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Abstract—Ambiguity performance is a critical criterion in ra-
dar sensor design, which indicates the ambiguities arising from 
multiple targets estimation and detection. We considered a re-
quirement-driven selection of OFDM reference signal (RS) pat-
terns based on ambiguity performances for bi-static sensing in in-
tegrated communication and sensing with minimal modifications 
of current RSs. An RS pattern with a staggering offset of a linear 
slope that is relatively prime to the RS comb size is suggested for 
standard-resolution sensing algorithms to obtain the best ambigu-
ity performances. Moreover, an extended guard interval design is 
proposed to increase the maximum time delay, that is inter-symbol 
interference (ISI) free using post-FFT sensing algorithms. The 
proposed techniques are promising to extend the distance and 
speed without ambiguities and ISI for sensing. 

Keywords—Integrated communication and sensing, reference 
signal, 6G, bi-static sensing, delay and sum, Periodogram Algorithm  

I. INTRODUCTION 
Recently, integrated communication and sensing (ICAS) has 

been envisioned to support diverse applications potentially in 
the fifth generation advanced (5G-A) and the sixth generation 
(6G) era [1], such as activity or object detection, recognition, 
and tracking. The integration mutually benefits communication 
and sensing by saving system resources. One research direction 
is communication centric ICAS, which realizes sensing func-
tionality in a system primarily designed for communications. In 
such a system, it is preferred for sensing function to reuse current 
wireless communication system’s waveforms, e.g., orthogonal 
frequency division multiplexing (OFDM) adopted by 5G New 
Radio (NR). Detecting Doppler shift and time delay by using 
OFDM waveform has been extensively studied for radar sensing 
[2-6].  

For bi-static sensing with unknown data payload, RS is 
straightforward for sensing receivers to estimate time delays and 
Doppler shifts of targets [5,7,8], proportional to their range and 
the radial velocity, respectively. Studies to leverage current LTE 
and 5G RS including positioning reference signal (PRS) for ra-
dar sensing have been given in [5,7,8]. Most communication 
RSs were designed for channel state information and communi-
cation receiver demodulation, and 5G PRS has a special design 
of staggering offset sequence for delay estimation but not for 
both delay and Doppler estimation. In radar sensing, resolutions 
and ambiguities of both delay and Doppler are two important 
criteria for system design. High-resolution sensing algorithms 
such as compressive sensing and MUSIC can also improve sens-
ing resolution but show higher computational complexity than 

standard-resolution algorithms. Fundamentally the total band-
width and the time duration of a sensing signal determines the 
achievable delay and Doppler resolutions, respectively. We will 
show in next section that, tuning RS resource elements (REs) 
density can adjust the resolutions but at the same time change 
ambiguities in both delay and Doppler domains.  In this paper, 
based on standard-resolution sensing algorithms, we will ana-
lyze the ambiguity performance of comb RS patterns with dif-
ferent RE densities. We will show how the staggering offset de-
sign through multiple symbols could help to improve its ambi-
guity performance. The standard resolution algorithms consid-
ered here include delay-and-sum [9] and periodogram algo-
rithms such as two-dimensional fast Fourier transform (2D FFT) 
algorithms [10]. We will first investigate RS patterns similar to 
current 5G NR for sensing. A new design is also proposed for 
improved ambiguity performance with minor changes to RS 
patterns in the current 5G communication system. Moreover, we 
introduce an extended guard interval design for comb RS to en-
able ISI removal beyond cyclic prefix (CP). 

II. GENERAL COMB RS PATTERNS WITH UNIFORM SYMBOL 
SPACING  

       There are a few types of 5G NR RS: demodulation RS 
(DMRS), channel state information RS (CSI-RS), tracking RS 
(TRS), phase tracking RS (PTRS), and positioning RS (PRS) 
[11].  

 
Figure 1. Illustration of general comb RS pattern 

     These RS patterns can be characterized by Fig. 1 with the 
following parameters: (1)  𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 (unit in subcarrier numbers) is 
the RS frequency domain spacing of REs and 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 2  for 
comb RS. 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 is also called comb size, which determines the 
frequency domain RE density. (2) 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 (unit in symbol num-



bers) is the time domain separation of the RS symbols (RE den-
sity in the time domain), and (3) 𝐹𝐹𝑖𝑖 (unit in subcarrier numbers) 
is the frequency domain RE offset (or the staggering frequency 
offset) of the 𝑖𝑖-th RS symbol. In this paper, based on such a 
comb RS structure with uniform RE spacing and symbol spac-
ing from 5G NR, we analyze impacts of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 as well as 
staggering frequency offsets {𝐹𝐹𝑖𝑖} on the sensing ambiguity per-
formance.  
      The comb RS has several benefits. First, it boosts energy 
per RE for better coverage. Second, it maximizes the delay res-
olution with smaller number of REs spanning across the entire 
channel bandwidth, compared to subband RE-block allocation. 
Third, it enables either different base-station PRS multiplexing 
or data RE insertion.  However, the comb RS introduces delay 
ambiguity at a fractional symbol level for standard resolution 
algorithms. Therefore, the comb RS pattern over multiple sym-
bols with a cycle of staggering offsets within the coherent pro-
cessing interval (CPI) is adopted in 5G PRS to preserve up-to-
one-effective-OFDM-symbol unambiguous delay. The ap-
proach was to pair two comb RS symbols and put their stagger-
ing offsets one-half-comb-size (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠/2) apart, as shown in Fig 
2(b). Then, if more OFDM symbol pairs can be allocated, off-
sets further sweep over full 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 REs to cover the entire fre-
quency range, e.g., two pairs of staggering offsets (0, 2) and (1, 
3) for  𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4 as shown in Fig 2(c). The design was consid-
ered for scenarios where PRS resources may not be available 
for more than two symbols within the CPI. Paired one-half-
comb-size staggering offsets double the maximum unambigu-
ous time delay given by a single comb RS symbol, resulting in 
better performance in ranging for positioning. 
 

 
Figure 2. Instances of RS patterns 

      Nonetheless, sensing requires another look at other RS pat-
tern possibilities. Specifically, with Doppler frequency shift 
added to the estimated variables, ambiguities arise in the 2D 
delay-and-Doppler plane. Under a fixed number of REs, larger 
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 and  𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 increase occupied bandwidth and time duration, 
which enhance range (time delay) and velocity (Doppler shift) 
resolutions, respectively. However, such resolution improve-
ment by tuning 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠  and  𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠  comes with costs of reduced 
maximum unambiguous delay and Doppler shift. In the follow-
ing sections, we will analyze trade-offs between different RS 
patterns in terms of ambiguity performance.  
       Several RS patterns with uniform symbol spacing are 
shown in Fig. 2 and categorized by Scheme A, B, C and D for 

the remaining part of the paper. Fig. 2(a) illustrates an example 
of Scheme A with 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2, which is similar to 5G 
PDCCH DMRS or TRS. This pattern keeps the same RE loca-
tions across all RS symbols, i.e., 𝐹𝐹𝑖𝑖 stays constant for any 𝑖𝑖-th 
RS symbol. Fig. 2(b) depicts an example of Scheme B, which 
is similar to partial PRS (subgroup of a full staggering cycle) 
with 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2,𝐹𝐹0 = 0 , and 𝐹𝐹1 = 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 ∕ 2 ,.  In 5G 
NR, partial PRS has the format of staggering two RS symbols’ 
REs by half an even comb size, (i.e., for 𝐹𝐹0 = 𝑓𝑓,𝐹𝐹1 = 𝑓𝑓 +
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 2⁄ ). Fig. 2(c) shows an instance of Scheme C with 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 =
4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2, using the 5G PRS staggering offset sequence. 
When 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, the RS pattern is a 5G PRS. Fig. 2(d) illus-
trates an instance of the proposed Scheme D with 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4,  
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2, and 𝑝𝑝 = 1, which is linear-slope staggering with the 
slope relatively prime to the comb size. The staggering offset 
sequence is 𝐹𝐹𝑖𝑖 = mod(𝑝𝑝 ∙ (𝑖𝑖 − 1), 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠)  for 𝑖𝑖 = 0,⋯ , 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 −
1, where 𝑝𝑝 is relatively prime to 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠.  

III. AMBIGUITY FUNCTION OF DELAY AND SUM 
The ambiguity function (AF) of a time-domain signal 𝑠𝑠(𝑡𝑡) 

based on delay and sum is expressed as [9]  
 

𝐴𝐴(𝜏𝜏, 𝑓𝑓𝑑𝑑) = 1
𝐸𝐸𝑠𝑠
�∫ 𝑠𝑠(𝑡𝑡)𝑒𝑒(𝑗𝑗2𝜋𝜋𝑓𝑓𝑑𝑑𝑡𝑡)𝑠𝑠∗(𝑡𝑡 − 𝜏𝜏)𝑑𝑑𝑑𝑑∞
−∞ �,        (1) 

 
where 𝐸𝐸𝑠𝑠 = ∫ 𝑠𝑠(𝑡𝑡)𝑠𝑠∗(𝑡𝑡)𝑑𝑑𝑑𝑑∞

−∞ , 𝑓𝑓𝑑𝑑 is the Doppler frequency shift, 
and 𝜏𝜏 is the time delay. In general, the design criterion is to 
minimize 𝐴𝐴(𝜏𝜏, 𝑓𝑓𝑑𝑑)  in the areas where (𝜏𝜏, 𝑓𝑓𝑑𝑑) ≠ (𝜏𝜏∗,𝑓𝑓𝑑𝑑∗) , 
where 𝜏𝜏∗ and 𝑓𝑓𝑑𝑑∗ are the nominal true time delay and Dop-
pler. To simplify the description in the following sections, 
(𝜏𝜏∗,𝑓𝑓𝑑𝑑∗) is set to (0,0) without loss of generality (WLOG) as 
AF is a form of RS pattern’s impulse response in the 2D do-
main. Large values of 𝐴𝐴(𝜏𝜏, 𝑓𝑓𝑑𝑑) exceeding a radar dynamic 
range at (𝜏𝜏, 𝑓𝑓𝑑𝑑) ≠ (0, 0)  are undesired side peaks. These 
side peaks limit the unambiguously detectable range of 
time delay and Doppler frequency shift, and we name it 2D 
maximum unambiguity hereafter. When there are side 
peaks, the design criteria then become how to enlarge the 
2D maximum unambiguity, or how to design the waveform 
such that side peak locations (𝜏𝜏, 𝑓𝑓𝑑𝑑) are as far away from (0, 
0) as possible. 
     We now derive a general expression of AF based on the gen-
eral comb RS patterns in Section II. Let 𝑇𝑇𝑠𝑠  be the effective 
OFDM symbol duration (the reciprocal of the subcarrier spac-
ing (SCS)),  𝑇𝑇𝑐𝑐𝑐𝑐 be the CP duration, 𝑇𝑇 = 𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑇𝑇𝑠𝑠 be the CP-
added OFDM symbol duration, and 𝑿𝑿𝑖𝑖  be the frequency-do-
main RE scrambling sequence of the 𝑖𝑖-th comb RS. The 𝑖𝑖-th RS 
symbol sample vector of length 𝑁𝑁 over duration 𝑇𝑇𝑠𝑠 is denoted 
as 𝒀𝒀 = {𝑌𝑌(𝑛𝑛)}𝑛𝑛=0𝑁𝑁−1 , where the 𝑛𝑛-th sample is  
 

𝑌𝑌(𝑛𝑛) = ∑ 𝑋𝑋𝑖𝑖(𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 + 𝐹𝐹𝑖𝑖)𝑒𝑒
𝑗𝑗2𝜋𝜋�𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠+𝐹𝐹𝑖𝑖�𝑛𝑛

𝑁𝑁
𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ −1
𝜅𝜅=0 ,     (2) 

 
Observe that  



𝑌𝑌 �𝑛𝑛′ +
𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

� = � 𝑋𝑋𝑖𝑖(𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 + 𝐹𝐹𝑖𝑖)𝑒𝑒
𝑗𝑗2𝜋𝜋(𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠+𝐹𝐹𝑖𝑖)�𝑛𝑛′+

𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

�
𝑁𝑁

𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ −1

𝜅𝜅=0

  

= 𝑌𝑌(𝑛𝑛′)𝑒𝑒𝑗𝑗�
2𝜋𝜋𝐹𝐹𝑖𝑖𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

�,            
(3) 

where 𝑛𝑛′ = 0,1,2,⋯ ,𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ − 1 and 𝑙𝑙 = 0,1,2,⋯ , 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1.  
Thus 𝒀𝒀 can be further divided equally into 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 subsets, where 
the 𝑙𝑙-th subset is denoted by 𝒀𝒀𝑙𝑙, each of length-(𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ) and  
 

𝒀𝒀𝑙𝑙 = 𝒀𝒀0𝑒𝑒
𝑗𝑗�
2𝜋𝜋𝐹𝐹𝑖𝑖𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

�,𝒀𝒀𝑙𝑙 = {𝑌𝑌(𝑛𝑛)}𝑛𝑛=𝑙𝑙𝑙𝑙 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄
(𝑙𝑙+1)𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ −1.         (4) 

 
Let the time sequence of CP-added OFDM symbol be 𝒁𝒁 =
{𝑍𝑍(𝑛𝑛)}𝑛𝑛=0𝑁𝑁′ , and the 𝑛𝑛-th sample of 𝒁𝒁 over the CP-added dura-
tion 𝑇𝑇 be 
 

𝑍𝑍(𝑛𝑛) = ∑ 𝑋𝑋𝑖𝑖(𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 + 𝐹𝐹𝑖𝑖)𝑒𝑒
𝑗𝑗2𝜋𝜋�𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠+𝐹𝐹𝑖𝑖��𝑛𝑛−𝑁𝑁𝑐𝑐𝑐𝑐�

𝑁𝑁
𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ −1
𝜅𝜅=0 ,   (5) 

 
where  𝑁𝑁′ = �𝑁𝑁 + 𝑁𝑁𝑐𝑐𝑐𝑐�. As time samples of one OFDM sym-
bol possess 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠  subsets that are repetitive with piecewise 
phase rotation as shown by Eq. (4), strong side peaks of a delay-
and-sum receiver happen at 𝜏𝜏 = 𝑙𝑙 ⋅ 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ = 𝑙𝑙 ⋅ 𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ⋅
(𝑇𝑇𝑠𝑠 𝑁𝑁⁄ ), where 𝑙𝑙 ⋅ 𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄  is the beginning sample index of the 
𝑙𝑙-th subset of Eq. (3). Let 𝑀𝑀 be the number of RS symbols, the 
AF at time delay 𝑙𝑙 ⋅ 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄  and Doppler frequency 𝑓𝑓𝐷𝐷 by de-
lay-and-sum over 𝑀𝑀 RS symbols is expressed by: 
 

𝐴𝐴 �
𝑇𝑇𝑠𝑠𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

, 𝑓𝑓𝑑𝑑� = ��� � 𝑍𝑍(𝑛𝑛)𝑍𝑍∗ �𝑛𝑛 −
𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

� 𝑒𝑒
𝑗𝑗2𝜋𝜋𝑓𝑓𝑑𝑑𝑛𝑛𝑛𝑛 

𝑁𝑁

𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁′+𝑁𝑁′−1

𝑛𝑛=𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁′+ 𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑀𝑀−1

𝑖𝑖=0
�� .   

       (6) 
Assuming 𝑿𝑿𝑖𝑖 preserves constant envelope in the time domain 
(e.g., frequency-domain Zadoff-Chu sequence), we obtain 
 
𝐴𝐴 �

𝑇𝑇𝑠𝑠𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

, 𝑓𝑓𝑑𝑑�

= ��� 𝑒𝑒−
𝑗𝑗2𝜋𝜋𝐹𝐹𝑖𝑖𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 � 𝑍𝑍(𝑛𝑛)𝑍𝑍∗(𝑛𝑛)𝑒𝑒

𝑗𝑗2𝜋𝜋𝑓𝑓𝑑𝑑�𝑛𝑛+
𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

�𝑇𝑇 
𝑁𝑁

𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁′+𝑁𝑁′−1− 𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑛𝑛=𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁′

𝑀𝑀−1

𝑖𝑖=0
�� 

= ��𝑆𝑆 ⋅ 𝑒𝑒
𝑗𝑗2𝜋𝜋𝑓𝑓𝐷𝐷𝑙𝑙𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 � 𝑒𝑒−

𝑗𝑗2𝜋𝜋𝐹𝐹𝑖𝑖𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 � 𝑒𝑒

𝑗𝑗2𝜋𝜋𝑓𝑓𝑑𝑑𝑛𝑛𝑛𝑛 
𝑁𝑁

𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁′+𝑁𝑁′−1− 𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑛𝑛=𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁′

𝑀𝑀−1

𝑖𝑖=0
�� , 

            (7) 
where 𝑆𝑆 = 𝑍𝑍(𝑛𝑛)𝑍𝑍∗(𝑛𝑛) is a constant. Delay-and-sum algorithm 
requires the time sequences derived from 𝑿𝑿𝑖𝑖 to have desirable 
autocorrelation properties. Doppler frequency is detected by a 
variable-𝑓𝑓𝑑𝑑-phase-rotated version of the time sequence. In the 
case of 𝑓𝑓𝑑𝑑 = 0  (e.g., positioning), the staggering offset se-
quence {𝐹𝐹𝑖𝑖} directly affects the side peak locations by  
 

𝐴𝐴 � 𝑇𝑇𝑠𝑠𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

, 0� = �𝑆𝑆 ∙ �𝑁𝑁′ − 𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

�∑ 𝑒𝑒
−
𝑗𝑗2𝜋𝜋𝐹𝐹𝑖𝑖𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑀𝑀−1

𝑖𝑖=0 �,         (8) 

For instance,  𝑀𝑀 = 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠, {𝐹𝐹𝑖𝑖}𝑖𝑖=0
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−1 = {0,1,⋯ , 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1}, the 

side peaks along the axis of 𝑓𝑓𝑑𝑑 = 0 in the time delay range 

(0,𝑇𝑇𝑠𝑠)  can be eliminated as ∑ 𝑒𝑒
−
𝑗𝑗2𝜋𝜋𝐹𝐹𝑖𝑖𝑙𝑙
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑀𝑀−1

𝑖𝑖=0 = 0  for all 𝑙𝑙 ∈
{1,⋯ , 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1}. AF characteristics derived from delay-and-
sum algorithm over various RS patterns will be examined next 
in this section. 

A. Scheme A: Patterns similar to 5G PDCCH DMRS or TRS 

 
Figure 3. AF in the case of (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1,𝐹𝐹𝑖𝑖 = 𝐹𝐹𝑗𝑗 = 0) 

   As mentioned in in Section II and based on Eq. (7) and Eq. 
(8), Scheme A (𝐹𝐹𝑖𝑖 ≡ constant without staggering) has 2D AF 
side peak locations at �𝜏𝜏 = 𝑙𝑙𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ,  𝑓𝑓𝑑𝑑 = 𝑘𝑘 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇⁄ �, where 
𝑙𝑙, 𝑘𝑘 ∈ ℤ (set of integers), 0 ≤ 𝑙𝑙 ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠,−𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 ≤ 𝑘𝑘 < 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 
and (𝑙𝑙, 𝑘𝑘) ≠ (0,0). Note that there is an exception for delay-
and-sum to be free of ambiguities at (𝜏𝜏 = 0, 𝑓𝑓𝑑𝑑 = ± 1 𝑇𝑇)⁄  be-
cause there is no discrete-time Fourier transform to create fre-
quency domain aliasing. If the RS symbols do not have time 
interruption (i.e., 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1), the maximum unambiguous Dop-
pler frequency for delay-and-sum is only limited by sampling 
rate 𝑁𝑁′/𝑇𝑇 because there is no frequency-domain convolution 
with a non-impulse.  Those side peaks creating ambiguities for 
delay and sum results are shown by the example in Fig. 3 with 
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4,  𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1,  𝐹𝐹𝑖𝑖 ≡ 0, under SCS=15 kHz. The contour 
plot of Fig. 3(a), as given in Fig. 3(b), will be used for ambigu-
ity performance analysis onwards. The 2D maximum unambi-
guity, the red dotted rectangle in Fig. 3(b), designates the 2D 
AF maxima without any ambiguities in both time delay and 
Doppler frequency shift domain. As shown in Fig. 3(b), unde-
sired side peaks fall outside the red rectangle, meaning no am-
biguities exist in the designated 2D range.  

 
Figure 4. AF of comb RS with (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 8, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2,𝐹𝐹𝑖𝑖 ≡ 0) 

      Fig. 4 shows another example with 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 8,  𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2, 
and 𝐹𝐹𝑖𝑖 ≡ 0. Note that the increased comb size (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 from 4 to 



8) reduces the maximum unambiguous time delay, and the in-
terruption of RS continuation in time (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 2 instead of 1) 
causes convolution with a gating function’s frequency-domain 
response, creating ambiguities along the true delay’s Doppler 
frequency axis before reaching 𝑁𝑁′/𝑇𝑇. 

Note that the designated 2D maximum unambiguity is not 
unique. Depending on application scenarios, the designation 
around true delay and Doppler could have different options: 
1) In the case of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, time delay is from 0 to 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄  , 

Doppler frequency is from −𝑁𝑁′/(2𝑇𝑇) to 𝑁𝑁′ (2𝑇𝑇)⁄  as shown 
in Fig. 3.  

2) In the case of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 > 1, time delay is from 0 to 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , and 
Doppler frequency is from −1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄  to 1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄  
as shown in Fig. 4. 

However, the maximum unambiguous delay in this case is al-
ways restricted to 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ .  

B. Scheme B: Patterns similar to partial PRS 
   In the case of scheme B, half-comb-size staggering is incor-
porated, creating alternating 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠-subset ambiguities. That is, 
for even integers 𝑙𝑙1, side peaks occur at �𝜏𝜏 = 𝑙𝑙1𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , 𝑓𝑓𝑑𝑑 =
𝑘𝑘1 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇⁄ �, for 0 ≤ 𝑙𝑙1 ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠,  −𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 ≤ 𝑘𝑘1 ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠, 𝑘𝑘1 ∈ ℤ, 
and ( 𝑙𝑙1,𝑘𝑘1) ≠ (0,0) , where forementioned (𝜏𝜏 = 0, 𝑓𝑓𝑑𝑑 =
± 1 𝑇𝑇)⁄  exception still holds. For odd integers 𝑙𝑙2, side peaks oc-
cur at locations �𝜏𝜏 = 𝑙𝑙2𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , 𝑓𝑓𝑑𝑑 = (1 2⁄ + 𝑘𝑘2) (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄ � , 
for 0 ≤ 𝑙𝑙2 ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠,−𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 ≤ 𝑘𝑘2 ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠, 𝑘𝑘2 ∈ ℤ, and (𝑙𝑙2,𝑘𝑘2) ≠
(0,0). Fig. 5 shows the half-comb-size-staggering example of 
𝐹𝐹1 = 0, and 𝐹𝐹2 = 2 under 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4 and 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1,. Such RS 
pattern extends the maximum unambiguous delay from 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄  
to 2 ⋅ (𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ) compared with scheme A. Depending on appli-
cation scenarios, the designated 2-D maximum unambiguity, 
beside the vertically long dotted rectangle in Fig. 5 as analyzed 
before, can be opted for a an extended maximum unambiguous 
delay from 0 to 2𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ,  and a Doppler range now from 
−1 �4𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇�⁄  to 1 �4𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇�⁄ . Such a new option is shown by 
the horizontally wider dotted red rectangle of Fig. 5. 

 
Figure 5. AF of Partial PRS with (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1,𝐹𝐹0 = 0,𝐹𝐹1 = 2)  

C. Scheme C: Patterns with stagerring offset of 5G PRS 

Fig. 6 shows an AF of Scheme C with 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1 
and {𝐹𝐹0,𝐹𝐹1,𝐹𝐹2,𝐹𝐹3} = {0, 2,1,3}, which is a staggering offset se-
quence such that the REs sweep through the whole signal band-
width. This PRS pattern can extend the maximum unambiguous 

time delay to full-symbol length 𝑇𝑇𝑠𝑠, albeit at the cost of smaller 
Doppler unambiguity. Based on Eq. (8), the horizontally wider 
dotted red rectangle of Fig. 6 shows an option to designate full-
symbol delay unambiguity if the application scenario precludes 
large Doppler, for which 𝑓𝑓𝑑𝑑  is assumed to be between 
−1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄  and 1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄ . 

 
Figure 6．AF of PRS-like pattern with (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1)  

D. Scheme D: Linear-slope-relatively-prime-to-comb-size 
staggering 
Now we turn to the proposed Scheme D, where the stagger-

ing offset sequence {𝐹𝐹𝑖𝑖}𝑖𝑖=0
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−1 has a linear slope 𝑝𝑝 that is rela-

tively prime to the comb size 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠. Corresponding side peaks 
occur at locations  �𝜏𝜏 = 𝑙𝑙 ⋅ 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , 𝑓𝑓𝑑𝑑 = 𝑝𝑝 ⋅ 𝑙𝑙 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇 ⁄ +
𝑘𝑘 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇⁄  � for  0 ≤ 𝑙𝑙 ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 ,  |𝑘𝑘| ≤ 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 , (𝑙𝑙, 𝑘𝑘) ≠ (0,0) and 
the exception at (0, ± 1 𝑇𝑇)⁄ . Compared with those of aforemen-
tioned RS patterns, the proposed scheme shows more flexibility 
in determining 2D maximum ambiguity. The AF of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, and 𝑝𝑝 = 1 is shown in Fig. 7(a) and (b) with differ-
ent choices of designating unambiguous regions. Fig. 7(c) and 
(d) present the AF of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, and 𝑝𝑝 = 3 (a differ-
ent slope that is relatively prime to 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠). 

Figure 7. AF in the case of (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1), proposed staggering scheme, 
where in (a) and (b)  𝑝𝑝 = 1, and in (c) and (d) 𝑝𝑝 = 3. 



The choices are (taking the example with 𝑝𝑝 = 1): 
1) Comb-sized fractional-symbol delay unambiguity: 

a. For 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, time delay is from 0 to 𝑇𝑇 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , and Dop-
pler from −𝑁𝑁′ (2𝑇𝑇)⁄  to 𝑁𝑁′ (2𝑇𝑇)⁄ , as shown in Fig. 7(a).  

b. For 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 > 1, time delay is from 0 to 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , and Dop-
pler from −1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄  to 1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄ . 

2) Full-symbol unambiguous delay extended to 𝑇𝑇𝑠𝑠, with Dop-
pler range from −1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄  to 1 (2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇)⁄ , as 
shown by the horizontally wider dotted red rectangle in 
Fig .7(a). 

3) Designated unambiguous delay from 0 to 𝑙𝑙𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ , where 
 𝑙𝑙 = 2,⋯ , 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1 , as shown in Fig. 7(b): One designated 
2D maximum unambiguity is expressed as: 

�
− 1

2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
< 𝑓𝑓𝑑𝑑 < 2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−2𝑙𝑙+1

2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
, 0 <  𝜏𝜏 < 𝑇𝑇𝑠𝑠

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

− 1
2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇

< 𝑓𝑓𝑑𝑑 < 1
2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇

, 𝑇𝑇𝑠𝑠
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

≤  𝜏𝜏 < 𝑙𝑙𝑙𝑙𝑠𝑠
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

. 

Fig. 7(b) shows two examples – the red area denotes the case 
of  𝑙𝑙 = 2 and the green area denotes the case of  𝑙𝑙 = 3. 
Another choice could be:  

�
− 2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−2𝑙𝑙+1

2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
< 𝑓𝑓𝑑𝑑 < 1

2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
, (𝑙𝑙−1)𝑇𝑇𝑠𝑠

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
≤  𝜏𝜏 < 𝑙𝑙𝑇𝑇𝑠𝑠

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

− 1
2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇

< 𝑓𝑓𝑑𝑑 < 1
2𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇

, 0 <  𝜏𝜏 < (𝑙𝑙−1)𝑇𝑇𝑠𝑠
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

. 

In summary, the staggering offset sequence 𝐹𝐹𝑖𝑖 = mod(𝑝𝑝 ∙ (𝑖𝑖 −
1), 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠), where 𝑝𝑝 is relatively prime to 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠, is suggested for 
delay-and-sum sensing algorithms as it provides more flexible 
2D maximum unambiguity choices for time delay and Doppler 
frequency shift detection. 

IV. EXTENDED GUARD INTERVAL FOR COMB RS  
When applying OFDM to ICAS, post-FFT frequency domain 

sensing algorithms, e.g., 2D FFT, high-resolution algorithms 
[2, 4,10], are conventionally limited by CP duration, which de-
termines the maximum time delay (hence distance) without ISI. 
In this section, we will show that the frequency comb RS pat-
tern with zero-power REs in between could extend the guard 
interval against ISI beyond CP. Flexibility of extending ISI-free 
time delay up to CP plus (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1) 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄  of effective OFDM 
symbol length can thus be achieved by post-FFT algorithms.  

 

 
Figure 8. Sensing analysis based on (1 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ )-symbol duration. 

 
    Assuming the Doppler shift is sufficiently small compared to 
the OFDM base frequency, i.e., |𝑓𝑓𝑑𝑑| < 𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 ≪ 1 ∕ 𝑇𝑇𝑠𝑠  (where 
𝑓𝑓𝑚𝑚𝑚𝑚𝑚𝑚 is typically 1/10 of SCS), we can approximate it as a con-
stant phase rotation block-by-block over each OFDM symbol. 
Such an assumption was not required in the case of delay-and-

sum over a continuous period for estimating the Doppler fre-
quency variable 𝑓𝑓𝑑𝑑. However, for post-FFT sensing algorithms, 
it is required as time observations of Doppler frequency has 
been discretized at the granularity of an OFDM symbol. Recall 
CP-added OFDM time samples as defined in Eq. (5), an ex-
tended guard interval against sensing ISI (GI in Fig. 8) is now 
defined as the first �𝑁𝑁𝑐𝑐𝑐𝑐 + 𝑙𝑙𝑙𝑙 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ �  samples, where 𝑙𝑙 ∈
{0,1,⋯ , 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1} ). Such extension can reuse the same CP-
OFDM symbol (originally designed for shorter multipath delay 
communication) to longer distance sensing without resorting to 
a new waveform.  

After removing the extended guard interval against ISI, re-
maining time samples of the 𝑖𝑖-th OFDM symbol, delayed by 𝑁𝑁𝜏𝜏 
samples and phase-rotated by a Doppler frequency 𝑓𝑓𝑑𝑑∗, are ex-
pressed by the time sample vector of the last (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙) subsets 
𝑮𝑮𝑙𝑙 = {𝐺𝐺𝑙𝑙(𝑚𝑚)}, for 𝑚𝑚 = 0,1,⋯ ,𝑁𝑁(𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙) 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ − 1. The 𝑚𝑚-
th element of 𝑮𝑮𝑙𝑙 is 

 

𝐺𝐺𝑙𝑙(𝑚𝑚) = 𝑍𝑍 �
𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

+ 𝑁𝑁𝑐𝑐𝑐𝑐 + 𝑚𝑚 −𝑁𝑁𝜏𝜏� ∙ 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 

= �𝑋𝑋𝑖𝑖(𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 + 𝐹𝐹𝑖𝑖)𝑒𝑒
𝑗𝑗2𝜋𝜋(𝜅𝜅𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠+𝐹𝐹𝑖𝑖)�

𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

+𝑚𝑚−𝑁𝑁𝜏𝜏�
𝑁𝑁 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑

∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝜅𝜅=0

, 

(9) 
where 0 ≤ 𝑁𝑁𝜏𝜏 ≤ min�𝑁𝑁𝑐𝑐𝑐𝑐 + 𝑁𝑁𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ,𝑁𝑁�. To recover the non-
zero REs from 𝑮𝑮𝑙𝑙, the receiver side should first perform the fol-
lowing phase de-rotation procedure before FFT, that is 
 

𝐺𝐺′(𝑚𝑚) = 𝐺𝐺𝑙𝑙(𝑚𝑚)𝑒𝑒−
𝑗𝑗2𝜋𝜋𝐹𝐹𝑖𝑖�

𝑁𝑁𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

+𝑚𝑚�

𝑁𝑁                  (10) 
 

for 𝑚𝑚 = 0,1,⋯ ,𝑁𝑁 (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙) 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ − 1. Then, after FFT of 𝑮𝑮′, 
we obtain sequence 𝑩𝑩 with a length of 𝑁𝑁 ⋅ (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙) 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄  and  
 

𝐵𝐵(𝜅𝜅′) = ∑ 𝐺𝐺′(𝑚𝑚)𝑒𝑒
𝑗𝑗
−2𝜋𝜋𝜅𝜅′𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚
�𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−𝑙𝑙�𝑁𝑁

�𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−𝑙𝑙�𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

−1

𝑚𝑚=0 .        (11) 
 

In Eq. (11), for 𝜅𝜅′ ∈  {(𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙)𝑤𝑤,𝑤𝑤 = 0,1,⋯ ,𝑁𝑁 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ }, we 
can write 
 

𝐵𝐵(𝜅𝜅′) = (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙) ∙ 𝑋𝑋𝑖𝑖 �
𝜅𝜅′𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙

+ 𝐹𝐹𝑖𝑖� 

                 ∙ 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝑁𝑁𝜏𝜏�
𝑘𝑘′

�𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠−𝑙𝑙�
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠+𝐹𝐹𝑖𝑖�

𝑁𝑁 .                    (12) 
 

As for 𝜅𝜅′ ∉ (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙)𝑤𝑤, then 𝐵𝐵(𝜅𝜅′) = 0. The frequency-do-
main sequence of the 𝑖𝑖-th RS symbol for sensing algorithm 
analysis (with a length of 𝑁𝑁 − 𝑙𝑙𝑙𝑙 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ) can be re-assembled to 
sequence 𝑿𝑿𝑖𝑖′ with the original length of 𝑁𝑁. For 𝐵𝐵(𝜅𝜅′) ≠ 0, we 
then map 𝑋𝑋𝑖𝑖′(𝜅𝜅′𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1)⁄ + 𝐹𝐹𝑖𝑖) = 𝐵𝐵(𝜅𝜅′). For RE loca-
tions other than 𝜅𝜅′𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 1)⁄ + 𝐹𝐹𝑖𝑖 , 𝑿𝑿𝑖𝑖′  will be padded 
with zeros. Therefore, 𝑿𝑿𝑖𝑖′ is further simplified as 

𝑋𝑋𝑖𝑖′(𝜅𝜅1) = (𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙) ∙ 𝑋𝑋𝑖𝑖(𝜅𝜅1)𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝑁𝑁𝜏𝜏𝜅𝜅1
𝑁𝑁 ,      (13) 



where 𝜅𝜅1 = 0,1 … . ,𝑁𝑁 − 1. Thus, the tunable maximum time 
delay without ISI is min�𝑇𝑇𝑐𝑐𝑐𝑐 + 𝑙𝑙𝑙𝑙𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ ,𝑇𝑇𝑠𝑠�. Note that there is 
a trade-off between signal energy loss and maximum time delay 
with different choices of 𝑙𝑙. Larger 𝑙𝑙 can support larger ISI-free 
time delay estimation but yields lower signal energy for sensing 
algorithms analysis. Fig. 8 illustrates an instance of 𝑙𝑙 = 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 −
1, and 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4.  

V. AMBIGUITY PERFORMANCE OF 2D FFT 
     For 2D FFT, the conclusion is similar to delay-and-sum, 
with the exception that side peaks appear at (0,  ± 1 𝑇𝑇⁄ ). Also, 
2D FFT does not require time sequence design since the post-
FFT sensing algorithm removes received frequency-domain se-
quence scrambling without correlation. In addition to independ-
ence from scrambling sequence properties, 2D FFT can also 
adopt staggering comb patterns to eliminate side peaks. Based 
on Eq. (13), the 2D FFT algorithm performs a second FFT op-
eration to a sequence of 𝑀𝑀 descrambled post-FFT OFDM sym-
bols {𝑿𝑿𝑅𝑅𝑅𝑅}𝑖𝑖=0𝑀𝑀−1, where the 𝜅𝜅1-th element of 𝑿𝑿𝑅𝑅𝑅𝑅 is: 
 
𝑋𝑋𝑅𝑅𝑅𝑅(𝜅𝜅1)

= �
𝑋𝑋𝑖𝑖′(𝜅𝜅1)

(𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑙𝑙)𝑋𝑋𝑖𝑖(𝜅𝜅1) = 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝑁𝑁𝜏𝜏𝜅𝜅1
𝑁𝑁 , 𝑋𝑋𝑖𝑖′(𝜅𝜅1) ≠ 0

0, otherwise
 

(14) 
 

for 𝜅𝜅1 = 0,1 …𝑁𝑁 − 1. The 2D FFT result is written as: 
 

𝑃𝑃(𝑔𝑔, 𝑞𝑞) = �� �� 𝑋𝑋𝑅𝑅𝑅𝑅(𝜅𝜅1)𝑒𝑒−
𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑀𝑀

𝑀𝑀−1

𝑖𝑖=0

� 𝑒𝑒
𝑗𝑗2𝜋𝜋𝜋𝜋𝜅𝜅1

𝑁𝑁

𝑁𝑁−1

𝜅𝜅1=0

�

2

= �� � 𝑒𝑒
𝑗𝑗2𝜋𝜋(𝑔𝑔−𝑁𝑁𝜏𝜏)𝑘𝑘𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑁𝑁

𝑁𝑁
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

−1

𝑘𝑘=0

� 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀 𝑒𝑒

𝑗𝑗2𝜋𝜋(𝑔𝑔−𝑁𝑁𝜏𝜏)𝐹𝐹𝑖𝑖
𝑁𝑁

𝑀𝑀−1

𝑖𝑖=0
��

2

 

(15) 
 

For the first summation, the maximum value is obtained at 

𝑒𝑒−
𝑗𝑗2𝜋𝜋𝑁𝑁𝜏𝜏𝑘𝑘𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑁𝑁 𝑒𝑒
𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

𝑁𝑁 = 1. That is, for 
 

𝑔𝑔𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑁𝑁

− 𝑁𝑁𝜏𝜏𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑁𝑁

= 𝑧𝑧1 ∈ ℤ,                    (16) 
 

at the 2-D FFT result there will be side peaks at the discrete-
valued time delay domain, namely 𝑔𝑔𝑇𝑇𝑠𝑠 𝑁𝑁 = 𝜏𝜏⁄ -axis. The side 
peaks appear at 𝜏𝜏 = 𝑔𝑔𝑇𝑇𝑠𝑠

𝑁𝑁
= 𝑁𝑁𝜏𝜏𝑇𝑇𝑠𝑠

𝑁𝑁
+ 𝑧𝑧1𝑇𝑇𝑠𝑠

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
. Substituting 𝑔𝑔 = 𝑁𝑁𝑧𝑧1

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
+

𝑁𝑁𝜏𝜏, terms of the second summation of Eq. (15) become 
 

� 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀 𝑒𝑒−

𝑗𝑗2𝜋𝜋𝑁𝑁𝜏𝜏𝐹𝐹𝑖𝑖
𝑁𝑁 𝑒𝑒

𝑗𝑗2𝜋𝜋�𝑁𝑁𝑧𝑧1𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
+𝑁𝑁𝜏𝜏�𝐹𝐹𝑖𝑖

𝑁𝑁

𝑀𝑀−1

𝑖𝑖=0

 

= ∑ 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀 𝑒𝑒

𝑗𝑗2𝜋𝜋𝑧𝑧1𝐹𝐹𝑖𝑖
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑀𝑀−1

𝑖𝑖=0 .                     (17) 

Eq. (17) is the Fourier transform of 𝑒𝑒
𝑗𝑗2𝜋𝜋𝑧𝑧1𝐹𝐹𝑖𝑖
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠  evaluated at 

𝑓𝑓𝑑𝑑∗𝑇𝑇𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑞𝑞𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀

, and thus different choices of 𝐹𝐹𝑖𝑖 yield differ-
ent ambiguity peaks.  

Taking the example of 𝐹𝐹𝑖𝑖 being constant over 𝑖𝑖, terms of the 
summation in Eq. (17) will reach the maximum when 

 
𝑞𝑞
𝑀𝑀𝑀𝑀

= 𝑓𝑓𝑑𝑑∗ −
𝑧𝑧2

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
,                               (18) 

 

that is, 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀 = 1.  The delay and Doppler 

ambiguities in 𝑞𝑞
𝑀𝑀𝑀𝑀

= 𝑓𝑓𝑑𝑑-axis (Doppler domain) and 𝜏𝜏-axis (de-

lay domain) are �𝑓𝑓𝑑𝑑∗ −
𝑧𝑧2

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
�  and �𝑧𝑧1𝑇𝑇𝑠𝑠

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
+ 𝜏𝜏∗� , respectively, 

where 𝑧𝑧1 ≠ 0 , 𝑧𝑧2 ≠ 0 and  𝜏𝜏∗ = 𝑁𝑁𝜏𝜏𝑇𝑇𝑠𝑠
𝑁𝑁

. Without loss of general-
ity, we assume the true time delay and Doppler frequency pair 
as (𝜏𝜏∗,𝑓𝑓𝑑𝑑∗) = (0,0) in the analysis.   
       Fig. 9(a) shows the ambiguity performance of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4,  
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, and 𝐹𝐹𝑖𝑖 ≡ 0 (Scheme A). Similar to delay and sum, 
the maximum unambiguous delay is restricted to 𝑇𝑇𝑠𝑠 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠⁄ . The 
maximum unambiguous Doppler is smaller than delay-and-sum 
due to side peaks at (0,  ± 1 𝑇𝑇⁄ ). 
 

 
Figure 9. AF of 2D FFT with different RS patterns 

 
Moreover, when 𝐹𝐹𝑖𝑖 is not linearly changing with 𝑖𝑖 (e.g., 5G    

PRS), the Fourier transform generates several side peaks and 
results can be calculated numerically. Fig. 9(b) and (c) show 2D 
maximum unambiguity in the case of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4 and 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, 
for Scheme B and C, respectively.  
   When the proposed staggering offset is adopted, i.e., Scheme 
D, the Fourier transform yields delta functions. Substituting 
𝐹𝐹𝑖𝑖 = 𝑝𝑝 ⋅ 𝑖𝑖 into terms of the summation, it will reach the maxi-

mum when 𝑒𝑒𝑗𝑗2𝜋𝜋𝜋𝜋𝑑𝑑
∗𝑖𝑖𝑖𝑖𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑒𝑒−

𝑗𝑗2𝜋𝜋𝜋𝜋𝜋𝜋𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀 𝑒𝑒

𝑗𝑗2𝜋𝜋𝑧𝑧1𝑝𝑝𝑝𝑝
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1 , that is, 

𝑓𝑓𝑑𝑑∗𝑇𝑇𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 − 𝑞𝑞𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠
𝑀𝑀

+ 𝑧𝑧1𝑝𝑝
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

= 𝑧𝑧2 ∈ ℤ. Here 𝑝𝑝  is relatively prime 
to 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠. This can be further written as 
 



𝑞𝑞
𝑀𝑀𝑀𝑀

= 𝑓𝑓𝑑𝑑∗ −
𝑧𝑧2

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
+ 𝑧𝑧1𝑝𝑝

𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇
 .               (19) 

 
Thus, delay and Doppler ambiguities in 𝜏𝜏-axis and 𝑓𝑓𝑑𝑑-axis are 
𝑀𝑀𝑀𝑀 �𝑓𝑓𝑑𝑑∗ −

𝑧𝑧2
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇

+ 𝑧𝑧1𝑝𝑝
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑇𝑇

�  and �𝑧𝑧1𝑇𝑇𝑠𝑠
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠

+ 𝜏𝜏∗� , respectively, 

where 𝑧𝑧2 ≠ 0, 𝜏𝜏∗ = 𝑁𝑁𝜏𝜏𝑇𝑇𝑠𝑠
𝑁𝑁

. Fig. 9(d) presents its 2D maximum 
unambiguity in the case of 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 4, 𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠 = 1, and (𝜏𝜏∗,𝑓𝑓𝑑𝑑∗) = 
(0,0) with the proposed Scheme D. Similarly, Scheme D is also 
suggested for 2D FFT due to flexibility in tuning 2D maximum 
unambiguity.    

VI. CONCLUSION 
     In summary, we investigated general uniformly-spaced, 
comb RS patterns with various staggering offsets for bi-static 
integrated communication and sensing systems. Moreover, we 
proposed an extended guard interval design for comb RS struc-
ture when using post-FFT sensing algorithms to support long-
range sensing with ISI. We have characterized ambiguity per-
formances of these RS patterns using delay-and-sum and 2D 
FFT algorithms. A staggering scheme with linear slope rela-
tively prime to the comb size offers more flexible choices of 2D 
unambiguity under the used algorithms. The results can be ap-
plied to bistatic sensing to extend the sensing distance and flex-
ibly adjust distance-velocity unambiguity with RS patterns 
stemming from existing communication system.  
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