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We study the Rényi entanglement entropy (EE) of the two-dimensional J-Qmodel, the emblematic
quantum spin model of deconfined criticality at the phase transition between antiferromagnetic and
valence-bond-solid ground states. State-of-the-art quantum Monte Carlo calculations of the EE
reveal critical corner contributions that scale logarithmically with the system size, with a coefficient
in remarkable agreement with the form expected from a large-N conformal field theory with SO(N =
5) symmetry. However, details of the bipartition of the lattice are crucial in order to observe this
behavior. If the subsystem for the reduced density matrix does not properly accommodate valence-
bond fluctuations, logarithmic contributions appear even for corner-less bipartitions. We here use a
45◦ tilted cut on the square lattice. Beyond supporting an SO(5) deconfined quantum critical point,
our results for both the regular and tilted cuts demonstrate important microscopic aspects of the
EE that are not captured by conformal field theory.

The bipartite entanglement entropy (EE) has become
an important characteristic of quantum phases of matter
and their phase transitions [1–4]. The dominant con-
tribution to the EE of a d-dimensional system grows as
ld−1, where l is the length of the subsystem used to de-
fine the reduced density matrix. The corrections to this
“area law” [5] contain important information on the na-
ture of the ground state of the system, e.g., the constant
γ characterizing topological order [6, 7] and the loga-
rithmic correction to the area law that originates from
gapless Goldstone modes in systems breaking O(N > 1)
symmetry [8–10]. Logarithmic corrections also appear in
critical spin chains [1, 11], but not at criticality for d = 2
when the bipartition boundary is smooth (corner-less).
According to conformal field theory (CFT), logarithmic
corrections do arise from corners in two-dimensional (2D)
quantum-critical systems [12, 13]. These corner contri-
butions are potentially useful for establishing the proper
CFT description of a given quantum phase transition
studied numerically [14–18], or, conversely, to rule out
a CFT description.

We here investigate corner logarithms at a putative
deconfined quantum-critical point (DQCP) [19–21], com-
puting the second Rényi EE using quantum Monte Carlo
(QMC) simulations of the most well studied S = 1/2 spin
model exhibiting a transition between a Néel antiferro-
magnetic (AFM) and a valence-bond-solid (VBS) ground
state; the J-Q model [22]. Our results provide further
insights into the SO(5) nature of the AFM–VBS phase
transition and highlight the role of microscopic (lattice)
details of the bipartition.

Conundrum of EE Anomalies.—The CFT prediction
for the EE of a critical system with corners is [12, 13]

S(l) = Al − a ln l + constant, (1)

where A and the constant term are not universal but a

depends in a universal way (for a system with a given
CFT description) on the number of corners (and their
angles) of the subsystem. For any CFT, it is believed
that a > 0 [23].

An apparent violation of the positivity requirement of
a was recently invoked [24–26] to argue that AFM–VBS
transitions in 2D SU(N) quantum magnets with small N
are not described by CFTs. J-Q type models exhibiting
AFM–VBS transitions for any N [27, 28] were studied
using QMC simulations, and only above N = 7 does
a turn positive [26]. Later work [29] seemed to show
that the EE even for smooth subsystems has logarithmic
corrections. Potentially, these anomalies could reflect the
Goldstone modes expected if the AFM–VBS transition is
weakly first-order [30–32], as it is now expected to be in
all quantum spin models studied so far [33] and likely
also in the related classical 3D loop model [34, 35].

Indeed, in a recent study [36] of the J-Q3 model with
a smooth bipartition, an EE scaling form with finite-size
corrections [37] delivered a value of a in Eq. (1) corre-
sponding to four Goldstone modes, likely reflecting close
proximity to an expected [35] critical point with emer-
gent SO(5) symmetry. Universal near-criticality is also
supported by past works on scaling behavior, which have
found consistency between critical exponents extracted in
different ways and in different models [34, 38, 39]. The
question we ask in this work, and answer in the affir-
mative, is whether the logarithmic corner contributions
expected for an SO(5) CFT can also be observed, con-
trary to the claims[24–26, 29] of no underlying CFT.

We argue that the standard way of cutting out the
EE subsystem from the lattice is not ideal for a system
with critical fluctuations of emergent degrees of freedom
that are not point-like. In a VBS, the objects that order
are singlets (dimers) on nearest-neighbor lattice sites; on
the square lattice forming four degenerate columnar pat-
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Figure 1. Lattices and EE subsystem cuts considered in this
work. The full systems all have periodic boundary conditions
in both horizontal and vertical directions. (a), (b): The stan-
dard orientation of the lattice links, with the lattice constant
taken as unity. In (a), the system size is L2 and the square
cut has length L/2. For the smooth cut in (b), the vertical
length is L and the horizontal length is rL with r = 1, 2. (c),
(d): 45◦ tilted lattices, where we take the lattice constant as
1/

√
2 and the number of spins is 2rL2. The EE subsystem

in (c) contains L2/2 spins (for even L) and in (d) half of all
spins. (e), (f): Illustration of VBS patterns at the subsystem
edge. With the straight cut in (e), one of the VBS patterns
is disfavored over the other, since it contains a line of cut
singlets shown in red. With the tilted cut in (f), all of the
VBS patterns are treated equally, with the same density of
cut singlets in each case.

terns that break Z4 symmetry. In the theory of DQCPs
[19–21], it is posited that the VBS fluctuations develop
an U(1) symmetry as the AFM transition is approached,
which indeed was found in several variants of the J-Q
model [22, 27, 30]. Given that the reduced density matrix
used to define the EE is related to an effective boundary
Hamiltonian [40], it appears plausible to us that a re-
quirement for the bipartition is that the boundaries of
the subsystem must equivalently treat all critical fluctu-
ations that form out of the melted VBS state. Ideally,
the subsystem should be defined in such a way as to allow
tunneling between local VBS patterns in a way reflecting
the emergent U(1) symmetry at the transition.

Using QMC simulations with a highly efficient method
for extracting the second Rényi EE (described below),
we will show that, it is only when the above requirement
is fulfilled that the correct sign of the corner coefficient
is obtained and the corrections from Goldstone modes
are completely suppressed up to the largest system sizes
studied here. We consider the standard square lattice of
size rL×L as well as 45◦ tilted variants (as used in Ref.
[25]), with periodic boundary conditions and aspect ra-
tios r = 1, 2. Within these systems we define smooth and
cornered subsystems, as illustrated in Fig. 1. It is easy
to see that the standard square cuts in Figs. 1(a) and
1(b) violate our proposed requirement, while it is satis-

fied with the cuts of the tilted lattices in Figs. 1(c) and
1(d). As shown in Figs. 1(e) and 1(f), certain VBS con-
figurations can be favored or disfavored by the subsystem
boundary in the case of the standard square lattice cut.
However, for the tilted system, the boundaries treat the
four different VBS configurations equally, with the same
density of cut singlets in each case. Accordingly, only the
tilted cut ensures that the reduced density matrix can
capture correctly the quantum fluctuations of the sub-
system. Indeed, in this case we find the expected sign
of the corner coefficient and no discernible logarithmic
corrections to the area law in the absence of corners.
Remarkably, with the tilted subsystem, we find that

the corner coefficient matches essentially perfectly the
form predicted for an O(N) CFT with large N , for the
specific value N = 5. An emergent SO(5) symmetry,
which in the present context is the same as O(5), indeed
is imposed in one class of DQCP theories [35, 41, 42].
This symmetry was first detected in a 3D loop model
[34, 35] and later also in a variant of the J-Q model
[43]. Moreover, a multicritical SO(5) point studied us-
ing the numerical conformal bootstrap method [44] lends
support to a fine-tuned transition. Our results provide
evidence of the AFM–VBS transition in the J-Q models
being extremely close to this multicritical CFT, despite
ultimately exhibiting a weakly ordered coexistence state.
Model and methods.—Before presenting our numerical

results to support the above claims, we define the J-Q
model and explain an efficient scheme for evaluating the
second Rényi EE within the stochastic series expansion
(SSE) [45] QMC method.
We focus on the simplest square-lattice J-Qmodel [22],

with the Hamiltonian

H = J
∑
⟨ij⟩

(S⃗i ·S⃗j− 1
4 )−Q

∑
⟨ijkl⟩

(S⃗i ·S⃗j− 1
4 )(S⃗k ·S⃗l− 1

4 ), (2)

where J > 0 is the AFM nearest-neighbor coupling
and the four-spin interactions (Q > 0) is a product of
two adjacent singlet projectors, including both x̂ and
ŷ orientations. These interactions, with the negative
sign, induce locally correlated singlets, and the ground
state undergoes a transition from an AFM to a VBS as
Q/J is increased. Many works have studied quantum-
critical scaling in the J-Q model in the context of the
still controversial DQCP proposal [22, 27, 30–32, 43, 46–
52]. The most likely scenario based on recent works
[32, 33, 39, 53] is that the transition is first-order but with
a very weakly ordered AFM–VBS coexistence state that,
up to large length scales, retains the emergent SO(5)
symmetry [35, 43] and critical fluctuations governed by
meaningful exponents. Here we use the best current es-
timate (J/Q)c = 0.04502 [33] of the transition point and
perform SSE QMC simulations at temperature T = 1/L.
While the von Neumann EE is out of reach of QMC

methods, the Rényi EEs can be computed. Here we focus
on the second Rényi EE for a subsystem A of the entire
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lattice A ∪ Ā, defined as S2 = − ln(Tr{ρ2A}), where the
reduced density matrix involves tracing over the spins in
Ā and ρA = TrĀ{e−βH}/Z.
Early QMC approaches for the Rényi EE of spin sys-

tems were based on the swap operator in valence-bond
ground-state QMC [54]. Later, the particular trace op-
eration corresponding to the nth Rényi entropy (often
called the “replica trick”) [2, 55] was also adapted to SSE
[56–59]. These methods allowed for studies of many rel-
evant systems, although it remained difficult to achieve
small error bars for large systems. It was only with the
recent application of nonequilibrium work relations in the
context of the Rényi EE put forward in Ref. [60], origi-
nally inspired by Alba [61], that precise calculations with
very large lattice sizes (more than 104 spins) became pos-
sible. The approach that we implement here within the
SSE is an equilibrium variant of this method, which is
simpler and more flexible, and in fact was recently intro-
duced in the context of fermionic systems [62].

We first express S2 as a ratio of partition func-
tions (free-energy difference): e−S2 = ZA/Z∅, where
ZA ≡ TrA[(TrĀ{e−βH})2], and ∅ denotes the empty
set (no subsystem). Notice that Z∅ = Z2, where
Z = Tr{e−βH)} is the partition function. The power-
ful method that we leverage here for computing the ratio
ZA/Z∅ relies on the fact that one can find an interpo-
lating ensemble Z(λ) where (1) the endpoints are given
by Z(0) = Z∅ and Z(1) = ZA and (2) ratios of the form
Z(λi)/Z(λj) can be computed extremely efficiently.
A very useful distribution satisfying these criteria was

given in Ref. [60];

Z(λ) =
∑
C⊆A

λNC (1− λ)NA−NCZC , (3)

where the sum over C ⊆ A includes all proper subsets
of the set of spins in A, i.e., a number 0 ≤ NC ≤ NA

of any of the spins drawn from the NA spins within A,
including the empty set ∅ and A itself. Clearly property
(1) is satisfied, and (2) can be computed via reweighting
as

Z(λj)

Z(λi)
=

〈(
λj

λi

)NC
(
1− λj

1− λi

)NA−NC
〉

λi

(4)

which is computed in an equilibrium QMC simulation of
the Z(λ) ensemble with λ = λi. During the simulation
spins within the fixed A subregion are added to and re-
moved from the fluctuating set C according to detailed
balance, in addition to the QMC updates; here of the
SSE method described in detail in Ref. [45].

The power of this approach lies in the interpolating dis-
tribution in Eq. (5) that gives a pathway from λ : 0 → 1
along which the total entropy can be computed precisely
for very large systems. This can be done in a number
of ways, including direct estimation of the exponentially
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Figure 2. (a) Size dependence of the EE on rL × L lattices
for r = 1, 2 and smooth cuts of the torus, with the subsystem
containing half of the spins in each case. The results have been
fitted to Eq. (1), including the logarithmic correction that is
not expected in a critical system. (b) The same results with
the fitted area law and constant contributions subtracted off,
using a logarithmic L scale. The square lattices give a =
−0.26(2) and a = −0.63(3) for r = 1, 2, respectively, while
the tilted lattices give a = 0.00(2) and a = 0.004(8).

small ratio ZA/Z∅ = Z(1)/Z(0) using long nonequilib-
rium quenches [37, 60], or by breaking the ratio into a
product of incremental ratios, of the form in Eq. (6),
which can be computed either with equilibrium simu-
lations using numerical integration [63] or with short
nonequilibrium quenches [24, 26, 29]. The latter ap-
proaches are akin to “ratio tricks” employed early on with
the swap operator [54] in the ground state and with the
replica trick at finite temperature [58, 59].

The approach that we employ here also makes use of
the ratio trick by introducing many intermediate equilib-
rium simulations at different values of λ. However, this
approach is significantly simpler than the nonequilibrium
methods (which require frequent re-equilibration of start-
ing configurations and fixing a quench time in advance)
and is also free from numerical integration errors, owing
to the statistically exact Eq. (6). In general we find that
schemes making use of Eq. (5) are at least an order of
magnitude more efficient than traditional methods. They
all have the same efficiency within appropriate limits [64].

Results.—We begin by considering smooth cuts of
rL × L systems. EE results for the both the standard
and tilted lattice orientations, each with aspect ratios
r = 1, 2, are shown in Fig. 2(a) along with fits of the L
dependence to the three-parameter form in Eq. (1). In
Fig. 2(b) we show results with the dominant area law
contribution and constant (i.e., those of the full fitted
curve) subtracted off, using a logarithmic size scale.

In the case of the standard lattice orientation, there is
a logarithmic contribution left, as also found previously
[29, 36], and the coefficient increases by almost a factor 3
when the aspect ratio is changed from r = 1 to r = 2; the
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Figure 3. Results for L×L lattices with subsystem size L/2×
L/2. (a) Size dependence for standard and tilted cuts, along
with fits to Eq. (1). (b) The same results with the fitted
AL and constant subtracted off; the square lattice data are
shifted by c̃ = 1 to facilitate comparison. The fit shown gives
a = −0.23(1) for the square lattice with a downward drift
when dropping small system sizes. For the tilted lattice a =
0.131(5) with no significant size drift. Predicted slopes for the
large-N O(N) CFTs [66] are shown for N = 3 and N = 5.

results for r = 4 are similar to r = 2 and have therefore
not included them in the graph. For the r = 1 lattice
the logarithm agrees with the previous results [24, 26,
29, 36]. In sharp contrast, for the tilted lattice there are
no logarithmic contributions within statistical errors (see
[64] for a discussion of subtle even/odd effects).

Moving on to the cuts with corners, Fig. 3 shows results
for L × L lattices of both types. In Fig. 3(a), the SSE
data and three-parameter fit are shown versus L on a
linear scale, and in Fig. 3(b) we again use a logarithmic L
scale for results with the area law subtracted away. There
are large logarithmic contributions left in both cases, but
with the standard cut the coefficient has the wrong sign
as compared to the CFT expectation, as noted previously
[24–26]. This behavior is expected, given the logarithms
seen for the smooth cut in Fig. 2(b), where the slope for
r = 1 is very close to that in Fig. 3(b). We also note that
the Rényi EE of resonating valence bond wavefunctions
was recently shown to contain a similar logarithmic term
with the wrong sign [65].

For the tilted lattice, the corner coefficient in Fig. 3(b)
has the opposite sign, i.e., in accordance with the CFT.
Remarkably, its magnitude is very close to the value
found for a large-N Wilson-Fisher O(N) CFT critical
point in 2+1 dimensions [66], which equals that in a free
(Gaussian) theory with N components. In Fig. 3(b),
we have drawn a line corresponding to N = 5; specifi-
cally, the predicted coefficient is a ≈ 0.0064875× 4× 5 =
0.12975, where 0.0064875 is the value for a free scalar
field at a single 90◦ corner [66, 67], and we have four cor-
ners and five components. A fit to our SSE data gives
a = 0.131(5), matching the free theory result within sta-

tistical errors.

An SO(5) DQCP has been discussed as a possibility for
the AFM–VBS transition [35, 43, 68], and the distinction
between O(5) and SO(5) is not expected to be significant
here. The form of the 1/N correction is not known, but
in the case of the O(3) transition the value from numer-
ical linked cluster simulations [16] differ by about 15%
from the large-N form with N = 3—we also show the
O(3) prediction in Fig. 3(b) to illustrate the significant
N dependence of the predicted form. In [64] we explore
the corner coefficient for different angles θ ̸= 90◦ where
the qualitative behavior follows the CFT form but with
deviations from the large-N form for small angles.

Discussion.—Taken at face value, the continuum CFT
predictions for the EE corner contributions [13] do not
depend on the microscopic details of how the subsystem
is cut out, only on the macroscopic angles. While we
have no formal analytical support for qualitative differ-
ences between the conventional square and tilted cuts of
the lattice, our numerical results clearly show very dra-
matic effects (similar behavior was also observed recently
in a fermionic model [62]). We have proposed that the
AFM–VBS transition is special in this regard, because
of the VBS dimer fluctuations that are not necessarily
accommodated properly by all cuts. This notion guided
us in exploring the tilted cut, the boundaries of which
treats equally not only the four columnar VBS patterns
but also the four plaquette patterns, whose critical fluc-
tuations in the scenario of emergent U(1) symmetry must
be on par with those of the columnar ones [21]. The stan-
dard square cuts suppress some of these fluctuations in
an effective EE Hamiltonian of the subsystem, thereby,
apparently [36], making visible the Goldstone contribu-
tions of the near-critical J-Q model. A slightly differ-
ent J-Q3 model with stronger first-order behavior was
used in Ref. [36], and we find a consistent CFT corner
logarithm in this model as well [64]. Alternatively, the
conventional EE cuts may induce boundary logarithms
similar to spin chains [1, 11]. With the tilted cut, we
do not find any statistically significant logarithms in the
absence of corners, and the corner contributions are fully
compatible with an SO(5) CFT [66].

The critical exponents in the J-Q and loop models were
believed to be in conflict with exponent bounds for a
generic SO(5) DQCP, obtained using the CFT bootstrap
method [69]. However, it was proposed [53] that this issue
would become moot if a continuous AFM–VBS transition
in the lattice models were to actually be realized only
at a fine-tuned multicritical point (in practice, in very
close proximity to such a point). Indeed, very recently
a numerical CFT bootstrap calculation confirmed that a
multicritical SO(5) CFT is possible, given one input ex-
ponent from previous lattice calculations [44]. Thus, our
results can be taken as further support for this scenario.

We do not expect the tilted lattice to remove all Gold-
stone contributions from an ultimately long-range or-
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dered coexistence state. Indeed, in the Heisenberg model,
which we have also studied, the expected logarithmic
form is is observed. Most likely, the tilted cut merely
suppresses the finite-size ordering due to the compati-
bility of its boundaries with all AFM and VBS critical
fluctuations; in contrast, the standard cut does not fully
accommodate the VBS fluctuations and thereby may act
as to amplify the finite-size ordering.

For very large system sizes, we ultimately expect to
observe the Goldstone logarithms also with the tilted cut,
However, the SO(5) coexistence state also eventually will
be broken down to coexistence of SO(3) AFM and Z4

VBS states; thus, the system will eventually only have
two gapless Goldstone modes.

In Refs. 24–26, and 29, the negative corner coefficient
and smooth-cut logarithm found with the standard sub-
systems formed the basis of various speculations of non-
CFT nature of the AFM–VBS transition, and the results
were also used in an attempt to explain the absence of
a DQCP in high-pressure experiments on SrCu2(BO3)2
[70] (while other experiments support a proximate DQCP
[71]). In light of our results presented here, the scenario
of an SO(5) tri-critical point [44] located extremely close
to the transition in the J-Q model (and in many other
systems) appears much more likely. In this scenario, scal-
ing governed by the underlying CFT is manifested up to
very large length scales, below which the ultimately sta-
bilized coexisting weak AFM and VBS long-range orders
are largely inconsequential. The CFT bootstrap calcula-
tions [44] suggest that the tri-critical point is that of a
conventional unitary CFT, at variance with the proposal
of an inaccessible non-unitary CFT [68]. Further work on
lattice models will be required to positively discriminate
between these scenarios.
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[54] M. B. Hastings, I. González, A. B. Kallin, and R. G.
Melko, Measuring Renyi Entanglement Entropy in Quan-
tum Monte Carlo Simulations, Phys. Rev. Lett. 104,
157201 (2010).

[55] P. B. Buividovich and M. I. Polikarpov, Nucl. Phys. B
802, 458 (2008).

[56] R. G. Melko, A. B. Kallin, and M. B. Hastings, Finite-
size scaling of mutual information in Monte Carlo simu-
lations: Application to the spin-1/2 XXZ model, Phys.
Rev. B 82, 100409(R) (2010).

[57] S. V. Isakov, M. B. Hastings, R. G. Melko, Topological
Entanglement Entropy of a Bose-Hubbard Spin Liquid,
Nat. Phys. 7, 772 (2011).

[58] S. Humeniuk and T. Roscilde, Quantum Monte Carlo
calculation of entanglement Reńyi entropies for generic
quantum systems, Phys. Rev. B 86, 235116 (2012).

[59] B. Kulchytskyy, C. M. Herdman, S. Inglis, and R. G.
Melko, Detecting Goldstone modes with entanglement
entropy, Phys. Rev. B 92, 115146 (2015).

[60] J. D’Emidio, Entanglement Entropy from Nonequilib-
rium Work, Phys. Rev. Lett. 124, 110602 (2020).

[61] V. Alba, Out-of-equilibrium protocol for Réniy entropies
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SUPPLEMENTAL MATERIAL

I. Details on equilibrium algorithm for computing S2

II. Edge effects of the λ protocol

III. Dependence on the number of intermediate λ
values

IV. Comparing the efficiency of the nonequilibrium,
nonequilibrium increment, and equilibrium methods

V. Even-odd effects of the tilted square lattice

VI. Corner logs at the DQCP with angle θ ̸= 90◦

VII. Corner entanglement in the J-Q3 and J-Q4

models

VIII. QMC versus ED

I. DETAILS ON EQUILIBRIUM ALGORITHM
FOR COMPUTING S2

Here we outline in more detail the algorithm used for
computing S2 in this work. This is an equilibrium vari-
ant of the nonequilibrium approach originally introduced
in [60]. In fact, this equilibrium variant was recently de-
veloped in order to compute S2 in fermionic systems [62],
while we use it here for the first time in the context of
quantum spin systems.

Figure 4. Left: an example SSE configuration [45] of an L = 6
chain in the Z∅ = Z2 ensemble, consisting of two independent
traces over the entire system. Right: an SSE configuration in
the ZA ensemble, consisting of a single trace in the A region
(here the left three sites) and two traces in the region Ā (the
right three sites).

The starting point for these simulations is the so-called
“replica trick” [2], where one implements the subsystem
trace (boundary condition in imaginary time) according
to the definition of the Rényi entanglement entropies
(EE) with integer index: e−(n−1)Sn = Tr(ρnA), where
ρA = TrĀ(e

−βH)/Z and Z is the partition function. For
S2 we must compute Tr(ρ2A) ≡ ZA/Z∅, where ZA is a
replicated partition function where the region Ā is traced
twice and Z∅ = Z2 (all sites are traced twice), see Fig.
4.

The Rényi EE can be regarded as the free energy dif-
ference between the Z∅ and ZA ensembles. QMC sim-
ulations typically need to be able to move between con-
figurations contained in both ensembles or order to es-
timate this free energy difference. In the past, jumping
between ensembles was analogous to flipping a switch and
changing ensembles whenever the trace condition in the
A region would allow it [58]. The approach that we adopt
here is rather akin to introducing a dimmer switch, where
one can gradually tune between these two ensembles as
a function of a continuous parameter 0 < λ < 1.

A very efficient interpolating ensemble of this kind was
introduced in Ref. [60], and is given by

Z(λ) =
∑
C⊆A

λNC (1− λ)NA−NCZC , (5)

Where the sum over the regions C contains all proper
subsets of the region A, and NC and NA are the number
of sites in C and A, respectively. ZC is a replica partition
function with C traced once and C̄ traced twice (for the
second Rényi entropy).
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Figure 5. Different configurations of the single-trace sites (re-
gion C) taken from three actual simulations of an L = 8 tilted
square lattice with λ = 0.2, 0.4, 0.6, 0.8 (15 different λ’s were
used for the actual S2 computation). The single-trace C sites
are colored black and all other sites in white are traced twice.

The motivation for this ensemble is to consider each
site of the A subsystem individually, and allow it to be
traced either once with a weight factor λ or traced twice
with a weight factor 1− λ. This way tuning from λ = 0
to 1 continuously moves from the Z∅ ensemble to the ZA

ensemble, and each site in the A region may stochasti-
cally change its trace condition independent of the other
sites. When one expands this λ weighting as a product
over all sites in the A region, one obtains Eq. (5).

QMC simulations of the Z(λ) ensemble are similar to
standard SSE simulations, except for the extra update
that allows the trace condition on each site of the A re-
gion to change depending on if the spin state for this site
matches between the different replicas. Since this match-
ing condition is only required at the level of individual
sites in the A region it is very often satisfied. The trace
condition of each site can then be modified according to
the ratio of the λ weight factors satisfying detailed bal-
ance.

The variant of this approach that we use here for the
first time with the SSE algorithm is to simulate the Z(λ)
ensemble in equilibrium at various λ values between 0
and 1. The only important quantity for these computa-
tions is the value of NC , or the number of single-trace
sites, see Fig. 5. Thinking in terms of histograms of the
NC values in each simulation, the different λ simulations
form a bridge of overlapping histograms of NC that leads

from NC = 0 to NC = NA, allowing for highly efficient
computations of the free energy difference between the
endpoint ensembles (Z∅ and ZA, respectively).
The formula that allows for such computations is the

estimator for the partition function ratio at two nearby
λ values, given by

Z(λj)

Z(λi)
=

〈(
λj

λi

)NC
(
1− λj

1− λi

)NA−NC
〉

λi

. (6)

This formula comes from a simple reweighting of Eq. (5)
that transforms the weight factors of the Z(λi) ensemble
to those of the Z(λj) ensemble.
An important point is that this formula is only appli-

cable when 0 < λi < 1, i.e. the actual simulation must
be done at some intermediate values of λ, and one never
simulates the Z(0) = Z∅ or Z(1) = ZA ensembles. It is
instructive to see how the formula works when computing
S2 based on a single intermediate simulation at λ = λm

(for instance this could be λm = 1/2, but we choose to
keep it general here). The goal is to compute ZA

Z∅
. Using

our single intermediate state this becomes

ZA

Z∅
=

Z(1)

Z(λm)

Z(λm)

Z(0)
. (7)

Note that Eq. (6) can only be used when λi appearing
in the denominator (the one actually being simulated)
is neither 0 nor 1. So we cannot evaluate Z(λm)/Z(0)
and must instead compute its inverse and later invert
it. Focusing first on the computation of Z(1)/Z(λm),
we see that Eq. (6) gives zero if NC ̸= NA, otherwise
it gives 1/λNA

m . Combining this information we have
Z(1)/Z(λm) = nA/λ

NA
m , where nA is the average num-

ber of times the region C = A. In this same way we have
Z(0)/Z(λm) = n∅/(1− λm)NA . Finally, combining this
we have

ZA

Z∅
=

(
1− λm

λm

)NA nA

n∅
, (8)

which simplifies to nA/n∅ when λm = 1/2.
Readers familiar with QMC computations of the Rényi

EE will recognize the previous formula ZA/Z∅ = nA/n∅,
which is the same as in the popular approach put forward
in Ref. [58], but here appearing in a different context. In
Ref. [58] transitions are made between the ZA and Z∅
ensemble whenever the trace condition in the entire A
region matches between the Rényi replicas (when it is
possible to join or split the traces). This becomes ex-
ponentially improbable with the size of the region NA,
so one must introduce intermediate ensembles where the
region A is incrementally built up [54]. Similarly here,
a single simulation (say at λm = 1/2) is exponentially
unlikely to find itself in the configuration C = A, since
this probability for an uncorrelated ensemble is given by
λNA
m . Similarly the probability for C = ∅ is given by
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Figure 6. Comparing the stochastic error generated when us-
ing a linear versus a sin2 λ discretization. The linear protocol
shows noticeable spikes in the QMC error bar coming from
the endpoints.

(1 − λm)NA . So, as in previous approaches, we must in-
troduce more intermediate states, which is conceptually
clear given that our single simulation starting point be-
gins already with an intermediate state at 0 < λm < 1.

We end this section by noting that it is advantageous
to not directly compute the estimator in Eq. (6) directly
during the QMC simulations, as this requires knowledge
of the different λ values in advance. Instead, we store
a histogram of the values of NC that are encountered
throughout the course of each of the simulations. This
allows Eq. (6) to be applied in post-processing for arbi-
trary values of λj in the numerator ensemble. This allows
for the grid of λ values to be later refined by adding more
simulations if one desires.

II. EDGE EFFECTS OF THE λ PROTOCOL

We have seen that one must introduce many interme-
diate states (with different λ values between 0 and 1) and
use Eq. (6) to compute each factor in the ratio

ZA

Z∅
=

Z(λ1)

Z(0)

Z(λ2)

Z(λ1)
. . .

Z(1)

Z(λN )
. (9)

Here we will take a closer look at the stochastic error
generated in the computation of each factor individually,
and how this depends on the way the λ values are spaced
(the protocol).

We find that when using a linear grid of λ values, λi =
i/(Nλ + 1) with i = 1, .., Nλ, the endpoint ratios tend
to generate much more stochastic error than the interior
ratios. In order to avoid this, we instead use a λ grid

that is smooth near the endpoints, given by

λi = sin2
(

iπ/2

Nλ + 1

)
, i = 1, .., Nλ. (10)

The comparison of these two protocols is given in Fig.
6. The upper panels show the entropy increments asso-
ciated with each factor (the sum of which give the total
entropy) for andLx = 32, Ly = 16 square lattice Heisen-
berg model. The points in red (left panels) use a dis-
cretization of Nλ = 24 and the blue points (right panels)
use a discretization of Nλ = 48. The bottom panels show
the QMC error bar generated from each of the segments.
We observe a notable spike near λ = 0, 1 with the lin-
ear protocol, whereas sin2 gives errors that taper off near
the endpoints. In the end the total error of S2 is usu-
ally comparable between these two protocols when Nλ

is large, but for smaller discretizations sin2 gives better
results. Throughout this work we have used the sin2 pro-
tocol.

III. DEPENDENCE ON THE NUMBER OF
INTERMEDIATE λ VALUES

Here we investigate in further detail the dependence
on the number of intermediate λ values (Nλ) used in the
equilibrium method. To show this we take tilted lattice
systems at the DQCP (J = 0.04502, Q = 1 and β = L)
and compute the half-system S2. This is done indepen-
dently as a function of the number of λ values Nλ (sin2

protocol). We also fix the total number of measurement
sweeps to be the same between all of these computations.
This is shown in Fig. 7, where we show S2/L as a func-
tion of Nλ for L = 8, 16. We notice that the QMC error
bar is initially large when Nλ is small, but for larger Nλ

the error bars essentially remain constant. Thus for large
enough Nλ adding more λ values does not change the effi-
ciency. This coincides with the overlap of the histograms
of NC between neighboring λ values. These histograms
are depicted for four different data points indicated with
arrows. We see that a large error bar is generated when
the histograms have relatively small overlap. Once the
histograms are reasonably well overlapped, the error bars
are essentially converged. We note that the sufficient Nλ

for converged error bars is small compared the the values
of Nλ that we have used in this work. Typically we take
Nλ ∝ Lα with α ∈ [1.2, 1.4].

IV. COMPARING THE EFFICIENCY OF THE
NONEQUILIBRIUM, NONEQUILIBRIUM

INCREMENT, AND EQUILIBRIUM METHODS

In this section we make a direct comparison of the
various methods for computing S2 that make use of the
Z(λ) ensemble. In the original nonequilibrium algorithm
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Figure 7. Comparing independent computations of S2 using
different numbers of intermediate λ values (Nλ). The his-
tograms are values of NC encountered during the Nλ different
simulations that go into each data point.

(Neql) [60] one performs a nonequilibrium quench by
varying λ from 0 to 1 in a single QMC simulation and
computes the work performed in the process. Jarzyn-
ski’s equality (using the average of the exponential of the
work) gives a statistically exact estimator for the Rényi
entanglement entropy. A variant of this approach is to
break the quench up into separate chunks (increments)
and to compute these separately [24]. We refer to this as
the nonequilibrium increment (Neql-Inc) approach. Fi-
nally we have the equilibrium method (Eql) that we use
in this work.

Before comparing these three methods directly, we first
would like to demonstrate the performance of the original
Neql approach, and see how it depends on the quench
time Nt. We will show this for the Néel state (Q = 0)
as well as at the DQCP. In Fig. 8 we show S2 obtained
with the original Neql approach for an Lx = 32, Ly =
16 square lattice system (β = 32) as a function of the
quench time Nt in the Néel phase (J = 1, Q = 0) and
at the DQCP (J = 0.04502, Q = 1). We used 1000 re-
equilibration sweeps of our initial starting configurations
before each nonequilibrium realization. In each case the
total number of measurement sweeps (Nt ×Nbin) is held
fixed, so the same amount of CPU measurement time is
spent for each data point. At least for the Néel phase,
we only see a potential slight bias when Nt is made small
(Nt < 104). Typically this method works best when
Nt is made much larger and is essentially in the quasi-
static regime. In this regime, the average of the work and
the Jarzynski estimator give essentially the same value.
Nevertheless, even for much shorter quench times, as we
show here, we find that accurate results can be obtained.
As a comparison, in the lower panel of Fig. 8 we show the
average work, which massively overestimates the entropy

103 104
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Figure 8. The convergence of the original nonequilibrium
(Neql) algorithm as a function of the quench time, in both
the Néel phase and at the DQCP. Here we find fast conver-
gence of the Jarzyski estimator for S2 with a potential bias for
very small Nt. Even though unbiased results can be obtained
for small Nt, as shown here, it is typically best to work in
the limit where Nt is much larger. In this limit the Jarzynski
estimator and the average work (bottom panel) give the same
value.
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Figure 9. A comparison of three different variants of S2 com-
putations using the Z(λ) ensemble in the Néel phase (J = 1
Q = 0) and at the DQCP (J = 0.04502 Q = 1) for the half-
entropy of an Lx = 32, Ly = 16 square lattice system with
β = 32. We observe that all methods are equally efficient,
as shown by comparable error bars given an equal number of
measurement sweeps. We note that the original Neql method
with a short (Nt = 104) nonequilibrium quench time performs
well compared to the other techniques.

for these short quench times.
Now we wish to compare all three methods side by side

using exactly the same number of measurement sweeps in
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Figure 10. The different finite size scaling behavior of even
versus odd size tilted lattices at the DQCP, for a smooth
half-cylinder cut. The even systems seem to produce a small
logarithmic contribution, as observed in panel (b) with fitted
form Seven

2 = 0.8372(5)L + 0.04(1) ln(L) − 0.40(2). The odd
sizes show a complete absence of any corrections to scaling
beyond the area law. For the odd sizes a linear plus log fit
gives Sodd

2 = 0.8374(6)L − 0.01(1) ln(L) − 0.46(2). For the
odd sizes depicted here we have forced a pure area law fit,
and panel (b) shows shows the residual of the fit.

each case. This is shown in Fig. 9, both in the Néel phase
and at the DQCP. Again we focus on an Lx = 32, Ly = 16
system with β = 32 as before. Here we fix a relatively
short quench time of Nt = 104 for the Neql approach,
and for the Neql-Inc approach we use Nt = 104 for each
of 24 different λ windows between 0 and 1 (this gives an
effective quench time of 24× 104). For the Eql approach
we simulate Nλ = 48 different equilibrium λ values with
the sin2 protocol. For each of the methods the number
of measurement bins is adjusted so that the exact same
number of measurement sweeps is used in each case. Fig.
9 shows the computed values of S2 in each case, as com-
pared to grey bars which are the result of more precise
runs using the Eql technique. We conclude that all three
methods give essentially the same efficiency (QMC error
bar) and are all statistically consistent in value. We find
that any of the methods can fail when either the quench
time is made unreasonably short or if equilibrium sim-
ulations are spaced too far apart. However when these
parameters are increased, the error bars quickly converge
and are consistent between all methods.

V. EVEN-ODD EFFECTS OF THE TILTED
SQUARE LATTICE

We now discuss a subtlety that is present in our tilted
square lattice systems: the presence of an even/odd sys-
tem size effect. Since the tilted lattice is defined with a
two site unit cell, it is bipartite with periodic boundaries
for both even and odd sizes L. In Fig. 10 we show S2
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Figure 11. The differences between even and odd systems with
regard to the corner coefficient. A shift of c̃ = 0.2 is given to
the odd sizes for ease of comparison. Here odd sizes give a cor-
ner coefficient a = 0.133(7) and even sizes give a = 0.136(3)
both in agreement with the large-N SO(5) value. The full fit-
ted forms shown here are Sodd

2 = 0.8362(4)L−0.133(7) ln(L)−
0.45(1) and Seven

2 = 0.8383(2)L− 0.136(3) ln(L)− 0.722(5).

for a smooth (half cylinder) cut on the tilted lattice at
the DQCP, looking at the differences between even sizes
versus odd sizes. We observe a small even/odd oscillation
in the raw data and, regarding the two series separately,
we see a small positive logarithmic contribution that can
be detected here for even sizes. This is shown in panel
(b) by subtracting off the area law piece after a linear
plus log three-parameter fit. We observe that the odd
size data seems to show a complete absence of any loga-
rithmic piece.

The fact that such differences can arise when studying
even versus odd system sizes on the tilted lattice causes
concern about the accuracy of the extracted corner coef-
ficient presented in the main text. Here we compare even
versus odd sizes when computing S2 for a square region
(L/2 × L/2) on an L × L tilted square lattice. This is
shown in Fig. 11, where we depict how the square entan-
gling region is defined for odd sizes in the left panel (us-
ing an L = 5 system as an example). Again here we find
that even/odd oscillations are present in S2, although
this is somewhat less surprising in this case given that
the entangling region is defined differently for the odd
sizes. We again treat the even and odd series separately
and perform three parameter fits to linear plus logarith-
mic terms. These extracted log terms are revealed in the
right panel, where we see that both series produce nearly
identical (critical) logarithmic pieces, both agreeing with
the large-N SO(5) value shown by the dashed line.
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Figure 12. (a): A lattice with a four site unit cell (unit cells
shown in light green). Here L1 = L2 = 8. (b): A lattice with
a six site unit cell (L1 = L2 = 6).

VI. CORNER LOGS AT THE DQCP WITH
ANGLE θ ̸= 90◦

By using the tilted square lattice, with a two site unit
cell, we naturally make 45◦ cuts of the square lattice and
make our subsystems a fixed proportion (e.g. L/2×L/2
unit cells) of the total system size. We can also generalize
this to larger unit cells of sites, arranged along a line, such
that L/2×L/2 subsystems define a parallelogram region
where the angles are different from 90◦ degrees. We wish
to investigate this here, in order to get a broader sense
for the behavior of the corner logarithmic coefficient at
the DQCP as a function of the angle.

In Fig. 12 we show the lattices that we use here to
explore different angles, using a four site unit cell and
six site unit cell in panel (a) and (b), respectively. The
need for even numbers of sites in the unit cell, for this
definition, is to avoid making cuts that prefer certain
VBS patterns over others.

In Fig. 13 we show the angular dependence of the ex-
tracted corner coefficients at the DQCP from the four
site and six site unit cell lattices, along with the two site
unit cell tilted lattice in the main text. The inset shows
the total logarithmic contribution coming from all cor-
ners (two at θ and two at π − θ) after the area law piece
is subtracted away, along with the fit. The numerical
values for the coefficients are plotted in the main panel.
The total logarithmic contribution grows in magnitude
as the acute angle decreases, with the six site unit cell
lattice (θ ≈ 36◦) giving the largest total contribution.
This is compared with the theoretical prediction for a 5
component scalar field [67] given by the dashed line.

We find that in the small angle case, there are
statistically significant deviations away from the large-N
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Figure 13. The corner coefficients (main panel) as a function
of the acute angle θ, along with the numerical fits to the log
term in the inset. We find that the small angle is significantly
larger than the large-N SO(5) form (dashed line), but that the
correct overall behavior of the total logarithmic contribution
is observed.
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Figure 14. The Rényi EE scaling of square subsystems at
the deconfined quantum critical point in the J-Q3 and J-
Q4 models using tilted lattices. For Lmin = 10 to Lmax =
48 pictured here, the fit for the J-Q3 model gives SJ-Q3

2 =
0.840(1)L− 0.13(2) ln(L)− 0.74(5) and the J-Q4 model gives

SJ-Q4
2 = 0.8165(6)L− 0.16(1) ln(L)− 0.64(2).

SO(5) form. While it is difficult to know if all lattice
effects have been controlled for, we believe this to be
a significant result. Indeed, it is not expected that the
corner term should match perfectly the N = 5 form.
Importantly, we do find the correct dependence in terms
of an increasing corner coefficient from small angles.
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S3 : QMC
<latexit sha1_base64="6qBE/rMRf1o2Eel8xxp02PbtV7Q=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyooLgqduNGaNE+oB2GTJppQ5PMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPbu831ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGNczv/NApKKRuNeTmHgcDQUNKUbaSL5dvvPPrmCfIz2SPG3e1qe+XXGqzgxwmbg5qYAcDd/+6g8inHAiNGZIqZ7rxNpLkdQUMzIt9RNFYoTHaEh6hgrEifLSWfQpPDbKAIaRNE9oOFN/b6SIKzXhgZnMMqpFLxP/83qJDi+9lIo40UTg+aEwYVBHMOsBDqgkWLOJIQhLarJCPEISYW3aKpkS3MUvL5P2adV1qm7zvFK7zusogkNwBE6ACy5ADdyABmgBDB7BM3gFb9aT9WK9Wx/z0YKV7xyAP7A+fwA4QZNS</latexit><latexit sha1_base64="6qBE/rMRf1o2Eel8xxp02PbtV7Q=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyooLgqduNGaNE+oB2GTJppQ5PMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPbu831ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGNczv/NApKKRuNeTmHgcDQUNKUbaSL5dvvPPrmCfIz2SPG3e1qe+XXGqzgxwmbg5qYAcDd/+6g8inHAiNGZIqZ7rxNpLkdQUMzIt9RNFYoTHaEh6hgrEifLSWfQpPDbKAIaRNE9oOFN/b6SIKzXhgZnMMqpFLxP/83qJDi+9lIo40UTg+aEwYVBHMOsBDqgkWLOJIQhLarJCPEISYW3aKpkS3MUvL5P2adV1qm7zvFK7zusogkNwBE6ACy5ADdyABmgBDB7BM3gFb9aT9WK9Wx/z0YKV7xyAP7A+fwA4QZNS</latexit><latexit sha1_base64="6qBE/rMRf1o2Eel8xxp02PbtV7Q=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyooLgqduNGaNE+oB2GTJppQ5PMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPbu831ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGNczv/NApKKRuNeTmHgcDQUNKUbaSL5dvvPPrmCfIz2SPG3e1qe+XXGqzgxwmbg5qYAcDd/+6g8inHAiNGZIqZ7rxNpLkdQUMzIt9RNFYoTHaEh6hgrEifLSWfQpPDbKAIaRNE9oOFN/b6SIKzXhgZnMMqpFLxP/83qJDi+9lIo40UTg+aEwYVBHMOsBDqgkWLOJIQhLarJCPEISYW3aKpkS3MUvL5P2adV1qm7zvFK7zusogkNwBE6ACy5ADdyABmgBDB7BM3gFb9aT9WK9Wx/z0YKV7xyAP7A+fwA4QZNS</latexit><latexit sha1_base64="6qBE/rMRf1o2Eel8xxp02PbtV7Q=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsyooLgqduNGaNE+oB2GTJppQ5PMkGSUMvZT3LhQxK1f4s6/MdPOQlsPBA7n3Ms9OUHMqNKO820VVlbX1jeKm6Wt7Z3dPbu831ZRIjFp4YhFshsgRRgVpKWpZqQbS4J4wEgnGNczv/NApKKRuNeTmHgcDQUNKUbaSL5dvvPPrmCfIz2SPG3e1qe+XXGqzgxwmbg5qYAcDd/+6g8inHAiNGZIqZ7rxNpLkdQUMzIt9RNFYoTHaEh6hgrEifLSWfQpPDbKAIaRNE9oOFN/b6SIKzXhgZnMMqpFLxP/83qJDi+9lIo40UTg+aEwYVBHMOsBDqgkWLOJIQhLarJCPEISYW3aKpkS3MUvL5P2adV1qm7zvFK7zusogkNwBE6ACy5ADdyABmgBDB7BM3gFb9aT9WK9Wx/z0YKV7xyAP7A+fwA4QZNS</latexit>

S4 : QMC
<latexit sha1_base64="YLOQbWBDCZjGe9X7ZDOGMGzvoag=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsxIQXFV7MaN0KJ9QDsMmTTThiaZIckoZeynuHGhiFu/xJ1/Y6adhbYeCBzOuZd7coKYUaUd59sqrK1vbG4Vt0s7u3v7B3b5sKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMGlkfveBSEUjca+nMfE4GgkaUoy0kXy7fOfXruCAIz2WPG3dNma+XXGqzhxwlbg5qYAcTd/+GgwjnHAiNGZIqb7rxNpLkdQUMzIrDRJFYoQnaET6hgrEifLSefQZPDXKEIaRNE9oOFd/b6SIKzXlgZnMMqplLxP/8/qJDi+9lIo40UTgxaEwYVBHMOsBDqkkWLOpIQhLarJCPEYSYW3aKpkS3OUvr5LOedV1qm6rVqlf53UUwTE4AWfABRegDm5AE7QBBo/gGbyCN+vJerHerY/FaMHKd47AH1ifPznTk1M=</latexit><latexit sha1_base64="YLOQbWBDCZjGe9X7ZDOGMGzvoag=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsxIQXFV7MaN0KJ9QDsMmTTThiaZIckoZeynuHGhiFu/xJ1/Y6adhbYeCBzOuZd7coKYUaUd59sqrK1vbG4Vt0s7u3v7B3b5sKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMGlkfveBSEUjca+nMfE4GgkaUoy0kXy7fOfXruCAIz2WPG3dNma+XXGqzhxwlbg5qYAcTd/+GgwjnHAiNGZIqb7rxNpLkdQUMzIrDRJFYoQnaET6hgrEifLSefQZPDXKEIaRNE9oOFd/b6SIKzXlgZnMMqplLxP/8/qJDi+9lIo40UTgxaEwYVBHMOsBDqkkWLOpIQhLarJCPEYSYW3aKpkS3OUvr5LOedV1qm6rVqlf53UUwTE4AWfABRegDm5AE7QBBo/gGbyCN+vJerHerY/FaMHKd47AH1ifPznTk1M=</latexit><latexit sha1_base64="YLOQbWBDCZjGe9X7ZDOGMGzvoag=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsxIQXFV7MaN0KJ9QDsMmTTThiaZIckoZeynuHGhiFu/xJ1/Y6adhbYeCBzOuZd7coKYUaUd59sqrK1vbG4Vt0s7u3v7B3b5sKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMGlkfveBSEUjca+nMfE4GgkaUoy0kXy7fOfXruCAIz2WPG3dNma+XXGqzhxwlbg5qYAcTd/+GgwjnHAiNGZIqb7rxNpLkdQUMzIrDRJFYoQnaET6hgrEifLSefQZPDXKEIaRNE9oOFd/b6SIKzXlgZnMMqplLxP/8/qJDi+9lIo40UTgxaEwYVBHMOsBDqkkWLOpIQhLarJCPEYSYW3aKpkS3OUvr5LOedV1qm6rVqlf53UUwTE4AWfABRegDm5AE7QBBo/gGbyCN+vJerHerY/FaMHKd47AH1ifPznTk1M=</latexit><latexit sha1_base64="YLOQbWBDCZjGe9X7ZDOGMGzvoag=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqsxIQXFV7MaN0KJ9QDsMmTTThiaZIckoZeynuHGhiFu/xJ1/Y6adhbYeCBzOuZd7coKYUaUd59sqrK1vbG4Vt0s7u3v7B3b5sKOiRGLSxhGLZC9AijAqSFtTzUgvlgTxgJFuMGlkfveBSEUjca+nMfE4GgkaUoy0kXy7fOfXruCAIz2WPG3dNma+XXGqzhxwlbg5qYAcTd/+GgwjnHAiNGZIqb7rxNpLkdQUMzIrDRJFYoQnaET6hgrEifLSefQZPDXKEIaRNE9oOFd/b6SIKzXlgZnMMqplLxP/8/qJDi+9lIo40UTgxaEwYVBHMOsBDqkkWLOpIQhLarJCPEYSYW3aKpkS3OUvr5LOedV1qm6rVqlf53UUwTE4AWfABRegDm5AE7QBBo/gGbyCN+vJerHerY/FaMHKd47AH1ifPznTk1M=</latexit>

S4 : ED
<latexit sha1_base64="0eIQA5BrkVo0Ns6pHxw8IJqOnAw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQiKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6u0srq2vlHerGxt7+zu2fsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0Ho5vcb4+pVCyOnvQkoZ7Ag4iFjGBtJN+2H/3zK9QTWA+lyO5up75ddWrODGiZuAWpQoGGb3/1+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0YpQ+CmNpXqTRTP29kWGh1EQEZjKPqBa9XPzP66Y6vPQyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyMmmd1Vyn5j6cV+vXRR1lOIJjOAUXLqAO99CAJhAYwzO8wpuVWS/Wu/UxHy1Zxc4h/IH1+QOJoZLx</latexit><latexit sha1_base64="0eIQA5BrkVo0Ns6pHxw8IJqOnAw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQiKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6u0srq2vlHerGxt7+zu2fsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0Ho5vcb4+pVCyOnvQkoZ7Ag4iFjGBtJN+2H/3zK9QTWA+lyO5up75ddWrODGiZuAWpQoGGb3/1+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0YpQ+CmNpXqTRTP29kWGh1EQEZjKPqBa9XPzP66Y6vPQyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyMmmd1Vyn5j6cV+vXRR1lOIJjOAUXLqAO99CAJhAYwzO8wpuVWS/Wu/UxHy1Zxc4h/IH1+QOJoZLx</latexit><latexit sha1_base64="0eIQA5BrkVo0Ns6pHxw8IJqOnAw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQiKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6u0srq2vlHerGxt7+zu2fsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0Ho5vcb4+pVCyOnvQkoZ7Ag4iFjGBtJN+2H/3zK9QTWA+lyO5up75ddWrODGiZuAWpQoGGb3/1+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0YpQ+CmNpXqTRTP29kWGh1EQEZjKPqBa9XPzP66Y6vPQyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyMmmd1Vyn5j6cV+vXRR1lOIJjOAUXLqAO99CAJhAYwzO8wpuVWS/Wu/UxHy1Zxc4h/IH1+QOJoZLx</latexit><latexit sha1_base64="0eIQA5BrkVo0Ns6pHxw8IJqOnAw=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQiKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFth4YOJxzL/fMCRLOlHacb6u0srq2vlHerGxt7+zu2fsHLRWnktAmiXksOwFWlLOINjXTnHYSSbEIOG0Ho5vcb4+pVCyOnvQkoZ7Ag4iFjGBtJN+2H/3zK9QTWA+lyO5up75ddWrODGiZuAWpQoGGb3/1+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0YpQ+CmNpXqTRTP29kWGh1EQEZjKPqBa9XPzP66Y6vPQyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyMmmd1Vyn5j6cV+vXRR1lOIJjOAUXLqAO99CAJhAYwzO8wpuVWS/Wu/UxHy1Zxc4h/IH1+QOJoZLx</latexit>

S3 : ED
<latexit sha1_base64="gUVETz1g/SIBAIM9Do8MrDIRq+s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQqKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFVg8MHM65l3vmBAlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut8dUKhZHj3qSUE/gQcRCRrA2km/bD/7pJeoJrIdSZLc3U9+uOjVnBvSXuAWpQoGGb3/2+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0ZJQ+CmNpXqTRTP25kWGh1EQEZjKPqBa9XPzP66Y6vPAyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyX9I6qblOzb0/q9avijrKcACHcAwunEMd7qABTSAwhid4gVcrs56tN+t9Plqyip19+AXr4xuIEJLw</latexit><latexit sha1_base64="gUVETz1g/SIBAIM9Do8MrDIRq+s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQqKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFVg8MHM65l3vmBAlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut8dUKhZHj3qSUE/gQcRCRrA2km/bD/7pJeoJrIdSZLc3U9+uOjVnBvSXuAWpQoGGb3/2+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0ZJQ+CmNpXqTRTP25kWGh1EQEZjKPqBa9XPzP66Y6vPAyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyX9I6qblOzb0/q9avijrKcACHcAwunEMd7qABTSAwhid4gVcrs56tN+t9Plqyip19+AXr4xuIEJLw</latexit><latexit sha1_base64="gUVETz1g/SIBAIM9Do8MrDIRq+s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQqKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFVg8MHM65l3vmBAlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut8dUKhZHj3qSUE/gQcRCRrA2km/bD/7pJeoJrIdSZLc3U9+uOjVnBvSXuAWpQoGGb3/2+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0ZJQ+CmNpXqTRTP25kWGh1EQEZjKPqBa9XPzP66Y6vPAyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyX9I6qblOzb0/q9avijrKcACHcAwunEMd7qABTSAwhid4gVcrs56tN+t9Plqyip19+AXr4xuIEJLw</latexit><latexit sha1_base64="gUVETz1g/SIBAIM9Do8MrDIRq+s=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQqKK6KD3BZ0T6gDWEynbRDZ5IwMymU0D9x40IRt/6JO//GSZuFVg8MHM65l3vmBAlnSjvOl1VaWl5ZXSuvVzY2t7Z37N29lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0XXut8dUKhZHj3qSUE/gQcRCRrA2km/bD/7pJeoJrIdSZLc3U9+uOjVnBvSXuAWpQoGGb3/2+jFJBY004Viprusk2suw1IxwOq30UkUTTEZ4QLuGRlhQ5WWz5FN0ZJQ+CmNpXqTRTP25kWGh1EQEZjKPqBa9XPzP66Y6vPAyFiWpphGZHwpTjnSM8hpQn0lKNJ8YgolkJisiQywx0aasiinBXfzyX9I6qblOzb0/q9avijrKcACHcAwunEMd7qABTSAwhid4gVcrs56tN+t9Plqyip19+AXr4xuIEJLw</latexit>

2.047455863
<latexit sha1_base64="jZuHSImO+tF5idYsg611DjabpR8=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4CkltbY9FLx4r2A9IQ9lsN+3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFcg+N8WxubW9s7u4W94v7B4dFx6eS0o2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g0md3O/+8SU5jJ+hGnC/IiMYh5ySsBIXsV2qvVqrda4uR6Uyo7tLIDXiZuTMsrRGpS++kNJ04jFQAXR2nOdBPyMKOBUsFmxn2qWEDohI+YZGpOIaT9bnDzDl0YZ4lAqUzHghfp7IiOR1tMoMJ0RgbFe9ebif56XQtjwMx4nKbCYLheFqcAg8fx/POSKURBTQwhV3NyK6ZgoQsGkVDQhuKsvr5NOxXYd232olpu3eRwFdI4u0BVyUR010T1qoTaiSKJn9IreLLBerHfrY9m6YeUzZ+gPrM8fDLOPIg==</latexit><latexit sha1_base64="jZuHSImO+tF5idYsg611DjabpR8=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4CkltbY9FLx4r2A9IQ9lsN+3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFcg+N8WxubW9s7u4W94v7B4dFx6eS0o2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g0md3O/+8SU5jJ+hGnC/IiMYh5ySsBIXsV2qvVqrda4uR6Uyo7tLIDXiZuTMsrRGpS++kNJ04jFQAXR2nOdBPyMKOBUsFmxn2qWEDohI+YZGpOIaT9bnDzDl0YZ4lAqUzHghfp7IiOR1tMoMJ0RgbFe9ebif56XQtjwMx4nKbCYLheFqcAg8fx/POSKURBTQwhV3NyK6ZgoQsGkVDQhuKsvr5NOxXYd232olpu3eRwFdI4u0BVyUR010T1qoTaiSKJn9IreLLBerHfrY9m6YeUzZ+gPrM8fDLOPIg==</latexit><latexit sha1_base64="jZuHSImO+tF5idYsg611DjabpR8=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4CkltbY9FLx4r2A9IQ9lsN+3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFcg+N8WxubW9s7u4W94v7B4dFx6eS0o2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g0md3O/+8SU5jJ+hGnC/IiMYh5ySsBIXsV2qvVqrda4uR6Uyo7tLIDXiZuTMsrRGpS++kNJ04jFQAXR2nOdBPyMKOBUsFmxn2qWEDohI+YZGpOIaT9bnDzDl0YZ4lAqUzHghfp7IiOR1tMoMJ0RgbFe9ebif56XQtjwMx4nKbCYLheFqcAg8fx/POSKURBTQwhV3NyK6ZgoQsGkVDQhuKsvr5NOxXYd232olpu3eRwFdI4u0BVyUR010T1qoTaiSKJn9IreLLBerHfrY9m6YeUzZ+gPrM8fDLOPIg==</latexit><latexit sha1_base64="jZuHSImO+tF5idYsg611DjabpR8=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4CkltbY9FLx4r2A9IQ9lsN+3STTbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IBFcg+N8WxubW9s7u4W94v7B4dFx6eS0o2WqKGtTKaTqBUQzwWPWBg6C9RLFSBQI1g0md3O/+8SU5jJ+hGnC/IiMYh5ySsBIXsV2qvVqrda4uR6Uyo7tLIDXiZuTMsrRGpS++kNJ04jFQAXR2nOdBPyMKOBUsFmxn2qWEDohI+YZGpOIaT9bnDzDl0YZ4lAqUzHghfp7IiOR1tMoMJ0RgbFe9ebif56XQtjwMx4nKbCYLheFqcAg8fx/POSKURBTQwhV3NyK6ZgoQsGkVDQhuKsvr5NOxXYd232olpu3eRwFdI4u0BVyUR010T1qoTaiSKJn9IreLLBerHfrY9m6YeUzZ+gPrM8fDLOPIg==</latexit>

1.922066939
<latexit sha1_base64="D9LWUcK84my65VDflF/+CoCgH4o=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtVqr0VvXisYD9gu5Rsmm1Ds8mSzAql9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USq4Ac/7dtbWNza3tgs7xd29/YPD0tFxy6hMU9akSijdiYhhgkvWBA6CdVLNSBIJ1o5GdzO//cS04Uo+wjhlYUIGksecErBS4Lu1SsWrVmuXtV6p7LneHHiV+DkpoxyNXumr21c0S5gEKogxge+lEE6IBk4Fmxa7mWEpoSMyYIGlkiTMhJP5yVN8bpU+jpW2JQHP1d8TE5IYM04i25kQGJplbyb+5wUZxDfhhMs0AybpYlGcCQwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKRRuCv/zyKmlVXN9z/Yercv02j6OATtEZukA+ukZ1dI8aqIkoUugZvaI3B5wX5935WLSuOfnMCfoD5/MHEUOPJQ==</latexit><latexit sha1_base64="D9LWUcK84my65VDflF/+CoCgH4o=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtVqr0VvXisYD9gu5Rsmm1Ds8mSzAql9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USq4Ac/7dtbWNza3tgs7xd29/YPD0tFxy6hMU9akSijdiYhhgkvWBA6CdVLNSBIJ1o5GdzO//cS04Uo+wjhlYUIGksecErBS4Lu1SsWrVmuXtV6p7LneHHiV+DkpoxyNXumr21c0S5gEKogxge+lEE6IBk4Fmxa7mWEpoSMyYIGlkiTMhJP5yVN8bpU+jpW2JQHP1d8TE5IYM04i25kQGJplbyb+5wUZxDfhhMs0AybpYlGcCQwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKRRuCv/zyKmlVXN9z/Yercv02j6OATtEZukA+ukZ1dI8aqIkoUugZvaI3B5wX5935WLSuOfnMCfoD5/MHEUOPJQ==</latexit><latexit sha1_base64="D9LWUcK84my65VDflF/+CoCgH4o=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtVqr0VvXisYD9gu5Rsmm1Ds8mSzAql9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USq4Ac/7dtbWNza3tgs7xd29/YPD0tFxy6hMU9akSijdiYhhgkvWBA6CdVLNSBIJ1o5GdzO//cS04Uo+wjhlYUIGksecErBS4Lu1SsWrVmuXtV6p7LneHHiV+DkpoxyNXumr21c0S5gEKogxge+lEE6IBk4Fmxa7mWEpoSMyYIGlkiTMhJP5yVN8bpU+jpW2JQHP1d8TE5IYM04i25kQGJplbyb+5wUZxDfhhMs0AybpYlGcCQwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKRRuCv/zyKmlVXN9z/Yercv02j6OATtEZukA+ukZ1dI8aqIkoUugZvaI3B5wX5935WLSuOfnMCfoD5/MHEUOPJQ==</latexit><latexit sha1_base64="D9LWUcK84my65VDflF/+CoCgH4o=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8LbtVqr0VvXisYD9gu5Rsmm1Ds8mSzAql9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5USq4Ac/7dtbWNza3tgs7xd29/YPD0tFxy6hMU9akSijdiYhhgkvWBA6CdVLNSBIJ1o5GdzO//cS04Uo+wjhlYUIGksecErBS4Lu1SsWrVmuXtV6p7LneHHiV+DkpoxyNXumr21c0S5gEKogxge+lEE6IBk4Fmxa7mWEpoSMyYIGlkiTMhJP5yVN8bpU+jpW2JQHP1d8TE5IYM04i25kQGJplbyb+5wUZxDfhhMs0AybpYlGcCQwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKRRuCv/zyKmlVXN9z/Yercv02j6OATtEZukA+ukZ1dI8aqIkoUugZvaI3B5wX5935WLSuOfnMCfoD5/MHEUOPJQ==</latexit>

1.867539482
<latexit sha1_base64="Gh1Hlxs6Ba+EyZYAyP1TzLzS93I=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8haRWW29FLx4r2A9IQ9lsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZBtf9ttbWNza3tgs7xd29/YPD0tFxW8tUEdoikkvVDbGmnAnaAgacdhNFcRxy2gnHdzO/80SVZlI8wiShQYyHgkWMYDCS7zn169rV5U21XumXyq7jzmGvEi8nZZSj2S999QaSpDEVQDjW2vfcBIIMK2CE02mxl2qaYDLGQ+obKnBMdZDNT57a50YZ2JFUpgTYc/X3RIZjrSdxaDpjDCO97M3E/zw/hageZEwkKVBBFouilNsg7dn/9oApSoBPDMFEMXOrTUZYYQImpaIJwVt+eZW0K47nOt5Dtdy4zeMooFN0hi6Qh2qoge5RE7UQQRI9o1f0ZoH1Yr1bH4vWNSufOUF/YH3+ABqejys=</latexit><latexit sha1_base64="Gh1Hlxs6Ba+EyZYAyP1TzLzS93I=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8haRWW29FLx4r2A9IQ9lsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZBtf9ttbWNza3tgs7xd29/YPD0tFxW8tUEdoikkvVDbGmnAnaAgacdhNFcRxy2gnHdzO/80SVZlI8wiShQYyHgkWMYDCS7zn169rV5U21XumXyq7jzmGvEi8nZZSj2S999QaSpDEVQDjW2vfcBIIMK2CE02mxl2qaYDLGQ+obKnBMdZDNT57a50YZ2JFUpgTYc/X3RIZjrSdxaDpjDCO97M3E/zw/hageZEwkKVBBFouilNsg7dn/9oApSoBPDMFEMXOrTUZYYQImpaIJwVt+eZW0K47nOt5Dtdy4zeMooFN0hi6Qh2qoge5RE7UQQRI9o1f0ZoH1Yr1bH4vWNSufOUF/YH3+ABqejys=</latexit><latexit sha1_base64="Gh1Hlxs6Ba+EyZYAyP1TzLzS93I=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8haRWW29FLx4r2A9IQ9lsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZBtf9ttbWNza3tgs7xd29/YPD0tFxW8tUEdoikkvVDbGmnAnaAgacdhNFcRxy2gnHdzO/80SVZlI8wiShQYyHgkWMYDCS7zn169rV5U21XumXyq7jzmGvEi8nZZSj2S999QaSpDEVQDjW2vfcBIIMK2CE02mxl2qaYDLGQ+obKnBMdZDNT57a50YZ2JFUpgTYc/X3RIZjrSdxaDpjDCO97M3E/zw/hageZEwkKVBBFouilNsg7dn/9oApSoBPDMFEMXOrTUZYYQImpaIJwVt+eZW0K47nOt5Dtdy4zeMooFN0hi6Qh2qoge5RE7UQQRI9o1f0ZoH1Yr1bH4vWNSufOUF/YH3+ABqejys=</latexit><latexit sha1_base64="Gh1Hlxs6Ba+EyZYAyP1TzLzS93I=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8haRWW29FLx4r2A9IQ9lsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YcKZBtf9ttbWNza3tgs7xd29/YPD0tFxW8tUEdoikkvVDbGmnAnaAgacdhNFcRxy2gnHdzO/80SVZlI8wiShQYyHgkWMYDCS7zn169rV5U21XumXyq7jzmGvEi8nZZSj2S999QaSpDEVQDjW2vfcBIIMK2CE02mxl2qaYDLGQ+obKnBMdZDNT57a50YZ2JFUpgTYc/X3RIZjrSdxaDpjDCO97M3E/zw/hageZEwkKVBBFouilNsg7dn/9oApSoBPDMFEMXOrTUZYYQImpaIJwVt+eZW0K47nOt5Dtdy4zeMooFN0hi6Qh2qoge5RE7UQQRI9o1f0ZoH1Yr1bH4vWNSufOUF/YH3+ABqejys=</latexit>

2.0473(4)
<latexit sha1_base64="qzfB7m7N4Kj/x0fGu77m6HEM5uc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdWqjHohePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49u5336iSrNYPphJQgOBh5JFjGBjpceK61VrV+XqZb9Y8lxvAbRO/IyUIEOjX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTXQdTJlMUkMlWS6KUo5MjObfowFTlBg+sQQTxeytiIywwsTYjAo2BH/15XXSqri+5/r31VL9JosjD2dwDmXwoQZ1uIMGNIGAgGd4hTdHOS/Ou/OxbM052cwp/IHz+QPyGY6H</latexit><latexit sha1_base64="qzfB7m7N4Kj/x0fGu77m6HEM5uc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdWqjHohePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49u5336iSrNYPphJQgOBh5JFjGBjpceK61VrV+XqZb9Y8lxvAbRO/IyUIEOjX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTXQdTJlMUkMlWS6KUo5MjObfowFTlBg+sQQTxeytiIywwsTYjAo2BH/15XXSqri+5/r31VL9JosjD2dwDmXwoQZ1uIMGNIGAgGd4hTdHOS/Ou/OxbM052cwp/IHz+QPyGY6H</latexit><latexit sha1_base64="qzfB7m7N4Kj/x0fGu77m6HEM5uc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdWqjHohePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49u5336iSrNYPphJQgOBh5JFjGBjpceK61VrV+XqZb9Y8lxvAbRO/IyUIEOjX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTXQdTJlMUkMlWS6KUo5MjObfowFTlBg+sQQTxeytiIywwsTYjAo2BH/15XXSqri+5/r31VL9JosjD2dwDmXwoQZ1uIMGNIGAgGd4hTdHOS/Ou/OxbM052cwp/IHz+QPyGY6H</latexit><latexit sha1_base64="qzfB7m7N4Kj/x0fGu77m6HEM5uc=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdWqjHohePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8bye3sbm1vZPfLeztHxweFY9PWjpOFaFNEvNYdUKsKWeSNg0znHYSRbEIOW2H49u5336iSrNYPphJQgOBh5JFjGBjpceK61VrV+XqZb9Y8lxvAbRO/IyUIEOjX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTXQdTJlMUkMlWS6KUo5MjObfowFTlBg+sQQTxeytiIywwsTYjAo2BH/15XXSqri+5/r31VL9JosjD2dwDmXwoQZ1uIMGNIGAgGd4hTdHOS/Ou/OxbM052cwp/IHz+QPyGY6H</latexit>

1.9223(3)
<latexit sha1_base64="7lREFvy5wZvP9ZmwADsm3iK08+4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdVlBvRS8eK9gPaZeSTdM2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKx7czv/VElWaRfDCTmAYCDyUbMIKNlR5997pSqZar571iyXO9OdAq8TNSggz1XvGr249IIqg0hGOtO74XmyDFyjDC6bTQTTSNMRnjIe1YKrGgOkjnB0/RmVX6aBApW9Kgufp7IsVC64kIbafAZqSXvZn4n9dJzOAqSJmME0MlWSwaJByZCM2+R32mKDF8YgkmitlbERlhhYmxGRVsCP7yy6ukWXF9z/XvL0q1myyOPJzAKZTBh0uowR3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx/yKI6H</latexit><latexit sha1_base64="7lREFvy5wZvP9ZmwADsm3iK08+4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdVlBvRS8eK9gPaZeSTdM2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKx7czv/VElWaRfDCTmAYCDyUbMIKNlR5997pSqZar571iyXO9OdAq8TNSggz1XvGr249IIqg0hGOtO74XmyDFyjDC6bTQTTSNMRnjIe1YKrGgOkjnB0/RmVX6aBApW9Kgufp7IsVC64kIbafAZqSXvZn4n9dJzOAqSJmME0MlWSwaJByZCM2+R32mKDF8YgkmitlbERlhhYmxGRVsCP7yy6ukWXF9z/XvL0q1myyOPJzAKZTBh0uowR3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx/yKI6H</latexit><latexit sha1_base64="7lREFvy5wZvP9ZmwADsm3iK08+4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdVlBvRS8eK9gPaZeSTdM2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKx7czv/VElWaRfDCTmAYCDyUbMIKNlR5997pSqZar571iyXO9OdAq8TNSggz1XvGr249IIqg0hGOtO74XmyDFyjDC6bTQTTSNMRnjIe1YKrGgOkjnB0/RmVX6aBApW9Kgufp7IsVC64kIbafAZqSXvZn4n9dJzOAqSJmME0MlWSwaJByZCM2+R32mKDF8YgkmitlbERlhhYmxGRVsCP7yy6ukWXF9z/XvL0q1myyOPJzAKZTBh0uowR3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx/yKI6H</latexit><latexit sha1_base64="7lREFvy5wZvP9ZmwADsm3iK08+4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXpbdVlBvRS8eK9gPaZeSTdM2NMkuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKEIbJOKRaodYU84kbRhmOG3HimIRctoKx7czv/VElWaRfDCTmAYCDyUbMIKNlR5997pSqZar571iyXO9OdAq8TNSggz1XvGr249IIqg0hGOtO74XmyDFyjDC6bTQTTSNMRnjIe1YKrGgOkjnB0/RmVX6aBApW9Kgufp7IsVC64kIbafAZqSXvZn4n9dJzOAqSJmME0MlWSwaJByZCM2+R32mKDF8YgkmitlbERlhhYmxGRVsCP7yy6ukWXF9z/XvL0q1myyOPJzAKZTBh0uowR3UoQEEBDzDK7w5ynlx3p2PRWvOyWaO4Q+czx/yKI6H</latexit>

1.8674(2)
<latexit sha1_base64="/Euh6ZykOkWMKEwjzwGoMAardKc=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCl80uIcKR6MUjJoIY2JBu6UJD2920XRNC+BVePGiMV3+ON/+NBfag4EsmeXlvJjPzwoQzbTzv28ltbG5t7+R3C3v7B4dHxeOTto5TRWiLxDxWnRBrypmkLcMMp51EUSxCTh/C8c3cf3iiSrNY3ptJQgOBh5JFjGBjpUffrV/VquXKZb9Y8lxvAbRO/IyUIEOzX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTVQPpkwmqaGSLBdFKUcmRvPv0YApSgyfWIKJYvZWREZYYWJsRgUbgr/68jppV1zfc/27aqlxncWRhzM4hzL4UIMG3EITWkBAwDO8wpujnBfn3flYtuacbOYU/sD5/AH+bI6P</latexit><latexit sha1_base64="/Euh6ZykOkWMKEwjzwGoMAardKc=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCl80uIcKR6MUjJoIY2JBu6UJD2920XRNC+BVePGiMV3+ON/+NBfag4EsmeXlvJjPzwoQzbTzv28ltbG5t7+R3C3v7B4dHxeOTto5TRWiLxDxWnRBrypmkLcMMp51EUSxCTh/C8c3cf3iiSrNY3ptJQgOBh5JFjGBjpUffrV/VquXKZb9Y8lxvAbRO/IyUIEOzX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTVQPpkwmqaGSLBdFKUcmRvPv0YApSgyfWIKJYvZWREZYYWJsRgUbgr/68jppV1zfc/27aqlxncWRhzM4hzL4UIMG3EITWkBAwDO8wpujnBfn3flYtuacbOYU/sD5/AH+bI6P</latexit><latexit sha1_base64="/Euh6ZykOkWMKEwjzwGoMAardKc=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCl80uIcKR6MUjJoIY2JBu6UJD2920XRNC+BVePGiMV3+ON/+NBfag4EsmeXlvJjPzwoQzbTzv28ltbG5t7+R3C3v7B4dHxeOTto5TRWiLxDxWnRBrypmkLcMMp51EUSxCTh/C8c3cf3iiSrNY3ptJQgOBh5JFjGBjpUffrV/VquXKZb9Y8lxvAbRO/IyUIEOzX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTVQPpkwmqaGSLBdFKUcmRvPv0YApSgyfWIKJYvZWREZYYWJsRgUbgr/68jppV1zfc/27aqlxncWRhzM4hzL4UIMG3EITWkBAwDO8wpujnBfn3flYtuacbOYU/sD5/AH+bI6P</latexit><latexit sha1_base64="/Euh6ZykOkWMKEwjzwGoMAardKc=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCl80uIcKR6MUjJoIY2JBu6UJD2920XRNC+BVePGiMV3+ON/+NBfag4EsmeXlvJjPzwoQzbTzv28ltbG5t7+R3C3v7B4dHxeOTto5TRWiLxDxWnRBrypmkLcMMp51EUSxCTh/C8c3cf3iiSrNY3ptJQgOBh5JFjGBjpUffrV/VquXKZb9Y8lxvAbRO/IyUIEOzX/zqDWKSCioN4Vjrru8lJphiZRjhdFbopZommIzxkHYtlVhQHUwXB8/QhVUGKIqVLWnQQv09McVC64kIbafAZqRXvbn4n9dNTVQPpkwmqaGSLBdFKUcmRvPv0YApSgyfWIKJYvZWREZYYWJsRgUbgr/68jppV1zfc/27aqlxncWRhzM4hzL4UIMG3EITWkBAwDO8wpujnBfn3flYtuacbOYU/sD5/AH+bI6P</latexit>

Figure 15. We compute the Rényi entanglement entropies
(n = 2, 3, 4) for the region depicted on an L = 3 tilted square
lattice. Here we set J = 0.04502, Q = 1 and β = 40.

VII. CORNER ENTANGLEMENT IN THE J-Q3

AND J-Q4 MODELS

Here we compute the corner contribution to the Rényi
EE in both the J-Q3 and J-Q4 models. For the J-
Q3 model we use the transition point J = 0.67046 and
Q3 = 1 (β = L) and for for the J-Q4 model we use J = 1
and Q4 = 0.7024 and (β = L), which corresponds to
Q4 = 0.4126 in units where J + Q4 = 1 [33]. Figure 14
shows the Rényi EE scaling in both models up to L = 48

on tilted square lattices with a square subsystem. We find
agreement between the logarithmic term and the large-N
SO(5) field theory prediction in the J-Q3 model, whereas
in the J-Q4 model a deviation seems to appear. Interest-
ingly, this deviation seems to indicate a corner coefficient
that is larger in magnitude (more negative), contrary to
what one would naively expect as the transition becomes
more strongly first order with a larger ordered moment.
It is also possible that a better estimate for the transi-
tion point in the J-Q4 model could lower the value of the
corner term significantly.

VIII. QMC VERSUS ED

Finally we wish to compare our equilibrium QMC
method for computing Sn against exact results obtained
for a small system. Here we take and L = 3 tilted lattice
and compute the half system entropy, depicted on the
left in Fig. 15. We have computed S2 with J = 0.04502,
Q = 1 and for the QMC we take β = 40. The table shows
perfect agreement of the QMC values with exact results
for S2 as well as the higher Rényi entanglement entropies
S3 and S4.
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