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In recent breakthrough experiments, twisted moiré layers of transition metal dichalcogenides are
found to manifest both integer (IQAHE) and fractional (FQAHE) quantum anomalous Hall effects
in zero applied magnetic field because of the underlying flat band topology and spontaneous breaking
of the time reversal invariance. In the current work, we critically analyze the experimental values of
the quantized conductance in each case to emphasize the role of disorder in the problem, pointing
out that obtaining accurate quantized conductance in future experiments would necessitate better
contacts and lower disorder.

Recent experimental breakthroughs in multilayer
moiré transition metal dichalcogenides (mTMD)1–4 as
well as in pentalayer graphene5 report the unambigu-
ous observation of integer and fractional quantization of
anomalous Hall effect without any Landau quantization
imposed by an external magnetic field. Although the ef-
fect was in some loose sense predicted theoretically6–12 in
hypothetical flatband topological systems, nevertheless
the remarkable discovery of the IQAHE and FQAHE in
relatively dirty two-dimensional (2D) systems (with mo-
bility ∼ 1000 cm2/Vs for the mTMDs) with rather accu-
rate, but not precise, resistance quantization has come as
a huge surprise, and created considerable interest13–20.

While much of the interest is on the origin of the
interaction-induced zero-field fractional states, we focus
on the issue of the accuracy of the quantization itself be-
cause of the extremely dirty nature of the underlying 2D
materials. Why is the quantization seen at all in systems
dominated by disorder? Most of the current and past
theoretical literature on IQAHE and FQAHE completely
ignore disorder and consider the emergence of topological
quantum Hall states in clean systems. An earlier work
by one of the authors takes into account its influence in
a numerical exact diagonalization study of a topological
flatband model with onsite impurity potential11. In the
current work, we quantitatively analyze the quantized re-
sistance reported in the mTMD systems of Refs. 3 and
4 inferring that the expected future progress in sample
fabrication and materials development should lead to (1)
extremely accurate IQAHE quantization, possibly lead-
ing to a zero field resistance standard, and (2) observa-
tions of many more FQAHE states currently inhibited by
disorder effects in the samples.

As a background, a mobility of ∼1000 cm2/Vs in sam-
ples of Refs. 3 in twisted MoTe2 homobilayers21 corre-
sponds to a disorder induced broadening of ∼ 0.75meV
(∼ 9K). By contrast, the first observation in 1982 of
the fractional quantum Hall effect (FQHE) at 1/3 filling
(and an applied field of 15T) used a 2D GaAs sample
with a mobility of 100,000 cm2/Vs which corresponds
to a disorder broadening of 0.1 meV (∼ 1K)—the esti-
mated FQHE gap was roughly 1.5K in this sample22. It

is well-known that FQHE is strongly adversely affected
by disorder23–29. Typically, the pristine fractional quan-
tum Hall gap should be larger than the disorder strength
for the fractional phase to be observable, implying that
not only are all the currently observed FQAHE states in
Refs. 3 and 4 likely to have much larger intrinsic gaps
than the reported gaps in the existing dirty samples with
an ∼ 9K disorder, but also many more FQAHE phases
with pristine gaps < 9K would manifest in future ex-
periments as the system disorder is suppressed through
materials improvement. In particular, it is possible that
FQAHE corresponding to non-Abelian fractional quan-
tum Hall states at even denominator fillings would soon
be observed in zero magnetic fields as system disorder
improves since the connection between improved sam-
ple quality and robust even denominator FQHE is well-
established30,31.

By contrast, the integer quantum Hall effect (IQHE),
being a single-particle topological effect directly mani-
festing a Chern number, should be stable to disorder
unless the disorder is much larger than the (typically
large) excitation gap for the IQHE (whence strong over-
lap among the disorder broadened Landau levels consid-
erably complicate the physics). In fact, disorder is essen-
tial in producing the quantized Hall resistance plateaus
as it enables the chemical potential to move smoothly
through the gapped localized regions between Landau
levels—too much disorder, much larger than the pristine
gap, complicates the situation by producing overwhelm-
ing localization, but with no disorder, there would be no
quantum Hall plateaus whatsoever. In the recent mTMD
QAHE experiments1,3,4, the zero-field integer excitation
gap is estimated to be >40K, much larger than the disor-
der strength of ∼9K, so disorder should be irrelevant to
the observed IQAHE. The central paradigm of the quan-
tum Hall effect as arising from broadened Landau levels,
where the disorder-induced localization at the edges of
the Landau levels gives rise to the quantized plateaus in
the transverse resistance and vanishing resistance in the
longitudinal resistance, should apply to IQAHE as well.
At finite temperatures, the quantization of the Hall resis-
tance (and the vanishing of the longitudinal resistance)
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is not perfect because of carrier activation and variable
range hopping transport in the localized regime.

We mention that the original discovery of IQHE al-
ready achieved a Hall resistance quantization close to 1
part in 105 at 1.8K with the longitudinal resistance being
essentially zero (∼1Ω)32 to be contrasted with the cur-
rently measured longitudinal resistance > 100Ω in the
AQHE experiment. We believe that this difference arises
entirely from the contact resistance problems in mTMD
layers, where the noise arising from the contact resistance
makes an accurate quantization a challenge independent
of the cleanliness of the sample. Future improvement
in contact fabrication would be the key to progress in
studying IQAHE and FQAHE.

In the rest of this work, we provide detailed quantita-
tive fits to the experimental IQAHE and FQAHE finite
temperature data to understand the quantization accu-
racy and the role of disorder. In carrying out the fit-
ting, it becomes clear that the contact resistance plays
a significant role as is obvious from the large back-
ground resistance as well the large amount of noise in
the measured resistance even at cryogenic temperatures.
In fact, the most dramatic qualitative difference be-
tween the observed zero-field IQAHE/FQAHE and the
well-established high-field 2D IQHE/FQHE is that the
large residual values of the longitudinal resistivity in the
IQAHE/FQAHE in the quantized Hall plateaus which
tend to be vanishingly small in regular IQHE/FQHE. We
show through our quantitative analysis that this large
residual resistance arises mainly from the uncontrolled

FIG. 1. Thermal activation fitting of the longitudinal resis-
tance Rxx at filling factor ν = −1 and electric field D/ϵ0 = 0.
Data is for device D(3.9◦) taken from the Source Data of
Fig.2d in Ref. 3. (a,b) are fittings without contact resistance
and (c,d) are fittings with a contact resistance R0 as a fitting
parameter. The red lines are experiment data and blue lines
are the fitting curves. Data in the shaded region is excluded
from fitting.

FIG. 2. (a) Mott and (b) Efros-Shklovskii variable range
hopping fitting of the longitudinal resistance Rxx at filling
factor ν = −1 and electric field D/ϵ0 = 0. The source data
is the same as used in Fig. 1. The red lines are experiment
data and blue lines are the fitting curves. Data in the shaded
region is excluded from fitting. T0 is a parameter in variable
range hopping models in Eq. (2) and (3).

contact problem in the current IQAHE/FQAHE sam-
ples. The exact nature of the residual resistance remains
unclear and demands future experimental study. We em-
phasize that we use the actual experimental data for our
theoretical analysis with the novelty of our work being an
unbiased analysis of the data in order to obtain objective
quantitative conclusions about the experiments.
Our fittings use activation, Mott variable range hop-

ping, and Efros-Shklovskii (ES) variable range hopping
behaviors separately since which of these localized trans-
port mechanisms is more dominant in a particular tem-
perature range in the IQAHE/FQAHE measurements of
Refs. 3 and 4 are a priori unknown. In addition to the
activated temperature dependence, we also carry out fit-
ting including a contact resistance R0 as a free fitting
parameter,

R(T ) = R0 +Ae−∆/2kBT (1)

where ∆ is the thermal activation gap and A is the pro-
portional constant which is also a fitting parameter. In
the presence of disorder, variable range hopping mecha-

FIG. 3. Thermal activation fitting of the longitudinal resis-
tance Rxx at filling factor ν = −1 and electric field D/ϵ0 = 0
for device D(3.5◦). Data is taken from the Source Data of
Extended Fig.2b in Ref. 3. (a) and (b) are fittings without
and with a contact resistance R0 as a fitting parameter, re-
spectively. The red lines are experiment data and blue lines
are the fitting curves. Data in the shaded regions is excluded
from fitting.
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FIG. 4. Mott variable range fitting of the same data as presented in Fig. 3. From (a) to (c), the fitting range in T−1 is
decreased. R0 is set to zero in all three cases.

nisms can also manifest, thereby contributing to the elec-
trical resistance observed. In two-dimensional systems,
the temperature dependence of the resistance takes the
form

R(T ) = R0 +Ae−(T0/T )1/3 (2)

for Mott variable range hopping33 and

R(T ) = R0 +Ae−(T0/T )1/2 (3)

for ES variable range hopping34. In both cases, we carry
out fit with both R0 set to 0 and R0 as a free fitting
parameter. A and T0 are model dependent constants
treated as free fitting parameters as well.

We analyze two situations from Ref. 3 for the IQAHE:
two different devices D(3.9◦) and D(3.5◦) with twist an-
gle θ = 3.9◦ and 3.5◦ respectively. We also analyze the
IQAHE data of Ref. 4. Figure 1 show the thermal activa-
tion fits for θ = 3.9◦ with the top two panels without any
contact resistance, and the bottom two with a contact re-
sistance R0 which is extracted from the best fits. The top
two panels show that the fits provide very different ac-
tivation energies depending on the fit regions, whereas
the bottom two panels, including the contact resistance,
achieve decent fits over the whole regime with mutually
consistent residual (contact) resistance and energy gaps.
If we restrict our activation fits to lower temperatures,
where activation typically dominates, we get R0 ∼ 300 Ω
and gap ∼ 70 K. We note that the extracted R0 ∼ 300 Ω
is 2− 3 orders of magnitude larger than in IQHE for 2D
semiconductors and graphene, emphasizing the consider-
able scope for materials improvement in IQAHE samples.
The two panels of Fig. 2 show the Mott and ES variable
range hopping fits including the contact resistance, and
the fits are both reasonable, but the important point is
that the extracted contact resistance is roughly consis-
tent with that in Fig. 1. Currently existing experimental
results cannot sharply distinguish among the localized
transport mechanisms, but they all lead to similar con-
tact resistance which is much larger than the correspond-
ing residual resistance in regular IQHE.

In Fig. 3, we show the activation fits to the longitu-
dinal resistance at θ = 3.5◦, finding again a gap ∼ 40K,
However, the fitted contact resistance can be much larger

in this case R0 ∼ 0.4−1.5 kΩ, depending on the choice
of cutoff, which cannot really be precisely pinned down
given the limitation of the available experimental data.
In Fig. 4, we reinforce the inadequacy of the current data
in precisely pinning down the localized transport mecha-
nism by showing fits to Mott variable range hopping by
modifying the regime of fitting—all give good fits (R0=0
in these fits to reduce the number of unknowns), but the
fitting parameters are different. Similar behavior is also
seen in the ES fits (not shown).

In Fig. 5, we show resistance fits for the IQAHE data
from the Ref. 4 using activation, Mott, and ES models
including a background resistance R0 in all cases. The
fitted gap is around∼47K for the thermal activation with
contact resistance, which is 2-3 times of the value without
considering the contact resistance (∼ 10−20K according
to Fig.3c of Ref. 4). The contact resistances R0 ∼ 5−7 kΩ
are similar and significant from all the fitting scenarios,
showing that the physics is likely to be dominated by
the contact resistance problem. We emphasize that sim-
ilar analyses give vanishing R0 (∼1Ω) for regular high
field 2D IQHE phenomena, reiterating the serious sample
problem plaguing the zero field IQAHE/FQAHE physics.
The contact resistance in the sample of Ref. 4 is an order
of magnitude larger than that of the devices in Ref. 3.
Our work establishes that the difference in the degree
of quantization between them is most likely not arising
from the intrinsic IQAHE excitation gap (∼40K in both
experiments), but can be improved through materials im-
provement.

In the Supplemental Material35, we provide detailed
results on the deviations of the measured longitudinal re-
sistance from zero and the Hall resistance from the quan-
tized value (as well as an empirical relationship between
them36) as a function of temperature, displacement field
to clearly demonstrate that the IQAHE quantization is
quite inaccurate and is very far from being useful for a
resistance standard. But sample improvements should
make the situation better in the future.

Now, we discuss, for the sake of completeness, the cor-
responding analyses of the resistivity data for FQAHE,
which, we must warn, is hopelessly inadequate because
of the huge fluctuations in the measured resistance. In
Fig. 6, we show the activation fits to the resistivity for
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FIG. 5. (a) Thermal activation, (b) Mott variable range hopping, and (c) ES variable range hopping fittings of the longitudinal
resistance Rxx at filling factor ν = −1 in Ref. 4. The red lines are experiment data and blue lines are the fitting curves. The
data is extracted from SFig.4b for D = −15mV/nm in Ref. 4.

θ = 3.7◦ and the fractional filling of −2/3. The four
panels show fits to the same data using R0 = 0 and fi-
nite R0 varying the fit regimes. The extracted FQAHE
gap is ∼23K without any contact resistance correction,
but with a finite R0 the situation becomes intractable
because of the paucity of data with both the gap and R0

changing with varying fit regimes. We emphasize that the
available data are so noisy that any fit works only over
a very narrow range of temperature (∼ 1K only!), and
not much significance should be attached to these fits.
The fact that in some fitting windows R0 even becomes
negative may suggest that the transport behavior cannot
be well captured by the thermal activation model if we
were to rely on the limited data. The only conclusion
is that an activation gap ∼23K is measured over a nar-
row regime, but the quantization itself is extremely noisy,

FIG. 6. Thermal activation fitting of the Rxx at filling factor
ν = −2/3 and electric field D/ϵ0 = 0. Data is for device
D(3.7◦) taken from the Source Data of Extended Fig.5a in
Ref. 3. (a) is fittings without contact resistance and (b-d)
are fittings with a contact resistance R0. The red lines are
experiment data and blue lines are the fitting curves. Data
in the shaded region is excluded from fitting. Note the very
small regimes of the data where any fitting is meaningful.

most likely because of considerable measurement noise
arising from the contact resistance. In Fig. 7, we show
similar activation fits to the −3/5 FQAHE in Ref. 3 for
θ = 3.7◦, finding again that the resistivity is simply too
noisy for any decisive conclusion. The gap at −3/5 varies
between 14K and 32K depending on the details of the
fits, all of which are, however, over very narrow regimes of
temperatures. The extracted contact resistance is large,
R0 ∼ 0.7−1.6 kΩ, again showing that the contact resis-
tance problem is severe in the IQAHE/FQAHE measure-
ments. The corresponding regular high-field FQHE mea-
surements basically manifest zero contact resistance, and
the activation fits work over at least one decade in tem-
perature. It is clear that the noise problem arising from
contact resistance is huge in the current IQAHE/FQAHE
experiments, and any firm quantitative conclusions on
the quantization accuracy must await much better sam-
ples with much less noise and much smaller contact resis-
tance. Our similar analysis (not shown) for the FQAHE
data at filling −2/3 in Ref. 4 has similar fitting problems,
and the extracted contact resistance R0 >1 kΩ (being
consistent with the corresponding IQAHE analysis) with
the extracted gap being very small (∼2K), indicating a
rather disordered sample.

Finally, in Fig. 8, we provide the resistances and
corresponding conductances calculated from Gαβ =
Rαβ/(R

2
xx + R2

xy), with α, β = x, y, as a function of fill-
ing factor, based on the experimental data of Ref. 3. The
filling factor dependent results in Fig. 8 decisively estab-
lish that although the current experiments provide a rea-
sonable quantization for the IQAHE, the corresponding
quantization for FQAHE is less accurate because of dis-
order effects. This is, of course, similar to the situation
arising historically in the original IQHE32 and FQHE22

measurements, where fractional quantization turns out
to be much more sensitive to disorder than the integer
quantization. While the Hall conductance appears to be
more precisely quantized compared to the Hall resistance,
it is the Hall resistance that is directly measured when a
current source is supplied (instead of a bias voltage), and
therefore, it more accurately reflects the true precision of
the quantization.

In conclusion, we have carried out a detailed quan-
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FIG. 7. Thermal activation fitting of the Rxx at filling factor ν = −3/5 and electric field D/ϵ0 = 0. Data is for device D(3.7◦)
taken from the Source Data of Extended Fig.6b in Ref. 3. (a) is fittings without contact resistance and (b,c) are fittings with
a contact resistance R0. The red lines are experiment data and blue lines are the fitting curves. Data in the shaded region is
excluded from fitting.

FIG. 8. Filling factor dependence of the Hall (a) and lon-
gitudinal (b) resistances, and the corresponding Hall (c) and
longitudinal (d) conductances. Vertical dashed lines mark fill-
ing factor ν = −1,−2/3 and −3/5 and the horizontal dashed
line segments mark the expected integer and fractional quan-
tization values for Rxy in (a) and Gxy in (c). Data is taken
from the Source Data of Fig.1(c) and (d) in Ref. 3 near zero
displacement field D/ϵ0 = −0.12 mV·nm−1.

titative analysis of the recently reported IQAHE and
FQAHE resistivity results, finding a large contact resis-
tance, considerably complicating the physics of quanti-
zation even when the extracted excitation gap is large.

Unlike the IQHE and FQHE, where the gap sizes are
governed by two different energy scales—the cyclotron
energy and the interaction energy—the gaps in both the
IQAHE and FQAHE are a consequence of strong elec-
tron interaction. This leads to gap sizes in both IQAHE
and FQAHE depending on the interaction energy scale
and appearing to be of a similar order, as observed in
experiments. We remark that four probe transport mea-
surements should eliminate the usual contact resistance
artifacts, and therefore our finding of a large residual re-
sistance (of unknown origin) through a direct analysis of
the experimental data is somewhat of a mystery. In addi-
tion, the contact resistance is very noisy, producing large
resistance fluctuations, which compromise the quantiza-
tion accuracy. Further materials improvement and better
sample fabrication should improve the situation, but un-
til that happens, the zero field IQAHE/FQAHE will not
be useful in the implementation of zero field resistance
standards.
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