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ABSTRACT. Our previous work [37] presented a rigorous derivation of quantum Boltz-
mann equations near a Bose-Einstein condensate (BEC). Here, we extend it with a
complete characterization of the leading order fluctuation dynamics. For this purpose,
we correct the latter via an appropriate Bogoliubov rotation, in partial analogy to the
approach by Grillakis-Machedon et al. [59], in addition to the Weyl transformation ap-
plied in [37]. Based on the analysis of the third order expansion of the BEC wave
function, and the second order expansions of the pair-correlations, we show that through
a renormalization strategy, various contributions to the effective Hamiltonian can be
iteratively eliminated by an appropriate choice of the Weyl and Bogoliubov transfor-
mations. This leads to a separation of renormalized Hartree-Fock-Bogoliubov (HFB)
equations and quantum Boltzmann equations. A multitude of terms that were included
in the error term in [37] are now identified as contributions to the HFB renormalization
terms. Thereby, the error bound in the work at hand is improved significantly. To the
given order, it is now sharp, and matches the order or magnitude expected from scaling
considerations. Consequently, we extend the time of validity to ¢t ~ (log N)? compared
to t ~ (log N/loglog N)? before. We expect our approach to be extensible to smaller

1
orders in N
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1. INTRODUCTION

The Boltzmann (transport) equation describes the time-dependent behavior of the
phase space probability distribution f of fluids and gases. It takes the form

(G +p-Va)f = QLf], (1.1)

where, for a classical gas,

QNG = | o [ o b lp = p DG = SO0 oo - (12
s R? Py=px—[w-(px—p)]w
In order to derive this equation, Boltzmann imposed the Stosszahlansatz or molecular
chaos assumption, which requires that the joint distribution of N particles factorizes into
the product of its one-particle marginals for particles that are about to collide. We will
refer to this condition as propagation of chaos.

To this day, the rigorous derivation of the Boltzmann equation, and possible correc-
tions, for all physically relevant regimes remains a widely open problem. However, in
some special cases, and for sufficiently short times, there has been progress both from
a heuristic and mathematically rigorous perspective. Hilbert [61] famously asked for a
rigorous justification of Boltzmann’s equations; the derivation of physical laws from a set
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of mathematical axioms is referred to as Hilbert’s sixzth problem. A fundamental question
that emerges in this context is how irreversibility of the (mesoscopic) Boltzmann equation,
for which the entropy functional is non-decreasing, arises from the microscopic reversible
many-body dynamics, see, e.g., [67].

In the case of classical gases, starting from the classical Liouville equation for an inter-
acting N-particle gas, Boltzmann’s idea to show the propagation of chaos in the derivation
of Boltzmann’s equation has been made rigorous, albeit for times that allow for at most
one collision. The first rigorous, though incomplete, results go back to Cercignani [33] and
Lanford [66], and were later completed [34,35,52,89]. A crucial insight in the derivation
is that the joint distribution function only needs to factorize for particles that are about
to collide. The derivation of the classical Boltzmann equation remains an extraordinarily
active area of research, see, e.g., [2,17,18,43,53,86|.

For a quantum gas or fluid, Nordheim [81]| proposed a quantum analogue of (1.1), for
which the collision operator () is given by

Qulf1(p) =
j dp1 60 + 2 — ps — p)S(E(pr) + Epa) — E(ps) — E(p))

(Mo (pa)|?(6(p — p1) + 0(p — p2) — 6(p — p3) — 0(p — p4))
(£ ) (1 £ f(p2)) f(p3) f (pa) = f(p1) f(p2) (1 £ f(p3)) (1 £ f(p4))) ,

where '+’ refers to the case of bosons, and -’ to fermions. Boldface letters with subscripts
will denote multivectors, such as px = (p1,pa, - - -, px), where p; € R3 and k € N. Mas(p4)
is the scattering cross section relevant for this process. In the case of bosons, it has been
shown [48, 49, 74] that the solution to the quantum Boltzmann equation with collision
operator (1.3) develops a d-mass in finite time, corresponding to condensation in finite
time, see also [1,3,4] for related works. If we then decompose f = f(&) 4 n.J into its
regular and singular part, we have that

(1.3)

Qu[f] = nQs[f™] + Qu[f*™] — n.o f dg Qs[f](q),

where

Qslf1(p) = f dps 6(py + p2 — p3)6(E(pr) + E(pa) — E(pa)

M (ps, 0)]*(6(p — p1) + 6(p — p2) — 6(p — p3)) (1.4)

(L + flo)) (A + fp2)) f(p3) = f(p1) f(p2) (1 + f(p3))) -
This leads to the coupled system

{at £ = nQs[F] + Qul ] (1.5)

ome = —ne§dg Q[ f](q).

If n. » 1, Q3[f®] determines the leading order dynamics. In this work, we are inter-
ested in studying the emergence of (1.4) for an interacting quantum Bose gas with initial

condensate density nco = N and initial thermal excitation density féex) ~ 1.
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In order to study the emergence of (1.3), we consider the Hamiltonian
N

N o2
Ti — Tk
HN,€1,62 = 2 51 - + 9N e1,e2 Z U( . ) (16)

i<k €2

acting on the bosonic Hilbert space L*(A)®YN where A € R3 is a 3-torus. Given the
Schrodinger equation

iglat\DMEl,&zvt = HN,81762\DN761,€2¢ ) (1'7)
we are interested in the asymptotic behavior of the Wigner transforms

€1
Yk, Yka) )

k iDLV T €1
AL 0Kk, PR) 1= f dyn ePFYEWUn ey e t(Xk + 5 Vi YN-1) YN ey 0,6 (Xk — >
AN

2

where yn = (Y, ynv_r). The propagation of chaos assumption in this case reads

-~ (1) ®k
fNemz, ~ (fN7517527t) :

The first mathematically rigorous results go back to Hugenholtz [63] and Ho-Landau
[62], where it was shown that the terms proportional to g2 in the Duhamel expansion of

f](\,l7)€17€2’t give rise to a Boltzmann collision term, see also works by Benedetto et al. [10,11].
Under the assumption of propagation of restricted quasifreeness, a certain factorization
property for quantum states, see Definition 2.1 below Erdos-Salmhofer-Yau showed that,
for mesoscopic times tocg™2, the second order Duhamel expansion of fl(\},)al,ag,t yields the
quantum Boltzmann equation (1.3). Lukkarinen and Spohn [75] later revisited this idea
and stated conditions under which they derive a Boltzmann equation. However, they did
not justify assumptions on the growth of certain moments for the evolution of f](\f 35 that
would correspond to a rigorous error control in the evolution.

X. Chen and Guo [39] showed in the case Q = R? that, if one assumes a sufficiently
regular potential v, and if one assumes the convergence and sufficient regularity of the
marginals f](\f 5)‘31752,t’ then, in the mesoscopic weak-coupling regime, i.e., g1 = g9 = N~/3,
JN.e1,e2 = /€1, the limiting dynamics is given by a classical, quadratic Boltzmann equation
(1.2). In a recent work [41], X. Chen and Holmer gave a derivation, conditional on a cycle
regularity and a positivity condition for the Wigner transform. The regularity condition
controls the growth of weighted Sobolev norms of the Wigner transforms f](f ) (t). Both
results suggest that a more detailed analysis of the fluctuation dynamics is required, in
order to understand the emergence of (cubic or quartic) quantum Boltzmann dynamics.

In the case of fermions, Cardenas and one of the authors [31] established the emergence
of quantum Boltzmann fluctuations alongside bosonized self-interaction terms, beyond
the Hartree-Fock approximation, while rigorously controling the error. Their result is
unconditional and holds for sufficiently short times. The bosonized self-interaction terms
have been analyzed in more detail in [13,15,42] in the stationary case, and [12]| for the
dynamical case. Their results show that these can be characterized as Random-Phase
approzimation, as introduced by Bohm and Pines [19, 20, 84].

The mean-field regime is determined by €; = €, = 1 and g = §;, where N is the number
of particles. For bosons, a question of special interest is the per51stence of a Bose-Einstein
condensate, i.e., the N » 1 asymptotic behavior of the wave function ¥y, satisfying
(1.7) when, initially, Uy, ~ ¢&". Going back to Ginibre-Velo [54] and Hepp [60], it has
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been shown that the wave function remains factorized, i.e., Un; ~ ¢V, where ¢ satisfies
a nonlinear Hartree (NLH) or Schrédinger (NLS) equation, dependent on the scaling
regime. In particular, this establishes persistence of the condensate for microscopic times
t = O(1). These works have been extended, and convergence has been shown in different
topologies [46,47,51,59,65,71,88] and for more singular scalings e, = N7, g = N3~1
B € 0,1] [27,36,38,40,44,45,57,58,83|. The case 5 = 1 is of particular physical interest, as
it describes rare but strong interactions, and is referred to as the Gross-Pitaevskii regime.
Another related problem is to study the asymptotic behavior of the ground state (energy)
of (1.6), see, e.g., [9,26,32,68,69,72,77,79,80|.

In order to study corrections to the leading order NLH/NLS BEC dynamics, it is
necessary to include to study the dynamics of pair correlations, corresponding to thermal
fluctuations. It has been shown [56, 57,59, 76, 78, 82| that these are governed by the
nonlinear Hartree-Fock-Bogoliubov (HFB) equations. Bach, Breteaux, Frohlich, Sigal and
one of the authors [7,8| have shown that the quasifree approximation of the full dynamics
is given by the HFB equations.

Another vibrant area of research is the (bosonic) ground state problem associated with
(1.6), see [16,28,30,70,72,73]. There, corrections to the leading order Gross-Pitaevskii
energy are described by the Lee-Huang-Yang formula, see, e.g., |50, 55|, and higher oder
corrections have also been described [23,30].

In our previous work [37], we studied the regime g = )‘WN for some \y « 1 and N >»
1, on a 3-torus A, for mesoscopic times toc)\]_\,2. The Bose gas initially consisted of a
translation invariant BEC of density N, and translation invariant thermal fluctuations
close to equilibrium of density 1, described by a quasifree state, see Definition 2.1 below.
Quasifreeness can be thought of as a quantum analogue of the classical molecular chaos.

Assuming (0) = 0, we showed that, subleading to the HFB fluctuation dynamics, for
kinetic times tocA\ 72, the density of thermal fluctuations obeys a cubic Boltzmann equation
with collision operator

QA0 = FrE 2 () + )~ 2n)or + p2 =)o) + 5(p2) 1LY

(L4 fpu) X+ f(p2)f(ps) — f(pr) f(p2)(L+ f(p3)))

where A* denotes the momentum (reciprocal) lattice. These collisions correspond to
those, where a BEC particle is either absorbed or emitted in the collision. Here d; is a
mollification of §(p) = dax(p) = |A|d,0, U(p) = /E(p)(E(p) + 2X5(p)) is the Bogoliubov
dispersion, and we choose the BEC wavefunction to be constant to leading order. Given a
time scale shorter than O(|A|3), where we assumed A to be a square torus in three dimen-
sions, we showed that the discrete Boltzmann operator in (1.8) can be approximated by a
continuous Boltzmann operator, where summation over p is replaced by Riemann integrals
and 0; by a Dirac-9; for longer times, interference leads to additional resonance terms.
Crucially to our work, we used the fact that the HFB dynamics preserves quasifreeness,
and showed that the full dynamics approximately preserves restricted quasifreeness for
times toc)\*zoc( log V )a, a > 0. The result is unconditional and provides a rigorous error

loglog N
control for sufficiently short times.
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In the present work, we revisit this problem from a different perspective. We show that
corrections to the pair-absorption rate and to the BEC wave function can be absorbed
into the HFB equations. This, in turn, leads to a renormalization of the HFB equations
describing the coupled dynamics of the BEC wave function with the leading order thermal
pair-excitations. After renormalizing, the corrections to the BEC and thermal fluctuation
dynamics are given by pure Boltzmann collision terms. More precisely, let (¢, V¢, o)
denote the renormalized HFB fields, and €2; be the corresponding renormahzed Bogoliubov
dispersion. Let f; (tot) denote the total density of the Bose gas, <I> ) denote the full BEC

wavefunction, and gt Y the full pair-absorption rate. These fields can be expanded in the
form

oy VNAg, o,
O O 0
Flon _pltov)zs | = o0 + (‘g A) fo—[®]?0 ], (1.9)
gfoﬂ B ((I)gtot)>25 oy t gr — 25

where a; € C, A; € C?*? are linear operators dependent on the HFB fields (¢, v, ov, ),
and ~; and oy are related by |oy|* = 7:(1 + 7). (1.9) can be interpreted as a gradual
centering process:

(1) We collect all condensate terms to given order in the perturbation expansion and
add them to the contribution coming from ¢, and center the correlation functions
fy g wrt. ¢. Then ® denotes the correction terms to given order.

(2) Simultaneously, we subtract the leading order pair-correlations (v, o) from the
centered pair correlations. Then f, g denote the pair correlation corrections to
given order.

We show that, if (¢, v:, 0y, ) satisfy the renormalized HFB equations

0 = [(Tex (04 9(0)))(0)¢r + (S 0)(0),] — 2XAA[0(0)]¢y[*¢: ,
Oy = 2’\ Im( )E)

iy = 2(E+ AFt*( +0(0))or + 2 (Ze#0) (14 2v),

Q= E+ 2 (0+0(0) + %7%((123?)@)’

where

(5) 00 - wiv () + (0 50 () + (22

and E(p) = 3|p|?, then (P, f, g) satisfy

t c|A|At

b=t = — | 45 @16+ QIAE) < 0(F). ()
t c\A|)\t

fi=h = 5 | as@lne) + o(S).

c\A|)\t

o=+ [ @ Qe +0(55). (111
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where each ng) denotes a collection of cubic Boltzmann collision terms, for which the
collision kernels depend on the renormalized HFB fields (¢, v, 0,€2). Crucially, the errors
provided here are sharp in orders of N.

In particular, we show that, to leading orders, the BEC wave function ®t°") and the pair
correlations (f(*Y, g(**%)) can each be decomposed into a part that satisfies renormalized
HFB equations and a quantum Boltzmann correction part. This separation confirms the
phenomenological paradigm that the HFB and QBE dynamics evolve according to differ-
ent time scales; the HFB dynamics leads to fast oscillations, while the QBE determines
the slow long-time dynamics. As in our previous work, our result is unconditional and
rigorous, however, we extend the validity to times of order tocA™? ~ (log N)?, in contrast
to A7t ~ log N/loglog N before.

The term N~/ ds Q"[f]1(s) in the evolution of the BEC wave function justifies
the Boltzmann term in the evolution of the condensate density, see (1.5). However, the
additional N3/ Sé ds Qg? [f](s) has previously not been included, despite of being of the
same order of magnitude as the cubic Boltzmann term, see also [85,87,90].

Bofsmann et al. [21,22,24] have computed a full expansion of the correction dynamics
in terms of the coupling constant. In comparison, in our current and past work [37|, we
have been able to characterize terms in the expansion as stemming either from a HFB
contribution, or a quantum Boltzmann correction.

We are able to rigorously control the error for times tocA™2 ~ (log N)?. A more detailed
calculation shows that, at order %, terms emerge that are neither of HFB nor of quantum
Boltzmann type.

2. STATEMENT OF RESULTS

Let A = [~L/2,L/2]*/ ~ denote a cubic torus of length L, and let A* = (2Z)* denote
its reciprocal space. Let

F =Co @ L2(A)®n
neN

denote the bosonic Fock space, endowed with the inner product
(@, W)F = UM D) a0y

neN 0

For ¢ € L*(A), let
(@) T)" D (x,1) = v f dz T(x) T (2, %,1)

denote the annihilation operator, and
(aT(w)\D)(m_l) =vn+ 1PL2(A)®s(n+1)¢ ® v
vn+1 n
=) Z V(@)U (Zr(2)s s Trng1)) s

TESn+1

the creation operator. In addition, we introduce the momentum-space annihilation/creation
operators aff := a¥(e'”"). They satisfy the CCR

lap, ag] = [a;,aj}] =0, [apaaj;] = |A[0pg =: dax(p—q).
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In the following, we will omit the subscript A*, when referring to a momentum-4. For
brevity, we will use the notation

J dp h(p Z h(p
A* peA*

Again, we will omit the subscript A*, unless it is ambiguous. Our convention for the
Fourier transform is

h(p) := f dz e?h(z).
A
We consider the mean-field Hamiltonian
A .
Hy - Jdp E(p ) apap + = ON dpy 6(p1 + p2 — p3 — pa)0(p1 — p3) ap, Lzapga]h; )

where E(p) := %|p|2 denotes the free dispersion, and v > 0 a pair potential such that
0= 0.

We are interested in determining the leading order dynamics for a Bose gas governed
by the Hamiltonian Hy. As an initial state, we will choose a Bose-Einstein condensate
(BEC) of density N, surrounded by a thermal excitations that are described by a quasifree
state with density O(1).

2.1. Initial state. Let
WIf] = exp (a(f) = alf))
denote the Weyl transform,
Tk] = exp( Jdp (k(p )aLaT,p —E(p)apa_p))

denote the Bogoliubov transformation in the translation invariant case. Without loss of
generality, we assume that k is even. We have that

W fla,WIf] =a, + f(p), (2.1)
T[k]a,T[k] = cosh (|k(p)|)ap + sinh (|k(p)|)

(2.2)

see, e.g., Lemma A.1.
Let 21 denotes the CCR algebra generated by the Weyl operators W[i], ¢ € L*(A),
see |25, section 5.2.3].

Definition 2.1 (Quasifree state). Let {-) be a state and

(A = (W) AW [(a)]))

denote its centering. We say {-) is quasifree iff for alln e N

<CL#1 a*? .a#2n>(60n) = afrig#2!lg#on
+all pair contractions - (2.3)
{a#ta®? .. qFem-r)leen) =

[, ]
where a®1a?? := (a¥1a??)) . (2.3) is referred to as Wick’s Theorem.
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A state is restricted quasifree if (2.3) holds for n < ngy for some ng € N.

Definition 2.2 (Number conserving state). A state (-) is called number conserving iff
(A, Ny]> = 0 for every observable A € 2.

Definition 2.3 (Translation invariance). A state (-) is called translation invariant iff

n

o Z] 1 0iD;)
<Ha(f = A k <H

forallp,...,p, and o; = il.

Let (-)o be a number conserving, quasifree, and translation invariant. More precisely,
let

K = f dp K(p)ala,
Ak
be such that K(p) = ko for some ko > 0, and let

Tr(e X A)
A = (k)
o= e
Observe that, by being number conserving, {-)q is already centered. {-); determines the
thermal excitations beyond the HFB fluctuations.
The full state describing the Bose gas is then given by

ﬁ ( [/ NTA o] TTkole T ko)W [v/N|A|¢o] A )

for all A € 2. Note that (- >(t° is quasifree. The initial value problem (IVP) associated

with the Hamiltonian Hy and the initial state <->(()t0t) is then given by the Liouville-von
Neumann equation

<A>(tot .

oA = (A HND

for all observables A € 2. Below, we impose assumptions on v ensuring that Hy is self-
adjoint and that it induces a unitary evolution e~ . Notice that (-)\**" is not quasifree.

However, we will show that for short enough times, <>§mt) is approximately quasifree.
(to

Consequently, the evolution of any expectation (A), 1s fully characterized by the first

and second moments (ao)"", and <a;ap>tmt  Capa_)\"™" | respectively.
Of particular interest in the present work is the evolution of the density

(tot) ) <aT ap>(t0t
fi () = T (2.4)

In order to study f® we will decompose the full dynamics into a BEC and a thermal
fluctuation part. For the latter, we will further decompose the dynamics of the fluctuation
particles into a quasifree part, which we will refer to as Hartree-Fock-Bogoliubov fluctua-
tions, and a collision part, which we will identify as the quantum Boltzmann fluctuations.

Our approach includes the time-behavior of leading order pair correlations via Bogoli-
ubov rotations as employed by Grillakis-Machedon et al. [56,57,59| to derive the leading
order HFB dynamics. However, we extend the latter by a quasifree, number conserving,
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centered (translation invariant) state. It is the presence of these additional excitation
states that allow for a (cubic) Boltzmann equation to arise.

2.2. Fluctuation dynamics. Define the Bogoliubov propagation

iatuBog(t) = Sdp Qt(p)a;)a'puBog(t) 9
Upog (0) =1,

where (); is an even function of p. We have that
.t
u;og(t)apuBOg(t) = e thods QS(p)ap- (2.5)
We introduce the fluctuation dynamics defined by

Un(t) == S Up,, (VT RIW VNIl Je WY/ NIA[¢o] T ko] . (2.6)

where (¢4, k;) and S; will be determined below. We will choose ¢, and k; in such a way
that the leading order and next-to-leading order contributions of the full dynamics e~ #n~*
are determined by (¢, k).

We assume that ¢;(x) = ¢, is translation invariant. We show in Lemma A.2 that the
fluctuation dynamics satisfies

10UN(t) = Hau(t)Un (L),
[ - »
where Hqu(t) is given by
Hﬂuc<t) = HBEC(t) + HHFB(t) + chb<t) + Hquart(t)- (28)

Each of the terms in Hyg,.(t) is a normal-ordered polynomial in @ and af, and their explicit
expressions are given in Lemma A.2. Here a monomial in a and af is normal-ordered iff
all creation operators a! are on the left of all annihilation operators a. We choose S,
in such a way that it absorbs all scalar terms. Hpgc(t) denotes the BEC Hamiltonian
and it is linear in a*, Hypp is the HFB Hamiltonian, which is quadratic in a#, Heup,(t) is
cubic in a* and accounts for cubic scattering processes, where one of the particles is being
absorbed into or emitted from the BEC, and Hquart(f) is quartic in a” and describes pair
interactions.
Let

ue(p) = cosh(|k:(p)]) , (2.9)

vr(p) = sinh([k(p)])

In particular, we can rewrite (2.2) as

Tk, TTk] = w(p)a, + vi(p)al,,. (2.10)

| = 1. In addition, we introduce the scalar fields

n(p) =lve(p)l?, (2.11)
o1(p) ==us(p)ve(p) - (2.12)

Note that we have ut(p)2 — |ve(p)
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Observe that, from this definition, we have the relation

o) = we(p)*le(P)]* = (1+%(p)e(p)- (2.13)

Then the expressions for each of the normal-ordered terms in Hgu.(t) in (2.8) are given
in Lemma A.2 in the Appendix.
We introduce the time-evolved relative state

(A = UL (t) AU (t) Yo -
It satisfies

i0(A)e = ([A, Haue(t) -
We introduce the relative moments

_ Sao)y o <a;ap>t o (apa—p)
¢ = N , filp) = IA] , o gi(p) = IA]

Our choice of {-), implies ®; = gy = 0. Then we can rewrite the total density " see
(2.4) for its definition and section (3.1) for the derivation, as

RN ) =s@[NIM + (VITRIES 20 ((0) + 3,0(0), + )|

+ %) + (L +%((p) filp) + %lp)fi(—p) + (62"53“ ®)o,(p)g,(p) + h.c.) .

Our goal is to show that if (¢, V¢, 0y, ) satisfy the renormalized Hartree-Fock-Bogoliubov
(HFB) equations, then the dynamics of (®y, f;, g;) each are determined, to leading order,
by a Boltzmann xn. More precisely, we will show that, to leading order, the dynamics
of f is given by a cubic Boltzmann equation, while the dynamics of ® and g, to leading
order, are driven by f via a collision term, see (1.10)—(1.11).

2.3. Main result.

2.3.1. Renormalized HFB equations. Let

) = %(fo(P) + fo(=p)) (2.14)

denote the even symmetrization of fy. We introduce the (second order) renormalized HFB
fields

T® =142y + £ + N|Ao0,
2® =1+ 2f)e + N|A|¢% .

Then the renormalized HFB equations read
, . (2
00 = 2T« 0+ 500) )6 + (57« 2)(0)3,”)
2

G (2.15)
o’ = RIm (5 »0)7,”)
(0+0

i00? = 2(E+ AT®)
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and the corresponding Bogoliubov dispersion is given by

A
0P = B+ N(Pﬁ” « (0 +9(0))) +

A Re (5%« 6)0?)

N 1+ %(2)

Remark 2.4. Observe that Q?) 1s a modified Bogoliubov dispersion. Instead, the regular
Bogoliubov dispersion, to leading order, is given by Qpog = A/ E(E + 2X\0), where E(p) =
Ip|?/2 is the free dispersion, see above and, e.g., [37,82]. Observe that QgZ) is a modified
Bogoliubov dispersion. Instead, the regular Bogoliubov dispersion, to leading order, is

given by Qpog = A/ E(E + 2)\0), where E(p) = |p|*/2 is the free dispersion, see above and,
e.g., [82].

Omitting superscripts, we note that the HFB equations (2.15) can be rewritten as

it = (0= (0 +5(0)) (0)61 + (S0 = 9)(0)3;) — 27 Ao 0) 6
aly = 2 Im ((Z+0)%),
05 = 2(E+ {0 x (04 0(0)))5 + % (Se=0)(1 + 2Ty)

— ANAA[*0(0)[|* 675 -

(2.16)

For any 1 < a < o0, we introduce the rescaled L*(A*)-norms

[flzeasy == Ifla == A2 1 Flleaqany
[fla = 1Fl + [ flleo -

For any weight w : A* — R*, define the weighted L" space
Ly = {f: A" > R| @7 f e L'(A%)},
endowed with the norm
£l 2= Jw™fl..
We abbreviate

[0l == olz__ + 9]

VTTE
For all j € Ny, we introduce the function spaces

X7 :=C x (L%HE)J- (A*) n LOO(A*)) X (L?HE)J- (A*) n LOO(A*)) ,
endowed with the norm

I(&, T B)les = 1o + 00y o+ [Tlleo + 180z + [Eleo-

E)I (1+E)J

In addition, we define
X = (A,

in the sense of Banach space duals.
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Definition 2.5 (Mild solution). We call (¢,T',%) a mild solution of (2.16) with initial
datum (¢g,To,X0) € X' iff there ewists T > 0 such that (¢,T,%) € C([0,T), X") n
CH[0,T), X7") satisfies

o =t0 i [ s [2((00+ 0+00)) 0, + (5 +0)0)5)
— 2A|AL0(0)[64%6,
T, =Ty — %Ltds (%, +0) ).
¥, =e 2By, — J t ds e 2E(=9) [2(%& # (0 +9(0))) S,
0
T %(28 #0)(1+21,) — ANA|AP(0)]6, 02|
for allt e [0,T).
For the next result, we introduce the truncated fields
" .= T — N|A||¢|*6, X7 := X — N|A|¢*S. (2.17)

Proposition 2.6 (Global well-posedness). Assume that v € Li/H—E N L*(A*), and that
v = 0. Let (¢g,To,X0) € X1, such that TE = 0 and |ST|? < (TF + D)L, Let (¢,T,%) €
CP([0,Tp), X1) nCH([0, Tp), X 1) be the associated unique mazimal mild solution of (2.16)
with existence time Ty > 0. Then Ty = o0, and IT = 0 and |XT)? < (U7 + 1)I'T for all
t=0.

2.3.2. Boltzmann collision kernels. In Lemma A.2, we compute the cubic collision kernels

w0
(ps) =
VIAT( () () (po) e + ve(pr ) (po)ua(po),) (1) + (7))

('Ut p1)us(pa Ut(P3)¢t + w(pr)ve(p2)ve(ps)

wi(ps) =
\/T((Ut 1) us(p2)ue(p3)dr + ve(pr)ve(p2)Te(p3) Py

%|
Nl
—~
>
—
=3
[
SN—
+
>
S
3
)
N—
~

+ (ve(p1)ue(p2)Te(ps) b1 + we(pr)ve(p2)ue(ps) dy) (0(p2) + 0(ps)
(Ut pl Uy p2 Ut p3)¢t + Ut(pl)ut(pz)ut(P3)¢t)( (P1) ( )))

in the expression for Heyp,(t). Analogously, we also obtain the quartic collision kernels

w " (py) = (2.20)

(we(pr)ue(p2)ve(ps)ve(pa) + ve(pr)ve(p2)ue(ps)ue(pa)) (9(p1 + ps) + d(pa + p3))
+ (ue(pr)ve(p2)ue(ps)ve(pa) + ve(pr)ue(p2)ve(ps)ue(ps)) (8(p1 + p2) + 0(p2 + p3))
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+ (we(pr)ve(p2)ve(ps)ue(pa) + ve(pr)we(p2)ue(ps)ve(pa)) (0(p1 + p2) + 0(p1 + p3)) |
W) o=
(we(pr)ue(p2) v (ps)us(pa) + vt(pl)vt(m)ut(pg)v_t(m)) (0(p1 + p3) + 9(p2 + p3))
( (p2)ui(

+ (Ut(Pl)Ut(p2)ut(p3)Ut pa) + ve(p1)us(p2)ve (p3); )( 0(p1 + p2) + 0(p2 + p3))
+ (ve(pr)ue(p2)ue(ps)ue(pa) + we(pr)ve(p2)ve(p3) 0 (pa)) (0(p1 + p2) + 0(p1 + p3))
w? (pa) = (2.21)

(we(pr)ue(p2)ue(ps)ue(pa) + ve(p1)ve(p2)vi(ps)0i(ps)) (8(p1 — p3) + 0(p2 — p3))
+ (we(pr)ve(p2)vie(p3)ue(pa) + ve(pr)we(p2)ue(ps)oe(pa)) (6(p1 + p2) + 0(p2 — p3))
+ (ve(pr)ue(p2)vi(ps)ue(pa) + we(pr)ve(p2)ue(p3)oe(pa)) (6(p1 + p2) + 0(p1 — p3)) -

in the expression for Hquat(t). The Bogoliubov coefficients « and v are related to the
HFB fields via

wl®) = VIT®) s ulp) = 2
1+ (p)
Moreover, we abbreviate
h(p) = h(p) +1,
P = (p1,p2,—D3), (2.22)
P; = (p3,p2,m1)- (2.23)
Then we introduce the cubic Boltzmann operators

Q3[h’] (t7p> =
¢ 1
2\’ Re | ds fdps (5(5(191 —p) +6(p2 —p) — d(ps — )
0 .
Wg’l)(pg)Wf’l)(pg)eisz dr (Qf(p1)+ﬂr(p2)fﬂr(p3))5(p1 + py — pg)
(%8(p1)%8(p2)h8(p3> - hS(pl)hS(p2)?L8(p3>)
1
+ 57 (81 = p) + 0(p2 = p) + 3(ps — p))
wi® )(Ps)ng’O)(P?,)eiSz a (QT(mHQT(mHQT(m))5(291 + p2 + p3)

(o (0 (92) o (5) — i) a2 (29))

and
QY [t J]] = (2.24)
t
% [ap.70) [ s [aps [500n + 2 =) (50 = pye Bt 209
0
6182 dr (Q‘r(7’1)JFQT(I?Q)*QT(I?S))WE&O) (ﬁg)W(Q,l) <p ) o 25(]9 o p1)672i88 dr Q-(p1)

52

e~ dT (@ ()42 ()= () 2D (5, vy (21)(p3))
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(hS(pl)hS(pZ)hS(pS) - hS(pl)hS(pZ)hS(pS))
+ 5(p — ps)eX St UGy 4 py + pg)et e AT QP+ (p2)+2- (p3))

% (B w P (03) (s (0102 () — (22} s (3)) |

and
3 [h](1) = (2.25)
22 r ds et ot dr 2-(0) [%5@1 + po — p3) <€i§g dr (Qr (p1)+2- (p2)—Qr (p3))
(1(3 (0, pa)WED (py) — ot Ihdr (2 1)+Q7(p2)—ﬂ.,(p3))w£272)(0’(153)W§271)(f)3)>
(h (p1)hs(P2)s(p3) = hs(pr) s (p2) s (3))
+ 55 p1+ P2+ p3) (w w30 (pg)e! §odr (Q (p1)+Qr (p2)+97 (p3))

— WD (py, 0)w) (ps)e —i§LdT (Qr (p1)+Qr (p2)+Qr (pa)))

(ha(p1) (o) hs(p3) = Ba(p1) (o) s (p3)) |

In the evolution of ®, we obtain the additional collision term
QS [R](t) = Aetlodm 2 fdp (w002, 9)Qul1(E,) (2.26)

+ % (p,p,00QP [1](tp) + W (p, p,0)QY [R](t.p) )
2.3.3. Main theorem.

Theorem 2.7. Impose the same assumptions as in Proposition 2.6, and let Q) be the
Bogoliubov dispersion defined in (3.13). In addition, let |[A| = 1, A > 0, and t > 0,
and N > 0, and assume that | fo|a, [0]w.a; [10lla < 0. Then there exist constants C' > 0
dependent on || fola, |Yolla, |0]wa, |Al, and K > 0 dependent on | fola, [Y0la s.t. we have
for all J € L? n L*(A*) that

® - f s ( é‘”[f](s)%)é?[f](s))) < el (2.27)

[0 70)(50) - 1) - }V s Qulf1s.p))| < Certemarn e o
ity 112 + 11

[0 1)) 3 [ a5 QPG| < eIz Lz (5.9

Remark 2.8. The error bounds in Theorem 2.7 improve those obtained in [37] signifi-
cantly. In the latter, the upper bounds were of order O(54%) for (2.27), and O(%) for
(2.28), (2.29), respectively. The t-dependence of the error remained the same in each case.
In Theorem 2.7, the dependence of the error terms with respect to N is sharp.

For the following statement, we introduce the mesoscopic fields

Ur = ®rne,  Froi= frpe, Gr o= gryxe,
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as well as the mesoscopic Boltzmann operators

WIE)S) == A2Q[F1(S/A%),  Qs[F1(S) := A72Qs[£](S/A2),

G _

SIFIS) = AQVIA(S/V).
Corollary 2.9. Under the same assumptions of Theorem 2.7, for any § € (0, %), there
exists a constant Cs > 0 dependent on | fola, |70llas |0]wa and a constant K5 dependent
on | folla, 17ollas |0)lw.a, |A|, such that for t = \=2T and X\ = S5 we have that

v - ]\}L as (V[F1(S) + QY [FI(9))] < %
)Jdp J(p)(FT(p) - F()(p) — % ) ds Qg[F](S,p))) < Kjift{loo ’
| J I 1) (Cr(p) — 45 Q1P 1) < Rl e+ 11s)

Remark 2.10. Corollary 2.9 improves our previous time window, see [37], which was of

order t ~ (lolgoigo]gVN)2' Here, we obtain t ~ (log N)2.

Remark 2.11. In [37], we also studied the case L = \™*~ » \72 ~ t. This is due to
the reason, that for longer times/shorter system sizes, we observe superposition of waves,
while for shorter times, we observe dispersion. In that case, the time window of validity

was given by t ~ \72, with \ = O((%)%_). For these times, we observed an elastic
QBE, for which the dispersion relation is given by the Bogoliubov dispersion ). We do
not provide such a result in the present work, due to the complicated phase structure in
the quantum Boltzmann operators, involving the phases of the HFB fields (¢,0) as well

as the modified Bogoliubov dispersion Q%) see Remark 2.4.

2.3.4. Sketch of the proof. In Section 3, we first derive the expansions for the total BEC
wave function and total pair correlations. We then compute the perturbation expansion
of f, g and ®. In that expansion, we collect terms corresponding to the BEC evolution

up to order ﬁ These can be eliminated by a suitable choice of the HFB field ¢, due to

the presence of the Weyl transform W[/ N|A|¢]. The pair-absorption terms up to order
% contain some terms that can be characterized as HFB terms. These in turn can be
eliminated by a suitable choice of (v, o) for the Bogoliubov rotation 7 [k;]. The remaining
'free’ evolution terms can be eliminated by properly choosing the dispersion €2 in Upog(t).
This procedure amounts to the renormalization of (¢, v, 0, Q). In Section 4, we derive a
priori bounds for the renormalized HFB fields (¢,~, o). Those allow us to control the tail

and other lower-order terms in the Duhamel expansions of (9, f, g).

3. DERIVATION OF LEADING ORDER TERMS

3.1. Density expansion. (2.1) implies

WY/ NI aja,WIV/NTAIé] = ala, + 35(0) (v/NIAT (6wl + Ba0) + NIAP|oi{}.1)
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Analogously, (2.10), followed by (2.11), (2.12), yields
T'[kaba, TTki] = (ui(p)a) + vi(p)a_y)(w(p)a, + vi(p)al,)
= w(p)*afa, + [v(p)[Palay + (w(p)ve(p)afal,, +huc.) + [Aljo (H5?2)
= (1+%(p)aja, + u(p)alay, + (o:(p)afal, +hec) + Al (p).,
and, similarly,

T kel (Geal + Gpao) TThe] = de(ue(0)ad +7(0)ao) + &, (ue(0)ag + v:(0)af)

_ (3.3)
= (qﬁtut(O) + gbtvt(O))aO +h.c
Next, (2.5) implies
Uy (1)aoUpog (1) = e 0% 2Oqq, (3.4)
Ubyy(Hafal Upog(t) = 0% % Palal . (3.5)

while [a}a,, Upog(t)] = 0.
Collecting (3.1), (3.2), (3.3), (3.4) and (3.5), and using the fact that f; is even, we can
rewrite the total density in terms of the relative densities

£ () — 5(p) [N|A||¢t|2 N ( /NTAJe 0% 200 (6,00,(0) + G,0,(0)) By + h,c,)]
+ v(p) + (1 +%(p))ft(p) + v(p)fi(—p) + (62i58ds %@ g, (p)g,(p) + h.c.) .

Similarly, we have that

W/ NIA|pi]ay,a W[/ NIA ] = apa_, + 6(p (2«/N|A drag + N|A| gbt),
and that

T kapa—y Tk = (ui(p)ay + v (p)al,) (ui(p)a—y + v (p)a)
= [Alow(p) + orlaja, +alyap) + (1+7%(p))apa—y

ot
L+y(p) 777
Following analogous steps as above, we obtain
91 (p) = 0(p)[NIAIG} + 20/ NIA[g1(u(0)e= 50 O, + 1, (0)e o 2O, |

+m@wummm+ﬁemw+u+mm%*“m@Mm

ot _
. 0y(p)2e~2ilods ()7, (p)
14+ v%(p) ’

and also

(tot m¢t + (0 igf)dr QT(O)(I)t 4 Ut(o)eiSédr 20F
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3.2. Perturbation expansion. We are interested in the evolution of

UL (DafaUy (1))

Note that due to conjugation with Uy (t), the phase-factor et in Hg,.(t) drops out. Using
the Duhamel expansion, we obtain that

’ ala,, Hauwe(5)]Do
ﬁ@Zh@—iquppm(ﬂ>

0
[ o1, bt o) Hanlo)
- 51282
[0,4]? Al

(Mladap: M (51T, M (52)], Hiue(53) s
*Lﬂm A

Translation invariance and gauge invariance imply that

—— N N
<[a£ap, Hiue(s)])o = [a;:apv Hauc(5)] o< fo(p) fo(p) — fo(p) fo(p) = 0. (3.6)
Next, we have, due to gauge invariance, that
<[[a;rzap’ Haue(s1)], Haue(52)])o
Al
_<[[a;ap7 Herc(s1) + Heun(51)], Hirc(s2) + Hen(52)])0
Al
<[[a;;apa Hurs(s1) + Hauart (51) ], Hurs(s2) + Hauart (52)]o

+ A . (3.7)

3.2.1. First order HFB renormalization. For general fields (¢,~, o), the leading order
contributions in (3.7) are generated by Hpgc and Hypg. Thus, a possible choice is to set

Hprc(t) =0, (3.8)
Hurp(t) =0. (3.9)
Observe that it is sufficient for calculating the leading order expressions to assume
1

Hiec(t), Hurs(t) = O(\/—N) .

Lemma A.2 implies that (3.8) is equivalent to
ui(0)( = iy + Al |n0(0)6n + —Jdp o(p)oe(p
A . X — o
—f@z@wwmhmwg+wmm—m@+Mmm%m@

fdpv ai(p)oe + fdp @ ) +0(0 ))%( )¢t> = 0.
Abbreviating
I (p) ==(p) + NIAllg:*5(p), (3.10)
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S (p) =0u(p) + NIA|670(p) . (3.11)
this condition is satisfied if

a0 =3 (0 @0+ 50) 06 + (5 2)(0)3,")
— 2\|A[6(0)[gf" [Pof" .

(3.12)

The superscript '’ accounts for renormalization to first order, as detailed below. For
now, they do not play a specific role.

Since HSB“B (t) is a diagonal quadratic operator, we can absorb it into phase factors in
Hprc(t), Hean(t), and Hquart(t). For that purpose, we set

d
Hiipn(t) = 0,
or equivalently,

O (p) =

(B) + 2(0 + NIMI6P8) » (& + 2(0)) () (1 + 2470) (3.13)

Re (31" (p)ica” (p))
1+ (p)

2\

+ 2 Re (@ + NIAI@E)20) + 0) () ()

see Lemma A.5.
Thus (3.9) is satisfied if

Hien(t) = 0, (3.14)
which has been elaborated on in [56-58|. Lemma A.2 implies that (3.14) is satisfied if

i&tafl) (p) 0151) (p)iat%gl) (p)

2 2(1+ " (p))
(B) + 518+ (0 +200) )2 (3.15)

~

A (e - | <0 o 0 (p)?
+ oy (7000 + @7 )m S5 )-

We show in Lemma A.4 that (3.15) is equivalent to

i) = SIED )z - (57 9) o],

A
i) = 2(E + =T« (0 + 9(0)) ot + N(zﬁ” «0)(1+297). (3.16)
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Together with (3.12), we thus have shown that

00 = 2 (00« 0+ 00)) 000 + (56 5)(0)3" )

— 2M[A[2(0)]¢;”Pr”

2\
oy =S tm (5" = 0)7y").

A A

i) =2(E + Nrﬁ” « (0 +0(0))) o + 5 (B« 0) (1 4+ 2907) .
These are the well-known HFB equations in the translation invariant case, see, e.g., [8,56].
Moreover, Lemma A.5 implies that, if o) satisfies (3.17), then the Bogoliubov dispersion,
see (3.13), satisfies

(3.17)

A Re ((E x U)O'(l))
N 1+ 7(1)

A
O = B+ 21« (04 9(0)) +

= (3.18)

3.2.2. Second order HFB renormalization. In order to determine the cubic Boltzmann
operator, we follow [37] and compute the second order Duhamel expansion.

Observe that for a self-adjoint operator A, operators B, C' and any state v we have
that

v([[A, B+ B"],C + C") = 2Re (v([[4, B],C]) + v([[4, B],C"))) . (3.19)

Remark 3.1 (Commutator rule). We note that, due to the commutators, every right
argument in a commutator needs to be connected to at least one argument to the left of it.
We refer to this fact as the commutator rule.

Remark 3.2. Observe that we have that
_ t 2
2 Re f dsy 1,20, A(s1)A(s5) — U as As)|
[0,¢]2 0

Lemma A.2 implies that

m

Hanit) = 5 20 [ak [(0) (1 200) 509608 + (00

+ 2f0< Jou(R)9(k)3,) + v(0) ( (1 + 2(8) fo() (2(k) + 5(0)), (320)
12 fo(k)ﬁt(k:)@(k)qﬁt)] + he..
With that, we obtain

= I f = I

—
[ st [lafay, Houn(s0)], Hewn(52)] + [lafay, Hen(s0)], Houn(s2)]
- 2 ts1=s2
[0,£]2 Al

™ I
T HCU 7HCU
oo ([ 1 1 oo et
[0.)2 Al
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{[af, Hew(51)]o (a0, Hew(s2) o
== 5(])) J;Qt]? dS2 ]151252< |A| |A| + (81 <> 52)>

::6(p)‘—— iJ:(is (lao |;Er( )]>°) , (3.21)

see Remark 3.2. As we show in [37]|, we have that this condensate contribution of size

’\]\f and it dominates the cubic Boltzmann collision operator coming from
t P f A1
1
—fdem@@:_f 5 1,3, (S0 P (1)) e (2]
Vo 04 A]
T A1
L e pap,?{cubijsﬁ],7icub(sz)]>o) | 522

at least in the continuous approximation, when it is of size N Since (3.21) is proportional
to d(p), we can absorb it into the condensate contribution. With similar steps as in (3.21)
and employing (3.6), we obtain

_ f ds, ]181282(<[[a;apaHBEC(31>]7HBEC<S2)]>O
[0,¢]

Al
{la}ap, Hero(s1)], Hen(s2) Do
Al
{lafap, Heun(51)]: Hire(s2)]o
Al
™ I ™
[[agap, Heun(51)], Heun(s2)]
+ 2Re 7 )
. t <[a'0aHBE (5) + Heu (3)]>0 2
=5(p))—zfods < A b ) :

In order to eliminate this contribution, we choose

{lao, Hprc(t) + Hewn(t)])o = 0. (3.23)
Lemma A.2 implies that

(lao, Herc(t)]Do _
Al

VA [(0) (= 0 + MAPo0)r + 3 [ dp 5(p)onlr
+%f®@@ﬂw@hme+w®K—EE+MM@%w%
+ 5 [ oo + 5 [ dp (50) + 50}, )| >0,

(3.24)
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and (3.20) yields

m

a0, Hewn (o {[a0, Heus (t)])0

|A| - A

(3.25)
2@<> <»ﬁm>+w<yﬂm(u+a%@»@GMﬁ+@m»+
2:(p)6ei(p)) fo(p).

In order to satisfy (3.23), it suffices to equate the sum of the coefficients of u;(0) in (3.24)
and (3.25) to zero. This condition is equivalent to

i@ =NAI6 0000+ 3 [ dp o) + 5 [0 (06)+ 10 uloey
b2 [ (1 200)00(00) + 00)) + 20005,00)) o).

Observe that all integrands except for fy are even. In anticipation of the evolution of ~
and o, recall from (2.14)

(3.26)

) = (o) + fol-))

the even symmetrization of fy. In analogy to (3.10), (3.11), we introduce the second order
renormalized shifted expectations

I =1 +2f")y + £ + NIAll¢)%, (3.27)
2@ =1+ 2f o + N|A|¢?S . (3.28)
With these, and writing qb = ¢, we can simplify (3.26) into
PO . —(2)
o0 =3 (0« 0+ 00) 016 + (£« 0)0)5”) 529

— 2M[A2(0)] 6720 .

We recognize that (3.29) is a renormalization of (3.12), where we substituted ('), ©(1))
by the renormalized fields (I'® X®).
Next, observe that

[afap, Hisen ()] = Ai(p)aya_, + h.c. (3.30)

for some coefficient A;. In particular, (3.19) yields

(labay, Hismn(s1)] Hispn (52) + Heauare(s2)]o
=2 Re (Ay, (0){[apa—p, Hispn(52) + Heuare (52)]D0) - (3.31)
In addition, we have that

[aﬁ (t)] = [mrx t)] ¢ fo(p) folp) — fop)folp) = 0. (3.32)
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Lemma A.3 yields

[

How ) = 20 [0 [((1570) <5001 20 + ¢

P (3.33)
+ (@ + 200 187) = (04 000)) () (1 + 27 (p)
+ 4Re ((féﬂat) * @(p)at(p))>agap]
Then the CCRs imply
[abap, ”Hzart(t)] = B(t,p)aya_, + h.c. (3.34)

for some coefficient B. Using (3.19), (3.30), (3.32), and (3.34), we thus have

([0, Heuaes (51)], HE (53) + Haare (52)]o
= 2Re (B(s1, p){[0a—p, Higen (52) + Hauari(52)])0)

In order to eliminate the contributions coming from (3.31) and (3.35), we choose

<[apa*p7 Hg;‘g(82> + Hquart(32)]>0 = 0. (336)

This condition relates to the pair-absorption rate. Observe that we have

(3.35)

e
lapa_p, aTaT] ol + 2fé+)(p) ,

where 5 (p) = fo(p) + fo(~p)-
We start by calculating

(cor) .
<[Clp&—p, HHFB(t)]>O _ 2(1 4 Zfé”(p))e% §ods Qs(p)

Al
i00u(p) | ou(p)idrn(p) A, (64
- E —r 0
|- iy ¢ (B0 {04 20) @) ()
A (s, 5 <0y 0u(p)?
— (X7 = 1 DINRE — .

o (@) + &) )] (3.3
see Lemma A.2 for the expression for Hggg We used the fact that all functions appearing
here, except for fy, are even, and we replaced ~, o by their respective shifts T, £ see
(3.10), (3.11). Similarly, (3.33) yields

(lapa—p;, Hauart (t)] o _ {lapa—p, Hauars (1) o _
Al Al

A ot .

22 (L+ 2/ () 2B 2O (0 £) + ) () (1 + 2(p) (3:38)

2

+ (@57 *@(p)% £ ((1+290f87) « (5+900)) (D)oulp) )
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Hence, substituting (3.37) and (3.38) into (3.36) yields
idoi(p)  or(p)idn(p)

),
(E(p) + %FE” # (0 + @(0))(p))at(p)
s (0 ) @) + ) + (5 <) @)%) (3.39)

+ %(((1 +29)f67) » (04 2(0)) ()oe(p) + ((0f57) » 8)(p) (1 + % (p)

F @A) 8) 2.

L+ %(p

Using the renormalized shifted fields I'® and ©®), see (3.27) and (3.28), we can rewrite
(3.39) as

idoi(p)  ou(p)idn(p)

2 2(L+%(p)
B(p) + 518+ 0+ 00)) () (o)
+ %((Eﬁm ) () (1 +%u(p) + (5 » @)(p)%) : (3.40)

We recognize that (3.40) is a renormalization of (3.15), where (I'V), (1)) is replaced by
the renormalized fields (I'?,X®). In particular, the proof of Lemma A.4 implies that
(3.40) is equivalent to

: A =@ .

10y = N[(Z( ) & v) o — (Z?) % v) at] ,

: A L A .

idoy =2(E + N I . (0 +0(0))or + N(Z§2) #0) (14 27,) .
Recalling (3.27), (3.28) and (3.29), we thus have shown that

00 =2 (M« 0+ 000) 06 + (52 4 5)(0)5”)

— 2X\[A]9(0)] 47 20

o) A (3.41)
el = 2 (5 0y,

A A
i =2(E + Nr,?) « (0 +9(0))) 0 + 5 (2w 0) (1 + 29 .

(3.41) corresponds to the second order renormalization of (3.17) with the corresponding
renormalized fields.
To complete the renormalization of the HFB fields, we need to also renormalize the
[

Bogoliubov dispersion 2. For that purpose, we recall the diagonal part of Hquar(t) from
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(3.33), see also Lemma A.2,

[

Hawan 0 5= 3 [0 (14 2007) (0 4+ 5(0) ()1 + 22(p)
+ 4Re ((f" o) * @(p)a(p)))a;ap .
Then we choose Q22) such that
HD (1) + Hopart ()@ = 0. (3.42)
Employing Lemma A.2; see also (3.13), we obtain
%" (p) =

(B®) + %(@9 + NIA6P0) « (0 +5(0)) (1)) (1 + 20 ()

2\ (e @ Re (7" (p)idsor” (»))
+ 7 Re (@7 + MAIGY20) « ) 0)o” 0)) -

A L
+ 5 (29 057) (04 9(0)) (D) (1 + 2% (p)
ZD) _ .
+ SRe ((1757) =00l )
Recalling the total fields (3.27), (3.28), and employing (3.41), we thus conclude that

A
0F = B+ (07 (0+0(0) +

A Re (57« 0)0?)
N 1+ 7(2)

t

(3.43)

(3.43) corresponds to (3.18) with renormalized fields.

We conclude this section by equivalently reformulating the collected renormalization
conditions (3.23), (3.36), (3.42):

{%Bm(w + Hean(t) =0,
HHFB(t> + Hquart(t) = 07

compared with the first-order renormalization conditions (3.8), (3.9).

3.3. Boltzmann collision terms. The discussion in section (3.2) yields

7o) =folp) + 5 | s Qulfiltsp

(ks Hine (51)], Hae(52)]: Hauel53) s
’ f[ o 0 A ’
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where

]- a pa/pa } [cub S1 ) 3 lcub S2 0
N f(] 3 ‘fO ( ’p) J;Ovt] ’ e <

Al
L = 11
L ey, Hew (51)], Hew (82)]>o)
Al
see (3.22), denotes the cubic Boltzmann collision operator.
We show in Lemma C.1 that

) s Qulfol(s.p) =

222 Re J[o » dsy 1,5, Jdpg, (% (5(p1 —p)+0(p2—p)—d(ps — p))
w2 (pg WD) (pg)ei i 7 (o) +82r o)) 5
(fo(pr) folp2) fo(ps) — fo(pr) fo(p2) fo(ps))

1)
1(5(})1 p) + 0(p2 — p) + 6(ps — p))
(e

p1+ D2 — D3)

3|
— i§°1dr
W0 (w20 (py)e V3

S1

(Folon) Foo2) Fo(p3) = foo) fo(p2) fo(3)) )

In Lemma C.1, we also give an expression for the quartic Boltzmann term % Sé ds Q4| fol(s,p).

oo e (pa) e (oo ))5(171 + p2 + p3)

3.4. Error terms. We abbreviate

flJ] = fdp J(p)a;ap
Then we define the error

Rem[f]()[J] =
- Jdp J(p)JO ds (%Qg[fo](s,p) + %Qzl[fo](s,p))

+ Lt ds {[f[J], Hauc(s)] o (3.44)
N J[Ot] ds {[[f[7], Haue(51)], Haue(52)]Do

- [ @ Qual (349
. f ds (Qalf1(s.p) — Qslfol(s.)) (3.46)

¥ f[ . 455 I M) He52)) a5 3.47)
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Using the fact that odd moments of a¥ w.r.t. () vanish and rearranging the terms in
the first three lines of (3.44), yields

|| s A1 Howc(s) + Howl)Do = [ ap )5 | s @alel(s.n)

+ J[O . dse {[[f[/], HBEc(51) + Heun(51)], HBEC(S2) + Hewn (52)]Do

" f ds (FTT1HEZS) + Hamre ()]0

+ f ds ([[f[J], Higpn(s1) + HZart(Sl)(m)LHHFB(@) + Hauart (52) o
[o.4F? (3.48)

T f s (1T Ha(s) + Hoor (5@ Do

- f[ e LAY, Hi(s1) + Hauare ()], Hirs (52) + Hauare(52)]Do
0,t]2

[

+ J;() 2 ds, <[[f[J]7 Hquart(sl) - Hquart<51>]vHquart(sz)]>0

~[waor [ s Qufi)(s.1)

Due to our choice of HFB fields (¢®,7®, 5?)) satisfying (3.41) and the Bogoliubov
dispersion Q? satisfying (3.43), we have that (3.48) vanishes.

(1) In order to estimate the terms coming from the tail (3.47), we compute Hpgc,
%ﬁ;ﬁ, and HS%B for the HFB fields (¢®®,7®,¢® Q®) in Lemma E.3. Then we
use the following ideas:

1
(a) §dp a SN;? and that aff < (IA|N})2, see Lemmata D.2, D.3, and D.4.
(b) Proposition 5.1, followed by Lemma D.1 implies

(N + |A|)§>t Sifolalrolat Bl foll ol alBlw,alAXE
¢ N
(N + AN (1 )

2 4
< Ko 110l 4,170l g 10w, al AXE) A |5
Sholaslolalale € “Holalola [Alz.

With these steps, we obtain
] 050 LI Paon)), o)), Hc (s )
t
s 1
Stolatrolaolu,ela] € Folarrolal H“”dMW—N&I\J o
2

(2) Due to the dependence of = Sg ds Q4| fo](s,p) on the HEFB fields (¢¢, v4, 0¢), we
will employ a priori estimates established in Corollary 4.6. With that, we can
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control (3.45) by

A2t2 5
|fdp J f ds Q4[fo](3,p)| SHfoHd,HﬁHw,d Wec\\fo\\dv\ho\\dkﬂ Hw,dtHJHOO

(3) In order to estimate (3.46), we write Qs[h] =: Q3|h, h, h], in order to emphasize
the dependence on three arguments, each evaluated at different momenta. Then
we have that

Q3[f7f7f] - Q3[f07f07f0] :(Q3[f7f7f] _Q3[f07f7f]>
+ (Qslfo. [, f] = Qslfo, fo, f])
+ (Q3[f07f07f] - Q3[f07f07f0])‘

Each of the differences contains a factor f — fooc%. Arguing as in [37, Chapter
5.3|, we then obtain

1 (f ; N oo
NUO ds (QalA1(5)I1 = QalAal()TN)| Sisoatrutatity atay € oraioral it |N—|§

With these estimates, we obtain

; J
[ Rem[F1]1 Sl ol alal €0 uta a0 N|—§O :
2
3.5. Evolution of g. With analogous calculations as for f, one can show that the leading
order term in the evolution of g is given by

]
@JUJ 485 12y ([ ps Hes(51)], Hews (52)]0.

[0,¢]?

1
1A

We show in Lemma C.2 that

1 1
— 7 | dp J(p) dso Lz, [[apa—p, Heuwn(51)]; Heun(s2)]Do
|A| [0,¢]2

1 [t 9
:NL@QQM@M,

where QY is given in (2.24).
With analogous calculations as in the case of f, and using the fact that gy = 0, we
obtain that

[0 10190 = 3 [ as PN + Remlg 1)

where

lolw.alAlre |7 lld HJHd

| Rem[gl (LTI Sisolarollaloluanjas € 7ola0la N3
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1

3.6. Evolution of ®. Recalling (2.25), we show in Lemma C.2 that
_W ds2 ]151232<[[a07 Hquart(sl)]a chb(32>]>0

Consequently, we need to consider

1[@Q[M@=

3
2

N

We need to collect all terms involving a factor N~ 2
the third-order Duhamel expansion of ®.

(1) Due to [ag, Hprc(s1)] being a scalar, we have that

[[[ao, HBEC(51)], Hauc(s2)], Hauc(s3)] = 0

(2)

{[[[ao, Hurs(51)], Hauc(52)], Heuc(s3)])o =
A A3
—([[az1(s1)ao + a2,2a}], Haue(52)], Haue(53)]Do % == N2

\//\N’ see Proposition 5.2

for Haue(t) ~
(3) Similarly to the previous step, we have that
<[[[a'0> Hquart(sl)]a Hﬂuc(s2)]a Hﬁuc($3>]>

(4) We are left with computing

{llao, Heun(51)], Haue(52)], Haue(s3)])o =
\/—<[[ [as1(51)] + glasa(s1)] + g'[as3(51)]], Heue(52)], Hane(s3)]o

where we abbreviated
o) = | dp Ty, dwr—waU@dp

Employing Lemma A.2, we find that
e dm 2 Ow (0, p, p)

a3,1<t7 p)
%“m@ﬁ”%wm»

a3,2<t7p) =
p,p,0).

as3(t,p) = 1€'§t dr Q- (0) (30)(
We recognize the evolutions of f and g, resulting in

LJmsmmﬂmmmwmﬂmwnmﬂmM—
21(0,p, p)Qs[ fol(s,p)

>\ t . (s
J ds QZSOdT QT(O)Jdp (
0

+ WD (5,9, 005 [fol(s,p) + wE0(p,p, QS [fo] (5. ))

Nz
With analogous steps as above and recalling (2.26), we then obtain that
1 t
b = — [ 45 (@V171) + Q1A + Rem(a](0).
0
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where

8]walAlre_L

| Rem[®J(E)] Sisot ol otalal € olaola N

4. ESTIMATES ON THE HFB EVOLUTION

In order to proceed as in [37], we need to determine a priori bounds for u,v, and ¢.
Observe that it suffices to establish bounds for the HFB fields ¢ and v, for |o|> = (1 +7)7.

We start by rewriting the renormalized HFB equations (3.17) and (3.41). In both cases,
we get a closed system for the total fields ¢ and

») o) 0 $1))?
(FU)> — (1 +0;20)) (W)) + 82 f8" (1) + N|AIS <(| ¢§j)|)2) ,

without having to explicitly refer to the reduced fields (¢V), 0\ ). Then the HFB
equations (3.17) and (3.41) can be rewritten as

it = % ((Tes (0 +5(00) (0)01 + (S0 = 9)(0)8, ) — 2X AL 0) ¢
ol = 2Im ((S+0)%),
0% = 2(E+ AT« (0+9(0)))S + 2 (5, +0) (1 +2Iy)

— ANAJA9(0)[¢x|*¢73 -

(4.1)

4.1. Well-posedness theory for the HFB system. Before establishing bounds on the
HEB evolution, we need to ensure its well-posedness.

Lemma 4.1 (Local well-posedness). Let (¢g,To,%0) € X'. Assume that © € Li/H—E N

L*(A*). Then there exists a maximal existence time 0 < T < o0 and a unique mazimal
mild solution (¢,I',X) of (4.1) on [0,T). If T < o, then limy,r_ | (¢, [, 2¢) |22 = 0.
The solution depends continuously on the initial datum.

Proof. We start by abbreviating the nonlinearity

6,0, 9) 1= — i Z((0+ (04 00) (0)6 + (2 +)(0)3). (42)
— 2[00 |

Jo(6,T,%) 1= — %Im ((i* 0) z) :

J3(¢,T,%) := — i[2(%1“ (0 +9(0)))% + %(2 ) (1 +2I)
— ANXAP0(0)]¢ 262 5] . (4.3)

Let J := (J1, T2y J3), and diag(a, b, ¢) denote the diagonal 3 x 3 matrix with entries a, b,
¢, and define

£($,f, i) =

t
(o, Lo, e™*"%30) + f ds T ($e, T, 54) diag(1, 1, 2P0
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A standard calculation, explained in Lemma B.2, yields

Hj<¢17rl721) - j(¢2,r2,22)“x1

A
<O(5 ol + 101) (101 T, Sl + 16, T, 52 1)
(1 — ¢2,T1 — Do, By — o) lar + A|A[B(0) (|1 ]* + [¢2]?)

(1 + NIAI2(|¢] + [2l)) o1 — 6ol

With the previous estimates, we can apply the standard contraction mapping arguments
to £ to show the existence of a unique solution (¢, T, X) € CP([0,T), X*) nCF ([0, T), X71)
as long as T' > 0 is small enough. In addition, in the usual way, one can show a blow-
up alternative, i.e., if the maximal time 7" > 0 of existence is finite, we have that
limy 7 |[(¢, I't, X¢)[|xr = o0. With standard arguments, we also show the continuous
dependence on initial data. O

In order to obtain an expression for the HFB energy functional, we look at the phase
factor

ﬁtSt -
M [ [EGrue) + 5318« 0+ 50)
= ST bSO )~ NIAPAGL 0 ()5()
N|A[6(p) Re (Etiatgbt) Re (Et (P)iatat(p))
_ _ - ) ] (4.4)

obtained in Lemma A.2. Observe that the terms not involving any time derivatives
correspond to the sum over all complete contractions of Hy with expectations

{ay) =¢d(p),
{abapy =|AITD(p),
{apa—p) =|A|Z(1)(p) )
(1)

see, e.g., [8]. Moreover, we can replace E(p)y(p) in (4.4) by E(p)I';’(p). In particular,
(4.4) gives rise to the HFB enerqgy (density) functional

Enrn(6.T3) = [ b (BG)TG) + 55T« (0 +00) ()

AN s 23| 447
+ ST+ 0(p)S(p) — NIAPAG[2(p)5() )
In addition, we define the (total) HFB density

T} = f dp T(p)

Lemma 4.2 (Conservation laws). Assume that v € Li/l-i-—E N LP(A*). Let (¢o,T0, %) €
Xt and (¢,1,%) € C([0,T), X') nCH([0,T), X ™) denote the mazimal mild solution of
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(4.1). Then the HFB density |I't||, and HFB energy Egpp(dr, I't, Xt) are differentiable in
time and conserved.

Since the arguments needed for this result are standard, we omit the details at this
point. For the interested reader, we elaborate on these details after the proof of Lemma
B.2.

In order to close this section on the well-posedness of the HFB equations, recall that

o= lul?=0, o = uflu* = (1+v)%.
Then we have that
'>~2=>0,
and
S[2 =0 + N|A|g]?

<2(jo? + (N|A[1629)°)

—2((7 + 1)y + (N]A]|6[26)?)
L2+ 1T,

where we applied Cauchy-Schwarz in the second line. As a consequence, Young’s inequal-

ity implies
% <v/2(0+ 1T
<V2(T +1). (4.5)
For the next statement, we recall from (2.17) the truncated fields
I'" =T — N|A|[¢]*5, 2T = X — N|A|#*.

Lemma 4.3 (Conditional global well-posedness). Assume that v € Li/H—E N L*(A*), and

that v = 0. Let (¢9,Tg, %) € X1, Let (¢,T,X) be the associated unique maximal mild
solution of (4.1) with existence time Ty > 0, and assume that the truncated expectations
satisfy TT = 0, X712 < (T + D)I'T. Then Ty = .

Proof. Mass-conservation and I'" > 0 imply that
NAl|¢* < Tl
= |Toll1,
which is why
[0 < Cirys-
Next,

(S0 e 0.5, = f a5, (2) o)

see (B.12), and positivity of v yield

A

Euraén =0T > [ dp (B@L) + 5317 + (04 60) )T ()
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A=
+ ﬁzt + 0(p) X¢(p)

> [ EGIT0). (1.6)
Because of energy and mass conservation, we thus have that
ITelzs, . < Ciroly.&arn(soroo) - (4.7)
Using I' > 0 and (4.5), we find that
4N

oili(p) < NH(Ft(P) + 1) # 0l|u(Te(p) + 1)

In particular, mass conservation implies

2Tl e + ) (Tu(p) + 1)
Gronwall’s inequality then yields the point-wise bound
Iy(p) < e%(l\FoHlHﬁHoo+HﬁH1)t(pt(p) +1),
which, in turn, gives the uniform bound
Tyl < R Toluldlee+Io10L (| 7o+ 1) (4.8)

Finally, employing (2.13), we find that

ISl <2 [ dp (T) + DEGI + E)).

Collecting (4.7) and (4.8), we thus obtain

ol(p) <

2 L UTol1]8lloo+]0]1)t
Hzt HL§+E gC”FOHI75HFB(¢07F0720)7”F0”00e N .

(4.5) and (4.8) imply
IS0 < 26 (Toltlélotlolt (I Py + 1)

In particular, we have that ||(¢y, 'y, X¢)||xr < oo for all ¢ > 0, which, by the blow-up
alternative in Lemma 4.1, implies T = o0. Il

4.2. Symplectic description of HFB equations. In this section, we follow closely the

ideas in [8]. Let
Ri = Lo >
LTS 1+r7)

where we recall the definitions (2.17) of I'" and ¥7. Observe that we have that
R=>20 = TT>0AXP <T@ +1r7. (4.9)
The goal of this section is to prove that Ry = 0 implies R; > 0 along the flow induced by
the HFB equations (4.1). More precisely, let
A
hr :=E + NP « (04 0(0)),

Aa
hy. ZZNE*U,
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hr h
Ty . (2
M (5 )

s=(o 4)-

A straightforward calculation yields
10O R, = SH(FnZt)Rt _ Rt”H(Ft’Ef)S.
Let

(4.10)

oV =HTEISY]
Vi =1,

We introduce the function space
: a b N .

Lemma 4.4 (Well-posedness of (4.10)). Assume that v € Li/H—EmLOO(A*). Let (¢,1',%) €

CP([0,T), X"). Then there is a unique solution V' € C}([0,T), X*') of (4.10).
Proof. We have that ES is the generator of a continuous semi-group on Y!. In addition,
(¢, I',3) € C’?([O, T), Xl) and the estimates in the proof of Lemma B.2 imply the conti-

nuity of t — HT+>) — ES € Y'. Finally, we apply standard functional results, e.g., as
found in [64], in order to show the well-posedness and regularity of V. O

Now let (¢,T,%) € CP([0,T), X*) n C}([0,T), X™) be the solution of (4.1). Using
Lemma 4.4, we have that

i (VRV]) = = VSHT IRV + VRHTPISY]
+ VSHT IR — VR HIZ) SV
=0.
In particular, provided Ry = 0, we have that
R, = VIRV, = 0.
Together with (4.9), we have thus proved Proposition 2.6.

4.3. Bounds on the HFB fields. After establishing global well-posedness of (4.1), as
well as energy and mass conservation, we are ready to establish bounds on I'? and ¢. As
described at the beginning of section, these, in turn, will yield a bound on ~, and thus on u
and v. For that, we establish the next result. Recall from (2.17) that I'7 = T'— N|A[|¢|?d,
YT =3 — N|A|¢p?6.

Lemma 4.5 (Mass transfer bound). Assume that v € Li/H—E N L*(A*), and that v = 0.
Let (¢o,To, X0) € X' with T = 0, |SF> < A/(TF + 1)I'L, and (¢,T,%) € C([0,T), X) N
CH([0,T),X7") denote the global solution of (4.1). Then we have that

1T — IT%

2 2
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r7 <62)\|\6Hw,d(@+2)t(rg +1),
R e T | A
Jdp E(p)'i(p) <Eurp(do,Lo,X0),

and |ST| < /(T + 1)IT.

Proof. Observe that we have ||I'|; = {dp T'(p) for I = 0. Mass conservation implies

[Tolls — | TF ] 178 = I ]

2 _ — 2 4.11
Notice that Lemma 2.6 yields
=7 < A/@F +1)IF < I +1, (4.12)
due to Young’s inequality. (4.1) implies
2\
or! = WIm((zt*@)zf). (4.13)

Using (4.12), Young’s inequality yields

2\

2
2\ .

= 7 lolwallColy + (T + 1),

ary <=z (lofy + [0lo) (ITer + 1)(TF +1)

where we employed mass conservation. We thus obtain, via Gronwall’s inequality and
using the fact [Toll; = [TE ], + N, that

T 29 (@H)t T
I, < e”Mwdi™N (g +1).

Similarly, (4.13), together with (4.12) and (4.11), yields
R =T
8T = 2A/A| Tm (fdp (S )P ()

= 2\[A|Im (] * 9)(0)¢?)
ITolx = 1TV
N

where, analogously to (B.12), we used that {dp (X} = f})(p)itT(p) € R. Then Gronwall’s
inequality implies

< 2A|0 ], (IT¥ 0 + 1),

N [l
¥ < eleaCRI (T + 1),
(4.6) together with energy conservation implies
fdp E@)T:(p) < Eurp(¢n, T, 2t) = Exrp(go, Lo, Xo) -

This concludes the proof. O

As a direct consequence, we obtain the following result.
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Corollary 4.6 (Bounds on Bogoliubov coefficients). Assume that 0 € Li/H—E N LP(A*).

Let (¢9,To, D) € XL withTT > 0, [ST2 < /(T + DT, and (6,T,5) € C([0,T), X1) A
C’tl([O,T),X*I) denote the global solution of (4.1). Let v, 04 : A* — C with 0 < v < '
and |o|? = (¢ + 1)y be given, and define

ui(p) == /1 +%(p),
v _ at(p)
p) 1+ %)

i.e., |vg|*> = v;. Then we have that

. Il
1+ o = 1+ ol = Juwf? < 1+ Mol 0T 41y
Ly
Joell = [l < e2MPlwaCRT+DE DT
H/UtHiQE = nytHL}E < SHFB(¢07F0720)‘

5. TAIL ESTIMATES
In this section, we bound the tail in the perturbation expansion. Recall from (3.27)
and (3.28) that
PO = (14 2£70® + 57+ NIAJ[6 s
2@ = (1420 + NIA|(¢@)25

Proposition 5.1 (Bound on Fluctuation dynamics). Assume that 0 € Li/H—E N L*(A*),

and that |A| = 1. Let (¢, I'® £®) e CY([0,T),X") nC}([0,T), X~) denote the global
solution of (4.1) with initial datum

68 TP =) = (B0, A+ 20+ 157+ NIA||@ol?8, (14 2£7) a0 + N|A|¢26) € X1

Then for any ¢ € N, there exist constants Cy, Ky > 0 such that for all t > 0, we have that

s+ 4D et s+ ) 1+ 3
2 2, ¢
< ¢, (1 BT AR s ool

o0l ar A (14 S0l L) )y

Proof. Lemma E.1 implies

l\?lN

[N+ [A])
|G+ |A])

_£ £
TTko] (N + [AD 2] Se (L + ol + |role)? (5.1)
_£ £
TN + A2 Se (1 + [l + [ilo)?

l\)lN
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By definition (2.17), we have that (I'®)T = (1 4+ 2f$)y@ 4 £ Corollary 4.6 then
implies
4 4
| (N + [AD2 T TR (N + |A]) 72

)T ¢
o AT 4 (06T + (067) o) (5:2)

L+ | folla)2 (1 + [rola)? -

<, el
Lemma E.2 implies that for Uy (£) := WI\/N[A|¢Je "5 W[\ /N[A|¢o], we have that

H(Nb + A2 UN (NG + [A]) 72 (1 + A%g )fé

((1+2HfoHoo)H'YoHlH\foHl 1)t

< ( (14 | folla)*(1 + |70|d)2> gemn@nw,dmuuw)t' >3
Collecting (5.1), (5.2), and (5.3), Wévobtain
| i+ 1A S (YN + 1AD (1 + )
< (1 LRI POlRYE )8+ ol
el A1+ LA 010 ’
which concludes the proof. O

Proposition 5.2. Under the same assumptions as in Proposition 5.1, we have that

| HBrc(t) P NH’HEEE( )Enl \/—H%HFB( )Pu]| [ Hewn () Pall 3z [ Hauare () B
Vn+IAl + A n " (n+ AT (n +[A])?

A Ol (s GBI oy e (3 ol + [0l

< OC—=e
Proof. Recalling from (2.13) that |o|?> = (1 + 7)7, Lemmata E.3 and D.4 imply

Hasc()P,] < O%m(e) £ 1Ol
(s a0) = 0(0)] + (1 + 29 £5) = (8 + 0(0) (0))Vn + 1

\/|—||v|wd(ut( ) + [0 0) D@l folla(t + [vela)vn + 1.

Now we employ Lemma 4.5 and Corollary 4.6, and obtain

|Hprc(t)P,| A 5 i, T8 1\ 2 3
T S O e i olla(1 4 ) (1 I )
A+lfolla)(X+lvolla)

A )
< O O wa(1+ X 5., 14 21 4 2
o ool fol(L+ 1ol (1 + Il

The bounds on HHE;%( t)P,|| and HHHFB( )P, |, see Lemma E.3, and on |Hcu,(t) Pyl and
| Hquart (t) Py |, see Lemma A.2, can be obtained in an analogous fashion, using Lemmata
D.3 and D.4, respectively. This concludes the proof. O
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Corollary 5.3. Under the same assumptions as in Proposition 5.1, and for |A| < N, we
have that

| f[o . dss ([[[f1/], Haue(s1)], Haue(52)], Haue(s3)Dss]

C)\‘AH‘U” d(1+(1+Hf0Hd)(1+HWOHd) (

1
<C”f0”dHJH2N—6 + [olla) A7 .

Proof. Proposition 5.2 and Lemma D.2 imply

| Lt dsg ([[[f7], Haue(s1)], Hane(52)], Haue(s3) s

t 4 A+l O+ Ivola) y, o
<CHJH2 N Plw.all N 10013, 4l foll
OEILVERY
LY

(1+ [ foll)® (1 + [70la)® sup (NG + [A)H*3 ( i

s€(0,t]

Proposition 5.1 then yields

| f[o . dss ([[[f17], Haue(51)], Haue(52)]; Haue(s3)Dss]

)\ t C)\‘AH‘U”U} d(1+ (1+HfOHd)(1+HWOHd)

<Oz "ol al foll3

(14 [l + ol (N + 18D % (1 Wﬁ#)g(l ’ J§|vf§|)>o.

Finally, we employ Lemma D.1 and obtain
|J[O ; dss ([[[f1/], Haue(51)], Haue(s2)], Hane(s3)])ss |
4

A3t3 ) (1ol A+ volg) -
< C”fO”dHJuzﬁecﬂAleHw,d(lJr;N —)tHUH:S

Al7\3
1+ 6A%(1+ | )
(1 + [vlla)”[A| i

1 (41 f0la) 1+ I0la) vy 11
< ot eI R+ o) AT

APPENDIX A. CALCULATION OF THE FLUCTUATION DYNAMICS

Lemma A.1. We have that
T'[k)a,T[k] = cosh (|k(p)|)a, + sinh (|k(p)|)

Proof. Observe that

p ('TT[Tk]apT[Tk] ) _ ( %qu k(q)T'[7k][ap, aga,q]T[Tk‘] >
T'rkla’, Trk] —1§dq k()T [rk][a’,, aga_q) T7k]
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(0 klp) T rk]a,T[Tk]
“\k(p) 0 ) \T[rkld",T[7K]) "
0 k)~
where we used the fact that & is even. Employing the fact that 7[0] = 1 and <E () dp )
|k(p)|>1, we find that

(77: [Efi]ﬁp;r[%) “e ( (E(Om k(op)) s )

:[cosh(|k(p)|)1 + SIHTIC(&;ZF ) (E(Op) k%’))] (a%p) '

This finishes the proof. O

Lemma A.2. Let Haue(t) be defined by (2.6) and (2.7). Recall from (2.18)—(2.21) the
definitions of wU7). By choosing

5 =11 [ s [ap [EGPo) + 200+ 0+ 600 0)
+ T oSO p) — NIAPA,“6(0)
 NIA[6(p) Re (6,i05¢5)  Re (Es(p)zasas(p))]
2 2(1+7p) 1

we then have that

Hﬂuc(t) = HBEC<t) + HHFB<t) + chb(t) + Hquart<t)7

where

A
Hieo(t) = v/NTA[w(0)( = idun + AIAD(O) |66, + (o = 0)(0)2,
A S —
+ N(% « (0 + @(O)))(O)Cbt) + Ut(0)< — 10t + A|A[6(0)|0] 0,
+ 2@ DO+ 2w (04 5(0)(0)3,) [ “0af + e
is the BEC-Hamiltonian,

d cor
Hurp(t) = ,H%I;B(t) + /HI({F]%(t)
18 the HF B-Hamqaltonian,

@ (5 _ Re (7:(p)idiov(p))
Hypp(t) = Jdp [— Qui(p) — 1+ 7(p)
4 (B) + 2 (0n + NIAIIPS) « (0 + 2(0)) () (1+ 2(0))

+ 2 Re (@ + NIARGS) « 0)()ou(p) | by
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refers to its diagonal part,

(cor) . i0;0(p)  ou(p)idiye(p)
M = Jar [ - 58+ TS

+ (B) + 2 (0n+ NIAlI68) » (5.4 9(0))) (7)) (o)

+ (o4 NIAIG) » ) () (1 + ()

2
— R g, i t r
+ (@ + N|A[$,6) + u)(p)ﬂ)]e2 lodr @-@)afal 4 hc.

L+ 7(p)
to its off-diagonal part,

A (t .
Hanlt) = [(dpa (301 + pa + gyt (201000)

1 w0

Ve (Ps)a, a0,

T (py + po — py)ei 007 (1)1 (2) 020 (03)
1 w

2] <p3> Pl LzapS

+ h.c.)

describes the cubic processes, and

A .
Haart (1) = 72 f dps (8(py +pa+ ps + pi)e' B e )

L 0

% (pa)a),alalal,

+ 6(p1+ pat ps — pa)e Y (2 1)+ (p2)+ 0 (p3) -0 (1))
1
3' ( )(p4) Ap, ;2a;3a1’4

+ h.c.

T 5(py + pa — ps — pa)et ot (Ar (42 (2)= 0 ()01 )

1
(2|> ( )(p4> ap, ;gapsapzl)

describes quartic interactions.

Proof. By definition, we have that

Hanet) = — 6,5, — J dp (p)alay + Ul ()[i0e T [k T e Uos(t)

+ ugog(t) ZatWT \/ N|A ¢t \/WCbt kt Z/{Bog )
+ ugog t TT WT \/ N|A ¢t HNW \/W@ kt uBog )

(A1)

40
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In ascending order, we define 0;S; till Hquart (t) to be the normal-ordered zeroth till fourth
order polynomials in Hgyc(t).
In order to calculate [id;77(¢)]T (t), we use the fact that

[6te_A(t)]eA(t) = lim 1
h—0 0

1
_ f dr e~ 4073, A(t)] A0 (A.2)
0

ar o, < A(t+h)T LAMT )

see, e.g., the proof of Proposition 3.2 in [14]. Accordingly, we have that

(O T k| TR %L dr T'[rh] f dp (eF(p)aya_, — aki(p)ala’ ) Trk]

2 fa L “ar ((cosh(rli(p) 2R (p)

ki(p)?
ke (p)]?

+ sinh(7[k; (p)[) cosh(7[k:(p)])

(a;ap + apa;)> .

Using the trigonometric identities for sinh and cosh, we can simplify the expression to be

1 sinh(2|ki(p)|) +1 , —
AT TR = [ ap [P A= ok)

) W -1 E)? o
T T ECP))ae—y = he

cosh(2|ky(p)]) — 14 Im (ke(p)0ck:(p)) Al
] [ (p)] (apap + 2>]

=2 [ [ (o P2

- B |k:(p)|?
ki (p) Re (kt(p>atkt(p)))a 0 — he
k@) tr

T (f,;((;j e ))( ap + |2£|)] (A.3)

— sinh(7[k:(p)])*

Ok (p)) aya_, — h.c.

ki (p) ek (p) — Oike(p) ke (p)
| Ky (P) |

sinh(2|k;(p

A straightforward calculation yields

. Ei(p) Re (ki (p)dik:(p))
(/tut(p) = t(p> |k’t(p)|2 7

oo k() Re (Bi(p)oiki(p)) - iTm (Ki(p)0iki(p))
(/tUt<p) _ut(p> |kt(p)|2 + Ut<p) |kt(p)|2 :
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In particular, we have that

7Im (k?t (p) atk_t(p))
|kt(p> |2

B + w(p)i(p)

()20, (22 (A.4)

Because u;(p)? = 1 + |v;(p)|?, we can invoke that

w)in(p) = Soan(p) = Solu@)’ = Re (u(p)am(p))

in order to obtain that

o 1m (K (p)0cke(p))
[0:(p) [ke(p) |2

=v¢(p) 0yt (p) — ue(p)rus(p)
=i Im (Ut (p)atv_t(p))

—ulpe (2. (A5)

Using the notation v,(p) = |vi(p)|?, 01(p) = w(p)ve(p), and employing (A.4), (A.5), we
can hence simplify (A.3) as

(10, T k)T ke :% Jdp ((1 +7(p)) 0 ( 7u(p) apa_, — h.c.

@)’ o @)y, A
21+%@ﬁ4m@9( D
i0ioy(p) | Tu(p)idiy(p)
:_J@{< 2 2(1 + %(p))

m (0¢(p)0:0:(p)
1 (1 +p%(p> i (a},ap + %')] (A.6)

) aya_, + h.c.

\_/+

Observing that Im(z) = Re(iz), and using (2.5), (A.6) implies

UL, (00, T k] T ke Upos ()

_ fdp [(z'@#gt(P) zt((lpli('?;tltzg))>e_ziggds %@)ga_, + hc.
N Re (Et(p)i(?tat(p))( ; |A|)]

a,a, + ——
1+ v(p) peP 2

(A7)
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Next, using (A.2) again, we have that

(oW [/ NIAI IV NTAJs)
= —V/NIA] | dr Wi/ NIA (0010 + D) WV NIRG] (a

- NIARZ
= —/N|A| (i(?tcbtaB + Z'atﬁl%ao) — |2 | Re (Cbtiatﬁbt) )
where we also employed that 6(0) = |A|.
Finally, we calculate
WA/ NIA|gHy WA/ N[A| 6]

N|A|3A|¢t|4A< )
+ 4/ N|A|3>\|¢t|2 (¢ta0 + (btao)
n f dp (E(p) + NAI(5(p) + 9(0))¢4]?) ala,

- AWJ f o+ Bayay)
A\MJ

+ pl aj?Qapl? ¢t + a;)m Apy Gp, QSt)

+toN Jdp4 8(p1 + p2 — ps — pa)0(p1 — ps)a), af ap.ap, . (A.9)
In order to calculate

T kW' [V NA|@Ha WV NIA| ] T k]

we calculate the transformations for the scalar terms, the terms linear in a, af, etc. in

WIHN/N|A|d ] HN W[/ N|A|p:]. We have that
V/NIABA @ *0(0) T [k (draf + G,a0) Tk
=V N|A|3>‘|¢t|2@(0) ((¢tut(0) + Etvt(o))aé + (@ut(O) + ¢tv_t(0))a0> . (A.lO)

For the quadratic terms, we have that

| db (E)+ NAI@) + 60 ]6) T elabe, Tk
M [ ap o) Tk (57l + Brapay) Tk
= [0 [(E) + NAIG) + 50)I6) eV ey + ) o)
L A

S50 ) (e ()T(p)6} + w(p)ilp)r) (ahay + aya})

+ (E(p) + AA[(2(p) + 9(0))|¢e|*)ue(p) (ve(p)alal, + T (p)aya_,)
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+ A50) ()26 + )3 aal,

2
+ (W06} + wp)5) sy ) |
:f@oﬁuwm+xmxmm+@m»WMhum

+ 20 @) + o)) ) 1A

+ ((B) + XAI@() +5(0))6f?) (1 + 27(p))

+ M) (@p)07 + i (p)27) )aba

+ ((BO) + NAI@0) + 506 o(p)

o 200 (4 et + 2 Yl + ], (A1)

1+ 7(p)

where the hermitian conjugate ’h.c.” only refers to the terms proportional to a;,aip.
Bogoliubov-rotating the cubic terms yields

A/ | A _
| Jdp2 v p2 ] (a;;l apz Qpyy ¢t + a;mapz Qp, (bt)T[kt]
A/ | A + 7
:TJV Jdpz w ((ut(pl)a,ﬁl + T (p1)a_p, )

(uelp2)al, + Te(p)ap,) (me(pro)age, + ve(prz)al,,,) 60 + he.) . (A12)
After normal-ordering, the expressions linear in a, a' in (A.12) are given by
PR ap [ (40 (i + ue i 073)
+wxﬂ(@wwmxtM@+wmaD%+h4
VI ap [0 (o601 + (610) + 20015
+ u(0)(0p)o(p)on + (U+wm%®%ﬂ%+ha (A.13)

Similarly, the cubic terms obtained from normal-ordering (A.12) are given by

A«/|A
2N

dps (6(p1) + 0(p2))d(p1 + p2 — p3)

((ut(pl)ut(p2>ut(p3)¢t + o (p1)vn(p2) Vi (ps)b,) af, af pzapg

+ (ut(pl)“t<p2>vt(p3)¢t +Ut(p1)vt pz Uy p3 ) p1 p2 _p3
+ 2T (p1) s (p2)vr(p3) Br + e (pr)ve(pa) s (p3) D ) a_pg ma_pl
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+ h.c.). (A.14)

Here, we already exploited the symmetry w.r.t. p; < ps. Relabeling momenta yields

2\/\/? dps; [((Ut(pl)Ut<p2)ut(p3)¢t + vy (p1)ve(p2) T (p3) ) (6(p1) + 0(p2))
+ Q(Ut(P Jue(p2) U (p3) e + Ut(pl)vt(pz)ut(pg)cb ) ) + 0(p3) )

d(p1 +p2 — p3) ap, ;gaps

(Ut(pl)ut(p2)vt(p3)¢t + Ut(p1>vt<p2)ut<p3>$t) (@(pl) + 77@2))
§(p1 + p2 + ps)al ap, LQ%TB
+ h.c.) .

To conclude the calculation of these cubic terms, we symmetrize the coefficient of af, af a,,

w.r.t. p; < po, and the coefficient of a;gla;gza;s w.r.t. permutations of (p1, p2, p3) to obtain

d(p1 +p2 + ps) Ay, LZGIB

W'de?»

((ut<p1>ut<p2>vt<p3>¢t + up)oep2)u(ps) ) (9(01) + 0(p2)
(Ut(pl)ut(pz)ut(p3)¢t + Ut(p1)Ut(p2)Ut(p3)$ )( ( ) @(p?,))
+ (we(pr)ve(p2)ue(ps) b + ve(pr)ue(p2)ve(ps)dy) (6(p1) + ﬁ(pg)))

+ 55(]?1 +p2 — p3)al Ay, ;L)QalB

(e pa)uas ) ()6 + v (1) 0u(p2)Ti (0)81) (8 (1) + 0(p2))
+ (vi(p1)we(p2) Vi (p3) de + we(pr)ve(p2)ue(p3)dy) (0(p2) + 0(ps3))
+ (1) v (p2)Ti(ps) 1 + vu(p1) e (p2) e (p),) () + () )
+ h.c.> . (A.15)

We are left with calculating

A .
N Jdm d(p1 + p2 — p3 — pa)o(p1 — p3)TT[kt]a'p1 a;,zamapﬂ’[k:t]

A T JE—
— Jdp4 0(p1 +p2 — p3 — pa)o(p1 — Pg)(Ut(pl)aLl + T (p1)a—p, )

(Ut (p2)a;r,2 + U_t(pZ)a—pz) (ut (p3)ap3 + U (p3)aT—p3)
(we(pa)ay, + Ut(p4)aip4) : (A.16)
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After normal-ordering, the scalar terms come from pairs of annihilation operators a left
to a pair of creation operators a' in (A.16), and they are given by

A .
N Jdp4 d(p1 + p2 — p3 — pa)0(p1 — P3)

(501 + p2)3(ps + pa)T (1)t (2 (1)
+ (3(p1 — pa)d(p2 — ps) + 0(p1 — p3)d(p2 — pa))

T(p1 )T (p2) o1 () (1)

;|]/\\7| dp dg (O't( Yo(p — @)on(q) + v(p)(6(p — q) + @(0))%(61)) (A7)

Next, we determine all terms proportional to aa in the normal-ordering of (A.16), that
come from having a creation operator a left of an annihilation operator af, are given by

A .
IN fdp4 d(p1 + p2 — p3 — pa)0(p1 — P3)

(v_t(pl)ut(pz)ut(pg)ut(m)é(m + D2)apsap, + Tp(p1)T(p2)us(ps)ve(pa)
(5(]93 + p4)ap1 Qp, + d(p2 — p4)ap1ap3 + 0(p1 — p4)ap2ap3)

+ i(p1) T (p2)ve(p3) e (pa) (6 (p1 — ps)ap,ap, + 6(p2 — P3)ap1ap4)>
~ [0 da (m@ita - 91+t + drita - 2D
+ 2v(q)(0(q —p) + @(0))5t(p))apa—p : (A.18)

In a similar fashion, we determine all terms involving a'a in (A.16) after normal-ordering
to be

A .
N fdp4 d(p1 + p2 — p3 — pa)0(p1 — P3)

(ut(pl)v_t(pz)vt(ps)ut(p4)5(pz — p3)a}, ap, + us(p1)Te(p2)us(ps) v (pa)
(5(173 + p4)a;,1afp2 + 0(p2 — p4)a;,1@p3) + Ty(p1)ue(p2)ve(ps)ue (pa)
(5(291 + p2)aT—p3a'p4 +d(p1 — P3)%T>2ap4) + g (p1)ue(p2)ue(ps)ve(pa)
(6(p + Ayz)g)cﬁ,;,hla;,,3 +8(py — p4)a;,2ap3 + 8(ps + p4)a1p2ap1)

+ Ti(p1)Ti(p2)ve (p3)ve(pa) (3(p1 — pa)alya_p, + 5(p1 — p3)al 0 p,
+d(p2 — p3)a1p4a,p1 + 6(ps — pa)al alp,a_p,)

=% fdp dg (%(CI) (0(g = p) +9(0)) (1 + 27:(p))

+ a@)ilg — p)o(p) + T(a)ola — P)on(p) )l (A.19)
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Here recall that we need to contract each a with each a' to the right of it. Finally, the
quartic, normal-ordered terms coming from (A.16) are given by

A . .
IN fdm d(p1 +p2—p3 — p4)(v(p1 —p3) + 0(p1 — p4))

(wepr)us(p)on (po)or(pa)al abal yyal,
+ 2uy(pr)ue(p2)ve(ps)ue(pa) L1a22a1p3a1’4

+ 2uy(p1 )T (pa)or(ps)vi (pa)al, ol el a
+ h.c.

+ (Ut(pl)ut(p2)ut(293)ut(p4) +vt(p1)vt(p2)v_t(p3)v_t(p3)) ;T;la;zapaam
+ 4uy(p1) Vi (p2)ve(ps)ue(pa)al, T_pgafmam),

where the hermitian conjugate refers to the preceding terms. Analogously to (A.14), we

already symmetrized the expression w.r.t. p; < p, and p; < ps;. Relabeling momenta
again, we have

A
IN fdp4 [5(291 + P2 +p3+ P4)a1,1a22a;3&;4
uy(p1)ue(p2)ve (p3)ve(pa) (A(pl +p3) + 9(p2 + p3))

+ 26(1)1 +p2 + p3 - p4) p1 ;za;lr)gaIM

(ut(pl)ut(pz)vt(ps)ut(m) (0(p1 + p3) + 0(p2 + p3))

+ wy(pr)ve(p2)ve(p3)Te(pa) (6(p1 + p2) + 0(p1 + ps)))
+ h.c

+ 8(p1 + p2 — p3 — pa)al al, ap,ay,
(oo o (s o () -+ (1) (2T (05)) (61 — s) + 02 — )

+ du(p1)vu(p2)Ti (s (pa) (001 + p2) + (p2 = 3)) ) (A.20)
Let

l
0) = H a(a)(q])

see also (D.1). Symmetrizing the coefficients of a'(p,)a(k,,) in (A.20) w.r.t. p, and k,,,
we find that

P17p2 P37 P4

1
N Jdp4 [15(171 +pa +p3 + pa)al al al al

((ut(pl)ut(pz)vt(pg)vt(m) + ve(p1)ve(p2)we(ps)ue(pa) ) (9(p1 + p3) + 9(p2 + p3))
+ (w(pr)vi(p2)ue(ps)ve(pa) + vi(pr)ue(p2)ve(ps)ue(pa)) (6(p1 + p2) + (2 + p3))

)
+ (Ut(pl)vt(Pz)Ut(pzs)ut(m) + v (p1)ue(p2)ur (ps) v (pa )( o(p1 + p2) + 0(p1 + P3)))
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1s J ol
+ g (pl +tp2tp3— p4) gy Ay Ay Ay

((ut(pl)ut(pz)vt(ps)ut(m) + 0 (p1) v (p2) e (ps)Ti (pa)) (0(p1 + p3) + D(p2 + p3))

+ (Ut(p1)Ut(p2)ut(p3)ut(p4) + vy (p1) e (p2)ve(P3) Ve (s )( p1+ p2) + 0(p2 +P3))
(o

+ ('Ut(pl)ut(p2)ut(p3)ut(p4) + ui(p1)ve(p2) v (p3) 07 (pa ) o(p1 + p2) + 0(p1 + Ps))
+ h.c.

1
CTIE —=0(p1 + p2 — ps — pa)a}, al ay,ap, (A.21)

((ut(pl)ut(pz)ut(ps)ut(m) + v(p1)ve(p2) T (p3)Te (p3)) (0(p1 — p3) + 0(p2 — p3))
+ (we(pr)ve(p2)ve(ps)ue(pa) + ve(pr)we(p2)ue(ps)vi(pa)) (6(p1 + p2) + 0(p2 — p3))
+ (ve(pr)we(p2)ve(ps)ur(pa) + we(pr)ve(p2)u(ps)ve(pa)) (0(p1 + p2) + 0(p1 — ps))) :

With these calculations, we are ready to identify each of the terms in Hg,, in ascending
order of involved number of annihilation and creation operators. Collecting (A.1), (A.7),

(A.8), (A.9), (A.11), and (A.17), we obtain that we need to choose
OpSy =

N|A|N ¢ [*0(0 N|A 1 Re (o¢(p)idioy
[YANALAO) M g G - L[4 e<1$o>%(zp)<p>)

+ [ (53 @ 6)lo) + 300 (04 000 (0)
(B () + AAI(6(0) + 20)[6)5() + o) (3:()6? + on(0)5))

in order to eliminate the scalar contributions in Hgyc(t).
Using the shifted expectations '™ and £ see (3.10), (3.11), we can rewrite 0,5, as

atSt =
A [ dp [E@u) + 50« @+ o0) eI o
- 2NZ( "2 o(p)S (p) — NIAMG]*0(0)
__wamﬁaa@@)_Re@mmwmmq
2 2(1 + %(p)) '

Similarly, collecting (2.5), (A.8), (A.10), (A.13), we have, after conjugating with Up. (%),
that

Hprc(t) =
VNIAI| = (i0160,(0) + @i (0))
+ AIAJ[&1[20(0) (drue(0) + Bv4(0))
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+_ﬂmmj®m><>@ | a0 6w + ) ut)a)
+ w0 @ s+ [dp (60) +50)u)3,) |64 0]

+ h.c.
o/ NIA[u0)  — 010 + NAJ(O) 60 + 5 (o0 = (0},

+%mt<+<»<w0+w<m—@@+MMwmm%t

A A _
+ 2@ D))+ 5 (30 + (0 4+ 0(0) (003, ) [ 897 O] + hc.
In order to give an expression for Hypp(t), we decompose it into

Hurs(l) = %S%B(t) + %ggg(t),

where H;%B(t) refers to the diagonal part, involving terms proportional to afa, and

’HHng( t) to the off-diagonal part, involving terms propotional to aa and a'a’. Then
(A1), (A7), (A.11), (A.19), after conjugation with Upee(t) using (2.5), imply

Higps (1) =

Re (74(p)id;o(p))
f@[—QMﬂ— L+ %(p)

+ (B) + 2 (0n + NIAIIGS) « (0.4 2(0)) () (1+ 2(0))

2\ _ —2 .
+ =2 Re (@ + NIAG9) »0) (p)or()) |afa,
Similarly, we obtain, using, in addition (A.18), that

Hipn(t) =
J z@tat + a1(p)idyy:(p)
2(1 + v(p))

+(ﬂm+%«%+MMMMM@ +0(0))) (1)) o (p)
+ o (o NIAI620) = 6) )1+ 2(0)

2
— . g. i t r
+ (@ + NIA[75) = U)(p)ﬂ)]g oar 0-) gt gt

1+ 7%(p)
+ h.c.
Conjugating (A.15) with Up.e(t) and using the notation (2.18)—(2.19), (2.5) implies
chb@) =

zs(t) dr (QT (p1)+Qr(p2)+Qr (PS))

A
\/—N Jdpz’, [5(291 + p2 + p3)e
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1 3,0
3l WIS )(p?’)a;la;rn a;():a

- 6(py + py — pa)etodr (0140 (2)-0- p0)
L w@
v (Ps)a}, p, ;zam

+ h.c.) .

Similarly, conjugating (A.21) with Upee(t) using (2.5) and the notation (2.20)-(2.21), we
obtain that

Hquart (t> =

A .
N Jvd:p4 [5(]71 + Do + D3 + p4)62§(t) dr (QT(p1)+QT(p2)+QT(p3)+QT(p4))

1 4,0
L o), ol o,

+ 6(p1 + pa + ps — pa)e T (9 1)+ (p2) 42+ (3) O (1))
1 3,1
3 Wi ) (p4)a;r,1 aLQ a;;3 Ap,

+ h.c.

(1 + pa— ps — pa)ei o0 (Or @200 (3) -0 )
LEEE)

(2') (p4) p1 ;zap3ap4

This finishes the proof. O

Lemma A.3 (Contracted vertices). Let Heuy, and Heauare be defined as in Lemma A.2.
Then we have

1

o) = s 00y [ [u0) (14 2200) 508 (68 + 500

+2fo( o (k)o(k)3, ) + vp(0) (14 29(k)) folk) (2(k) + 0(0)),
+2fo(R)F(R)o(K)6,) | + he.,
and

B (+)Et * V(p)og
Has®) = 3¢ | [((55700) » 5 (14 200) + Uy 11%(2’)) »)

+ (4 29) ) = (0 + @(0))(p)0t(p)>€2isé dr 2 Walal |+ hec.
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Proof. Using symmetry of W(2’1)(p1,p2,p3) in (p; © po), see Lemma A.2, we obtain that

Heun(t) \/_J '(k,0, k) fo(K)e! o™ Ol 4 hc.
where
w, ! (ps) =
VI ((elprye(p ) (ps)n + v uu(p2)Ta(p),) (2(01) + 0(2))
+ (ve(pr)ue(p2)vs(ps) de + wr(pr)ve(p2)ur(ps) @) (0(p2) + 0(ps3))
+ (un (P ()T (o) e + v (p1)us (p2) e (p),) (2(p1) + 0(ps) )

Using the facts that u; = \/1 + v and that v, =

m, we thus find that

— M/|A -
Heun(t) = AVIA| f dk fo(k)etlodr @1

( 1+%w»@+w<><>axwm+@m»
+ (w(0)3(k)6e + v (0)(1+7(k))6,) (8(k) +5(0))
+ (ul @+ux><>@)<>)+ha
ijdk fo(k)eiSSdT Qr(0) g}

( 1 + Q%(k)) (Ut(0)¢t + vt(O)Et)

+2%ﬂ(®()@+wU@®@D+h&,

where we also used the evenness of o, and 7;. Sorting the terms by the coefficients u;(0)
and v;(0), we obtain

m

chb(t) A\/m ZS a7 (0 Jdk [ ( )((1 +27t( )).fO( )( ( ) @(0))¢t
+2h()()()@)+4M)(U+2%%Dh%ﬂdm+ﬁ®»%
+2 fo(k)ﬁt(k:)@(k)qﬁt)] + he..

Similarly, the symmetries of Wf”l)(pél) in (p; © pa < p3), and of W§2’2) (ps4) in (p1 < po)
and (ps < p4), see Lemma A.2, imply

<>

I (3,1) ok k »
%quart<t) = % J‘dp dk f0<k)<wt (p72 b, r, )€2zgod7 Q- (p )G;CLT + hee.
+ Wi (ke p)alay )
where
wi (pa) =
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—~
S
=)
~—
S
=
N
<

+(p3)ur(pa) + vr(p1)ve(p2)ue(p3) T (pa)) (0(p1 + p3) + 0(p2 + p3))
1(p3)ue(pa) + ve(p1) e (p2)ve(p3) Vi (pa)) (0(p1 + p2) + 9(p2 + p3))

(ve(p1) e (p2) e (p3)ur(pa) + we(pr)ve(p2)ve(p3)Te(pa)) (6(p1 + p2) + 0(p1 + p3)) ,

—~
£
s
~—
S
S
N

<

2,2
wi?(

(we(pr)ue(p2)u(ps)u(ps) + ve(p1)ve(p2)e(ps)Ti(ps)) (0(p1 — p3) + 0(p2 — p3))
+ (we(pr)ve(p2)vi(ps)u(pa) + ve(p1)u(p2)u(ps)oi(pa)) (6(p1 + p2) + 0(p2 — p3))
+ (ve(pr)we(p2)vi(ps)ue(pa) + we(pr)ve(p2)ue(ps)oe(pa)) (6(p1 + p2) + 0(p1 — p3)) -

Again using the relations between u;, vy and 7, o;, we obtain

[

Hquart(t> =
[ v ak e
a,(k)
[ (@ +2@)e ! +%(p) )20(p — k) + 2(04(p) (1 + (k)
+ ou(p)n(k)) (o(p — l{:+v(0)>;2’&)d7ﬂ(” , + he
(((1+%(p))(1+%( )) + %e(p)re(k)) (0(p — k) + 9(0))
+ (1 +7@)nk) + %p)(d + %K) (0(p — k) + 5(0))
+ (up)o(k) + Tu(p)er(K))20(p — k) ) ala |
A o ()7 (k)
-5 [ ak @ [((@ + ) + FELD - b

+ (@) (1 + (k) + TD)n(B)) o0~ >) ot 20alal, + he.
(T4 2001+ 2200 (60 — B) + 5(0))
+ 4Re (0u(p)7 (k) (p — k))apap] .

Abbreviating féJr) = 1(fo(p) + fo(=p)), see (2.14) and using evenness of o, 7, 0, we can
simplify the expression as

(f5"'7) » 0(p)o (p)
quart NJ‘ (1 + ’Yt(p>> + 1 + ’Vt(p)

((1+2’7t)f0 )* (U—i—v( ))(p) ( )) 2 §! dr Q- (p)a a e h.c.
+ (((1+2%)f0 (v+vO)(p 1+ 29(p))

+ 4Re ((f{ay) = v(p)@(p))) alap]

This concludes the proof. O
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Lemma A.4 (HFB equations). Let

I (p) :=(p) + NIAl|6:[*d(p),
2V (p) ==au(p) + NIA[GZS(p).

Then
i0i0¢(p) B a(p )iaﬂt(p)
2 (1 +7(p)
(E F(l « (0 +9(0)) (p )at(p)
+§%Qm”umma+%m>+(fhv<1?219 (522)
s equivalent to
. Ar/ad)  ~\— S
10y :N[(Et * U) oy — (Zt s U) O't] ,
it =2(B -+ 5T« 0+ 00))oy + (V01 20). (A)

N N
Proof. Multiplying (A.22) by 7;(p), and taking imaginary parts, the Lh.s. of (A.22) reads

Re(@:(p)oe(p))  |oe(p)[*0rn(p)
2 2(1 + %(p))
1

:Zat(|0t(29)|2 - %(P)2)

1
Ziat%(P) )

where we employed (2.13). Thus, we have that

A ) 50, o) lodlo

1
Z 0, =
1 tVt

which, using (2.13), is equivalent to

2\ —
awt(p) :N Im ((Egl) * ’&)(1 + %)Et + (Eil) * 1})’)&/0}/)

:2]31 (= +0)7).

Substituting this identity into (A.22), we find that

i0104(p) & D ig — Vs d)e, ) =
o (=07 = &7+ 0)a)
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Isolating id;0y on the Lh.s. and using (2.13), we obtain that

A A
i@@zﬂE+NI9*@+M®»@+?V@9*@ﬂ+2m.

This concludes the proof. O
Lemma A.5 (Bogoliubov dispersion). We have that 'HSEB(t) =0 if

Q(p) =
(EG) + 5 (6 + NIAIG) » (0 + 5(0))) (1)) (1 + 22(0)

N
_ Re (@(p)idio(p))
L+vp)

2\ _ -2 .
+ “2Re (@ + NIAIG9) ) (P)ou(p))
If oy satisfies (A.23), we have that

M, 5=
(1) A (1) R R A Re ((Et * U)O't )
Qt = F + NFt * (’U + U(O)) + N 1+ 7(1)

t

Proof. Lemma A.2 implies that HI({dEZB(t) =0if
u(p) =

(B) + (0 + NIAJoP8) » (0 + 2(0) () (1 + 234(r)

2\ Re (7(p)icioi(p)) .

+ ¥ Re (((Et + N|A[¢,0) = @)(p)at(p)> a 1+ %(p)

Substituting (3.16) in this expression and recalling definitions (3.10) of '™ and (3.11) of
Y1) we obtain

(1)|2

QY = 28+ 2 0+ 0(0) 7+ [B+ 2T (54 0(0)](1 + 29)

N 110 N
A D oM\ 1+27%  2A 1) a—(1)
———R/<Z( ) ——R,(Z )
N e (% 0)7 1+70 Ty e (37 = 0)7,

Recalling that |oy|* = 7:(1 + 7;), see (2.13), this results in

D), A=
(1) A (1) R R A Re ((Zt * U)O’t )
Q' = E+ T « (0 +9(0)) + ¥ sy

This finishes the proof. O

APPENDIX B. HFB SYSTEM ANALYSIS

Lemma B.1 (Generalized HFB equations). Let (¢, v, o) satisfy either of the renormalized
equations

ot =3 (0 + 0+ 00)) 060 + (5 - 9)(0)5,)
— 2AIAJ(0) . (B.1)
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A _
1Ot =

10104 =
for 7 =0,1, where
PO =(1 426167y + 01057 + NIAlg]s,
20 =(1+26,;£7)o + NJA|6S,
see definitions (3.10), (3.11), (3.27) and (3.28). Then (¢,T0), X)) satisfies

ioutn =2 (T8 + (6.4 00) 06 + (59 + 9)(0)3,)

= 2M|A[0(0)[ e[ *¢r .
2\

~m (=7 - 0)27),
: A : A
i XY =2(E + Nrﬁ” « (0 +9(0))) 2 + N(E( D d) (14 21Y)
— ANAA0(0)[¢]*¢%

ory = -

for 3 =0,1.
Proof. We start with

0t|¢t|2 =2 Re@t@t@)

=2 Im(@iﬁtaﬁt)

2 (20« 9)(0)3;)

As a consequence, (B.2) implies that

(%ng) =(1+ 251,jf(§+))0t% + N|A|O |6

2 - =
== Im ((zgﬂ «0) (1 + 200, f57)7 + N|A|¢f5))

2\ - . )
- (=P «0)5).

Similarly, we obtain, using (B.1) and (B.3), that

0,20 =(1+ 26, f$Vidyo, + 2N|A|yidsid

A o0
—(1+ 200, ) <2(E + Nrﬁ” « (6 + 0(0))) oy

s 2@ )1+ 20) + 22Aaa (0« (0 + 0(0) o

+ (50 +9)8,) — ANNAPS(0)]646

A . A . .
ST s (0 4+ 0(0) 2 + = (S« 0) (1 + 20

=2(E + N N
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— ANNAPO0)]026%
This concludes the proof. O
Lemma B.2. Assume that v € Li/H—E N L*(A*). Recall the definition of the nonlinearity

J = (J1, T2, J3) in the HFB equations, where
A _
Fi(,0.2) = — i (0« (0+0(0) )¢ + (Z+9)(0)9)

— 2A[(0)]61% |

Jo(6,T,%) = — %Im ((i*@) 2) :

A A
To(¢,T,5) = — ¢[2(—r « (64 9(0)))S + = (X +0)(1+2T)
N N
— ANXAPE(0)[6P¢* |
see (4.2)—(4.3). Then there is a constant C > 0 such that we have that
|7 (61,71, 81) = T (2,2, o)

A

<C<N(H6HL1/H_E + [10]lco) ([(¢1, D1, Ba) [ + [[(d2, Ta, 32) | 21)
[(¢1 — @2, 11 = T, 51 = Sa)lar + AA[G(0)(|¢1]* + [¢2])
(1 + NIAE (6] + [62])) 61 — o2l

Proof. J, satisfies

|J1 (61,1, 81) — Ti(p2,Ta, X9)|
A
<N<|F1 — Dol =« ([0] + [0(0))(0)[@1]| + [Ta| = (|0 + |2(0)])(0)[1 — 2]

+ (121 = o] = [0]) (0)[da] + (1Z2] = [2]) (0)]dr — ¢2|)
+ 2X[A[[0(0)[]|¢1]*¢1 — |2l da] -
Using the fact that
|<Z51|2 - |<Z52|2 = Re [@1 - 52)@)1 + ¢2)] ) (B.4)

we thus obtain that

|\71(¢17F1721> - \71(¢27F2722)|
Ao
<N(2H'UHOO(|¢1|HF1 — Dol + [Taflslen — o)

+ o1 (121 = Saliléal + [Zalilor — o)) )
+ AABO)(I61]? + [92) 61— ]
Next, we find that
| T2(61, 11, %1) — Fo(¢2, T2, 52) | 12

1+FE
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S22 ap |5 22 60) Talp) + o+ ) (51— Z2)() (1 + E(p)

2\
<21 = ) » il

1+E (

121122

1+FE

+ %2 2

1+E)

57

(B.5)

by Cauchy-Schwarz, where we also used that {dp f * g(p)h(p) = {dp L+ g(p)f(p). In

addition, observe that Young’s inequality implies
[(31 = E2) # 02 < 0151 — X2
Using E(p) = 5|p|* and
VE®) < VEp—a) +VE(@).

Young’s inequality yields

(1 = Zo) « O)VE |, <[ (VE(E1 = 52) # 02 + (1~ £a) = (VED) 2

<[VE(S: = D)ol + 51 = Saflo[vVEO]s -
Collecting (B.5), (B.6), and (B.7), we conclude that
| T2(¢1, 11, 51) — Jaldz, o, Xn)

It
2\ )
<3 UZilez,, + 15, ) oles
(B = a2, + 51 — Za2f0) -

With similar steps, we arrive at

| J2(61,T1,51) — Tolp2, T'a, 30) o0

2\ .
<TI0 =) 0 (181 ]on + 2] )

22X
<1l (=l + 12s]lo0) 21 = Zoo -

Finally, 75 satisfies
Hj3(¢l> Pl) Zl) - «73(¢2a F2a ZQ)HL2

1+E
2\ . P
<y (H(H — Do) (04+9(0))) Sz, + [T2# (0+0(0)) (31 — o)1z,
R R 1 .
+ (B = %g) # ol |z | + [Ee =0Ty —To)[pz  + 5“(21 — ) # 02,

+ ANNAIZ0(0) |61 6} — [d2*3]
Again, Cauchy-Schwarz implies
[(Ty = T2) = (0 + @(O)>)21HL§+E
<[y = L) # 0%allz2,  + 0(0)[Ty = Taflt[Ealz2, ,
< (ITy=To) = 02, + 0(0)| Ty = Do) |51 22,, -
(B.6) and (B.7) hence yield

|(Ty = T2) = (0 + 9(0))) X1 2

1+FE

(B.6)

(B.7)

(B.8)
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< ([0 _ Ty = Tafzz, + 9(0)|T1 — o

1 ) ‘
VItE 1+E
MOl”eOVGl”, by (B.4), we have that

161267 — |l 03] <[ P|of — 63| + 631 |* — ||
<(101* + [621)(|01] + |62]) |01 — o] - (B.10)
Then (B.8), (B.9), (B.10) and analogous estimates to those for 7, imply that

Hj3(¢17 F17 El) - j3(¢27 F27 22)HL%+E
2

|21HL2

1+E

(B.9)

<yl 4100 (%2, + %22z, )Ty = Toz,
1
+ (ITulzz, , + 1Tslzz, , + )10 = allez, )

+ ANAALE(0)(|61]2 + 02*) (11| + |a]) b1 — ol -
Observe that

1 1
Pz, <ITIE I3
1
< §(HFHL1+E + 1)
which is why
Hj3(¢17F1721) - \73<¢27F2722)HL%+E
A .
<y Uole  + [o0o) (=122, , + [Z2llzz, YTy = Tafr,, + [T1 = Tafo)
+ (T2, , + 100l + T2l 1, + [Tolloo + 1[50 — 2o 12 )
+ ANXA[20(0)(|¢1 | + |pal*) (|p1] + [¢2]) 1 — B2l -

Similarly, we obtain that

Ht%)(qSla Pl) Zl) - t73(¢2a F2a ZQ)HOO

AN
<718l (12110 + [Z2]o0) [Ty = o]

+ (|01 + T2 + 1) 51 = S2]w)

+ ANNA[ED(0)(|611% + [621)(|61] + [62]) b1 — o]
O

Proof of Lemma 4.2. As a consequence of (¢, ', ¥) being a mild solution, we have that

2\ (7 X
Jdp Iy(p) zfdp Top) — 2 [ ds (S, «0,5,). (B.11)
0

Let f denote the inverse Fourier transform of f. Observe that due to Plancherel,

(S, #0,5,) = de 15, (2)20(z) (B.12)
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is a real number, as ||[v] o < |0]; < o0, v is real-valued, and X, € £2(A*). As a consequence,
(B.11) implies

Jar o) = [an o).

as desired.
In order to show energy-conservation, we split the energy into its individual terms.
From equation (3.41), we have that

fdp E(p)Ti(p) = f I E@)To(p) — o j ds (5,0, ES),  (B13)

where we notice that 3«0 € L3, , n L®(A*). In particular, all terms in (B.13) are finite.
Next, we have that

AT (04 0(0)), Ty — (Do« (0 + 0(0)), To)
Nfds (T (8 +9(0)), 8,T',)

_ 2]\?” ds (T « (& + (0)), Im ((is *@)28)>
S %2 Lt ds Tm(S, « 0, (T * 0)5,), (B.14)

where the expressions in each line are finite. Using the fact that X4 =0 € L3, , n L%(A*),
equation (3.41) for ¥

A . A .
—N<Zt *V, Zt> - ﬁ<20 * U, Z0>

t
z% f ds Tm(E, « 9, i0,5,)

=i [ [ (B 00 (2E0) + 3T+ 00+ 20))5.0)
n N( 3(p)) (1 + 2T(p)) — 4NA|A|2@(0>|¢3|2¢35<p))

2 ! A A A
-2 Imfo ds (<28 w0, (B+ 2T+ D))

— 2NAARD(0)[60A (S, « )(0)02) (B.15)
In addition, equation (3.41) for ¢ implies
— NIAPA(0) (J6]" — [d0]")
—— 2NAPXO) I [ ds 67826,

2

— — 2[A[2A%5(0) Im Lt ds [¢s|* (2 * 0)(0) ¢,
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=2|A|*X*5(0) Imr ds |¢s|*(Zs * 0)(0)¢? . (B.16)
0

Collecting (B.13), (B.14), (B.15), (B.16), we obtain that Egpp(ds, [y, X;) is differentiable
w.r.t. t, and that

0€urp(d, I, X)) = 0.
This concludes the proof. O

APPENDIX C. BOLTZMANN EVOLUTION

Lemma C.1 (Calculation of collision operators). Using the notation in Lemma A.2, the
cubic Boltzmann operator is given by

¥ | 45 Qulfaltsn) -

2)\2 1
N Re dsy 1,2, | dps (5 (6(p1 —p) + 6(p2 — p) — 8(ps — p))
[07t]2 .

_ i1 dr (Qr (p1)+Qr (p2)—Qr
Wg?’l)(pg)wg’l)(pg)ﬁ’ Sen ( (P1)+27(p2) (Ps))(s(pl + Py — pg)

(%(pl)%(p2)f0( ) ( fo(Pz)fo(P3))

1)
+ %(5( p) +6(p2 —p) +d(ps —p))
(

Q- (p1)+Q- (p2)+Q2 (p3

_ i{*ldr
WO (pgJ W (py)e #)s(on + o+ 1)

(Jole1)Top2) Jo(ws) = fop1) folw2) fo(ps)) )

and the quartic Boltzmann operator is given by

= [ s @il -

22 1 _
N2 Ref[ - dsy 1y, >, Jdp4 ((2,>2Wg’2)(P4)W§§’2)(P4)
0,t .

(6(pr —p) + 0(p2 — p) — 6(ps — p) — 6(ps — p))

e 5347 (20 01) 402 200 ()20 9)

d(p1 +p2 —p3 — 4
(%(Pl)%(P2)fo(p3)f0(p4) - fo(pl)fo(pz)ﬁ)(p?,)%(m))

1 —
+ 3,W(3 D (pa) Wi (pa)

(6(pr —p) + 6(p2 — p) + 6(ps — p) — 6(ps — p))

S(py + pa + ps — pa)et 47 (20D 100G+ 00)-0- )

(Folpr) fo(p2) fo(ps) fo(pa) — fo(pr) folp2) fo(ps) fo(pa))

1 .
+ I W(4 0 (P4)W§§’O) (pa)
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(6(p1 —p) + 0(p2 — p) + 6(p3 — p) + 0(ps — p))

S(py + P + ps + pa)et 7 (210G 120 00) 40 0)

(Fo(p1) fo(p2) fo(ps) fo(pa) — fo(pl)fo(pz)fo(ps)fo(p4))) :

Proof. Recall that Lemma A.2 implies

Hewn(t) =
A i1 dr (0 (p)+00 (02) 490 (03))
\/—N dps (5(171 + p2 + p3)eo
1
o (pa)al, ab b,
+ (1 + py — pa)etodr (21400 (2)-0- p0)
1
iwﬁz,l)(p?’)a;na;zaps
+ h.c.) )
Using (3.19), we hence have that
1 t
NJ ds Qs[fol(s,p) =
0
{ % 1T 1 ‘
[
_ f ds, 1, = (<[[anapv Heuwn (51)], Heun (52)])o (C.1)
[0,4]2 o Al
[T [ i 1]
i Al Mo ()] P ) _ .
Al '
2)\2 I ‘ ‘ ‘ ‘
- NIA Ref ds, ]181282 fdpii dks [<[[aTII’aP7 anlaT;Dzaps]v aTksak2ak1]>0
| | [0,¢]2
1
ng’l)(Ps)Wg’l)(ks)5(p1 + p2 — p3)0 (k1 + ko — k3)

501 a7 (R (o) 42 (p2)— 0 () i 57 A7 (@ (1) + 0 (h2)— O (k)

[ \

+ <[[aTIDaP7 anla’ P2 ans]v Ay Ay ak3]>0

1
(31)2W§?’0)(P3)W§;0) (k3)0(p1 + p2 + p3)d(k1 + k2 + k3)

Gilotar (2r (1) +2 (p2)+ 2 (3) ) =i 532 A7 (9 (k1) + 2 (k2)+ 2 (k3))

+ all contractions of the form (C.l)f(C.Q)] : (C.3)
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(3.0, Now observe that

We recognize the collision kernels w>) and w

— fo(p)){[[A1a"y, Ao], Brax, Bs])o

(L' yap, Araly, As], Bray, Balo =3(p — p;) (Fo(p)
Az] BlakgB2]>0 )

=6(p — p){[[Aid,
= 8(p — p)[[Ara"y, Ao], Biay, Ba])o -

ﬁﬁ
{[a’pap, Ara,,As], Bla ke B2])o =

In particular, we have that

: f—i + 4 ]
{la'pay, a'p al paly,], ar arsan, o

p
+ all contractions of the form (C.1)-(C.2)
p) —d(ps — 1))

(P2 - kn(z)))5(p3 - ]fs)

=(8(p1 —p) + d(p2 —

(2 o(p1 —

TESS
(fo(pr) folp2) fo(ps) — Fo(pr) fo(p2) fo(ps)) »

and similarly

[ T ‘ ‘ ‘
<[[aT;Dap7 anl anz aps]v aTks Ay ak1]>0

+ all contractions of the form (C.1)-(C.2)

=(6(p1 —p) + 6(ps — p) + 0(ps — p))
Z d(p1 — O(p2 — kr2))0(p3 — kr(3))
TES3
(folpr) fo(p2) fo(ps) — Jo(pr) Jo(p2) fo(ps)) -

(k3) w.r.t. permutations of (ki, k) and the symmetry

Exploiting the symmetry of wg
of wi*? (k3) w.r.t. permutations of (ki, ks, k3), (C.3) yields

+ [ s Qulsalts -
e [ st b (0000 —0) 80— )=l = 1)
w2 (g W2 () V47 (0000 5,

(Fo(pr) fo(p2) fo(ps) = folpr) folp2) Folps)
+ 2 (6n = p) + 5 ) + 55 — 1)
w30 (py 700 (py) e 4 47 (90012018000 5, )

(ﬁ](p1>ﬁ](p2)ﬁ)(p3) - fo(p1)fo(p2)f0(p3))) .
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With analogous steps, one obtains

= [ s @ulsilis -

2\ 1 —
m ReJ; ” dS2 ]151252 fdp4 ((2,)2W§?’2)(P4)W$’2) (p4)
0,t :

(6(p1 —p) + 6(p2 —p) — 6(ps — p) — d(ps — p))

e tiaar (92 (p1) + 2 (p2) 2 (p3) 1 (p))

d(p1 + p2 — p3 — pa
(fo(p) Fo(p2) fo(ps) fo(pa) — fo(pr) folp2) Fo(ps) fo(pa))

1
+ gw(g 1)(1)4) (31)(P4)

(6(pr —p) + 0(p2 — p) + 6(ps — p) — 6(ps — p))

5(py + Py + ps — pa)et 7 (21002012 G0)-0- )

(%(M)%(Pz)ﬁ)(m)fo(m) - fo(Pl)fo(p2)fo(p3)fo(p4))
VD W (po)
(6(p1 —p) + 6(p2 — p) + 6(ps — p) + 6(ps — p))

5(py + Py + ps + pa)et 47 (200G 12 00) 40 0)

(fo(p1) folp2) fo(ps) fo(pa) — fo(Pl)fo(pz)fo(ps)fo(p4))) :

This concludes the proof. O

Lemma C.2 (Calculation of collision operators for (®, g)). Recall from (2.22) and (2.23)
that Py = (ps, p2, p1) and P = (p1,p2, —p3). Using the notation in Lemma A.2, the cubic
Boltzmann operator for ® is given by

t
f ds QS [fol(s) =
0
>\2J‘ dsy 1,2 2ei581 dr Q.(0) [}5(]91 + Py _p3) (eiﬁ; dr (Qr (p1)+Qr (p2) -2 (p3))
S1=8 2
[0,¢]

— —i{*ldr (Q, Q (p2)—Qr - .
W(3,1)(O’p3)wgz,1)(p3) e §og A7 (2 (p1)+97 (p2) (pS))W(272)(O,p3>W§§71)(p3)>

S1 S1

(fo(Pl)fo(Pz)fo(pg) — Jolp1) Fo(p2) fo(ps))
ﬁé(pl P2 +P3)< (10) (0, pg )30 (pg e oz 47 (O (1) +0e (2) +0- p)
(31 (ps, 0) (p3)efi525 dr ( Q"'(pl)JrQ‘r(pQ)JrQ-,—(pg)))

(fo(pl)fo(m)fo(ps,) = Jow)Jow2) Jo(ws)) |
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and for g, it is given by

t
| as @@ 1nle -
0
)‘2fdp J( )f ds; ]151>szfdp3 [5(]?1 + P2 P3)(5(p ps)e o’ 47 e lvs)
[0,¢]2
i§o3 A7 (27 (p1)+27 (p2) =27 (p3)) o, ( )(pg) ( 1)(p3) —25(]9—])1)6_2”31 dr Q- (p1)
Wi (py) w2V (py)

—zSSl dr (27 (p1)+Q2-(p2)—2+(p3))
zS ldr (Qq—(p1)+QT(P2)+QT(p3))

Fop1) fo(pa) fo(ps))

(fo(Pl)fo(Pz)fo(Pg)
+6(p— P3)€2i§31 ar QT(‘fl’3)5(]91 + p2 +ps3)
WD ()W (p3) (Jo (o) Jo(p) Jo(ps) = folp) folp2) folps) |
Proof. With analogous calculations as in Lemma C.1, we obtain
1 e
ds2 ]151232<[[a07 Hquart(31>]7 chb(32>]>0

ds Q [fo]( ) = — o
f Al
1 .
f dss 51>8262501d79 (0)[55(131 + o — p3) $5Ldr (24 (p1) 4+ (p2)— 2 (p3))
0.]

3
2

%(Pl)fo(Pz)fo(P?,))

)\2
-
w3 (0, pa )W (p3) (fo(p1) fo(p2) fo(ps)

+ i5( 1+ P2 +p3)( (0)(0, py ) W3O (pg)e b 47 (A3 p2) 10 ()
_ (3 1)(p 0)w ( )(p ) =i {52 dm (Qr (p1)+Qr (p2)+Q (IDS))>
(folp) folp2) fo(ps) = Jo (1) o) Fo(ws)) |
)(p3)5(p1 ~py— pg)eiﬁ; T (2 (p1) = (p2)— Q- (p3))

+ ;W (0 Ps3 )
ﬁ)(pl)fo(Pz)fo(Pg)) .

(fo(pl)fo(p2)fo(p3)
In order to conclude the computation of ng) [fo](t), we substitute p; <> p3 in the last

S il

term.
Similarly, we compute
s1zs2{[[apa—p, Heun(s1)], Heun(s2)])0

[[as@pmom =~ [ 10 [ as

A fdp J( )f d82 ]131252J‘dp3 |:(5(p P ) 2250 dr Qr(ps3)
[0,]2
Ldr (Q, C(p2) -
51 dr (2 (p1) 4+ (p2)— 2 (p3)) (30)(p3) ( )(pg)

(5(131 + p2 — p3)
(fo(pr) folp2) fo(ps) — fo(pr) fo(p2) folps))
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+ 5(])1 + py+ p?))e*iﬁé dr (QT(pl)JrQT(p2)+QT(p3))Wg’l)(53)W§Z’0)(p3)
(Folp1)Jo(p2)Tolps) = fo(p1) folp2) fo(ps)) )
+26(p— p1)6_2i881 dr Qf(p1)5(p1 + Py — pg)eﬂ'Sj; dr (Q7r(p1)+Qr (p2)—Qr (p3))

w2 (B5)w 2 (p3) (fo(pr) fo(p2) folps) — folpr) folp2) fo(ps)) -
Rearranging the terms yields the result. U

APPENDIX D. TRACE ESTIMATES

Lemma D.1 (Number operator moments). We have for all { € Ny that
¢ ¢
(N +[ADZ0 < Cojporal A7

Lemma D.2 (Operator product bound). Let A; € Pla,a'] be monomials in a,al, v; > 0,
and kj € N be such that
| P Aj Pr—sign(ay) | < ;(m + |A])}7?

for all j € {1,...,¢} and all m € Ny. Then we have that
¢

|V(HAJ')| < (ﬁvj)l/<(/\/+ i | sign(A,,)| + |A|)Z§=1kj/2)

7=1
for any state v.

Lemma D.3. Given a test function J € L? n L®(A*), let
e JA* dp J(p)ajay

gl /] :zf dp J(p)a_pa, .
A*
Then we have
| Lo f LTI Pl <O | Tl
| Prngl ) Pull < b2 ([l T]l2 + [T ][o0) (m + 1+ [A]) .
For the following standard result, we need to introduce some notation. For a proof of

the statement, we refer, e.g., to [5,6]. Denote

1) . 4
a,’ = a,, »

Given a finite ordered subset J = {j; < jo < ... < j,} € Nand o, € {£1}, we define the
ordered product

o (o5,) o
Hal()jf) = ap,' .. .a;jjr) .
jed
In addition, we abbreviate

T

ps = (pjk)k:17
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as well as

= [af. (D.1)

jed
Note that we have that
No [ [a7] = Yoy [ ol (D.2)
jeJ jeJ  jed

Furthermore, we define the sets
- (et lo = +1)
and the Wick-ordered product
Ha L= PJ+) (Ps_)
jed

with all creation operators to the left, and all annihilation operators to the right.
Finally, in order to keep track of the correct scaling, it is useful to work with the rescaled
(%(A*)-norm

IH | r2a%) = —==[H|exa*) -
V IAI
More generally, we also define
1
2
HHHLFO,OmLz (A¥)ym+n) 1= sup <f dkn|H(pm’ kn)|2> ,
pmG(A*)m (A*)"

1

2
HHHLi L%Om((A*)m+n) = (f dkn sup |H(pm, kn)|2> y
n (A%)n pPmE(A*)m

where in the case n = 0, this norm reduces to |H
1Hlz ey
Lemma D.4 (Wick-ordered operator bound). Let M € Ny, n € N, J := {1,...,n},
o; € {£1} forall je J. Let H : (A*)" — C, and g; : A* — C be given functions. Then
the following holds true

(1) If J+ # &, we have that

H J(A* n dan(pn)5(i p0;) lﬁgj(pj) ; ﬁ o Py

j=1

1 < 1
<|#> ] ] 95(py) Z ;p;) |‘LFOSI+LE’J, [H1? T T 95(pi)o()] oi0i)? ey, 13,
j=1

jed— jed+

LE ((A%)m)s and in the case m = 0, to
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denotes the falling factorial.
(2) If J, = & and n = 2, we find that

H\ﬁA*yldpnff<Pn>5<§§zy>a<pn>fa4H

<(IHI7: (M —n+ 1)+ A5 p)2 HIZ )2 (M):, .

pn72Lpn71vP7L jzl

Similarly, in the case J_ = &, we have that

[, oot a1

t\.’)\»—t

(M+n)n 1-

Pn—2"Pn—1,P

<Mz 1p . (M+1) +|A|H5Z )2H|3; )

(3) If n = 1, we obtain
laoPar|| = ~/MIA].
APPENDIX E. BOUNDS ON FLUCTUATION DYNAMICS

Lemma E.1 (Bogoliubov dynamics). Assume that |A| = 1. For any t = 0, let uy, v; be

defined as in (2.9), such that v; := |v;|*> € L* n L®(A*). Then, for any { € N, there exist
constants Cy > 0 such that for any t > 0 we have that

I[N + [ADZT TRl (NG + [AD 2] < Co( + [0l + [oll0)?
|G+ IAD T T RN + AN T2 < Co(1 + el + [ello) 2

Proof. Recall the facts that u,(p)? = 1+ |vi(p)|*> = 1 + , see (2.11), and that ~, is even.
Employing (2.10) and Lemma D.3, we obtain

THRMNGT Tkl = | b (uolp)a] + To(p)a-)(wo(p)a, + wolpal )

=N, + J dp (270(p)a;,ap + (ao(p)a;aT_p + h.c.) + |A|fyo(p)) )
A%
Lemma D.3 implies
[P f[1+ 270] Pall < Gmn (1 + 2[0]l00)m
<

| PrnglTo] Pull < Onma(lloof2 + loolleo) (m + 1+ |A]). (E.1)

|

|
Due to |o|* = v(y + 1), see (2.13), we have
! 1
lollz < IME(+ Ivleo)® < 51+ Il + [7le)

(14 2[7]0) -

[\')|}—tl\')|l—‘

L 1
lollee < V1A +[7llee)? <

As a consequence, (E.1) implies

— 5nm
| PrnglTo] Pull < 2” (2 + [0l + 3[v0llee) (m + 1+ [A]).
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Using |A| = 1, Lemma D.2 then yields
(W, T kol (N + A TTkole) = (b, (T [kal N TTho] + |A]) %)
Se (14 ol + ol ) by (NG + [A] +€) )
Se (14 ol + [olleo) <ty (N + [A]) )
With analogous steps, we obtain

b, TTRJ N + AN T Ry Se (14 el + [velloo) o, (N + JA]) ) -
This concludes the proof. O

Lemma E.2 (BEC fluctuation dynamics). Assume |A| = 1. Let ¢ € L*(0,t) for all

t > 0. Define Un(t) := WI\/N[A[pJe M W[\/N[A|do]. Then there are Cyp, K; > 0
such that

N
NIA|
< Cg(l + (1T [ + |]50 oo + 1) )ZeKlﬁw,dAlA(lJr#)t

NG+ [ADS ()N + [A]) 5 (1 +

for all ¢ € N.

Proof. We need to reprove this statement as, compared to [37], here, ©(0) # 0 and ¢ is not
stationary. Nonetheless, we follow the steps of the proof in [29]. We show the statement
by induction on ¢. Let ¢ € F be arbitrary with ||¢| = 1.

(1) Induction basis: Define

H) = \/N|Aaf(—iddy + MA[3(0)|e] ) + hec.
Cor, P )\|A|
H%FB(;& = Jd o(p)(¢? L T,p—l—gbtap )
. M/IA
H((:i)b = fdp? v p2 p1 ;L)zail)12¢t + a;r)mamaplqbt)

Substituting (4.1) and recalhng definitions (2.17), we find that

Hl(Bd)EtC = )\\/m <(FT (0+10 ()))( ) + (ZF @)(0)@)4‘11-0-

Then (A.8) and (A.9) imply that
10U (), (N + |A|)Z:{N( t)i)
= WUn(t)0, N, e + Higg™ + Heli W (£)0).
Recall from (D.2) that for any monomial A € P[a,al] we have
[N, A] =sign(A)A.
Employing Lemmata D.3 and D.4 together with Young’s inequality, (E.2) yields
20Uy (80, (N + [ADE (£)0))
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R ) A
<Ol + [81oA (AL DT + 1571 + 157 )l
vV IN

Un (), (N + [A])2UN ()0)
+ 6e | A[UN ()0, (N + [ AU ()3

o I gy, 4+ ) s 00)

1T + 1T )

<(loll + oAl (*

N
+ [P UN ()0, (N + |ANUN (D))
TN O (N + A (1)0)). (E3)

where in the last step, we used Cauchy-Schwarz together with Lemma 4.5. Our
goal now is to bound %@AIN(t)w, (NG + |A])2Uy ()0 in terms of Uy (8), (N +
|A|)Ux (t)1)) and time-dependent ¢-independent terms, in order to close the esti-
mate. Using

WIVNIAlGa, WV N[A|¢] = ap — /N[A|¢:d(p)

we derive that

[No, WHA/NIA[g]] = — /NIAWI[/NIA|6,] (a0 + ¢ra))
+ N|AW'[\/NIA| 4]
— (VNIA[(G,a0 + daf) + NIA)W'[/NIAJg]
[No, W \/W% WIV/N|Al¢o] (VN (ag + af) + NIA]) .

From these identities and using [N, Hy] = 0 and ¢o = |A| "2, we obtain that

[No, Un (£)] =[No, W/ NIA 6] ]e W/ N|Abo]
+ WIHA/N|A|pole N [Ny, WA/ N|A|do]]
= — /N[A[(Ba0 + duad)Un(t) + VNUN(t)(ag + a}) . (E.4)

As a consequence, we have that

Un (L), NEUN (L))
= (N (), Un (t )Nb@ + VNN (), U (t) (a0 + ab)1)
— /NIAINU (O, (Gra0 + Geah ) Un (E)) .
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Using Cauchy-Schwarz and employing the fact that LA{N(t) : F — F is a unitary
transformation, we thus obtain

WUy (1), Ny (1))
<INl (8] (1 (N ] + VN (VAT (B0 + b0y ()Y
+ [ () a0 + b)) ) (E5)
<INl (80 (ING ] + VN (VI o ()
+ il (9]) + Jaot] + Jajul))

Lemma D.4 implies

e} [ee}
laot|* = D [ Puac|* = . laoPa—1¢]”

< (M = DA Pyt = [AllVN[?
M=1

Similarly, we have that
ladel < VIAIVANG + 19| (E.7)
Employing (E.6) and (E.7), (E.5) implics
Uy (), NZUx (£
< | Nl ()] <HNb¢H + 2+/NIAT(VIA[ &1l [ VN, + 12w (1)

+ VA 1Y)
Young’s inequality then implies
U (), NZUN ()0
< S0y, N (1) + © (G, (7 + NIAIG + 1))

+ NIARIo P (1, N, + 1) (0)0))

Rearranging terms, we thus obtain that

1~ 2
W<UN(t)¢>A/buN(t)w> o)
<C (Al 00, (N + D (00) + (0 (N 1+ 3 800)).

Substituting this into (E.3) and using |A| > 1, we obtain that

|0UN (), (Ny + [AUN ()]
(IT7 ]y + |7 )0)?
N

< Clofwar Al
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1Al P, N + D)0+ 0. (N5 + 1AL+ 1))

Lemma 4.5 then implies

|0 Un (£, (N + [A U (£)0)]

< CH@Hw d>\|A| (eCﬁwyd(lJr#))\t (HFng + Hra‘w + 1)2

N
(1 ITo |1)<UN(> LNy + AU (D)) + W, (N

N7
wa?)

Gronwall’s inequality then implies

U (), Ny + [A])Un (£)0)

< Cl (1 + (HF0TH1 + HFgHm + 1>2>6K1|ﬁ|w,d(1+1§1)A|At

N
2

N;
W, (N 1A+ ).

(2) Induction Step: Assume that

W (), (N + [A) T ()0
<Cj <1 + (o] + ITo o + 1)2>j€Kj|6|w,d>\A|(1+#)t

N
(W, (N + AN (1 + %)w

(E.9)

for all 1 < j </ and some constants C}, K;, and any ¢ € 7. We compute

i0t<aN(t)¢a (N + |A|)ZHQN( )¢>
= Uy (0, [Ny + (AN MG + M + HEG U (8)0)
041 (cor. ) @ (E.10)
= Z <uN b, (N + A~ 1[/\/1” BEC + Hypg  + chlto]
(N + [AD S U ()

Let

Acub[ﬁ] = Jdp3 @(pQ)(S(pl +p2 — p3) Pl Lza'p3 :
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Using (D.2) and recalling Lemma D.3, (E.10) yields
10U ()0, (NG + | AN U ()
-2 i (= YT 6+ 50) 0+ (57 - 00%)

Un 1)y ,(Nb+ ALY ag (NG + [AD U ()
A U (), (N, + [A)Tg[B](NG + [A)) U (£)0)

B \/\7%¢t<af\7(t) (M + |A|)] 1Acub[ ](/\/’b_|_ |A|)é+1 ]U ()

{+1 0 _ '
—QAZIm D0 (mA AT (4 A

m,n=0

(v, pu(~ V(07 < 0+ w00) 00

+ (SF +9)(0)6,)aj + Al gl0] - @d’mwb[@])a&mw)

Observe that we have

ng[@]Pn :ng[@]Pm+25n,m+2 )
PmAcub[ﬁ]Pn :PmAcub['[]]Pm—lén,m—l .

Lemmata D.3 and D.4, and (E.11) then imply

|0:Un (), (NG + AN Uy ()]
f+1 o0

<CAY Y D5 (mA A 4 [AY | Boldn (09| Pl (1)9]

j=1m,n=0
VIAL rr rr Y= Fy
WHUIW(H ¢ ln+ 1% o) De ] ag P16 m—1
A Acu m
VAl @] Acun [0 1|5n’m_1)

+ [All@e|*9[0) P2l Oz +

VN

{+1  © ' '

<SCofuwar Y D (m+ A n + A
j=1m,n=0

(IPa (0012 + [P (601
A 1
(J T+ I L
\/W|¢t|m% _1>

t [Allge*(m + 2+ [ADdnmez +
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/+1 o0
SO0 MAL Y Y (4 AT (m+ 2+ AT Pl (1))

j=1m=0

<(|FtT|1 + T [0)? (m + 1)2>
N A

where, in the last step, we applied Cauchy-Schwarz. We can rewrite the last
inequality as

|0Un (£, (NG + A Un (1))

D T L a0, s + 1) 10

+ |2 WUn (1), (NG + AT Uy ()0

; ﬁ@v(tw, (N + AN 2 (0)0))

The induction hypothesis (E.9) and Lemma 4.5 then imply
|0uUn (80, (N + A Un (1))
< Cyl[]lwa|A] [(1 L (gl + 107 + 1)2>£em|@|w,dxm<1+#>t

N
6L (N AL+ 7)) E11)

+[¢l*(m + 2+ |A]) +

< Koo aMA|

+ (1 + |F]S;|1><Z:’N(t)¢> (N + [ADF Un (1)4)

& (0, (N + Ay (1))

We claim that

L~ o~
WWN@W, Ny + [AD) Uy (t))
< C((l 1 (Tl + 7ol + 1>2)j€KjM,dAA|(1+#)t
j N (E.12)
Ny

@, (Np + A (1+

N|A|)w>

|FJ°v|1><L?N<t>w, (N + Ay (1))

foralll <j</{¢+1andall e F. (E.12) for j = £+ 1 together with (E.11) then
implies
[OUn (£), (N + M) Un (1))
175 1

< Clua(1+ 2 )2

(@00, NG + (M) D (0 + AN R 187

+ (14
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)" A

(1 Ul 1T 41
N

Gronwall’s Lemma then implies
Un ()i, (N + [A) Uy (D))
< Oy yeRrnloloariaias T4, (1 N

(b (N + A (1 + %)w»

(T 1 + 75 0 + 1)2>”1
N

Thus, proving (E.12) for j = £+ 1 concludes the proof. We have proved (E.12) for
j = 1in Step 1, (E.8). We have that (E.12) also holds for j = 0: In fact, for

(W, (G0 + ¢ah) V) < [0/ V] (Jao® ]| + ag¥])

2(r| /Al v/ N + 19
(W, (N + 1+ [Allg)T),

<
<

due to (E.6) and (E.7) followed by Young’s inequality, we find that

WV NIAg Ny WA/ N[ A y]
=Ny — V/NIA[(S,a0 + dral) + NIA]? ||
<2(Ny + [A] + NIAP[o[?)
which then commutes with e #7~
Suppose (E.12) holds up to some 1 < j < ¢. Applying (E.4), we have that

¥ A|<uN< )0 (NG A2y ()0

:W«Nb + [A]Y U (), Une (8) (NG + A1)
R ~ (E.13)
- ﬁ«% ANy (84, (Buao + deal)id (1))
v A|<<Nb + A U (80, Un () (ap + ab) ).
Whenever ¢, # 0, we can bound the second term by
ﬁ«% A (84, (Buao + dualidy ()0
<ol A|ge WU (£)0, (N + [A]Y Uy (£)0) (E.14)

N Un (), (B0 + $uay) (N + A (a0 + drab)Un (£)1) '
aN[A[¢,[?
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Employing (E.6) and (E.7), we find that, for any ¢ € F and k € Ny,
W, (B0 + drab) (N + [A]) (Ga0 + drad) i)
<|6e2(|(NG + [AD2aof]| + (NG + A 2afd])?

= (6o (lao(Ns + [A] = 1)2 9] + [ah(A; + |A] + 1)24)])?
< OlAllgo 2, (N, + AN 1),

ie.,
(Gra0 + $rab) (N + [A)*(drao + drag) < CrlAllg* (NG + AT (E.15)
Analogously, we have that
(a0 + ab) (N + [A))*(ag + ag) < CrlA|(NG + AT (E.16)

Employing (E.15) and choosing a > 0 sufficiently large, (E.14) implies

1 ity b, ahi
W«Nb + AT UN )Y, (dra0 + grag)Un (t)Y)

<CHAIIBP (e, (o I ) (E17)
4N|A|<“N< Yooy (N =+ [A]) U ()

We bound the third term in (E.13) by

o i1y fi ao + a
f|A|l<(Nb + A UN ()0, Un () (a0 + al) )] (E.18)

|A|<UN( (a0 + ab)eb, (N + [A]) U (t)(ao + ap)i)

An (800, (N + [A) U (8))) -

4N|A|
In particular, (E.13), (E.17), and (E.18) imply
1 ~ N
a7 G ()0, (NG + [ U (1))
< ﬁwm " |f|>j“&N<t>w,aN<t><fo + AN o)
+ Gy A > Un (), (N + [A T U (1))
+ E1|<QN(15)(G0 +abyw, Ny + [A) Uy (1) (a0 + ab)v).

For the first term in (E.19), we apply (E.4) to the left and obtain
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1

Ty A T (0, U () (N + A D)

— ST (O, [AD. (N + AT (G + A1)

1
V NI[A]
N 1
VA
With analogous steps to above, we bound the second term in (E.20) by

\/ﬁk(% + A (B0 + dealUn ()0, Un () (N + [A]))]

<Gy |A||¢t|2<zftN< £)0, (N + A Uy ()9
——(Un ()N, + [AD), (N, + [A TN () (N + A,

(E.20)

(NG + (A (B0 + duad Uy (£)0, Un (£) (N5 + [A]) )

(NG + [A] U () (a0 + ab ), Un ()N, + [A])) .

"N |A|
and the third term by

+ [A] U () (a0 + ab)w, Un (£) (N + [A])D)]

L
VATA
< A|<uN< )ao + abyis (N + A8 (£)(ao + al)iy

ST v O, + A, (N, + [APE ()N + A,

In particular we can bound (E.20) by

T+ LA )0 T (O + A )

< 7 (DN, JAD . (A + AR ()G + A

+ CIAGP U 0), (N + AP U ()
a0+ o) N AN (a0 + ah)

As a consequence, (E.19) implies
N| AI<uN< Yo (NG -+ A2y (1))

< grrnte O D (0 AP OG I8D)
+ CiAlI* ey, (N + [A) ey (1))
@)+ af)u, N+ IO + ).

For the first term in (E.20), we use the induction hypothesis (E.12), and obtain
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o Un ()N + A, (N + [A) Uy ()N + [A]) )

NIAI
(T8 + IT8 o + D’V kg i+ 281
N,
A j+1
W N+ AN (14 )

(E.22)

b (1 L0 1)  ()NG + 1410, O+ AN (NG + 41)))
<¢(1+ (% s + [To - + 1)2)jeKjﬁw,d>\|A(l+F?€l)t

N
B+ A1+ )

where in the last step, we employed the induction hypothesis (E.9).
For the third term in (E.20), we use the induction hypothesis (E.9) to obtain

%@V( )(ao + ah)w, (N, + [A] (1) (ao + ab )y

<G (1 4 ULol + ol + 1>2>jeKjﬁw,d>\A|(1+—Fzg\;1)t
A N

N,
{(ag + ab)y, Ny + [A[Y (1 + W)(ao + abh)y) (E.23)
L8l + 1080 + 1 6 I
< ¢ <1+ (T [ LVO I ) ) eKJn o a M A] (1420 1Ly

W N+ A1+ )0,

where, in the last step, we employed (E.16).
Substituting (E.22) and (E.23) into (E.21), we arrive at

e Un (O, (N + AUy (£))

1+ 15 e+ DYt o oy
N

6L e AP (L4 5 )0)

+ 5 Al *Un (), (N5 + A U (1)) -
This concludes the proof.

NIAI

<¢y(1+

O

Lemma E.3 (Expressions for Hppc and Hyrg). Assume that (¢, @) satisfy (3.41)
and that Q@ satisfies (3.43). Then we have

Hprc(t) =
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A\M[ ((fo a; *0)(0 )$t+((1+2%)fé”)*(@+@<0))(o>¢t)

+ (0) (20 )06 + (1 +29)57) = (0 + 9(0))(0)8, ) ' B 2O
+ h.c.,
(d) A (H)=2)y _ @)
Hi(®) = = % [ ap [2Re (((75) +0) )0l )
# (A1 +299)) « (0 +900) D) (1 + 297 () |afay
(0 =~ [ o [0+ 292)) « @ +00)) (o)
+ ((f50) = 0) (p) (1 + 247 (p))
0(2) - )
+ (U577) < 0) ) fv??(p)]ez’w B0l 4 e
Proof. We start by computing Hpgc(t). By Lemma A.2, we have that
Hpro(t) = (E.24)

VI [ue0) (= 61+ MAJRO) |64 + 5 00+ 9)(0)3,

b 2 0+ 5(0))0)62) + w(0)( — T+ A0,

+ 2@ D)6+ (0 0+ 5(0) 0)5,) 54 O] 4 e

Recalling (3.41), ¢ satisfies

00 = 2 (02« 0+ 5(0) )0 + (52 +2)(0)5”)
— 2X|A[5(0)[f” 2ot .
With that, (E.24) implies
Hpec(t) =

Am[ 0) (20f e » 0) (), + (1 +290)f57)) + (0 + 5(0)) (0))
+ (0 )( (S o = 0)(0)y + (1 + 29) 5 = (0 + @(0))(0)@) il ds 2:(0)of

+ h.c.

Similarly, Lemma A.2 implies
d
Hines (1) = (E.25)

Re (7:(p)idou(p))
Jdp [_Qt(p)_ L+ %(p)
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+ (B) + 2 (0r+ NIAII6PS) « (0.4 2(0) () (1+ 2(0))
+ 2Re (((@ + NIAGS) « ) (D)ou(p)) | by
By (3.41), we have that
i = 2(E + APE) « (0 +0(0))) o + i(29) #0)(1+29Y),

N N
while (3.43) implies

(2 Ay (2
A A Re (57 «9)0,”)
@ _ A @, s g A :
Q E + N(Ft (v+v(0))) - N 1+%$2)
Using the fact that |o|*> = (v + 1), (E.25) thus implies
/HI(?I?“B(t) =
Jar[-5= E2- 0o 0) | 2 (54 A ) +0)51o(0)
pl - — Re ) (p)ay” (p
A () N
by —@ 1+2920) Ao . )
- M * (2) 7__1"()* 1 2()
S Re (57 +9) (p)o® () Ty, R O @+ 27 )

+ (O + NAIGPPS) + 0+ 000) @) (1 + 292 0) | afy

Simplifying the terms, recalling definitions (3.27) and (3.28), we obtain
A A
Hige(t) = — 5 | dp |2Re (((£75) +0) ()0 (p))

+ (U570 +292)) (04 0(00) () (1 + 297 () [l

Finally, Lemma A.2 yields

(cor) _ i0i0¢(p) . 0:(p)idiyi(p)
Hyrg(t) = fdp [— 5 T 201+ 7)) (E.26)

+ (@) + 2 (G0 + NIAI6P8) = (& + 6(0)) ()0
+ 2 (0 + NIAIGE) ) ()1 + 3(p)

2N
_ -2 . oi(p)* 2§l dr Q T
+ (@ + N|A[§,0) » 7” ilodr @-®)gial |+ hec,
((Ut |A]g;6) U)<p)1+%(p) € apa_p ¢
By (3.41), we have that
2\ N A o =2 .
0 =S Im (B 0)57) = (0 w05 - (€7 )0,

A
00 =2(E+ =T « (0 + 8(0)) o + 5 (27« 0) (1 4+ 29Y) .
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Substituting these into (E.26), yields

Hirn(t) =

D)
+ (B0) + (01 + NG P9) - (@ + 5(0) (1)) ol 0)

+ (0 + NAIG2)5) « 0) ()1 + 42 ()

(2) ()2
4 ((6122) + N|A|(¢i2)>25) « f}) (p)%>]62158 dr Q(Tz)(P)aLaT_p + h.c.
1+77"(p)
We simplify this expression as

HiE® = - [ @ [((F70+5) « 0+ 50)) ol o
+«009>)@M+¢%m>

(2)

. . (2)

+ (( (§+)U§ )) U) (p)igt EZ;)) ]ezlSédT o (p)a;aip + h.c.
1+ (p)
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