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Abstract. Our previous work [37] presented a rigorous derivation of quantum Boltz-
mann equations near a Bose-Einstein condensate (BEC). Here, we extend it with a
complete characterization of the leading order fluctuation dynamics. For this purpose,
we correct the latter via an appropriate Bogoliubov rotation, in partial analogy to the
approach by Grillakis-Machedon et al. [59], in addition to the Weyl transformation ap-
plied in [37]. Based on the analysis of the third order expansion of the BEC wave
function, and the second order expansions of the pair-correlations, we show that through
a renormalization strategy, various contributions to the effective Hamiltonian can be
iteratively eliminated by an appropriate choice of the Weyl and Bogoliubov transfor-
mations. This leads to a separation of renormalized Hartree-Fock-Bogoliubov (HFB)
equations and quantum Boltzmann equations. A multitude of terms that were included
in the error term in [37] are now identified as contributions to the HFB renormalization
terms. Thereby, the error bound in the work at hand is improved significantly. To the
given order, it is now sharp, and matches the order or magnitude expected from scaling
considerations. Consequently, we extend the time of validity to t „ plogNq2 compared
to t „ plogN{ log logNq2 before. We expect our approach to be extensible to smaller
orders in 1

N
.
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1. Introduction

The Boltzmann (transport) equation describes the time-dependent behavior of the
phase space probability distribution f of fluids and gases. It takes the form

pBt ` p ¨ ∇xqf “ Qrf s , (1.1)

where, for a classical gas,

Qrf sppq “
ż

S2

dω

ż

R3

dp˚ bpω, |p ´ p˚|qpfpp1qfpp1
˚q ´ fppqfpp˚qq

ˇ̌
ˇ p1“p`rω¨pp˚´pqsω
p1

˚“p˚´rω¨pp˚´pqsω
. (1.2)

In order to derive this equation, Boltzmann imposed the Stosszahlansatz or molecular
chaos assumption, which requires that the joint distribution of N particles factorizes into
the product of its one-particle marginals for particles that are about to collide. We will
refer to this condition as propagation of chaos.

To this day, the rigorous derivation of the Boltzmann equation, and possible correc-
tions, for all physically relevant regimes remains a widely open problem. However, in
some special cases, and for sufficiently short times, there has been progress both from
a heuristic and mathematically rigorous perspective. Hilbert [61] famously asked for a
rigorous justification of Boltzmann’s equations; the derivation of physical laws from a set
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of mathematical axioms is referred to as Hilbert’s sixth problem. A fundamental question
that emerges in this context is how irreversibility of the (mesoscopic) Boltzmann equation,
for which the entropy functional is non-decreasing, arises from the microscopic reversible
many-body dynamics, see, e.g., [67].

In the case of classical gases, starting from the classical Liouville equation for an inter-
acting N -particle gas, Boltzmann’s idea to show the propagation of chaos in the derivation
of Boltzmann’s equation has been made rigorous, albeit for times that allow for at most
one collision. The first rigorous, though incomplete, results go back to Cercignani [33] and
Lanford [66], and were later completed [34, 35, 52, 89]. A crucial insight in the derivation
is that the joint distribution function only needs to factorize for particles that are about
to collide. The derivation of the classical Boltzmann equation remains an extraordinarily
active area of research, see, e.g., [2, 17, 18, 43, 53, 86].

For a quantum gas or fluid, Nordheim [81] proposed a quantum analogue of (1.1), for
which the collision operator Q is given by

Q4rf sppq “
ż
dp4 δpp1 ` p2 ´ p3 ´ p4qδpEpp1q ` Epp2q ´ Epp3q ´ Epp4qq

|M22pp4q|2pδpp ´ p1q ` δpp ´ p2q ´ δpp ´ p3q ´ δpp ´ p4qq
`
p1 ˘ fpp1qqp1 ˘ fpp2qqfpp3qfpp4q ´ fpp1qfpp2qp1 ˘ fpp3qqp1 ˘ fpp4qq

˘
,

(1.3)

where ’+’ refers to the case of bosons, and ’-’ to fermions. Boldface letters with subscripts
will denote multivectors, such as pk “ pp1, p2, . . . , pkq, where pj P R3, and k P N. M22pp4q
is the scattering cross section relevant for this process. In the case of bosons, it has been
shown [48, 49, 74] that the solution to the quantum Boltzmann equation with collision
operator (1.3) develops a δ-mass in finite time, corresponding to condensation in finite
time, see also [1, 3, 4] for related works. If we then decompose f “ f pexq ` ncδ into its
regular and singular part, we have that

Q4rf s “ ncQ3rf pexqs ` Q4rf pexqs ´ ncδ

ż
dq Q3rf pexqspqq ,

where

Q3rf sppq “
ż
dp3 δpp1 ` p2 ´ p3qδpEpp1q ` Epp2q ´ Epp3qq

|M22pp3, 0q|2pδpp ´ p1q ` δpp ´ p2q ´ δpp ´ p3qq
`
p1 ` fpp1qqp1 ` fpp2qqfpp3q ´ fpp1qfpp2qp1 ` fpp3qq

˘
.

(1.4)

This leads to the coupled system
#

Btf
pexq “ ncQ3rf pexqs ` Q4rf pexqs

Btnc “ ´nc

ş
dq Q3rf pexqspqq . (1.5)

If nc " 1, Q3rf pexqs determines the leading order dynamics. In this work, we are inter-
ested in studying the emergence of (1.4) for an interacting quantum Bose gas with initial

condensate density nC,0 “ N and initial thermal excitation density f
pexq
0 „ 1.
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In order to study the emergence of (1.3), we consider the Hamiltonian

HN,ε1,ε2 :“
Nÿ

j“1

ε21
2

p´∆xj
q ` gN,ε1,ε2

Nÿ

jăk

v
´xj ´ xk

ε2

¯
(1.6)

acting on the bosonic Hilbert space L2pΛqbsN , where Λ Ď R3 is a 3-torus. Given the
Schrödinger equation

iε1BtΨN,ε1,ε2,t “ HN,ε1,ε2ΨN,ε1,ε2,t , (1.7)

we are interested in the asymptotic behavior of the Wigner transforms

f
pkq
N,ε1,ε2,t

pxk,pkq :“
ż

ΛN

dyN eipk¨ykΨN,ε1,ε2,tpxk ` ε1

2
yk,yN´kqΨN,ε1,ε2,tpxk ´ ε1

2
yk,yN´kq ,

where yN “ pyk,yN´kq. The propagation of chaos assumption in this case reads

f
pkq
N,ε1,ε2,t

«
`
f

p1q
N,ε1,ε2,t

˘bk
.

The first mathematically rigorous results go back to Hugenholtz [63] and Ho-Landau
[62], where it was shown that the terms proportional to g2 in the Duhamel expansion of

f
p1q
N,ε1,ε2,t

give rise to a Boltzmann collision term, see also works by Benedetto et al. [10,11].
Under the assumption of propagation of restricted quasifreeness, a certain factorization
property for quantum states, see Definition 2.1 below Erdös-Salmhofer-Yau showed that,

for mesoscopic times t9g´2, the second order Duhamel expansion of f
p1q
N,ε1,ε2,t

yields the
quantum Boltzmann equation (1.3). Lukkarinen and Spohn [75] later revisited this idea
and stated conditions under which they derive a Boltzmann equation. However, they did

not justify assumptions on the growth of certain moments for the evolution of f
pkq
N,t that

would correspond to a rigorous error control in the evolution.
X. Chen and Guo [39] showed in the case Ω “ R3 that, if one assumes a sufficiently

regular potential v, and if one assumes the convergence and sufficient regularity of the

marginals f
pkq
N,ε1,ε2,t

, then, in the mesoscopic weak-coupling regime, i.e., ε1 “ ε2 “ N´1{3,
gN,ε1,ε2 “ ?

ε1, the limiting dynamics is given by a classical, quadratic Boltzmann equation
(1.2). In a recent work [41], X. Chen and Holmer gave a derivation, conditional on a cycle
regularity and a positivity condition for the Wigner transform. The regularity condition

controls the growth of weighted Sobolev norms of the Wigner transforms f
pkq
N ptq. Both

results suggest that a more detailed analysis of the fluctuation dynamics is required, in
order to understand the emergence of (cubic or quartic) quantum Boltzmann dynamics.

In the case of fermions, Cárdenas and one of the authors [31] established the emergence
of quantum Boltzmann fluctuations alongside bosonized self-interaction terms, beyond
the Hartree-Fock approximation, while rigorously controling the error. Their result is
unconditional and holds for sufficiently short times. The bosonized self-interaction terms
have been analyzed in more detail in [13, 15, 42] in the stationary case, and [12] for the
dynamical case. Their results show that these can be characterized as Random-Phase
approximation, as introduced by Bohm and Pines [19, 20, 84].

The mean-field regime is determined by ε1 “ ε2 “ 1 and g “ λ
N

, where N is the number
of particles. For bosons, a question of special interest is the persistence of a Bose-Einstein
condensate, i.e., the N " 1 asymptotic behavior of the wave function ΨN,t satisfying
(1.7) when, initially, ΨN,0 « φbN

0 . Going back to Ginibre-Velo [54] and Hepp [60], it has
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been shown that the wave function remains factorized, i.e., ΨN,t « φbN
t , where φ satisfies

a nonlinear Hartree (NLH) or Schrödinger (NLS) equation, dependent on the scaling
regime. In particular, this establishes persistence of the condensate for microscopic times
t “ Op1q. These works have been extended, and convergence has been shown in different
topologies [46, 47, 51, 59, 65, 71, 88] and for more singular scalings ε2 “ N´β , g “ N3β´1,
β P r0, 1s [27,36,38,40,44,45,57,58,83]. The case β “ 1 is of particular physical interest, as
it describes rare but strong interactions, and is referred to as the Gross-Pitaevskii regime.
Another related problem is to study the asymptotic behavior of the ground state (energy)
of (1.6), see, e.g., [9, 26, 32, 68, 69, 72, 77, 79, 80].

In order to study corrections to the leading order NLH/NLS BEC dynamics, it is
necessary to include to study the dynamics of pair correlations, corresponding to thermal
fluctuations. It has been shown [56, 57, 59, 76, 78, 82] that these are governed by the
nonlinear Hartree-Fock-Bogoliubov (HFB) equations. Bach, Breteaux, Fröhlich, Sigal and
one of the authors [7,8] have shown that the quasifree approximation of the full dynamics
is given by the HFB equations.

Another vibrant area of research is the (bosonic) ground state problem associated with
(1.6), see [16, 28, 30, 70, 72, 73]. There, corrections to the leading order Gross-Pitaevskii
energy are described by the Lee-Huang-Yang formula, see, e.g., [50, 55], and higher oder
corrections have also been described [23, 30].

In our previous work [37], we studied the regime g “ λN

N
for some λN ! 1 and N "

1, on a 3-torus Λ, for mesoscopic times t9λ´2
N . The Bose gas initially consisted of a

translation invariant BEC of density N , and translation invariant thermal fluctuations
close to equilibrium of density 1, described by a quasifree state, see Definition 2.1 below.
Quasifreeness can be thought of as a quantum analogue of the classical molecular chaos.

Assuming v̂p0q “ 0, we showed that, subleading to the HFB fluctuation dynamics, for
kinetic times t9λ´2, the density of thermal fluctuations obeys a cubic Boltzmann equation
with collision operator

Q3rf sppq “ 1

N

1

|Λ|3
ÿ

pjPΛ˚

j“1,2,3

δtpΩpp1q ` Ωpp2q ´ Ωpp3qqδpp1 ` p2 ´ p3q|v̂pp1q ` v̂pp2q|3(1.8)

`
p1 ` fpp1qqp1 ` fpp2qqfpp3q ´ fpp1qfpp2qp1 ` fpp3qq

˘
,

where Λ˚ denotes the momentum (reciprocal) lattice. These collisions correspond to
those, where a BEC particle is either absorbed or emitted in the collision. Here δt is a
mollification of δppq ” δΛ˚ppq ” |Λ|δp,0, Ωppq “

a
EppqpEppq ` 2λv̂ppqq is the Bogoliubov

dispersion, and we choose the BEC wavefunction to be constant to leading order. Given a
time scale shorter than Op|Λ| 13 q, where we assumed Λ to be a square torus in three dimen-
sions, we showed that the discrete Boltzmann operator in (1.8) can be approximated by a
continuous Boltzmann operator, where summation over p is replaced by Riemann integrals
and δt by a Dirac-δ; for longer times, interference leads to additional resonance terms.
Crucially to our work, we used the fact that the HFB dynamics preserves quasifreeness,
and showed that the full dynamics approximately preserves restricted quasifreeness for
times t9λ´29

`
logN

log logN

˘α
, α ą 0. The result is unconditional and provides a rigorous error

control for sufficiently short times.
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In the present work, we revisit this problem from a different perspective. We show that
corrections to the pair-absorption rate and to the BEC wave function can be absorbed
into the HFB equations. This, in turn, leads to a renormalization of the HFB equations
describing the coupled dynamics of the BEC wave function with the leading order thermal
pair-excitations. After renormalizing, the corrections to the BEC and thermal fluctuation
dynamics are given by pure Boltzmann collision terms. More precisely, let pφt, γt, σtq
denote the renormalized HFB fields, and Ωt be the corresponding renormalized Bogoliubov

dispersion. Let f
ptotq
t denote the total density of the Bose gas, Φ

ptotq
t denote the full BEC

wavefunction, and g
ptotq
t the full pair-absorption rate. These fields can be expanded in the

form
¨
˚̋ Φ

ptotq
t

f
ptotq
t ´ |Φptotq

t |2δ
g

ptotq
t ´ pΦptotq

t q2δ

˛
‹‚ “

¨
˝

a
N |Λ|φt

γt
σt

˛
‚ `

ˆ
at 0

0 At

˙ ¨
˝

Φt

ft ´ |Φt|2δ
gt ´ Φ2

t δ

˛
‚ , (1.9)

where at P C, At P C2ˆ2 are linear operators dependent on the HFB fields pφt, γt, σt,Ωtq,
and γt and σt are related by |σt|2 “ γtp1 ` γtq. (1.9) can be interpreted as a gradual
centering process:

(1) We collect all condensate terms to given order in the perturbation expansion and
add them to the contribution coming from φ, and center the correlation functions
f , g w.r.t. φ. Then Φ denotes the correction terms to given order.

(2) Simultaneously, we subtract the leading order pair-correlations pγ, σq from the
centered pair correlations. Then f, g denote the pair correlation corrections to
given order.

We show that, if pφt, γt, σt,Ωtq satisfy the renormalized HFB equations

$
’’’&
’’’%

iBtφt “ λ
N

“`
Γt ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣt ˚ v̂qp0qφt

‰
´ 2λ|Λ|v̂p0q|φt|2φt ,

Btγt “ 2λ
N
Im

`
pΣt ˚ v̂qσt

˘
,

iBtσt “ 2
`
E ` λ

N
Γt ˚ pv̂ ` v̂p0qq

˘
σt ` λ

N

`
Σt ˚ v̂

˘
p1 ` 2γtq ,

Ωt “ E ` λ
N

`
Γt ˚ pv̂ ` v̂p0qq

˘
` λ

N

ReppΣt˚v̂qσtq
1`γt

,

where
ˆ
Γ

Σ

˙
ppq “ N |Λ|δppq

ˆ
|φ|2
φ2

˙
`

`
p1 ` f0ppq ` f0p´pqq

ˆ
γ

σ

˙
ppq `

ˆ
f0ppq`f0p´pq

2

0

˙
,

and Eppq “ 1
2
|p|2, then pΦ, f, gq satisfy

Φt ´ Φ0 “ 1

N
3

2

ż t

0

ds
`
Q

pΦq
3 rf spsq ` Q

pΦq
3,3 rf spsq

˘
` O

´ec|Λ|λt

N2

¯
, (1.10)

ft ´ f0 “ 1

N

ż t

0

ds Q3rf spsq ` O
´ec|Λ|λt

N
3

2

¯
,

gt ´ g0 “ 1

N

ż t

0

ds Q
pgq
3 rf spsq ` O

´ec|Λ|λt

N
3

2

¯
, (1.11)
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where each Q
pkq
j denotes a collection of cubic Boltzmann collision terms, for which the

collision kernels depend on the renormalized HFB fields pφ, γ, σ,Ωq. Crucially, the errors
provided here are sharp in orders of N .

In particular, we show that, to leading orders, the BEC wave function Φptotq and the pair
correlations pf ptotq, gptotqq can each be decomposed into a part that satisfies renormalized
HFB equations and a quantum Boltzmann correction part. This separation confirms the
phenomenological paradigm that the HFB and QBE dynamics evolve according to differ-
ent time scales; the HFB dynamics leads to fast oscillations, while the QBE determines
the slow long-time dynamics. As in our previous work, our result is unconditional and
rigorous, however, we extend the validity to times of order t9λ´2 „ plogNq2, in contrast
to λ´1 „ logN{ log logN before.

The term N´3{2 şt
0
ds Q

pΦq
3 rf spsq in the evolution of the BEC wave function justifies

the Boltzmann term in the evolution of the condensate density, see (1.5). However, the

additional N´3{2 şt
0
ds Q

pΦq
3,3 rf spsq has previously not been included, despite of being of the

same order of magnitude as the cubic Boltzmann term, see also [85, 87, 90].
Boßmann et al. [21, 22, 24] have computed a full expansion of the correction dynamics

in terms of the coupling constant. In comparison, in our current and past work [37], we
have been able to characterize terms in the expansion as stemming either from a HFB
contribution, or a quantum Boltzmann correction.

We are able to rigorously control the error for times t9λ´2 „ plogNq2. A more detailed
calculation shows that, at order 1

N2 , terms emerge that are neither of HFB nor of quantum
Boltzmann type.

2. Statement of results

Let Λ “ r´L{2, L{2s3{ „ denote a cubic torus of length L, and let Λ˚ “ p2π
L
Zq3 denote

its reciprocal space. Let

F :“ C ‘
à

nPN
L2pΛqbsn

denote the bosonic Fock space, endowed with the inner product

xΦ,ΨyF “
ÿ

nPN0

xΨpnq,ΦpnqyL2pΛnq .

For ψ P L2pΛq, let

papψqΨqpn´1qpxn´1q “
?
n

ż

Λ

dx ψpxqΨpnqpx,xn´1q

denote the annihilation operator, and

pa:pψqΨqpn`1q :“
?
n ` 1PL2pΛqbspn`1qψ b Ψpnq

“
?
n` 1

pn` 1q!
ÿ

πPSn`1

ψpxπp1qqΨpnqpxπp2q, . . . , xπpn`1qq ,

the creation operator. In addition, we introduce the momentum-space annihilation/creation
operators a#p :“ a#peip¨q. They satisfy the CCR

rap, aqs “ ra:
p, a

:
qs “ 0 , rap, a:

qs “ |Λ|δp,q “: δΛ˚pp ´ qq .
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In the following, we will omit the subscript Λ˚, when referring to a momentum-δ. For
brevity, we will use the notationż

Λ˚
dp hppq :“ 1

|Λ|
ÿ

pPΛ˚

hppq .

Again, we will omit the subscript Λ˚, unless it is ambiguous. Our convention for the
Fourier transform is

ĥppq :“
ż

Λ

dx eip¨xhpxq .

We consider the mean-field Hamiltonian

HN :“
ż
dp Eppqa:

pap ` λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3q a:

p1
a:
p2
ap3ap4 ,

where Eppq :“ 1
2
|p|2 denotes the free dispersion, and v ě 0 a pair potential such that

v̂ ě 0.
We are interested in determining the leading order dynamics for a Bose gas governed

by the Hamiltonian HN . As an initial state, we will choose a Bose-Einstein condensate
(BEC) of density N , surrounded by a thermal excitations that are described by a quasifree
state with density Op1q.
2.1. Initial state. Let

Wrf s :“ exp
`
a:pfq ´ apfq

˘

denote the Weyl transform,

T rks :“ exp
´1

2

ż
dp

`
kppqa:

pa
:
´p ´ kppqapa´p

˘¯

denote the Bogoliubov transformation in the translation invariant case. Without loss of
generality, we assume that k is even. We have that

W:rf sapWrf s “ap ` f̂ppq , (2.1)

T :rksapT rks “ cosh
`
|kppq|

˘
ap ` sinh

`
|kppq|

˘ kppq
|kppq|a

:
´p , (2.2)

see, e.g., Lemma A.1.
Let A denotes the CCR algebra generated by the Weyl operators Wrψs, ψ P L2pΛq,

see [25, section 5.2.3].

Definition 2.1 (Quasifree state). Let x¨y be a state and

xAypcenq :“ xpWrxayqsAW:rxaysqy
denote its centering. We say x¨y is quasifree iff for all n P N

$
’’&
’’%

xa#1a#2 . . . a#2nypcenq “ a#1a#2...a#2n

`all pair contractions

xa#1a#2 . . . a#2n´1ypcenq “ 0

, (2.3)

where a#1a#2 :“ xa#1a#2ypcenq. (2.3) is referred to as Wick’s Theorem.
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A state is restricted quasifree if (2.3) holds for n ď n0 for some n0 P N.

Definition 2.2 (Number conserving state). A state x¨y is called number conserving iff
xrA,Nbsy “ 0 for every observable A P A.

Definition 2.3 (Translation invariance). A state x¨y is called translation invariant iff

x
nź

j“1

apσjq
pj

y “
δpřn

j“1 σjpjq
|Λ| x

nź

j“1

apσj q
pj

y

for all p1, . . . , pn and σj “ ˘1.

Let x¨y0 be a number conserving, quasifree, and translation invariant. More precisely,
let

K :“
ż

Λ˚
dp Kppqa:

pap

be such that Kppq ě κ0 for some κ0 ą 0, and let

xAy0 :“ Trpe´KAq
Trpe´Kq .

Observe that, by being number conserving, x¨y0 is already centered. x¨y0 determines the
thermal excitations beyond the HFB fluctuations.

The full state describing the Bose gas is then given by

xAyptotq
0 :“ 1

Trpe´Kq Tr
´
Wr

a
N |Λ|φ0sT rk0se´KT :rk0sW:r

a
N |Λ|φ0sA

¯

for all A P A. Note that x¨yptotq
0 is quasifree. The initial value problem (IVP) associated

with the Hamiltonian HN and the initial state x¨yptotq
0 is then given by the Liouville-von

Neumann equation

iBtxAyptotq
t “ xrA,HN syptotq

t

for all observables A P A. Below, we impose assumptions on v ensuring that HN is self-

adjoint and that it induces a unitary evolution e´itHN . Notice that x¨yptotq
t is not quasifree.

However, we will show that for short enough times, x¨yptotq
t is approximately quasifree.

Consequently, the evolution of any expectation xAyptotq
t is fully characterized by the first

and second moments xa0yptotq
t , and xa:

papyptotq
t , xapa´pyptotq

t , respectively.
Of particular interest in the present work is the evolution of the density

f
ptotq
t ppq :“

xa:
papyptotq

t

|Λ| . (2.4)

In order to study f ptotq, we will decompose the full dynamics into a BEC and a thermal
fluctuation part. For the latter, we will further decompose the dynamics of the fluctuation
particles into a quasifree part, which we will refer to as Hartree-Fock-Bogoliubov fluctua-
tions, and a collision part, which we will identify as the quantum Boltzmann fluctuations.

Our approach includes the time-behavior of leading order pair correlations via Bogoli-
ubov rotations as employed by Grillakis-Machedon et al. [56,57,59] to derive the leading
order HFB dynamics. However, we extend the latter by a quasifree, number conserving,
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centered (translation invariant) state. It is the presence of these additional excitation
states that allow for a (cubic) Boltzmann equation to arise.

2.2. Fluctuation dynamics. Define the Bogoliubov propagation
#
iBtUBogptq “

ş
dp Ωtppqa:

papUBogptq ,
UBogp0q “ 1 ,

where Ωt is an even function of p. We have that

U
:
BogptqapUBogptq “ e´i

şt
0
ds Ωsppqap . (2.5)

We introduce the fluctuation dynamics defined by

UNptq :“ eiStU
:
BogptqT :rktsW:r

a
N |Λ|φtse´itHNWr

a
N |Λ|φ0sT rk0s , (2.6)

where pφt, ktq and St will be determined below. We will choose φt and kt in such a way
that the leading order and next-to-leading order contributions of the full dynamics e´iHN t

are determined by pφt, ktq.
We assume that φtpxq ” φt is translation invariant. We show in Lemma A.2 that the

fluctuation dynamics satisfies
#
iBtUN ptq “ HflucptqUN ptq ,
UNp0q “ 1 ,

(2.7)

where Hflucptq is given by

Hflucptq “ HBECptq ` HHFBptq ` Hcubptq ` Hquartptq . (2.8)

Each of the terms in Hflucptq is a normal-ordered polynomial in a and a:, and their explicit
expressions are given in Lemma A.2. Here a monomial in a and a: is normal-ordered iff
all creation operators a: are on the left of all annihilation operators a. We choose St

in such a way that it absorbs all scalar terms. HBECptq denotes the BEC Hamiltonian
and it is linear in a#, HHFB is the HFB Hamiltonian, which is quadratic in a#, Hcubptq is
cubic in a# and accounts for cubic scattering processes, where one of the particles is being
absorbed into or emitted from the BEC, and Hquartptq is quartic in a# and describes pair
interactions.

Let

utppq :“ coshp|ktppq|q , (2.9)

vtppq :“ sinhp|ktppq|q ktppq
|ktppq| .

In particular, we can rewrite (2.2) as

T :rktsapT rkts “ utppqap ` vtppqa:
´p . (2.10)

Note that we have utppq2 ´ |vtppq|2 “ 1. In addition, we introduce the scalar fields

γtppq :“|vtppq|2 , (2.11)

σtppq :“utppqvtppq . (2.12)
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Observe that, from this definition, we have the relation

|σtppq|2 “ utppq2|vtppq|2 “ p1 ` γtppqqγtppq . (2.13)

Then the expressions for each of the normal-ordered terms in Hflucptq in (2.8) are given
in Lemma A.2 in the Appendix.

We introduce the time-evolved relative state

xAyt :“ xU :
N ptqAUNptqy0 .

It satisfies

iBtxAyt “ xrA,Hflucptqsyt .
We introduce the relative moments

Φt :“ xa0yt
|Λ| , ftppq :“

xa:
papyt
|Λ| , gtppq :“ xapa´pyt

|Λ| .

Our choice of x¨y0 implies Φ0 “ g0 “ 0. Then we can rewrite the total density f ptotq, see
(2.4) for its definition and section (3.1) for the derivation, as

f
ptotq
t ppq “ δppq

”
N |Λ||φt|2 `

´a
N |Λ|ei

şt
0
ds Ωsp0q`φtutp0q ` φtvtp0q

˘
Φt ` h.c.

¯ı

` γtppq `
`
1 ` γtppq

˘
ftppq ` γtppqftp´pq `

´
e2i

şt
0
ds Ωsppqσtppqgtppq ` h.c.

¯
.

Our goal is to show that if pφt, γt, σt,Ωtq satisfy the renormalized Hartree-Fock-Bogoliubov
(HFB) equations, then the dynamics of pΦt, ft, gtq each are determined, to leading order,
by a Boltzmann xn. More precisely, we will show that, to leading order, the dynamics
of f is given by a cubic Boltzmann equation, while the dynamics of Φ and g, to leading
order, are driven by f via a collision term, see (1.10)–(1.11).

2.3. Main result.

2.3.1. Renormalized HFB equations. Let

f
p`q
0 ppq :“ 1

2

`
f0ppq ` f0p´pq

˘
(2.14)

denote the even symmetrization of f0. We introduce the (second order) renormalized HFB
fields

Γp2q :“p1 ` 2f
p`q
0 qγ ` f

p`q
0 ` N |Λ||φ|2δ ,

Σp2q :“p1 ` 2f
p`q
0 qσ ` N |Λ|φ2δ .

Then the renormalized HFB equations read
$
’’’’&
’’’’%

iBtφ
p2q
t “ λ

N

´`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
p0qφp2q

t ` pΣp2q
t ˚ v̂qp0qφp2q

t

¯

´ 2λ|Λ|v̂p0q|φp2q
t |2φp2q

t ,

Btγ
p2q
t “ 2λ

N
Im

`
pΣp2q

t ˚ v̂qσp2q
t

˘
,

iBtσ
p2q
t “ 2

`
E ` λ

N
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
σ

p2q
t ` λ

N

`
Σ

p2q
t ˚ v̂

˘
p1 ` 2γ

p2q
t q ,

(2.15)
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and the corresponding Bogoliubov dispersion is given by

Ω
p2q
t :“ E ` λ

N

`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
` λ

N

Re
`
Σ

p2q ˚ v̂qσp2q
t

˘

1 ` γ
p2q
t

.

Remark 2.4. Observe that Ω
p2q
t is a modified Bogoliubov dispersion. Instead, the regular

Bogoliubov dispersion, to leading order, is given by ΩBog “
a
EpE ` 2λv̂q, where Eppq “

|p|2{2 is the free dispersion, see above and, e.g., [37, 82]. Observe that Ω
p2q
t is a modified

Bogoliubov dispersion. Instead, the regular Bogoliubov dispersion, to leading order, is
given by ΩBog “

a
EpE ` 2λv̂q, where Eppq “ |p|2{2 is the free dispersion, see above and,

e.g., [82].

Omitting superscripts, we note that the HFB equations (2.15) can be rewritten as
$
’’’’&
’’’’%

iBtφt “ λ
N

´`
Γt ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣt ˚ v̂qp0qφt

¯
´ 2λ|Λ|v̂p0q|φt|2φt ,

BtΓt “ 2λ
N
Im

`
pΣt ˚ v̂qΣt

˘
,

iBtΣt “ 2
`
E ` λ

N
Γt ˚ pv̂ ` v̂p0qq

˘
Σt ` λ

N

`
Σt ˚ v̂

˘
p1 ` 2Γtq

´ 4Nλ|Λ|2v̂p0q|φt|2φ2
t δ .

(2.16)

For any 1 ď a ď 8, we introduce the rescaled LapΛ˚q-norms

}f}LapΛ˚q :“ }f}a :“ |Λ|´ 1

a }f}ℓapΛ˚q ,

}f}d :“ }f}1 ` }f}8 .

For any weight rw : Λ˚ Ñ R
`, define the weighted Lr space

Lr
rw :“ tf : Λ˚ Ñ R | rw 1

r f P LrpΛ˚qu ,

endowed with the norm

}f}Lr
rw
:“ }w 1

r f}r .

We abbreviate

}v̂}w,d :“ }v̂}L1?
1`E

` }v̂}8 .

For all j P N0, we introduce the function spaces

X j :“C ˆ
`
L1

p1`Eqj pΛ˚q X L8pΛ˚q
˘

ˆ
`
L2

p1`Eqj pΛ˚q X L8pΛ˚q
˘
,

endowed with the norm

}pφ,Γ,Σq}X j :“ |φ| ` }Γ}L1

p1`Eqj
` }Γ}8 ` }Σ}L2

p1`Eqj
` }Σ}8 .

In addition, we define

X´j :“ pX jq1 ,

in the sense of Banach space duals.
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Definition 2.5 (Mild solution). We call pφ,Γ,Σq a mild solution of (2.16) with initial
datum pφ0,Γ0,Σ0q P X 1 iff there exists T ą 0 such that pφ,Γ,Σq P C0

t

`
r0, T q,X 1

˘
X

C1
t

`
r0, T q,X´1

˘
satisfies

φt “φ0 ´ i

ż t

0

ds
” λ
N

´`
Γs ˚ pv̂ ` v̂p0qq

˘
p0qφs ` pΣs ˚ v̂qp0qφs

¯

´ 2λ|Λ|v̂p0q|φs|2φs

ı
,

Γt “Γ0 ´ 2λ

N

ż t

0

ds Im
´`

Σs ˚ v̂
˘
Σs

¯
,

Σt “ e´2iEtΣ0 ´ i

ż t

0

ds e´2iEpt´sq
”
2
` λ
N
Γs ˚ pv̂ ` v̂p0qq

˘
Σs

` λ

N

`
Σs ˚ v̂

˘
p1 ` 2Γsq ´ 4Nλ|Λ|2v̂p0q|φs|2φ2

s δ
ı

for all t P r0, T q.
For the next result, we introduce the truncated fields

ΓT :“ Γ ´ N |Λ||φ|2δ , ΣT :“ Σ ´ N |Λ|φ2δ . (2.17)

Proposition 2.6 (Global well-posedness). Assume that v̂ P L1?
1`E

X L8pΛ˚q, and that

v ě 0. Let pφ0,Γ0,Σ0q P X 1, such that ΓT
0 ě 0 and |ΣT

0 |2 ď pΓT
0 ` 1qΓT

0 . Let pφ,Γ,Σq P
C0

t

`
r0, T0q,X 1

˘
XC1

t

`
r0, T0q,X´1

˘
be the associated unique maximal mild solution of (2.16)

with existence time T0 ą 0. Then T0 “ 8, and ΓT
t ě 0 and |ΣT

t |2 ď pΓT
t ` 1qΓT

t for all
t ě 0.

2.3.2. Boltzmann collision kernels. In Lemma A.2, we compute the cubic collision kernels

w
p3,0q
t pp3q :“

a
|Λ|

´`
utpp1qutpp2qvtpp3qφt ` vtpp1qvtpp2qutpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

`
`
vtpp1qutpp2qutpp3qφt ` utpp1qvtpp2qvtpp3qφt

˘`
v̂pp2q ` v̂pp3q

˘

`
`
utpp1qvtpp2qutpp3qφt ` vtpp1qutpp2qvtpp3qφt

˘`
v̂pp1q ` v̂pp3q

˘¯
,

(2.18)

w
p2,1q
t pp3q :“

a
|Λ|

´`
utpp1qutpp2qutpp3qφt ` vtpp1qvtpp2qvtpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

`
`
vtpp1qutpp2qvtpp3qφt ` utpp1qvtpp2qutpp3qφt

˘`
v̂pp2q ` v̂pp3q

˘

`
`
utpp1qvtpp2qvtpp3qφt ` vtpp1qutpp2qutpp3qφt

˘`
v̂pp1q ` v̂pp3q

˘¯
(2.19)

in the expression for Hcubptq. Analogously, we also obtain the quartic collision kernels

w
p4,0q
t pp4q :“ (2.20)

`
utpp1qutpp2qvtpp3qvtpp4q ` vtpp1qvtpp2qutpp3qutpp4q

˘`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

`
`
utpp1qvtpp2qutpp3qvtpp4q ` vtpp1qutpp2qvtpp3qutpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ` p3q

˘
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`
`
utpp1qvtpp2qvtpp3qutpp4q ` vtpp1qutpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ` p3q

˘
,

w
p3,1q
t pp4q :“

`
utpp1qutpp2qvtpp3qutpp4q ` vtpp1qvtpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

`
`
utpp1qvtpp2qutpp3qutpp4q ` vtpp1qutpp2qvtpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ` p3q

˘

`
`
vtpp1qutpp2qutpp3qutpp4q ` utpp1qvtpp2qvtpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ` p3q

˘
,

w
p2,2q
t pp4q :“ (2.21)

`
utpp1qutpp2qutpp3qutpp4q ` vtpp1qvtpp2qvtpp3qvtpp3q

˘`
v̂pp1 ´ p3q ` v̂pp2 ´ p3q

˘

`
`
utpp1qvtpp2qvtpp3qutpp4q ` vtpp1qutpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ´ p3q

˘

`
`
vtpp1qutpp2qvtpp3qutpp4q ` utpp1qvtpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ´ p3q

˘
.

in the expression for Hquartptq. The Bogoliubov coefficients u and v are related to the
HFB fields via

utppq “
a
1 ` γtppq , vtppq “ σtppqa

1 ` γtppq
.

Moreover, we abbreviate

rhppq :“ hppq ` 1 ,

p :“ pp1, p2,´p3q , (2.22)

~p3 :“ pp3, p2, p1q . (2.23)

Then we introduce the cubic Boltzmann operators

Q3rhspt, pq :“

2λ2Re

ż t

0

ds

ż
dp3

´ 1

2!

`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq

˘

wp2,1q
s1

pp3qwp2,1q
s pp3qei

şt
s
dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘
δpp1 ` p2 ´ p3q

`rhspp1qrhspp2qhspp3q ´ hspp1qhspp2qrhspp3q
˘

` 1

3!

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq

˘

wp3,0q
s pp3qwp3,0q

s pp3qei
şt
s
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘
δpp1 ` p2 ` p3q

`rhspp1qrhspp2qrhspp3q ´ hspp1qhspp2qhspp3q
˘¯

and

Q
pgq
3 rhsptqrJs :“ (2.24)

λ2
ż
dp Jppq

ż t

0

ds

ż
dp3

”
δpp1 ` p2 ´ p3q

´
δpp ´ p3qe2i

şt
0
dτ Ωτ pp3q

ei
şs
s
dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qqw

p3,0q
t pp3qwp2,1q

s2
pp3q ´ 2δpp ´ p1qe´2i

şt
0
dτ Ωτ pp1q

e´i
şt
s
dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qqw

p2,1q
t pp3qwp2,1q

s pp3q
¯
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`
hspp1qhspp2qrhspp3q ´ rhspp1qrhspp2qhspp3q

˘

` δpp ´ p3qe2i
şt
0
dτ Ωτ pp3qδpp1 ` p2 ` p3qe´i

şt
s
dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq

w
p2,1q
t pp3qwp3,0q

s pp3q
`rhspp1qrhspp2qrhspp3q ´ hspp1qhspp2qhspp3q

˘ı

and

Q
pΦq
3 rhsptq :“ (2.25)

λ2
ż t

0

ds ei
şs1
0

dτ Ωτ p0q
”1
2
δpp1 ` p2 ´ p3q

´
ei

şt
s
dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq

w
p3,1q
t p0,p3qwp2,1q

s pp3q ´ e´i
şt
s
dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qqw

p2,2q
t p0, ~p3qwp2,1q

s p ~p3q
¯

`
hspp1qhspp2qrhspp3q ´ rhspp1qrhspp2qhspp3q

˘

` 1

3!
δpp1 ` p2 ` p3q

´
w

p4,0q
t p0,p3qwp3,0q

s pp3qei
şt
s
dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq

´ wp3,1q
s1

pp3, 0qwp3,0q
s pp3qe´i

şt
s
dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq

¯

`
hspp1qhspp2qhspp3q ´ rhspp1qrhspp2qrhspp3q

˘ı
.

In the evolution of Φ, we obtain the additional collision term

Q
pΦq
3,3 rhsptq :“ λei

şt
0
dτ Ωτ p0q

ż
dp

´
w

p2,1q
t p0, p, pqQ3rhspt, pq (2.26)

` w
p2,1q
t pp, p, 0qQpgq

3 rhspt, pq ` w
p3,0q
t pp, p, 0qQpgq

3 rhspt, pq
¯
.

2.3.3. Main theorem.

Theorem 2.7. Impose the same assumptions as in Proposition 2.6, and let Ωp2q be the
Bogoliubov dispersion defined in (3.13). In addition, let |Λ| ě 1, λ ą 0, and t ą 0,
and N ą 0, and assume that }f0}d, }v̂}w,d, }γ0}d ă 8. Then there exist constants C ą 0

dependent on }f0}d, }γ0}d, }v̂}w,d, |Λ|, and K ą 0 dependent on }f0}d, }γ0}d s.t. we have
for all J P L2 X L8pΛ˚q that

ˇ̌
ˇΦt ´ 1

N
3

2

ż t

0

ds
`
Q

pΦq
3 rf spsq ` Q

pΦq
3,3 rf spsq

˘ˇ̌
ˇ ď CeK}v̂}w,d|Λ|λt 1

N2
, (2.27)

ˇ̌
ˇ
ż
dp Jppq

`
ftppq ´ f0ppq ´ 1

N

ż t

0

ds Q3rf sps, pq
˘ˇ̌
ˇ ď CeK}v̂}w,d|Λ|λt }J}8

N
3

2

, (2.28)

ˇ̌
ˇ
ż
dp Jppq

`
gtppq ´ 1

N

ż t

0

ds Q
pgq
3 rf sps, pq

˘ˇ̌
ˇ ď CeK}v̂}w,d|Λ|λt }J}2 ` }J}8

N
3

2

.(2.29)

Remark 2.8. The error bounds in Theorem 2.7 improve those obtained in [37] signifi-
cantly. In the latter, the upper bounds were of order Op λ

N1{2 q for (2.27), and Op λ
N

q for
(2.28), (2.29), respectively. The t-dependence of the error remained the same in each case.
In Theorem 2.7, the dependence of the error terms with respect to N is sharp.

For the following statement, we introduce the mesoscopic fields

ΨT :“ ΦT {λ2 , FT :“ fT {λ2, GT :“ gT {λ2 ,
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as well as the mesoscopic Boltzmann operators

Q
pΨq
k rF spSq :“ λ´2Q

pΦq
k rf spS{λ2q, Q3rF spSq :“ λ´2Q3rf spS{λ2q,

Q
pGq
3 rF spSq :“ λ´2Q

pgq
3 rf spS{λ2q .

Corollary 2.9. Under the same assumptions of Theorem 2.7, for any δ P p0, 1
2
q, there

exists a constant Cδ ą 0 dependent on }f0}d, }γ0}d, }v̂}w,d and a constant Kδ dependent
on }f0}d, }γ0}d, }v̂}w,d, |Λ|, such that for t “ λ´2T and λ “ Cδ

logN
, we have that

ˇ̌
ˇΨT ´ 1

N
3

2

ż T

0

dS
`
Q

pΨq
3 rF spSq ` Q

pΨq
3,3 rF spSq

˘ˇ̌
ˇ ď Kδ

N
3

2
`δ
,

ˇ̌
ˇ
ż
dp Jppq

`
FT ppq ´ F0ppq ´ 1

N

ż T

0

dS Q3rF spS, pq
˘ˇ̌
ˇ ď Kδ}J}8

N1`δ
,

ˇ̌
ˇ
ż
dp Jppq

`
GT ppq ´ 1

N

ż T

0

dS Q
pGq
3 rF spS, pq

˘ˇ̌
ˇ ď Kδp}J}2 ` }J}8q

N1`δ
.

Remark 2.10. Corollary 2.9 improves our previous time window, see [37], which was of

order t „
`

logN

log logN

˘2
. Here, we obtain t „ plogNq2.

Remark 2.11. In [37], we also studied the case L “ λ´2´ " λ´2 „ t. This is due to
the reason, that for longer times/shorter system sizes, we observe superposition of waves,
while for shorter times, we observe dispersion. In that case, the time window of validity

was given by t „ λ´2, with λ “ O
``

log logN

logN

˘ 2

7
´˘

. For these times, we observed an elastic

QBE, for which the dispersion relation is given by the Bogoliubov dispersion Ω. We do
not provide such a result in the present work, due to the complicated phase structure in
the quantum Boltzmann operators, involving the phases of the HFB fields pφ, σq as well
as the modified Bogoliubov dispersion Ωp2q, see Remark 2.4.

2.3.4. Sketch of the proof. In Section 3, we first derive the expansions for the total BEC
wave function and total pair correlations. We then compute the perturbation expansion
of f , g and Φ. In that expansion, we collect terms corresponding to the BEC evolution
up to order 1?

N
. These can be eliminated by a suitable choice of the HFB field φ, due to

the presence of the Weyl transform Wr
a
N |Λ|φs. The pair-absorption terms up to order

1
N

contain some terms that can be characterized as HFB terms. These in turn can be
eliminated by a suitable choice of pγ, σq for the Bogoliubov rotation T rkts. The remaining
’free’ evolution terms can be eliminated by properly choosing the dispersion Ω in UBogptq.
This procedure amounts to the renormalization of pφ, γ, σ,Ωq. In Section 4, we derive a
priori bounds for the renormalized HFB fields pφ, γ, σq. Those allow us to control the tail
and other lower-order terms in the Duhamel expansions of pΦ, f, gq.

3. Derivation of leading order terms

3.1. Density expansion. (2.1) implies

W:r
a
N |Λ|φtsa:

papWr
a
N |Λ|φts “ a:

pap ` δppq
´a

N |Λ|pφta
:
0 ` φta0q ` N |Λ|2|φt|2

¯
.(3.1)
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Analogously, (2.10), followed by (2.11), (2.12), yields

T :rktsa:
papT rkts “ putppqa:

p ` vtppqa´pqputppqap ` vtppqa:
´pq

“ utppq2a:
pap ` |vtppq|2a:

´pa´p ` putppqvtppqa:
pa

:
´p ` h.c.q ` |Λ||vtppq|2

“ p1 ` γtppqqa:
pap ` γtppqa:

´pa´p ` pσtppqa:
pa

:
´p ` h.c.q ` |Λ|γtppq ,

(3.2)

and, similarly,

T :rktspφta
:
0 ` φta0qT rkts “ φtputp0qa:

0 ` vtp0qa0q ` φtputp0qa0 ` vtp0qa:
0q

“
`
φtutp0q ` φtvtp0q

˘
a

:
0 ` h.c.

(3.3)

Next, (2.5) implies

U
:
Bogptqa0UBogptq “ e´i

şt
0
ds Ωsp0qa0 , (3.4)

U
:
Bogptqa:

pa
:
´pUBogptq “ e2i

şt
0
ds Ωsppqa:

pa
:
´p , (3.5)

while ra:
pap,UBogptqs “ 0.

Collecting (3.1), (3.2), (3.3), (3.4) and (3.5), and using the fact that ft is even, we can
rewrite the total density in terms of the relative densities

f
ptotq
t ppq “ δppq

”
N |Λ||φt|2 `

´a
N |Λ|ei

şt
0
ds Ωsp0q`φtutp0q ` φtvtp0q

˘
Φt ` h.c.

¯ı

` γtppq `
`
1 ` γtppq

˘
ftppq ` γtppqftp´pq `

´
e2i

şt
0
ds Ωsppqσtppqgtppq ` h.c.

¯
.

Similarly, we have that

W:r
a
N |Λ|φtsapa´pWr

a
N |Λ|φts “ apa´p ` δppq

´
2
a
N |Λ|φta0 ` N |Λ|2φ2

t

¯
,

and that

T :rktsapa´pT rkts “ putppqap ` vtppqa:
´pqputppqa´p ` vtppqa:

pq
“ |Λ|σtppq ` σtpa:

pap ` a
:
´pa´pq ` p1 ` γtppqqapa´p

` σtppq2
1 ` γtppqa

:
pa

:
´p .

Following analogous steps as above, we obtain

g
ptotq
t ppq “ δppq

”
N |Λ|φ2

t ` 2
a
N |Λ|φtputp0qe´i

şt
0
ds Ωsp0qΦt ` vtp0qei

şt
0
ds Ωsp0qΦtq

ı

` σtppq ` σtpftppq ` ftp´pqq ` p1 ` γtppqqe2i
şt
0
ds Ωsppqgtppq

` σtppq2e´2i
şt
0
ds Ωsppqgtppq

1 ` γtppq ,

and also

Φ
ptotq
t “

a
N |Λ|φt ` utp0qe´i

şt
0
dτ Ωτ p0qΦt ` vtp0qei

şt
0
dτ Ωτ p0qΦ .



QUANTUM FLUCTUATIONS AROUND BEC 18

3.2. Perturbation expansion. We are interested in the evolution of

ftppq “
xU :

Nptqa:
papUNptqy0
|Λ| .

Note that due to conjugation with UN ptq, the phase-factor eiSt in Hflucptq drops out. Using
the Duhamel expansion, we obtain that

ftppq “f0ppq ´ i

ż t

0

ds
xra:

pap,Hflucpsqsy0
|Λ|

´
ż

r0,ts2
ds2 1s1ěs2

xrra:
pap,Hflucps1qs,Hflucps2qsy0

|Λ|

`
ż

r0,ts3
ds3

xrrra:
pap,Hflucps1qs,Hflucps2qs,Hflucps3qsys3

|Λ| .

Translation invariance and gauge invariance imply that

xra:
pap,Hflucpsqsy0 “ ra:

pap,Hflucpsqs 9 f0ppq rf0ppq ´ rf0ppqf0ppq “ 0 . (3.6)

Next, we have, due to gauge invariance, that

xrra:
pap,Hflucps1qs,Hflucps2qsy0

|Λ|

“
xrra:

pap,HBECps1q ` Hcubps1qs,HBECps2q ` Hcubps2qsy0
|Λ|

`
xrra:

pap,HHFBps1q ` Hquartps1qs,HHFBps2q ` Hquartps2qsy0
|Λ| . (3.7)

3.2.1. First order HFB renormalization. For general fields pφ, γ, σq, the leading order
contributions in (3.7) are generated by HBEC and HHFB. Thus, a possible choice is to set

HBECptq “ 0 , (3.8)

HHFBptq “ 0 . (3.9)

Observe that it is sufficient for calculating the leading order expressions to assume

HBECptq,HHFBptq “ Op 1?
N

q .

Lemma A.2 implies that (3.8) is equivalent to

utp0q
´

´ iBtφt ` λ|Λ||φt|2v̂p0qφt ` λ

N

ż
dp v̂ppqσtppqφt

` λ

N

ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯
` vtp0q

´
´ iBtφt ` λ|Λ||φt|2v̂p0qφt

` λ

N

ż
dp v̂ppqσtppqφt ` λ

N

ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯
“ 0 .

Abbreviating

Γ
p1q
t ppq :“γtppq ` N |Λ||φt|2δppq , (3.10)
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Σ
p1q
t ppq :“σtppq ` N |Λ|φ2

t δppq , (3.11)

this condition is satisfied if

iBtφ
p1q
t “ λ

N

´`
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘
p0qφp1q

t ` pΣp1q
t ˚ v̂qp0qφp1q

t

¯

´ 2λ|Λ|v̂p0q|φp1q
t |2φp1q

t .

(3.12)

The superscript ’p1q’ accounts for renormalization to first order, as detailed below. For
now, they do not play a specific role.

Since H
pdq
HFBptq is a diagonal quadratic operator, we can absorb it into phase factors in

HBECptq, Hcubptq, and Hquartptq. For that purpose, we set

H
pdq
HFBptq “ 0 ,

or equivalently,

Ω
p1q
t ppq “

´
Eppq ` λ

N

`
pγp1q

t ` N |Λ||φp1q
t |2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γ

p1q
t ppq

˘

` 2λ

N
Re

´`
pσp1q

t ` N |Λ|pφp1q
t q2δq ˚ v̂

˘
ppqσp1q

t ppq
¯

´ Re
`
σ

p1q
t ppqiBtσ

p1q
t ppq

˘

1 ` γ
p1q
t ppq

.

(3.13)

see Lemma A.5.
Thus (3.9) is satisfied if

H
pcorq
HFBptq “ 0 , (3.14)

which has been elaborated on in [56–58]. Lemma A.2 implies that (3.14) is satisfied if

iBtσ
p1q
t ppq
2

´ σ
p1q
t ppqiBtγ

p1q
t ppq

2p1 ` γ
p1q
t ppqq

“
´
Eppq ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
ppq

¯
σ

p1q
t ppq

` λ

2N

´`
Σ

p1q
t ˚ v̂

˘
ppqp1 ` γ

p1q
t ppqq `

`
Σ

p1q
t ˚ v̂

˘
ppq σ

p1q
t ppq2

1 ` γ
p1q
t ppq

¯
.

(3.15)

We show in Lemma A.4 that (3.15) is equivalent to

iBtγ
p1q
t “ λ

N

“`
Σ

p1q
t ˚ v̂

˘
σ

p1q
t ´

`
Σ

p1q
t ˚ v̂

˘
σ

p1q
t

‰
,

iBtσ
p1q
t “ 2

`
E ` λ

N
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘
σ

p1q
t ` λ

N

`
Σ

p1q
t ˚ v̂

˘
p1 ` 2γ

p1q
t q . (3.16)
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Together with (3.12), we thus have shown that

iBtφ
p1q
t “ λ

N

´`
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘
p0qφp1q

t ` pΣp1q
t ˚ v̂qp0qφp1q

t

¯

´ 2λ|Λ|v̂p0q|φp1q
t |2φp1q

t .

Btγ
p1q
t “ 2λ

N
Im

`
pΣp1q

t ˚ v̂qσp1q
t

˘
,

iBtσ
p1q
t “ 2

`
E ` λ

N
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘
σ

p1q
t ` λ

N

`
Σ

p1q
t ˚ v̂

˘
p1 ` 2γ

p1q
t q .

(3.17)

These are the well-known HFB equations in the translation invariant case, see, e.g., [8,56].
Moreover, Lemma A.5 implies that, if σp1q satisfies (3.17), then the Bogoliubov dispersion,
see (3.13), satisfies

Ω
p1q
t “ E ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
` λ

N

Re
`
pΣp1q

t ˚ v̂qσp1q
t

˘

1 ` γ
p1q
t

. (3.18)

3.2.2. Second order HFB renormalization. In order to determine the cubic Boltzmann
operator, we follow [37] and compute the second order Duhamel expansion.

Observe that for a self-adjoint operator A, operators B, C and any state ν we have
that

νprrA,B ` B:s, C ` C:sq “ 2Re
`
νprrA,Bs, Csq ` νprrA,Bs, C:sq

˘
. (3.19)

Remark 3.1 (Commutator rule). We note that, due to the commutators, every right
argument in a commutator needs to be connected to at least one argument to the left of it.
We refer to this fact as the commutator rule.

Remark 3.2. Observe that we have that

2Re

ż

r0,ts2
ds2 1s1ěs2Aps1qAps2q “

ˇ̌
ˇ
ż t

0

ds Apsq
ˇ̌
ˇ
2

.

Lemma A.2 implies that

Hcubptq “ λ
a

|Λ|?
N

ei
şt
0
dτ Ωτ p0qa:

0

ż
dk

”
utp0q

´`
1 ` 2γtpkq

˘
f0pkq

`
v̂pkq ` v̂p0q

˘
φt

` 2f0pkqσtpkqv̂pkqφt

¯
` vtp0q

´`
1 ` 2γtpkq

˘
f0pkq

`
v̂pkq ` v̂p0q

˘
φt

` 2f0pkqσtpkqv̂pkqφt

¯ı
` h.c. .

(3.20)

With that, we obtain

´
ż

r0,ts2
ds2 1s1ěs2

rra:
pap, Hcubps1qs, Hcubps2qs ` rra:

pap, Hcubps1qs, Hcubps2qs
|Λ|

“ ´ 2Re
´ ż

r0,ts2
ds2 1s1ěs2

rra:
pap, Hcubps1qs, Hcubps2qs

|Λ|
¯
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“ ´ δppq
ż

r0,ts2
ds2 1s1ěs2

´xra:
0,Hcubps1qsy0

|Λ|
xra0,Hcubps2qsy0

|Λ| `
`
s1 Ø s2

˘¯

“δppq
ˇ̌
ˇ ´ i

ż t

0

ds
xra0,Hcubpsqsy0

|Λ|
ˇ̌
ˇ
2

, (3.21)

see Remark 3.2. As we show in [37], we have that this condensate contribution of size
λ2t2

N
, and it dominates the cubic Boltzmann collision operator coming from

1

N

ż t

0

ds Q3rf0sps, pq “ ´
ż

r0,ts2
ds2 1s1ěs2

´xrra:
pap,Hcub ps1qs,Hcub ps2qsy0

|Λ|

` xrra:
pap,Hcub ps1qs,Hcub ps2qsy0

|Λ|
¯
, (3.22)

at least in the continuous approximation, when it is of size λ2t
N

. Since (3.21) is proportional
to δppq, we can absorb it into the condensate contribution. With similar steps as in (3.21)
and employing (3.6), we obtain

´
ż

r0,ts2
ds2 1s1ěs2

´xrra:
pap,HBECps1qs,HBECps2qsy0

|Λ|

`
xrra:

pap,HBECps1qs,Hcubps2qsy0
|Λ|

`
xrra:

pap,Hcubps1qs,HBECps2qsy0
|Λ|

` 2Re
rra:

pap, Hcubps1qs, Hcubps2qs
|Λ|

¯

“ δppq
ˇ̌
ˇ ´ i

ż t

0

ds
xra0,HBECpsq ` Hcubpsqsy0

|Λ|
ˇ̌
ˇ
2

.

In order to eliminate this contribution, we choose

xra0,HBECptq ` Hcubptqsy0 “ 0 . (3.23)

Lemma A.2 implies that

xra0,HBECptqsy0
|Λ| “

a
N |Λ|

”
utp0q

´
´ iBtφt ` λ|Λ||φt|2v̂p0qφt ` λ

N

ż
dp v̂ppqσtppqφt

` λ

N

ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯
` vtp0q

´
´ iBtφt ` λ|Λ||φt|2v̂p0qφt

` λ

N

ż
dp v̂ppqσtppqφt ` λ

N

ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯ı
ei

şt
0
ds Ωsp0q ,

(3.24)
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and (3.20) yields

xra0,Hcubptqsy0
|Λ| “ xra0, Hcubptqsy0

|Λ| “

λ
a

|Λ|?
N

ei
şt
0
ds Ωsp0q

”
utp0q

ż
dp

´`
1 ` 2γtppq

˘
φt

`
v̂ppq ` v̂p0q

˘
`

2σtppqφtv̂ppq
¯
f0ppq ` vtp0q

ż
dp

´`
1 ` 2γtppq

˘
φt

`
v̂ppq ` v̂p0q

˘
`

2σtppqφtv̂ppq
¯
f0ppq .

(3.25)

In order to satisfy (3.23), it suffices to equate the sum of the coefficients of utp0q in (3.24)
and (3.25) to zero. This condition is equivalent to

iBtφt “ λ|Λ||φt|2v̂p0qφt ` λ

N

ż
dp v̂ppqσtppqφt ` λ

N

ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

` λ

N

ż
dp

´`
1 ` 2γtppq

˘
φt

`
v̂ppq ` v̂p0q

˘
` 2σtppqφtv̂ppq

¯
f0ppq .

(3.26)

Observe that all integrands except for f0 are even. In anticipation of the evolution of γ
and σ, recall from (2.14)

f
p`q
0 ppq “ 1

2

`
f0ppq ` f0p´pq

˘
,

the even symmetrization of f0. In analogy to (3.10), (3.11), we introduce the second order
renormalized shifted expectations

Γp2q :“p1 ` 2f
p`q
0 qγ ` f

p`q
0 ` N |Λ||φ|2δ , (3.27)

Σp2q :“p1 ` 2f
p`q
0 qσ ` N |Λ|φ2δ . (3.28)

With these, and writing φ “ φp2q, we can simplify (3.26) into

iBtφ
p2q
t “ λ

N

´`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
p0qφp2q

t ` pΣp2q
t ˚ v̂qp0qφp2q

t

¯

´ 2λ|Λ|v̂p0q|φp2q
t |2φp2q

t .

(3.29)

We recognize that (3.29) is a renormalization of (3.12), where we substituted pΓp1q,Σp1qq
by the renormalized fields pΓp2q,Σp2qq.

Next, observe that

ra:
pap,H

pcorq
HFBptqs “ Atppqapa´p ` h.c. (3.30)

for some coefficient At. In particular, (3.19) yields

xrra:
pap,H

pcorq
HFBps1qs,Hpcorq

HFBps2q ` Hquartps2qsy0
“2Re

`
As1ppqxrapa´p,H

pcorq
HFBps2q ` Hquartps2qsy0

˘
. (3.31)

In addition, we have that

ra:
pap,Hquart ptqs “ rapa:

p,Hquart ptqs 9 f0ppq rf0ppq ´ rf0ppqf0ppq “ 0 . (3.32)
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Lemma A.3 yields

Hquartptq “ λ

N

ż
dp

”´`
f

p`q
0 σt

˘
˚ v̂ppqp1 ` γtppqq `

`
f

p`q
0 σt

˘
˚ v̂ppqσtppq

1 ` γtppq
`

`
p1 ` 2γtqf p`q

0

˘
˚

`
v̂ ` v̂p0q

˘
ppqσtppq

¯
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

`
´`

p1 ` 2γtqf p`q
0 q ˚

`
v̂ ` v̂p0q

˘
ppqp1 ` 2γtppqq

` 4Re
``
f

p`q
0 σt

˘
˚ v̂ppqσtppq

˘¯
a:
pap

ı
.

(3.33)

Then the CCRs imply

ra:
pap, Hquartptqs “ Bpt, pqapa´p ` h.c. (3.34)

for some coefficient B. Using (3.19), (3.30), (3.32), and (3.34), we thus have

xrra:
pap,Hquart ps1qs,Hpcorq

HFBps2q ` Hquartps2qsy0
“ 2Re

`
Bps1, pqxrapa´p,H

pcorq
HFBps2q ` Hquartps2qsy0

˘
.

(3.35)

In order to eliminate the contributions coming from (3.31) and (3.35), we choose

xrapa´p,H
pcorq
HFBps2q ` Hquartps2qsy0 “ 0. (3.36)

This condition relates to the pair-absorption rate. Observe that we have

rapa´p, a
:a:s 9 1 ` 2f

p`q
0 ppq ,

where f
p`q
0 ppq “ f0ppq ` f0p´pq.

We start by calculating

xrapa´p,H
pcorq
HFBptqsy0

|Λ| “ 2
`
1 ` 2f

p`q
0 ppq

˘
e2i

şt
0
ds Ωsppq

”
´ iBtσtppq

2
` σtppqiBtγtppq

2p1 ` γtppqq `
´
Eppq ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
ppq

¯
σtppq

` λ

2N

´`
Σ

p1q
t ˚ v̂

˘
ppqp1 ` γtppqq `

`
Σ

p1q
t ˚ v̂

˘
ppq σtppq2

1 ` γtppq
¯ı
, (3.37)

see Lemma A.2 for the expression for H
pcorq
HFB. We used the fact that all functions appearing

here, except for f0, are even, and we replaced γ, σ by their respective shifts Γp1q, Σp1q, see
(3.10), (3.11). Similarly, (3.33) yields

xrapa´p,Hquartptqsy0
|Λ| “ xrapa´p, Hquartptqsy0

|Λ| “

2
λ

N

`
1 ` 2f

p`q
0 ppq

˘
e2i

şt
0
ds Ωsppq

´`
pσf p`q

0 q ˚ v̂
˘
ppq

`
1 ` γtppq

˘

`
`
pσtf

p`q
0 q ˚ v̂

˘
ppq σtppq2

1 ` γtppq `
`
p1 ` 2γtqf p`q

0

˘
˚

`
v̂ ` v̂p0q

˘
ppqσtppq

¯
.

(3.38)
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Hence, substituting (3.37) and (3.38) into (3.36) yields

iBtσtppq
2

´ σtppqiBtγtppq
2p1 ` γtppqq “

´
Eppq ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
ppq

¯
σtppq

` λ

2N

´`
Σ

p1q
t ˚ v̂

˘
ppqp1 ` γtppqq `

`
Σ

p1q
t ˚ v̂

˘
ppq σtppq2

1 ` γtppq
¯

` λ

N

´`
p1 ` 2γtqf p`q

0

˘
˚

`
v̂ ` v̂p0q

˘
ppqσtppq `

`
pσf p`q

0 q ˚ v̂
˘
ppq

`
1 ` γtppq

˘

`
`
pσtf

p`q
0 q ˚ v̂

˘
ppq σtppq2

1 ` γtppq
¯
.

(3.39)

Using the renormalized shifted fields Γp2q and Σp2q, see (3.27) and (3.28), we can rewrite
(3.39) as

iBtσtppq
2

´ σtppqiBtγtppq
2p1 ` γtppqq “

´
Eppq ` λ

N
Γ

p2q
t ˚

`
v̂ ` v̂p0q

˘
ppq

¯
σtppq

` λ

2N

´`
Σ

p2q
t ˚ v̂

˘
ppqp1 ` γtppqq `

`
Σ

p2q
t ˚ v̂

˘
ppq σtppq2

1 ` γtppq
¯
. (3.40)

We recognize that (3.40) is a renormalization of (3.15), where pΓp1q,Σp1qq is replaced by
the renormalized fields pΓp2q,Σp2qq. In particular, the proof of Lemma A.4 implies that
(3.40) is equivalent to

iBtγt “ λ

N

“`
Σ

p2q
t ˚ v̂

˘
σt ´

`
Σ

p2q
t ˚ v̂

˘
σt

‰
,

iBtσt “ 2
`
E ` λ

N
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
σt ` λ

N

`
Σ

p2q
t ˚ v̂

˘
p1 ` 2γtq .

Recalling (3.27), (3.28) and (3.29), we thus have shown that

iBtφ
p2q
t “ λ

N

´`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
p0qφp2q

t ` pΣp2q
t ˚ v̂qp0qφp2q

t

¯

´ 2λ|Λ|v̂p0q|φp2q
t |2φp2q

t .

Btγ
p2q
t “ 2λ

N
Im

`
pΣp2q

t ˚ v̂qσp2q
t

˘
,

iBtσ
p2q
t “ 2

`
E ` λ

N
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
σ

p2q
t ` λ

N

`
Σ

p2q
t ˚ v̂

˘
p1 ` 2γ

p2q
t q .

(3.41)

(3.41) corresponds to the second order renormalization of (3.17) with the corresponding
renormalized fields.

To complete the renormalization of the HFB fields, we need to also renormalize the

Bogoliubov dispersion Ω. For that purpose, we recall the diagonal part of Hquartptq from
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(3.33), see also Lemma A.2,

Hquartptqpdq :“ λ

N

ż
dp

´`
p1 ` 2γtqf p`q

0 q ˚
`
v̂ ` v̂p0q

˘
ppqp1 ` 2γtppqq

` 4Re
``
f

p`q
0 σt

˘
˚ v̂ppqσtppq

˘¯
a:
pap .

Then we choose Ωp2q such that

H
pdq
HFBptq ` Hquartptqpdq “ 0 . (3.42)

Employing Lemma A.2, see also (3.13), we obtain

Ω
p2q
t ppq “

´
Eppq ` λ

N

`
pγp2q

t ` N |Λ||φp2q
t |2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γ

p2q
t ppq

˘

` 2λ

N
Re

´`
pσp2q

t ` N |Λ|pφp2q
t q2δq ˚ v̂

˘
ppqσp2q

t ppq
¯

´ Re
`
σ

p2q
t ppqiBtσ

p2q
t ppq

˘

1 ` γ
p2q
t ppq

` λ

N

`
p1 ` 2γtqf p`q

0 q ˚
`
v̂ ` v̂p0q

˘
ppqp1 ` 2γtppqq

` 4λ

N
Re

´`
f

p`q
0 σ

p2q
t

˘
˚ v̂ppqσp2q

t ppq
¯
.

Recalling the total fields (3.27), (3.28), and employing (3.41), we thus conclude that

Ω
p2q
t “ E ` λ

N

`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
` λ

N

Re
`
Σ

p2q ˚ v̂qσp2q
t

˘

1 ` γ
p2q
t

. (3.43)

(3.43) corresponds to (3.18) with renormalized fields.
We conclude this section by equivalently reformulating the collected renormalization

conditions (3.23), (3.36), (3.42):

#
HBECptq ` Hcubptq “ 0 ,

HHFBptq ` Hquartptq “ 0 ,

compared with the first-order renormalization conditions (3.8), (3.9).

3.3. Boltzmann collision terms. The discussion in section (3.2) yields

ftppq “f0ppq ` 1

N

ż t

0

ds Q3rf0sps, pq

`
ż

r0,ts3
ds3

xrrra:
pap,Hflucps1qs,Hflucps2qs,Hflucps3qsys3

|Λ| ,
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where

1

N

ż t

0

ds Q3rf0sps, pq “ ´
ż

r0,ts2
ds2 1s1ěs2

´xrra:
pap,Hcub ps1qs,Hcub ps2qsy0

|Λ|

` xrra:
pap,Hcub ps1qs,Hcub ps2qsy0

|Λ|
¯
,

see (3.22), denotes the cubic Boltzmann collision operator.
We show in Lemma C.1 thatż t

0

ds Q3rf0sps, pq “

2λ2Re

ż

r0,ts2
ds2 1s1ěs2

ż
dp3

´ 1

2!

`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq

˘

wp2,1q
s1

pp3qwp2,1q
s2

pp3qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘
δpp1 ` p2 ´ p3q

` rf0pp1q rf0pp2qf0pp3q ´ f0pp1qf0pp2q rf0pp3q
˘

` 1

3!

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq

˘

wp3,0q
s1

pp3qwp3,0q
s2

pp3qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘
δpp1 ` p2 ` p3q

` rf0pp1q rf0pp2q rf0pp3q ´ f0pp1qf0pp2qf0pp3q
˘¯
.

In Lemma C.1, we also give an expression for the quartic Boltzmann term 1
N2

şt
0
ds Q4rf0sps, pq.

3.4. Error terms. We abbreviate

f rJs :“
ż
dp Jppqa:

pap .

Then we define the error

Remrf sptqrJs :“

´
ż
dp Jppq

ż t

0

ds
´ 1

N
Q3rf0sps, pq ` 1

N2
Q4rf0sps, pq

¯

`
ż t

0

ds xrf rJs,Hflucpsqsy0

`
ż

r0,ts2
ds2 xrrf rJs,Hflucps1qs,Hflucps2qsy0

(3.44)

´ 1

N2

ż t

0

ds Q4rf0sps, pq (3.45)

` 1

N

ż t

0

ds
`
Q3rf sps, pq ´ Q3rf0sps, pq

˘
(3.46)

`
ż

r0,ts3
ds3 xrrrf rJs,Hflucps1qs,Hflucps2qs,Hflucps3qsys3 . (3.47)
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Using the fact that odd moments of a# w.r.t. x¨y0 vanish and rearranging the terms in
the first three lines of (3.44), yields

ż t

0

ds xrf rJs,HBECpsq ` Hcubpsqsy0 ´
ż
dp Jppq 1

N

ż t

0

ds Q3rf0sps, pq

`
ż

r0,ts2
ds2 xrrf rJs,HBECps1q ` Hcubps1qs,HBECps2q ` Hcubps2qsy0

`
ż t

0

ds xrf rJs,Hpcorq
HFBpsq ` Hquartpsqpcorqsy0

`
ż

r0,ts2
ds2 xrrf rJs,Hpcorq

HFBps1q ` Hquartps1qpcorqs,HHFBps2q ` Hquartps2qsy0

`
ż t

0

ds xrf rJs,Hpdq
HFBpsq ` Hquartpsqpdqsy0

`
ż

r0,ts2
ds2 xrrf rJs,Hpdq

HFBps1q ` Hquartps1qpdqs,HHFBps2q ` Hquartps2qsy0

`
ż

r0,ts2
ds2 xrrf rJs,Hquartps1q ´ Hquartps1qs,Hquartps2qsy0

´
ż
dp Jppq 1

N2

ż t

0

ds Q4rf0sps, pq .

(3.48)

Due to our choice of HFB fields pφp2q, γp2q, σp2qq satisfying (3.41) and the Bogoliubov
dispersion Ωp2q satisfying (3.43), we have that (3.48) vanishes.

(1) In order to estimate the terms coming from the tail (3.47), we compute HBEC,

H
pcorq
HFB, and H

pdq
HFB for the HFB fields pφp2q, γp2q, σp2q,Ωp2qq in Lemma E.3. Then we

use the following ideas:

(a)
ş
dp a#p . N

1

2

b and that a#p . p|Λ|Nbq
1

2 , see Lemmata D.2, D.3, and D.4.
(b) Proposition 5.1, followed by Lemma D.1 implies

xpNb ` |Λ|q ℓ
2 yt .}f0}d,}γ0}d,ℓ e

Kℓ,}f0}d,}γ0}d}v̂}w,d |Λ|λt

xpNb ` |Λ|q ℓ
2

´
1 ` Nb

N |Λ|
¯

y0

.}f0}d,}γ0}d,|Λ|,ℓ e
Kℓ,}f0}d,}γ0}d}v̂}w,d|Λ|λt|Λ| ℓ

2 .

With these steps, we obtain

|
ż

r0,ts3
ds3 xrrrf rJs,Hflucps1qs,Hflucps2qs,Hflucps3qsys3

¯
|

.}f0}d,}γ0}d,}v̂}w,d ,|Λ| e
K}f0}d,}γ0}d}v̂}w,d |Λ|λt 1

N
3

2

}J}8

(2) Due to the dependence of 1
N2

şt
0
ds Q4rf0sps, pq on the HFB fields pφt, γt, σtq, we

will employ a priori estimates established in Corollary 4.6. With that, we can
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control (3.45) by

1

N2
|
ż
dp Jppq

ż t

0

ds Q4rf0sps, pq| .}f0}d,}v̂}w,d

λ2t2

N2
eC}f0}d,}γ0}dλ}v̂}w,dt}J}8 .

(3) In order to estimate (3.46), we write Q3rhs “: Q3rh, h, hs, in order to emphasize
the dependence on three arguments, each evaluated at different momenta. Then
we have that

Q3rf, f, f s ´ Q3rf0, f0, f0s “ pQ3rf, f, f s ´ Q3rf0, f, f sq
` pQ3rf0, f, f s ´ Q3rf0, f0, f sq
` pQ3rf0, f0, f s ´ Q3rf0, f0, f0sq .

Each of the differences contains a factor f ´ f09 1
N

. Arguing as in [37, Chapter
5.3], we then obtain

1

N

ˇ̌
ˇ
ż t

0

ds
`
Q3rf spsqrJs ´ Q3rf0spsqrJs

˘ˇ̌
ˇ .}f0}d,}γ0}d,}v̂}w,d ,|Λ| e

K}f0}d,}γ0}d}v̂}w,d |Λ|λt }J}8

N
3

2

.

With these estimates, we obtain

|Remrf sptqrJs| .}f0}d,}γ0}d,}v̂}w,d,|Λ| e
K}f0}d,}γ0}d}v̂}w,d|Λ|λt }J}8

N
3

2

.

3.5. Evolution of g. With analogous calculations as for f , one can show that the leading
order term in the evolution of g is given by

´ 1

|Λ|

ż
dp Jppq

ż

r0,ts2
ds2 1s1ěs2xrrapa´p, Hcubps1qs, Hcubps2qsy0 .

We show in Lemma C.2 that

´ 1

|Λ|

ż
dp Jppq

ż

r0,ts2
ds2 1s1ěs2xrrapa´p, Hcubps1qs, Hcubps2qsy0

“ 1

N

ż t

0

ds Q
pgq
3 rf0spsqrJs ,

where Q
pgq
3 is given in (2.24).

With analogous calculations as in the case of f , and using the fact that g0 “ 0, we
obtain that

ż
dp Jppqgtppq “ 1

N

ż t

0

ds Q
pgq
3 rf spsqrJs ` RemrgsptqrJs ,

where

|RemrgsptqrJs| .}f0}d,}γ0}d,}v̂}w,d ,|Λ| e
K}f0}d,}γ0}d}v̂}w,d |Λ|λt }J}d

N
3

2

.
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3.6. Evolution of Φ. Recalling (2.25), we show in Lemma C.2 that

1

N
3

2

ż t

0

ds Q
pΦq
3 rf0spsq “ ´ 1

|Λ|

ż

r0,ts2
ds2 1s1ěs2xrra0, Hquartps1qs, Hcubps2qsy0

We need to collect all terms involving a factor N´ 3

2 . Consequently, we need to consider
the third-order Duhamel expansion of Φ.

(1) Due to ra0,HBECps1qs being a scalar, we have that

rrra0,HBECps1qs,Hflucps2qs,Hflucps3qs “ 0 .

(2)
xrrra0,HHFBps1qs,Hflucps2qs,Hflucps3qsy0 “

λ

N
xrra2,1ps1qa0 ` a2,2a

:
0s,Hflucps2qs,Hflucps3qsy0 9 λ3

N2
,

for Hflucptq „ λ?
N

, see Proposition 5.2.

(3) Similarly to the previous step, we have that

xrrra0,Hquartps1qs,Hflucps2qs,Hflucps3qsy0 9 λ3

N2
.

(4) We are left with computing

xrrra0,Hcubps1qs,Hflucps2qs,Hflucps3qsy0 “
λ?
N

xrrf ra3,1ps1qs ` gra3,2ps1qs ` g:ra3,3ps1qss,Hflucps2qs,Hflucps3qsy0 ,

where we abbreviated

grJs :“
ż
dp Jppqapa´p , g:rJs :“

ż
dp Jppqa:

pa
:
´p .

Employing Lemma A.2, we find that

a3,1pt, pq “ ei
şt
0
dτ Ωτ p0qw

p2,1q
t p0, p, pq ,

a3,2pt, pq “ 1

2
ei

şt
0
dτ Ωτ p0qw

p2,1q
t pp, p, 0q ,

a3,3pt, pq “ 1

2
ei

şt
0
dτ Ωτ p0qw

p3,0q
t pp, p, 0q .

We recognize the evolutions of f and g, resulting inż

r0,ts3
ds3 1s1ěs2ěs3xrrra0,Hcubps1qs,Hflucps2qs,Hflucps3qsy0 “

λ

N
3

2

ż t

0

ds ei
şs
0
dτ Ωτ p0q

ż
dp

´
wp2,1q

s p0, p, pqQ3rf0sps, pq

` wp2,1q
s pp, p, 0qQpgq

3 rf0sps, pq ` wp3,0q
s pp, p, 0qQpgq

3 rf0sps, pq
¯
.

With analogous steps as above and recalling (2.26), we then obtain that

Φt “ 1

N
3

2

ż t

0

ds
`
Q

pΦq
3 rf spsq ` Q

pΦq
3,3 rf spsq

˘
` RemrΦsptq ,



QUANTUM FLUCTUATIONS AROUND BEC 30

where

|RemrΦsptq| .}f0}d,}γ0}d,}v̂}w,d,|Λ| e
K}f0}d,}γ0}d}v̂}w,d|Λ|λt 1

N2
.

4. Estimates on the HFB evolution

In order to proceed as in [37], we need to determine a priori bounds for u,v, and φ.
Observe that it suffices to establish bounds for the HFB fields φ and γ, for |σ|2 “ p1`γqγ.

We start by rewriting the renormalized HFB equations (3.17) and (3.41). In both cases,
we get a closed system for the total fields φpjq and

ˆ
Σpjq

Γpjq

˙
“

`
p1 ` δj,2f

p`q
0 q

ˆ
σpjq

γpjq

˙
` δj,2f

p`q
0

ˆ
0

1

˙
` N |Λ|δ

ˆpφpjqq2
|φpjq

t |2
˙
,

without having to explicitly refer to the reduced fields pφpjq, σpjq, γpjqq. Then the HFB
equations (3.17) and (3.41) can be rewritten as

$
’’’’&
’’’’%

iBtφt “ λ
N

´`
Γt ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣt ˚ v̂qp0qφt

¯
´ 2λ|Λ|v̂p0q|φt|2φt ,

BtΓt “ 2λ
N
Im

`
pΣt ˚ v̂qΣt

˘
,

iBtΣt “ 2
`
E ` λ

N
Γt ˚ pv̂ ` v̂p0qq

˘
Σt ` λ

N

`
Σt ˚ v̂

˘
p1 ` 2Γtq

´ 4Nλ|Λ|2v̂p0q|φt|2φ2
t δ .

(4.1)

4.1. Well-posedness theory for the HFB system. Before establishing bounds on the
HFB evolution, we need to ensure its well-posedness.

Lemma 4.1 (Local well-posedness). Let pφ0,Γ0,Σ0q P X 1. Assume that v̂ P L1?
1`E

X
L8pΛ˚q. Then there exists a maximal existence time 0 ă T ď 8 and a unique maximal
mild solution pφ,Γ,Σq of (4.1) on r0, T q. If T ă 8, then limtÑT´ }pφt,Γt,Σtq}X 1 “ 8.
The solution depends continuously on the initial datum.

Proof. We start by abbreviating the nonlinearity

J1pφ,Γ,Σq :“ ´ i
” λ
N

´`
Γ ˚ pv̂ ` v̂p0qq

˘
p0qφ ` pΣ ˚ v̂qp0qφ

¯
, (4.2)

´ 2λ|Λ|v̂p0q|φ|2φ
ı

J2pφ,Γ,Σq :“ ´ 2λ

N
Im

´`
Σ ˚ v̂

˘
Σ

¯
,

J3pφ,Γ,Σq :“ ´ i
”
2
` λ
N
Γ ˚ pv̂ ` v̂p0qq

˘
Σ ` λ

N

`
Σ ˚ v̂

˘
p1 ` 2Γq

´ 4Nλ|Λ|2v̂p0q|φ|2φ2 δ
ı
. (4.3)

Let ~J :“ pJ1,J2,J3q, and diagpa, b, cq denote the diagonal 3ˆ 3 matrix with entries a, b,
c, and define

Lprφ, rΓ, rΣq :“

pφ0,Γ0, e
´2iEtΣ0q `

ż t

0

ds ~J prφs, rΓs, rΣsq diagp1, 1, e´2iEpt´sqq .
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A standard calculation, explained in Lemma B.2, yields

} ~J pφ1,Γ1,Σ1q ´ ~J pφ2,Γ2,Σ2q}X 1

ďC
´ λ
N

p}v̂}L1?
1`E

` }v̂}8q
`
}pφ1,Γ1,Σ1q}X 1 ` }pφ2,Γ2,Σ2q}X 1

˘

}pφ1 ´ φ2,Γ1 ´ Γ2,Σ1 ´ Σ2q}X 1 ` λ|Λ|v̂p0qp|φ1|2 ` |φ2|2q
`
1 ` N |Λ| 32 p|φ1| ` |φ2|q

˘
|φ1 ´ φ2| .

With the previous estimates, we can apply the standard contraction mapping arguments
to L to show the existence of a unique solution pφ,Γ,Σq P C0

t

`
r0, T q,X 1

˘
XC1

t

`
r0, T q,X´1

˘

as long as T ą 0 is small enough. In addition, in the usual way, one can show a blow-
up alternative, i.e., if the maximal time T ą 0 of existence is finite, we have that
limtÑT´ }pφt,Γt,Σtq}X 1 “ 8. With standard arguments, we also show the continuous
dependence on initial data. �

In order to obtain an expression for the HFB energy functional, we look at the phase
factor

BtSt “

|Λ|
ż
dp

”
Eppqγtppq ` λ

2N
Γ

p1q
t ˚ pv̂ ` v̂p0qqppqΓp1q

t ppq

` λ

2N
Σ

p1q
t ˚ v̂ppqΣp1q

t ppq ´ N |Λ|2λ|φt|4v̂ppqδppq

´ N |Λ|δppqRe
`
φtiBtφt

˘

2
´ Re

`
σtppqiBtσtppq

˘

2
`
1 ` γtppq

˘
ı
. (4.4)

obtained in Lemma A.2. Observe that the terms not involving any time derivatives
correspond to the sum over all complete contractions of HN with expectations

xapy “φδppq ,
xa:

papy “|Λ|Γp1qppq ,
xapa´py “|Λ|Σp1qppq ,

see, e.g., [8]. Moreover, we can replace Eppqγtppq in (4.4) by EppqΓp1q
t ppq. In particular,

(4.4) gives rise to the HFB energy (density) functional

EHFBpφ,Γ,Σq :“
ż
dp

´
EppqΓppq ` λ

2N
Γ ˚ pv̂ ` v̂p0qqppqΓppq

` λ

2N
Σ ˚ v̂ppqΣppq ´ N |Λ|2λ|φ|4v̂ppqδppq

¯
.

In addition, we define the (total) HFB density

}Γ}1 :“
ż
dp Γppq .

Lemma 4.2 (Conservation laws). Assume that v̂ P L1?
1`E

X L8pΛ˚q. Let pφ0,Γ0,Σ0q P
X 1, and pφ,Γ,Σq P C0

t

`
r0, T q,X 1

˘
XC1

t

`
r0, T q,X´1

˘
denote the maximal mild solution of
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(4.1). Then the HFB density }Γt}1 and HFB energy EHFBpφt,Γt,Σtq are differentiable in
time and conserved.

Since the arguments needed for this result are standard, we omit the details at this
point. For the interested reader, we elaborate on these details after the proof of Lemma
B.2.

In order to close this section on the well-posedness of the HFB equations, recall that

γt “ |vt|2 ě 0 , |σt|2 “ u2t |vt|2 “ p1 ` γtqγt .
Then we have that

Γ ě γ ě 0 ,

and

|Σ|2 “|σ ` N |Λ|φ2δ|2

ď2
`
|σ|2 ` pN |Λ||φ|2δq2

˘

“2
`
pγ ` 1qγ ` pN |Λ||φ|2δq2

˘

ď2pΓ ` 1qΓ ,
where we applied Cauchy-Schwarz in the second line. As a consequence, Young’s inequal-
ity implies

|Σ| ď
a
2pΓ ` 1qΓ

ď
?
2pΓ ` 1q . (4.5)

For the next statement, we recall from (2.17) the truncated fields

ΓT “ Γ ´ N |Λ||φ|2δ , ΣT “ Σ ´ N |Λ|φ2δ .

Lemma 4.3 (Conditional global well-posedness). Assume that v̂ P L1?
1`E

XL8pΛ˚q, and

that v ě 0. Let pφ0,Γ0,Σ0q P X 1. Let pφ,Γ,Σq be the associated unique maximal mild
solution of (4.1) with existence time T0 ą 0, and assume that the truncated expectations
satisfy ΓT ě 0, |ΣT |2 ď pΓT ` 1qΓT . Then T0 “ 8.

Proof. Mass-conservation and ΓT ě 0 imply that

N |Λ||φt|2 ď }Γt}1
“ }Γ0}1 ,

which is why

|φt| ď C}Γ0}1 .

Next,

xΣs ˚ v̂,Σsy “
ż
dx |qΣspxq|2vpxq ,

see (B.12), and positivity of v yield

EHFBpφt,Σt,Γtq ě
ż
dp

´
EppqΓtppq ` λ

2N
ΓT
t ˚ pv̂ ` v̂p0qqppqΓT

t ppq
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` λ

2N
Σt ˚ v̂ppqΣtppq

ě
ż
dp EppqΓtppq . (4.6)

Because of energy and mass conservation, we thus have that

}Γt}L1

1`E
ď C}Γ0}1,EHFBpφ0,Γ0,Σ0q . (4.7)

Using Γ ě 0 and (4.5), we find that

BtΓtppq ď 4λ

N
}pΓtppq ` 1q ˚ v̂}8pΓtppq ` 1q .

In particular, mass conservation implies

BtΓtppq ď 4λ

N
p}Γ0}1}v̂}8 ` }v̂}1qpΓtppq ` 1q

Gronwall’s inequality then yields the point-wise bound

Γtppq ď e
4λ
N

p}Γ0}1}v̂}8`}v̂}1qtpΓtppq ` 1q ,
which, in turn, gives the uniform bound

}Γt}8 ď e
4λ
N

p}Γ0}1}v̂}8`}v̂}1qtp}Γ0}8 ` 1q . (4.8)

Finally, employing (2.13), we find that

}Σt}2L2

1`E
ď2

ż
dp pΓtppq ` 1qΓtppqp1 ` Eppqq .

Collecting (4.7) and (4.8), we thus obtain

}Σt}2L2

1`E
ďC}Γ0}1,EHFBpφ0,Γ0,Σ0q,}Γ0}8e

4λ
N

p}Γ0}1}v̂}8`}v̂}1qt .

(4.5) and (4.8) imply

}Σt}8 ď 2e
4λ
N

p}Γ0}1}v̂}8`}v̂}1qtp}Γ0}8 ` 1q .
In particular, we have that }pφt,Γt,Σtq}X 1 ă 8 for all t ě 0, which, by the blow-up
alternative in Lemma 4.1, implies T0 “ 8. �

4.2. Symplectic description of HFB equations. In this section, we follow closely the
ideas in [8]. Let

Rt :“
ˆ
ΓT
t ΣT

t

Σ
T

t 1 ` ΓT
t

˙
,

where we recall the definitions (2.17) of ΓT and ΣT . Observe that we have that

R ě 0 ô ΓT ě 0 ^ |ΣT |2 ď pΓT ` 1qΓT . (4.9)

The goal of this section is to prove that R0 ě 0 implies Rt ě 0 along the flow induced by
the HFB equations (4.1). More precisely, let

hΓ :“E ` λ

N
Γ ˚ pv̂ ` v̂p0qq ,

hΣ :“ λ

N
Σ ˚ v̂ ,
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HpΓ,Σq :“
ˆ
hΓ hΣ
hΣ hΓ

˙
,

S :“
ˆ
1 0

0 ´1

˙
.

A straightforward calculation yields

iBtRt “ SHpΓt,ΣtqRt ´ RtH
pΓt,ΣtqS .

Let #
iBtV

:
t “ HpΓt,ΣtqSV:

t ,

V
:
0 “ 1 .

(4.10)

We introduce the function space

Yj :“
! ˆ

a b

b a

˙
| a P L1

p1`Eqj pΛ˚q , b P L2
p1`Eqj pΛ˚q

)
.

Lemma 4.4 (Well-posedness of (4.10)). Assume that v̂ P L1?
1`E

XL8pΛ˚q. Let pφ,Γ,Σq P
C0

t

`
r0, T q,X 1

˘
. Then there is a unique solution V: P C1

t

`
r0, T q,X 1

˘
of (4.10).

Proof. We have that ES is the generator of a continuous semi-group on Y1. In addition,
pφ,Γ,Σq P C0

t

`
r0, T q,X 1

˘
and the estimates in the proof of Lemma B.2 imply the conti-

nuity of t ÞÑ HpΓt,Σtq ´ ES P Y1. Finally, we apply standard functional results, e.g., as
found in [64], in order to show the well-posedness and regularity of V:

t . �

Now let pφ,Γ,Σq P C0
t

`
r0, T q,X 1

˘
X C1

t

`
r0, T q,X´1

˘
be the solution of (4.1). Using

Lemma 4.4, we have that

iBtpVtRtV
:
t q “ ´ VtSH

pΓt,ΣtqRtV
:
t ` VtRtH

pΓt,ΣtqSV:
t

` VtSH
pΓt,ΣtqRtV

:
t ´ VtRtH

pΓt,ΣtqSV:
t

“ 0 .

In particular, provided R0 ě 0, we have that

Rt “ V
:
tR0Vt ě 0 .

Together with (4.9), we have thus proved Proposition 2.6.

4.3. Bounds on the HFB fields. After establishing global well-posedness of (4.1), as
well as energy and mass conservation, we are ready to establish bounds on ΓT and φ. As
described at the beginning of section, these, in turn, will yield a bound on γ, and thus on u
and v. For that, we establish the next result. Recall from (2.17) that ΓT “ Γ´N |Λ||φ|2δ,
ΣT “ Σ ´ N |Λ|φ2δ.

Lemma 4.5 (Mass transfer bound). Assume that v̂ P L1?
1`E

X L8pΛ˚q, and that v ě 0.

Let pφ0,Γ0,Σ0q P X 1 with ΓT
0 ě 0, |ΣT

0 |2 ď
a

pΓT
0 ` 1qΓT

0 , and pφ,Γ,Σq P C0
t

`
r0, T q,X 1

˘
X

C1
t

`
r0, T q,X´1

˘
denote the global solution of (4.1). Then we have that

|φt|2 “ |φ0|2 ` }ΓT
0 }1 ´ }ΓT

t }1
N |Λ| ,
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ΓT
t ď e2λ}v̂}w,dp }ΓT

0
}1

N
`2qtpΓT

0 ` 1q ,

}ΓT
t }1 ď e2λ}v̂}w,dp }ΓT

0
}1

N
`1qtp}ΓT

0 }1 ` 1q ,
ż
dp EppqΓtppq ď EHFBpφ0,Γ0,Σ0q ,

and |ΣT
t | ď

a
pΓT

t ` 1qΓT
t .

Proof. Observe that we have }Γ}1 “
ş
dp Γppq for Γ ě 0. Mass conservation implies

|φt|2 “ }Γ0}1 ´ }ΓT
t }1

N |Λ| “ |φ0|2 ` }ΓT
0 }1 ´ }ΓT

t }1
N |Λ| . (4.11)

Notice that Lemma 2.6 yields

|ΣT
t | ď

b
pΓT

t ` 1qΓT
t ď ΓT

t ` 1, (4.12)

due to Young’s inequality. (4.1) implies

BtΓ
T
t “ 2λ

N
Im

`
pΣt ˚ v̂qΣT

t

˘
. (4.13)

Using (4.12), Young’s inequality yields

BtΓ
T
t ď 2λ

N
p}v̂}1 ` }v̂}8qp}Γt}1 ` 1qpΓT

t ` 1q

“ 2λ

N
}v̂}w,dp}Γ0}1 ` 1qpΓT

t ` 1q ,
where we employed mass conservation. We thus obtain, via Gronwall’s inequality and
using the fact }Γ0}1 “ }ΓT

0 }1 ` N , that

ΓT
t ď e2λ}v̂}w,d

`
}ΓT

0
}1

N
`2

˘
tpΓT

0 ` 1q .
Similarly, (4.13), together with (4.12) and (4.11), yields

Bt}ΓT
t }1 “ 2λ|Λ| Im

` ż
dp pΣt ˚ v̂qppqΣT

t ppq
˘

“ 2λ|Λ| Im
`
pΣT

t ˚ v̂qp0qφ2
t

˘

ď 2λ}v̂}w,d

}Γ0}1 ´ }ΓT
t }1

N
p}ΓT

t }1 ` 1q ,

where, analogously to (B.12), we used that
ş
dp pΣT

t ˚ v̂qppqΣT

t ppq P R. Then Gronwall’s
inequality implies

}ΓT
t }1 ď e2λ}v̂}w,dp }ΓT

0
}1

N
`1qtp}ΓT

0 }1 ` 1q .
(4.6) together with energy conservation impliesż

dp EppqΓtppq ď EHFBpφt,Γt,Σtq “ EHFBpφ0,Γ0,Σ0q .

This concludes the proof. �

As a direct consequence, we obtain the following result.
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Corollary 4.6 (Bounds on Bogoliubov coefficients). Assume that v̂ P L1?
1`E

X L8pΛ˚q.
Let pφ0,Γ0,Σ0q P X 1 with ΓT

0 ě 0, |ΣT
0 |2 ď

a
pΓT

0 ` 1qΓT
0 , and pφ,Γ,Σq P C0

t

`
r0, T q,X 1

˘
X

C1
t

`
r0, T q,X´1

˘
denote the global solution of (4.1). Let γt, σt : Λ

˚ Ñ C with 0 ď γt ď ΓT
t

and |σt|2 “ pγt ` 1qγt be given, and define

utppq :“
a

1 ` γtppq ,

vtppq :“ σtppqa
1 ` γtppq

,

i.e., |vt|2 “ γt. Then we have that

1 ` }γt}8 “ 1 ` }vt}28 “ }ut}28 ď 1 ` e2λ}v̂}w,dp }ΓT
0

}1
N

`2qtp}ΓT
0 }8 ` 1q ,

}vt}22 “ }γt}1 ď e2λ}v̂}w,dp }ΓT
0

}1
N

`1qt}ΓT
0 }1 ,

}vt}2L2

E
“ }γt}L1

E
ď EHFBpφ0,Γ0,Σ0q .

5. Tail estimates

In this section, we bound the tail in the perturbation expansion. Recall from (3.27)
and (3.28) that

Γp2q “ p1 ` 2f
p`q
0 qγp2q ` f

p`q
0 ` N |Λ||φp2q|2δ ,

Σp2q “ p1 ` 2f
p`q
0 qσp2q ` N |Λ|pφp2qq2δ .

Proposition 5.1 (Bound on Fluctuation dynamics). Assume that v̂ P L1?
1`E

X L8pΛ˚q,
and that |Λ| ě 1. Let pφp2q,Γp2q,Σp2qq P C0

t

`
r0, T q,X 1

˘
XC1

t

`
r0, T q,X´1

˘
denote the global

solution of (4.1) with initial datum

pφp2q
0 ,Γ

p2q
0 ,Σ

p2q
0 q “ pφ0, p1`2f

p`q
0 qγ0 `f

p`q
0 `N |Λ||φ0|2δ, p1`2f

p`q
0 qσ0 `N |Λ|φ2

0δq P X 1 .

Then for any ℓ P N, there exist constants Cℓ, Kℓ ą 0 such that for all t ą 0, we have that

›››pNb ` |Λ|q ℓ
2UN ptqpNb ` |Λ|q´ ℓ

2

`
1 ` Nb

N |Λ|
˘´ 1

2

›››

ď Cℓ

´
1 ` p1 ` }f0}dq2p1 ` }γ0}dq2

N

¯ ℓ
2 p1 ` }f0}dq ℓ

2 p1 ` }γ0}dqℓ

eKℓ}v̂}w,dλ|Λ|p1` p1`}f0}dqp1`}γ0}dq
N

qt .

Proof. Lemma E.1 implies

››pNb ` |Λ|q ℓ
2T rk0spNb ` |Λ|q´ ℓ

2

›› .ℓ p1 ` }γ0}1 ` }γ0}8q ℓ
2 , (5.1)

››pNb ` |Λ|q ℓ
2T rktspNb ` |Λ|q´ ℓ

2

›› .ℓ p1 ` }γt}1 ` }γt}8q ℓ
2 .
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By definition (2.17), we have that pΓp2qqT “ p1 ` 2f
p`q
0 qγp2q ` f

p`q
0 . Corollary 4.6 then

implies
››pNb ` |Λ|q ℓ

2T rktspNb ` |Λ|q´ ℓ
2

››

.ℓ e
ℓλ}v̂}w,dp }pΓp2q

0
qT }1

N
`1qtp1 ` }pΓp2q

0 qT }1 ` }pΓp2q
0 qT }8q ℓ

2

.ℓ e
ℓλ}v̂}w,dp p1`2}f0}8q}γ0}1`}f0}1

N
`1qtp1 ` }f0}dq ℓ

2 p1 ` }γ0}dq ℓ
2 .

(5.2)

Lemma E.2 implies that for pUN ptq :“ W:r
a
N |Λ|φtse´itHNWr

a
N |Λ|φ0s, we have that

›››pNb ` |Λ|q ℓ
2 pUNptqpNb ` |Λ|q´ ℓ

2

`
1 ` Nb

N |Λ|
˘´ 1

2

›››

ď Cℓ

´
1 ` p1 ` }f0}dq2p1 ` }γ0}dq2

N

¯ ℓ
2

eKℓ}v̂}w,dλ|Λ|p1` p1`}f0}dqp1`}γ0}dq
N

qt .

(5.3)

Collecting (5.1), (5.2), and (5.3), we obtain
›››pNb ` |Λ|q ℓ

2UN ptqpNb ` |Λ|q´ ℓ
2

`
1 ` Nb

N |Λ|
˘´ 1

2

›››

ď Cℓ

´
1 ` p1 ` }f0}dq2p1 ` }γ0}dq2

N

¯ ℓ
2 p1 ` }f0}dq ℓ

2 p1 ` }γ0}dqℓ

eKℓ}v̂}w,dλ|Λ|p1` p1`}f0}dqp1`}γ0}dq
N

qt ,

which concludes the proof. �

Proposition 5.2. Under the same assumptions as in Proposition 5.1, we have that

}HBECptqPn}a
n` |Λ|

,
?
N

}Hpcorq
HFBptqPn}
n` |Λ| ,

?
N

}Hpdq
HFBptqPn}
n

,
}HcubptqPn}
pn` |Λ|q 3

2

,
?
N

}HquartptqPn}
pn` |Λ|q2

ď C
λ?
N
eCλ}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq

N
qt}v̂}w,d}f0}dp1 ` }f0}dq2p1 ` }γ0}dq2 .

Proof. Recalling from (2.13) that |σ|2 “ p1 ` γqγ, Lemmata E.3 and D.4 imply

}HBECptqPn} ďC
λ|Λ|?
N

putp0q ` |vtp0q|q|φt|

p|pf p`q
0 σtq ˚ v̂p0q| ` |

`
p1 ` 2γtqf p`q

0

˘
˚ pv̂ ` v̂p0qqp0q|q

?
n ` 1

ďC
λ|Λ|?
N

}v̂}w,dputp0q ` |vtp0q|q|φt|}f0}dp1 ` }γt}dq
?
n` 1 .

Now we employ Lemma 4.5 and Corollary 4.6, and obtain

}HBECptqPn}?
n` 1

ďC
λ?
N
eCλ}v̂}w,dp1` }ΓT

0
}1

N
qt}v̂}w,d}f0}d

´
1 ` }ΓT

0 }1
N

¯ 1

2 p1 ` }ΓT
0 }dq 3

2

ďC
λ?
N
eCλ}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq

N
qt}v̂}w,d}f0}dp1 ` }f0}dq2p1 ` }γ0}dq2 .

The bounds on }Hpcorq
HFBptqPn} and }Hpdq

HFBptqPn}, see Lemma E.3, and on }HcubptqPn} and
}HquartptqPn}, see Lemma A.2, can be obtained in an analogous fashion, using Lemmata
D.3 and D.4, respectively. This concludes the proof. �
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Corollary 5.3. Under the same assumptions as in Proposition 5.1, and for |Λ| ď N , we
have that

|
ż

r0,ts3
ds3 xrrrf rJs,Hflucps1qs,Hflucps2qs,Hflucps3qsys3|

ďC}f0}d}J}2
1

N
3

2

eCλ|Λ|}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq
N

qtp1 ` }γ0}dq6|Λ| 112 .

Proof. Proposition 5.2 and Lemma D.2 imply

|
ż

r0,ts3
ds3 xrrrf rJs,Hflucps1qs,Hflucps2qs,Hflucps3qsys3|

ďC}J}2
λ3t3

N
3

2

eCλ}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq
N

qt}v̂}3w,d}f0}3d

p1 ` }f0}dq6p1 ` }γ0}dq6 sup
sPr0,ts

xpNb ` |Λ|q1` 9

2

´
1 ` pNb ` |Λ|q 1

2?
N

¯3

ys .

Proposition 5.1 then yields

|
ż

r0,ts3
ds3 xrrrf rJs,Hflucps1qs,Hflucps2qs,Hflucps3qsys3|

ďC}J}2
λ3t3

N
3

2

eCλ|Λ|}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq
N

qt}v̂}3w,d}f0}3d

p1 ` }f0}dq6p1 ` }γ0}dq6xpNb ` |Λ|q 11

2

´
1 ` pNb ` |Λ|q 1

2?
N

¯3´
1 ` Nb

N |Λ|
¯

y0 .

Finally, we employ Lemma D.1 and obtain

|
ż

r0,ts3
ds3 xrrrf rJs,Hflucps1qs,Hflucps2qs,Hflucps3qsys3|

ďC}f0}d}J}2
λ3t3

N
3

2

eCλ|Λ|}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq
N

qt}v̂}3w,d

p1 ` }γ0}dq6|Λ| 112
´
1 ` |Λ| 12

N
1

2

¯3

ďC}f0}d}J}2
1

N
3

2

eCλ|Λ|}v̂}w,dp1` p1`}f0}dqp1`}γ0}dq
N

qtp1 ` }γ0}dq6|Λ| 112 .

�

Appendix A. Calculation of the fluctuation dynamics

Lemma A.1. We have that

T :rksapT rks “ cosh
`
|kppq|

˘
ap ` sinh

`
|kppq|

˘ kppq
|kppq|a

:
´p .

Proof. Observe that

Bτ

ˆ
T :rτksapT rτks
T :rτksa:

´pT rτks

˙
“

ˆ
1
2

ş
dq kpqqT :rτksrap, a:

qa
:
´qsT rτks

´1
2

ş
dq kpqqT :rτksra:

´p, aqa´qsT rτks

˙
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“
ˆ

0 kppq
kppq 0

˙ ˆ
T :rτksapT rτks
T :rτksa:

´pT rτks

˙
,

where we used the fact that k is even. Employing the fact that T r0s “ 1 and

ˆ
0 kppq

kppq 0

˙2

“
|kppq|21, we find that

ˆ
T :rksapT rks
T :rksa:

´pT rks

˙
“ exp

´ ˆ
0 kppq

kppq 0

˙ ¯ ˆ
ap
a

:
´p

˙

“
”
coshp|kppq|q1 ` sinhp|kppq|q

|kppq|

ˆ
0 kppq

kppq 0

˙ ı ˆ
ap
a

:
´p

˙
.

This finishes the proof. �

Lemma A.2. Let Hflucptq be defined by (2.6) and (2.7). Recall from (2.18)–(2.21) the
definitions of wpj,jq. By choosing

St “ |Λ|
ż t

0

ds

ż
dp

”
Eppqγsppq ` λ

2N
Γp1q
s ˚ pv̂ ` v̂p0qqppqΓp1q

s ppq

` λ

2N
Σ

p1q
s ˚ v̂ppqΣp1q

s ppq ´ N |Λ|2λ|φs|4v̂p0q

´ N |Λ|δppqRe
`
φsiBsφs

˘

2
´ Re

`
σsppqiBsσsppq

˘

2
`
1 ` γsppq

˘
ı
,

we then have that

Hflucptq “ HBECptq ` HHFBptq ` Hcubptq ` Hquartptq ,
where

HBECptq “
a
N |Λ|

”
utp0q

´
´ iBtφt ` λ|Λ|v̂p0q|φt|2φt ` λ

N
pσt ˚ v̂qp0qφt

` λ

N

`
γt ˚ pv̂ ` v̂p0qq

˘
p0qφt

¯
` vtp0q

´
´ iBtφt ` λ|Λ|v̂p0q|φt|2φt

` λ

N
pσt ˚ v̂qp0qφt ` λ

N

`
γt ˚ pv̂ ` v̂p0qq

˘
p0qφt

¯ı
ei

şt
0
ds Ωsp0qa:

0 ` h.c.

is the BEC-Hamiltonian,

HHFBptq “ H
pdq
HFBptq ` H

pcorq
HFBptq

is the HFB-Hamiltonian,

H
pdq
HFBptq “

ż
dp

”
´ Ωtppq ´ Re

`
σtppqiBtσtppq

˘

1 ` γtppq

`
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γtppq

˘

` 2λ

N
Re

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqσtppq

¯ı
a:
pap
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refers to its diagonal part,

H
pcorq
HFBptq “

ż
dp

”
´ iBtσtppq

2
` σtppqiBtγtppq

2p1 ` γtppqq

`
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯
σtppq

` λ

2N

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqp1 ` γtppqq

`
`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppq σtppq2

1 ` γtppq
¯ı
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

to its off-diagonal part,

Hcubptq “ λ?
N

ż
dp3

´
δpp1 ` p2 ` p3qei

şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘

1

3!
w

p3,0q
t pp3qa:

p1
a:
p2
a:
p3

` δpp1 ` p2 ´ p3qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘

1

2!
w

p2,1q
t pp3qa:

p1
a:
p2
ap3

` h.c.
¯

describes the cubic processes, and

Hquartptq “ λ

N

ż
dp4

´
δpp1 ` p2 ` p3 ` p4qei

şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q`Ωτ pp4q

˘

1

4!
w

p4,0q
t pp4qa:

p1
a:
p2
a:
p3
a:
p4

` δpp1 ` p2 ` p3 ´ p4qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q´Ωτ pp4q

˘

1

3!
w

p3,1q
t pp4qa:

p1
a:
p2
a:
p3
ap4

` h.c.

` δpp1 ` p2 ´ p3 ´ p4qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q´Ωτ pp4q

˘

1

p2!q2w
p2,2q
t pp4qa:

p1
a:
p2
ap3ap4

¯

describes quartic interactions.

Proof. By definition, we have that

Hflucptq “ ´ BtSt ´
ż
dp Ωtppqa:

pap ` U
:
BogptqriBtT

:rktssT rktsUBogptq

` U
:
BogptqT :rktsriBtW

:r
a
N |Λ|φtssWr

a
N |Λ|φtsT rktsUBogptq

` U
:
BogptqT :rktsW:r

a
N |Λ|φtsHNWr

a
N |Λ|φtsT rktsUBogptq . (A.1)
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In ascending order, we define BtSt till Hquartptq to be the normal-ordered zeroth till fourth
order polynomials in Hflucptq.

In order to calculate riBtT
:ptqsT ptq, we use the fact that

“
Bte

´Aptq‰eAptq “ lim
hÑ0

1

h

ż 1

0

dτ Bτ

´
e´Apt`hqτeAptqτ

¯

“
ż 1

0

dτ e´Aptqτ r´BtAptqseAptqτ , (A.2)

see, e.g., the proof of Proposition 3.2 in [14]. Accordingly, we have that

rBtT
:rktssT rkts “1

2

ż 1

0

dτ T :rτkts
ż
dp

`
Btktppqapa´p ´ Btktppqa:

pa
:
´p

˘
T rτkts

“1

2

ż
dp

ż 1

0

dτ
´`

coshpτ |ktppq|q2Btktppq

´ sinhpτ |ktppq|q2 ktppq2
|ktppq|2 Btktppq

˘
apa´p ´ h.c.

` sinhpτ |ktppq|q coshpτ |ktppq|qktppqBtktppq ´ Btktppqktppq
|ktppq|

`
a:
pap ` apa

:
p

˘¯
.

Using the trigonometric identities for sinh and cosh, we can simplify the expression to be

rBtT
:rktssT rkts “1

4

ż
dp

”´sinhp2|ktppq|q ` 1

2|ktppq| Btktppq

´ sinhp2|ktppq|q ´ 1

2|ktppq|
ktppq2

|ktppq|2 Btktppq
¯
apa´p ´ h.c.

` 4
coshp2|ktppq|q ´ 1

2|ktppq|
i Im

`
ktppqBtktppq

˘

|ktppq|
`
a:
pap ` |Λ|

2

˘ı

“1

2

ż
dp

”´
utppqvtppq i Im

`
ktppqBtktppq

˘

|ktppq|2

` ktppqRe
`
ktppqBtktppq

˘

|ktppq|2
¯
apa´p ´ h.c.

` 2|vtppq|2 i Im
`
ktppqBtktppq

˘

|ktppq|2
`
a:
pap ` |Λ|

2

˘ı
. (A.3)

A straightforward calculation yields

Btutppq “vtppqktppqRe
`
ktppqBtktppq

˘

|ktppq|2 ,

Btvtppq “utppqktppqRe
`
ktppqBtktppq

˘

|ktppq|2 ` vtppq i Im
`
ktppqBtktppq

˘

|ktppq|2 .
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In particular, we have that

ktppqRe
`
ktppqBtktppq

˘

|ktppq|2 ` utppqvtppq i Im
`
ktppqBtktppq

˘

|ktppq|2
“utppqBtvtppq ´ vtppqBtutppq

“utppq2Bt

` vtppq
utppq

˘
. (A.4)

Because utppq2 “ 1 ` |vtppq|2, we can invoke that

utppqBtutppq “ 1

2
Btutppq2 “ 1

2
Bt|vtppq|2 “ Re

`
vtppqBtvtppq

˘
,

in order to obtain that

|vtppq|2 i Im
`
ktppqBtktppq

˘

|ktppq|2
“vtppqBtvtppq ´ utppqBtutppq
“i Im

`
vtppqBtvtppq

˘

“vtppq2Bt

`vtppq
vtppq

˘
. (A.5)

Using the notation γtppq “ |vtppq|2, σtppq “ utppqvtppq, and employing (A.4), (A.5), we
can hence simplify (A.3) as

riBtT
:rktssT rkts “ i

2

ż
dp

´
p1 ` γtppqqBt

` σtppq
1 ` γtppq

˘
apa´p ´ h.c.

` 2
σtppq2

1 ` γtppqBt

`σtppq
σtppq

˘`
a:
pap ` |Λ|

2

˘¯

“ ´
ż
dp

”´iBtσtppq
2

` σtppqiBtγtppq
2p1 ` γtppqq

¯
apa´p ` h.c.

´ Im
`
σtppqBtσtppq

˘

1 ` γtppq
´
a:
pap ` |Λ|

2

¯ı
(A.6)

Observing that Impzq “ Repizq, and using (2.5), (A.6) implies

U
:
BogptqriBtT

:rktssT rktsUBogptq

“ ´
ż
dp

”´iBtσtppq
2

` σtppqiBtγtppq
2p1 ` γtppqq

¯
e´2i

şt
0
ds Ωsppqapa´p ` h.c.

` Re
`
σtppqiBtσtppq

˘

1 ` γtppq
´
a:
pap ` |Λ|

2

¯ı
(A.7)
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Next, using (A.2) again, we have that

riBtW
:r

a
N |Λ|φtssWr

a
N |Λ|φts

“ ´
a
N |Λ|

ż 1

0

dτ W:rτ
a
N |Λ|φts

`
iBtφta

:
0 ` iBtφta0

˘
Wrτ

a
N |Λ|φts

“ ´
a
N |Λ|

`
iBtφta

:
0 ` iBtφta0

˘
´ N |Λ|2

2
Re

`
φtiBtφt

˘
,

(A.8)

where we also employed that δp0q “ |Λ|.
Finally, we calculate

W:r
a
N |Λ|φtsHNWr

a
N |Λ|φts

“N |Λ|3λ|φt|4v̂p0q
2

`
a
N |Λ|3λ|φt|2v̂p0q

`
φta

:
0 ` φta0

˘

`
ż
dp

`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
a:
pap

` λ|Λ|
2

ż
dp v̂ppq

`
φ2
ta

:
pa

:
´p ` φ

2

tapa´p

˘

` λ
a

|Λ|?
N

ż
dp2 v̂pp2q

`
a:
p1
a:
p2
ap12φt ` a:

p12
ap2ap1φt

˘

` λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3qa:

p1
a:
p2
ap3ap4 . (A.9)

In order to calculate

T :rktsW:r
a
N |Λ|φtsHNWr

a
N |Λ|φtsT rkts ,

we calculate the transformations for the scalar terms, the terms linear in a, a:, etc. in
W:r

a
N |Λ|φtsHNWr

a
N |Λ|φts. We have that

a
N |Λ|3λ|φt|2v̂p0qT :rkts

`
φta

:
0 ` φta0

˘
T rkts

“
a
N |Λ|3λ|φt|2v̂p0q

´`
φtutp0q ` φtvtp0q

˘
a

:
0 `

`
φtutp0q ` φtvtp0q

˘
a0

¯
. (A.10)

For the quadratic terms, we have that
ż
dp

`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
T :rktsa:

papT rkts

` λ|Λ|
2

ż
dp v̂ppqT :rkts

`
φ2
ta

:
pa

:
´p ` φ

2

tapa´p

˘
T rkts

“
ż
dp

”`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
putppq2a:

pap ` |vtppq|2apa:
pq

` λ|Λ|
2
v̂ppq

`
utppqvtppqφ2

t ` utppqvtppqφ2

t

˘`
a:
pap ` apa

:
p

˘

`
`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
utppq

`
vtppqa:

pa
:
´p ` vtppqapa´p

˘
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` λ|Λ|
2
v̂ppq

´`
utppq2φ2

t ` vtppq2φ2t
˘
a:
pa

:
´p

`
`
vtppq2φ2

t ` utppq2φ2

t

˘
apa´p

¯ı

“
ż
dp

”´`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
γtppq

` λ|Λ|
2
v̂ppq

`
σtppqφ2

t ` σtppqφ2t
˘¯

|Λ|

`
´`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘`
1 ` 2γtppq

˘

` λ|Λ|v̂ppq
`
σtppqφ2

t ` σtppqφ2

t

˘¯
a:
pap

`
´`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
σtppq

` λ|Λ|
2
v̂ppq

`
p1 ` γtppqqφ2

t ` σtppq2
1 ` γtppqφ

2

t

˘¯
a:
pa

:
´p ` h.c.

ı
, (A.11)

where the hermitian conjugate ’h.c.’ only refers to the terms proportional to a:
pa

:
´p.

Bogoliubov-rotating the cubic terms yields

λ
a

|Λ|?
N

ż
dp2 v̂pp2qT :rkts

`
a:
p1
a:
p2
ap12φt ` a:

p12
ap2ap1φt

˘
T rkts

“λ
a

|Λ|?
N

ż
dp2

v̂pp1q ` v̂pp2q
2

´`
utpp1qa:

p1
` vtpp1qa´p1

˘

`
utpp2qa:

p2
` vtpp2qa´p2

˘`
utpp12qap12 ` vtpp12qa:

´p12

˘
φt ` h.c.

¯
. (A.12)

After normal-ordering, the expressions linear in a, a: in (A.12) are given by

λ
a

|Λ|?
N

ż
dp

”´
v̂ppq

`
utppqvtppqvtp0qφt ` utppqvtppqutp0qφt

˘

` |vtppq|2
`
v̂ppq ` v̂p0q

˘`
utp0qφt ` vtp0qφt

˘¯
a:
0 ` h.c.

ı

“λ
a

|Λ|?
N

ż
dp

”
utp0q

´
v̂ppqσtppqφt `

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯

` vtp0q
´
v̂ppqσtppqφt `

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯ı
a

:
0 ` h.c. . (A.13)

Similarly, the cubic terms obtained from normal-ordering (A.12) are given by

λ
a

|Λ|
2
?
N

ż
dp3

`
v̂pp1q ` v̂pp2q

˘
δpp1 ` p2 ´ p3q

´`
utpp1qutpp2qutpp3qφt ` vtpp1qvtpp2qvtpp3qφt

˘
a:
p1
a:
p2
ap3

`
`
utpp1qutpp2qvtpp3qφt ` vtpp1qvtpp2qutpp3qφt

˘
a:
p1
a:
p2
a

:
´p3

` 2
`
vtpp1qutpp2qvtpp3qφt ` utpp1qvtpp2qutpp3qφt

˘
a

:
´p3

a:
p2
a´p1
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` h.c.
¯
. (A.14)

Here, we already exploited the symmetry w.r.t. p1 Ø p2. Relabeling momenta yields

λ
a

|Λ|
2
?
N

ż
dp3

”´`
utpp1qutpp2qutpp3qφt ` vtpp1qvtpp2qvtpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

` 2
`
vtpp1qutpp2qvtpp3qφt ` utpp1qvtpp2qutpp3qφt

˘`
v̂pp2q ` v̂pp3q

˘¯

δpp1 ` p2 ´ p3qa:
p1
a:
p2
ap3

`
`
utpp1qutpp2qvtpp3qφt ` vtpp1qvtpp2qutpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

δpp1 ` p2 ` p3qa:
p1
a:
p2
a:
p3

` h.c.
¯
.

To conclude the calculation of these cubic terms, we symmetrize the coefficient of a:
p1
a:
p2
ap3

w.r.t. p1 Ø p2, and the coefficient of a:
p1
a:
p2
a:
p3

w.r.t. permutations of pp1, p2, p3q to obtain

λ
a

|Λ|?
N

ż
dp3

” 1

3!
δpp1 ` p2 ` p3qa:

p1
a:
p2
a:
p3

´`
utpp1qutpp2qvtpp3qφt ` vtpp1qvtpp2qutpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

`
`
vtpp1qutpp2qutpp3qφt ` utpp1qvtpp2qvtpp3qφt

˘`
v̂pp2q ` v̂pp3q

˘

`
`
utpp1qvtpp2qutpp3qφt ` vtpp1qutpp2qvtpp3qφt

˘`
v̂pp1q ` v̂pp3q

˘¯

` 1

2!
δpp1 ` p2 ´ p3qa:

p1
a:
p2
ap3

´`
utpp1qutpp2qutpp3qφt ` vtpp1qvtpp2qvtpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

`
`
vtpp1qutpp2qvtpp3qφt ` utpp1qvtpp2qutpp3qφt

˘`
v̂pp2q ` v̂pp3q

˘

`
`
utpp1qvtpp2qvtpp3qφt ` vtpp1qutpp2qutpp3qφt

˘`
v̂pp1q ` v̂pp3q

˘¯

` h.c.
¯
. (A.15)

We are left with calculating

λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3qT :rktsa:

p1
a:
p2
ap3ap4T rkts

“ λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3q

`
utpp1qa:

p1
` vtpp1qa´p1

˘

`
utpp2qa:

p2
` vtpp2qa´p2

˘`
utpp3qap3 ` vtpp3qa:

´p3

˘
`
utpp4qap4 ` vtpp4qa:

´p4

˘
. (A.16)
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After normal-ordering, the scalar terms come from pairs of annihilation operators a left
to a pair of creation operators a: in (A.16), and they are given by

λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3q

´
δpp1 ` p2qδpp3 ` p4qvtpp1qutpp2qutpp3qvtpp4q

`
`
δpp1 ´ p4qδpp2 ´ p3q ` δpp1 ´ p3qδpp2 ´ p4q

˘

vtpp1qvtpp2qvtpp3qvtpp4q
¯

“λ|Λ|
2N

ż
dp dq

´
σtppqv̂pp ´ qqσtpqq ` γtppqpv̂pp ´ qq ` v̂p0qqγtpqq

¯
. (A.17)

Next, we determine all terms proportional to aa in the normal-ordering of (A.16), that
come from having a creation operator a left of an annihilation operator a:, are given by

λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3q

´
vtpp1qutpp2qutpp3qutpp4qδpp1 ` p2qap3ap4 ` vtpp1qvtpp2qutpp3qvtpp4q

`
δpp3 ` p4qap1ap2 ` δpp2 ´ p4qap1ap3 ` δpp1 ´ p4qap2ap3

˘

` vtpp1qvtpp2qvtpp3qutpp4q
`
δpp1 ´ p3qap2ap4 ` δpp2 ´ p3qap1ap4

˘¯

“ λ

2N

ż
dp dq

´
σtpqqv̂pq ´ pqp1 ` γtppqq ` σtpqqv̂pq ´ pq σtppq2

1 ` γtppq
` 2γtpqq

`
v̂pq ´ pq ` v̂p0q

˘
σtppq

¯
apa´p . (A.18)

In a similar fashion, we determine all terms involving a:a in (A.16) after normal-ordering
to be

λ

2N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4qv̂pp1 ´ p3q

´
utpp1qvtpp2qvtpp3qutpp4qδpp2 ´ p3qa:

p1
ap4 ` utpp1qvtpp2qutpp3qvtpp4q

`
δpp3 ` p4qa:

p1
a´p2 ` δpp2 ´ p4qa:

p1
ap3

˘
` vtpp1qutpp2qvtpp3qutpp4q`

δpp1 ` p2qa:
´p3ap4 ` δpp1 ´ p3qa:

p2
ap4

˘
` vtpp1qutpp2qutpp3qvtpp4q`

δpp1 ` p2qa:
´p4ap3 ` δpp1 ´ p4qa:

p2
ap3 ` δpp3 ` p4qa:

´p2ap1
˘

` vtpp1qvtpp2qvtpp3qvtpp4q
`
δpp1 ´ p4qa:

´p3a´p2 ` δpp1 ´ p3qa:
´p4a´p2

` δpp2 ´ p3qa:
´p4a´p1 ` δpp2 ´ p4qa:

´p3a´p2

˘

“ λ

N

ż
dp dq

´
γtpqq

`
v̂pq ´ pq ` v̂p0q

˘
p1 ` 2γtppqq

` σtpqqv̂pq ´ pqσtppq ` σtpqqv̂pq ´ pqσtppq
¯
a:
pap . (A.19)
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Here recall that we need to contract each a with each a: to the right of it. Finally, the
quartic, normal-ordered terms coming from (A.16) are given by

λ

4N

ż
dp4 δpp1 ` p2 ´ p3 ´ p4q

`
v̂pp1 ´ p3q ` v̂pp1 ´ p4q

˘

´
utpp1qutpp2qvtpp3qvtpp4qa:

p1
a:
p2
a

:
´p3a

:
´p4

` 2utpp1qutpp2qvtpp3qutpp4qa:
p1
a:
p2
a

:
´p3ap4

` 2utpp1qvtpp2qvtpp3qvtpp4qa:
p1
a

:
´p3a

:
´p4a´p2

` h.c.

`
`
utpp1qutpp2qutpp3qutpp4q ` vtpp1qvtpp2qvtpp3qvtpp3q

˘
a:
p1
a:
p2
ap3ap4

` 4utpp1qvtpp2qvtpp3qutpp4qa:
p1
a

:
´p3

a´p2ap4

¯
,

where the hermitian conjugate refers to the preceding terms. Analogously to (A.14), we
already symmetrized the expression w.r.t. p1 Ø p2 and p3 Ø p4. Relabeling momenta
again, we have

λ

4N

ż
dp4

”
δpp1 ` p2 ` p3 ` p4qa:

p1
a:
p2
a:
p3
a:
p4

utpp1qutpp2qvtpp3qvtpp4q
`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

` 2δpp1 ` p2 ` p3 ´ p4qa:
p1
a:
p2
a:
p3
ap4´

utpp1qutpp2qvtpp3qutpp4q
`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

` utpp1qvtpp2qvtpp3qvtpp4q
`
v̂pp1 ` p2q ` v̂pp1 ` p3q

˘¯

` h.c.

` δpp1 ` p2 ´ p3 ´ p4qa:
p1
a:
p2
ap3ap4´`

utpp1qutpp2qutpp3qutpp4q ` vtpp1qvtpp2qvtpp3qvtpp3q
˘`
v̂pp1 ´ p3q ` v̂pp2 ´ p3q

˘

` 4utpp1qvtpp2qvtpp3qutpp4q
`
v̂pp1 ` p2q ` v̂pp2 ´ p3q

˘¯
. (A.20)

Let

apσqpqℓq :“
ℓź

j“1

apσqpqjq ,

see also (D.1). Symmetrizing the coefficients of a:ppnqapkmq in (A.20) w.r.t. pn and km,
we find that
λ

N

ż
dp4

” 1

4!
δpp1 ` p2 ` p3 ` p4qa:

p1
a:
p2
a:
p3
a:
p4

´`
utpp1qutpp2qvtpp3qvtpp4q ` vtpp1qvtpp2qutpp3qutpp4q

˘`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

`
`
utpp1qvtpp2qutpp3qvtpp4q ` vtpp1qutpp2qvtpp3qutpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ` p3q

˘

`
`
utpp1qvtpp2qvtpp3qutpp4q ` vtpp1qutpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ` p3q

˘¯
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` 1

3!
δpp1 ` p2 ` p3 ´ p4qa:

p1
a:
p2
a:
p3
ap4

´`
utpp1qutpp2qvtpp3qutpp4q ` vtpp1qvtpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

`
`
utpp1qvtpp2qutpp3qutpp4q ` vtpp1qutpp2qvtpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ` p3q

˘

`
`
vtpp1qutpp2qutpp3qutpp4q ` utpp1qvtpp2qvtpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ` p3q

˘

` h.c.

` 1

p2!q2 δpp1 ` p2 ´ p3 ´ p4qa:
p1
a:
p2
ap3ap4 (A.21)

´`
utpp1qutpp2qutpp3qutpp4q ` vtpp1qvtpp2qvtpp3qvtpp3q

˘`
v̂pp1 ´ p3q ` v̂pp2 ´ p3q

˘

`
`
utpp1qvtpp2qvtpp3qutpp4q ` vtpp1qutpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ´ p3q

˘

`
`
vtpp1qutpp2qvtpp3qutpp4q ` utpp1qvtpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ´ p3q

˘¯
.

With these calculations, we are ready to identify each of the terms in Hfluc, in ascending
order of involved number of annihilation and creation operators. Collecting (A.1), (A.7),
(A.8), (A.9), (A.11), and (A.17), we obtain that we need to choose

BtSt “

|Λ|
”N |Λ|λ|φt|4v̂p0q

2
´ N |Λ|

2
Re

`
φtiBtφt

˘
´ 1

2

ż
dp

Re
`
σtppqiBtσtppq

˘

1 ` γtppq

`
ż
dp

´ λ

2N

`
σt ˚ v̂ppqσtppq ` γt ˚ pv̂ ` v̂p0qqppqγtppq

˘

`
Eppq ` λ|Λ|pv̂ppq ` v̂p0qq|φt|2

˘
γtppq ` λ|Λ|

2
v̂ppq

`
σtppqφ2

t ` σtppqφ2t
˘¯

in order to eliminate the scalar contributions in Hflucptq.
Using the shifted expectations Γp1q and Σp1q, see (3.10), (3.11), we can rewrite BtSt as

BtSt “

|Λ|
ż
dp

”
Eppqγtppq ` λ

2N
Γ

p1q
t ˚ pv̂ ` v̂p0qqppqΓp1q

t ppq

` λ

2N
Σ

p1q
t ˚ v̂ppqΣp1q

t ppq ´ N |Λ|λ|φt|4v̂p0q

´ N |Λ|δppqRe
`
φtiBtφt

˘

2
´ Re

`
σtppqiBtσtppq

˘

2
`
1 ` γtppq

˘
ı
.

Similarly, collecting (2.5), (A.8), (A.10), (A.13), we have, after conjugating with UBogptq,
that

HBECptq “
a
N |Λ|

”
´

`
iBtφtutp0q ` iBtφtvtp0q

˘

` λ|Λ||φt|2v̂p0q
`
φtutp0q ` φtvtp0q

˘
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` λ

N
utp0q

´ ż
dp v̂ppqσtppqφt `

ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯

` vtp0q
´ ż

dp v̂ppqσtppqφt `
ż
dp

`
v̂ppq ` v̂p0q

˘
γtppqφt

¯ı
ei

şt
0
ds Ωτ p0qa:

0

` h.c.

“
a
N |Λ|

”
utp0q

´
´ iBtφt ` λ|Λ|v̂p0q|φt|2φt ` λ

N
pσt ˚ v̂qp0qφt

` λ

N

`
γt ˚ pv̂ ` v̂p0q

˘
p0qφt

¯
` vtp0q

´
´ iBtφt ` λ|Λ|v̂p0q|φt|2φt

` λ

N
pσt ˚ v̂qp0qφt ` λ

N

`
γt ˚ pv̂ ` v̂p0q

˘
p0qφt

¯ı
ei

şt
0
dτ Ωτ p0qa:

0 ` h.c.

In order to give an expression for HHFBptq, we decompose it into

HHFBptq “ H
pdq
HFBptq ` H

pcorq
HFBptq ,

where H
pdq
HFBptq refers to the diagonal part, involving terms proportional to a:a, and

H
pcorq
HFBptq to the off-diagonal part, involving terms propotional to aa and a:a:. Then

(A.1), (A.7), (A.11), (A.19), after conjugation with UBogptq using (2.5), imply

H
pdq
HFBptq “

ż
dp

”
´ Ωtppq ´ Re

`
σtppqiBtσtppq

˘

1 ` γtppq

`
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γtppq

˘

` 2λ

N
Re

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqσtppq

¯ı
a:
pap .

Similarly, we obtain, using, in addition (A.18), that

H
pcorq
HFBptq “

ż
dp

”
´ iBtσtppq

2
` σtppqiBtγtppq

2p1 ` γtppqq

`
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯
σtppq

` λ

2N

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqp1 ` γtppqq

`
`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppq σtppq2

1 ` γtppq
¯ı
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p

` h.c.

Conjugating (A.15) with UBogptq and using the notation (2.18)–(2.19), (2.5) implies

Hcubptq “
λ?
N

ż
dp3

”
δpp1 ` p2 ` p3qei

şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘
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1

3!
w

p3,0q
t pp3qa:

p1
a:
p2
a:
p3

` δpp1 ` p2 ´ p3qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘

1

2!
w

p2,1q
t pp3qa:

p1
a:
p2
ap3

` h.c.
¯
.

Similarly, conjugating (A.21) with UBogptq using (2.5) and the notation (2.20)–(2.21), we
obtain that

Hquartptq “
λ

N

ż
dp4

”
δpp1 ` p2 ` p3 ` p4qei

şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q`Ωτ pp4q

˘

1

4!
w

p4,0q
t pp4qa:

p1
a:
p2
a:
p3
a:
p4

` δpp1 ` p2 ` p3 ´ p4qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q´Ωτ pp4q

˘

1

3!
w

p3,1q
t pp4qa:

p1
a:
p2
a:
p3
ap4

` h.c.

` δpp1 ` p2 ´ p3 ´ p4qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q´Ωτ pp4q

˘

1

p2!q2w
p2,2q
t pp4qa:

p1
a:
p2
ap3ap4 .

This finishes the proof. �

Lemma A.3 (Contracted vertices). Let Hcub and Hquart be defined as in Lemma A.2.
Then we have

Hcubptq “ λ
a

|Λ|?
N

ei
şt
0
dτ Ωτ p0qa:

0

ż
dk

”
utp0q

´`
1 ` 2γtpkq

˘
f0pkq

`
v̂pkq ` v̂p0q

˘
φt

` 2f0pkqσtpkqv̂pkqφt

¯
` vtp0q

´`
1 ` 2γtpkq

˘
f0pkq

`
v̂pkq ` v̂p0q

˘
φt

` 2f0pkqσtpkqv̂pkqφt

¯ı
` h.c. ,

and

Hquartptq “ λ

N

ż
dp

”´`
f

p`q
0 σt

˘
˚ v̂ppqp1 ` γtppqq `

`
f

p`q
0 σt

˘
˚ v̂ppqσtppq

1 ` γtppq
`

`
p1 ` 2γtqf p`q

0

˘
˚

`
v̂ ` v̂p0q

˘
ppqσtppq

¯
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

`
´`

p1 ` 2γtqf p`q
0 q ˚

`
v̂ ` v̂p0q

˘
ppqp1 ` 2γtppqq

` 4Re
``
f

p`q
0 σt

˘
˚ v̂ppqσtppq

˘¯
a:
pap

ı
.
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Proof. Using symmetry of wp2,1qpp1, p2, p3q in pp1 Ø p2q, see Lemma A.2, we obtain that

Hcubptq “ λ?
N

ż
dk w

p2,1q
t pk, 0, kqf0pkqei

şt
0
dτ Ωτ p0qa:

0 ` h.c. ,

where

w
p2,1q
t pp3q “

a
|Λ|

´`
utpp1qutpp2qutpp3qφt ` vtpp1qvtpp2qvtpp3qφt

˘`
v̂pp1q ` v̂pp2q

˘

`
`
vtpp1qutpp2qvtpp3qφt ` utpp1qvtpp2qutpp3qφt

˘`
v̂pp2q ` v̂pp3q

˘

`
`
utpp1qvtpp2qvtpp3qφt ` vtpp1qutpp2qutpp3qφt

˘`
v̂pp1q ` v̂pp3q

˘¯
,

Using the facts that ut “ ?
1 ` γt and that vt “ σt?

1`γt
, we thus find that

Hcubptq “ λ
a

|Λ|?
N

ż
dk f0pkqei

şt
0
dτ Ωτ p0qa:

0

´`
utp0qp1 ` γtpkqqφt ` vtp0qγtpkqφt

˘`
v̂pkq ` v̂p0q

˘

`
`
utp0qγtpkqφt ` vtp0qp1 ` γtpkqqφt

˘`
v̂pkq ` v̂p0q

˘

`
`
vtp0qσtpkqφt ` utp0qσtpkqφt

˘
2v̂pkq

¯
` h.c.

“ λ
a

|Λ|?
N

ż
dk f0pkqei

şt
0
dτ Ωτ p0qa:

0

´`
v̂pkq ` v̂p0q

˘`
1 ` 2γtpkq

˘`
utp0qφt ` vtp0qφt

˘

` 2v̂pkq
`
vtp0qσtpkqφt ` utp0qσtpkqφt

˘¯
` h.c. ,

where we also used the evenness of σt and γt. Sorting the terms by the coefficients utp0q
and vtp0q, we obtain

Hcubptq “ λ
a

|Λ|?
N

ei
şt
0
dτ Ωτ p0qa:

0

ż
dk

”
utp0q

´`
1 ` 2γtpkq

˘
f0pkq

`
v̂pkq ` v̂p0q

˘
φt

` 2f0pkqσtpkqv̂pkqφt

¯
` vtp0q

´`
1 ` 2γtpkq

˘
f0pkq

`
v̂pkq ` v̂p0q

˘
φt

` 2f0pkqσtpkqv̂pkqφt

¯ı
` h.c. .

Similarly, the symmetries of w
p3,1q
t pp4q in pp1 Ø p2 Ø p3q, and of w

p2,2q
t pp4q in pp1 Ø p2q

and pp3 Ø p4q, see Lemma A.2, imply

Hquartptq “ λ

N

ż
dp dk f0pkq

´w
p3,1q
t pp,´p, k, kq

2
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

` w
p2,2q
t pp, k, k, pqa:

pap

¯
,

where

w
p3,1q
t pp4q :“
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`
utpp1qutpp2qvtpp3qutpp4q ` vtpp1qvtpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p3q ` v̂pp2 ` p3q

˘

`
`
utpp1qvtpp2qutpp3qutpp4q ` vtpp1qutpp2qvtpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ` p3q

˘

`
`
vtpp1qutpp2qutpp3qutpp4q ` utpp1qvtpp2qvtpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ` p3q

˘
,

w
p2,2q
t pp4q :“

`
utpp1qutpp2qutpp3qutpp4q ` vtpp1qvtpp2qvtpp3qvtpp3q

˘`
v̂pp1 ´ p3q ` v̂pp2 ´ p3q

˘

`
`
utpp1qvtpp2qvtpp3qutpp4q ` vtpp1qutpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp2 ´ p3q

˘

`
`
vtpp1qutpp2qvtpp3qutpp4q ` utpp1qvtpp2qutpp3qvtpp4q

˘`
v̂pp1 ` p2q ` v̂pp1 ´ p3q

˘
.

Again using the relations between ut, vt and γt, σt, we obtain

Hquartptq “
λ

N

ż
dp dk f0pkq

”´`
p1 ` γtppqqσtpkq ` σtppqσtpkq

1 ` γtppq
˘
2v̂pp ´ kq ` 2

`
σtppqp1 ` γtpkqq

` σtppqγtpkq
˘`
v̂pp ´ kq ` v̂p0q

˘¯1

2
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

`
´`

p1 ` γtppqqp1 ` γtpkqq ` γtppqγtpkq
˘`
v̂pp ´ kq ` v̂p0q

˘

`
`
p1 ` γtppqqγtpkq ` γtppqp1 ` γtpkqq

˘`
v̂pp ´ kq ` v̂p0q

˘

` pσtppqσtpkq ` σtppqσtpkqq2v̂pp ´ kq
¯
a:
pap

ı

“ λ

N

ż
dp dk f0pkq

”´`
p1 ` γtppqqσtpkq ` σtppqσtpkq

1 ` γtppq
˘
v̂pp ´ kq

`
`
σtppqp1 ` γtpkqq ` σtppqγtpkq

˘
v̂pp ´ kq

¯
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

`
´

p1 ` 2γtppqqp1 ` 2γtpkqq
`
v̂pp ´ kq ` v̂p0q

˘

` 4Re
`
σtppqσtpkq

˘
v̂pp ´ kq

¯
a:
pap

ı
.

Abbreviating f
p`q
0 “ 1

2
pf0ppq ` f0p´pqq, see (2.14) and using evenness of σ, γ, v̂, we can

simplify the expression as

Hquartptq “ λ

N

ż
dp

”´`
f

p`q
0 σt

˘
˚ v̂ppqp1 ` γtppqq `

`
f

p`q
0 σt

˘
˚ v̂ppqσtppq

1 ` γtppq
`

`
p1 ` 2γtqf p`q

0

˘
˚

`
v̂ ` v̂p0q

˘
ppqσtppq

¯
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

`
´`

p1 ` 2γtqf p`q
0 q ˚

`
v̂ ` v̂p0q

˘
ppqp1 ` 2γtppqq

` 4Re
``
f

p`q
0 σt

˘
˚ v̂ppqσtppq

˘¯
a:
pap

ı
.

This concludes the proof. �
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Lemma A.4 (HFB equations). Let

Γ
p1q
t ppq :“γtppq ` N |Λ||φt|2δppq ,

Σ
p1q
t ppq :“σtppq ` N |Λ|φ2

t δppq .
Then

iBtσtppq
2

´ σtppqiBtγtppq
2p1 ` γtppqq “

´
Eppq ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
ppq

¯
σtppq

` λ

2N

´`
Σ

p1q
t ˚ v̂

˘
ppqp1 ` γtppqq `

`
Σ

p1q
t ˚ v̂

˘
ppq σtppq2

1 ` γtppq
¯

(A.22)

is equivalent to

iBtγt “ λ

N

“`
Σ

p1q
t ˚ v̂

˘
σt ´

`
Σ

p1q
t ˚ v̂

˘
σt

‰
,

iBtσt “2
`
E ` λ

N
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘
σt ` λ

N

`
Σ

p1q
t ˚ v̂

˘
p1 ` 2γtq . (A.23)

Proof. Multiplying (A.22) by σtppq, and taking imaginary parts, the l.h.s. of (A.22) reads

RepσtppqBtσtppqq
2

´ |σtppq|2Btγtppq
2p1 ` γtppqq

“1

4
Bt

`
|σtppq|2 ´ γtppq2

˘

“1

4
Btγtppq ,

where we employed (2.13). Thus, we have that

1

4
Btγt “ λ

2N
Im

´`
Σ

p1q
t ˚ v̂

˘
p1 ` γtqσt `

`
Σ

p1q
t ˚ v̂

˘ |σt|2σt
1 ` γt

¯
,

which, using (2.13), is equivalent to

Btγtppq “2λ

N
Im

´`
Σ

p1q
t ˚ v̂

˘
p1 ` γtqσt `

`
Σ

p1q
t ˚ v̂

˘
γtσt

¯

“2λ

N
Im

´`
Σ

p1q
t ˚ v̂

˘
σt

¯
.

Substituting this identity into (A.22), we find that

iBtσtppq
2

´ λ

N

σtppq
2p1 ` γtppqq

´`
Σ

p1q
t ˚ v̂

˘
σt ´

`
Σ

p1q
t ˚ v̂

˘
σt

¯
“

´
Eppq ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
ppq

¯
σtppq

` λ

2N

´`
Σ

p1q
t ˚ v̂

˘
ppqp1 ` γtppqq `

`
Σ

p1q
t ˚ v̂

˘
ppq σtppq2

1 ` γtppq
¯
.
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Isolating iBtσt on the l.h.s. and using (2.13), we obtain that

iBtσt “2
`
E ` λ

N
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘
σt ` λ

N

`
Σ

p1q
t ˚ v̂

˘
p1 ` 2γtq .

This concludes the proof. �

Lemma A.5 (Bogoliubov dispersion). We have that H
pdq
HFBptq “ 0 if

Ωtppq “
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γtppq

˘

` 2λ

N
Re

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqσtppq

¯
´ Re

`
σtppqiBtσtppq

˘

1 ` γtppq .

If σt satisfies (A.23), we have that

Ω
p1q
t “ E ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
` λ

N

Re
`
pΣp1q

t ˚ v̂qσp1q
t

˘

1 ` γ
p1q
t

.

Proof. Lemma A.2 implies that H
pdq
HFBptq “ 0 if

Ωtppq “
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γtppq

˘

` 2λ

N
Re

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqσtppq

¯
´ Re

`
σtppqiBtσtppq

˘

1 ` γtppq .

Substituting (3.16) in this expression and recalling definitions (3.10) of Γp1q and (3.11) of
Σp1q, we obtain

Ω
p1q
t “ ´ 2

`
E ` λ

N
Γ

p1q
t ˚ pv̂ ` v̂p0qq

˘ |σp1q
t |2

1 ` γ
p1q
t

`
“
E ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘‰
p1 ` 2γ

p1q
t q

´ λ

N
Re

´`
Σ

p1q
t ˚ v̂

˘
σ

p1q
t

¯ 1 ` 2γt

1 ` γ
p1q
t

` 2λ

N
Re

´`
Σ

p1q
t ˚ v̂

˘
σ

p1q
t

¯
.

Recalling that |σt|2 “ γtp1 ` γtq, see (2.13), this results in

Ω
p1q
t “ E ` λ

N
Γ

p1q
t ˚

`
v̂ ` v̂p0q

˘
` λ

N

Re
`
pΣp1q

t ˚ v̂qσp1q
t

˘

1 ` γ
p1q
t

.

This finishes the proof. �

Appendix B. HFB system analysis

Lemma B.1 (Generalized HFB equations). Let pφ, γ, σq satisfy either of the renormalized
equations

iBtφt “ λ

N

´`
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣpjq

t ˚ v̂qp0qφt
¯

´ 2λ|Λ|v̂p0q|φt|2φt , (B.1)
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iBtγt “ λ

N

“`
Σ

pjq
t ˚ v̂

˘
σt ´

`
Σ

pjq
t ˚ v̂

˘
σt

‰
, (B.2)

iBtσt “2
`
E ` λ

N
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
σt ` λ

N

`
Σ

pjq
t ˚ v̂

˘
p1 ` 2γtq (B.3)

for j “ 0, 1, where

Γpjq “p1 ` 2δ1,jf
p`q
0 qγ ` δ1,jf

p`q
0 ` N |Λ||φ|2δ ,

Σpjq “p1 ` 2δ1,jf
p`q
0 qσ ` N |Λ|φ2δ ,

see definitions (3.10), (3.11), (3.27) and (3.28). Then pφ,Γpjq,Σpjqq satisfies

iBtφt “ λ

N

´`
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣpjq

t ˚ v̂qp0qφt
¯

´ 2λ|Λ|v̂p0q|φt|2φt ,

BtΓ
pjq
t “ ´ 2λ

N
Im

´`
Σ

pjq
t ˚ v̂

˘
Σ

pjq
t

¯
,

iBtΣ
pjq
t “2

`
E ` λ

N
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
Σ

pjq
t ` λ

N

`
Σ

pjq
t ˚ v̂

˘
p1 ` 2Γ

pjq
t q

´ 4Nλ|Λ|2v̂p0q|φ|2φ2δ

for j “ 0, 1.

Proof. We start with

Bt|φt|2 “2RepφtBtφtq
“2 ImpφtiBtφtq

“2λ

N
Im

´
pΣpjq

t ˚ v̂qp0qφ2t
¯
.

As a consequence, (B.2) implies that

BtΓ
pjq
t “p1 ` 2δ1,jf

p`q
0 qBtγt ` N |Λ|Bt|φt|2δ

“2λ

N
Im

´`
Σ

pjq
t ˚ v̂

˘ `
p1 ` 2δ1,jf

p`q
0 qσt ` N |Λ|φ2

t δ
˘¯

“ ´ 2λ

N
Im

´`
Σ

pjq
t ˚ v̂

˘
Σ

pjq
t

¯
.

Similarly, we obtain, using (B.1) and (B.3), that

iBtΣ
pjq
t “p1 ` 2δ1,jf

p`q
0 qiBtσt ` 2N |Λ|φtiBtφtδ

“p1 ` 2δ1,jf
p`q
0 q

´
2
`
E ` λ

N
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
σt

` λ

N

`
Σ

pjq
t ˚ v̂

˘
p1 ` 2γtq

¯
` 2λ|Λ|φtδ

´`
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
φt

` pΣpjq
t ˚ v̂qφt

¯
´ 4Nλ|Λ|2v̂p0q|φt|2φ2

t

“2
`
E ` λ

N
Γ

pjq
t ˚ pv̂ ` v̂p0qq

˘
Σ

pjq
t ` λ

N

`
Σ

pjq
t ˚ v̂

˘
p1 ` 2Γ

pjq
t q
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´ 4Nλ|Λ|2v̂p0q|φ|2φ2δ .

This concludes the proof. �

Lemma B.2. Assume that v̂ P L1?
1`E

XL8pΛ˚q. Recall the definition of the nonlinearity

~J “ pJ1,J2,J3q in the HFB equations, where

J1pφ,Γ,Σq “ ´ i
” λ
N

´`
Γ ˚ pv̂ ` v̂p0qq

˘
p0qφ ` pΣ ˚ v̂qp0qφ

¯
,

´ 2λ|Λ|v̂p0q|φ|2φ
ı

J2pφ,Γ,Σq “ ´ 2λ

N
Im

´`
Σ ˚ v̂

˘
Σ

¯
,

J3pφ,Γ,Σq “ ´ i
”
2
` λ
N
Γ ˚ pv̂ ` v̂p0qq

˘
Σ ` λ

N

`
Σ ˚ v̂

˘
p1 ` 2Γq

´ 4Nλ|Λ|2v̂p0q|φ|2φ2 δ
ı
,

see (4.2)–(4.3). Then there is a constant C ą 0 such that we have that

} ~J pφ1,Γ1,Σ1q ´ ~J pφ2,Γ2,Σ2q}X 1

ďC
´ λ
N

p}v̂}L1?
1`E

` }v̂}8q
`
}pφ1,Γ1,Σ1q}X 1 ` }pφ2,Γ2,Σ2q}X 1

˘

}pφ1 ´ φ2,Γ1 ´ Γ2,Σ1 ´ Σ2q}X 1 ` λ|Λ|v̂p0qp|φ1|2 ` |φ2|2q
`
1 ` N |Λ| 32 p|φ1| ` |φ2|q

˘
|φ1 ´ φ2|

Proof. J1 satisfies

|J1pφ1,Γ1,Σ1q ´ J1pφ2,Γ2,Σ2q|

ď λ

N

´
|Γ1 ´ Γ2| ˚ p|v̂| ` |v̂p0q|qp0q|φ1| ` |Γ2| ˚ p|v̂| ` |v̂p0q|qp0q|φ1 ´ φ2|

`
`
|Σ1 ´ Σ2| ˚ |v̂|

˘
p0q|φ1| `

`
|Σ2| ˚ |v̂|

˘
p0q|φ1 ´ φ2|

¯

` 2λ|Λ||v̂p0q|
ˇ̌
|φ1|2φ1 ´ |φ2|2φ2

ˇ̌
.

Using the fact that

|φ1|2 ´ |φ2|2 “ Re
“
pφ1 ´ φ2qpφ1 ` φ2q

‰
, (B.4)

we thus obtain that

|J1pφ1,Γ1,Σ1q ´ J1pφ2,Γ2,Σ2q|

ď λ

N

´
2}v̂}8

`
|φ1|}Γ1 ´ Γ2}1 ` }Γ2}1|φ1 ´ φ2|

˘

` }v̂}8
`
}Σ1 ´ Σ2}1|φ1| ` }Σ2}1|φ1 ´ φ2|

˘¯

` 4λ|Λ|v̂p0qp|φ1|2 ` |φ2|2q|φ1 ´ φ2| .
Next, we find that

}J2pφ1,Γ1,Σ1q ´ J2pφ2,Γ2,Σ2q}L1

1`E
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“2λ

N

ż
dp

ˇ̌
pΣ1 ´ Σ2q ˚ v̂ppqΣ1ppq ` Σ2 ˚ v̂ppq pΣ1 ´ Σ2qppq

ˇ̌`
1 ` Eppq

˘

ď2λ

N
}pΣ1 ´ Σ2q ˚ v̂}L2

1`E

`
}Σ1}L2

1`E
` }Σ2}L2

1`E

˘
(B.5)

by Cauchy-Schwarz, where we also used that
ş
dp f ˚ gppqhppq “

ş
dp h ˚ gppqfppq. In

addition, observe that Young’s inequality implies

}pΣ1 ´ Σ2q ˚ v̂}2 ď }v̂}1}Σ1 ´ Σ2}2 . (B.6)

Using Eppq “ 1
2
|p|2 and

a
Eppq ď

a
Epp ´ qq `

a
Epqq ,

Young’s inequality yields

}
`
pΣ1 ´ Σ2q ˚ v̂

˘?
E}2 ď }

`?
EpΣ1 ´ Σ2q

˘
˚ v̂}2 ` }pΣ1 ´ Σ2q ˚ p

?
Ev̂q}2

ď }
?
EpΣ1 ´ Σ2q}2}v̂}1 ` }Σ1 ´ Σ2}2}

?
Ev̂}1 . (B.7)

Collecting (B.5), (B.6), and (B.7), we conclude that

}J2pφ1,Γ1,Σ1q ´ J2pφ2,Γ2,Σ2q}L1

1`E

ď2λ

N

`
}Σ1}L2

1`E
` }Σ2}L2

1`E

˘
}v̂}L1?

1`E

p}Σ1 ´ Σ2}L2

1`E
` }Σ1 ´ Σ2}8q .

With similar steps, we arrive at

}J2pφ1,Γ1,Σ1q ´ J2pφ2,Γ2,Σ2q}8

ď2λ

N
}pΣ1 ´ Σ2q ˚ v̂}8

`
}Σ1}8 ` }Σ2}8

˘

ď2λ

N
}v̂}1

`
}Σ1}8 ` }Σ2}8

˘
}Σ1 ´ Σ2}8 .

Finally, J3 satisfies

}J3pφ1,Γ1,Σ1q ´ J3pφ2,Γ2,Σ2q}L2

1`E

ď2λ

N

´
}pΓ1 ´ Γ2q ˚ pv̂ ` v̂p0qq

˘
Σ1}L2

1`E
` }Γ2 ˚ pv̂ ` v̂p0qq

˘
pΣ1 ´ Σ2q}L2

1`E

` }pΣ1 ´ Σ2q ˚ v̂Γ1}L2

1`E
` }Σ2 ˚ v̂pΓ1 ´ Γ2q}L2

1`E
` 1

2
}pΣ1 ´ Σ2q ˚ v̂}L2

1`E

` 4Nλ|Λ| 52 v̂p0q
ˇ̌
|φ1|2φ2

1 ´ |φ2|2φ2
2

ˇ̌
. (B.8)

Again, Cauchy-Schwarz implies

}pΓ1 ´ Γ2q ˚ pv̂ ` v̂p0qq
˘
Σ1}L2

1`E

ď }pΓ1 ´ Γ2q ˚ v̂Σ1}L2

1`E
` v̂p0q}Γ1 ´ Γ2}1}Σ1}L2

1`E

ď
`
}pΓ1 ´ Γ2q ˚ v̂}L2

1`E
` v̂p0q}Γ1 ´ Γ2}1

˘
}Σ1}L2

1`E
.

(B.6) and (B.7) hence yield

}pΓ1 ´ Γ2q ˚ pv̂ ` v̂p0qq
˘
Σ1}L2

1`E
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ď
`
}v̂}L1?

1`E
}Γ1 ´ Γ2}L2

1`E
` v̂p0q}Γ1 ´ Γ2}1

˘
}Σ1}L2

1`E
. (B.9)

Moreover, by (B.4), we have that
ˇ̌
|φ1|2φ2

1 ´ |φ2|2φ2
2

ˇ̌
ď|φ1|2|φ2

1 ´ φ2
2| ` |φ2

2

ˇ̌
|φ1|2 ´ |φ2|2

ˇ̌

ďp|φ1|2 ` |φ2|2qp|φ1| ` |φ2|q|φ1 ´ φ2| . (B.10)

Then (B.8), (B.9), (B.10) and analogous estimates to those for J2 imply that

}J3pφ1,Γ1,Σ1q ´ J3pφ2,Γ2,Σ2q}L2

1`E

ď2λ

N
p}v̂}L1?

1`E
` }v̂}8q

`
p}Σ1}L2

1`E
` }Σ2}L2

1`E
q}Γ1 ´ Γ2}L2

1`E

` p}Γ1}L2

1`E
` }Γ2}L2

1`E
` 1

2
q}Σ1 ´ Σ2}L2

1`E

˘

` 4Nλ|Λ| 52 v̂p0qp|φ1|2 ` |φ2|2qp|φ1| ` |φ2|q|φ1 ´ φ2| .
Observe that

}Γ}L2

1`E
ď}Γ}

1

2

L1

1`E

}Γ}
1

28

ď 1

2
p}Γ}L1

1`E
` }Γ}8q ,

which is why

}J3pφ1,Γ1,Σ1q ´ J3pφ2,Γ2,Σ2q}L2

1`E

ď λ

N
p}v̂}L1?

1`E
` }v̂}8q

`
p}Σ1}L2

1`E
` }Σ2}L2

1`E
qp}Γ1 ´ Γ2}L1

1`E
` }Γ1 ´ Γ2}8q

` p}Γ1}L1

1`E
` }Γ1}8 ` }Γ2}L1

1`E
` }Γ2}8 ` 1q}Σ1 ´ Σ2}L2

1`E

˘

` 4Nλ|Λ| 52 v̂p0qp|φ1|2 ` |φ2|2qp|φ1| ` |φ2|q|φ1 ´ φ2| .
Similarly, we obtain that

}J3pφ1,Γ1,Σ1q ´ J3pφ2,Γ2,Σ2q}8

ď4λ

N
}v̂}8

`
p}Σ1}8 ` }Σ2}8q}Γ1 ´ Γ2}1

` p}Γ1}1 ` }Γ2}1 ` 1q}Σ1 ´ Σ2}8
˘

` 4Nλ|Λ| 52 v̂p0qp|φ1|2 ` |φ2|2qp|φ1| ` |φ2|q|φ1 ´ φ2| .
�

Proof of Lemma 4.2. As a consequence of pφ,Γ,Σq being a mild solution, we have that
ż
dp Γtppq “

ż
dp Γ0ppq ´ 2λ

N

ż t

0

ds ImxΣs ˚ v̂,Σsy . (B.11)

Let qf denote the inverse Fourier transform of f . Observe that due to Plancherel,

xΣs ˚ v̂,Σsy “
ż
dx |qΣspxq|2vpxq (B.12)
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is a real number, as }v}8 ď }v̂}1 ă 8, v is real-valued, and Σs P ℓ2pΛ˚q. As a consequence,
(B.11) implies

ż
dp Γtppq “

ż
dp Γ0ppq ,

as desired.
In order to show energy-conservation, we split the energy into its individual terms.

From equation (3.41), we have that
ż
dp EppqΓtppq “

ż
dp EppqΓ0ppq ´ 2λ

N

ż t

0

ds xΣs ˚ v̂, EΣsy , (B.13)

where we notice that Σs ˚ v̂ P L2
1`E XL8pΛ˚q. In particular, all terms in (B.13) are finite.

Next, we have that

λ

2N
xΓt ˚ pv̂ ` v̂p0qq,Γty ´ λ

2N
xΓ0 ˚ pv̂ ` v̂p0qq,Γ0y

“ λ

N

ż t

0

ds xΓs ˚ pv̂ ` v̂p0qq, BsΓsy

“ ´ 2λ2

N2

ż t

0

ds xΓs ˚ pv̂ ` v̂p0qq, Im
´

pΣs ˚ v̂qΣs

¯
y

“ ´ 2λ2

N2

ż t

0

ds ImxΣs ˚ v̂, pΓs ˚ v̂qΣsy , (B.14)

where the expressions in each line are finite. Using the fact that Σs ˚ v̂ P L2
1`E X L8pΛ˚q,

equation (3.41) for Σ

λ

2N
xΣt ˚ v̂,Σty ´ λ

2N
xΣ0 ˚ v̂,Σ0y

“ λ

N

ż t

0

ds ImxΣs ˚ v̂, iBsΣsy

“ λ

N
Im

ż t

0

ds

ż
dp pΣs ˚ v̂qppq

´
2
`
Eppq ` λ

N
Γs ˚ pv̂ppq ` v̂p0qq

˘
Σsppqq

` λ

N

`
Σs ˚ v̂ppq

˘
p1 ` 2Γsppqq ´ 4Nλ|Λ|2v̂p0q|φs|2φ2

sδppq
¯

“2λ

N
Im

ż t

0

ds
´

xΣs ˚ v̂, pE ` λ

N
Γs ˚ v̂qΣsy

´ 2Nλ|Λ|2v̂p0q|φs|2pΣs ˚ v̂qp0qφ2
s

¯
. (B.15)

In addition, equation (3.41) for φ implies

´ N |Λ|2λv̂p0q
`
|φt|4 ´ |φ0|4

˘

“ ´ 2N |Λ|2λv̂p0q Im
ż t

0

ds |φs|2φsiBsφs

“ ´ 2|Λ|2λ2v̂p0q Im
ż t

0

ds |φs|2pΣs ˚ v̂qp0qφ2s
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“2|Λ|2λ2v̂p0q Im
ż t

0

ds |φs|2pΣs ˚ v̂qp0qφ2
s . (B.16)

Collecting (B.13), (B.14), (B.15), (B.16), we obtain that EHFBpφt,Γt,Σtq is differentiable
w.r.t. t, and that

BtEHFBpφt,Γt,Σtq “ 0 .

This concludes the proof. �

Appendix C. Boltzmann evolution

Lemma C.1 (Calculation of collision operators). Using the notation in Lemma A.2, the
cubic Boltzmann operator is given by

1

N

ż t

0

ds Q3rf0sps, pq “

2λ2

N
Re

ż

r0,ts2
ds2 1s1ěs2

ż
dp3

´ 1

2!

`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq

˘

wp2,1q
s1

pp3qwp2,1q
s2

pp3qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘
δpp1 ` p2 ´ p3q

` rf0pp1q rf0pp2qf0pp3q ´ f0pp1qf0pp2q rf0pp3q
˘

` 1

3!

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq

˘

wp3,0q
s1

pp3qwp3,0q
s2

pp3qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘
δpp1 ` p2 ` p3q

` rf0pp1q rf0pp2q rf0pp3q ´ f0pp1qf0pp2qf0pp3q
˘¯
,

and the quartic Boltzmann operator is given by

1

N2

ż t

0

ds Q4rf0sps, pq “

2λ2

N2
Re

ż

r0,ts2
ds2 1s1ěs2

ż
dp4

´ 1

p2!q2w
p2,2q
s1

pp4qwp2,2q
s2

pp4q
`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq ´ δpp4 ´ pq

˘

δpp1 ` p2 ´ p3 ´ p4qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q´Ωτ pp4q

˘

` rf0pp1q rf0pp2qf0pp3qf0pp4q ´ f0pp1qf0pp2q rf0pp3q rf0pp4q
˘

` 1

3!
wp3,1q

s1
pp4qwp3,1q

s2
pp4q

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq ´ δpp4 ´ pq

˘

δpp1 ` p2 ` p3 ´ p4qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q´Ωτ pp4q

˘

` rf0pp1q rf0pp2q rf0pp3qf0pp4q ´ f0pp1qf0pp2qf0pp3q rf0pp4q
˘

` 1

4!
wp4,0q

s1
pp4qwp4,0q

s2
pp4q
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`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq ` δpp4 ´ pq

˘

δpp1 ` p2 ` p3 ` p4qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q`Ωτ pp4q

˘

` rf0pp1q rf0pp2q rf0pp3q rf0pp4q ´ f0pp1qf0pp2qf0pp3qf0pp4q
˘¯
.

Proof. Recall that Lemma A.2 implies

Hcubptq :“
λ?
N

ż
dp3

´
δpp1 ` p2 ` p3qei

şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘

1

3!
w

p3,0q
t pp3qa:

p1
a:
p2
a:
p3

` δpp1 ` p2 ´ p3qei
şt
0
dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘

1

2!
w

p2,1q
t pp3qa:

p1
a:
p2
ap3

` h.c.
¯
.

Using (3.19), we hence have that

1

N

ż t

0

ds Q3rf0sps, pq “

´
ż

r0,ts2
ds2 1s1ěs2

´xrra:
pap,Hcub ps1qs,Hcub ps2qsy0

|Λ| (C.1)

` xrra:
pap,Hcub ps1qs,Hcub ps2qsy0

|Λ|
¯

“ (C.2)

´ 2λ2

N |Λ| Re
ż

r0,ts2
ds2 1s1ěs2

ż
dp3 dk3

”
xrra:

pap, a
:
p1a

:
p2ap3s, a:

k3ak2ak1sy0

1

p2!q2w
p2,1q
s1

pp3qwp2,1q
s2

pk3qδpp1 ` p2 ´ p3qδpk1 ` k2 ´ k3q

ei
şs1
0

dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘
´i

şs2
0

dτ

`
Ωτ pk1q`Ωτ pk2q´Ωτ pk3q

˘

` xrra:
pap, a

:
p1a

:
p2a

:
p3s, ak1ak2ak3sy0

1

p3!q2w
p3,0q
s1

pp3qwp3,0q
s2

pk3qδpp1 ` p2 ` p3qδpk1 ` k2 ` k3q

ei
şs1
0

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘
´i

şs2
0

dτ

`
Ωτ pk1q`Ωτ pk2q`Ωτ pk3q

˘

` all contractions of the form (C.1)–(C.2)
ı
. (C.3)
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We recognize the collision kernels wp2,1q and wp3,0q. Now observe that

xrra:
pap, A1a

:
pjA2s, B1akℓB2sy0 “δpp´ pjq

` rf0ppq ´ f0ppq
˘
xrrA1a

:
pjA2s, B1akℓB2sy0

“δpp´ pjqxrrA1a
:
pjA2s, B1akℓB2sy0 ,

xrra:
pap, A1apjA2s, B1a

:
kℓB2sy0 “ ´ δpp ´ pjqxrrA1a

:
pjA2s, B1akℓB2sy0 .

In particular, we have that

xrra:
pap, a

:
p1a

:
p2a

:
p3s, ak1ak2ak3sy0

` all contractions of the form (C.1)–(C.2)

“
`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq

˘
´ ÿ

πPS2

δpp1 ´ kπp1qqδpp2 ´ kπp2qq
¯
δpp3 ´ k3q

`
f0pp1qf0pp2q rf0pp3q ´ rf0pp1q rf0pp2qf0pp3q

˘
,

and similarly

xrra:
pap, a

:
p1a

:
p2ap3s, a:

k3ak2ak1sy0
` all contractions of the form (C.1)–(C.2)

“
`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq

˘
ÿ

πPS3

δpp1 ´ kπp1qqδpp2 ´ kπp2qqδpp3 ´ kπp3qq
`
f0pp1qf0pp2qf0pp3q ´ rf0pp1q rf0pp2q rf0pp3q

˘
.

Exploiting the symmetry of w
p2,1q
s pk3q w.r.t. permutations of pk1, k2q and the symmetry

of w
p3,0q
s pk3q w.r.t. permutations of pk1, k2, k3q, (C.3) yields

1

N

ż t

0

ds Q3rf0sps, pq “

2λ2

N
Re

ż

r0,ts2
ds2 1s1ěs2

ż
dp3

´ 1

2!

`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq

˘

wp2,1q
s1

pp3qwp2,1q
s2

pp3qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q

˘
δpp1 ` p2 ´ p3q

` rf0pp1q rf0pp2qf0pp3q ´ f0pp1qf0pp2q rf0pp3q
˘

` 1

3!

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq

˘

wp3,0q
s1

pp3qwp3,0q
s2

pp3qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q

˘
δpp1 ` p2 ` p3q

` rf0pp1q rf0pp2q rf0pp3q ´ f0pp1qf0pp2qf0pp3q
˘¯
.
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With analogous steps, one obtains

1

N2

ż t

0

ds Q4rf0sps, pq “

2λ2

N2
Re

ż

r0,ts2
ds2 1s1ěs2

ż
dp4

´ 1

p2!q2w
p2,2q
s1

pp4qwp2,2q
s2

pp4q
`
δpp1 ´ pq ` δpp2 ´ pq ´ δpp3 ´ pq ´ δpp4 ´ pq

˘

δpp1 ` p2 ´ p3 ´ p4qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q´Ωτ pp3q´Ωτ pp4q

˘

` rf0pp1q rf0pp2qf0pp3qf0pp4q ´ f0pp1qf0pp2q rf0pp3q rf0pp4q
˘

` 1

3!
wp3,1q

s1
pp4qwp3,1q

s2
pp4q

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq ´ δpp4 ´ pq

˘

δpp1 ` p2 ` p3 ´ p4qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q´Ωτ pp4q

˘

` rf0pp1q rf0pp2q rf0pp3qf0pp4q ´ f0pp1qf0pp2qf0pp3q rf0pp4q
˘

` 1

4!
wp4,0q

s1
pp4qwp4,0q

s2
pp4q

`
δpp1 ´ pq ` δpp2 ´ pq ` δpp3 ´ pq ` δpp4 ´ pq

˘

δpp1 ` p2 ` p3 ` p4qei
şs1
s2

dτ

`
Ωτ pp1q`Ωτ pp2q`Ωτ pp3q`Ωτ pp4q

˘

` rf0pp1q rf0pp2q rf0pp3q rf0pp4q ´ f0pp1qf0pp2qf0pp3qf0pp4q
˘¯
.

This concludes the proof. �

Lemma C.2 (Calculation of collision operators for pΦ, gq). Recall from (2.22) and (2.23)
that ~p3 “ pp3, p2, p1q and p “ pp1, p2,´p3q. Using the notation in Lemma A.2, the cubic
Boltzmann operator for Φ is given by

ż t

0

ds Q
pΦq
3 rf0spsq “

λ2
ż

r0,ts2
ds2 1s1ěs2e

i
şs1
0

dτ Ωτ p0q
”1
2
δpp1 ` p2 ´ p3q

´
e
i

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq

wp3,1q
s1

p0,p3qwp2,1q
s2

pp3q ´ e
´i

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq
wp2,2q

s1
p0, ~p3qwp2,1q

s2
p ~p3q

¯

`
f0pp1qf0pp2q rf0pp3q ´ rf0pp1q rf0pp2qf0pp3q

˘

` 1

3!
δpp1 ` p2 ` p3q

´
wp4,0q

s1
p0,p3qwp3,0q

s2
pp3qei

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq

´ wp3,1q
s1

pp3, 0qwp3,0q
s2

pp3qe´i
şs1
s2

dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq
¯

`
f0pp1qf0pp2qf0pp3q ´ rf0pp1q rf0pp2q rf0pp3q

˘ı
,
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and for g, it is given by
ż t

0

ds Q
pgq
3 rf0spsqrJs “

λ2
ż
dp Jppq

ż

r0,ts2
ds2 1s1ěs2

ż
dp3

”
δpp1 ` p2 ´ p3q

´
δpp ´ p3qe2i

şs1
0

dτ Ωτ pp3q

e
i

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq
wp3,0q

s1
pp3qwp2,1q

s2
pp3q ´ 2δpp ´ p1qe´2i

şs1
0

dτ Ωτ pp1q

e
´i

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq
wp2,1q

s1
pp3qwp2,1q

s2
pp3q

¯

`
f0pp1qf0pp2q rf0pp3q ´ rf0pp1q rf0pp2qf0pp3q

˘

` δpp ´ p3qe2i
şs1
0

dτ Ωτ pp3qδpp1 ` p2 ` p3qe´i
şs1
s2

dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq

wp2,1q
s1

pp3qwp3,0q
s2

pp3q
` rf0pp1q rf0pp2q rf0pp3q ´ f0pp1qf0pp2qf0pp3q

˘ı
.

Proof. With analogous calculations as in Lemma C.1, we obtain

1

N
3

2

ż t

0

ds Q
pΦq
3 rf0spsq “ ´ 1

|Λ|

ż

r0,ts2
ds2 1s1ěs2xrra0, Hquartps1qs, Hcubps2qsy0

“ λ2

N
3

2

ż

r0,ts2
ds2 1s1ěs2e

i
şs1
0

dτ Ωτ p0q
”1
2
δpp1 ` p2 ´ p3qei

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq

wp3,1q
s1

p0,p3qwp2,1q
s2

pp3q
`
f0pp1qf0pp2q rf0pp3q ´ rf0pp1q rf0pp2qf0pp3q

˘

` 1

3!
δpp1 ` p2 ` p3q

´
wp4,0q

s1
p0,p3qwp3,0q

s2
pp3qei

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq

´ wp3,1q
s1

pp3, 0qwp3,0q
s2

pp3qe´i
şs1
s2

dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq
¯

`
f0pp1qf0pp2qf0pp3q ´ rf0pp1q rf0pp2q rf0pp3q

˘ı
.

` 1

2
wp2,2q

s1
p0,p3qwp2,1q

s2
pp3qδpp1 ´ p2 ´ p3qei

şs1
s2

dτ pΩτ pp1q´Ωτ pp2q´Ωτ pp3qq

`
f0pp1q rf0pp2q rf0pp3q ´ rf0pp1qf0pp2qf0pp3q

˘
.

In order to conclude the computation of Q
pΦq
3 rf0sptq, we substitute p1 Ø p3 in the last

term.
Similarly, we compute

ż t

0

ds Q
pgq
3 rf0spsqrJs “ ´ N

|Λ|

ż
dp Jppq

ż

r0,ts2
ds2 1s1ěs2xrrapa´p, Hcubps1qs, Hcubps2qsy0

“ λ2
ż
dp Jppq

ż

r0,ts2
ds2 1s1ěs2

ż
dp3

”
δpp ´ p3qe2i

şs1
0

dτ Ωτ pp3q

´
δpp1 ` p2 ´ p3qei

şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq
wp3,0q

s1
pp3qwp2,1q

s2
pp3q

`
f0pp1qf0pp2q rf0pp3q ´ rf0pp1q rf0pp2qf0pp3q

˘
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` δpp1 ` p2 ` p3qe´i
şs1
s2

dτ pΩτ pp1q`Ωτ pp2q`Ωτ pp3qq
wp2,1q

s1
pp3qwp3,0q

s2
pp3q

` rf0pp1q rf0pp2q rf0pp3q ´ f0pp1qf0pp2qf0pp3q
˘¯

` 2δpp ´ p1qe´2i
şs1
0

dτ Ωτ pp1qδpp1 ` p2 ´ p3qe´i
şs1
s2

dτ pΩτ pp1q`Ωτ pp2q´Ωτ pp3qq

wp2,1q
s1

pp3qwp2,1q
s2

pp3q
` rf0pp1q rf0pp2qf0pp3q ´ f0pp1qf0pp2q rf0pp3q

˘
.

Rearranging the terms yields the result. �

Appendix D. Trace estimates

Lemma D.1 (Number operator moments). We have for all ℓ P N0 that

xpNb ` |Λ|q ℓ
2 y0 ď Cℓ,}f0}d |Λ| ℓ

2 .

Lemma D.2 (Operator product bound). Let Aj P Pra, a:s be monomials in a, a:, γj ą 0,
and kj P N be such that

}PmAjPm´signpAjq} ď γjpm` |Λ|qkj{2

for all j P t1, . . . , ℓu and all m P N0. Then we have that

|νp
ℓź

j“1

Ajq| ď
´ ℓź

j“1

γj

¯
ν

´`
N `

ℓÿ

m“1

| signpAmq| ` |Λ|
˘řℓ

j“1
kj{2

¯

for any state ν.

Lemma D.3. Given a test function J P L2 X L8pΛ˚q, let

f rJs :“
ż

Λ˚
dp Jppqa:

pap ,

grJs :“
ż

Λ˚
dp Jppqa´pap .

Then we have

}Pmf rJsPn} ďδm,n}J}8m,

}PmgrJsPn} ď δn,m`2p}J}2 ` }J}8qpm ` 1 ` |Λ|q .
For the following standard result, we need to introduce some notation. For a proof of

the statement, we refer, e.g., to [5, 6]. Denote

ap1q
p :“ a:

p , ap´1q
p :“ ap .

Given a finite ordered subset J “ tj1 ă j2 ă . . . ă jru Ă N and σjk P t˘1u, we define the
ordered product

ź

jPJ
apσj q
pj

:“ a
pσj1

q
pj1

. . . apσjr q
pjr

.

In addition, we abbreviate

pJ :“ ppjkqrk“1 ,
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as well as

apσqppJq :“
ź

jPJ
apσq
pj
. (D.1)

Note that we have that

rNb,
ź

jPJ
apσjq
pj

s “
ÿ

jPJ
σj

ź

jPJ
apσj q
pj

. (D.2)

Furthermore, we define the sets

J˘ :“ tj P J | σj “ ˘1u
and the Wick-ordered product

:
ź

jPJ
apσjq
pj

: :“ a:ppJ`qappJ´q

with all creation operators to the left, and all annihilation operators to the right.
Finally, in order to keep track of the correct scaling, it is useful to work with the rescaled

ℓ2pΛ˚q-norm

}H}L2pΛ˚q “ 1a
|Λ|

}H}ℓ2pΛ˚q .

More generally, we also define

}H}L8
pm

L2

kn
ppΛ˚qm`nq :“ sup

pmPpΛ˚qm

´ ż

pΛ˚qn
dkn|Hppm,knq|2

¯ 1

2

,

}H}L2

kn
L8
pm

ppΛ˚qm`nq :“
´ ż

pΛ˚qn
dkn sup

pmPpΛ˚qm
|Hppm,knq|2

¯ 1

2

,

where in the case n “ 0, this norm reduces to }H}L8
pm

ppΛ˚qmq, and in the case m “ 0, to

}H}L2

kn
ppΛ˚qnq.

Lemma D.4 (Wick-ordered operator bound). Let M P N0, n P N, J :“ t1, . . . , nu,
σj P t˘1u for all j P J . Let H : pΛ˚qn Ñ C, and gj : Λ

˚ Ñ C be given functions. Then
the following holds true

(1) If J˘ ‰ H, we have that
›››

ż

pΛ˚qn
dpnHppnqδp

nÿ

j“1

pjσjq
nź

j“1

gjppjq :
nź

j“1

apσj q
pj

: PM

›››

ď }|H | 12
ź

jPJ´

gjppjqδp
nÿ

j“1

σjpjq
1

2 }L8
pJ`

L2
pJ´

}|H | 12
ź

jPJ`

gjppjqδp
nÿ

j“1

σjpjq
1

2 }L8
pJ´

L2
pJ`

pM `
nÿ

j“1

σjq
1

2

|J`|pMq
1

2

|J´|1Mě|J´| ,

where

pxqm :“
m´1ź

k“0

px´ kq
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denotes the falling factorial.
(2) If J` “ H and n ě 2, we find that

›››
ż

pΛ˚qn
dpnHppnqδp

nÿ

j“1

pjqappnqPM

›››

ď
`
}H}2L2

pn´2L
8
pn´1,pn

pM ´ n` 1q ` |Λ|}δp
nÿ

j“1

pjq
1

2H}2L2
pn

˘ 1

2 pMq
1

2

n´1 .

Similarly, in the case J´ “ H, we have that
›››

ż

pΛ˚qn
dpnHppnqδp

nÿ

j“1

pjqa:ppnqPM

›››

ď
`
}H}2L2

pn´2
L8
pn´1,pn

pM ` 1q ` |Λ|}δp
nÿ

j“1

pjq
1

2H}2L2
pn

˘ 1

2 pM ` nq
1

2

n´1 .

(3) If n “ 1, we obtain

}a0PM} “
a
M |Λ| .

Appendix E. Bounds on fluctuation dynamics

Lemma E.1 (Bogoliubov dynamics). Assume that |Λ| ě 1. For any t ě 0, let ut, vt be
defined as in (2.9), such that γt :“ |vt|2 P L1 X L8pΛ˚q. Then, for any ℓ P N, there exist
constants Cℓ ą 0 such that for any t ą 0 we have that

››pNb ` |Λ|q ℓ
2T rk0spNb ` |Λ|q´ ℓ

2

›› ď Cℓp1 ` }γ0}1 ` }γ0}8q ℓ
2 ,

››pNb ` |Λ|q ℓ
2T :rktspNb ` |Λ|q´ ℓ

2

›› ď Cℓp1 ` }γt}1 ` }γt}8q ℓ
2 .

Proof. Recall the facts that utppq2 “ 1 ` |vtppq|2 “ 1 ` γt, see (2.11), and that γt is even.
Employing (2.10) and Lemma D.3, we obtain

T :rk0sNbT rk0s “
ż

Λ˚
dp pu0ppqa:

p ` v0ppqa´pqpu0ppqap ` v0ppqa:
´pq

“ Nb `
ż

Λ˚
dp

`
2γ0ppqa:

pap ` pσ0ppqa:
pa

:
´p ` h.c.q ` |Λ|γ0ppq

˘
.

Lemma D.3 implies

}Pmf r1 ` 2γ0sPn} ď δm,np1 ` 2}γ0}8qm,

}Pmgrσ0sPn} ď δn,m`2p}σ0}2 ` }σ0}8qpm` 1 ` |Λ|q . (E.1)

Due to |σ|2 “ γpγ ` 1q, see (2.13), we have

}σ}2 ď }γ}
1

2

1 p1 ` }γ}8q 1

2 ď 1

2
p1 ` }γ}1 ` }γ}8q ,

}σ}8 ď }γ}
1

28p1 ` }γ}8q 1

2 ď 1

2
p1 ` 2}γ}8q .

As a consequence, (E.1) implies

}Pmgrσ0sPn} ď δn,m`2

2
p2 ` }γ0}1 ` 3}γ0}8qpm` 1 ` |Λ|q .
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Using |Λ| ě 1, Lemma D.2 then yields

xψ, T :rk0spNb ` |Λ|qℓT rk0sψy “ xψ,
`
T :rk0sNbT rk0s ` |Λ|

˘ℓ
ψy

.ℓ p1 ` }γ0}1 ` }γ0}8qℓxψ,
`
Nb ` |Λ| ` ℓ

˘ℓ
ψy

.ℓ p1 ` }γ0}1 ` }γ0}8qℓxψ, pNb ` |Λ|qℓψy .
With analogous steps, we obtain

xψ, T rktspNb ` |Λ|qℓT :rktsψy .ℓ p1 ` }γt}1 ` }γt}8qℓxψ, pNb ` |Λ|qℓψy .
This concludes the proof. �

Lemma E.2 (BEC fluctuation dynamics). Assume |Λ| ě 1. Let φ P L8p0, tq for all

t ą 0. Define pUN ptq :“ W:r
a
N |Λ|φtse´itHNWr

a
N |Λ|φ0s. Then there are Cℓ, Kℓ ą 0

such that
›››pNb ` |Λ|q ℓ

2 pUN ptqpNb ` |Λ|q´ ℓ
2

`
1 ` Nb

N |Λ|
˘´ 1

2

›››

ď Cℓ

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯ℓ

eKℓ}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

for all ℓ P N.

Proof. We need to reprove this statement as, compared to [37], here, v̂p0q ‰ 0 and φ is not
stationary. Nonetheless, we follow the steps of the proof in [29]. We show the statement
by induction on ℓ. Let ψ P F be arbitrary with }ψ} “ 1.

(1) Induction basis: Define

H
pφtq
BEC :“

a
N |Λ|a:

0p´iBtφt ` λ|Λ|v̂p0q|φt|2φtq ` h.c.

H
pcor,φtq
HFB :“ λ|Λ|

2

ż
dp v̂ppq

`
φ2
ta

:
pa

:
´p ` φ

2

tapa´p

˘

H
pφtq
cub :“ λ

a
|Λ|?
N

ż
dp2 v̂pp2q

`
a:
p1
a:
p2
ap12φt ` a:

p12
ap2ap1φt

˘
.

Substituting (4.1) and recalling definitions (2.17), we find that

H
pφtq
BEC “ ´ λ

a
|Λ|?
N

a
:
0

´`
ΓT
t ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣT

t ˚ v̂qp0qφt

¯
` h.c.

Then (A.8) and (A.9) imply that

iBtx pUN ptqψ, pNb ` |Λ|q pUNptqψy
“ x pUNptqψ, rNb,H

pφtq
BEC ` H

pcor,φtq
HFB ` H

pφtq
cub s pUNptqψy .

(E.2)

Recall from (D.2) that for any monomial A P Pra, a:s we have

rNb, As “ signpAqA .
Employing Lemmata D.3 and D.4 together with Young’s inequality, (E.2) yields

|Btx pUNptqψ, pNb ` |Λ|q pUNptqψy|
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ďCp}v̂}1 ` }v̂}8qλ
´ |Λ|?

N
p}ΓT

t }1 ` }ΣT
t }2 ` }ΣT

t }8q|φt|

x pUNptqψ, pNb ` |Λ|q 1

2 pUN ptqψy
` |φt|2|Λ|x pUNptqψ, pNb ` |Λ|q pUN ptqψy

` |φt|
a

|Λ|?
N

x pUNptqψ, pNb ` |Λ|q 3

2 pUNptqψy
¯

ďCp}v̂}1 ` }v̂}8qλ|Λ|
´p}ΓT

t }1 ` }ΓT
t }8q2

N

` |φt|2x pUNptqψ, pNb ` |Λ|q pUN ptqψy

` 1

N |Λ| x pUNptqψ, pNb ` |Λ|q2 pUN ptqψy
¯
, (E.3)

where in the last step, we used Cauchy-Schwarz together with Lemma 4.5. Our
goal now is to bound 1

N
x pUNptqψ, pNb ` |Λ|q2 pUNptqψy in terms of x pUNptqψ, pNb `

|Λ|q pUNptqψy and time-dependent ψ-independent terms, in order to close the esti-
mate. Using

Wr
a
N |Λ|φtsapW:r

a
N |Λ|φts “ ap ´

a
N |Λ|φtδppq ,

we derive that

rNb,W
:r

a
N |Λ|φtss “ ´

a
N |Λ|W:r

a
N |Λ|φtspφta0 ` φta

:
0q

` N |Λ|W:r
a
N |Λ|φts

“ ´
`a

N |Λ|pφta0 ` φta
:
0q ` N |Λ|

˘
W:r

a
N |Λ|φts ,

rNb,Wr
a
N |Λ|φ0ss “Wr

a
N |Λ|φ0s

`?
Npa0 ` a

:
0q ` N |Λ|

˘
.

From these identities and using rNb,HN s “ 0 and φ0 “ |Λ|´ 1

2 , we obtain that

rNb, pUN ptqs “rNb,W
:r

a
N |Λ|φtsse´itHNWr

a
N |Λ|φ0s

` W:r
a
N |Λ|φ0se´itHN rNb,Wr

a
N |Λ|φ0ss

“ ´
a
N |Λ|pφta0 ` φta

:
0q pUN ptq `

?
N pUNptqpa0 ` a

:
0q . (E.4)

As a consequence, we have that

x pUNptqψ,N 2
b

pUN ptqψy
“ xNb

pUN ptqψ, pUNptqNbψy `
?
NxNb

pUN ptqψ, pUNptqpa0 ` a:
0qψy

´
a
N |Λ|xNb

pUN ptqψ, pφta0 ` φta
:
0q pUNptqψy .
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Using Cauchy-Schwarz and employing the fact that pUN ptq : F Ñ F is a unitary
transformation, we thus obtain

x pUNptqψ,N 2
b

pUNptqψy

ď }Nb
pUN ptqψ}

´
} pUNptqNbψ} `

?
N

`a
|Λ|}pφta0 ` φta

:
0q pUN ptqψ}

` } pUN ptqpa0 ` a
:
0qψ}

˘¯

ď }Nb
pUN ptqψ}

´
}Nbψ} `

?
N

`a
|Λ||φt|p}a0 pUN ptqψ}

` }a:
0

pUNptqψ}q ` }a0ψ} ` }a:
0ψ}

˘¯
.

(E.5)

Lemma D.4 implies

}a0ψ}2 “
8ÿ

M“0

}PMa0ψ}2 “
8ÿ

M“1

}a0PM´1ψ}2

ď
8ÿ

M“1

pM ´ 1q|Λ|}PM´1ψ}2 “ |Λ|}
a
Nbψ}2 .

(E.6)

Similarly, we have that

}a:
0ψ} ď

a
|Λ|}

a
Nb ` 1ψ} (E.7)

Employing (E.6) and (E.7), (E.5) implies

x pUNptqψ,N 2
b

pUN ptqψy

ď }Nb
pUNptqψ}

´
}Nbψ} ` 2

a
N |Λ|

`a
|Λ||φt|}

a
Nb ` 1pUNptqψ}

` }
a
Nb ` 1ψ}

˘¯
.

Young’s inequality then implies

x pUNptqψ,N 2
b

pUNptqψy

ď 1

2
x pUNptqψ,N 2

b
pUNptqψy ` C

´
xψ,

`
N 2

b ` N |Λ|pNb ` 1q
˘
ψy

` N |Λ|2|φt|2x pUNptqψ, pNb ` 1q pUN ptqψy
¯

Rearranging terms, we thus obtain that

1

N |Λ| x pUNptqψ,N 2
b

pUNptqψy

ďC
´

|Λ||φt|2x pUN ptqψ, pNb ` 1q pUNptqψy ` xψ,
`
Nb ` 1 ` N 2

b

N |Λ|
˘
ψy

¯
.

(E.8)

Substituting this into (E.3) and using |Λ| ě 1, we obtain that

|Btx pUNptqψ, pNb ` |Λ|q pUN ptqψy|

ďC}v̂}w,dλ|Λ|
´p}ΓT

t }1 ` }ΓT
t }8q2

N
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` |Λ||φt|2x pUNptqψ, pNb ` |Λ|q pUNptqψy ` xψ,
`
Nb ` |Λ| ` N 2

b

N |Λ|
˘
ψy

¯
.

Lemma 4.5 then implies

|Btx pUNptqψ, pNb ` |Λ|q pUN ptqψy|

ďC}v̂}w,dλ|Λ|
´
eC}v̂}w,dp1` }ΓT

0
}1

N
qλt p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

`
´
1 ` }ΓT

0 }1
N

¯
x pUN ptqψ, pNb ` |Λ|q pUNptqψy ` xψ,

`
Nb ` |Λ| ` N 2

b

N |Λ|
˘
ψy

¯

Grönwall’s inequality then implies

x pUNptqψ, pNb ` |Λ|q pUN ptqψy

ď C1

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯
eK1}v̂}w,dp1` }ΓT

0
}1

N
qλ|Λ|t

xψ,
`
Nb ` |Λ| ` N 2

b

N |Λ|
˘
ψy .

(2) Induction Step: Assume that

x pUNptqψ, pNb ` |Λ|qj pUNptqψy

ďCj

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j

eKj}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qj
`
1 ` Nb

N |Λ|
˘
ψy

(E.9)

for all 1 ď j ď ℓ and some constants Cj , Kj, and any ψ P F . We compute

iBtx pUN ptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy
“ x pUN ptqψ,

“
pNb ` |Λ|qℓ`1,H

pφtq
BEC ` H

pcor,φtq
HFB ` H

pφtq
cub s pUN ptqψy

“
ℓ`1ÿ

j“1

@ pUNptqψ, pNb ` |Λ|qj´1
“
Nb,H

pφtq
BEC ` H

pcor,φtq
HFB ` H

pφtq
cub

‰

pNb ` |Λ|qℓ`1´j pUNptqψ
D
.

(E.10)

Let

Acubrv̂s :“
ż
dp3 v̂pp2qδpp1 ` p2 ´ p3qa:

p1
a:
p2
ap3 .
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Using (D.2) and recalling Lemma D.3, (E.10) yields

iBtx pUNptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy

“ 2λ

ℓ`1ÿ

j“1

Im
´

´
a

|Λ|?
N

``
ΓT
t ˚ pv̂ ` v̂p0qq

˘
p0qφt ` pΣT

t ˚ v̂qp0qφt
˘

x pUN ptqψ, pNb ` |Λ|qj´1a:
0pNb ` |Λ|qℓ`1´j pUN ptqψy

` |Λ|φ2t x pUNptqψ, pNb ` |Λ|qj´1grv̂spNb ` |Λ|qℓ`1´j pUNptqψy

´
a

|Λ|φt?
N

x pUN ptqψ, pNb ` |Λ|qj´1Acubrv̂spNb ` |Λ|qℓ`1´j pUN ptqψy

“ 2λ

ℓ`1ÿ

j“1

Im

8ÿ

m,n“0

pm` |Λ|qj´1pn ` |Λ|qℓ`1´j

A
pUN ptqψ, Pm

´
´

a
|Λ|?
N

``
ΓT
t ˚ pv̂ ` v̂p0qq

˘
p0qφt

` pΣT
t ˚ v̂qp0qφt

˘
a

:
0 ` |Λ|φ2

tgrv̂s ´
a

|Λ|φt?
N

Acubrv̂s
¯
Pn

pUNptqψ
E
.

Observe that we have

Pmgrv̂sPn “Pmgrv̂sPm`2δn,m`2 ,

PmAcubrv̂sPn “PmAcubrv̂sPm´1δn,m´1 .

Lemmata D.3 and D.4, and (E.11) then imply

|Btx pUNptqψ, pNb ` |Λ|qℓ`1 pUNptqψy|

ďCλ
ℓ`1ÿ

j“1

8ÿ

m,n“0

pm` |Λ|qj´1pn` |Λ|qℓ`1´j}Pm
pUN ptqψ}}Pn

pUN ptqψ}

´a
|Λ|?
N

}v̂}w,dp}ΓT
t }1 ` }ΓT

t }8q|φt|}a:
0Pm´1}δn,m´1

` |Λ||φt|2}grv̂sPm`2}δn,m`2 `
a

|Λ||φt|}Acubrv̂sPm´1}?
N

δn,m´1

¯

ďC}v̂}w,dλ

ℓ`1ÿ

j“1

8ÿ

m,n“0

pm ` |Λ|qj´1pn` |Λ|qℓ`1´j

`
}Pm

pUNptqψ}2 ` }Pn
pUN ptqψ}2

˘

´ |Λ|?
N

p}ΓT
t }1 ` }ΓT

t }8q|φt|m
1

2 δn,m´1

` |Λ||φt|2pm ` 2 ` |Λ|qδn,m`2 `
a

|Λ||φt|m
3

2?
N

δn,m´1

¯
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ďC}v̂}w,dλ|Λ|
ℓ`1ÿ

j“1

8ÿ

m“0

pm` |Λ|qj´1pm` 2 ` |Λ|qℓ`1´j}Pm
pUN ptqψ}2

´p}ΓT
t }1 ` }ΓT

t }8q2
N

` |φt|2pm ` 2 ` |Λ|q ` pm ` 1q2
N |Λ|

¯
,

where, in the last step, we applied Cauchy-Schwarz. We can rewrite the last
inequality as

|Btx pUNptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy|

ďKℓ}v̂}w,dλ|Λ|
´p}ΓT

t }1 ` }ΓT
t }8q2

N
x pUNptqψ, pNb ` |Λ|qℓ pUNptqψy

` |φt|2x pUNptqψ, pNb ` |Λ|qℓ`1 pUNptqψy

` 1

N |Λ|x
pUNptqψ, pNb ` |Λ|qℓ`2 pUN ptqψy

¯
.

The induction hypothesis (E.9) and Lemma 4.5 then imply

|Btx pUNptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy|

ďCℓ}v̂}w,dλ|Λ|
”´

1 ` p}ΓT
0 }1 ` }ΓT

0 }8 ` 1q2
N

¯ℓ

eKℓ}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qℓ
`
1 ` Nb

N |Λ|
˘
ψy

`
´
1 ` }ΓT

0 }1
N

¯
x pUNptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy

` 1

N
x pUNptqψ, pNb ` |Λ|qℓ`2 pUNptqψy

ı
.

(E.11)

We claim that

1

N |Λ| x pUNptqψ, pNb ` |Λ|qj`1 pUN ptqψy

ďCj

´´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j

eKj}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qj
`
1 ` Nb

N |Λ|
˘
ψy

`
´
1 ` }ΓT

0 }1
N

¯
x pUNptqψ, pNb ` |Λ|qj pUN ptqψy

¯

(E.12)

for all 1 ď j ď ℓ` 1 and all ψ P F . (E.12) for j “ ℓ` 1 together with (E.11) then
implies

|Btx pUNptqψ, pNb ` |Λ|qℓ`1 pUNptqψy|

ďCℓ}v̂}w,d

´
1 ` }ΓT

0 }1
N

¯
λ|Λ|

´
x pUNptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy ` eKℓ`1}v̂}w,dλ|Λ|p1` }ΓT

0
}1

N
qt
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´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯ℓ`1

xψ, pNb ` |Λ|qℓ`1
`
1 ` Nb

N |Λ|
˘
ψy .

Grönwall’s Lemma then implies

x pUN ptqψ, pNb ` |Λ|qℓ`1 pUN ptqψy|

ďCℓ`1e
Kℓ`1}v̂}w,dλ|Λ|p1` }ΓT

0
}1

N
qt

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯ℓ`1

xψ, pNb ` |Λ|qℓ`1
`
1 ` Nb

N |Λ|
˘
ψy .

Thus, proving (E.12) for j “ ℓ` 1 concludes the proof. We have proved (E.12) for
j “ 1 in Step 1, (E.8). We have that (E.12) also holds for j “ 0: In fact, for

xΨ, pφta0 ` φta
:
0qΨy ď |φt|}Ψ}p}a0Ψ} ` }a:

0Ψ}q
ď 2|φt|

a
|Λ|}Ψ}}

a
Nb ` 1Ψ}

ď xΨ, pNb ` 1 ` |Λ||φt|2qΨy ,

due to (E.6) and (E.7) followed by Young’s inequality, we find that

Wr
a
N |Λ|φtsNbW

:r
a
N |Λ|φts

“Nb ´
a
N |Λ|pφta0 ` φta

:
0q ` N |Λ|2|φt|2

ď 2pNb ` |Λ| ` N |Λ|2|φt|2q ,

which then commutes with e´itHN .
Suppose (E.12) holds up to some 1 ď j ď ℓ. Applying (E.4), we have that

1

N |Λ|x
pUN ptqψ, pNb ` |Λ|qj`2 pUN ptqψy

“ 1

N |Λ|xpNb ` |Λ|qj`1 pUNptqψ, pUN ptqpNb ` |Λ|qψy

´ 1a
N |Λ|

xpNb ` |Λ|qj`1 pUN ptqψ, pφta0 ` φta
:
0q pUNptqψy

` 1?
N |Λ|

xpNb ` |Λ|qj`1 pUNptqψ, pUN ptqpa0 ` a
:
0qψy .

(E.13)

Whenever φt ‰ 0, we can bound the second term by

1a
N |Λ|

xpNb ` |Λ|qj`1 pUN ptqψ, pφta0 ` φta
:
0q pUN ptqψy

ďα|Λ||φt|2x pUN ptqψ, pNb ` |Λ|qj`1 pUN ptqψy

` x pUNptqψ, pφta0 ` φta
:
0qpNb ` |Λ|qj`1pφta0 ` φta

:
0q pUN ptqψy

αN |Λ|2|φt|2
.

(E.14)
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Employing (E.6) and (E.7), we find that, for any ψ̃ P F and k P N0,

xψ̃, pφta0 ` φta
:
0qpNb ` |Λ|qkpφta0 ` φta

:
0qψ̃y

ď |φt|2p}pNb ` |Λ|q k
2 a0ψ̃} ` }pNb ` |Λ|q k

2 a
:
0ψ̃}q2

“ |φt|2p}a0pNb ` |Λ| ´ 1q k
2 ψ̃} ` }a:

0pNb ` |Λ| ` 1q k
2 ψ̃}q2

ďCk|Λ||φt|2xψ̃, pNb ` |Λ|qk`1ψ̃y ,

i.e.,

pφta0 ` φta
:
0qpNb ` |Λ|qkpφta0 ` φta

:
0q ď Ck|Λ||φt|2pNb ` |Λ|qk`1 . (E.15)

Analogously, we have that

pa0 ` a:
0qpNb ` |Λ|qkpa0 ` a:

0q ď Ck|Λ|pNb ` |Λ|qk`1 . (E.16)

Employing (E.15) and choosing α ą 0 sufficiently large, (E.14) implies

1a
N |Λ|

xpNb ` |Λ|qj`1 pUNptqψ, pφta0 ` φta
:
0q pUN ptqψy

ďCj|Λ||φt|2x pUNptqψ, pNb ` |Λ|qj`1 pUN ptqψy

` 1

4N |Λ|x
pUN ptqψ, pNb ` |Λ|qj`2 pUN ptqψy .

(E.17)

We bound the third term in (E.13) by

1?
N |Λ|

ˇ̌
xpNb ` |Λ|qj`1 pUN ptqψ, pUNptqpa0 ` a

:
0qψy

ˇ̌
(E.18)

ď 1

|Λ|x
pUNptqpa0 ` a

:
0qψ, pNb ` |Λ|qj pUNptqpa0 ` a

:
0qψy

` 1

4N |Λ|x
pUNptqψ, pNb ` |Λ|qj`2 pUN ptqψy .

In particular, (E.13), (E.17), and (E.18) imply

1

N |Λ| x pUNptqψ, pNb ` |Λ|qj`2 pUN ptqψy

ď 2

N |Λ| |xpNb ` |Λ|qj`1 pUNptqψ, pUN ptqpNb ` |Λ|qψy|

` Cj|Λ||φt|2x pUNptqψ, pNb ` |Λ|qj`1 pUNptqψy

` 1

|Λ|x
pUNptqpa0 ` a

:
0qψ, pNb ` |Λ|qj pUN ptqpa0 ` a

:
0qψy .

(E.19)

For the first term in (E.19), we apply (E.4) to the left and obtain
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1

N |Λ|xpNb ` |Λ|qj`1 pUNptqψ, pUN ptqpNb ` |Λ|qψy

“ 1

N |Λ|x
pUN ptqpNb ` |Λ|qψ, pNb ` |Λ|qj pUNptqpNb ` |Λ|qψy

´ 1a
N |Λ|

xpNb ` |Λ|qjpφta0 ` φta
:
0q pUN ptqψ, pUNptqpNb ` |Λ|qψy

` 1?
N |Λ|

xpNb ` |Λ|qj pUNptqpa0 ` a
:
0qψ, pUNptqpNb ` |Λ|qψy .

(E.20)

With analogous steps to above, we bound the second term in (E.20) by

1a
N |Λ|

ˇ̌
xpNb ` |Λ|qjpφta0 ` φta

:
0q pUNptqψ, pUNptqpNb ` |Λ|qψy

ˇ̌

ďCj|Λ||φt|2x pUNptqψ, pNb ` |Λ|qj`1 pUNptqψy

` 1

N |Λ| x pUNptqpNb ` |Λ|qψ, pNb ` |Λ|qj pUN ptqpNb ` |Λ|qψy ,

and the third term by

1?
N |Λ|

ˇ̌
xpNb ` |Λ|qj pUN ptqpa0 ` a

:
0qψ, pUNptqpNb ` |Λ|qψy

ˇ̌

ď 1

|Λ|x
pUNptqpa0 ` a

:
0qψ, pNb ` |Λ|qj pUN ptqpa0 ` a

:
0qψy

` 1

N |Λ| x pUNptqpNb ` |Λ|qψ, pNb ` |Λ|qj pUN ptqpNb ` |Λ|qψy .

In particular, we can bound (E.20) by

1

N |Λ| |xpNb ` |Λ|qj`1 pUNptqψ, pUN ptqpNb ` |Λ|qψy|

ď 3

N |Λ|x
pUN ptqpNb ` |Λ|qψ, pNb ` |Λ|qj pUNptqpNb ` |Λ|qψy

` Cj|Λ||φt|2x pUNptqψ, pNb ` |Λ|qj`1 pUNptqψy

` 1

|Λ|x
pUNptqpa0 ` a

:
0qψ, pNb ` |Λ|qj pUN ptqpa0 ` a

:
0qψy .

As a consequence, (E.19) implies

1

N |Λ|x
pUNptqψ, pNb ` |Λ|qj`2 pUNptqψy

ď 6

N |Λ| x pUNptqpNb ` |Λ|qψ, pNb ` |Λ|qj pUN ptqpNb ` |Λ|qψy

` Cj|Λ||φt|2x pUNptqψ, pNb ` |Λ|qj`1 pUNptqψy

` 2

|Λ|x
pUNptqpa0 ` a

:
0qψ, pNb ` |Λ|qj pUNptqpa0 ` a

:
0qψy .

(E.21)

For the first term in (E.20), we use the induction hypothesis (E.12), and obtain
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1

N |Λ|x
pUNptqpNb ` |Λ|qψ, pNb ` |Λ|qj pUN ptqpNb ` |Λ|qψy

ďCj´1

´´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j´1

eKj´1}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qj`1
`
1 ` Nb

N |Λ|
˘
ψy

`
´
1 ` }ΓT

0 }1
N

¯
x pUNptqpNb ` |Λ|qψ, pNb ` |Λ|qj´1 pUNptqpNb ` |Λ|qψy

¯

ďCj

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j

eKj}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qj`1
`
1 ` Nb

N |Λ|
˘
ψy

(E.22)

where in the last step, we employed the induction hypothesis (E.9).
For the third term in (E.20), we use the induction hypothesis (E.9) to obtain

2

|Λ|x
pUN ptqpa0 ` a

:
0qψ, pNb ` |Λ|qj pUN ptqpa0 ` a

:
0qψy

ď Cj

|Λ|
´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j

eKj}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xpa0 ` a:
0qψ, pNb ` |Λ|qj

`
1 ` Nb

N |Λ|
˘
pa0 ` a:

0qψy

ď Cj

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j

eKj}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qj`1
`
1 ` Nb

N |Λ|
˘
ψy ,

(E.23)

where, in the last step, we employed (E.16).
Substituting (E.22) and (E.23) into (E.21), we arrive at

1

N |Λ|x
pUN ptqψ, pNb ` |Λ|qj`2 pUN ptqψy

ďCj

´
1 ` p}ΓT

0 }1 ` }ΓT
0 }8 ` 1q2

N

¯j`1

eKj}v̂}w,dλ|Λ|p1` }ΓT
0

}1
N

qt

xψ, pNb ` |Λ|qj`1
`
1 ` Nb

N |Λ|
˘
ψy

` Cj|Λ||φt|2x pUNptqψ, pNb ` |Λ|qj`1 pUNptqψy .
This concludes the proof.

�

Lemma E.3 (Expressions for HBEC and HHFB). Assume that pφp2q, γp2q, σp2qq satisfy (3.41)
and that Ωp2q satisfies (3.43). Then we have

HBECptq “
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´ λ
a

|Λ|?
N

”
utp0q

´
2pf p`q

0 σt ˚ v̂qp0qφt `
`
p1 ` 2γtqf p`q

0

˘
˚ pv̂ ` v̂p0qqp0qφt

¯

` vtp0q
´
2pf p`q

0 σt ˚ v̂qp0qφt `
`
p1 ` 2γtqf p`q

0

˘
˚ pv̂ ` v̂p0qqp0qφt

¯
ei

şt
0
ds Ωsp0qa:

0

` h.c. ,

H
pdq
HFBptq “ ´ λ

N

ż
dp

”
2Re

´`
pf p`q

0 σ
p2q
t q ˚ v̂

˘
ppqσp2q

t ppq
¯

`
`
pf p`q

0 p1 ` 2γp2qqq ˚ pv̂ ` v̂p0qq
˘
ppq

`
1 ` 2γ

p2q
t ppq

˘ı
a:
pap ,

H
pcorq
HFBptq “ ´ λ

N

ż
dp

”´`
f

p`q
0 p1 ` 2γ

p2q
t q

˘
˚ pv̂ ` v̂p0qq

¯
ppqσp2q

t ppq

`
`
pf p`q

0 σ
p2q
t q ˚ v̂

˘
ppqp1 ` γ

p2q
t ppqq

`
`
pf p`q

0 σ
p2q
t q ˚ v̂

˘
ppq σ

p2q
t ppq2

1 ` γ
p2q
t ppq

ı
e2i

şt
0
dτ Ω

p2q
τ ppqa:

pa
:
´p ` h.c.

Proof. We start by computing HBECptq. By Lemma A.2, we have that

HBECptq “ (E.24)
a
N |Λ|

”
utp0q

´
´ iBtφt ` λ|Λ|v̂p0q|φt|2φt ` λ

N
pσt ˚ v̂qp0qφt

` λ

N

`
γt ˚ pv̂ ` v̂p0qq

˘
p0qφt

¯
` vtp0q

´
´ iBtφt ` λ|Λ|v̂p0q|φt|2φt

` λ

N
pσt ˚ v̂qp0qφt ` λ

N

`
γt ˚ pv̂ ` v̂p0qq

˘
p0qφt

¯ı
ei

şt
0
ds Ωsp0qa:

0 ` h.c.

Recalling (3.41), φp2q satisfies

iBtφ
p2q
t “ λ

N

´`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
p0qφp2q

t ` pΣp2q
t ˚ v̂qp0qφp2q

t

¯

´ 2λ|Λ|v̂p0q|φp2q
t |2φp2q

t .

With that, (E.24) implies

HBECptq “

´ λ
a

|Λ|?
N

”
utp0q

´
2pf p`q

0 σt ˚ v̂qp0qφt `
`
p1 ` 2γtqf p`q

0

˘
˚ pv̂ ` v̂p0qqp0qφt

¯

` vtp0q
´
2pf p`q

0 σt ˚ v̂qp0qφt `
`
p1 ` 2γtqf p`q

0

˘
˚ pv̂ ` v̂p0qqp0qφt

¯
ei

şt
0
ds Ωsp0qa:

0

` h.c.

Similarly, Lemma A.2 implies

H
pdq
HFBptq “ (E.25)

ż
dp

”
´ Ωtppq ´ Re

`
σtppqiBtσtppq

˘

1 ` γtppq
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`
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯`
1 ` 2γtppq

˘

` 2λ

N
Re

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqσtppq

¯ı
a:
pap

By (3.41), we have that

iBtσ
p2q
t “ 2

`
E ` λ

N
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
σ

p2q
t ` λ

N

`
Σ

p2q
t ˚ v̂

˘
p1 ` 2γ

p2q
t q ,

while (3.43) implies

Ω
p2q
t “ E ` λ

N

`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
` λ

N

Re
`
Σ

p2q ˚ v̂qσp2q
t

˘

1 ` γ
p2q
t

.

Using the fact that |σ|2 “ γpγ ` 1q, (E.25) thus implies

H
pdq
HFBptq “
ż
dp

”
´ λ

N

Re
`
Σ

p2q ˚ v̂qppqσp2q
t ppq

˘

1 ` γ
p2q
t ppq

` 2λ

N
Re

´`
pσp2q

t ` N |Λ|pφp2q
t q2δq ˚ v̂

˘
ppqσp2q

t ppq
¯

´ λ

N
Re

´`
Σ

p2q
t ˚ v̂

˘
ppqσp2qppq

¯1 ` 2γ
p2q
t ppq

1 ` γ
p2q
t ppq

´ λ

N

`
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
ppqp1 ` 2γ

p2q
t ppqq

` λ

N

`
pγp2q

t ` N |Λ||φp2q
t |2δq ˚ pv̂ ` v̂p0qq

˘
ppq

`
1 ` 2γ

p2q
t ppq

˘ı
a:
pap .

Simplifying the terms, recalling definitions (3.27) and (3.28), we obtain

H
pdq
HFBptq “ ´ λ

N

ż
dp

”
2Re

´`
pf p`q

0 σ
p2q
t q ˚ v̂

˘
ppqσp2q

t ppq
¯

`
`
pf p`q

0 p1 ` 2γp2qqq ˚ pv̂ ` v̂p0qq
˘
ppq

`
1 ` 2γ

p2q
t ppq

˘ı
a:
pap .

Finally, Lemma A.2 yields

H
pcorq
HFBptq “

ż
dp

”
´ iBtσtppq

2
` σtppqiBtγtppq

2p1 ` γtppqq (E.26)

`
´
Eppq ` λ

N

`
pγt ` N |Λ||φt|2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯
σtppq

` λ

2N

´`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppqp1 ` γtppqq

`
`
pσt ` N |Λ|φ2

t δq ˚ v̂
˘
ppq σtppq2

1 ` γtppq
¯ı
e2i

şt
0
dτ Ωτ ppqa:

pa
:
´p ` h.c.

By (3.41), we have that

Btγ
p2q
t “ 2λ

N
Im

`
pΣp2q

t ˚ v̂qσp2q
t

˘
“ λ

iN

`
pΣp2q

t ˚ v̂qσp2q
t ´ pΣp2q

t ˚ v̂qσp2q
t

˘
,

iBtσ
p2q
t “ 2

`
E ` λ

N
Γ

p2q
t ˚ pv̂ ` v̂p0qq

˘
σ

p2q
t ` λ

N

`
Σ

p2q
t ˚ v̂

˘
p1 ` 2γ

p2q
t q .
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Substituting these into (E.26), yields

H
pcorq
HFBptq “

ż
dp

”
´

´
Eppq ` λ

N
Γ

p2q
t ˚ pv̂ ` v̂p0qqppq

¯
σ

p2q
t ppq

´ λ

2N

`
Σ

p2q
t ˚ v̂

˘
ppqp1 ` 2γ

p2q
t ppqq

` λ

2N

´
pΣp2q

t ˚ v̂qppqγp2q
t ppq ´ pΣp2q

t ˚ v̂qppq σ
p2q
t ppq2

1 ` γ
p2q
t ppq

¯

`
´
Eppq ` λ

N

`
pγp2q

t ` N |Λ||φp2q
t |2δq ˚ pv̂ ` v̂p0qq

˘
ppq

¯
σ

p2q
t ppq

` λ

2N

´`
pσp2q

t ` N |Λ|pφp2q
t q2δq ˚ v̂

˘
ppqp1 ` γ

p2q
t ppqq

`
`
pσp2q

t ` N |Λ|pφp2q
t q2δq ˚ v̂

˘
ppq σ

p2q
t ppq2

1 ` γ
p2q
t ppq

¯ı
e2i

şt
0
dτ Ω

p2q
τ ppqa:

pa
:
´p ` h.c.

We simplify this expression as

H
pcorq
HFBptq “ ´ λ

N

ż
dp

”´`
f

p`q
0 p1 ` 2γ

p2q
t q

˘
˚ pv̂ ` v̂p0qq

¯
ppqσp2q

t ppq

`
`
pf p`q

0 σ
p2q
t q ˚ v̂

˘
ppqp1 ` γ

p2q
t ppqq

`
`
pf p`q

0 σ
p2q
t q ˚ v̂

˘
ppq σ

p2q
t ppq2

1 ` γ
p2q
t ppq

ı
e2i

şt
0
dτ Ω

p2q
τ ppqa:

pa
:
´p ` h.c.

�
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