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The continuing development of evaporative lithography is important for many areas such as the creation of photonic
crystals for optronics and microelectronics, the development of biosensors for medical applications and biotechnology,
and for the formation of functional coatings for nanotechnology, including the application of thin, protective polymer
coatings. The article proposes a mathematical model that allows us to explain the basic mechanisms of the formation of
thin polymer films (less than 50 µm thick) during their deposition onto a composite substrate by methanol evaporation
from a solution. If the thermal conductivity of the substrate is spatially non-uniform, this results in inhomogeneous
evaporation along the free film surface. Therefore, as the film dries, a patterned polymer coating is left behind on the
substrate. The mathematical model described here is based on the lubrication approximation and takes into account the
dependence of the solution density on the concentration. The numerical computation results are in qualitative agreement
with the experimental data of other authors. The article shows that solutal Marangoni flow plays a primary role in the
process under consideration. This study allows us to better understand the mechanisms that can be used in evaporative
lithography.

I. INTRODUCTION

The development of mathematical models, numerical meth-
ods, and software is important for various engineering prob-
lems1,2. The evaporative self-assembly process allows differ-
ent patterns of deposition to be obtained on a substrate as the
droplets and films dry3–5. A further logical progression of this
method is evaporative lithography6–8. Various key parameters
can be altered to influence the evaporation to produce partic-
ular deposit patterns. These approaches can be classified as
passive or active methods. In passive methods the parame-
ters are configured ahead of starting process. Active meth-
ods are controlled by parameters that can be adjusted in real
time. A separate subgroup, of “hybrid methods”, can be con-
sidered, where evaporative lithography is combined with other
methods related, or not, to evaporative self-assembly. A large
number of examples are described in the review9. Here we
will mention only a few articles in this field, including some
relatively recent ones.

When solving problems in the field of evaporative lithogra-
phy, numerical methods are often used to cope with the non-
linearity of the differential equations, the need to consider
several subdomains (liquid, substrate and air) and the com-
plex geometry of the computational domain. However, for
some special cases, an analytical solution to the problem may
be obtained, for example, the case of an axisymmetric col-
loidal drop drying on a horizontal impermeable substrate, if
we consider the stationary vapor flux density J with a spatial
heterogeneity described by an empirical expression using an
adjustable parameter10. This model allows one to calculate
the field of the capillary flow affecting the transfer of col-
loidal particles that depends on the character of the evapo-
ration (for example, J can increase either near the drop pe-
riphery or in center, while in other cases evaporation occurs
uniformly over the entire free surface). An analytical solu-

tion can also be obtained for the Marangoni flow11. For ex-
ample, such a flow can be controlled by non-uniform heat-
ing of the substrate (cell)12,13. There is also another example:
when a temperature gradient arises in a drop of water with
suspended gold nanoparticles under local illumination of the
free surface. This results in a surface tension gradient and,
as a consequence, thermal Marangoni flow develops. Such
subregion heating occurs if the light wavelength matches the
plasmonic absorption of the gold nanoparticles14. This allows
one to control the process of deposit formation in real time
and therefore to obtain different patterns, including of particle
mixtures (gold nanoparticles and polymer microspheres) on
the substrate. The local irradiation time affects the morphol-
ogy of such deposits. In addition, the deposit morphology is
often affected by the substrate wettability15. A special chem-
ical surface treatment may be used to make a hydrophobic
substrate hydrophilic in order to obtain densely packed mi-
crospheres instead of disordered structures. This difference is
the result of the capillary attraction of particles that occurs on
a hydrophilic surface in a thin liquid film. Evaporative self-
assembly can also enable microsphere masks to be obtained
on a solid surface for further use in colloidal lithography15. In
the case of bioliquid droplets, the deposit formation may be
controlled using solutal Marangoni flow16. When an ethanol
drop hanging on the tip of a syringe needle is placed above
a sessile drop of bioliquid (above its free surface in a par-
ticular, local subregion), a surface tension gradient appears.
This results from ethanol vapor being adsorbed at the “liquid–
air” interface, thereby reducing the bioliquid’s surface tension.
This method can be used in biomedical applications. The cof-
fee ring effect can be suppressed by directing an infrared laser
beam onto the top of a sessile drop of saline solution, resulting
in the formation of a central crystalline deposit17. The local
liquid heating results in a temperature gradient on the free sur-
face and, therefore, in spatially inhomogeneous evaporation.
This approach can produce a spot-like deposit formation17.
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An experiment18 was performed to measure the resulting spot
size versus the power of the IR laser and the diameter of the
light beam directed at the top of the sessile water drop. The
central spot was surrounded by a ring formed at the contact
line. Based on analytical flow velocity estimates, the authors
showed that this form of deposit is associated with the com-
petition between the capillary and Marangoni flows18 (stag-
nation point r ≈ 0.8R where R is the radius of the base of the
drop). Another way to achieve the deposition of particles in
specific locations is to use a substrate with an array of microp-
ores19. If a reduced atmospheric pressure, close to a vacuum,
is created under the substrate, the liquid quickly evaporates
from the sessile drop through the substrate micropores. A flow
of liquid occurs carrying particles towards the pores. To pre-
vent the particles from being sucked into the vacuum region
along with the liquid molecules, they must have a size exceed-
ing the pore diameter19. Evaporative lithography allows the
deposition of functional coatings. For example, electrically
conductive ink can be deposited into microchannels of a to-
pographically structured surface through nanoparticle transfer
by the capillary flow induced by evaporation20. Thermocap-
illary flow in a liquid film can be affected by spatial inho-
mogeneity of the substrate’s thermal conductivity. The lubri-
cation approximation together with analytical solution have
been used to study the influence of a series of parameters on
the flow of clear liquid and the shape of the free film’s surface
on a composite substrate21. A continuation of that work inves-
tigated non-stationary heat distribution in a solid substrate22.
The influence of non-uniform thermal properties and non-
uniform substrate heating on thermocapillary flow and on free
film surface deformation is described in detail in the review23.
Variable-stiffness composite substrates allow control of the
deposit geometry. For example, if such a substrate includes
two surface subregions where the outer one is hard and the in-
ner one is soft, then a stripe of deposited particles is formed at
the boundary of these subregions24. In this way, stripes may
be obtained not only along the perimeters of circles (coffee
ring effect) but also along those of squares, triangles, etc. The
overall duration of evaporation from a liquid droplet depends
on the substrate’s thermal conductivity. This parameter can
be adjusted in a graphene-polydimethylsiloxane substrate, for
example. The higher the graphene concentration in the com-
posite substrate the higher its thermal conductivity, causing
the sessile drop to evaporate faster25. Chemically heteroge-
neous substrates with uneven distribution of surface wettabil-
ity (from hydrophilic to hydrophobic) result in instability of
liquid nanofilms, up to the appearance of local ruptures. This
process can be described using the stochastic lubrication equa-
tion and the molecular dynamics method26.

Various mechanisms can influence the processes of mass
transfer and coating formation: capillary flow3, diffusion27,
Marangoni flow23, etc. The purpose of this article is to study,
numerically, the formation of a patterned polymer coating as-
sociated with a film drying on a particular composite substrate
that had previously been experimentally observed28. Several
mechanisms that may presumably influence this process are
discussed here. A direct comparison of the numerical results
and experimental data28 is then used to determine the mecha-

nism playing the primary role.

II. METHODS

A. Physical problem statement

Take a liquid polymer film (methanol-poly(vinyl acetate)
solution with 67 wt.% methanol) being applied to a thin glass
plate located on top of an aluminum substrate. A thin Teflon
inlay is embedded into the aluminum substrate (Fig. 1). The
film height corresponds to the finite size h but its length and
width are assumed infinite (the author and readers can imagine
this mentally for the convenience of the mathematical descrip-
tion, although in the actual experiment all dimensions were
finite). We also assume that the Teflon inlay has a finite width
and infinite length. In addition, the height of the Teflon layer
is much less than the substrate height so we can assume a zero
thickness coating. In consideration of the foregoing, let us
consider the problem in a one-dimensional formulation where
the film thickness (height) z = h depends on the coordinate x
and time t. Here, the y axis is disregarded since the film thick-
ness along it will be uniform throughout the process. Heat
exchange between the liquid and substrate occurs through the
interface between these two phases. It is important to keep
in mind that this heat exchange is spatially inhomogeneous,
depending on whether the substance in contact with the film
is Teflon or aluminum. For this reason, we take into account
the substrate thermal conductivity dependence only along the
x coordinate. We assume that the glass plate thickness is much
less than that of the aluminum substrate, hpl ≪ hs. Thus, the
thermal properties of the plate do not need to be considered
here. The values hpl and hs were not specified in the experi-
ment28. The substrate thickness has been determined approx-
imately based on Fig. 3 of the Ref.28 (hs ≈ 2 mm). The initial
thickness of the polymer film is known, h0 ≈ 150 µm. The
substrate is located perpendicular to the gravity vector. Point
x = −X corresponds to the center of the Teflon strip so we
consider this to be the boundary of symmetry. The opposite
point x = X corresponds to the boundary located at a suffi-
cient distance from the point x = 0, coinciding with the edge
of the Teflon inlay. Let us estimate the time of thermal, tT ,
and diffusional relaxation, tD, along the vertical direction of
the liquid layer, tT = h2

0/χ ≈ 0.2 s and tD = h2
0/D0 ≈ 24.7 s.

Note that tT ≪ tD < tmax, where tmax is the evaporation time.
Therefore, we disregard the mass and heat transfer along the
vertical direction.

The physical and geometric parameters of the problem are
presented in Table I. The values of most of the physical quan-
tities are taken from various handbooks. See Appendix A for
more details on the parameters: σT , cg, αsa, αls, and αla.

As the alcohol evaporates, the film surface cools. A ver-
tical temperature gradient appears in the system. Due to the
temperature difference, the substrate loses its heat to the film
through thermal conductivity. But, as mentioned earlier, heat
transfer will occur non-uniformly along the “liquid–substrate”
interface, because the substrate is a composite (aluminum con-
ducts heat better than Teflon). The result is that a horizontal
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TABLE I. Physical and geometric parameters.
Symbol Parameter Value UoM
g Gravity acceleration 9.8 m/s2

β Volumetric thermal expansion factor of methanol 1.26×10−3 K−1

βair Volumetric thermal expansion factor of air 3.41×10−3 K−1

L Heat of evaporation 1162.4×103 J/kg
Cl Specific heat capacity of the liquid 2619 J/(kg K)
Cs Specific heat capacity of aluminum substrate 903 J/(kg K)
Cair Specific heat capacity of dry air 1007 J/(kg K)
σ0 Surface tension coefficient of methanol28 22×10−3 N/m
η0 Dynamic viscosity of methanol 0.51×10−3 s Pa
ρ0 Methanol density 792 kg/m3

ρair Air density 1.225 kg/m3

ν = η0/ρ0 Kinematic viscosity of methanol 6.44×10−7 m2/s
νair Kinematic viscosity of air 15.1×10−6 m2/s
ρs Aluminum density 2.7×103 kg/m3

kl Thermal conductivity coefficient of the liquid 0.2 W/(m K)
ka Thermal conductivity coefficient of aluminum 236 W/(m K)
kt Thermal conductivity coefficient of Teflon 0.25 W/(m K)
kair Thermal conductivity coefficient of air 0.026 W/(m K)
χ = kl/(Clρ0) Thermal diffusion coefficient of the liquid 9.6×10−8 m2/s
χair = kair/(Cairρair) Thermal diffusion coefficient of air 2.1×10−5 m2/s
cg “Sol–gel” phase transition concentration 0.58 –
c0 Initial solution concentration28 0.33 –
Tsat Saturation temperature 338 K
T0 Ambient temperature28 303 K
∆T Temperature difference between substrate and the liquid 2.36 (Table 129) K
∆Tsa Temperature difference between the substrate and air 10 (Fig. 1128) K
αls “Liquid–substrate” convective heat exchange coefficient 61 W/(m2K)
αla “Liquid–air” convective heat exchange coefficient 50 (see Appendix A) W/(m2K)
αsa “Substrate–air” convective heat exchange coefficient 0.033 W/(m2K)
D0 Mutual diffusion coefficient for concentration c0

30 9.1×10−10 m2/s
tmax Evaporation process time 60 s
M Molar weight of the liquid 0.032 kg/mol
R Universal gas constant 8.31 J/(mol K)
ρp Polymer density 1190 kg/m3

∆ρ = ρp −ρ0 Density difference between the polymer and liquid 398 kg/m3

σT = dσ/dT Temperature gradient of surface tension −1.782×10−4 N/(m K)
2X Horizontal region size 1 cm
h0 Film thickness (height)28 150 µm
hs Substrate thickness (height) 2 mm

Aluminium substrate

Glass plate

Polymeric film

Air

Teflon inlay x

z

X−X

FIG. 1. Sketch of the problem statement.

temperature gradient appears, promoting non-uniform liquid
evaporation along the free film surface. This, in turn, re-

sults in the appearance of capillary flows associated with a
Laplace pressure gradient. Such a flow is sometimes called
compensatory flow since the root cause is non-uniform evap-
oration, resulting in a curvature change of the free film sur-
face. We neglect the influence of gravity on the fluid flow
since a thin liquid film is being considered with a capillary
length of ac ≈

√
2σ0/(gρ0) ≈ 2.4 mm (h0 ≪ ac). Another

potential mass transfer mechanism involves thermocapillary
flow. Indeed, the temperature gradient along the free surface
results in a surface tension difference and, consequently, this
leads to the thermal Marangoni effect. The thermocapillary
flow is directed along the free surface from the low to the high
surface tension regions, and therefore from the warm region
to the relatively cold one. Moreover, the vapor flux density
gradient affects the admixture concentration difference along
the free liquid surface, also affecting the non-uniform change
in surface tension, and, consequently, the appearance of solu-
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tal Marangoni flow. Convective and diffusive mass and heat
transfer can enhance or weaken the above effects generally,
affecting the formation of the solid, patterned polymer coat-
ing.

In the experiment28, an air stream was passed over the film
with different velocity values, Vair = 0.5, 1, and 1.5 m/s. The
results showed that the profile of the dried polymer film only
weakly depended on Vair in the considered range of values. In
this regard, the air flow is not taken into account here.

B. Mathematical model

The horizontal mass and heat transfer (along the x axis) are
important in the system under consideration since diffusion
processes smooth out the differences along the vertical direc-
tion (z axis), and uniform distribution is expected along the y
axis. Let us describe the problem in a one-dimensional for-
mulation. It is convenient to write the mathematical model in
dimensionless form to reduce the number of problem parame-
ters (see Table II). The lubrication approximation may be used
to describe the hydrodynamics for a thin film (h0 ≈ 150 µm).
The liquid is assumed incompressible. In this case, the expres-
sion for the horizontal flow velocity averaged over the liquid
layer height is written as13

ũ =
H(cg − c)

Ca

(
h̃

2η̃

∂ σ̃

∂ x̃
+

h̃2

3η̃

∂ 3h̃
∂ x̃3

)
, (1)

where ũ, h̃, c, η̃ , and σ̃ are the functions depending on the x̃
coordinate and time t̃. Here, c is the polymer mass fraction
(concentration) in the solution, η̃ is the viscosity, and σ̃ is the
surface tension (for information on σ̃ and η̃ see section II C).
The tilde symbol denotes dimensionless quantities. To con-
vert to dimensional quantities, the following relations should
be used: u = ũuc, h = h̃lc, σ = σ̃σ0, η = η̃η0, t = t̃tc, and
x = x̃lc. Here, we use the characteristic length lc = 1 mm,
velocity uc = 1 mm/s, and time tc = lc/uc = 1 s. In (1), the
Heaviside function H is added to eliminate the mass transfer
by convective flow in the model when the critical concentra-
tion cg is reached. Formula (1) takes into account both capil-
lary flow and Marangoni flow.

On the other hand, when deriving equations based on the
conservation law for the polymer and solution as a whole, we
consider the concentration dependence of the liquid density.
For more information on the concepts of quasi-incompressible
and semi-compressible fluids, see Ref.31. In this case, the spa-
tiotemporal film thickness evolution is described by the equa-
tion

∂ (h̃ρ̃)

∂ t̃
+

∂ (h̃ũρ̃)

∂ x̃
=−J̃, (2)

where the vapor flux density J̃(x̃, t̃) and solution density
ρ̃(x̃, t̃) are expressed by the empirical formulas in section II C.

The polymer concentration in solution is described by the
convection-diffusion equation

∂c
∂ t̃

+ ũ
∂c
∂ x̃

=
H(cg − c)

Peρ̃ h̃
∂

∂ x̃

(
D̃h̃ρ̃

∂c
∂ x̃

)
+

J̃c
h̃ρ̃

, (3)

where Pe is the Peclet number (Table II) and D̃(x̃, t̃) is the mu-
tual diffusion coefficient (section II C). In Eq. (3), the Heavi-
side function H allows us to “turn off” diffusion when a crit-
ical concentration cg is reached. The derivation of the equa-
tions (2) and (3) is presented in Appendix B.

Heat transfer in a liquid is described by the equation32

∂ T̃l

∂ t̃
+ ũ

∂ T̃l

∂ x̃
=

Fol

h̃
∂

∂ x̃

(
h̃

∂ T̃l

∂ x̃

)
−

J̃
h̃
(Bu− T̃l)+

k̃s

Gzls

T̃s − T̃l

h̃
+

1
Gzla

T̃0 − T̃l

h̃
, (4)

where T̃l(x̃, t̃) is the liquid temperature (T̃l = Tl/Tc, where
Tc = T0 is the characteristic temperature), k̃s(x̃) is the ther-
mal conductivity coefficient of the substrate (k̃s = ks/kl), Fol
is the Fourier number for the liquid, Bu is the Bulygin num-
ber, and Gzls and Gzla are the modified Graetz numbers (see
Table II and section II C). Eq. (4) takes into account convec-
tive and diffusive heat transfers (thermal conductivity), evap-
orative cooling, and heat exchange via the “liquid–substrate”
and “liquid–air” boundaries. Previously, Eq. 4 was obtained
by considering the thermal energy balance in an elementary
liquid column under the assumption of constant density32.

Let us write a separate equation for the substrate tempera-
ture13

∂ T̃s

∂ t̃
= Fos

∂

∂ x̃

(
k̃s

∂ T̃s

∂ x̃

)
+

k̃s

Gzsl

T̃l − T̃s

h̃s
+

1
Gzsa

T̃0 − T̃s

h̃s
, (5)

where T̃s(x̃, t̃) is the substrate temperature (T̃s = Ts/Tc), Fos is
the Fourier number for the substrate, and Gzsl and Gzsa are
the modified Graetz numbers (see Table II). Eq. (5) takes into
account both the substrate thermal conductivity and the heat
exchange with the liquid and the environment. The mathemat-
ical model is a system of partial differential equations (1)–(5).

C. Closing relations

The mathematical model described in section II B can be
supplemented with closing relations for the functions σ̃ , η̃ , ρ̃ ,
k̃s, and J̃. To accomplish this, we will use empirical formulas.

The surface tension depends on the solution temperature
and concentration. As a first approximation, we will use a lin-
ear dependence σ̃ = (a+ bc+σT (Tl −T0))/σ0 (Fig. 2). The
values of the parameters a and b are chosen to approximate
the experimental data33 (a = 0.01971, b = 0.01468). This
dependence allows us to take into account both the solutal
Marangoni flow and the thermal one in formula (1). In or-
der to eliminate the solutal Marangoni flow from the model,
it is sufficient to use the value b = 0. The thermal Marangoni
flow may be eliminated from consideration via σT = 0. Cap-
illary flow may be eliminated from the model by multiplying
the first term in parentheses in formula (1) by a small number
(for example, 10−9).

The methanol density varies within 1% in the considered
temperature range, therefore, we take into account only the
concentration dependence, ρ̃ = (∆ρ c+ρ0)/ρ0, where ∆ρ =
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TABLE II. Dimensionless parameters.
Symbol Parameter Value
Ca = η0uc/σ0 Capillary number 2×10−5

Fol = kltc/(l2
c ρ0Cl) Fourier number (liquid) 0.1

Fos = kltc/(l2
c ρsCs) Fourier number (substrate) 0.08

Bu = L/(ClTc) Bulygin number 1.5
Gr = gl3

c β∆T/ν2 Grashof number (liquid) 70
Grair = gl3

c βair∆Tsa/ν2
air Grashof number (air) 1.5

Pr = ν/χ Prandtl number (liquid) 6.7
Prair = νair/χair Prandtl number (air) 0.7
Ra = GrPr Rayleigh number (liquid) 469
Raair = GrairPrair Rayleigh number (air) 1.05
Nu =CRan Nusselt number (liquid)a 0.3
Nuair =CRan

air Nusselt number (air) 1.26×10−3

Gzls =Clρ0lc/(tcαls) Modified Graetz number (liquid to substrate heat transfer) 34
Gzsl =Csρslc/(tcαls) Modified Graetz number (substrate to liquid heat transfer) 40
Gzla =Clρ0lc/(tcαla) Modified Graetz number (liquid to air heat transfer) 41.5
Gzsa =Cairρairlc/(tcαsa) Modified Graetz number (substrate to air heat transfer) 37.8
Pe = lcuc/D0 Peclet number 1099
a Parameters C and n are described in Appendix A.
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FIG. 2. Dependence of the surface tension on the solution concen-
tration at Tl ≈ 303 K.

ρp −ρ0. Thus, we also use a linear dependence for density as
a first-order approximation.

To describe the dependence of the vapor flux density on
liquid temperature, we use the Hertz–Knudsen formula34

J̃ =
αe

Jc

√
M

2πRTsat
(Psat −Pv)(1− c100), (6)

with an additional factor (1− c100) added in order to simu-
late J → 0 at c → 1 in the model (evaporation stops when the
liquid runs out). It is difficult to find experimental data on the
vapor flux density versus concentration of the solution consid-
ered here, but they would be very useful in order to develop
a more accurate model. The empirical parameter αe deter-
mines the liquid evaporation rate in formula (6). The value
αe = 7× 10−5 is adjusted so that the time of complete liq-
uid evaporation tmax approximately corresponds to the exper-

imental time28. The characteristic vapor flux density is taken
to be Jc = ρ0uc ≈ 0.8 kg/(m2s). We assume that the concen-
tration of methanol vapor away from the film is close to zero,
therefore, the partial pressure is Pv ≈ 035. The saturated vapor
pressure Psat depends on temperature. This dependence can be
described using the semi-empirical Antoine equation,

Psat ≈ 133.3×10Ap−
Bp

Cp+Tl−273.15 ,

where the constants 133.3 and 273.15 are used to convert from
one unit of measurement to another (from mm Hg to Pa and
from ◦C to K). The following empirical parameter values are
used for methanol: Ap = 8.08097, Bp = 1582.27, and Cp =
239.7.

The methanol viscosity varies within 6% in the considered
temperature range, which is very insignificant. Therefore, we
will only take into account the dependence of viscosity on so-
lution concentration. To accomplish this, we use the Mooney
formula36

η = η0 exp
(

Sc
1−Kc

)
, (7)

where S = 12.62 and K = 0.283. The empirical parameters S
and K are determined using the least squares method (Fig. 3).
The exponent will return huge values at high concentrations
so we can multiply its argument by the Heaviside function,

ScH(cg − c)
1−Kc

,

to minimize computational problems in (7). The fact is that,
at c > cg, the viscosity η → ∞. Due to the Heaviside function,
the expression for the flow velocity (1) gives the value 0 at c>
cg so the viscosity calculation result is no longer so important.

The mutual diffusion coefficient depends on the solution
concentration,

D̃ =
D
D0

= exp
(
−Ad +Bd(1− c)/c

1+Cd(1− c)/c

)
. (8)
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FIG. 3. Dependence of the solution viscosity on the concentration at
Tl = 30 ◦C (logarithmic scale on the vertical axis; the circles denote
experimental data30, the line relates to the Mooney formula).

Let us take the following values of empirical parameters
in (8): Ad = 30.39, Bd = 111.17, and Cd = 5.57 (see Table
A430).

The thermal conductivity coefficient of the substrate is a
function of a spatial coordinate, ks(x) ≈ kt +Han(x)ka. This
approximation is written considering that kt ≪ ka. Here, to
smooth out the sharp drop in thermal conductivity at point
x = 0, the analytical Heaviside function

Han(x) =
1

1+ exp(−2κx)

is used, where κ = 10/∆x, and the parameter ∆x controls the
transition zone size (the value ∆x = 0.3 was used in the calcu-
lations).

D. Initial and boundary conditions

Assume the shape of the free surface is flat at the initial
time, h̃(x̃, t̃ = 0) = h̃0, where h̃0 = h0/lc, and, in addition,
that temperature and concentration are distributed uniformly,
T̃l(x̃, t̃ = 0) = T̃s(x̃, t̃ = 0) = T̃0 = 1 and c(x̃, t̃ = 0) = c0. At
the boundary x̃ =−X̃ , let us use the following boundary con-
ditions for symmetry reasons:

∂ h̃
∂ x̃

=
∂c
∂ x̃

=
∂ T̃l

∂ x̃
=

∂ T̃s

∂ x̃
= ũ = 0.

In the zero approximation, suppose that the flow velocity, film
height, concentration, and temperature reach constant values
away from the difference in substrate thermal conductivity
(x̃ = 0) at the boundary x̃ = X̃ , so let’s write the boundary
conditions as

∂ h̃
∂ x̃

=
∂ ũ
∂ x̃

=
∂c
∂ x̃

= 0, T̃s = T̃l = T̃0.

E. Numerical methods

The problem was solved by the finite difference method.
The pdsolve module of the Maple 18 was used for the nu-
merical computation. Central differences were used to dis-
cretize the spatial derivatives. The implicit difference scheme
with first and second order approximations in time and space,
respectively, was solved by Newton’s iterative method. The
computation used a spatial grid consisting of N + 1 nodes
(N = 200). In this case, the spatial step is ξ̃ = 2X̃/N = 0.05.
To perform the computational experiments, the time step τ̃ =
0.5 was used. The model was verified by checking the imple-
mentation of the mass conservation law for the polymer. To
accomplish this, the expression

N

∑
i=0

h j
i c j

i ρ
j

i

was computed at the initial and final time steps. Here, i ( j) is
a number representing the spatial (time) node. The error was
about 1%, which may be due to the computational accuracy.
To validate the model the numerical results and experimental
data were compared (see section III).

III. RESULTS AND DISCUSSION

To study the formation of a patterned polymer coating dur-
ing alcohol evaporation, a series of computational experi-
ments were performed. From these, first of all, it is neces-
sary to understand which mechanism plays the primary role:
the thermal Marangoni flow, the capillary flow or the solutal
Marangoni flow. To accomplish this, let us compare the re-
sults of two computations with the experimental data28. The
first computation “A” takes into account the capillary flow and
the thermal Marangoni flow (Fig. 4a). The solutal Marangoni
flow and the capillary flow are taken into account in the sec-
ond computation “B” (Fig. 4b). If capillary flow dominated,
then both results would be similar but this is far from the case.
We do not know what the residual fraction of liquid was when
measuring the final film thickness28, therefore, Fig. 4 shows
numerical results for several time points towards the end of
the evaporation process. The comparison presented in Fig. 4b
shows the qualitative similarity of the numerical computation
results and the experimental data (see Fig. 9 in Ref.28). This
allows us to conclude that solutal Marangoni flow in the sys-
tem under consideration plays a primary role. For this reason,
the results presented below relate solely to computation “B”.
Perhaps the quantitative match did not work out due to assum-
ing Vair = 0 when constructing the model, but the experimen-
tal data28 correspond to the value Vair = 0.5 m/s in Fig. 4. The
accuracy of numerical calculations has been determined using
error control in Maple 18. The error does not exceed 3% for
the final shape of the film surface (Fig. 4b).

The shape of the free film surface h for several consecutive
time points is shown in Fig. 5a. In addition, for convenience,
the spatiotemporal evolution of h is shown in the form of a 3D
plot (Fig. 5b). The shape of the free film surface at the initial
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(a) (b)

FIG. 4. The polymer coating shape at the end of methanol evaporation (simulation vs. experiment). The model takes into account: (a) the
capillary flow and the thermal Marangoni flow; (b) the capillary flow and the solutal Marangoni flow.

(a) (b)

FIG. 5. Shape of the free surface of the film: (a) 2D plots for several consecutive time points; (b) spatiotemporal evolution of h (3D
visualization).

time is flat. Further, during the evaporation, this surface shape
becomes curved. The film height decreases over time as the
liquid evaporates. As in the experiment28, reduction of h in
the Teflon region (x < 0) can be observed, and thickening of
this layer occurs in the aluminum region (x > 0). The fact is
that the polymer weight increases over time in the aluminum
region and decreases over the Teflon since the fluid flow trans-
fers the admixture from the Teflon to the aluminum.

The polymer mass fraction increases with time above the
aluminum faster than above the Teflon (Fig. 6). After the 50th

second, not much fluid remains, and that which does is prin-
cipally above the Teflon, that is, evaporation no longer oc-
curs above the aluminum. By the 60th second of the process,
evaporation stops completely since no alcohol remains in the
system. At this moment, a solid patterned polymer film has
formed. Around point x = 0 a small bump may be noticed in
the mass fraction value (Fig. 6), it is there that the valley is
adjacent to the peak of h (Fig. 4b).

The temperature calculation results indicate that the film
(Fig. 7a) and substrate temperature (Fig. 7b) in the aluminum

FIG. 6. Spatiotemporal evolution of the polymer mass fraction.

region remain almost unchanged over time. Aluminum has
a relatively high thermal conductivity coefficient so the heat
transferred by this material to the solution is quickly balanced
by the environmental heat. The temperature in the region of
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(a) (b)

FIG. 7. Spatiotemporal temperature evolution: (a) liquid; (b) substrate.

(a) (b)

FIG. 8. (a) Comparison of the substrate and liquid temperatures over time for point x =−X . (b) Spatial dependence of vapor flux density for
several consecutive time points.

the Teflon, which has a relatively low thermal conductivity,
drops over time since evaporative cooling does not have time
to be balanced by heat inflow from outside.

FIG. 9. Spatiotemporal distribution of pressure exerted by the poly-
mer mass on the substrate surface by gravity.

However, by the 55th second, the temperature gradient
changes direction starting to rise (Fig. 8a). This is because
the alcohol has almost completely evaporated around point
x =−X by this time, resulting in the vapor flux density J → 0
(Fig. 8b). The maximum temperature change of the film is
about 6 K. In the case of the substrate, the maximum tem-
perature change is approximately 2 K. Temperature dynam-
ics affect the vapor flux density. At the process start (t = 0),
the value J ≈ 2.05 g/(m2s) is uniform along the free film sur-
face (Fig. 8b), because the temperature Tl is also distributed
uniformly along the spatial coordinate x (Fig. 7a). Later, the
value J decreases in the relatively cold region above the Teflon
(x < 0). At the process end, the vapor flux density also starts
to decrease in the region of the aluminum (x > 0) since the
polymer mass fraction value c approaches 1.

The redistribution of polymer mass mp can be inferred by
the curve of pressure P (Fig. 9) exerted by this mass on the
substrate by gravity (P= ρghc∼mp). The mass mp decreases
over time above the Teflon layer and increases in the region of
the aluminum surface. The reason for this is the convective
mass transfer caused by the solutal Marangoni effect.

As can be seen from Fig. 10 the flow velocity u initially
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FIG. 10. Spatiotemporal evolution of horizontal velocity averaged
over the liquid layer height.

increases over time. The solution flow is directed along the
positive direction of the x axis, from the Teflon layer to the
aluminum surface. The maximum value of u is reached at
time t ≈ 20 s in the point x ≈ 0 and is about 25 µm/s. As this
indicates the horizontal flow velocity averaged over the liquid
layer height it should be understood that the solutal Marangoni
flow velocity on the free film surface will be greater than this
value. Subsequently, the velocity decreases reaching the value
u = 0 by about the 35th second i.e. the flow ceases. It follows
that convective mass transfer occurs only during this period
of time. At this point the solution concentration exceeds the
critical value cg so the flow stops due to the high viscosity.

To study the effect of key parameters on the final thickness
of a relief polymer film, a series of numerical experiments was
carried out. The thickness of the coating can be controlled
by adjusting either the initial thickness of the liquid film
(Fig. 11a) or the concentration of the solution (Fig. 11b). In all
calculations, the value of tmax = 60 s has been used, as before.
In only one instance, this time was not enough for complete
evaporation of the liquid, when h0 = 200 µm (Fig. 11a). In
this case, the value of tmax = 100 s was used. The greater
the values of h0 and c0, the thicker the polymer coating will
become. In all cases, the shape of the relief coating remains
unchanged. In some cases, the local curvature of this coat-
ing may vary slightly. The following empirical relationships
have been identified based on the results: the average thick-
ness of the polymer film approximately corresponds to val-
ues have ≈ h0/a for c0 = 0.33, and to have ≈ c0h0/(b− c0)
for h0 = 150 µm. Here, a and b are the fitting parameters
(a ≈ 3.73, b ≈ 1.63). These empirical dependencies can be
used as a recipe for technological production. However, first,
experimental validation is needed. It may be necessary to ad-
just the parameters a and b slightly, as the proposed model is
a qualitative one.

(a)

(b)

FIG. 11. Dependence of the thickness of the polymer coating on (a)
the initial thickness of the liquid film and (b) the initial mass fraction
of the solution.

IV. CONCLUSION

The results of the numerical computations indicate that so-
lutal Marangoni flow plays a key role in the formation of a
patterned polymer film as the methanol is lost during drying.
This confirms the hypothesis of the authors of the practical ex-
periment28. The results obtained here are in qualitative agree-
ment with their experimental data. This study allows us to
better understand the mechanisms that can be used in evapo-
rative lithography.

The rapid heat transfer from the aluminum surface to the
liquid results in this region being less cold than the Teflon
coating region, meaning that, above the aluminum surface, the
vapor flux density is greater. Due to the relatively rapid evapo-
ration, the polymer concentration in that local region increases
more strongly resulting in a significant increase in the sur-
face tension coefficient. Accordingly, the solutal Marangoni
flow is directed towards the aluminum surface along the free
surface of the liquid film. This transfers even more polymer
there. As a consequence, this additionally promotes a local in-
crease in the polymer concentration in the solution and inten-
sification of fluid flow affecting the admixture mass transfer.
Thus, the Matthew effect emerges here. This flow increases
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until the viscosity begins to dominate. A further increase in
viscosity due to an increase in the concentration of the solu-
tion leads to cessation of the flow.

The one-dimensional model described here is phenomeno-
logical in its nature. To obtain more accurate quantitative pre-
dictions a complex model should to be developed considering
additional details such as the air flow velocity over the free
film surface, Vair, etc. In order to determine how the plate
thickness hpl affects the polymer film geometry a multidimen-
sional model must be developed.
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Appendix A: Estimation of several problem parameters

The surface tension temperature gradient can be esti-
mated using the empirical formula derived from the Eötvös
rule, σT = −B(ρ0/M)2/3 where the constant B ≈ 2.1
g cm2/(s2 K mol2/3). Substituting the values of the liquid
parameters (methanol density ρ0 ≈ 0.792 g/cm3 and molar
weight M = 32 g/mol) results in σT ≈ −0.1782 g/(K s2) and
converting grams to kilograms provides the value σT , pre-
sented in Table I.

Fig. 12 shows the method for determination of the phase
transition concentration cg (see Table I). The experimental
data are taken from the article30. Two main linear trends were
determined, at the intersection of which the value cg ≈ 0.58
was obtained.
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FIG. 12. Dependence of the solution viscosity on the concentration
at Tl = 30 ◦C.

The convective heat exchange coefficients are calculated as
follows: αsa = Nuairkair/lc and αls = Nukl/lc (see Table I, II)
where the Nusselt numbers Nu =CRan and Nuair =CRan

air
37.

The values of the empirical parameters were taken from Ta-
ble 1 of Ref.37 (C = 1.2×10−3, n = 0.9). The value for αla is
taken from the article38 in accordance with the value ∆T (see
Table I).

Appendix B: Derivation of equations based on the mass
conservation law

Consider the mass balance of the solution in an elementary
volume Ω (Fig. 13). The left border of Ω corresponds to the
coordinate x, and the right border corresponds to the coordi-
nate x+δx. The upper boundary “air–liquid” is determined by
the coordinate z = h. The lower boundary “liquid–substrate”
(z = 0) is impermeable, thus there is no mass flux through it.
The outflux of mass occurs through the upper boundary as a
result of evaporation. In addition, the convective flow trans-
fers the matter across the left and right boundaries of Ω.

x

z

x x+δ x

Ω

δ x
δ h

0

FIG. 13. Sketch for the derivation of equations based on the mass
conservation law.

During ∆t, the mass of the solution in the volume Ω will
change due to changes in the volume itself and in the solution
density,

∆m = δyδx(hρ|x,t+∆t −hρ|x,t) , (B1)

where notation such as hρ|x,t should be interpreted as
h(x, t)ρ(x, t). The mass flux density through the left and right
(lateral) sides is written as uρ . The length of the upper bound-
ary is expressed as

√
δx2 +δh2 = δx

√
1+

(
δh
δx

)2

,

where δh is the thickness difference of the film on the left and
right borders of Ω.

Let us take into account the area of the lateral sides, δyh,
and the area of the upper one, δyδx

√
1+(δh/δx)2. The

change in mass in Ω during ∆t is associated with the trans-
fer of mass through the lateral and upper boundaries,

∆m =−∆t δy

huρ|x+δx,t −huρ|x,t − J δx

√
1+

(
δh
δx

)2
 .

(B2)
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Equate the right parts of the expressions (B1) and (B2), divide
by δxδy∆t, and get

hρ|x,t+∆t −hρ|x,t
∆t

=−
huρ|x+δx,t −huρ|x,t

δx
−J

√
1+

(
δh
δx

)2

.

As a result of the limit transition (δx → 0, ∆t → 0), we come
to the equation

∂ (hρ)

∂ t
+

∂ (huρ)

∂x
=−J

√
1+

(
∂h
∂x

)2

, (B3)

it follows from the lubrication approximation that√
1+

(
∂h
∂x

)2

≈ 1.

In dimensionless form, the equation (B3) takes the form (2).
Now let us consider the balance of the polymer mass in the

elementary volume Ω. During the time ∆t, the mass of the
polymer changes by

∆mp = δxδy(hcρ|x,t+∆t −hcρ|x,t) . (B4)

This mass change is caused by convective and diffusive trans-
port across the lateral boundaries of Ω,

∆mp = ∆t δy
(
hcρu|x,t −hcρu|x+δx,t +hξ |x,t −hξ |x+δx,t

)
,

(B5)
where the diffusion flux density of the admixture is ξ =
−Dρ ∂c/∂x, this following from Fick’s law. Equate the right
parts of (B4) and (B5), divide them by δxδy∆t, and, as a
result of the limiting transition, we obtain the convection–
diffusion equation

∂ (hcρ)

∂ t
=−∂ (hcρu)

∂x
− ∂ (hξ )

∂x
.

Next, this equation is rewritten in the following form,

hρ
∂c
∂ t

+ c
∂ (hρ)

∂ t
+ c

∂ (hρu)
∂x

+hρu
∂c
∂x

=
∂

∂x

(
hDρ

∂c
∂x

)
.

Divide the left and right sides of the equation by hρ and taking
into account (B3) we get

∂c
∂ t

+u
∂c
∂x

=
1

hρ

∂

∂x

(
Dhρ

∂c
∂x

)
+

Jc
hρ

.

In dimensionless form, this equation can be written as (3).
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