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Kerr-scalaron metric and astronomical consequences near the Galactic Center black hole
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ABSTRACT

Astronomical tests of spacetime metric and gravitation theory near the Galactic Center (GC) black
hole, Sgr A* have gained momentum with the observations of compact stellar orbits near the black hole
and measurement of the black hole shadow. Deviation from the Kerr metric is a potential signature
of modified gravity theory. In this work, we use Newman-Janis algorithm to construct an axially
symmetric and asymptotically flat metric in f(R) scalaron gravity theory. We call it as Kerr-scalaron
metric. For studying astronomical consequences of the new metric we use the compact stellar orbits
and the black hole shadow. We use the observed size of the emission ring of the GC black hole shadow
for estimating deviation of the new metric from general relativity. It has been found that scalarons with
mass within 10717 eV - 107!6 eV are compatible with the observed emission ring size for black hole
spin x = 0.9. Schwarzschild limit of the pericenter shift is estimated for compact stellar orbits near the
black hole. General relativistic pericenter shift in wider orbits including S-stars such as S4716 and S2
has been reproduced with these scalarons. The parameter fgp measuring deviation from Schwarzschild
pericenter shift has been found as fgp = 1.00 — 1.04 within stellar orbits having semi-major axes 45
au - 100 au. Scalarons have the capability to dominate Schwarzschild precession for orbits much below
45 au. Lense-Thirring (LT) precession with the new metric is estimated for the compact orbits. The
massive scalarons produce LT precession with magnitude (12.25 —24.5) pas/yr in the orbit of S2. The
LT precession time scale is within 0.1% of the age of the S-stars.
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1. INTRODUCTION

The no-hair theorem states that black holes in general relativity (GR) are uniquely described by three parameters
— mass, spin and electric charge (Israel 1967; Carter 1971; Hawking 1972) encapsulated in the Kerr-Newman metric
(Kerr 1963; Newman et al. 2004). Astrophysical black holes being deprived of net electric charge are described by the
stationary, axisymmetric and asymptotically flat Kerr metric (Kerr 1963) which contains only two parameters — mass
and spin of the black hole. Therefore, presence of extra degree of freedom in addition to mass and spin is a signature
of potential deviation from GR. Astronomical tests of departure from the Kerr metric are crucial for constraining
alternative gravitation theories.

Several astronomical tests have been suggested in literature to examine whether black holes are described by the
Kerr metric. These include gravitational waves (see Hughes (2010) for review;Konoplya & Zhidenko (2016); Berti
(2019)), electromagnetic emission due to accretion flows near black holes (Johannsen & Psaltis 2010a), pulsar-black
hole binaries (Wex & Kopeikin 1999; Ben-Salem & Hackmann 2022; Della Monica et al. 2023) and ephemerides of
stars encircling the Galactic Center (GC) black hole, Sgr A* (Will 2008). Zhang et al. (2015) discussed possibility of
constraining spin and mass of the GC black hole through orbital dynamics of six example S-stars in the nuclear star
cluster and propagation of photons from a star orbiting the hole. They reported that astrometric and spectroscopic
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precisions of orders 10 pas and 1 km/sec respectively to be achieved by the GRAVITY interferometer on the Very
Large Telescope (VLT), upcoming Thirty Meter Telescope (TMT) and other Extremely Large Telescopes (ELTs) will
be able to constrain spin of the black hole through less than two decades of tracking of the S2 star. This is expected
to enable astronomers to test the Kerr metric hypothesis and the no-hair theorem. The GRAVITY interferometer
combined with the SINFONI spectrograph at VLT is expected to be capable enough for detecting several general
relativistic effects(including the Lense-Thirring effect (Lense & Thirring 1918) near the GC black hole) in the orbit of
S2 within a very short observation window (Grould, M. et al. 2017).

Tests of modified gravity theory and spacetime structure near the GC black hole and the M87* black hole (the
supermassive black hole with mass of around 10°M,, residing at the center of the massive elliptical galaxy, M87
and being nearest to the GC black hole) constitute an interesting avenue for gravitational physics, cosmology and
observational astronomy. These tests are composed of monitoring short period stars (period of the order of a decade)
in the nuclear star cluster near the GC black hole and measuring the angular size and shape of the silhouette of the
two black holes (Hees et al. 2017; GRAVITY Collaboration et al. 2020; De Martino et al. 2021; EHT Collaboration
et al. 2019, 2022a). The bright emission ring and the angular size of the GC black hole has been used to constrain a
wide class of gravitational theories (Vagnozzi et al. 2023).

There are two approaches to test modified gravity theories. In one approach one assumes a specific theory of
gravity and produces constraints on deviation from GR by interpreting observations within the regime of that theory.
Conventional strong field tests of gravity rely on this approach (Johannsen 2016). Einstein — Maxwell — Dilaton —
Axion (EMDA) gravity theory has been recently constrained with the orbit of S2 (Fernandez et al. 2023). It has been
possible through the spherically symmetric black hole metric in EMDA gravity. These are interesting alternatives to
GR appearing from heterotic string theory which also predict peculiar observational features in direct imaging of black
holes. Currently publicly available data on the orbit of S2 has been used put constraint on the theory.

Alternatively one considers generic deviation from GR so as to encompass a wide class of modified gravity theories.
Weak field limit of these theories is parameterized by certain parameters which are then constrained by observations
in such a way that all those modified theories are constrained in one go. This is the well known Parameterized Post
Newtonian (PPN) approach. Standard solar system tests of scalar —tensor gravity theories (Deng & Xie 2016; Faraoni
et al. 2020; Gonzalez et al. 2020) and constraints put by Schwarzschild precession of the S2 star (GRAVITY Collabora-
tion et al. 2020) encircling the GC black hole in a 16 year orbit are based on this category. In strong field environment
one cannot apply PPN tests. Fortunately the Kerr metric is not unique to GR. There are alternative theories of
gravity permitting Kerr like vacuum solutions. Examples include Randall-Sundrum type braneworld gravity (Aliev &
Giimriikgiioglu 2005), Einstein-dilaton-Gauss-Bonnet gravity (Mignemi & Stewart 1993), Chern-Simons gravity (Pani
et al. 2011), Horava-Lifhsitz gravity (Barausse et al. 2011) and Horndeski gravity (Maselli et al. 2015). Therefore,
one may consider deviation from general relativistic Kerr metric and test the underlying theory. Johannsen & Psaltis
(2011) (JP) constructed a metric containing parametric deviation from the Kerr metric which is eligible to perform
strong field tests of gravity. The deviation parameters of the JP metric can be mapped to any theory of gravity. Recent
measurement of the angular size and shape of the GC black hole shadow has been used to constrain the deviation
parameters of the JP metric (EHT Collaboration et al. 2022a).

Direct constraints on some metrics have appeared after imaging of the M87* and Sgr A* black holes. Tidal charge
present in higher dimensional gravity theory (Dadhich et al. 2000; Zakharov 2022) and de Sitter background (space with
a positive cosmological constant) affect the Schwarzschild and Kerr metrics (Schwarzschild metric can be converted
to Kerr metric through the Newman — Janis algorithm (NJA) (see Newman & Janis (1965)). Alteration of the metric
causes shift of the angular size of the photon radius and hence the size of the black hole shadow. Constraints on tidal
charge and the cosmological constant have been realized through the angular size of the shadows of M87* and Sgr A*
black holes (Neves 2020; Zakharov 2022; Kalita & Bhattacharjee 2023). The M87* black hole shadow has also been
used to generate constraints on ultralight scalar particles which are known as scalar hair of black holes (Cunha et al.
2019).

f(R) gravity theory is based on perturbations to the Ricci scalar (R) in the Einstein-Hilbert action. It contains
a scalar mode of gravity known as scalaron . These theories have been extensively studied in the context of dark
energy (Capozziello 2002; Capozziello et al. 2003; Carroll et al. 2004; Nojiri & Odintsov 2003; Hu & Sawicki 2007)
and dark matter (Capozziello et al. 2007, 2014). Several observational tests of the f(R) theories in cosmology have
been performed by using cosmological probes such as expansion history and structure formation (Gu 2011), quasar
samples (Xu et al. 2018), cosmic void (Wilson & Bean 2021), type Ia supernovae (Hough et al. 2020) and galaxy
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clustering ratio (Bel et al. 2015). After the remarkable detection of Schwarzschild precession of S2 by the (GRAVITY
Collaboration et al. 2020) some parameters of the f(R) gravity theories were constrained by the orbital data of S2
(De Martino et al. 2021). By analyzing the orbit of S2, Borka et al. (2016) reported constraints on power law f(R)
gravity with f(R) ~ R™ . Competition between f(R) gravity and GR in prediction of pericenter shift of compact
stellar orbits below the orbit of S2 and measurability through GRAVITY beam combiner on VLT, upcoming TMT
and other ELTs have been extensively studied by Kalita (2020, 2021); Paul et al. (2023).

Black holes in presence of scalar field have been extensively studied in the context of dark energy and no-hair theorem
(Kiselev 2003; Martinez et al. 2004; Fernando 2012; Sotiriou & Zhou 2014). Scalar fields are eligible to form bound
state near a black hole if the Compton wavelength of the scalar particles exceeds the horizon length of the black hole
(Brito et al. 2015; East & Pretorius 2017). The possibility of detection of these scalar clouds through gravitational
waves emitted from inspiralling binary black holes have also been discussed (Baumann et al. 2019; Berti et al. 2019).
Scalar field accretion has been studied for taking into account growth of the black holes and their connections with the
background cosmology (Jacobson 1999; Babichev et al. 2005; Rodrigues & Saa 2009). Gravitation collapse of scalar
field leading to singularity has also been studied (Carneiro & Fabris 2018). The prospect of constraining these scalar
field configurations through the orbit of S2 have also been widely explored (Della Monica, R. & de Martino, I. 2023a,b;
GRAVITY Collaboration et al. 2019a, 2023).

In this work we construct an asymptotically flat Kerr metric in f(R) gravity theory containing the scalaron degree
of freedom and study its astronomical consequences near the GC black holes. It is to be noted that in weak field limit
these theories cause a Yukawa correction (e M+ /r, with M, being the scalaron mass) to the Kepler potential (Kalita
2018). Scalarons are natural outcomes of curvature corrected quantum vacuum fluctuations near black holes. The UV
and IR cut off of these fluctuations are determined by the scale of the Schwarzschild length and thermal energy density
due to Hawking effect (Kalita 2020). The Kerr metric in f(R) theories has been constructed from the seed Schwarzschild
metric in the theory (see Kalita (2018)) by employing the NJA. Asymptotic flatness of the metric has been ensured
with a reciprocity relation between scalaron mass (My) and black hole mass (M). We call it as the Kerr-scalaron
metric. Effective potential, orbit equation for test particles near the GC black hole and deviation of Schwarzschild
pericenter shift from GR predictions for compact stellar orbits near the black hole have been studied. Size of the GC
black hole shadow has been estimated with the Kerr-scalaron metric and scalaron mass has been constrained with the
help of observed EHT bound on the angular size of the emission ring. Additionally, the Lense-Thirring precession of
the stellar orbits is also studied in the new metric.

The paper is organized as follows. In section 2 we develope the Kerr-scalaron metric with the NJA and present
its effects such as effective potential, orbit equation, pericenter shift and black hole shadow size. In section 3, the
astronomical prospects of the Kerr-scalaron metric near the GC black hole are discussed. Section 4 presents results
and discussions. Section 5 concludes the main results.

2. FORMALISM OF KERR-SCALARON METRIC

The f(R) theories begin with a geometrical modification to Einstein-Hilbert action such that the action becomes
non-linear in R. The action has the form (Amendola & Tsujikawa 2010)

tr
5= / 16617TG\/jgf(R) + S (P G ) (1)

where, f(R) o« R™ (n = 1 corresponds to GR and n # 1 corresponds to modified gravity) and S,, is the matter
part with matter fields ¢,, coupled to spacetime metric g,,. Starting from the field equation obtained by varying the
action (1) with respect to g,,, a spherically symmetric metric has been obtained as (Kalita 2018)

2 2m L myr 2 112 2m L ayr - 2 _ .2
ds® = 1—7 1—|—§e ¥ cdt® — 1—7 1—|—§e i dre — rdS, (2)

where, m = GM/c?1), with 1), being the background scalar field, 1, = f/(R,) known as scalaron (R, being the
background curvature). Around a general relativistic background (f(R) =~ R) we consider the background field
amplitude 9, to be close to unity. M, is the mass of scalarons which acts like additional degree of freedom in
f(R) gravity. We call metric (2) as Schwarzschild-scalaron(SchS) metric. It is evident from equation (2) that for
infinitely large scalaron mass (My — o), the metric reduces to Schwarzschild metric. The asymptotic flatness also
follows. Through consideration of ultraviolet(UV) and infrared(IR) cut-off scales of curvature corrected quantum
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vaccum fluctuations in black hole spacetime, Kalita (2020) related the scalaron mass with horizon lenght of a black
hole as My, o 1/m (see details in section 2.2). Therefore for r >> m the SchS metric reduces to asymptotically
flat form. In this section, we obtain the metric for an astrophysical black hole in presence of scalar fields. It is the
axially symmetric and asymptotically flat metric generated from the spherically symmetric one (equation 2) through
the method proposed by Newman & Janis (1965) (NJA). In section 2.1 we present the NJA formalism by following
Capozziello et al. (2010).

2.1. The NJA formalism
Any static and spherically symmetric metric is expressed as
ds? = 2?22 — P ar? — r24Q, (3)

where, g = €2 and g¢,, = —e?*("). The metric is first transformed into Eddington-Finkelstein coordinates
(u,r,0,$). This is acheived by transforming the time coordinate as cdt = du+ e =¢(") dr Under such transformation
the metric takes the form

ds? = 2 dy? £ 22N+ gy dr — 12400, (4)

For this line element, the contravariant metric tensor components are written as

0 +e—Ar)—a(r) 0
. 4o~ AM)—d(r)  _—2A(r) 0 0
g# = 1 : (5)
0 0 -z 0
0 0 0 - r2 siln2 0
The metric tensor g"” can be expressed in terms of null tetrads as
g’ =1"n” +1"n — m*mY — mYm”, (6)

where [*,n*, m#* and m* (the bar represents complex conjugate of m#) are the null tetrads. These tetrads satisfy
the conditions

" =mymt =n,nt, [0 =—-m,m'" =1, [,m" =n,m" =0. (7

Hence, the metric (5) can be represented in terms of the null tetrads as
"=y

nh = A9l s %emm(g{t

1 i (8)
p_ _~ sm i
m 7o (52 + sin963>

1 i
PH = SH s
" 27~(2 sin ¢ 3)

The radial coordinate r in z* = (u,r,0, ¢) is transformed to take complex values so that the tetrads become

=gt
b = e AP g _ L —ox(rm) su
0 9 1
1 i (9)
[ 5# 5#
mn V2r ( 2t sin 0 3)

1 i
Y (N /R R T
m o (52 sin963>'

For r = 7 (7 is the complex conjugate of r), tetrads in (9) reduce to those in (8) giving us the original metric
in equation (5). Under a complex coordinate transfomation of the form x# — Z# = z* + iy (x”), a new metric
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is obtained. Here, y*(x%) are the analytic functions of the real coordinates, 7. Simultaneously the null tetrads

Z" = (1", n*, m*, m*) (here, i = 1,2,3,4) transform as Z/' — Z"(i%,%%) = Zf%. It is essential to recover the old

tetrads and the metric under the condition, 2% = Z°. In order to achieve this goal, the following choice is considered

" =zt +ia(6) — OF) cos . (10)

As a result, the transformation of z#(u,r, 8, ¢) — TH(a, 7, 0, (;7)) has the form

U = u +iacosf
¥ =1 —1iacosf
6=10 (11)
¢=2¢.
where a is constant parameter. For 7 = 7, the null tetrads in equation (9) transform as
"= ot
PP = o~ ANFO)—b(7.0) g1 _ 1672,\(;,0)5;1
0 2 1
- 1 . ] i (12)
' = ————————— lia(dy — oY) sin® + 0y + .54
V2(F — iacos @) [ (% 1) 2 ' gin@ 3
— 1 Z
mt = ————————— | —ia(6y — d})sinf + 65 — ,6“] .
\/5(7:+Z'G/COS9) |: ( 0 1) 2 sin @ 3

Under the transformation equations (11) and using the transformed null tetrads of equation (12) in equation (6), a
new metric is obtained in the (@, 7,8, ¢) coordinate which has the form

_a2spi;120 NGOG “27‘,};‘29 0 _I%
~ 2 ;2
> . —6_2/\(T’9) _a ig) [ 0 %
= 1 , (13)
. . —2 0
" p2sin? @

where p? = 72 4 a® cos? §. Due to the symmetric nature of the metric, dots are used to represent g" = g"*. Now,
the covariant form of the metric (13) is expressed as

(20(70) AT () aetFO MR _ e6G:0)] sin? o
. ) 0 0 —ae?(TO+AT0) gin? §
g/“/ = 2 (14)
. . —p 0

—[p? +a? sin? 96‘1’(7:’9)(2e>‘(’:’9)*e¢(;’9))] sin’ 0

Equation (14) is the general form of the new metric after application of NJA to a sphreically symmetric ’seed’ metric.
This metric is further simplified by certain gauge transformations such that gg; is the only surviving off-diagonal term
in the metric. This transformation is carried out so as to make the metric comparable to standard form of Kerr
metric in Boyer-Lindquist coodinate system (Hobson et al. 2006). In order to achieve this, the coordinates @ and QNS
are redefined as

di=dt+ g(F)dr and  d¢ = do + h(F)dF. (15)
where,
N M0 (524 02 (02 g AT+ (7.6)
g(7) = — e¢('ﬁ(,§)(p2+a2 SinZ 022 (7,0)) ) (16)
- aeQ/\('F,G)
h(?”) T T p2taZsin? 0G0

Applying the coordinate transformations (15), the metric (14) in the (¢, 7,0, ¢) coordinate system takes the form



e20(7,0) 0 0 ae? O [AT0) _ o(70)] gin? g
2
gp,u — . - p2e—2>\(7",5) +a2sin2? 0 0 O . (17)
: —p? 0

—[p? + a?sin® 9e?(T0) (2eA(70) — e9(T0))] 5in? 9

Equation (17) corresponds to complete family of axially symmetric metric obtained after applying the NJA. It is to be
noted that the transformations defined in equations (15) and (16) are valid under the condition, p?+a? sin? §e2*(7-9) =£
where, e2*(":9) > (. This technique is applied in section 2.2 to generate an axially symmetric and asymptotically flat
metric from the spherically symmetric metric (2).

2.2. The Kerr-scalaron metric

Following metric (5), the contravariant metric tensor components for the metric (2) in Eddington-Finkelstein coor-
dinates (u,r, 0, ¢) are expressed as

0 1 0 0
s 1 — (1 — 277"04(7')) 0 0 (18)
0 0 —1/r? 0
0 0 0 —1/(r%sin?9).
where, a(r) =1+ e=". For this metric the null tetrads in (8) take the forms
" =4
1 2
n* =6k — 3 (1 - ma(r))
1 i (19)
"o { iz
m 5, <52 + Sin963>
1 t
mt = — (6 — —=484 | .
" Vor ( 2 sinf 3)

Next, the radial coordinate is replaced with complex variable as discussed in the previous section and the transfor-
mation equations (11) are applied. The transformed complex null tetrads in equation (12) hence, take the forms

"=t

n* =6k — % (1 - QZLja(r))

e _tacos ; [m(ag — 8% sin§ + ot + Slfleag} @0)
b — W [—w(ag 5t sin 4 ot — Slflgag] .

Continuing the procedure discussed in section 2.1, the covariant components of the axially symmetric metric (17)
are derived as

1— 2;2”04(7‘) 0 0 2mr(i)§inz 904(7‘)
2
. —at— 0 0
G = r2+a?—2mra(r) , . (21)
. . —p 0

_[7.2 + a? 4 2m7"ap22sin2 aa(r)] sin2 0

Hence, the final form of the derived metric becomes



d82 _ [1 _ 27;” <1 + leer)] C2dt2 + dmra Sln2 0 <1 + 161\/[“7") Cdtdd)
p 3 p? 3
P’ s 2 192 [2 2 QmTC‘QSirP‘g( L m r):| -2 2
— —dr*—p°df* — " +a*+ ——— [ 1+ e sin® 0do®, (22)
A p? 3
where, p? = r? +a%cos?6 and A = r? — 2mr (1 + ge_MW) + a?. Here, a is the Kerr parameter (spin of the black
hole). Tt is straight forward to see that the metric (22) reduces to standard Kerr metric in Boyer-Lindquist coordinate
system under the condition M, — co. For a — 0, the spherically symmetric metric (2) is retrieved. We call metric
(22) as Kerr-scalaron (KS) metric and will be referred to as KS metric in the rest of the paper.
To establish asymptotic flatness of the KS metric we proceed as follows. Kalita (2020) put forward the following
relation between scalaron mass and UV and IR wave numbers (kyv, krg) of curvature corrected quantum fluctuations
in the black hole background.

Here, kyy = 2n/A\yv with Ayy = Rs = 2m, the event horizon and krr = 27/A;g where A;g is the IR scale
associated with thermal energy density of Hawking evaporation. It is related to the Hawking temperature (T') as
T = he3 /82 KpGM (Hawking 1974). Therefore, equation (23) relates scalaron mass M, with black hole mass m as

1
My o — 24
e (24)

Clearly for r >> m the KS metric with leading term upto 1/r takes the form,

2 4masin® § 2 1
ds? = (1 - m) Edt2 + T de — (1 n m) dr® — 12 (462 + sin? 0d?) + O (2) (25)
r r r r
Equation (25) confirms that the KS metric (22) is asymptotically flat. This also implies that equation (24) is a
generic condition to ensure asymptotic flatness of the KS metric. An inverse relationship between mass of a black
hole and mass of scalar field has also been obtained earlier by Carneiro & Fabris (2018) from the consideration of
gravitational collapse of scalar fields leading to singularity.

2.3. Effective Potential

To study trajectory of test particles it is essential to obtain effective potential energy function. For this investigation
we consider the equatorial plane § = 7/2 for which the KS metric becomes,

2 4 2 2ma®
ds* = [1 - ma(r)] Adt* + ﬂa(r)cdtdqb —Tar? - |:’I“2 +a?+ 2
r r

A a(r)| de?. (26)

r

The covariant components of the metric (26) are,

2m r 2mac
gt = ¢ (1 - TQ(T)) sy Grr = T, Gtg = r a(r),

A 9
) (27)
9 9 2ma
g¢¢=—<7" ta’+— 04(7“))
The contravariant counterparts are worked out as (see Hobson et al. (2006) for the technique)
1 2ma? A 2ma 1 2m
tt __ 2 2 T __ to _ PP _
gt = ETN (7" +a® + " a(r)), g =2 g'? = CrAa(r), g =-x <1—Ta(r)) (28)

Since, the metric is cyclic in ¢ and ¢, P, and P, are conserved along the geodesics. As a result, equations having
first integrals with respect to ¢ and ¢ are obtained. They are expressed as

2mac

a(r)e = ke, (29)

. . 2m .
Py = gt + gigd = ¢ (1 - ra(r)) (-
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2mac 2ma

Py, = gd)tf + g¢¢¢5 = a(r)t — <r2 +a®+ a(r)) ng =-L (30)

where, k and L are the constants of motion. L denotes the orbital angular momentum per unit mass of the orbiting
body. The expressions for ¢ and ¢ are obtained by solving the equations (29) and (30) and have the forms

r

é:?ifm“@wm+(1—%fmm>4 (31)
fi[(ﬂkf#%i&a01>k2:fawﬂ4 (32)

Using the equation g"* P, P, = €2 (where, for massive particles €2 becomes ¢ and for a photon € reduces to zero)
gives
9" (P)? +2g"" PPy + g% (Py)? + g™ (P;)* = ¢ (33)
Here, P, = g,7. Substituting (28),(29) and (30) in equation (33) we obtain the expression for 7 as

92 20262 ) _ 12 2m(L — ack)?
ﬁzéw_3+€fwm+a“ rj) +7“rfc)qm (34)

This is the form of the energy equation in KS geometry. Now, for a massive particle (¢2 = ¢?), the energy equation
is given by

1 1
57'"2+chf(7';Lak,¢me) = §Cz(k2 - 1)) (35)
where the effective potential is given by
2 L2 2.2 k2 -1 L — k 2
Verlrs Lokt My) =~ a4 LDl —ec (36)

Now, with the redefinition %02 (k? —1) = E where E is the energy per unit mass of the orbiting body, the effective
potential takes the form

mc® L2 mL? a’E  ma2(2F + 2 2maL(V2FE + 2
‘/;H(T;L7an07M’¢J):_T+ - ( ) + ( )

272 r3 72 r3 r3
——
Newtonian Part Schwarzschild Part Kerr Part
2 2 2 2 3
LIS Ve ~mL o—Myr _Ma (2E + ¢ )efM“/’T n 2mal2E + ¢ Mo (37)
3r 3r3 3r3 3r3

Newton + Scalaron Schwarzschild+Scalaron Kerr + Scalaron

It is straightforward to see that the effective potential reduces to that of standard Kerr metric when the scalaron mass
becomes infinite. For My — oo and a — 0, equation (37) gives the effective potential of the familiar Schwarzschild
metric.

2.4. Orbit equation

Presence of additional scalar degree of freedom near the black hole is expected to affect the orbits of test particles.
We rewrite equation (37) as

mc? L?  mL? a’E  ma?(2E + ¢?)
Ver(r; Ly E,1po, My,) = —704(7") T3~ TT@(T) -z Ta(r) +

2malv2FE + c2
—_—

3

(r)  (38)

Also, equation (35) can be expressed as,

1
57’«2 + Vert(r; L, B, po, My) = E (39)



Now, 7 can be redefined as 7 = QB?"’, where, v’ = g—;. In terms of 7/, equation (39) can be expressed as

2 _ o [E=Verr(r; L, E, o, My)]

= (40)
With equation (31) it becomes
E— s L E M,
T/2 —9 [ ‘/‘sﬁ(r7 s 1 ¢m w)} . (41>
ar [#ea(n)k + (1 - Zra(r) L]
Substituting equation (38) in (41) and expanding in the first order of a, the expression reduces to
2 274 + 2ma(r)c?r® — r2L? + 2ma(r)L*r n 8ma(r)r*y/2E + c2(ma(r)c? + Er) o+ 0(a?) (42)
L2 L3(2maf(r) —r)

2ma(r)

Now, the term W in (42) is expressed as W ~ fﬁ (1 + T) Substituting this expansion

in equation (42) and considering the first order terms in r, the equation reduces to

2Er%  2mc?rd 8aV2E + c2m?2c?r? 8aEV2E + c2mr3
2~ Tz T a(r) —r? 4+ 2mra(r) — 3 alr)? — 73 a(r) (43)
Defining u = 1/r = o' = —T%r’ we obtain the differential equation of the orbit as

2 8av2FE 2m2c? 4aFBEV2E 2 2 M, My M, M
' 4u= %a(u)—i—?uma(u)uz— ¢ 2—30 me a(u)Qu—aL—Wa(u) mng wu_le_Td—Fmg Ve
8aV2E + c2m?c2 M. _ My 4aEV2E +cAEmMy, | _Me
— ¢a(u)e w - Yy lem (44)
3L3 3L3
My,

Here, a(u) = 1+ ze~ = . Equation (44) represents the equation of motion of a test particle orbiting the KS black
hole. Due to the cumbersome nature of the differential equation, it is not possible to apply standard perturbative
methods to solve the equation. But, when the scalaron mass becomes infinite, the equation reduces to the standard
equation of motion for Kerr black hole. Further, when M, — oo, a — 0, it becomes the equation of motion for a test
particle near a Schwarzschild black hole.

2.5. Pericenter shift

The advance in periapse of a test particle near the black hole should naturally undergo some modification due to
the presence of scalarons. Presence of exponential terms along with the algebraic terms in (44), makes it challenging
to identify the secular term in the non-linear differential equation that is responsible for the precession of the orbits.
Hence, we resort to an alternative to investigate this effect. Following the technique given in Rovelli (2021) an
expression for the angular frequency and radial frequency of the orbit of the test particle is derived. The test particle
is considered to be slowly orbiting the central mass with E << ¢?. The local minimum of the potential (37) at radius
r =7, (where, r, = a/(1 — e?) with a’ being the semi-major axis) is obtained from

dVeg
dr

=0 (45)

This leads to the condition,

*

2 2 2 2 2 2
me (1+ 1e_MW*) _L* 3mL <1+ ;e_MW*) _ 2¢°E 3ma®(2E + %) (1+ ;e_Mw*)

72 3 r3 ri r3 rd

6malv2E + ¢? 1 wir me? st mL? —Mor
+§(1+3e ) = g Mye M = S MM
2 2 2
~ ma*(2E +¢ )M¢6_NI¢T* N 2mal\2E + ¢ Mye=Mom (46)

3r3 3r3
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The second derivative of the effective potential is equivalent to square of the radial frequency (w?) of the orbit of
the test particle. After some rigorous algebra, an expression for w? is obtained as,

2 dQVeff

w =
r dr?

= G(ry) (47)

=T

where, after applying the condition E << ¢? ,

L?  6mlL? 1 6ma’c? 1 12mal 1 AmL?
G(T*) = — — i <1 + 36_M¢T*> _ dmarc (1 + Se_MwT*) + Lemakc (1 + 36—Mwh> _=m M¢€_M¢T*

rd rd rd rd 3rd
Ama?c? 8malLc mec?
_ M e*]\/[w’r‘* _|_ M 67]\/[1/,7”* _ M 67]\/[1/,7”*
3rd v 3rd v 3, ¥
mL? ma?c? 2malc
— g Mge M — Mge Mom 4 Mge Mvre (48
3r3 Y 3r3 Y 3r3 v (48)

The angular frequency of the orbit of the test particle is given by wy = d) . Thus, using equation (31) and applying
E << ¢,

wj = H(r,) (49)

where,

1 1 1 2
H(T*) = AT""E [Zmac (1 —+ 36er*) + (T* — 2m <1 —+ 3€M¢r*)> L:| (50)

From the equations (47) and (49), it is clear that the degeneracy between angular frequency and radial frequency
is broken. Hence, the orbit undergoes precession by an amount, d¢p = ¢ — 2w. This shift occurs in the time period,
T, = 2m/w,. The radial frequency (w,) can be expressed in terms of angular frequency (wy) as, (after expanding in

the first order)
1 G(rs)
=wy |1—=(1- 1
o= |13 (1- 755 oy
Using the relation ¢ = wygT) and again expanding upto first order, we get the precession as,
1 G(ry)
=2r|=(1-— 2
so=an 3 (1- 755 o

Equation (52) represents an approximate form of the pericenter shift in KS geometry. It reduces to GR pericentre
shift (dpar = 6::") as soon as My, — oo and @ — 0 (Schwarzschild).

2.6. Black hole shadow in KS-metric

The horizon scale images of the GC black hole, Sgr A*, extracted by EHT Collaboration et al. (2022b) , offer a
probe to inspect the strong field regime of gravity. The current image of the GC black hole taken by the EHT consists
of a bright emission ring, surrounding a central brightness depression (the black hole shadow). The angular diameter
of the shadow has been reported as dgp, = 48.7 £ 7.0 pas (EHT Collaboration et al. 2022a). This scale has been taken
into account in order to constrain the metric under consideration.

The Schwarzschild black hole when observed from infinity has a photon capture radius of 3v/3m (EHT Collaboration
et al. 2022a). The scale of the event horizon is R, = 2m. Photons having impact parameter b < 3v/3m plunge into the
black hole, while those with b > 3v/3m escape to infinity. The photons with b = 3v/3m are trapped into an unstable
orbit. Thus the occurrence of a central brightness depression of size 3v/3m constitutes the black hole shadow. For
Kerr black holes, the radii of photon orbits have a strong dependence on spin, but a coincidental cancellation of the
frame dragging effects and quadrupole structure of the Kerr metric causes the black hole shadow to be very weakly
dependent on spin (Johannsen & Psaltis 2010b). The shadow scale is calculated as follows. A general static and
spherically symmetric metric has the form, (Kalita & Bhattacharjee 2023)
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ds® = g (7, PZ-)c2dt2 + 3 j=1,2,3945 (7, R-)dxidxj (53)

where P; are the parameters of the metric. The above choice is taken into consideration as the size of the black hole
shadow is very weakly depended on the black hole spin. (Johannsen & Psaltis 2010b; Johannsen 2013).
The shadow radius is given by(EHT Collaboration et al. 2022a)

Tph(Fi)

Tsh = —————— (54)
it (Tphs )
In the above equation 7, denotes the photon radius which is given by the solution of the implicit equation
dgi(r, P)\
ron(P) = 2gulryn. P) (25 ) (55)

Tph

By solving the above implicit equation, and substituting the value in (54), the parameters of the metric, P; can be
extracted from the measured angular diameter of the black hole shadow. A prior value of distance to the black hole
(D) is required for producing constraints on the parameters P; from the relation for angular size of the shadow, dg;, =
2rpn(P;)/D.

3. ASTRONOMICAL PROSPECTS

3.1. Scalaron mass from the shadow of Sgr A*

In this section we investigate scalaron mass for which the KS metric becomes compatible with the observed angular
diameter of the shadow of Sgr A*. The gy component of the KS metric (22) has the form

2mr 2mreMuwr

r2 4+ a2cos20  3(r2 + a2cos20)

g =1— (56)
The above expression is substituted in equation (55) to obtain the implicit equation for the photon radius in KS
metric. It has the form

2

3r§h — Mwmr;he_M“’Tph — 9mr§h — 3mr§he_MW”h — MwmaZCOSQQTf,he_MWW‘ + 6r12)ha cos*0

- 3m7’pha2cos29 + maZCOSQQTPhG*M“P”' — 2mrphe*M”’TPha260529 + 3a'cos*® =0 (57)

The spin parameter a is parameterized as a = my where y < 1. In a recent study, the spin of the GC black hole has
been reported as x = 0.90 £ 0.06 (Daly et al. 2023). Hence, x = 0.90 has been chosen. In terms of the spin parameter
X, equation (57) becomes

3r§h - qumr;he*MWPh - 9m7"2h - 3mr2he*wah - Mwm(mx)200329r§hefMWPh + 6r§h(mx)200520

— 3mrpn(mx)2cos?0 + m(my)*cosOrpne M0 rvn — 2mry e~ Moo (mx)2cos?0 4 3(my)*cos*@ =0 (58)

The above equation reduces to the implicit equations for the Kerr metric if M, — oo and Schwarzschild metric if
My — oo and a — 0 as obtained by Kalita & Bhattacharjee (2023), which have the following forms

o — 3mrby, + 2r2, (xm)?cos®0 — mrpn(xm)?cos®d + (xm)*cos'0 =0 (Kerr) (59)
Tf;h —3mr), =0 (Schwarzschild)

Clearly rpn = 3m for the Schwarzschild case. As gy =1 — 277" for the Schwarzschild metric equation (54) produces
the shadow radius as 7, = 3v/3m, which is a known result.

Equation (58) has been solved for y = 0.90 and inclination angles 6§ = 0° & 90°. For Sgr A*, m = GM/c? = 0.042
au. The scalaron mass is considered in the range 1075 au=! (10722 eV) - 12.22 au™! (10716 eV)(see Kalita (2020)
for comparison). The shadow diameter for these range of scalaron mass is obtained for the two inclination angles
mentioned above. The distance to the GC black hole is taken as D ~ 8 Kpc (GRAVITY Collaboration et al. 2019b).
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It is to be noted that the angular size of shadow is insensitive to the spin of the black hole and hence is not a very
strong probe for constraining spacetime metric. However, the angular size of the emission ring can be used to constrain
gravity theory or the metric (EHT Collaboration et al. 2022a). Diameter of the emission ring (de-ring), can be used to
measure the properties of the black hole metric and to access its compatibility with Kerr solution in GR for a black
hole of given angular size. The relation between the diameter of emission ring and the corresponding shadow size (dsp,)
is expressed as,(EHT Collaboration et al. 2022a)

Ao
de—ring = =8 dsp, = ac(l + 5)dsh,Sch (60)

dsh
where, o, = % is the a-calibration factor. It measures the correlation between the scales of emission ring and

shadow. For GC Sﬁlack hole, dering has been reported to be 51.8 &+ 2.3 pas (EHT Collaboration et al. 2022b). The
parameter 0 is expressed as,

dsh
dsh,Sch

0= -1 (61)

It measures the deviation of the estimated shadow diameter from that of a Schwarzschild black hole (dsp, scn = 6\/599,
where 6, is the angular size of half of the gravitational radius). EHT Collaboration et al. (2022b) constrained ¢ as
—0.081509 and —0.047009 for GC black hole using VLTI and Keck data for mass and distance to the black hole
respectively. It is also to be noted that the black hole is compatible with Kerr metric if 4 is in the range [—0.075, 0]
(EHT Collaboration et al. 2022a). For GC black hole, dsp, scp is estimated to be 55.1107 pas. Using equation (61), &
is estimated for two models: SchS metric and KS metric. Also, for estimation of calibration factor ae, de-ring is chosen
as 51.8 pas. The estimated values of § for SchS metric is presented in Table 1. The estimated values of § for KS metric
with spin x = 0.90 are shown in Table 2.

Table 1. Estimated values of deviation parameter § in SchS geometry for different scalaron masses

Scalaron Mass, dsh o 5
My (eV) (uas)
1.01 x 10722 73.4809 0.704945 0.33333
1.01 x 102 73.4805 0.704948 0.33332
1.01 x 10720 73.4771 0.704980 0.33326
1.01 x 107 73.4432 0.705306  0.33265
1.01 x 1078 73.1091 0.708530 0.32658
1.01 x 10717 70.1879 0.738018 0.27358
5.13 x 10717 62.5412 0.828252 0.13483
9.25 x 1077 59.0488 0.877239 0.07145
1.01 x 1076 58.5922 0.884076  0.06317

It is observed that for SchS metric, the deviation parameter for all scalaron masses is outside the bound reported by
EHT observations. On the other hand, for KS metric with y = 0.90 and § = 0° the deviation parameter for massive
scalarons (10717 eV & 10716 eV),is within the EHT bounds. The values of deviation parameter which are consistent
with Kerr metric are marked as bold in Table 2.

3.2. Schwarzschild pericenter shift

Pericenter shift of keplerian orbit is a strong probe for constraining gravitation theory.The Schwarzschild precession
of 12" per orbital period in S2’s orbit has been measured by GRAVITY Collaboration et al. (2020). Here we take
the Schwarzschild limit of pericenter shift in KS metric by setting a = 0 in equation 52. The resulting expression is
written as,’

Lusing L2 = mc?a’(1 — €?) and ry = a/(1 — €2).
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Table 2. Estimated values of deviation parameter § in KS geometry for different scalaron masses for x = 0.90

Scalaron Mass, 0=0° 0 =90°
Mw (eV) dsh Qe (5 dsh Qe 5
(pas) (pas)

1.01 x 10722 69.3801 0.746610  0.25892 73.5153 0.704614  0.333957
1.01 x 1072 69.3798 0.746614  0.25891 73.5149 0.704618 0.333951
1.01 x 10720 69.3765 0.746649  0.25885 73.5114 0.704652 0.333887
1.01 x 10719 69.3437 0.747002  0.25826 73.4787 0.704965 0.333293
1.01 x 10718 69.0201 0.750505  0.25239 73.1442 0.708189 0.327224
1.01 x 10717 66.1678 0.782857  0.20063 70.2233 0.737646  0.274222
5.13 x 10717 58.4112 0.886815  0.05988 62.5824 0.827708 0.135577
9.25 x 10717 54.5872 0.948939 —0.00949 59.0968 0.876527 0.072330
1.01 x 1071¢ 54.0584 0.958222 —0.01909 58.6427 0.883314  0.064090

6mm 1 / 2 4mmM, / 2
5 seng = —— (] 4 S Mya/(1=€) ) | ZTMY —Mya’(1-¢?)
(0¢)schs ey ( + 3¢ +—g

2 2\ 172
2ma"(1 — e*) My ~Mya'(1=?) |
6 6

2 "1 —e2)M? ,
mma'( e?) b - Mya'(1—?) (62)

Here, (0¢)schs represents precession in SchS geometry. Deviation from standard (GR based) Schwarzschild
precession((d¢)scn = %) is obtained as

(6¢)schs = (60)sen = 43a,(6177T62)€_MW(1_62) 4 Ay et -e)

2ma?(1 — e*) M7 ~Mya'(1=?) | 2mma’ (1 — e*) M7,

—M,,/,a'(l—eQ) 63
5 : e (63)

The deviation is studied against semi-major (a’) for scalarons with M, = 10717 eV - 10716 eV constrained by the
shadow of Sgr A*. We take a minimum bound on a’ which is estimated from the consideration that time scale of
gravitational wave emission from a star orbiting the GC black hole must be greater than or equal to the minimum
age of the star (~ 600 Myr for most of the S-stars) encircling the GC black hole (see Paul et al. (2023) and references
therein). For S2 like eccentricity (e = 0.9), this value is obtained as 45.40 au. We study the deviation upto S2 like
orbit with @’ = 1000 au. The variation is presented in Figure 1.

It is observed that 10716 eV scalarons almost produce GR like pericenter shift (see the flat graph in figure 1) at
all orbits. But 10717 eV scalarons dominate general relativistic precession for very compact orbits (a’ << 50 au).
For orbits of known S-stars such as S2 and the recently discovered S4716 (Peiflker et al. 2022) both these scalarons
show GR like precession. This result is in harmony with the previous result (section 3.1) that that massive scalarons
reproduce GR like shadow.

The Schwarzschild precession of orbits near the GC black hole is parameterized as (GRAVITY Collaboration et al.
2020)

3¢ = fsp x (0¢)sch (64)

where, fgp measures departure from the standard Schwarzschild precession. fsp = 0 and 1 for Newtonian gravity
and GR respectively. For scalarons we have

(6¢)schs — (00)sch
(6¢)Sch

The GRAVITY Collaboration et al. (2020) has constrained the fgp parameter from the precession of the orbit of S2

as fgp = 1.10 £ 0.29. Here, the deviation (6¢)schs — (0¢)scn has been estimated from Figure 1 for three hypothetical

orbits near the GC black hole having semi-major axes 45 au, 50 au and 100 au. The Schwarzschild precession for the

three orbits has been estimated for S2-like eccentricity (e = 0.9). For 45 au orbit, the deviation is estimated as 11.57

fsp=1+ (65)
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Figure 1. Deviation of Schwarzschild-scalaron pericenter from standard Schwarzschild pericenter shift with respect to semi-
major axis (a') for two scalaron masses. The orbital size of the stars S4716 and S2 are shown by two vertical dashed lines in
the figure.

arc minute. The scalaron mass required for the calculation is chosen as 10~!7 eV. The estimated fsp values are shown
in Table 3. It is seen that the KS metric with 107!7 eV scalarons is compatible with GR.

Table 3. fsp values for three hypothetical orbits along with the constraint on fsp obtained from S2’s orbit

Stellar orbits Semi-major axis (a’) fsp
S2’s orbit 970 au 1.10£0.29
(GRAVITY Collaboration et al. 2020)
100 au 1.00
Hypothetical stellar orbits 50 au 1.02
45 au 1.04

3.3. Lens-Thirring effect in KS geometry

Any test gyroscope in a stationary spacetime is known to exhibit the Lens—Thirring (LT) precession effect, which
causes dragging of locally inertial frames along the rotating spacetime (Lense & Thirring 1918). In the weak field limit
the LT precession frequency is expressed as (Hartle 2003)

- G-
Gur = 5 {3(17«)7« - J} (66)

where, 7 is the unit vector along r and J = Mac is the angular momentum. This is the particular case of a more
general phenomenon known as frame dragging. Plane of a stellar orbit(a gyroscope) surrounding a rotating black hole
undergoes precession due to this effect (Will 2008). With the KS metric we obtain the LT frequency without using
any weak field approximation. We adopt the method given by Chakraborty & Majumdar (2014). The LT frequency
(in vector form) for KS metric obtained in the present study is expressed as



15

Myr —Myr 2
SKS VA . P (a(r) — ZFemMr) — 2r2a(r)]
Qr7 = 2maca(r) cos@p3 % = 2mra(r)] 7 — macsin 0 T2~ mra(r)] 0 (67)
The magnitude of (67) is expressed as
\ 5 1/2
mac T Myr .
QKS = AP = amra(r)] [4a(r)2r2A cos® 0 + <p2 (a(r) — Twe L4 ) — 27‘2(1(1")) sin? 9] (68)

Here, erﬁ has dimensions of time™!. The well known Kerr limit of the LT frequency is natural outcome of infinite
scalaron mass in (68) and is given by,

1/2

K mac [47"2A cos® 0 + (p* — 27‘2)2 sin? 9} (69)

Qppr = ——5———
ET p3(p?2 — 2mr)
where, A reduces to A = 72 — 2mr + a?, that of Kerr metric. Also, in the weak field limit (i.e. r >> m) with

m o 1/My, equation (67) reduces to the well known form,

= GJ L aa
Qrr = =5 [2 cos OF + sin 99} (70)

which can be deduced from equation (66). Using equations (68) and (69) the LT precession in different orbits have
been estimated. To compare the LT precession with the capability of existing and upcoming observing facilities, the

astrometric shift of LT precession (2], x % sin(i), where j = K, KS and orbital inclination ¢ is chosen as 90°) has

been estimated in pas/yr. The LT precession is measured at the perihelion (r, = a’(1 — e)) for different orbits. High
eccentricity (e = 0.9) of the orbits having semi-major axes having o’ = (45 —1000) au is considered.The entire range of
scalaron mass (10722 eV - 10716 eV) is taken into account. The variation of astrometric size of LT precession against
orbital size is presented in Figure 2.

From Figure 2, it has been observed that for the heavier scalarons (1077 eV & 10716 eV) the LT precession in
Kerr and KS geometry become degenerate. In the orbit of S2, Q. is estimated to be 24.49 pas/yr for § = 0°. On
the other hand, QX2 falls in the range (32.65 — 24.49) pas/yr for the mass of scalarons in the range (10722 — 10716)
eV respectively. For § = 90°, QX is found to be 12.25 pas/yr and QX2 is found to be in the range (16.34 — 12.25)
pas/yr. This result shows that with one full period of S2 like orbits the LT precession will be capable of constraining
scalaron mass through astrometric capability of GRAVITY interferometer in VLT(~ 30 pas). Also, Fragione & Loeb
(2022) reported that the high spin of the GC black hole could result in the LT precession with time scale shorter
than the average age of S-stars (~ 10 Myr, see Habibi et al. (2017)). The LT precession time scale (€ ,)~! in yrs;
j = K, KS) for the same range of semi-major axis (45 — 1000) au and eccentricity, e = 0.9 is estimated. The variation
of LT precession time scale with respect to semi-major axes for three scalaron masses (10722, 1071 &10716) eV and
(0 = 0° —90°) is displayed with GR (Kerr metric) time scales in Figure 3. It is seen that these time scales for both
Kerr and KS metric are far below the average age of S-stars (~ 10 Myr). Therefore, this result may call for higher
spin value of GC black hole.

3.4. Analysis of the orbit equation

The additional Yukawa like terms (e~v" /r) in the orbit equation (44) are expected to affect the orbit of a test
particle. Now, the orbit equation under the assumption F << ¢? reduces to

v omc? 5 8m2ac®  mc? My 9 My
U +u—?—|—3mu —Tu—i—?)?e v +mute
~—~— 1 —_——— —— v
I IIT1 v
8m2ac® (2 My 1 My ] My ] My me? My, My mMy, My,
—— | zue" " 4+ —ue” v + -—Mye v + -Mye = |+ u e e 4 ue  « (71
JE <3 9 9 37 32 (71)
VII VIII

VI

From equation (71) it is seen that there are several correction terms whose effect in the orbit is unknown. Even
though the mass of the scalarons is constrained through shadow measurement (section 3.1) and pericentre shift (section
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Figure 2. The variation of astrometric size of Lense-Thirring precession in Kerr and KS geometry against semi-major axis (a')
for different mass of scalarons. Orbits with semi-major axes of 45 au, 100 au & 1000 au (S2 like orbit) are marked by three
vertical lines.

3.2), we wish to explore the nature of these correction terms in the entire spectrum of scalaron mass (10722 eV - 10716
eV). The individual terms in the orbit equation are displayed below.

I = Newtonian part, IT = Schwarzschild part,

IIT = Kerr part, IV = Scalaron modification to Newtonian part,
V = Scalaron modification to Schwarzschild part, (72)
VI = Scalaron modification to Kerr part,

VII & VIII = Scale modulated scalaron correction

The effect of these corrections in the orbit of any test particle has been analysed by estimating the ratio of each of
the correction terms to their GR and Newtonian counterparts. These ratios are taken as,

IV Scalaron modification to Newtonian part

1 Newtonian part

Vv _ Scalaron modification to Schwarzschild part (73)
1I Schwarzschild part

VI Scalaron modification to Kerr part

I Kerr part

The above three ratios are estimated for the orbit of the star S2 (having r = 120 au (pericenter distance) and
semi-major axis, a’ = 970 au) as well as for a hypothetical star (with » = 50 au (pericenter distance), a’ = 500 au and
e =0.9). These variations are presented in Figure 4. It is observed that in the orbit of S2, the scalaron effect becomes
negligible around 0.074 au~!(~ 107! eV). Similarly, in the orbit of hypothetical star, this effect becomes negligible
around 0.22 au~!(~ 10718 eV).

The scale modulated scalaron correction terms are,
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Figure 3. Variation of LT precession time scale in Kerr and KS geometry (107'¢ eV, 107!° eV and 1072? eV) against semi-

VIII = k'r e Mur (74)

where, k = mc?My,/3L? and k' = mM, /3. The effect of these two terms in the orbit of a test star is analysed

separately. The size of the EHT shadow 48.7 + 7.0 uas (EHT Collaboration et al. 2022a) corresponds to a range of

0.33 au to 0.45 au. Thus, variation of these two terms has been investigated for the range » = 0.33 au - r = 1000 au.

The variation of these terms in this range is investigated for three scalaron masses: 10722 eV, 10719 eV and 10717 eV
so as to cover the entire scalaron mass spectrum?. The variations are presented in Figure 5. For 10722 eV and 1077

eV scalarons it is seen that the term VII dominates over the term VIII for orbits with » = 2.7 au and higher. But the

terms change role at r = 2.7 au and below (we refer to it as "Flipping point”). For 10717 eV scalarons it is difficult to

distinguish between these two terms and they are of extremely tiny magnitude at all orbital radii which is consistent

with massive scalarons showing GR like effects.

4. RESULTS AND DISCUSSIONS

In this work, we constructed an axially symmetric and asymptotically flat metric called as the Kerr-scalaron (KS)

metric by employing Newman-Janis algorithm (NJA) to the spherically symmetric Schwarzschild-scalaron (SchS)
metric of f(R) gravity. The KS metric is used to construct effective potential and orbit equation and to estimate

pericenter shift and black hole shadow size. The KS metric reduces to Kerr metric for infinitely large scalaron mass
and it reduces to Schwarzschild metric for infinitely large scalaron mass and vanishing spin parameter. The asymptotic

flatness of the KS metric is found to be a natural outcome of an inverse relationship between scalaron mass (My,) and
black hole mass (m). The effective potential and orbit equation have appropriate Kerr and Schwarzschild limits. The
absence of orbital degeneracy (w, # wy) in the metric ensures existence of scalaron induced pericenter shift which
reduces to standard general relativistic values of pericenter shift under the limits M, — oo and (My — 0o,a — 0).

2 The variation for scalaron mass 106 eV is not discussed, as for these scalarons the two terms become exactly same.
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Figure 4. The variation of the ratios of different correction terms to their GR and Newtonian counterparts appearing in the
orbit equation against mass of the scalarons in the orbit of S2 and the hypothetical star (r = 50 au (pericenter distance),
a’ =500 au and e = 0.9). The horizontal dotted line shown in both the panels corresponds to unit value of the ratio of modified
gravity effects to their GR and Newtonian counterparts

The angular size of the GC black hole shadow in KS geometry is investigated for the scalaron mass range (1022
eV - 10716 eV). The observed angular size of the bright emission ring of the GC black hole shadow has been utilized
to estimate deviation of the KS metric from general relativity. It is found that in the Schwarzschild limit of the KS
metric, the deviation parameter for all scalaron masses is outside the bound reported by EHT observations. However,
for the KS metric with y = 0.90 and # = 0° the deviation parameter for massive scalarons (10717 eV & 10716 V), is
within the EHT bounds. These are obtained as ¢ ~ —0.009 and ¢ ~ —0.019 for scalaron mass 1077 eV and 10716 eV
respectively.

The effect of scalarons on the pericenter shift of stellar orbits near the GC black hole is investigated. For this
study the deviation of Schwarzschild limit of KS pericenter shift (6¢)scns from standard Schwarzschild pericenter shift
(8¢)sen is calculated for the scalaron masses 10717 eV and 10716 eV. From the variation of this deviation plotted with
respect to semi-major axis in the range (a’ = 45.40 au - 1000 au) it is found that scalarons with mass 10716 eV almost
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Figure 5. The variation of scale modulated terms (term VII and VIII) in orbit equation (71) against orbital scale (r) for
different scalaron masses. Orbits with » = 50 au, 500 au and 1000 au are marked with three vertical lines

produce standard Schwarzschild pericenter shift at all orbits. But 10~!7 eV scalarons dominate standard Schwarzschild
precession for very compact orbits (¢’ << 50 au). The deviation reaches a magnitude of around 11 arc minute for
orbits just below 45 au. For the orbits of S2 and S4716 both these scalarons show standard Schwarzschild precession
(see figure 1). The fgp parameter which measures the deviation from Schwarzschild precession is also investigated.
The deviation (0¢)gchs — (6¢)sen has been estimated from Figure 1 for three hypothetical orbits, a’ = 45 au, 50 au,
100 au. This has helped us to estimate fsp values which are displayed in table 3. The Schwarzschild precession for
the three orbits has been estimated for S2 like eccentricity (e = 0.9). The scalaron mass required for the calculation is
chosen as 10717 eV. From table 3 it is found that the fgp values are quite close to general relativistic value. Therefore,
we do not notice drastic deviation of f(R)-scalaron gravity from GR down to orbital scale of 45 au. Even though stellar
orbits below 45 au are not yet understood, we infer that massive scalarons have the capability to affect pericenter shift
far below 45 au (see figure 1). The deviation in the pericenter shift (11 arc minute and more) is measurable through
existing astrometric facilities available in the Very Large Telescope (VLT) which has measured pericenter shift of S2
(~ 12 arc minute).

The Lense-Thirring effect in KS geometry is explored for the scalaron mass range (10722 eV - 10716 eV). For the
orbit of S2, the astrometric size of LT precession is obtained in the range (32.65 — 24.5) pas/yr for § = 0° and
(16.34 — 12.25) pas/yr for § = 90°. These ranges of LT precession are accessible through astrometric capabilities of
GRAVITY interferometer in VLT. Scalarons with 10717 eV and 10~ eV produce LT precession of same size as that
of GR for all orbital scales considered. The ultra light scalarons (10722 eV), however, produce LT frequency which is
larger than that of GR by around 33% in all the orbits. Therefore, LT precession constrains the scalaron mass which
is compatible with the mass constrained by black hole shadow and Schwarzschild precession of S2. The maximum
value of LT precession time scale for scalarons with M, = 10722 eV and My = 1071 eV is only 20% — 25% away
from that of GR and 10716 eV scalarons (10000 yrs). This time scale is only about 0.1 % of the age of the S-stars.
Scalarons are found to reduce LT precession time scale. This indicates that the GC black hole preferably has higher
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value of spin which complements the result obtained through the deviation parameter extracted from ring diameter of
the black hole shadow.

The ratios of scalaron induced correction terms to their GR and Newtonian counterparts are analysed. The analysis
has been carried out in the orbit of the star S2 (r = 120 au, o’ = 970 au) and a hypothetical star (r = 50 au, a’ = 500
au) for scalaron mass ranging from 10722 eV to 10716 eV. In the orbit of S2, it has been found that the effect of
scalarons is significant only below 10719 eV. In case of the hypothetical star with compact orbit the scalaron effect is
found to be prominent for mass below 107! eV. In both these cases, for scalarons having mass above 107!® eV the
effect of modified gravity is heavily suppressed by GR. From the analysis of the orbit equation (71) it is found that
for low mass scalarons (10722 - 1071%) eV there exists a scale modulated scalaron gravity correction kre=Mv" (term
VII) which shows effect on wider orbits. But for high mass scalaron with M, = 10717 eV effect of such correction is
heavily suppressed by GR.

5. CONCLUSION

The Kerr-scalaron metric of f(R)-gravity has been found to possess appropriate GR limit. The asymptotic flatness
of the metric has been ensured by an inverse relationship between scalaron mass and black hole mass. Since scalaron
mass is not independent of the black hole mass, presence of scalarons near black hole restores the no-hair theorem of
general relativity. From the astronomical consequences of the metric it has been found that massive scalarons (10717
eV and 10716 eV) produce GR like observables, for example pericenter shift down to 45 au, LT precession frequency
near S2 like orbits and black hole shadow. The astrometric capabilities of existing large telescopes and upcoming ELT's
are expected to be capable enough for testing the new metric and its astronomical consequences within the regime of
very compact orbits near the GC black hole.

The corresponding author acknowledges Sajanth Subramaniam, ETH Ziirich for his helpful suggestions on the orbit
equation during a private communication.
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