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Abstract

This manuscript focuses on the H., observer design for a class of nonlinear discrete
systems under the presence of measurement noise or external disturbances. Two new
Linear Matrix Inequality (LMI) conditions are developed in this method through the
utilization of the reformulated Lipschitz property, a new variant of Young inequality and
the well-known Linear Parameter Varying (LPV) approach. One of the key components
of the proposed LMIs is the generalized matrix multipliers. The judicious use of these
multipliers enables us to introduce more numbers of decision variables inside LMIs than
the one illustrated in the literature. It aids in adding some extra degrees of freedom from a
feasibility point of view, thus enhancing the LMI conditions. Thus, the established LMIs
are less conservative than existing ones. Later on, the effectiveness of the developed LMIs
and observer is highlighted through a numerical example and the application of state of
charge (SoC) estimation in the Li-ion battery model.

Keywords: Nonlinear observer design, Lipschitz systems, H.o criterion and Linear

Matrix Inequalities (LMIs).

1. Introduction

Over the past three decades, the topic of observer design for dynamical systems has

received a significant amount of interest from researchers of control system engineering.

*Corresponding author
Email addresses: shivaraj.mohite@univ-lorraine.fr (Shivaraj Mohite),
adilsheikh1703@gmail.com (Adil Sheikh)

Preprint submitted to Elsevier May 6, 2024



This is because the state variables are essential in the system analysis and feedback
control design. Although many of these variables can be measured through sensors, some
remain inaccessible due to the unavailability of sensors. Thus, the observers play a pivotal
role in modern-day applications that assist in capturing real-time information of systems,
for example, the state-of-charge estimation of LI-ion battery model [I], autonomous
vehicle tracking [2], and so on.

In the literature, numerous approaches have been proposed for linear observer de-
sign, and all have shown high reliability. However, in contrast to the linear observer,
the development of nonlinear observers is an arduous problem. There is no systematic
technique to construct these types of observers. Hence, an abundant amount of research
has been carried out in this area. The several popular methods of nonlinear observers

are as follows:

a) Transformation-based observers [3];

b) High-gain observers [4];

c¢) Sliding-mode observers [5];

d) Linear Matrix Inequality (LMI)-based observers [6].

All these methodologies are developed for continuous-time nonlinear systems, while
the few methodologies related to discrete-time systems are showcased in 7, [8, 9] and [6].
Among these techniques, LMI-based techniques are extensively studied by researchers
and some of them are provided in [I0, [8 TT] and [9]. Recently, the authors of [I2] had
established a new matrix-multiplier-based LMI approach for continuous-time nonlinear
observer design. The LMI condition presented in [12] is less conservative than the one
shown in [2]. It inspires the authors to derive a new LMI condition for the development
of nonlinear observers for discrete-time systems through the utilization of new matrix
multipliers, reformulated Lipschitz property and Young inequalities. Further, the ef-
fectiveness of the developed LMI condition is shown through a numerical example. The
performance of the observer is validated through the application of State-of-charge (SoC)
estimation of Li-ion battery.

The rest of the paper is structured as follows: Some preliminaries related to the

nonlinear observer design and the notations are illustrated in Section [2| Further, Section
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B] encompasses the contextualization of the problem statement. Segment [4] contains the
formulation of two new LMI conditions. Further, some comments and remarks related to
the proposed methodology are outlined in Section [} The effectiveness of the new LMI
conditions and the observer performance is showcased in Section [6} Finally, Section [7]

entails a few concluding remarks on the established approach.

2. Nomenclature and Prerequisites

This section encompasses the illustration of denotation used in this paper. Later on,

we recaptured some mathematical tools related to nonlinear observer design.

2.1. Notations

Through this paper, the ensuing terminologies are utilized: The euclidean norm and
the L5 norm of a vector e are depicted by |le|| and ||e||z,, respectively. The term e
denotes the initial values of e(t) at ¢t = 0. A vector of the canonical basis of R® is

illustrated as:
th

i

=
es(i)=1(0,...,0,7 1 ,0,...,0)" € R®, s> 1.

s components

The identity matrix and the null matrix are represented by I and O, respectively. The
transpose of matrix A is symbolised as AT, while, A € S™ infers that A is a symmetric
matrix of dimension nxn. The repeated blocks within a symmetric matrix are showcased
by the symbol (%). Amin(A) and Apax(A) depict minimum and maximum eigenvalues of
A € S™, respectively. For the aforementioned matrix A, A > 0 (A < 0) indicates that
it is a positive definite matrix (a negative definite matrix). Similarly, a positive semi-
definite matrix (a negative semi-definite matrix) is showcased by A > 0 (4 < 0). A
block-diagonal matrix having elements Aq,..., A, in the diagonal is described as A =

block-diag(A1, ..., Ap).

2.2. Preliminaries

This segment presents an overview of the mathematical tools and background results

which will be needed in the development of the LMI conditions.



Lemma 1 (Reformulated Lipschitz property[I3]). Let us consider a global Lipschitz
nonlinear function h : R™ — R™. Then, for all i,j € {1,...,n}, there exists functions

hij : R* x R™ = R such that V¥, & € R",

h(W) = h(®) =D > hijHi; (¥ - @), (1)

i=1 j=1
where Hij = e, (i)e,) () and hyj £ hij(V®i-1,W®i) . Additionally, the functions h;; hold
hij . < hig < hg (2)
where hy;_ . and hy; - are constants.

Lemma 2 (Young’s inequalities). For any two vectors X, Y € R™ and a matriz Z >0 €

S™, the ensuing inequalities are true:
X'Y+Y'X<X"Z'X+Y "2y, (3)

and

XY +YTX < (X+2Y) (22)" (X + 2Y). (4)

The inequality 18 known as the standard Young’s inequality. However, the authors
of [2] presented a variant of Young’s inequality, represented by .

Lemma 3 ( [12]). Let us consider

X' = [al]ln al, ... anﬂn} : (5)
YT = [bl]ln bl ... bnﬂn} : (6)
along with
Zy Zgz ... Zayp
* ZQ . Zag
Z= . O (7)
% . :
* *x ... Iy

where 0 < a; < b; Vi€ {1,...,n} and Z; >0€8S", Z;, >0e€ 8" Viec{l,...,n} so
that Z > 0. Then, the subsequent inequality is fulfilled:

X'ZX-Y'ZY <0. (8)
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For the proof of Lemma [3] one can refer [12].

Lemma 4. For any given matrices A, B and C of appropriate dimension, the subsequent
equality is true:
ATCA A'CB T
—[a B| cla B] )
B'CA B'PB
The proof of this lemma is very straightforward. Through matrix multiplication, one

can easily derive @D

3. Problem statement

Let us consider that the following sets of equations represent a class of disturbance-
affected nonlinear system dynamics with nonlinear output:

Tpy1 = Az + Gf(zr) + Biug + Ewy, (10)

yr = Crp + Fg(wg) + Baug, + Dwg,
where x € R™ and y € RP denote a state vector of the system, and its output, respectively.
The input provided to the system is illustrated by u € R®. However, w € R depicts
L5 bounded noise/disturbance vectors affecting the system dynamics and measurements.
The matrices A € R"™*™ G € R By € R"*% By, € RP*s C € RP*" E € R"*9,
D € RP*? and F € RP*" are known and constant. The functions f(-) : R” — R™ and
g(+) : R™ — R" are the nonlinearities present in the dynamics and outputs of the system,
respectively. Both functions are presumed to be globally Lipschitz. Further, we have

expressed f(-) and g(-) in the ensuing manner:

fi(Fizy)

flan) = | &z || (11a)
0;

fm(Om)



_91(G1$k)_

glzy) = fi(%) : (11b)

Vi

L gr(vr) i
where F; e R"*" Ve {l,...,m} and G; e RP*" Vi€ {1,...,r}.

Remark 1. If system dynamics and output of are influenced by two different noises,
w1 and wa, through E1 and D1 respectively, then the system can be rewritten in the form
of by considering matrices E = [El (O)] , D= {(O) DJ , and the noise vector
w1
w =
wa
For the state estimation purposes of the system , we have deployed the subsequent

Luenberger observer form:

i’k-’,—l = A.f?k + Gf(i‘k) + Buy + L(yk —Cayp — Fg(.fk)), (12)

where ) and L € R™*P are the estimated states and the observer gain matrix, respec-

tively. The estimation error of the proposed observer is defined as
ey = Tk — Tk-
Thus, from and , the estimation error dynamic is computed and expressed as:
ep+1 = (A— LC)ex + G(f(:ck) — f(ik)) — LF(g(zk) — g(fr:k)) + (E — LD)wy. (13)

Since f(-) and g(-) are globally Lipschitz, the implementation of Lemma (I on the
terms (f(zx) — f(2r)) and (g(zr) — g(Zx)) yields:

1) There exist functions f;; : R” x R™ — R, g;; : R? x R — R such that

f(@e) = f(@r) = Z fijHijFiex, (14a)
inj=1
TP
g(x) = 9(@r) = Y 9;;Gi;Gier, (14b)
ivj=1
where fi; £ f;;(0797",079) and gi; £ gij(v] 1 wi).
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2) The functions f;; and g;; satisfy
f(li,j S fl] S qu,jv (15)
ga,-j < Gij < gbijv (16)
where fq,., fv,;5 9a;;, and gp,; are known constants.

Without loss of generality, let us presume that f,,, = 0 and g,,; = 0. Thus, the inequal-
ities and are reformulated as:

Oéfijéfbij? (17)

0 < Gij < b - (18)

One can refer [I3] for additional information about this.

By incorporating into , the error dynamic is reformulated as:

m,n D
Chy1 = ((A —LC)+ Y fi;GMiH; — Y gijLng'jGi) ek + (E — LD) wy.
———

ij=1 ij=1

(19)

E

A
Remark 2. In various practical applications, it is possible to have fo,;, ga,; # 0. In

such cases, the system (19) is rewritten as

m,n 7,0
k1 = (A— LC+ > fa,GHiHi = Y gaijLngjGi)ek

4,j=1 4,j=1
A
m,n 7,0
+ ( D (fig = fay) GHGHE = > (965 = Gar,) LngjGi> ex + Ewg.
=l =l
fij Gij

It yields:

m,i r,p
€k+1 = (A—|— Z fijG,Hini.’f?— Z gijLngjGi)ek + Ewy,.

i,7=1 i,j=1

(20)

A

For the error dynamic , the functions fij and g;; hold and , respectively. It
s easy to notice that both forms and are analogous.

The objective of the proposed methodology is to estimate the gain matrix L so that
7



1. The estimation error dynamic is asymptotically stable in the absence of the

disturbances/noise, i.e., at w = 0.

2. When w # 0, the closed-loop system fulfills the ensuing Ho criterion:

lelle, < y/ullwlZ, +¥lleoll? (21)
where the positive scalar /i is known as the noise attenuation level.

The aforementioned problem statement has garnered a significant amount of interest
from researchers in the domain of control system engineering, resulting in the establish-
ment of numerous LMI-based methods, for example, [8], [14], [15], and so on. The LMI
conditions provided by each of these methods are based on several mathematical tools,
such as the Schur lemma and the Young inequality. Though all of these techniques yield
less conservative LMI conditions, there is a scope for further enhancements. In the sequel,
through the exploration of Lemma [2] Lemma [3| and newly defined matrix multipliers,

two new LMI criteria are derived.

4. Main result

This section of the manuscript is devoted to the formulation of the H ., criterion-based
LMI conditions which ensures the asymptotic stability of the error dynamic .

For the stability analysis of the system , the following quadratic Lyapunov func-
tion is used:

V(ex) = e} Pey, where P >0 € 8" (22)

Let us consider

AVk = V(€k+1) — V(ek).
Through the utilization of and 7 one can obtain:

AVi =ef (= P+ATPA) e + e (ATPE)wy +w] (ETPA) ey
(23)
+ wy ET PEwy.

According to [I4], the Hoo criterion is satisfied if the ensuing inequality is true:

Wi £ AVi + |lex]|? — pllwrl* < 0. (24)
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From , the inequality is modified as:

Wi = e (]1 —P+ ATPA) ex +ef (ATPE)wk ) (IETPA) ex

(25)
) (]ETPIE — M]I) Wi
Further, W, <0 if
I-P+ATPA  ATPE
(26)
ETPA ETPE — ul
Through the deployment of Lemma [4] the inequality is equivalent to
I-rP O AT
+ P [A E} <0. (27)
@) —pul ET
The use of Schur Lemma on resulted in
¥, +NL <0, (28)
where
I-rP O (A-LC)TP
X = ©) —ul (E~LD)TP||, (29)
* —P
) ) T
0O O (ZZ}’L figGHiHi — 37070 gijLngjGi> p
NL = s O 0 (30)
* % 0)

For enhancement of comprehensibility of the method, let us introduce RT = PL. Now,

one can express the term X; in the ensuing form:

I-P O ATP-CTR
¥ = O —ul| |ETP-DTR|]|. (31)
* —-P



Similarly, the term NL is rewritten as:

0 H,
—~
m,n .. . T17..
ii=1 | | PGHij Vi
——
Uy,
! (32)
0 :
—_—
+zl’: 0 |oi|G; O Of+NMy
—_— ———
= | | -RTFG; N;;
————
M

Recently, the topic of LMI-based observers has been extensively investigated to handle
Lipschitz nonlinearities. One can go through [8 [6] [[4] and so on. The authors of [, [16]
have used the global form of nonlinearities (i.e., f(x,#) = f(z) — f(i)). However, the
detailed form of nonlinearities (that is, (12)) was deployed in papers[I4]. The use of
nonlinearities in their detailed form enables the inclusion of additional decision variables
in the LMI approach. In this paper, we propose two new LMI conditions inspired by the
method outlined in [I7].

In order to avoid cumbersome equations, the term INL is reformulated as:

NL=U"(H®) +® H'U+ M (G¥)+¥'G"M, (35)
where
.
U=[U}, ... U, ... UL ... UL, (36)
H = block-diag(Hy, ..., Hy, ..., Hp, ..., Hpy), (37)
T
¢ = {fn]l B 71 N S5 R fmﬁﬂ ) (38)
T
Mz{MlTl o M ML Mjﬁ} : (39)
G = block-diag(Gy,...,G1,...,Gyy ..., Gy, (40)
T
U= |:911]I e glﬁﬂ e grlﬂ N ngH:I . (41)
From , and , Ww<0if
Y+UT(H®)+@"H' U+M"(GV) + ¥ G ™M <0. (42)
NLl NL2
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Z Z 1 . L Zp11 Zyit .. Zyia Zpi1 Zyit Zpi1
1 a12 Ain b31 b33 bon b1 b2 bmn

Z 1 Z Z 2 212 12 Zy12 12 Zy12 R ANT
ajg 12 1n ba1 ba3 ban b1 b2 bmn
Lot Zat, Zin Ay Doy 2oy Zoy Ao, 2okt
Zp11 Zy12 Z Z Z 1 Z1 AT Zy21 AT
b21 b33 bat 21 as a2n bt b2 bon
11 12 Z1 Z 1 Z. Z 2 oo L2 7,22 AR
ba3 b33 baa @22 22 25 b1 bore boa

Z =

Zp11 Zy12 Z1 Z .1 Z 2 Zon Zyon AY) AT
ban b3 ban az az 2n b b binn

Zyit Zyiz ... Iy Zy21 Zye2 ... 2 Z Z Z 1
b1 b b1 bt b bt ml Am2 Amn

Z11 Zy12 AR 7,21 7,22 Zy2n 1 VA4 Z 2
b2 bore b bin2 bire L=t A2 m2 Tmn
Zy11 YASD oo Zyin 21 7,22 .. Zon Z 1 Z o oo Zmn
L “bma b b bmn bon bnn Amna Uma mn
(33)

where Z;; > 0 € 8", Zy >0¢€ S"Vik e {1,...,m},&j € {1,...,2}; Zy; >0 €
ij i
S".vie{2,....mhke{l,....m—1},&j € {1,...,n} such that Z > 0.

Through the use of Lemma [2] and Lemma [3] two new LMI conditions are developed in

the sequels, which ensures the asymptotic stability of the system .

Theorem 1. Let us introduce two matrices, Z and S, illustrated by and ,
respectively. If there exist matrices P > 0 € S™, R € RP*™ and a positive scalar p such

that the following optimization problem is solvable:

minimize p subject to

Y UT (zH®,,)" MT (SGV,,)T

* -7 O O) O (43)
* ok -7 @) (@) <0,

* % * -S ©)

* % * * -S
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Q Y Y
Q) Y Y
Sa%z 512 e Sa%ﬁ bbéf Sbij e Sbé‘]z) Sbi‘f Sbiﬁ e Sb}f—)
Saiﬁ Sa%ﬁ e Slﬁ S{bélf Sbég e Sb,lzﬁ ‘e Sb}‘f Sb}g Sbrlé
Y l
S/)é% 5[15? ce bb;i’) 521 Saé2 . Saéﬁ cee Sb'ﬁ{ Sbiﬁ szzl’
S[}é_‘lz S})ii Sbig Saé2 SQQ e Sagﬁ e Sb;zf Sbfé e Sb%g
S= ,
51%} 51,1212; *Sb;i:j Sali Sagi 5217 . Sb?‘f Sb?‘; L Sb?g
Sbii Sb}& e Sbizlv S},i} sz% e Sb?»zl) e S/,'-l Sa71_2 Sa.}.f,
Sb}é Sb}% e Sbllgz’) Sbfé Sb?% e Sbfg C Sa}? STQ e Sa?ﬁ
(34)

where Si; > 0 € SP, S >0 € SPVi,k € {1,...,r},&j € {1,...,p}; Sy > 0 €
SP,Vie{2,...,rhke{l,...,r—1},&je{1,...,p} so that S > 0.

where 3, U, and M are described by , and , respectively. Additionally,

T
(I)m:{fbuﬂ fbm]I fbml]l fbm.ﬁﬂ] 5 (44)

-
U, = [gbu]l gblﬁ]l gbmH gbrﬁ]l} . (45)

Then, the error dynamic 18 Hoo asymptotically stable. The gain matrix L is com-
puted by utilising L = P"'RT.

Proof. The deployment of the inequality on the terms NL; and NLy yield:
NL, <U"(Z)"'U+ @ "H" (Z)H®, (46)

and

NL, <M'(S)"'M + ¥ 'G"(S)GY, (47)

where Z > 0 and S > 0 are defined in and 7 respectively.
12



Since fi; < fp,;, we obtain the following inequality by implementing Lemma@ on the
matrices ® and ®,,:

'H (Z)H® < & H' (Z)H®,,, (48)

where ®,,, is defined in .
Similarly,

TIGT(S)GY < U] GT(S)GV,,, (49)
where ¥,,, is described in .
From and 7 we get
NL, <U"(z)"'U+ @ H(Z)H®,),, (50)
NL, <M (S)"'M+ ¥ G"(S)GV,,. (51)
Thus, the inequality is satisfied if
Y+U(Z)"'U+ @, H (Z)HD,, + M (S)"'M+ ¥ G"(S)GV¥,, <0.  (52)

The LMI is deduced by deploying Schur’s Lemma on . If the LMI is feasible,
then the condition specified in is fulfilled. Thus, the estimation error dynamic ((19)
satisfies Ho criterion , ensuring the asymptotic stability of . O

In the next theorem, an LPV-based LMI condition is showcased.

Theorem 2. The system is Hoo asymptotically stable if there exist matrices Z and
S under the form and , respectively, along with P > 0 € S™, R € RP*™ and a
positive scalar p, such that the following optimization problem is solvable:

minimize p subject to

Y (U4 ZH®)T (M4+SG¥)T

(53)
* —27 (o) <0, V¢ € Fy, ,V¥ € Gy,
* * —2S
where
FH,, = {{]‘-11,~~,-7'—1n,~~,]'_m17~-,]'_mn} 1 Fij € [Oﬂfbij]}7 (54)
gHm = {{flly---aflpa-”afrla-”afrp} : ‘/—:U e [O,Qb”]} (55)

13



The remaining terms remain the same as the one outlined in Theorem[1. The gain matriz

L is calculated by using L = P~'RT.

Proof. The subsequent inequalities are achieved through the employment of the new

variant of Young’s inequality on the term NIL; and NILo:
NL; < (U + ZH®) " (22)" (U + ZH®), (56)

and
NL; < (M +SGW) " (2S)"}(M + SGV¥), (57)
where Z > 0 and S > 0 are defined in and 7 respectively.
From and , the inequality is true if
Y+ (U+2zH®) " (2Z)" (U + ZH®) + (M +SGV) T (2S) ' (M +SG¥) <0.  (58)
The inequalities and infer that each element f;; and g;; inside V and N,
respectively, are bounded and belongs to its respective convex sets, whose vertices are

described in and (55)), respectively. Thus, the condition specified in is fulfilled
if

Y+ [(U+zZH®)' (2Z)" (U + ZHD)

®eFm,, (59)

+ | (M4 SGW) T (2S)~1(M + SGW) <0.

velu,,

The Schur’s compliment of resulted in the LMI . From convexity principle

proposed in [I8], the error dynamic holds H., criterion if the LMI is
solved for all ® € Fy, and ¥ € Gy, . O

5. Comments related to the proposed techniques

In this section, we have outlined some remarks related to the established methodology.

5.1. Case of the nonlinear systems with linear outputs

This segment focuses on the observer design for the nonlinear systems having linear

outputs in the presence of disturbances/noise. The system with linear output is
14



reformulated as:

Thy1 = Axp, + Gf(xk) + Buy + Fwy,
(60)
yr = Cxy + Duw,

where all variables and parameters remain consistent with those specified in . The
nonlinear function f(-) is presumed to be globally Lipschitz and holds the detailed

form (11a). Analogous to the previous Section (3| the states of the system are

estimated by deploying the ensuing observer:
jk—&-l = A(fk+Gf(fk) +Buk+L(yk *Cjk); (61)

where all the parameters and variables are the same as the one illustrated in . If one
follows the steps — showcased in Section [3] it is easy to obtain the subsequent
error dynamics of the observer :

exr1=(A—LC)ex + > fijGHijFiex + (E — LD)wy. (62)

ij=1
The following corollaries present two new LMI conditions which guarantee the H, sta-

bility of the closed-loop system .

Corollary 1. If there exist matrices P > 0 € 8™, R € SP*™  along with Z in the form
of and a positive scalar u, such that, the ensuing optimization problem is solvable:
minimize p subject to
Y UT (zH®,,)T
* -7 @ S Oa
* % —Z
where all variables and parameters are the same as the one described in the LMI .
Then, the estimation error dynamic (62)) satisfied Hoo criterion .

Corollary 2. Let us introduce the matrices P > 0 € S™, R € SP*" | the matriz Z defined

by , a positive scalar p and the following optimization problem:
minimize p subject to

Y (U4 ZH®)" (64)
<0, Vo € Fy, ,
* —27
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where all the terms and variables remain consistent with the one specified in the LMI .
If the aforementioned optimization problem is solvable, then the estimation error dy-
namic 1s Hoo asymptotically stable.

For the proof of both corollaries, one can follow the proof of Theorem [I] and Theo-

rem [2)

5.2. Case of absence of exogenous input

At w = 0, the inequality is reformulated as:
AV +|[lex||* < 0.
It yields the exponential stability condition
AV, < —oV(eg),

along with o = m > (0. Hence, the proposed LMIs ensure the exponential stability
of the error dynamic when w = 0.

6. Illustrative examples

This section is dedicated to the analysis of the established LMI-based observer method-
ology. The first part of this segment emphasises the superiority of the proposed LMI
approach through a numerical example. Later on, the performance of the observer is

demonstrated by applying it to SoC estimation in Li-ion batteries.

6.1. Numerical example 1

Let us consider a nonlinear system represented in the form (160 ) with the ensuing
0 1 0 10 1
1 00
parameters: A = |0 -1 1|, G =10 of, C = , B=F = |1| and
0 0 1
0 -1 1 0 1
1 0 -1
1 . . sin(91x1)
D = . In addition to this, f(z) = along with H; = [—-1 0 1
—0.1 cos(fax2) Lo o

and Hy = | 1 1 0]|. Hence, we get m =2 and n = 3.

16



Further, the developed LMI conditions and are solved using MATLAB
toolbox to compute the observer parameter L and the optimal noise attenuation index
o for different values of ¢, and f,. The obtained minimised value /i is outlined
in Table The proposed LMI provides a better noise attenuation level than the one
obtained from [I4, LMI (50)] and [I9, LMI (45)] for all considered values of #; and 6s.
It implies that the noise mitigation achieved by the developed LMI-based observer is
more efficient than the existing methods. Hence, it emphasizes that the established LMI
condition gives better results than the LMIs of [14] and [I9]. Therefore, the effectiveness

of the derived LMI condition is highlighted through this comparison. In the sequel, the

Table 1: Portraying the optimal values of /i in several cases

LMI fp=01]6,=02|6,=02]|6,=04]6, =05

approaches 0 =05 1|60,=011|60,=041|6,=011]60,=0.5

3.4167 1.9600 1.1503
LMI 7 7 | 1.7356 inf
x1076 x1076 x1076

1.2145 1.0941 3.2263 1.9462 2.1295
LMI | |
x10~6 x10~6 x10~8 x10~6 x10~6

[14, LMI (50)] | 0.0393 0.0994 0.1438 0.4885 2.4415

[19, LMI (45)] | 2.1801 2.1149 2.3706 2.4415 4.4248

validation of observer performance is showcased.

6.2. Application: SoC estimation of Li-ion batteries

In this segment, the authors have demonstrated the effectiveness of the established
observer methodology through the deployment of the developed observer for the State-

of-Charge (SoC) estimation of the Li-ion battery model. Let us consider the subsequent

17



274 order equivalent circuit model proposed in [20]:

. 1 1
= Vi+ =1

Vi 3101 Vl + Cl )

. 1 1
Vs = Vo + —I,

2 RQCQ 2 CQ (65)

1
§= —07718,

Vi=0CV(s) = Vi —Va+ Ryl

where V7 and V5, represent voltages across polarisation resistances R; and Rs, respec-
tively, whereas s indicates the SoC of the battery. I infers the current flowing through
the load. The terms C; and C5 denote polarisation capacitors, however, C,, depict the
capacity of the battery. The terminal voltage (V;) is considered as the output of the
model. The term OCV (s) depicts the open circuit voltage (OCV) of the battery, and it

is illustrated as:
OCV (s) = 0.9206 - s3 —1.3781 - % +1.3905 - s + 3.2416. (66)

The details of the remaining parameters of the model are as follows:

e Battery capacity: C,, = 5 A - hour; Battery resistance: Ry = 0.0314 ; Sampling
time: Ts = 0.02 hour;

e Polarisation resistances: Ry = 0.0181 2, Ry = 0.0281 ;
e Polarisation capacitors: C; = 1712 F, Cy = 55257 F;

Through the utilization of the Euler forward method, the system is transformed into

the discrete-time model represented ([L0f), whose parameters are showcased as: z(k) =

el e 0 o L
V&(k’) ) A= 0 1-— RZSCZ 0 ) Bl = % ) B2 = 7R07 = 17 g((l’(k)) =
s(k) 0 0 1 — L

Ch
OCV(z3(k)), E = By and D = 1. Let us assume that the system dynamics and outputs
are corrupted with the Gaussian noise w ~~ (0,0.1).

Since 0 < z3(k) < 1, it is easy to infer that the partial derivative of g(z) satisfies (I8).
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Figure 1: Graph of estimated and actual SoC

The developed LMI is solved by using YALMIP toolbox [21], and we obtain:

—0.0005
Vi =4.0907 x 107% and L = | —0.0000
0.1769

By using the aforementioned matrix L, the proposed observer is implemented
in MATLAB environment for the state estimation purpose. The plot of estimated SoC
and actual SoC is shown in Figure[l] It shows that the developed observer performs the
efficient estimation of SoC along with optimal noise attenuation. Further, for the same
task, the extended Kalman filter (EKF) methodology of [22] is implemented in MAT-
LAB. The RMSE values of the estimation error obtained from EKF and the established
observer are summarised in Table[2] It emphasises that the accuracy of the SoC obtained
from the proposed approach is relatively better than the one achieved from EKF. Thus,
the effectiveness of the new LMI-based observer over the well-known EKF technique is

highlighted.

7. Conclusion

In this paper, the problem of nonlinear observer design for discrete-time systems is ad-

dressed. It is tackled by formulating two new LMI conditions which provide the observer
19



Table 2: Comparison of RMSE values of the estimation error

Methodology T1 To Z3 (S00)

Proposed observer with LMI 7.71x107* | 1.97 x 1077 | 0.0014

EKF approach [22] 7.78 x 1074 | 7.92 x 107* | 0.0028

gain and ensure the H., stability of the estimation error of the proposed observer. The
established matrix-multiplier-based LMIs are derived by incorporating the reformulated
Lipschitz property, a new variant of Young inequality. The obtained LMIs encompass
some additional decision variables as compared to the existing ones due to the deliber-
ate use of matrix multipliers and a new variant of Young inequality. It resulted in an
improvement in LMI feasibility. Thus, the introduction of generalized matrix multipliers
inside LMIs plays a vital role in their enhancement. Further, the performance of the
observer and the efficacy of the LMI are demonstrated by using numerical examples.
From a future perspective, the authors plan to implement the proposed strategy for the

stabilization of the same class of systems used in this article.
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