A is given
by19
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4 2

1

3

2

4

4

1

4

3 1

2

1

2

1

13

x

y

z

.

(5.60)

This self-triality can be obtained by mutating the node 1 in purple.
Let us start with the quiver

<latexit sha1_base64="+vR+icN3mcFykZ6IjWWphCSreW4=">AAACEHicdVDLSgNBEJz1GeMr6tHLYBA8hdloorkJXjwmYGIgCWF20omDs7PLTK8QlnyBN9F/8SZe/QN/xZOzSQQVLWgoqrrp7gpiJS0y9u4tLC4tr6zm1vLrG5tb24Wd3ZaNEiOgKSIVmXbALSipoYkSFbRjAzwMFFwHtxeZf30HxspIX+E4hl7IR1oOpeDopIbfLxRZqVxhtdMyZaUK82uVY0cYO6tVfOo7kqFI5qj3Cx/dQSSSEDQKxa3t+CzGXhq4nWAm+cNuYiHm4paPoOOodrLtpdNDJ/TQKQM6jIwrjXSq5r9NpDy0dhwGrjPkeGN/e5n4l9dJcHjWS6WOEwQtZouGiaIY0exrOpAGBKqxI1wYiVJQccMNF+iyyXct4OwBhDBWHCHV/E6OphnR7KBI2Uk6cWF9JUL/J61yya+Wqo2T4nl5HluO7JMDckR8ckrOySWpkyYRBMg9eSRP3oP37L14r7PWBW8+s0d+wHv7BLFpnk0=</latexit>

1
<latexit sha1_base64="8G91zLhyVS38TdSuMCKBKsi+0ro=">AAACEHicdVDLSgNBEJz1bXxFPXoZDIKnMLuaxNwELx4VjApJkNlJJxkyO7vM9AbCki/wJvov3sSrf+CveHI2iaCiBQ1FVTfdXWGipEXG3r25+YXFpeWV1cLa+sbmVnF759rGqRHQELGKzW3ILSipoYESFdwmBngUKrgJB2e5fzMEY2Wsr3CUQDviPS27UnB00mVwVyyxclBh9VpAWbnC/HrlyBHGTuoVn/qO5CiRGS7uih+tTizSCDQKxa1t+izBdha6nWDGhYNWaiHhYsB70HRUO9m2s8mhY3rglA7txsaVRjpRC98mMh5ZO4pC1xlx7NvfXi7+5TVT7J60M6mTFEGL6aJuqijGNP+adqQBgWrkCBdGohRU9LnhAl02hZYFnD6AECWKI2SaD2VvkhHND4qVHWdjF9ZXIvR/ch2U/Wq5enlcOg1msa2QPbJPDolPauSUnJML0iCCALknj+TJe/CevRfvddo6581mdskPeG+fsxWeTg==</latexit>

2

<latexit sha1_base64="BT9qEQG1yzuSL4uCZp1sH7GbcVc=">AAACEHicdVDLSgNBEJz1bXxFPXoZDIKnMBvN6xbw4lHBaCAJYXbSiYOzs8tMbyAs+QJvov/iTbz6B/6KJ2eTCCpa0FBUddPdFcRKWmTs3VtYXFpeWV1bz21sbm3v5Hf3rm2UGAFNEanItAJuQUkNTZSooBUb4GGg4Ca4O8v8mxEYKyN9heMYuiEfajmQgqOTLk96+QIrlsqsXi1RViwzv14+cYSxWr3sU9+RDAUyx0Uv/9HpRyIJQaNQ3Nq2z2LspoHbCWaSO+okFmIu7vgQ2o5qJ9tuOj10Qo+c0qeDyLjSSKdq7ttEykNrx2HgOkOOt/a3l4l/ee0EB7VuKnWcIGgxWzRIFMWIZl/TvjQgUI0d4cJIlIKKW264QJdNrmMBZw8ghLHiCKnmIzmcZkSzgyJlJ+nEhfWVCP2fXJeKfqVYuTwtNErz2NbIATkkx8QnVdIg5+SCNIkgQO7JI3nyHrxn78V7nbUuePOZffID3tsntMGeTw==</latexit>

3
<latexit sha1_base64="YuT8i0jKna6krKYO9U/L/11tSZ0=">AAACDHicdVDLSgNBEJz1GddX9OplMAQ8hdloEnMTvHiMYFRIQpiddOLg7Owy0xsIS77Am+i/ePPqL/grnpxNIqhoQUNR1U13V5goaZGxd29peWV1bb2w4W9ube/sFv29axunRkBbxCo2tyG3oKSGNkpUcJsY4FGo4Ca8P8/9mzEYK2N9hZMEehEfaTmUgqOTLk/6xRKrVGus2ahSVqmxoFk7doSx02YtoIEjOUpkgVa/+NEdxCKNQKNQ3NpOwBLsZaHbCWbql7uphYSLez6CjqPaybaXzQ6d0rJTBnQYG1ca6Uz1v01kPLJ2EoWuM+J4Z397ufiX10lxeNrLpE5SBC3mi4apohjT/Gs6kAYEqokjXBiJUlBxxw0X6LLxuxZw/gBClCiOkGk+lqNZRjQ/KFZ2mk1dWF+J0P/JdbUS1Cv10ll1EVqBHJBDckQC0iBn5IK0SJsIAuSBPJFn79F78V7njUveYmKf/ID39gkBX5z+</latexit>

4

<latexit sha1_base64="mQYtgKJQicRc4fUXDF9etvqZC30=">AAACEHicdVDLSgNBEJz1GeMr6tHLYBA8hdloorkJXjwmYGIgCWF20omDs7PLTK8QlnyBN9F/8SZe/QN/xZOzSQQVLWgoqrrp7gpiJS0y9u4tLC4tr6zm1vLrG5tb24Wd3ZaNEiOgKSIVmXbALSipoYkSFbRjAzwMFFwHtxeZf30HxspIX+E4hl7IR1oOpeDopAbrF4qsVK6w2mmZslKF+bXKsSOMndUqPvUdyVAkc9T7hY/uIBJJCBqF4tZ2fBZjLw3cTjCT/GE3sRBzcctH0HFUO9n20umhE3rolAEdRsaVRjpV898mUh5aOw4D1xlyvLG/vUz8y+skODzrpVLHCYIWs0XDRFGMaPY1HUgDAtXYES6MRCmouOGGC3TZ5LsWcPYAQhgrjpBqfidH04xodlCk7CSduLC+EqH/k1a55FdL1cZJ8bw8jy1H9skBOSI+OSXn5JLUSZMIAuSePJIn78F79l6811nrgjef2SM/4L19Aq+9nkw=</latexit>

0

.

(5.61)

The weights of the edges are chosen to be

χ14,1 χ14,2 χ24,1 χ24,2 χ31,1 χ31,2 χ32,1 χ32,2 χ43,1 χ43,2

ϵ1 −ϵ1 ϵ2 −ϵ2 ϵ2 −ϵ2 ϵ1 −ϵ1 ϵ3 −ϵ3

Λ12 Λ21 Λ34,1 Λ34,2 Λ34,3 Λ34,4

−ϵ3 −ϵ3 ϵ1 + ϵ2 ϵ1 + ϵ2 ϵ1 − ϵ2 ϵ2 − ϵ1

. (5.62)

19The periodic quivers of phase S and phase NT can be found in [31].
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For the dimension vector N = (Na), the integrand is then

Z1-loop = qN1N2+N3N4
3 qN3N4

4

(
N1∏
i=1

x
(1)
i

)N1(N3+N4−N2−(N1−1)/2)( N2∏
i=1

x
(2)
i

)N2(N3+N4−N1−(N2−1)/2)

(
N3∏
i=1

x
(3)
i

)N3(N1+N2−N4−(N3−1)/2)( N4∏
i=1

x
(4)
i

)N4(N1+N2−N3−(N4−1)/2)(√
w1

w2

)N1

(
4∏

a=1

Na∏
i=1

dx(a)
i

x
(a)
i

)(
N1∏
i=1

x
(1)
i − w2

x
(1)
i − w1

)(
4∏

a=1

Na∏
i ̸=j

(
x
(a)
i − x

(a)
j

))
(

N1∏
i=1

N2∏
j=1

(
x
(2)
j − q−1

3 x
(1)
i

)(
x
(1)
i − q−1

3 x
(2)
j

))
 N1∏

i=1

N3∏
j=1

1(
x
(1)
i − q2x

(3)
j

)(
x
(1)
i − q−1

2 x
(3)
j

)
 N1∏

i=1

N4∏
j=1

1(
x
(4)
j − q1x

(1)
i

)(
x
(4)
j − q−1

1 x
(1)
i

)


 N2∏
i=1

N3∏
j=1

1(
x
(2)
i − q1x

(3)
j

)(
x
(2)
i − q−1

1 x
(3)
j

)
 N2∏

i=1

N4∏
j=1

1(
x
(4)
j − q2x

(2)
i

)(
x
(4)
j − q−1

2 x
(2)
i

)


 N3∏
i=1

N4∏
j=1

(
x
(4)
j − q1q2x

(3)
i

)2 (
x
(4)
j − q−1

1 q2x
(3)
i

)(
x
(4)
j − q1q

−1
2 x

(3)
i

)
(
x
(3)
i − q3x

(4)
j

)(
x
(3)
i − q−1

3 x
(4)
j

)
 . (5.63)

Let us list some indices at low ranks as an illustration:

• Level 1:

– crystal labelled by v1 (ranks (1, 0, 0, 0)):

I1 =
√
µ− 1/

√
µ . (5.64)

• Level 2:

– crystal labelled by v1, v1 + ϵ1 (ranks (1, 0, 0, 1)):

I2,+ =
q1

q21 − 1
I1 . (5.65)

– crystal labelled by v1, v1 − ϵ1 (ranks (1, 0, 0, 1)):

I2,− =
q1

1− q21
I1 . (5.66)

The index is
I2 = I2,+ + I2,− = 0 . (5.67)
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• Level 3:

– crystal labelled by v1, v1 + ϵ1, v1 − ϵ1 (ranks (1, 0, 0, 2)):

I3,± = w2
1(
√
µ− 1/

√
µ) . (5.68)

– crystal labelled by v1, v1 + ϵ1, v1 + ϵ3 (ranks (1, 0, 1, 1)):

I3,(+,+) =
q1q3q4(q1 − q2q3)(1− q1q2q3)(

√
µ− 1/

√
µ)

(1− q21)(1− q23)
. (5.69)

– crystal labelled by v1, v1 + ϵ1, v1 − ϵ3 (ranks (1, 0, 1, 1)):

I3,(+,−) =
q1q3q4(q1q2 − q3)(q1q3 − q2)(

√
µ− 1/

√
µ)

(1− q21)(1− q23)
. (5.70)

– crystal labelled by v1, v1 − ϵ1, v1 + ϵ3 (ranks (1, 0, 1, 1)):

I3,(−,+) =
q1q3q4(q1q3 − q2)(1− q1q2q3)

2(
√
µ− 1/

√
µ)

(1− q21)(1− q23)(q1q2 − q3)
. (5.71)

– crystal labelled by v1, v1 − ϵ1, v1 − ϵ3 (ranks (1, 0, 1, 1)):

I3,(−,−) =
q1q3q4(q2q3 − q1)(q1q2 − q3)

2(
√
µ− 1/

√
µ)

(1− q21)(1− q23)(1− q1q2q3)
. (5.72)

The indices are

I(1,0,0,2) = I3,±, (5.73)

I(1,0,1,1) = I3,(+,+) + I3,(+,−) + I3,(−,+) + I3,(−,−)

=
1− 4q1q2q3 + q23 + q21q

2
2(1 + q23)

(q1q2 − q3)(q1q2q3 − 1)
(
√
µ− 1/

√
µ) . (5.74)

Wall crossing We can apply the triality to the quiver and this would take us to a different cham-
ber. Let us mutate the node 1 in (5.61). This maps to the same quiver but with a relabelling of the
nodes by 2 → 3 → 4 → 2. Taking the framing into account, we have

<latexit sha1_base64="+vR+icN3mcFykZ6IjWWphCSreW4=">AAACEHicdVDLSgNBEJz1GeMr6tHLYBA8hdloorkJXjwmYGIgCWF20omDs7PLTK8QlnyBN9F/8SZe/QN/xZOzSQQVLWgoqrrp7gpiJS0y9u4tLC4tr6zm1vLrG5tb24Wd3ZaNEiOgKSIVmXbALSipoYkSFbRjAzwMFFwHtxeZf30HxspIX+E4hl7IR1oOpeDopIbfLxRZqVxhtdMyZaUK82uVY0cYO6tVfOo7kqFI5qj3Cx/dQSSSEDQKxa3t+CzGXhq4nWAm+cNuYiHm4paPoOOodrLtpdNDJ/TQKQM6jIwrjXSq5r9NpDy0dhwGrjPkeGN/e5n4l9dJcHjWS6WOEwQtZouGiaIY0exrOpAGBKqxI1wYiVJQccMNF+iyyXct4OwBhDBWHCHV/E6OphnR7KBI2Uk6cWF9JUL/J61yya+Wqo2T4nl5HluO7JMDckR8ckrOySWpkyYRBMg9eSRP3oP37L14r7PWBW8+s0d+wHv7BLFpnk0=</latexit>
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0

.

(5.75)
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The weights of the edges connecting the framing node 0 are taken to be

χ10 χ01 χ02,1 χ02,2 Λ30,1 Λ30,2

v1 −v2 v1 + ϵ3 −v1 − ϵ1 − ϵ2 v2 + ϵ1 − ϵ3 v2 − ϵ2

. (5.76)

In the integrand, we only need to change the factors coming from the framing to N1∏
i=1

1(
v1 − u

(1)
i

)(
u
(1)
i + v2

)
 N2∏

i=1

1(
u
(2)
i − v1 − ϵ3

)(
u
(2)
i + v1 + ϵ1 + ϵ2

)


(
N3∏
i=1

(
u
(3)
i − v2 − ϵ1 + ϵ3

)(
u
(3)
i − v2 + ϵ2

))
, (5.77)

where we have used the equivariant version for simplicity. Let us list some indices at low ranks
as an illustration:

• Level 1:

– crystal labelled by −v2 (ranks (1, 0, 0, 0)):

I(1,0,0,0) = − w2√
µ− 1/

√
µ
. (5.78)

– crystal labelled by v1 + ϵ3 (ranks (0, 1, 0, 0)):

I(0,1,0,0),1 =

√
q1q2q3

q3(q1q2q3w2
1 − 1)

, . (5.79)

– crystal labelled by −v1 − ϵ1 − ϵ2 (ranks (0, 1, 0, 0)):

I(0,1,0,0),2 =
v21q1q2

√
q1q2q3

1− q1q2q3v21
. (5.80)

The indices are

I(1,0,0,0) = − w2√
µ− 1/

√
µ
, (5.81)

I(0,1,0,0) = I(0,1,0,0),1 + I(0,1,0,0),2 = −
√

q1q2
q3

. (5.82)

• Level 2:

– crystal labelled by −v2, v1 + ϵ3 (ranks (1, 1, 0, 0)):

I(1,1,0,0),1 =

√
q1q2w2

q3w1

(1− w1w2)(1− q23w1w2)

q3(q1q2q3w2
1 − 1)(w1 − w2)

. (5.83)
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– crystal labelled by −v2,−v1 − ϵ1 − ϵ2 (ranks (1, 1, 0, 0)):

I(1,1,0,0),2 =

√
q1q2q3w1w2w1(q1q2q3w1 − w2)(q3w2 − q1q2w1)

q3(q1q2q3w2
1 − 1)(w1 − w2)

. (5.84)

– crystal labelled by −v2,−v2 + ϵ1 (ranks (1, 0, 0, 1)):

I(1,0,0,1),1 =
q1w2

(1− q21)(
√
µ− 1/

√
µ)

. (5.85)

– crystal labelled by −v2,−v2 − ϵ1 (ranks (1, 0, 0, 1)):

I(1,0,0,1),2 =
q1w2

(q21 − 1)(
√
µ− 1/

√
µ)

. (5.86)

– crystal labelled by v1 + ϵ3, v1 + ϵ3 + ϵ2 (ranks (0, 1, 0, 1)):

I(0,1,0,1),1 =
q2
√
q1q2q3

q3(q22 − 1)(q1q2q3w2
1 − 1)

. (5.87)

– crystal labelled by v1 + ϵ3, v1 + ϵ3 − ϵ2 (ranks (0, 1, 0, 1)):

I(0,1,0,1),2 =
q2
√
q1q2q3

q3(1− q22)(q1q2q3w
2
1 − 1)

. (5.88)

– crystal labelled by −v1 − ϵ1 − ϵ2,−v1 − ϵ1 − ϵ3 + ϵ2 (ranks (0, 1, 0, 1)):

I(0,1,0,1),3 =
q1q

2
2w

2
1

√
q1q2q3

(1− q22)(q1q2q3w
2
1 − 1)

. (5.89)

– crystal labelled by −v1 − ϵ1 − ϵ2,−v1 − ϵ1 − ϵ3 − ϵ2 (ranks (0, 1, 0, 1)):

I(0,1,0,1),4 =
q1q

2
2w

2
1

√
q1q2q3

(q22 − 1)(q1q2q3w2
1 − 1)

. (5.90)

The indices are

I(1,1,0,0) = I(1,1,0,0),1 + I(1,1,0,0),2 , (5.91)

I(1,0,0,1) = I(1,0,0,1),1 + I(1,0,0,1),2 = 0 , (5.92)

I(0,1,0,1) = I(0,1,0,1),1 + I(0,1,0,1),2 + I(0,1,0,1),3 + I(0,1,0,1),4 = 0 . (5.93)

We may also compare the conditions on the chemical potentials in the elliptic case for the two
quivers. For (5.61), we still have

v1 − v2 ∈ Z . (5.94)

For (5.75), we have

v1 − v2 ∈ Z , ϵ1 + ϵ2 − ϵ3 ∈ Z , 2v2 + ϵ1 − ϵ2 − ϵ3 ∈ Z . (5.95)
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6 Equivariant DT4 Invariants
It is known that the BPS invariants discussed above are mathematically the (generalized) DT
invariants for CY threefolds. In the case of CY fourfolds, there are also extensive studies on
counting the coherent sheaves in mathematics literature. Let us now briefly discuss the equivariant
DT4 invariants which were established using obstruction theory in [43–47]. The K-theoretic uplift
can be found in [48].

Given a toric CY fourfold X , we would like to define some DT(-type) invariants as “
∫
[I(n,β)]vir 1”,

where I(n, β) is the Hilbert scheme of closed subschemes Z ⊂ X with χ(OZ) = n and
[Z] = β ∈ H2(X). Here, we will be mainly focusing on the zero-dimensional DT invariants
with β = 0, and I(n, 0) = Hilbn(X) is the Hilbert scheme of n points on X . However, one
could quickly run into problems. For example, Hilbn(X) is generally non-compact due to the
non-compactness of X . It turns out that we can consider the fixed locus

Hilbn(X)T = Hilbn(X)(C
∗)4 , (6.1)

where T ⊂ (C∗)4 is the 3-dimensional subtorus preserving the CY volume form. This equality
and the fact that it consists of finitely many isolated reduced points were shown in [44, 45].

For general X , there would be wall crossing, and the BPS indices are expected to related to
generalized DT invariants. Therefore, let us first consider the DT chamber. For the C4 case, each
[Z] corresponds to a solid partition20. For general X , we have shown using the JK residues that
they should be labelled by 4d crystals. For each Z ∈ Hilbn(X)T , we have the vector bundles

ET ×T Exti(IZ , IZ)

ET ×T {IZ} = BT

(6.2)

for i = 1, 2, where IZ is the monomial ideal that cuts out Z, and ET → BT is the univer-
sal bundle associated with T . The deformation and obstruction spaces at IZ then correspond to
Ext1(IZ , IZ) and Ext2(IZ , IZ) respectively. Denote their Euler classes as eT (Exti(IZ , IZ)). The
Serre duality pairing on Ext2(IZ , IZ) induces a non-degenerate quadratic form Q on the bundle
ET ×T Ext2(IZ , IZ). This allows one to define the half Euler class

eT (Ext2(IZ , IZ), Q) := ±
√

(−1)
dim Ext2(IZ,IZ )

2 eT (Ext2(IZ , IZ))

∈ Z[ϵ1,2,3,4]/⟨ϵ1 + ϵ2 + ϵ3 + ϵ4⟩ ∼= Z[ϵ1,2,3] ,
(6.3)

20More generally, Z of dimensions ≤ 1 which can have non-zero β were considered in [45, 48]. This further
includes the so-called curve-like solid partitions loc. cit., which are solid partitions with non-trivial asymptotic plane
partitions. They are expected to give rise to open BPS states (cf. [18, 51, 79]). Although we expect the open BPS
states in the cases of general X would also have some combinatorial structures given by the 4d crystals with non-
trivial asymptotes, here we shall only focus on the closed BPS states.
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where the sign is determined by the choice of the orientation on the positive real form of (ET ×T

Ext2(IZ , IZ), Q). Then the T -equivariant virtual fundamental class of Hilbn(X) is defined as

[Hilbn(X)]vir
T,o(L) =

∑
Z∈Hilbn(X)T

eT (Ext2(IZ , IZ), Q)

eT (Ext1(IZ , IZ))
, (6.4)

where o (L) collectively denotes the choice of the square root for each Z. Fixing a line bundle
L on X with its tautological bundle on Hilbn(X) denoted as L[n], the equivariant DT invariant is
defined as

DT4(n) =
∑

Z∈Hilbn(X)T

eT (Ext2(IZ , IZ), Q)

eT (Ext1(IZ , IZ))
eT
(
L[n]
∣∣
Z

)
. (6.5)

Recall that in the quiver gauge theory, there is a symmetry between the Fermi multiplets Λ and
their conjugates Λ, which makes the corresponding edges unoriented in the quiver. In the above
mathematical definition, this is reflected by the Serre duality pairing and the quadratic form, which
lead to the “square root” for Ext2(IZ , IZ). In other words, the contributions of the Fermi multi-
plets, which are essentially relations in the gauge theories, are encoded by the obstruction space
and the half Euler class eT (Ext2(IZ , IZ), Q). On the other hand, the contributions of the chiral
multiplets are given by the Euler class of Ext1(IZ , IZ). Moreover, we have the factor eT

(
L[n]
∣∣
Z

)
from the (tautological) insertion. This corresponds to the contribution from the framing, and the
line bundle L should be identified with the Chan-Paton bundle on the anti-D8-brane.

In this sense, the BPS counting problem in the fourfold case has some resemblance to the
threefold case. Mathematically, it is still determined by the Euler classes of certain Ext1 and
Ext2 in the deformation-obstruction theory. Physically, certain combinations of the N = (0, 2)

multiplets would recover the contributions of the multiplets in the N = (2, 2) case (cf. Appendix
A).

However, unlike the threefold case, here the Ext3 group does not vanish. We can therefore
think of the factor in [Hilbn(X)]vir

T,o(L) as the square root of eT (Ext2(IZ ,IZ))

eT (Ext1(IZ ,IZ))eT (Ext3(IZ ,IZ))
. The Ext1

and Ext2 groups could be understood as the arrows and plaquettes in the periodic quiver. We
expect that the Ext3 group, as the obstructions to the obstructions, corresponds to the relations of
the relations. In the 3d periodic quiver, it might be possible that this is reflected by the 3-cells.

Let us also make a comment on the choice of the orientation. Recall that for each Fermi
multiplet Λi (and its conjugate Λi), we can make a choice between the J-term and the E-term.
In other words, we can have either ΛiJi or ΛiEi in the Lagrangian. As a result, for each crystal
configuration, there is a choice of the sign in the 1-loop determinant. This corresponds to a
sign choice for each torus fixed point, which is labelled by some 4d crystal, in the mathematical
definition. However, in the periodic quiver with its brane brick matching matrix [30], once a
J-/E-term is chosen, the others are simultaneously fixed. This would give no ambiguity in the
BPS index as the resulting sign is always the same no matter which column one picks from the
brick matching matrix. Therefore, the BPS index is uniquely fixed. With this physical input, an
orientation is automatically chosen. In some mathematical literature such as [44,45,48], with some
specific choices of the orientations (which are conjectured to be unique), the partition functions of
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some cases were expressed in terms of MacMahon functions and plethystic exponentials. In fact,
we observe that such choices always coincide with the physical results.

Non-commutative DT4 The above discussion is restricted to the DT chamber. A mathemati-
cal formulation directly defined for the non-commutative DT4 invariants was given in [43]. As
a result, one needs to consider quiver representations rather than sheaves. The Jacobi algebra
A = CQ/⟨J-, E-terms⟩, which has the combinatorial structure given by 4d crystals, is a CY4

algebra in the sense that there are pairings ExtiA(M,N) × Ext4−i
A (N,M) → C for A-modules

M,N (with at least one of M,N being finite-dimensional). The representations of the (unframed)
quiver (with relations) are in one-to-one correspondence with the finite A-modules. Then instead
of the Hilbert schemes, one takes the moduli space of framed quiver representations, along with
certain framed obstruction bundle endowed with a non-degenerate quadratic form. Then the vir-
tual fundamental class is defined as the Poincaré dual of the half Euler class, which lives in the
Borel-Moore homology of the moduli space of quiver representations.

Vertex formalism and lifting D8-branes In [44, 45, 48, 80, 81], some vertex formalisms were
proposed to obtain the DT invariants. It is tempting to think of this gluing of vertices with certain
edge factors as some incarnation of possible “topological string formalism” in the fourfold case.
Indeed, the subschemes Z are now labelled by a collection of solid partitions, one from each chart
in the covering {Uα

∼= C4} of X .
On the other hand, for CY threefolds (without compact divisors), the connection between BPS

partition functions and topological string partition functions via wall crossing was explained from
the perspective of M-theory in [82]. There, one puts the M-theory on the Taub-NUT geometry,
which is an S1 fibration over R3 with the circle shrinking at the position of the D6-brane. Then
the central charges of the stable BPS particles for different B-fields can be translated to those of
the M2-branes.

It is natural to wonder if we can study the (cyclic) wall crossing structures for the CY fourfolds
in a similar manner (at least for those without compact 4-/6-cycles). This would also allow us to
relate the BPS partition functions to the vertex formalism mentioned above from a more physical
perspective. A naive way would be simply replacing the Taub-NUT space with an S1 fibration
over R. However, with the presence of the D8-branes, to which the RR field couples, we have the
massive Type IIA string theory. It is believed that massive Type IIA string theory does not admit
a strong coupling limit [83], and the arguments of [82] does not seem to immediately generalize
here. An M9-brane could be reduced to the D8-brane with O8 orientifolds, but it is still not clear
whether this would be helpful in the analysis here.
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A Elliptic Genera
Let us recall the JK residue formulae for the elliptic genus ZT 2 . The appropriate contour was
determined for the rank 1 case in [84] and was later generalized to any ranks using the recipe of
JK residues [21].

Write
x = e2πiu , y = e2πiz , q = e2πiτ . (A.1)

For the N = (2, 2) theories, the 1-loop determinant is composed of the following contributions21:

• Vector multiplet V with gauge group G:

ZV (τ, z, u) =

(
− 2πη(q)3

θ1 (q, y−1)

)rankG ∏
α∈Φ(G)

−θ1 (q, x
α)

θ1 (q, y−1xα)

rankG∏
i=1

dui , (A.2)

where Φ denotes the root system of G and xα = e2πiα(u).

• Chiral multiplet χ in the representation R with R-charge R:

Zχ(τ, z, u) =
∏
ρ∈R

−θ1
(
q, yR/2−1xρ

)
θ1 (q, yR/2xρ)

. (A.3)

• Twisted chiral multiplet Σ with axial R-charge RA:

ZΣ(τ, z) =
−θ1

(
q, y−RA/2+1

)
θ1 (q, y−RA/2)

. (A.4)

21Notice that there are some sign differences compared to the ones in [21, 84] based on the convention of the
fermion number. This is to recover the correct signs in the BPS partition functions for toric CY threefolds as discussed
in Appendix B.
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The expressions of the elliptic functions are given below.
For the N = (0, 2) theories, the 1-loop determinant consists of the following contributions:

• Vector multiplet:

ZV (τ, u) =

(
2πη(q)2

i

)rankG ∏
α∈Φ(G)

i
θ1 (q, x

α)

η (q)

rankG∏
i=1

dui . (A.5)

• Chiral multiplet:

Zχ(τ, u) =
∏
ρ∈R

i
η (q)

θ1 (q, xρ)
. (A.6)

• Fermi multiplet Λ:

ZΛ(τ, u) =
∏
ρ∈R

i
θ1 (q, x

ρ)

η (q)
. (A.7)

We have used the Dedekind eta function and a Jacobi theta function above:

η(q) = q1/24
∞∏
k=1

(
1− qk

)
, θ1(τ, z) = −iq1/8y1/2

∏
k=1

(
1− qk

) (
1− yqk

) (
1− y−1qk−1

)
.

(A.8)
For a, b ∈ Z, we have the transformation

θ1(τ, u+ a+ bτ) = (−1)a+be−2πibu−πib2τθ1(τ, u) . (A.9)

In this paper, we are mainly focusing on the Witten index, which can be obtained from dimensional
reduction in the limit q → 0. As (q; q)∞ = 1 and (y; q)∞ = 1− y in this limit, we have

η(τ) = q1/24 , θ1(τ, z) = iq1/8y−1/2(1− y) = 2q1/8 sin(πz) . (A.10)

B Derivation of 3d Crystals from JK Residues
It is well-known that the BPS counting problem in the toric CY threefold setting is encoded by 3d
crystals [3, 19]. We will now show this using the JK residue technique. The strategy is the same
as the one for the 4d crystal case. The contribution from the vector multiplet is given by

ZV =

(
1

y1/2 (1− y−1)

)rankG
 ∏

α∈Φ(G)

− (1− xα)

y1/2 (1− y−1xα)

 rankG∏
i=1

dxi

xi

, (B.1)

while the contribution from the chiral multiplet is

Zχ =
∏
ρ∈R

−y
(
1− yR/2−1xρ

)
(1− yR/2xρ)

. (B.2)
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Using the weights qi such that q := q1q2q3 = y−1, we have

∆ZN−1,N =− q1/2

1− q

Na−1∏
i=1

q1/2

(
1− x

(a)
Na

(
x
(a)
i

)−1
)(

1− x
(a)
i

(
x
(a)
Na

)−1
)

(
1− qx

(a)
Na

(
x
(a)
i

)−1
)(

1− qx
(a)
i

(
x
(a)
Na

)−1
)


∏
b∈Q0

Nb∏
i=1

 ∏
I∈{a→b}

q−1
1− qq−1

I x
(b)
i

(
x
(a)
Na

)−1

1− q−1
I x

(b)
i

(
x
(a)
Na

)−1


 ∏

I∈{b→a}
q−1

1− qq−1
I x

(a)
Na

(
x
(b)
i

)−1

1− q−1
I x

(a)
Na

(
x
(b)
i

)−1




 ∏
I∈{a→a}

q−11− qq−1
I

1− q−1
I

(q−11− qw−1x
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Na

1− w−1x
(a)
Na

)δa,0
dx(a)

Na

x
(a)
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, (B.3)

where w = e2πiv denotes the weight of the arrow from the framing node to the initial node (labelled
by 0). The crystal structure can be seen in a similar manner as the 4d crystal case discussed in the
main context, where the cancellations of the unwanted poles by the contributions from the Fermi
multiplets are replaced by the contributions from the chirals pointing backwards in the crystal
here.

As all the factors from (the roots of) the vector multiplets and the chirals are in pairs in the
numerator and the denominator, there would be one factor in the numerator left are taking the
residue (which cancels the factor x(a)

Na
in the denominator). This factor in the numerator would

then be cancelled by the factor (1 − q) in the denominator. More concretely, suppose that we
take the pole at

(
1− fx

(a)
Na

)
for some factor f. The residue of 1/

(
1− fx

(a)
Na

)
at x(a)

Na
= f−1 is

−f−1, which cancels the factor x(a)
Na

in the expression with a minus sign left. The corresponding

numerator of this pole
(
1− qfx

(a)
Na

)
is then cancelled by 1/(1− q) in the expression. After taking

q = 1, all the paired factors in the numerator and the denominator get cancelled, and ∆ZN−1,N is
simply ±1.

Let us now determine the sign factor22. It is not hard to see that ZN has the sign

(−1)d1+⟨d,d⟩ . (B.4)

Here, d1 denotes the rank of the gauge node connected to the framing node, and

⟨α, β⟩ =
∑
a∈Q0

αaβa −
∑
{a→b}

αaβb (B.5)

is the Ringel form with the dimension vector d = (da) such that
∑

a∈Q0

da = N . This is precisely

the sign factor for the BPS index as given in [5].

22If we use the convention of [21, 62, 84], ∆ZN−1,N would always be +1, and this would recover the generating
functions of the 3d crystals (whose coefficients are always positive).
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Without taking q = 1, this gives a refinement of the indices23. We expect that this would
also recover the refined BPS indices that further track the spin information, as was discussed
in [25, 27]24.
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