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We study few-magnon excitations in a finite-size spin-S chain with ferromagnetic nearest-neighbor
(NN) interaction J > 0 and antiferromagnetic next-nearest-neighbor (NNN) interaction J' < 0, in
the presence of the single-ion (SI) anisotropy D. We first reveal the condition for the emergence of
zero-excitation-energy states. In the isotropic case with A = A’ = 1 (A and A’ are the corresponding
anisotropy parameters), a threshold of J/|J| above which the ground state is ferromagnetic is
determined by exact diagonalization for short chains up to 12 sites. Using a set of exact two-magnon
Bloch states, we then map the two-magnon problem to a single-particle one on an effective open
chain with both NN and NNN hoppings. The whole two-magnon excitation spectrum is calculated
for large systems and the commensurate-incommensurate transition in the lowest-lying mode is
found to exhibit different behaviors between S = 1/2 and higher spins due to the interplay of the
SI anisotropy and the NNN interaction. For the commensurate momentum k = —, the effective
lattice is decoupled into two NN open chains that can be exactly solved via a plane-wave ansatz.
Based on this, we analytically identify in the A’ — D/|J’| plane the regions supporting the ST or NNN
exchange two-magnon bound states near the edge of the band. In particular, we prove that there
always exists a lower-lying NN exchange two-magnon bound state near the band edge for arbitrary
S > 1/2. Finally, we numerically calculate the n-magnon spectra for S = 1/2 with n < 5 by using
a spin-operator matrix element method. The corresponding n-magnon commensurate instability
regions are determined for finite chains and consistent results with prior literature are observed.

I. INTRODUCTION

the n-magnon excitation spectra for n < 4 in a restricted

Frustrated quantum spin systems with competing in-
teractions can exhibit rich interesting phenomena due
to the simultaneous existence of frustration and quan-
tum fluctuations. In the past few decades, the spin-1/2
Heisenberg chain with ferromagnetic NN and antiferro-
magnetic NNN interactions has attracted considerable
attention and has been thoroughly studied by using a
variety of methods [IHII]. The model is relevant to var-
ious quasi-one-dimensional magnetic materials such as

szCHQMOgOlg m and LICHVO4 m

Theoretically, the NN-NNN spin chain (or the J — J'
chain in our notation) is simple enough and serves as a
prototype for exploring novel quantum phases in more
general frustrated magnetic systems. Besides its ground-
state properties [2, 4 [5] [T0] [TT], of special interest is few-
magnon excitations upon the fully polarized state [3], [8-
[I0]. In an early work, Chubukov studied the one- and
two-magnon instability of a spin-1/2 J—J’ chain by using
the bosonization technique based on the Dyson-Maleev
transformation [3]. Kuzian and Drechsler mapped the
two-magnon problem onto an effective tight-binding one
and obtained the exact two-magnon excitation spectrum
for infinite chains [§]. Kecke, Momoi, and Furusaki con-
structed a set of n-magnon Bloch states and calculated
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Hilbert space [9]. The same method was subsequently
used to calculate excitations up to n = 7 and to identify
the multimagnon bound states [10].

Recently, there has been a resurgence of theoretical
interest in few-excitations and their dynamics in quan-
tum chains [I4H20]. This is mainly triggered by re-
cent experimental advances in simulating spin-1/2 [21-
23] and higher-spin [24, 25] quantum magnetic mod-
els in cold-atom systems. We note that a uniaxial SI
anisotropy term in spin-1 models was realized with ul-
tracold atoms [24] and a long-ranged anisotropic Heisen-
berg model was recently realized using Floquet engineer-
ing [23]. Despite these experimental advances, multi-
magnon bound states in higher-spin J — J’ chains with
SI anisotropy have been scarcely studied theoretically.

In this work, motivated by the above-mentioned ex-
perimental developments, we study theoretically few-
magnon excitations upon the ferromagnetic state in a
spin-S periodic J — J’ chain with arbitrary S and in the
presence of the SI anisotropy. We first reveal the con-
dition for the existence of zero-excitation-energy states
and relate it to a threshold of J/|J'| above which the
ground state is ferromagnetic. By performing exact di-
agonalizations of short chains with N < 12 sites, we find
that this threshold is always J/|J'| = 4 for S = 1/2,
but shows size-dependence for S > 1/2. Using a set
of recently proposed exact two-magnon Bloch states for
the finite-size XXZ chain [I7], we then map the two-
magnon problem onto a single-particle one defined on an
inhomogeneous open chain with both NN and NNN hop-
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pings. Numerical solutions of the single-particle problem
recover all the prior results for S = 1/2 [3, BHI0], includ-
ing the identification of the two-magnon commensurate-
incommensurate transition point in the lowest-lying ex-
cited state, the appearance of two-magnon bound states
below the scattering continuum, etc. For S > 1/2, the
evolution of the lowest two-magnon excitation energy and
the associated wave number with varying J/|J'| behaves
differently from the case of S = 1/2. The SI anisotropy
is found to have a large impact on the low-energy exci-
tations.

To understand the emergence of bound states near the
band edge, we note that for the commensurate momen-
tum k = —m the effective lattice is divided into two
independent NN open chains. We solve the eigenvalue
problem for these two decoupled NN chains by employ-
ing a plane-wave ansatz, from which we identify analyt-
ically the parameter regions supporting the two types of
two-magnon bound states, i.e., the NNN exchange and
ST two-magnon bound states (see Sec. . In particular,
we rigorously prove that there always exists a lower-lying
NN exchange two-magnon bound state in the & = —x
sector for arbitrary S > 1/2, regardless of all the param-
eters. These analytical results are expected to faithfully
describe the spectrum structure near the band edge.

We also study n-magnon (n > 3) excitations in a spin-
1/2 chain. Using a basis in which the NN XX interaction
is diagonal, we present numerically exact calculations of
the excitation spectra up to n = 5 in finite-size chains.
The saturated magnetic fields and the associated number
of magnons in the lowest excitation state are consistent
with those obtained in a restricted Hilbert space [10].

The rest of the paper is organized as follows. In Sec. [T}
we introduce the spin-S J — J’ model and study the sim-
plest subspace with only one magnon. We then introduce
the exact two-magnon Bloch states and the plane-wave
ansatz that will be used later. In Sec. we discuss
the emergence of zero-excitation-energy states under cer-
tain conditions. In Sec. [[V] we present detailed results
about the two-magnon excitation and solve the problem
for mode k = —7 semianalytically, with which we de-
termine the emergence of two-magnon bound states near
the band edge. In Sec. [V] we focus on n-magnon ex-
citations in the case of S = 1/2. The exact excitation
spectra for n < 5 are numerically calculated for finite
chains. Conclusions are drawn in Sec. [VI

II. MODEL AND METHODOLOGY
A. Hamiltonian

We consider a spin-S homogeneous Heisenberg chain
with both NN and NNN interactions

H = Hnxn + Hnny + Hp + Hp,

N
Hyy = —J Z(stf+1 + 57871+ ASTST L)
=1
N
Hynn = *J/Z(S;Sﬁz +878Y , + A'SES7L,)
=1
N N
Hp = —DY (S7)°, Hs=-BY_S;, (1)
j=1 Jj=1

where §j = (5%, Sjy, S%) are spin operators on site j with
quantum number S > 1/2, J and J’ measure the ex-
change interactions between NN and NNN spin pairs re-
spectively with A, A’ > 0 the interaction anisotropies,
D > 0 is the single-ion anisotropy strength and B is
an external magnetic field. Note that for S = 1/2 the
single-ion anisotropy term contributes only a constant
Hp = —ND/4. We therefore simply set D = 0 in all the
following discussions concerning S = 1/2. For simplicity,
we impose periodic boundary conditions §j = §N+J— and
assume that N is even and divisible by 4 (other cases can
be similarly analyzed). The spin chain is translationally
invariant under shifts by one lattice spacing.

It is easy to see that the total magnetization M =
> ;575 1s conserved. We consider the case of J > 0 and
J' < 0, where the antiferromagnetic NNN interaction in-
duces a frustration [3| 9]. We take the fully polarized
state |F) = |5, 5,---,S) as a reference state, which pos-
sesses an eigenenergy

Ep = —NS*(JA+J'A'+D)—NSB.  (2)

The n-magnon subspace is spanned by all the spin
configurations having n spin deviations (with 57 =

ST —iSY),

|j17j27"' 7]”) =CS. S S_]:L|F>7

J1 772
where C is a suitable normalization constant and 1 <

71 < jo < -+- < jp < N. The lattice translation operator
T is defined by the relation

T|jlaj23"' 7jn> = |jl +1aj2 + ]-7 7]n+1>

It is obvious that TV = 1.



B. One-magnon sector

As a warm up, let us first study the single-magnon
subspace. The N one-magnon states are given by [17]

_ 1 = tknpmn
(k) = ﬁ;f T"[1), k € Ko (3)

where the wave numbers k’s take values from the set
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to guarantee the translational invariance of [{(k)), i.e.,
T|E(k)) = e~ |¢(k)). Tt is easy to check that |£(k)) is an
eigenstate of H with eigenenergy Er + & (k), where

Ei(k) = —28(2J cos®k + Jcosk) +D(2S — 1)+ B
+2S[JA 4+ J'(A +1)]. (5)

To study the instability of the ferromagnetic state |F'),
we define the spin gap G; as the energy difference be-
tween the lowest one-magnon state and E'r in the absence
of the magnetic field [26]:

G = max{& (k"™")| =0, 0}, (6)
where k™™ is the wave number at which & (k)|p—o
reaches its minimum.

Since & (k)|p=o is a quadratic function of cosk, the
wave number k‘gmm) is independent of the quantum num-
ber S and the anisotropy parameters A and A’ but de-
pends only on the ratio R = J/4|J'| > 0. As a result, G4
exhibit different behaviors depending on whether R > 1
or R < 1.

)R> 1.

In this case we have k™™ = 0 and

E1(0)| =0 = 25[J(A—1)+J'(A' —1)] + D(2S —1).
(7)

The one-magnon spin gap GG exactly vanishes for a spin-
1/2 isotropic J — J’ chain with A = A’ = 1 [3 O],
where |F') is degenerate with the lowest one-magnon
state. However, this degeneracy is removed for higher
spins if the SI anisotropy is present. In any case, G is
positive for A > 1 and A’ < 1.

i) 0<R<1.

In this case k%mm) takes the wvalue such that
| cos k™™ — R| is the smallest. For finite N, k™™ =0
if and only if

™
R > cos® —. 8
cos” (8)

)

For large enough N, we have kgmin ~ arccos R, giving

EL (™™ pog ~ 28T [2(R — A)? + (A + 1 — 2A2)]
+D(25 —1). (9)

FIG. 1: For N = 6 and S > 1/2, the three parent states
|1,1), |1,2), and |1,3) each generates five new states under
the action of the translation operator 7. However, the last
parent state |1,4) generates only two new states.

The condition for G7 > 0 is

(1—£g>DAJW>2R2—4RA+mAH+U. (10)
For S =1/2 and A = A’ = 1, the above inequality can
never be satisfied. Thus, it is necessary to introduce an
easy-axis anisotropy or a nonzero magnetic field in order
to search for a region of ferromagnetic phase for 0 < R <
1 [3]. For S > 1/2, Eq. can be fulfilled by choosing
sufficiently large D/|J’|. The required saturation field
for A=A"=1and D =0 is obviously

Bgat = S('] + 4J/)2/4|J/‘7 (11)

which is proportional to the quantum number S. A finite
positive SI anisotropy D can help lower the saturation
field.

C. Two-magnon Bloch Hamiltonians

The two-magnon excitations of the J — J’ chain in the
case of S = 1/2 have been well studied by using various
methods [3, [8HI0]. Here, we employ a set of recently
proposed exact two-magnon Bloch states to investigate
the two-magnon excitations for general S.

For S > 1/2, the dimension of the two-magnon sub-
space is (];7) + N = N(N +1)/2. There are two types of
normalized two-magnon basis states in the real space,

o T o
|27]>: ﬁszS]|F>71§Z<JSN7
1
i) = ——o(S7)?F), 1<i<N. (12
|4, %) 5 &m—n(”|> <i< (12)

Note that |7,7) is not defined for S = 1/2. These states
can be generated by successively applying the translation
operator T to the following parent states

[1,1),]1,2),---,|1,N/2), and |1, N/2 + 1).



Each of the first N/2 parent states generates N — 1 ad-
ditional states under the action of T, while the last one,
|1, N/2 + 1), generators only N/2 — 1 additional states,
see Fig. [1| for an example with N = 6.

We can linearly combine each parent state with its
translated states to form a Bloch state labeled by the
separation r of the two spin deviations. Explicitly, for
r=0,1,---,N/2 — 1 we define [I7]

rk

rk N—
2 iknpmn
Z T™1,1+7), (13)

’L

- (k) =

where k € Ky. For r = N/2, we construct

N
|€x (k) = et 2 ile“mT"U 1+E> (14)
s VN & RS
where k € K3 with (for even N/2) [17]
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The such constructed Bloch states are all normalized and
translationally invariant, i.e., T|&,(k)) = e~ *[&.(k)), r =
0,1,2--- ,N/2. We would like to mention that these set
of Bloch states have been proposed for S = 1/2 in the dis-
cussion of excitonic bound states in molecular chains [27].
For later use the complement of K7 will be denoted as
K1 such that Ky = K; |J K7.

For each k € Kj, it can be shown by straightfor-
ward calculation that the N/2 4+ 1 ordered Bloch states
{léo(k), -+ ,&ny2(k)} form a close set under the action
of each individual term in the Hamiltonian. The two
terms Hp and Hp, as well as the Ising-coupling parts
of Hyn and Hynn, do not involve spin flips and are
all diagonal in the above basis. The XX-coupling part
of Hyn was obtained in Ref. [I7] as a tridiagonal ma-
trix. For completeness, here we sketch how to evaluate
the matrix elements of the XX-coupling part of Hynn-
Let HXX’NNN = Z (S+S_ 2+ 5 J+2)/2 we choose
|En/2—2(k)) as a representative Bloch state to calculate
f[XX,NNN|£N/2,2(k)>. We first calculate the action of

Hxx nNn on the parent state |1, N/2 — 1):

~ N
Hxx w1, Cln 1)
1, _ _ _
= S(SniST+STST +8y 8L, + 55 ,5,.)
N
1,——1
TR
N N
N N
+S|1, -3)+ 5|1, = +1>
2 oy N
= ST, > —3) + 51+ T )1, > +1).

2 2

t; = —2J/S(2S —1)cosk/2 t;=—2]Scosk/2
NNN hopping: | t; = —2]'\/S(25 — 1) cosk

NN hopping:

ty =—2J'Scosk

&, =4SUA+)'A)+2D(2S—1)+ 2B
On-site energy: | g, — 2D

&, —JA—2]'Scosk & +2J'Scosk

ke Bttt te ta t V24
ty ty ty ty ty t, \/Etz
g0 1) €0 180 [E ) [F) )
(b) k € K] :

Ly L,

FIG. 2: (a) The matrix form of H — Er in the ordered basis
{l&o(k), - ,&ny2(k)} with k € K is represented by an ef-
fective lattice consisting of an open chain with both NN and
NNN hoppings. The on-site energies and hopping strengths
are indicated in respective colors. (b) The effective lattice for
k € Ki. (c) For N divisible by 4, the special mode k = —7
lies in the set K7, giving two decoupled open NN chains L,
and Lo of lengths N/4 4+ 1 and N/4, respectively.

By noting that [INJXX,NNN,T] =0 and TN/?|1, %
1, & + 1), we have

+1) =

Hxx nnnlény2—o(k))
Z(ﬂ_g)k N-1

N
=~ Ze’k”T"S L+ T, 5 =3)

ci(X-2)% sl

N
ikngmn
+\F EeTS(-i—T A5+ 1)

il ¥ —2)kN !

N
zknn
™S(1+T7T~ 1
e Z T 5 +1)

S M) 250 oy B2t

= 2Scosk(|{n/2—a(k)) + \/§|§N/2(k')>)'

We see that Hnnn connects |En/2—2(k)) with [En/2—4(K))
and [€x/2(k)). The remaining non-vanishing matrix ele-
ments of ﬁxx,NNN can be obtained in a similar way.

By gathering all the terms in H, we find that the ma-
trix representation of H in the basis can be represented
by an effective lattice consisting of an open chain with
both NN and NNN hoppings [Fig. 2a)]. The action of
H — Er on an arbitrary Bloch state can directly be read
off from the lattice. For example, (H — Er)|&1(k)) =
(en — JA — 2J'Scosk)|&1(k)) + t1]§o(k)) + t2|€2(k)) +
t4|¢5(k)), where ey, = 4S(JA—|— J'A)+2D(25 —1)+2B,

t1 = —2J,/5(25 - 1) cosf ty = —2JSC052, and t4 =



—2J'Scosk. Note that the on-site energies on sites
|€1(k)) and [En/2—1(k)) are k-dependent. For k € Kj,
the effective lattice can simply be obtained by removing
the last site of the lattice since |{x/2(k)) is not properly
defined [Fig. [b)]. We thus convert the two-magnon
problem into a single-particle one on an open chain. The
two-magnon excitation energies £ (k) as functions of k
can be obtained by diagonalizing the above matrices,

where a = 1,2,--- ,N/2 + 1 for k € K; and o =
1,2,--- ,N/2 for k € KJ.

In practice, solving the inhomogeneous open chain with
NNN hopping involves the diagonalization of pentadiag-
onal matrices, which in general does not admit analytical
solutions. We thus numerically diagonalize the effective
chains to obtain the two-magnon excitations for systems
of hundreds of spins.

However, for the special mode k = —7 the
problem becomes, at least semianalytically, tractable.
Actually, for ¥ = —m the NN hopping propor-
tional to cosk/2 vanishes and the effective open
chain is separated into two decoupled NN chains I,

and Lo formed by {|{o(—7)), [§2(=7)), -+, [Eny2(—T))}
and {[&1(=m)), |&3(=)), -+, [En/2—1(—7)) }, respectively
[Fig. [2(c)]. For even N/2 with k = —7 € K, the effec-
tive Hamiltonians for L; and L, can both be incorporated
into an inhomogeneous tridiagonal matrix

ay by
b1 as b
b 0b
b0
(R) (n41)x (n41) = . . (A7)
0 b
b 0 by
by a3

For example,
i) Ly with § > 1/2:

n = a, = —2D, ay = —J'AN, as =0,

Za
by = t3, b=t4, by = 2ty (18)

ii) Ly with § =1/2:

N
n = Z_l’ a;=—J'A| ag=a3 =0,
by = b=t4, by = V2. (19)

iii) Ly with S > 1/2:

N
T -1, a1 Z—JA—FQJ/S, as =0, ag ZQJ/S,

by = b=by =ty (20)

D. The plane-wave ansatz

We now provide a plane-wave ansatz solution [30H32]
to the eigenvalue problem of the matrix (A)(n41)x(nt1)

given by Eq. . Let

(h)(n-l—l)x(n-&-l)g = )\'173 (21)
where A and ¥ = (v1,--- ,v,41)7 are, respectively, the
eigenvalue and eigenvector to be solved. Explicitly, we
have four boundary equations

ajvy +brvz = Avy,

b1v1 + agvg + bug = Avg,

bup—1 + bavpr1r = Avp,
bovy, + asvn41 = AVpy1, (22)

and n — 3 bulk equations
bvj_1 +bvj1 = Av;, §=3,4,--- ,n—1 (23)
The plane-wave ansatz assumes that
v;=XeP 4 Ye I j =23, .n (24)
where X and Y are j-independent coefficients to be de-

termined. The end components of ¢, v; and v,,41, can be
obtained from the first and the last boundary equations:

b1 bo

V2, Un41 =
1

Up. (25)

v =

A—a A —as

The bulk equations simple give
A = 2bcosp. (26)
To determine the allowed values of the wave number p, we

apply the ansatz in the four boundary equations. After
eliminating v; and v,11 [28], we get

(1) (1)
¢y’ el X\

( L2 0(25’ ) ( v ) =0, (27)
p —-p

where
cj(ol) = b - (a1 + a2)beip + (b2 +ajaz — b?)emp — abe™?,
01572) = emp[(l + ei2p)b2 — bg — a3b€ip]. (28)

To obtain nontrivial solutions of (X,Y"), the determinant
of the 2 x 2 matrix appearing in the above equation must
vanish, i.e., cz(jl)c(f})7 - cz(,z)c(j; = 0, which after some ma-
nipulation becomes



tannp

(a1agy — b3 — 2asbcos p)asb + (b3 — 2b2) cos p] — b3[a1b + 2azbcos? p — (araz + 2b% — b?) cos p)

sinp

It is apparent that if p is a solution of the above equa-
tion, so is 2m — p. We thus need only to solve the above
equation on the interval p € [0, w]. However, it is possible
that the number of real solutions of Eq. is less than
n + 1. In this case, one has to pursue complex solutions
of Eq. .

For each allowed p, Egs. and lead to
the following (unnormalized) wave functions (for j =
2a 35 e ,’fl)

v; = ePUT D[P (h2 — b2) + e Pb% — asb]
—e U= (p2 — b2) + €Pb? — azb).
(30)

The method and results presented in this subsection will
used to solve the open chains L; and Lo for k = —.

III. EXACT ZERO-EXCITATION-ENERGY

STATES WHEN D =0

Before discussing the two-magnon excitations in detail,
let us first study a related problem, i.e., the existence of
zero-excitation-energy states (ZEESs) (with respect to
the ferromagnetic state |F')) under certain conditions. It
is shown in Ref. [I7] that for the spin-S XXZ chain in the
absence of the SI term and the magnetic field (J' = D =
B = 0), if the condition A = cosk, k € K is satisfied,
there then exists a series of ZEESs,

(H = Ep)|ly=p=p=o(Lk)"|F) =0, n <2NS, (31)

where L = Zjvzl etk s ; is a collective spin lowering op-
erator. The (unnormalized) ZEES (Lj)"|F) carries mo-
mentum nk (mod 27) since T'(Ly,)"|F) = e~"F(Ly)"|F).
In this section, we explore the condition for the existence
of ZEESs for the J —J’ chain H|p—p—o = HxN + HNNN-

A. Condition for the existence of
zero-excitation-energy states

We first look at the simplest case of n = 1. It is easy
to check that

[H|p=B=0, L]

N
= 7Y e (AGK —1)S; 155+ (A~ ®)S; 574]
n=1

N
+ Y (AP —1)8,,,SE 4 (A — )8, SE L),

n=1

 Jasb + (b2 — 202) cos p][(arag 4 202 — b2) cosp — a1 — 2agbcos? p| + b2 (b2 + 2asbcosp — ajag) sin’p’

(29)

(

which gives

(H — Er)|p=p=oLy|F)
= 2S[J(A —cosk) + J' (A" — cos 2k)|Lg|F). (33)

The one-magnon state Lg|F") is thus a ZEES when

J(A —cosk)+ J' (A" —cos2k) =0, ke Ko (34)

is fulfilled. This is reasonable since the left-hand side
of the above equation is proportional to the one-magnon
excitation energy & (k)|p=p=o given by Eq. (5). To see
whether L2|F) is a two-magnon ZEES under the above
condition, we further calculate

[Li, [H|p=B=0, L#]]

N
= 2J Z et (A — cosk)S;, Sy
n=1

N
+ 2J Z e TUR(AY — cos2k)S, Sy (35)

n=1

By applying both sides of the above equation to |F'), we
see that Eq. is not a sufficient condition for Li|F)
being a ZEES. We must impose a stronger condition

A —cosk and A’ — cos 2k, k € Ky (36)
to guarantee [Ly, [H|p=p—0, Lx]] = 0, and hence (H —
Er)|p=p=oLi|F) =0.

Note now that [Lk, [Lk, [H|D:B:O7 Lkm = 0,
[Lg, [Li, [Li, [H|p=p=0, L]]]] = 0, --- are always true
if [Lg, [H|p=B=0, Lx]] = 0, we immediately get

(H—EF)|D:B:0(L]€)H|F> :0, n < QNS, (37)
under the condition .

A direct consequence of the above analysis is that, un-
der the condition given by , the lowest n-magnon
excitation energy, &Smm) (k), must be nonpositive.

We now explicitly show that, for any k& € Ky and
|k| < 7/2 (such that 2k lies in the first Brillouin zone),
the following two-magnon state (in the ordered basis

{160(2K)), €1(2K)), - - -, [Eny2(2K)) }) [1T]

U mms) = (S/QS, 1,1, 1/[2)T (38)

where S = /S(25 — 1), is a ZEES under the condition
given by Eq. (36). Actually, for A = cosk and A’ =
cos 2k the matrix form of the effective lattice representing

(32) H — Ep reads



0 287, 2587
28Tk T +287; 28Tk 257
25TJ, 25T Ji 2804

287, 28Tk O
257

1T+ T}) - 297

where J, = Jcosk and j,é = J'cos2k. It is easy to
check that |Uzggs) is an eigenvector of the above matrix
with zero eigenvalue.

B. The isotropic case: A =A'"=1

In the isotropic case of A = A’ = 1, the total angular
momentum Siot = j S; is conserved. It is obvious that
the condition is satisfied if and only if £ = 0. Thus,

the lowest n-magnon excitation energy Eémin)(k:) is non-
positive. In particular, if the ferromagnetic state |F) is
a ground state, we must have

EM™ (k) = €,(0) =0, n=1,---

n

,2N S (40)
Thus, all the 2N S states (Lo)"|F), n=1,--- ,2NS are
degenerate with |F) and possess energy Fr|p—p—o =
—NS?(J + J'), indicating that the ground state is at
least (2NS 4 1)-fold degenerate. These 2N S + 1 states
all have total angular momentum N S.

Equation gives the necessary conditions for the

ferromagnetic ground state. We define (J/\J’\)E?(N) as
the threshold above which Eq. is satisfied for n. We
see from Eq. (§) that

NG = deos” < (41)

which is just the necessary condition obtained in Ref. [I]
by considering one-magnon excitations. However, for

n > 1 the threshold (J/|J’|)E;L) can only be determined
numerically. The sufficient condition for the ferromag-

netic ground state is obviously J/|J/| > (J/|J’\)$M),
where

/1T DGM = max{(J/|J )P jn = 1,2,--- ,NS}. (42)

Figure (3| shows (J/|J’|)EEM) for different S and N
obtained by exact diagonalization. For S = 1/2,
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FIG. 3: The threshold (J/|J'|)™ above which the ground
state of the isotropic J — J’ chain with A = A’ = 1 is ferro-
magnetic. Other parameters: B = D = 0.

(J/|J’\)$M) is independent of N and is always 4. Ac-
tually, Hamada, Kane, Nakagawa, and Natsume showed
that at the point J/|.J'| = 4 the ground state for S = 1/2
is (N + 2)-fold degenerate: besides the above-mentioned
N + 1 ferromagnetic states with total angular momen-
tum N/2, there exists an additional state with zero to-
tal angular momentum that can be expressed as a linear
combination of singlet bonds uniformly distributed on all
sites [29].

We see from Fig. that (J/|J’|)E£M) shows size depen-
dence for S > 1/2. For N = 4, the threshold is shown

to be (J/|J’|)$M)(4) =2+ 1/S [1]. As N increases,
J/\J \)EEM) increases monotonically and we expect that
/D"

=4, (S>1/2) (43)

lim
N—o0

Actually, Bader and Schilling showed that for J/|J'| > 4
the ground state of H|p=p=0,a=a’=1 is ferromagnetic for

arbitrary S [I]. By noting that limNﬁoo(J/\J’Dg}ll) =4,
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FIG. 4: The lowest 20 two-magnon excitation levels £2(k)/|J'|
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The red curves indicate the lowest levels contributed by the
two-magnon bound states. Other parameters: N = 1000,
A=A"=1,and B=D =0.

we also expect that

lim (J/|J) =4, n=1,--- ,2NS. (44)
N—o0

The results obtained in this section will be found useful
in the discussion of the two-magnon excitations below.

IV. TWO-MAGNON EXCITATIONS

In this section, we will study the two-magnon excita-
tions in the J — J’ chain in detail by using the Bloch
Hamiltonians we constructed in Sec. [l

A. S=1/2

To verify the validity of our formalism, let us first study
the case of S = 1/2, which has been extensively studied
using various methods [3, 8HI0]. It has been observed
in previous works that there is always a region in the
momentum space (usually near the band edge k = —)
supporting multimagnon bound states [9]. We will ana-
lytically demonstrate this fact in the two-magnon sector.
As mentioned earlier, we set D =0 for S =1/2.

Since (Sj_)2 = 0 for S = 1/2, the leftmost site in
Fig. 2] is absent and ¢; = t3 = 0. Figure [4 shows the
lowest twenty two-magnon excitation levels E2(k)/|J'| on
k € [-m,0]. We choose N = 1000, A = A’ =1, B =0,
and J/J' = —1.0,—-2.7,—-3.0,—3.8, in accordance with
Ref. [9]. We see that our exact results for a finite-size
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FIG. 5: Evolution of the lowest two-magnon excitation en-
ergy ES™ /17| = E(k{™™)/|J'| (blue dashed) and the cor-
responding wave number kémin) (red solid) with increasing
J/|J'| for N = 1000 and S = 1/2. Also shown is the minimal
one-magnon excitation energy £™" (green dash-dotted) and
the corresponding k™" (pink dotted). The inset shows the
value of (J/|J'|)c—nc with increasing number of sites N (100
to 1300). Other parameters: A =A’=1and B=D = 0.

system agree well with that obtained in Ref. [J] for infi-
nite systems (note that certain truncations of the Hilbert
space were adopted there): for —4 < J/J' < 0 (so that
the ground state is not ferromagnetic) there always exists
a region in the momentum space where the two-magnon
bound states are the lowest ones with negative excitation
energies.

Figure _ shows the lowest two-magnon excitation en-
ergy EM /1T = E(KS™™) /|| (blue dashed curve)

as a function of J/|J'|, where kémin) (red solid curve)

is the mode corresponding to this minimum excita-
tion. For J/|J'| > 4, the ground state is ferromag-
netic and highly degenerate [I, 29]. According to the
analysis in Sec. [[TI] the lowest two-magnon eigenstate
is the ZEES (Lg)?|F) ~ (1,1,---,1/4/2)T (in the basis
{160(0)), 1€2(0)), -, [€n/2(0))}), which explains k5™ =
0 and EQ(mm)/|J’\ = 0 in this regime.

For 0 < J/|J'| < 4, EQ(mm)/|J’| is negative but in-
creases with increasing J/|J'|. Meanwhile, kémm) is no
longer zero and there exists a so-called commensurate-
incommensurate (C-NC) transition below which one
has k{™ = —x. Our numerical result fixes the C-
NC transition to be (J/J)c—nc = —2.66908354 for
N = 1000, which is very close to the result obtained
from Green’s function analysis for an infinite chain (i.e.,
1/0.37466105983527 ~ —2.66907909) [8]. The inset of
Fig. |p| shows the size dependence (up to N = 1300) of
the C-NC transition point, showing that (J/J')c_nc de-



creases asymptotically with N and approaches the value
in the thermodynamic limit as N — oco. For complete-
ness, we also plot the lowest one-magnon excitation en-
ergy Sl(mm)/|J’| and the corresponding k%mm). It can be
seen that £ > &™) for 0 < J/|J'| < 4 [3, B8]

Below (J/J")c—nc the lowest two-magnon excitation
has a commensurate momentum kgmm) = —m, which de-
serves further investigation. As mentioned in Sec. [T}
both the two decoupled chains L; and Ls can be solved
through the plane-wave ansatz [30H32].

Let the eigevectors for L, (o = 1,2, note that the site
|€o(—m)) in L; is absent when S = 1/2) be

VDT (45)

Vi — (Vl(a), ..
with
(@) _ iDaj —ipaj i _ N
ij —XaepJ+Ya€ pJa.]_Qv"'vz_l (46)
where X, and Y, are two j-independent coefficients and
Po is a wave number to be determined. From Eq. ,
the excitation energies (eigenenergies of H — Ep) are
given by

E@(py) =2(JA+ B) +2J (A +cosps).  (47)
According to the correspondence in Eq. , the wave
number p; satisfies the transcendental equation

N
tan <4 - 1) p o= fi(Ap),
cospy + A’
sinp;
Since the correspondence given by Eq. is valid for
S > 1/2, we have, for both S =1/2 and S > 1/2,

tan (% - 1) P2

sin po

f2(jap2) =

fi(A p) = (48)

= f2(37p2)7

J —4S(1 — cospo)
(1 —cospa)(4Scospa +7)

(49)

where we defined j = JA/J' < 0.

Equations (48]) and have to be solved on the in-
terval p, € [0,7], @« = 1,2. In general, these equations
do not admit analytical solutions. However, they can be
solved graphically by plotting both sides of the equation
as functions of p,,.

i) Solution of L; [for S =1/2, Eq. ([4g)].

Note that the function tan (% — 1) p1 diverges at p; =

2n om o WEOT dividing the interval [0, 7] into
N/4 ones [see Fig. [6]a)]:
0 2m 27 6 (N —6)r
N4 [N—aN_4]” | N—1 |

The first and last intervals will be respectively denoted

,]\?QJ and Ig = [(A]IV__QFJ]. Note that

tan (& — 1) py > 0 (< 0) on I, (Ir).

as I, = {O

| TT T T T 1 [
40 H —tan(% —1)py ‘L
— f1(0.5,p1) |
— fi(L,p1) |
201 — fi(2,m) 4
OJ /\/J%’f‘)fj . ) *7") 2 J
| llallalla I e -
T
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FIG. 6: (a) The functions tan (X —1)p1 (gray) and

fi(A’,p1) appearing in Eq. for A’ = 0.5 (red), 1 (blue),
and 2 (green). (b) The functions tan (4 — 1) p2/sin p» (gray)
and fo(j,p1) (with j = JA/J') appearing in Eq. for
S =1/2 and j = —3 (red), —2 (blue), —1 (green). Here, we
choose N = 80.

It is obvious that the solutions of Eq. are indepen-
dent of J/|J'| and determined only by the value of A’.
Below we consider three different cases.

iFa) 0 < A" < 1.

We have

lim fl(A/7p1) = +OO7

P1 —0t

lim  fi(A,p) = —o0, (50)

pP1—T

giving exactly N/4 real solutions, each of which lies in
one of the above N/4 intervals [Fig. [6]a), red curve].
i-b) A’ =1.
There are still N/4 real solution, including an obvi-
ous one, p; = 7 [Fig. [f[a), blue curve], which gives the
highest excitation energy

EW(m)|ar=1 = 2(JA + B). (51)

For this special solution, the plane-wave ansatz does not

work since the 07(71) and cg) given by Eq. are both
zero. However, it is easy to check that the vector

2

748 e =
(M)t = s

(1,-1,---,1,-1,1,-1/v2)T

solves the eigenvalue problem, indicating that the highest
excited state is indeed an extended state.

i-c) A" > 1.

We have

lim f1(A',p1) = +oo, (52)

pP1—T



which gives N/4 — 1 real solutions since no intersections
exist on Iy [Fig. [f]a), green curve].
Actually, there exists a complex solution

p1 = mm + ipy (53)

for A’ > 1, where m is an integer (to ensure the reality

of the eigenvalue) and p; is real [31], B2]. Accordingly,
equation becomes
N - coshpy + (—1)™A/
tanh [ — — 1 = — 54
an ( 1 )pl sinhﬁl ( )

The above equation has to be solved on p; € (0,00). It is
easy to see that it has no solutions unless m is odd (the
right-hand side of the above equation is always negative
for even m). In addition, there is no solution near p; = 0
since the right-hand side diverges as p; — 0%. As a
result, we have tanh (% - 1) p1 =~ 1 for large enough N,
giving

~InA’ > 0. (55)
The corresponding eigenenergy

EN N g = 2(JA+ B) +2J' (A — cosh )
~ 2(JA+B)+ J'(A"—1/A") (56)

is the highest level for J' < 0. To see the nature of this
highest state, we obtain from Eqs. and the bulk
components of the wave function,

ViNN_Exy = (—1)7 cosh[(N/4 — j)p], (57)

with j = 2,--- | N/4 — 1. The two end components can
be obtained from Eq. as

1
_Alvl\(ll\?NfEx,w

1) _ V2
VNNN—Ex,N/a = TA T 1A VaNN—Ex,N/a-1- (58)

(1)
VNNNfEx,l

It is apparent that (for A’ > 1)

|V1\(11N)N7Ex,1‘ > ‘Vl\(l%\?NfEx,2| > > ‘V1\(1;\1)N7EX,N/4|7(59)
indicating that the state is localized around the left end
of the L chain (i.e., the site |£o(—m))) and corresponds to
a two-magnon bound state with the two spin deviations
being mainly located on two NNN sites in real space.
This state will be referred to as a next-nearest-neighbor
exchange (NNN-Ex) two-magnon bound state below.

i) Solution of Ly [for S >1/2, Eq. (49)].

The solutions of Eq. . depend only on the value of
j =JA/J. We will prove the following

Proposition. For any S > 1/2 and for all J/J’ < 0 and
A > 0, there always exists a two-magnon bound state
below the scattering continuum in the & = —7 sector.
For S = 1/2, this state is just the lowest two-magnon
excited state.
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Proof. We first show that, for all J/J' < 0 and
A > 0, Eq. . ) has exactly N/4 — 1 real solutions on
D2 € (O,7r). The function tan(4" — 1)py/sinps has the
same set of singularities as tan(4 — 1)ps on py € (0,7)
and is positive (negative) on on I, (Ir). Note that the
numerator of f(j, p2) is always negative, we have [here,

sgn(z) = z/|x|]

lim f2(] P2) —sgn(4S cosps + j)oo

p2—0

. ~ 1 25

lim  fo(j,p2) = 5 5 T = > 0. (60)
p2—™ 45 — j

We_also need to know the behavior the derivative of

fa(j,p2). Let é = cospy € [—1,1), we get

165232 + 85(j — 48)é + 52
(6—1)2(j + 45¢)

— 457 +165%

a&fZ(jv é) =
(61)

We consider two different cases.

i) j < —48. ~

In this case, f2(j,p2) is a positive regular function on
p2 € (0,7) and lim,,, o+ f2(j,p2) = +00. As a quadratic
function of ¢, the numerator in Eq. is 7(j+48) >0
at ¢=1and is (j — 65)* 4+ 285 > 0 at ¢ = —1, and the
axis of symmetry is ¢ = 1 — j/45 > 1, which means that
the numerator is always positive on ¢ € [—1,1). Thus,
f2(j,p2) decreases monotonically on py € (0,7) and ap-
proaches a positive value as po — 7, and hence there is
no solution on Iy, [Fig.[6b), red and blue curves].

i) —45 < j <0.

In this case, fo (7,p2) is singular at p; =
arccos(—j/45). Tt is easy to see that fo(j,pa) is nega-
tive on po € (0,p3) and positive on ps € (p3, 7], so there
is still no real solutions on Ig. Note also that

lim fz(J P2) = +oo,

p2 sz

lim f2(37p2) = —00. (62)

p2—0+t

It can be further shown that fy(7,p2) is a monotonically
decreasing function on py € (* m]. Actually, at ¢* =
—7/48S, the numerator in Eq. (61) is 4S( +45) > 0, so
0zf2(j, ¢) is always positive on ¢ € (—1,¢").

If p% € I, then there is a single solution on (p;‘, %)
but no solution on Ig. If p5 € Iy, then there is a single

N—6)m
(sz’pQ

solution on ( ) but no solution on Ir,. If p} lies

in any interval other than I;, and Ir, then there will be
two solutions in this interval. However, in this case no
solutions exist in both Iy, and Iy [Fig. [6{b), green curve].
Therefore, in any case there are N/4 — 1 real solutions of
Eq. when —45 < j < 0.

By combining the results in i) and ii), we reach the
conclusion that for any j < 0 Eq. has exactly N/4—
1 real solutions. As a result, there is a single complex
solution py = mm + ipy for all J/J' < 0 and A > 0.



We next show that this complex solution corresponds to
the other type of two-magnon bound state with a lower
excitation energy. Inserting ps = mm + ips into Eq.
gives

tanh(Z — 1)ps
Sinhﬁg

—J +45(1 + cosh fp)
(1 + cosh i) (5 — 4S cosh py)’
(63)

for odd m, and

tanh(& — 1)ps
Sinhﬁg

j— 45(1 — cosh py)
(1 — cosh ) (4S coshpy + )’
(64)

for even m. It is obvious that Eq. has no solution
on po € (0,00) since the right-hand side is always nega-
tive. Thus, m must be an even integer, which leads to
the wavenumber-dependent part of the excitation energy
45J coshps < 4SJ' cosps. For large N, the real solu-
tions {p2} tend to be quasi-continuous and form the scat-
tering continuum. We therefore proved that the bound
state lies below the scattering continuum. For S = 1/2,
this bound state is the lowest one in the k = —7 sector
since both the continuum and the high-lying NNN-Ex
bound state have higher excitation energies Q.E.D.

We now discuss the solution of Eq. (64)) and the related
two-magnon bound state. First note that Eq. . 64)) has no
solution near py = 0 since the right-hand side diverges as
P2 — 0T, For large N, we thus have tanh (— — 1) P2 — 1
and Eq. (64) is reduced to a quadratic equation of cosh ps,

(coshpy — 1)[4S(j — 28)(cosh py — 1) 4+ j%] = 0,65)

giving (discarding the unphysical solution coshpy = 1)

32

5053 (66)

coshps =1+

Thus, for large N the excitation energy of this bound
state is

EZ .. = 4SJA+48J(1+ A') +2D(25 — 1) + 2B
_ AP
T35 JA’ (67)

where we have restored finite D for S > 1/2. For S =1/2
the above equation becomes

(JA)?

(2)
E J —JA’

NN_Ex = 2(JA+ B) +2J'(1+ A") + (68)

which is consistent with previous literature [3] [§].
From Egs. (20) and , we get the corresponding
eigenvector,

VAR = cosh[(N/4+1/2 — j)pa], (69)
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FIG. 7: Evolution of the lowest two-magnon excitation energy
S /17| = E(KS™™) /0’| (blue) and the corresponding
wave number k™) (red) with increasing .J/|J'| for N = 500
and S =1. (a) D/|J'| =0, (b) D/|J'| = 0.5, (c) D/|J'| = 1.5,
(d) D/|J'| = 2. The inset in (a) shows k™™ around the
C-NC transition point J/|J'| ~ 0.04896. Other parameters:
A=A"=1and B=0.

with j =2,--- ,N/4—1, and
2 ~ 2
u-mx1 = 11— J/@OIVAR g1
2) _2525-)) o
VNNfEx,N/4 - 32 . 255 + 4582 VNNfEx,N/471' (70)
Note that 1 — /25 > 1 and 0 < 25(2S — 7)/(j% — 257 +

45%) < 1, we have

VAR gl > VAR ol > > ViR jals (71)
indicating that the state is localized around the left end
of the Ly chain (i.e., the site |{1 (—))) and corresponds to
a two-magnon bound state with the two spin deviations
being mainly located on two NN sites in real space. This
bound state is the usual nearest-neighbor exchange (NN-
Ex) bound state with the two spin derivations mainly
located on two nearest-neighboring sites [I7] [33].

In summary, we proved for S = 1/2 that in the k = —7
sector the NNN-Ex two-magnon bound state emerges as
the highest excited state when A’ > 1. For any S > 1/2,
the NN-Ex two-magnon bound state always survives be-
low the scattering continuum. From continuous consid-
erations, these properties will persist near the band edge,
explaining the presence of the lowest-lying level shown in

Fig. [

B. §>1/2

Let us now turn to study the case of higher spins. We
allow for finite values of the SI anisotropy D. We first
focus on the isotropic case with A = A’ = 1. We plot
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in Fig. the evolution of EQ(min)/|J’\ and kémin) with in-
creasing J/|J'| for N =500, S =1, A=A’ =1, and

For D = 0, according to Eq. (44), the minimal
two-magnon excitation energy exactly vanishes when
J/T'| > (J/1TD(500) ~ 3.999526. For 0 < J/|J'| <
(J/17) 2 (500), the behaviors of E5™™ /|’ and k™™
are in sharp contrast with those in the case of S = 1/2
(compared with Fig. [5)). The C-NC transition point is
found to be ~ 0.04896 [inset of Fig. [f[a)], after which

™™ increases gradually till J/|.J/| = 0.229 where k™™
jumps to 0. Interestingly, the value of kémm) fluctuates
between zero and finite incommensurate values in the

middle region J/|J/| € (0.229,2.039), though the mini-
mal excitation energy €™ /|J'| is always smooth. The
sudden jump and fluctuation of kémin) are related to the
degeneracy of the lowest two excitation levels EQ(min) /1]

and Eémld_mm)/u/\ for certain values of J/|J'|. The
corresponding two local minima are located near the
band edge and at k = 0 [see Fig. [§(a)]. As J/|J| is
varying in the middle region, one of the two local min-
ima alternately becomes the global minimum, causing
the observed fluctuation of k;g“““). However, numeri-
cal tests show that the difference between the two lev-
els [52(2n(1_mm) - 52(mm)]/(N|J’|) tends to be vanishingly
small as N — co. We thus believe that this phenomenon

is a finite-size effect and will disappear in the thermody-
namic limit.

To see the nature of the lowest excitation, we plot in
Fig.[8fa) the lowest 20 excitation levels for J/|J'| = 0.03,
1, and 3. The bottom of the lowest-lying level |¢1,(k)) is
indicated by a cyan star. These bottom states all corre-
spond to two-magnon scattering states for D/|J/| = 0,
as can be seen from the evolution of the weights of
the Bloch states |&;(k)) (¢ = 0,1) with increasing k,
P, (k) = [(&(k)|rL(k))|?. Note that for larger J/|J'|
the NN-Ex bound states will emerge as a lower separated
level near the band edge k = — [inset of Fig. [§[a)].

Figure b) shows Eémm)/|J’| and kémm) for D/|J'| =
0.5. It can be seen that as J/|J'| increases, kS™™ no
longer shows fluctuations but increases gradually from
—m to —1.1058 at J/|J'| = 3.375, where kémm) suddenly
jumps to k:émm) = 0. The bottom states are still scat-
tering states for small J/|.J'| [inset of Fig. [§(b)]. How-
ever, besides the NN-Ex bound state near the edges of
the band for larger J/|J'|, the so-called single-ion (SI)
bound states [I7, B3] with the two spin deviations lo-
cated on a single site also appear in the middle of the
band for smaller J/|J'|.

For D/|J'| = 1.5, kémin) never reaches —m and is
nonzero in the interval J/|J’| € (0.685,2.23) [Fig. [f|c)].

The bottom mode for J/|.J/| = 0.03 is kémin) = 0 and the
corresponding state is an SI bound state. However, for



larger J/|J'| the bottom state is a mixture of the NN-Ex
and SI bound states [inset of Fig. [§(c)].
(min)

As D/|J'| increases to 2, we observe that ky ~ is al-
ways zero [Fig. [|d)] and the corresponding bottom states
are SI bound states for not too large J/J'. For J/J' = 3,
the lowest state evolves from the NN-Ex bound state to
the mixture of the two as k increases. In addition, we ob-
serve that for J/|J'| =1 (J/|J'| = 3) a second separated
level near k = —7 emerges as an NN-Ex (an SI) bound
state [inset of Fig. [§(d)].

To see more clearly how the three types of bound states
emerge at the left edge of the band, it is instructive to
study the special mode k = —x for which the problem
can also be solved via the plane-wave ansatz. Since the
Ly chain has been solved in Sec. [[VA] for arbitrary S >
1/2, here we focus on the solution of the L; chain. For
S > 1/2, let the eigenvectors be

V(l) = (Vl(l)v e 7V]S/1/)4+1)T7

v X1eP 4 Yie I =2 ...,

- (@

The eigenenergies are given by

EW(py) = 4S(JA+ J'A') +2D(2S — 1) + 2B
+48J cosp;. (73)

According to Eq. , the wave number p; satisfies the
following equation

N
tan % = gl(Ala dap1)7

() (cos p1)
A - v 4
gl( adapl) (A—COSpl)SiIlpl’ (7 )

where d = D/|J'| > 0, A= (25 —1)/A"+d/(2S) > 0,
and

wH (z) = 22 £ (25/A" — Az — d/A. (75)

The ST and NNN-Ex bound states, if exist, will show up
in L1 and depend on both d and A’. We now discuss the

solutions of Eq. (74).
i) A>1, or

d>28[1— (25 — 1)/A]. (76)

In this case, g1 (A’, d, p1) has no singularity as a function
of p1. The behavior of ¢1(A’,d,p;) near py = 0 or «
depends on the sign of w(*) (1) or w(H)(—1).

i-a) w(t) (1) > 0 and w*)(=1) > 0, or

A +1

d< 1+ A7/(2S)°

and

A -1

< T=A729)

(with A" < 2S5) or A" > 25 (78)
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FIG. 9: The first quadrant of the A’ — d (where d = D/|J’|)
plane is divided into five regions I, II, III, IV, and V by the
three functions 2S[1 — (25 — 1)/A'], (A" 4+ 1)/(1 + A'/28S),
and (A’ —1)/(1 — A’/28). The solutions of Eq. have
different structures in district regions. (a) Intersections of
the graphs of tan %pl and g1 (A’,d, p1) give the real solutions
of Eq. in each region. (b) Intersections of the graphs
of tanh %ﬁl and ™) (cosh py) give the complex solutions of
Eq. [or the real solutions of Egs. and (BI)] in each
region. Accordingly, different types of two-magnon bound
states emerge in different regions.

The above two inequalities defines the region IV in the
first quadrant of the A’ — d plane, as shown in Fig. @(a).
In this region we have

lim gl(Al7d7p1) = +OQ7

pP1—T

lim gl(A/7d7pl) = +OO,

P1 —0+

see the insets of Fig. |§|(a) where we plotted the graphs
of the two functions tan %pl and g1(A’,d,p;) in each
region. In turn, there are N/4 real solutions and a single
complex solution in region IV.

i-b) w(*)(1) > 0 and w(*)(~1) < 0.



Similar analysis shows that these conditions define the
region I in Fig. [0a), where we have

lim gl(Ala dapl) = +OO,

lim A.d, p) = —oo.
prs0+ 1 91( ) Pl)

pP1—T

There are thus N/4 + 1 real solutions and no complex
solution in region I.

i-c) w(t) (1) < 0 and w(F)(~1) > 0.

These conditions define the region I1I in Fig.[9|(a) with

lim gl(A/7d7pl) = +o0.

pP1—T

lim gl(A/7dap1) = —00,

p1—07F

There are thus N/4 — 1 real solutions and two complex
solutions in region III.

i-d) w(t) (1) < 0 and wH)(-1) < 0.

These conditions define the region II in Fig. @(a) with

lim gl(Alvdvpl) = —o0.

pP1—T

lim gl(A/7d7p1) = —0Q,

P1 —0+

There are thus N/4 real solutions and a single complex
solutions in region II.

i) 0<A<1.

This inequality defines the region V in Fig. @(a). The
function g1(A’,d,p1) is singular at pj = arccos A. It is
obvious that w(*)(1) > 0 and w(*)(~1) > 0 in region
V. However, we also have lim,, _,o+(A —cosp;) < 0 and
lim,, _,.— (A —cosp;) > 0, giving

lim gl(A/7d7p1) = +o0.

pP1—T

lim gl(Alvdapl) = —00,
p1—0t

Note now that w(*)(A) = 48%(25 — 1)/A’ > 0, we have

lim . g1(A’,d,py) = Fo0.

p1—p]

Therefore, there are always N/4 real solutions and a sin-
gle complex solution in region V.

Let us now pursue complex solutions of Eq. in
regions II, IIT, IV, and V. We again write the complex
solution as p; = mm + ip; with m an integer and p; > 0
real. By defining the functions

®)(z) = :Fﬂ (x> 1) (79)
(A Fa)e? -1 ’

equation becomes

N
tanh ~PL — 1) (cosh py) (80)
for odd m and
N
tanh % = ) (cosh py) (81)

for even m. There is no solution near p; = 0, so for large
N we have tanh Np; /4 =~ 1 and the above two equations
are approximated to cubic equations of cosh p;.
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The functions ,u(i)(a:) have several useful properties.
It is obvious that

lim p®)(z) = 1% (82)

T——+00

From the signs of w(*)(1) in each region, we get

. too, (Ad)€ILIILV
1 (+) — ) ) ) ) ]3
Jm (@) {—oo, (A, d) € 1V, (83)
and
L Yoo, (A',d)€IILIV,V
1 (=) _ ’ ’ ) ) 4
Jm (@) {—oo, (A, d) e 1L (84)

In regions II, III, and IV where A > 1, the function
p ) (z) is singular at p} with coshp} = A. From the
relation w(*) (cosh %) = 45%(25 — 1)/A’ > 0, we have
lim p ) (z) = 4oo, (A',d) € ILILIV. (85)
r— AT
The behaviors of () (coshp;) described by Egs. —
are illustrated in the insets of Fig. @(b) The so-
lutions of Egs. and can be determined by in-
vestigating the graphs of the related functions shown in
Fig. [O[b).

In region II, there exists a single intersection of
tanh Np; /4 and p(*)(coshp;) (with even m) on p; €
(0, A). We thus get a single two-magnon bound state
with excitation energy

EY) = 4S(JA+J'A')+2D(25 — 1) + 2B
+48J' cosh py, (86)

which lies below the continuum since cosh p; > cosp;.
From Eq. and (30)), we get the eigenvector

Vat) = cosh[(N/4+1 — j)p, (87)

J

with j =2,--- | N/4, and

1 _ S(25-1) L2
Vsii = 25 cosh py — dVSLQ’
(1) _ 1 (2)
Vainjapr = Ve (88)

\/icos;ﬁl SLN/4*

Although we have |VS(11)N/4| < |VS(12)]\,/4+1\7 it is not
straightforward to see |1/S(25 — 1)/(2S cosh p; —d)| > 1.

However, based on both physical considerations and nu-
merical tests, we find that this is the case, indicating that
the state is indeed an SI two-magnon bound state.

In region III, the function tanh Np; /4 intersects with
both () (cosh ;) (with even m) and p(~)(cosh py) (with
odd m) on p; € (0,A). The former still corresponds to
an SI bound state, while the latter leads to an NNN-Ex
two-magnon bound state with excitation energy

EQ b = 4S(JA+ J'A) +2D(25 — 1) + 2B

—48J" cosh py, (89)



which lies above the continuum. The corresponding
eigenvector reads (for j = 2,---, N/4)

Vi = (—1)7 cosh[(N/4+ 1= j)F],  (90)

and
S5 1)
1
VI\(II\?N—Ex,l = mVMN Fx,2)
(1) _ 1 @
VNNN—EX,N/4+1 - _ﬂcosp'l VNNN—EX,N/4~ (91)

It can be numerically checked that —1 <
—/S(25 —1)/(2S cosh p1 + d) < 0, confirming that this
bound is actually an NNN-Ex bound state.

Similar analysis shows that regions IV and V both sup-
port NNN-Ex two-magnon bound states. The phase di-
agram in the A’ — d plane is summarizes in Fig. [0b).
Recall that we have proved in Sec. [VA] that the NN-
Ex bound state shows up as a lower-lying level in all the
regions of the phase diagram, the lowest excited state

could be determined by comparing the El(\?]zl_Ex given by
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of two-magnon excitations near the edge of the Brillouin
zone.

V. n-MAGNON EXCITATIONS FOR S =1/2

In this section we proceed to n-mangon excitations
with n > 3. The exact three-magnon Bloch states and
the associated Bloch Hamiltonians for a finite-size spin-S
XXZ chain (with J' = A’ = 0) have been constructed in
Ref. [I7]. The derivation of the Bloch Hamiltonians for
the NNN interaction is straightforward though cumber-
some and will be presented in a future work.

In this section, we focus on the case of S = 1/2
for which the nearest-neighboring XX chain Hxx =
S (5287, + 8YSY. ) is analytically soluble by con-
verting the Pauli operators into spinless fermions. The
matrix elements of each term in H can be expressed in
terms of the so-called spin-operator matrix elements in
the diagonal basis of Hxx [34]. Explicitly, let |77,) be an
eigenstate of Hxx having n fermions upon the vacuum

Eq. @ and Eéi) given by Eq. . The above results  state | | --- ), where 7,, = (n1,--- ,n,) is a tuple with
for k = —m are believed to faithfully reflect the nature 1<m <+ <n, <N, then
J
<>Zn|z Sjwsjm+r Sjységﬁ-r)‘_);»
J
9\ 2(n—1) ) ot ) i QD
= (N> 5(Ag,.5,0) Z A% e Xj C;n,gn 1| e e RS A%Ci;fn_l +c.c., (92)

n1

* ZTZ Q( on) « 2
(A Y CXnafn 1|Agn71| ) (Cﬁvugn—l

In the above equations, d(z,y) = 1 if x = y (mod 27),
Atz = 22;1Qx; o Q( )] where Q("") = —m+2x;+

(0 — 3)/2]7/N with o, = 1 (even n) or o, = —1 (odd
n). The explicit expressions for the A’s and C’s read

- (on) i (on)
’

J>Jj

(n—1)n (Un) Q(Un 1)
)

ij

A—» =

Xn

',n_ (Un)_n . (on—1)
(-3, Q@ ] gy

xetl

fay:0) (2 )Y 3
N N

I N s(A
(Xnl ZSJ SR <4 - n) 0%, T

—ir >, Qi,j”)|A | C*

Tnsbn—1,E, 4

) ('A | C%;L,s/,lA%’n)- (93)

(

In practice, the evaluation of the C-functions given by
Eq. is the most time-consuming step in the numerics.
Due to memory limitations, we choose to numerically cal-
culate the three-, four-, and five-magnon excitation spec-
traup to N = 102, N = 40, and N = 30, with the dimen-
sions of the Hllbert space belng (102) = 171,700, (440) =
91,390, and (%) = 142,506, respectively. However, no-
tice the translational invariance of the system reflected
in the d-functions, the whole Hilbert space is split into
smaller blocks with fixed k = 3~ Q(U” (mod 27), which
can be handled on a personal computer Below we focus
on the isotropic case with A = A’ = 1.

Figure[10[a) shows the calculated lowest excitation en-
ergies in the three magnetization sectors when the mag-
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FIG. 10: (a) The zero-field lowest n-magnon excitation energy
g™ for § = 1/2. Results for n = 3 (N = 102, black dot-
dashed), n = 4 (N = 40, red solid), and n = 5 (N = 30,
blue dashed) are shown. (b) The corresponding wave number
k%min) at which &9““’) is reached. Parameters: A = A’ =1
and B = 0.
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FIG. 11: The number of magnons nsa in the lowest excited
state when the magnetic field is tuned to the saturated value
Bsat. For N = 30, the ngat = 2 — Nsat = 3, Nsat = 3 — Nsat =
4, and ngas = 4 — Nsay = D transition points with varying
J/|J'| are determined to be J/|J'| = 2.719,3.513, and 3.76,
respectively. The transition nsat = 5 — nsat = 6 is expected
to take place in the uncertain region 3.76 < J/|J’| (due to the
limitation of the numerics). Parameters: A = A’ = 1.

netic field B is absent. As expected, for fixed J/|J'| < 4,
we have 55()min) < gimin) < gémin) < SQ(min) < gl(min) <0.
The corresponding wave number k:ffn ) g plotted in
Fig. [L0[b). A detailed numerical analysis reveals that

B = 7 is achieved for 2.544 < J/|J'| < 3.644
(n = 3, N = 102), 3.404 < J/|J'| < 3.849 (n = 4,
N = 40), and 3.666 < J/|J'| < 3.918 (n =5, N = 30).
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We now consider the case of finite magnetic fields. We
define the saturation field B, as the magnetic field that
makes the lowest excited state gapless [9]. Suppose this
lowest state lies in the ng,;-magnon sector, we focus on
excitations up to n = 5 magnons in a chain with N =
30 sites. Figure shows ng,t as a function of J/|J'|.
We find that (for N = 30) the ngt = 2 = ngay = 3,
Ngat = 3 — Ngat = 4, and Ngay = 4 — Ngay = D transitions
occur at J/|J'| = 2.719, 3.513, and 3.76, respectively.
These numerically exact results are very close to those
obtained in a restricted Hilbert space [10]. Note that we
were not able to determine the ng,; = 5 — Nge = 6
transition point since n = 6 is beyond our numerics.

VI. CONCLUSIONS AND DISCUSSIONS

The spin-1/2 J — J’ chain with ferromagnetic nearest-
neighbor and antiferromagnetic next-nearest-neigbhor
couplings has attracted much attention in previous works
due to its relevance to real magnetic materials. However,
its higher-spin counterpart with the single-ion anisotropy
included is less studied. Motivated by recent experi-
mental advances in simulations of higher-spin magnetic
models, we study theoretically exact few-magnon excita-
tions in a finite-size spin-S J — J' chain with single-ion
anisotropy.

As a related problem, we first study the emergence of
zero-excitation-energy states in the absence of the single-
ion anisotropy and identify the corresponding condition
to achieve them. In the isotropic case, we determine
the threshold of J/|J'| above which ferromagnetic ground
states survive. This threshold is found to be exactly 4 for
S = 1/2 but show size-dependence for S > 1/2, which
are numerically obtained through exact diagonalization
on small systems.

We then thoroughly investigate the two-magnon exci-
tations by using a set of exact two-magnon Bloch states
proposed for a spin-S XXZ ring [I7]. We recover prior
results for the case of S = 1/2 [3|[8HI0]. For higher spins,
owing to the interplay of the single-ion anisotropy and the
NNN exchange coupling, the evolution of the lowest ex-
citation energy and the corresponding wave number with
varying J/|J'| exhibit different behaviors from that for
S = 1/2. In particular, we solve the eigenvalue problem
of the commensurate mode k = —7 using a plane-wave
ansatz, from which we identify the parameters regions
that support the three different types of two-magnon
bound states near the band edge. We prove that there al-
ways exists lower-energy nearest-neighbor exchange two-
magnon bound states near k = —.

We finally calculate the n-magnon spectra for S = 1/2
using a spin-operator matrix element method. Under the
saturation field, the number of magnons in the lowest
state takes transitions as J/|J'| is varied. Our numeri-
cally exact results for a chain of N = 30 sites are consis-
tent with those obtained in a restricted Hilbert space [10].

Considering the possible experimental realization of



the present model in cold-atom systems, it is intriguing
to study multimagnon quantum walks and related
nonequilibrium dynamics in future works.
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