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BOREL AND PARABOLIC-TYPE SUBALGEBRAS OF THE LATTICE VERTEX
OPERATOR ALGEBRA

JIANQI LIU

ABsTRACT. In this paper, we introduce and study some new classes of subalgebras of the lattice
vertex operator algebras, which we call the Borel-type and parabolic-type subVOAs. For the
lowest-rank examples of Borel-type subVOAs Vg of Vz,, and one nontrivial lowest-rank example
of the parabolic-type subVOA Vp of the lattice VOA V,, associated to the root lattice A,, we
explicitly determine their Zhu’s algebras A(Vp) and A(Vp) in terms of generators and relations.
Using the descriptions of A(Vp) and A(Vp), we classify the irreducible modules over V and Vp.
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1. INTRODUCTION

The lattice vertex operator algebra (VOA for short) V; associated to a positive-definite even
lattice L was introduced by Borcherds in [Bor86] and Frenkel, Lepowsky, and Meurman in
[FLMS88]], whose construction was based on the vertex operator realization of irreducible rep-
resentations over the affine Kac-Moody algebras on the Fock space S (Hh<°) ® C<[Q] given by
Frenkel and Kac in [FK80Q]. As the first example of vertex operator algebras, the lattice VOAs
play a fundamental role in the theory of VOAs. The famous moonshine module vertex op-
erator algebra V¥, which connects the j-invariant and the monster simple group M, was con-
structed using the orbifold and the simple current extension methods for the lattice VOA V,
associated to the Leech lattice A by Frenkel, Lepowsky, and Meurman in [FLMS88]]. Motivated

by the understanding of the moonshine module V* and conformal field theory [MS89 ,
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the lattice VOA V, has been studied extensively: Dong and Lepowsky computed the fusion
rules for V; in [DL93]]. Dong classified the irreducible modules and irreducible 6-twisted mod-
ules over V; in [D93| [D94]]. The Z,-orbifold V; of the lattice VOA V;, which was used to
construct V¥, was studied in detail in a series of papers by Abe, Dong, Griess, Li, and Na-
gatomo [ADO4, /ADLOS, [DG98, IDN99(1), IDN99(2)]. Using the Z, and Zs-orbifold construc-
tions for the lattice VOAs, the Schellekens’ conjecture on 71 holomorphic VOAs with central
charge 24 [S93]] was solved recently by van Ekeren, Lam, Moller, Scheithauer, and Shimakura
[VEMS20, Lam11} LS15} LS16].

In the classical theory of finite or infinite-dimensional Lie algebras, a Lie algebra g that
has interesting representation theory is normally equipped with a triangular decomposition
g = n_®bh@n,. The Borel (or parabolic) subalgebra b = b @ n, is used in a standard tech-
nique to construct Verma modules and irreducible highest-weight modules over g. Although
vertex operator algebras have more resemblance with semisimple associative algebras from the
representation theoretical point of view, their structural theory actually has more resemblance
with the semisimple Lie algebras. For instance, the Jacobi identity for VOAs is a formal vari-
able generalization of the usual Jacobi identity for Lie algebras [FLMS8]; the vertex operator
Y satisfies the skew-symmetry axiom similar to a Lie bracket [FHLO3|]; and a CFT-type sim-
ple VOA such that L(1)V, = 0 always has a non-degenerate symmetric invariant bilinear form
[EHL93, [L94]] similar to a Cartan-Killing form, etc.

In this paper, we provide more evidence in the lattice VOAs showing that the structural theory
of VOAs resembles semisimple Lie algebras. To outline our results, we set some notation. Let
M;(1,0) be the Heisenberg VOA associated to h=p®C[t,r']® CK, where h = C ®; L. By
the construction of lattice VOA V; in [FLMSS], one has the following decomposition of V; as
a module over the Heisenberg subVOA M;(1, 0):

V.= M1, e). (1.1)
a€l

The vertex operator Y of V; is given by intertwining operators among irreducible Heisenberg
modules, which satisfies Y(M;(1, @), 2)M;(1,8) € M;(1,a + B)((2)), for any a,B € L. In par-
ticular, for any abelian submonoid M < L, the subspace V), = @QE v Mi(1, @) is a subVOA of
V.. Let B < L be the submonoid Zga; & . .. ® Zspa,, where {ay, ..., a,} is a basis of L, and let
P < L be a submonoid containing B. We call Vy = @, _, M;(1, @) (resp. Vp = P, My(1, @)
a Borel (resp. parabolic)-type subVOA of V;. These subVOAs of V, first appeared in a recent
study of Rota-Baxter operators and classical Yang-Baxter equations for vertex operator algebras
by Bai, Guo, the author, and Wang in [BGL, BGLWI. Vz and Vp give rise to natural examples
of Rota-Baxter operators for lattice VOAs.

In the classical Lie theory, a Borel subgroup B of a connected linear algebraic group G is
defined to be a closed connected solvable subgroup of G that is maximal subject to these con-
ditions. A parabolic subgroup can be equivalently characterized as a closed subgroup P that
contains a Borel subgroup (see [B56,BT65, [Hum1l]). The Lie algebra b = Lie(B) is a Borel sub-
algebra of the Lie algebra g = Lie(G), and a parabolic subalgebra p of g is a subalgebra of g that
contains a Borel subalgebra b. If a Lie algebra g is semisimple, then it has a root space decompo-
sition g = h & @ae(b 8., Where b is a Cartan subalgebra of g, and @ is the root system associated
to b. In this case, a Borel subalgebra is given by b = h @ @ae(m 8a, Where @, is the set of posi-
tive roots (see [BT6S, HumZ2]). In our Borel-type subVOA Vp = M;(1,0) @ @%B\{O} M;(1, @),
we can view M;(1,0) as an analog of the Cartan-part [) in b, and view M;(1, @) with @ € B\{0}
as an analog of the positive root space g, in b.

Although the “Cartan part” M;(1,0) of Vp is non-commutative, and the “positive-root parts”
M;(1, @) of Vp are not one-dimensional, we can still show that V and Vp satisfy many similar
properties as Borel and parabolic-subalgebras of a semisimple Lie algebra. We discuss these
properties in detail in Section First, we show that V and Vp are all irrational as VOAs
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(Proposition 2.9), which corresponds to the fact that b and p of a semisimple Lie algebra g are
no longer semisimple as Lie algebras. Next, we show that certain Borel-type subVOAs Vp, of
an A, D, or E-type root lattice VOA V,, are conjugate under the automorphism group Aut(Vy)
(Proposition 2.10), which corresponds to that fact that all Borel subgroups B of G and Borel
subalgebras b of g are conjugate under G. Furthermore, after introducing a notion of normalizer
Ny (W) of a sub-vertex algebra W in a VOA V (Definition 2.11]), we show that the normalizer
Ny, (Vp) of a parabolic-type subVOA Vp in V, is equal to Vp itself (Proposition 2.13), which
corresponds to the normalizer property of parabolic subgroups or subalgebras. Finally, we show
that all Borel-type subVOA Vj of rank 1 or 2 are C;-cofinite (Proposition 2.16).

In Section 3 we focus on the lowest-rank examples of Borel-type subVOAs Vp < Vz,,
where (e¢|@) = 2N and B = Zypa. To study the representation theory of Vjp, we first study
the Zhu’s algebra A(Vp) for V. For any CFT-type VOA V, Zhu found an associative algebra
A(V) attached to V by the calculation of recursive formulas of genus-zero correlation functions
restricted onto the bottom levels of admissible V-modules [Z96]. One of the most significant
properties of Zhu’s algebra is the one-two-one correspondence between irreducible V-modules
and irreducible A(V)-modules, see Theorem 2.2.2 in [£96]. By construction, A(V) = V/O(V),

wta

where O(V) C V is spanned by elements of the formaob = } ;5 ( ; )a j—2b, where a,b € V are

homogeneous. Our main result in this Section is a concrete description of O(Vp) of the VOA
V3 (Theorem [3.8)):

Theorem 1.1. Let Vi = Vz_, be the Borel-type subVOA of Vyz,, with (ala) = 2N. Then

O(Vy) = span{a(—n — 2+ a(-n - D, a(=1yv +v, My(1,ka) :
(1.2)
n>0,ueVy ve @Mﬁ(l,ma), k > 2}.

m>1

The proof of Theorem [I. 1] uses a sequence of inductions on the length of spanning elements
u=a(-ny)...a(—n,)e™ of Vg, which are carried out in details by Lemma[3.4] Proposition[3.3]
Lemma[3.6] and Proposition[3.7l As an immediate Corollary, we prove that A(V3) is isomorphic
to the associative algebra C[x] ® Cy, where y> = 0, yx = —Ny, and xy = Ny. Using this
description of A(Vp) and Theorem 2.2.2 in [Z96], we show that the irreducible modules of
Vg are in one-to-one correspondence with the irreducible modules over the Heisenberg VOA
M=;(1,0), and the fusion rules among irreducible modules over Vj are also the same as fusion
rules among irreducible modules over M= (1,0) (Theorem [3.15). This result is also parallel
to the semisimple Lie algebra case, namely, the irreducible modules over a Borel subalgebra
b = h@n, of g are the same as irreducible modules over the Cartan part ) on which 1, acts as 0.

To better understand the difference between Borel-type and parabolic-type subVOAs, in Sec-
tion 4] and 3] we study a lowest-rank example of parabolic-type subVOA Vp that is not of
Borel-type. We take L = A, = Za & Zf to be the type A,-root lattice, and take P = Za @ Zsof.
Note that there is no difference between Borel-type and parabolic-type subVOAs in a rank-one
lattice VOA. Our main result in Sectiond]is a concrete description of the spanning elements of
O(Vp) (see Definition 4.4l and Theorem [4.9):

Theorem 1.2. Let Vp = Vyue753 be the parabolic-type subVOA of Va,. Then O(Vp) is spanned
by the following elements:

h(=n — 2u + h(—n — 1)u, ueVp, hebh, n>0;

y(=1)v +v, v e My(l,y), y €la,—a,B,a+ B

YD +y(=1)y, ve My(l,y+7%), v,y €la,—a,B,a+ B}, v+ €f{a+p,B};
M;i(1, ma + np), ma +nf € (Za ® ZsoP)\{0, a, —a, B, a + S};

a(=1)*w — a(-1)w, w € Mi(1,0).
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The proof of Theorem [L.2] uses a similar induction process on the length of spanning ele-
ments h'(-n,;)...h"(-n,)e” of Vp as in the proof of Theorem [T, with details carried out in
Lemmas and [4.3] and Propositions [4.6] 4.7] and 4.8l With the spanning elements of O(Vp),
we find a presentation of A(Vp) by generators and relations (Theorem F.11]):

A(VP) = C<X,y, Xas X—a>» XB, -xa+,8>/R’ (13)

where R is the two-sided ideal of the tensor algebra C(x, y, X,, X_q, X, Xo+p) generated by the
relations (4.21)-(@.26). Using these relations, we give a concrete description for the structure
of A(Vp). In particular, we show that as associative algebras, there is an isomorphism:

A(Vp) = A(Vzo)ly; 1d; 6] & J, (1.4)

where A(Vz,)[y; Id; 8] is the skew-polynomial algebra (see [O33,/(GWO04]) on the Zhu’s algebra
A(Vz,) of the rank-one lattice VOA Vz,, which is isomorphic to U(sl,(C))/{e*), and J C A(Vp)
is a two-sided ideal such that J? = 0, see Corollaries and

In Section[3] we use the identifications and of A(Vp), together with Theorem 2.2.1
in [£96] again, to classify irreducible modules over Vp. Our approach is to first construct two
irreducible modules over Vp associated to a A € (Ca)* C b:

1
1O — @ Mi(1,na) ® Ce?, LoD = @ M;(1,na + Ea/) ® Cet,
nez nez
using a slight variation of the lattice vertex operators in [FLM88]] (Definition [3.3). Then show
that the bottom levels UV and Uz of these irreducible modules exhaust all the possible

irreducible modules over A(Vp) when A varies in (Ca)*. The following is our main result in
Section [3] (see Theorem 3.6l and Corollary [3.7):

Theorem 1.3. The set X(P) = {(L(O’”), Ya), (L3 Y, : A € (Ca)* C b} is a complete list of
irreducible modules over the rank-two parabolic-type subVOA Vp of V.

Our constructions for the Borel and parabolic-type subVOAs have some further applications,
which are briefly discussed in Section [0l The first application of these subalgebras is the ex-
istence of an analog of triangular decomposition for vertex operator algebras, which we call
a quasi-triangular decomposition. A VOA V, equipped with a non-degenerated symmetric
invariant bilinear form (-|-), is said to admit a quasi-triangular decomposition if V has a sub-
space decomposition: V = V_ @ Vg & V,, where V. and Vjy are invariant under the action
of sl,(C) = CL(-1) + CL(0) + CL(1), V. are sub-vertex algebras without vacuum, Vj is a
sub-vertex algebra of V, and (V.|V.) = (Vg|V.) = 0, see Definition These axioms and
properties of V. = V_® Vy @ V, in Lemma are also parallel to the properties of 1. and b
with respect to the Cartan-Killing form in a triangular decomposition of a semisimple Lie al-
gebra g = n_® bh @ n, The subVOAs Vg and Vp in Sections BH3 naturally give rise to distinct
examples of the quasi-triangular decomposition for lattice VOAs. Our definitions for Borel and
parabolic-type subVOAs can also be generalized to the case of affine vertex operator algebras
Vis(k,0) and Lg(k, 0) of arbitrary positive integral level k [EZ92]. We briefly discuss it by the
end of Section [6l

This paper is organized as follows: we introduce the concepts of Borel and parabolic-type
subVOAs of lattice VOAs and prove some basic properties in Section2l In Section[3] we focus
on the rank-one Borel-type subVOA Vz_, of Vz, and determine its Zhu’s algebra by presenting
a concrete description of O(Vz_,,). In Section 4] we determine the structure of Zhu’s algebra
of a typical rank-two parabolic-type subVOA V; of V4, that is not of Borel-type. In Section [3]
we classify the irreducible modules over Vp using the results from previous sections. Finally, in
Section [6] we introduce the notion of quasi-triangular decomposition for VOAs and the Borel
and parabolic-type subVOAs for affine VOAs.

Conventions. Throughout this paper, all vector spaces are defined over C, the complex number
field. N represents the set of all natural numbers, including 0.
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2. THE BOREL-TYPE AND PARABOLIC-TYPE SUBVOAS oF V.

In this section, we first review the construction of lattice VOAs in [FLM&8|| and some related
results, then define the Borel-type and parabolic type sub-algebras of a lattice VOA V,, based
on the decomposition of V; as an irreducible module over the Heisenberg subVOA. We will
prove that these subVOA s are irrational, and some of them are C;-cofinite; they also share some
similar properties as the usual Borel and parabolic subalgebras of a semisimple Lie algebra.

2.1. Preliminaries. For the general definitions of vertex operator algebras (VOAs), modules
over VOAs, and examples of VOAs, we refer to [DL93, [FLMS8S, [FHLO93| [LL04].

2.1.1. The lattice vertex operator algebras. Let L be a positive definite even lattice of rank
d > 1, equipped with Z-bilinear form (-|-) : LX L — Z. Leth := C®z L, extend () to a
nondegenerate C-bilinear form (-|-) : h x ) — C, and let M;(1,0) be the level-one Heisenberg
VOA associated to ) = h ® C[z, 7] ® CK. Recall that the Lie bracket on the affine algebra b is
given by:

[h](l’l’l), hg(ﬂ)] = m(h1 |h2)6m+n,OK, h] s h2 € b, and m,n Z, (21)
where we denote h ® 1" € ) by h(m). Then h= (f))+ @ (f))o @ (f))_, where (lEA))i = @ he Ct",
and (h)y = h® C1 ® CK. Let (h)s = (b), @ (h)o, which is a Lie subalgebra of b.

For each A € b, let ¢! be a formal symbol associated to 1. Then Ce? is a module over (§)so,
with the module actions given by h(0)e! = (h|d)et, K.e! = e, and h(n)e' = 0, for all 1 € b and
n > 0. My(1, 2) is defined to be the induced module:

nez.

= Tnd® _ UG
M;(1,2) := Ind] Ce' = U(h) &y, Ce'. (2.2)

Then M;(1, 1) = U(h<p) ®c Ce* = span{hy(-ny) ... (—ne' 1k >0, hy,...,h €b, ny >+ >
n; > 0} as vector spaces. It was proved in [FLM88, IDL93] that M;(1,0) has a VOA structure,
called the level-one Heisenberg VOA, and M;(1, A) with different A € b, are all the irreducible
modules over M;(1,0) up to isomorphism.

Write C¢[L] = @QE ; Ce?, where ¢® is a formal symbol associated to « for each @ € L (e”
was denoted by «(@) in [FLMS88]]), and € : L X L — (£1) is a 2-cocycle of the abelian group L
such that e(a, B)e(B, @) = (-1)“P for any @, € L. Let V, = My(1,0) ®c C¢[L], then

Vi = span{h(—ny) ... lp(—np)e® : k>0, €L, hy,...,h €h, n; > --- > n; > 0},

where we omit the tensor sign ® in the term h,(—n;) . .. h(—n;)e®. The vertex operator Y : V; —
End(V;)[[z, z"'1] on the spanning elements of V; is given as follows:

Y(h(-1)1,2) == h(z) = Z h(n)z ™! (h(n)e" :=0, h(0)e" := (hloz)e") , (2.3)

nez
Y(e%, 7) := E (-, 2)ET(~a, 2)e, 2" (z"(eﬁ) =7 BB e () = e(a/,,B)e‘”ﬁ), (2.4)

Y(hi(=ny = 1) .. (=g = e, 2) := 20" hi(2)) . . . (0" h(2)Y (e, 2)5 (2.5)

forany k > 1,ny > --- >n. >0, h,hy,...h €b, and @, € L, where E*, 62"), e?, and z% in
23)—(@.3) are given as follows:

E*(-a,z) = exp[z —a;l(n)z_n), 52”) = l ea(é®) = ela, B,  %(F) = 7B B,

n!’
neZ. '

The normal ordering in (2.3) rearranges the terms in such a way that the right hand side of (2.3))
has the following expression:

m1>0,...,m;>0 n; >0,...,n;,>0
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Let {a1, ..., @y} be an orthonormal basis of ), and let w = % Z?:l ai(-1)*1 € M;(1,0) C V.

It was proved in the appendix A.2 in [FLM88] that (V, ¥, w, 1) is a VOA such that M;(1,0) C
V. is a subVOA. In particular, V; has the same Virasoro element w and the vacuum element
1 with the Heisenberg subVOA M;(1,0). Recall that V; has the following decomposition as a
module over the Heisenberg VOA M;(1,0) (see [FLMSS, [D93]):

Ve = M1, ), 2.7)
ael
where M;(1, @) = M;(1,0) ® Ce” for each @ € L.

Let L° :={h €} : (hla) € Z, Ya € L} be the dual lattice of L. For each element A € L°, it
was proved in [FLM88] that V., = M;(1,0)®c C°[L + 1] is a module over V;, with the module
vertex operator Yy, : Vi, — End(V.,))[[z,z"']] given by formulas similar with (2.3)—(2.3), the
only differences are 2(0)eP™ := (h|B+1)ePH, z%(eP) := WPV and e,eP := e(a, B)e® P4,
foranyhe b, a,f € Land A € L°.

Furthermore, Dong classified the irreducible modules over V; in [D93]]. The main result is
the following: Let L°/L = | |7_,(L + A;) be the coset decomposition of the subgroup L in L°.
Then (Vi .- .s Vis ﬂp} are all the irreducible module over V; up to isomorphism (see Theorem
3.1 in [D93]]). Furthermore, V; is a rational VOA.

2.1.2. subVOAs of V| associated to submonoids of L. Observe that a lattice L is an abelian
monoid, with the dentity element 0. An (abelian) submonoid of L is a subset M C L such that
0 € M, and M is closed under the addition of L. An (abelian) sub-semigroup of L is a subset
S < L such that S is closed under addition of L.

The following notion was introduced by Huang and Lepowsky in [HL96]:

Definition 2.1. A vertex algebra without vacuum is a triple (V, Y, D), where V is a vector
spaces, Y : V — End(V)[[z,z '], a — Y(a,2) = 3,z a,z """, is a linear map, and D : V — V
is a linear map, satisfying the following axioms:

(1) (Truncation property) For any a,b € V, a,b = 0 for n > 0.

(2) (D-derivative property) Forany a € V, [D, Y(a, z)] = diZY (a,2).

(3) (Skew-symmetry) For any a,b € V, Y(a,2)b = Y (b, —z)a.

(4) (Jacobi identity) For any a,b,c € V,

-2+ 2 21 — 20

zalé(z‘ » ZZ) Y(a.2))Y(b. 2) - zalé( ) Y(b, )Y (a,2,)= zgla( ) Y(Y(a.20)b. 22).
0

In particular, a VOA (V,Y,1,w) is a vertex algebra without vacuum with D = L(-1), and a
sub-vertex algebra without vacuum is a subspace W C V that is closed under Y and L(-1).

Proposition 2.2. Let M < L be an abelian submonoid, with the identity element 0 € L, and let
Vu = @%M M;(1, @). Then (Viy, Y, w, 1) is a CFT-type subVOA of (V, Y, w, 1).

Let S C L be a sub-semigroup, and Vg := @aes M;(1, @). Then (Vs, Y, L(=1)) is a sub-vertex
algebra without vacuum of (V, Y, L(-1)). If, furthermore, S C M and M + S C S, then Vs is
an ideal of V.

Proof. By 2.3) and 2.4), for any a, 8 € M, we have
Y(e",2)é’ = E"(—a,2)E" (-, 2)e,2"(€°) = E™(-a, 2)E* (—a, 2)e(a, f)z Ve,
_ _a) _, (@lB) ,o+8
= eXP[Z P JE(G,,B)Z 4

n<0

which is contained in My(1, @ + B)((z)) C Vu((2)), in view of the decomposition @.7). More
generally, for any i;(—n; — 1) ... (—n; — De” € My(1, @) and b\ (-m; — 1) ... h(-m, — 1ef e
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M;(1,B), with @, B € M, it is easy to see from (2.5) and (2.6) that
Y(hi(=ny = 1) .. hy(=ng — De®, 2l (=my = 1) H(=m, — DéF € My(1, @ + B)(2)).

Since M is closed under addition and M;(1,0) C Vy, it follows that V), is a sub-VOA of V.
Since Vj, has the same Virasoro element as V;, we have (Vy), € (V;), for each n > 0, and
(Vm)o = (V)o = C1. Thus V), is of the CFT-type. The second statement is also clear since § is
closed under addition, and L(-1)M;(1, @) € M;(1,a) forany @ € §.. O

The proof of Proposition[2.2] essentially relies on the fact that
Y(My(1, @), )My(1,B) € My(1, @ + B)((2)), a,B€L, (2.8)
where Y is the vertex operator of the lattice VOA V.

Definition 2.3. Given an abelian submonoid M < L (resp. sub-semigroup S < L). We call
(Vu, Y, w, 1) (resp. (Vs, Y, L(—1))) in Proposition the subVOA (resp. sub-vertex algebra
without vacuum) of V; associated to M (resp. S).

Remark 2.4. When L is a rank one lattice Zea, it was observed by Dong (see Proposition 4.1
in [D93])) that Vi, is a subVOA of Vz,. Proposition 2.2]is a generalization of this result, noting
that N is an abelian sub-monoid of Za.

2.2. Definitions of Borel-type and parabolic-type subVOAs of V;. We use Proposition 2.2]
and define the Borel and parabolic-type subVOAs of V, by taking the subVOAs V), < V.
associated to special submonoids M < L.

Definition 2.5. Let L be a positive-definite even lattice of rank r, and let V; be the lattice VOA
associated to L.

(1) An abelian submonoid B < L is called a Borel-type submonoid if there exists a basis
{aq,...,a,} of L such that B = Z pa; @ ...® Zspa,. An abelian submonoid P < L is
called a parabolic-type submonoid if there exists a Borel-type submonoid B < L such
that B C P (So any parabolic-type submonoid is automatically of Borel-type).

(2) A Borel-type subalgebra (or subVOA) V; of the lattice VOA V; is the subVOA asso-
ciated to a Borel-type submonoid B < L. i.e., Vp = @a s M;(1,@). A parabolic-type
subalgebra (or subVOA) V, of V, is the subVOA associated to a parabolic-type sub-
monoid P < L. i.e., Vp = P __, My(1, ).

aeP

Observe that both the Borel-type and parabolic-type subVOAs of V; are of the CFT-type, and
have the same vacuum element 1 and Virasoro element w with the lattice VOA V. Moreover,
they are not simple VOAs. In fact, S = Z.pa; & ... ® Z.pa, is an obvious sub-semigroup of
B =7Zsa ®...0Zsoa,. By Proposition2.2] V3 has an ideal V.

Remark 2.6. For a Borel-type sub-VOA Vj = @a s Mi(1, @), where B = Z,oa1 @ ... © Zxoa,,
we may view M;(1,0) < Vp as an analog of the “Cartan subalgebra”, and view M;(1, @) with
a € B — {0} as an analog of a “root space” associated to a “positive-root” @ € B. However,
unlike the Lie algebra case, the Cartan-part M;(1,0) is not commutative.

Example 2.7. Certain parabolic-type subVOAs can give rise to the decomposition of the lattice
VOA V, into a direct sum of two sub-vertex algebras without vacuum.

(1) Let L be the rank one positive definite even lattice L = Za, with (¢|@) = 2N for some
fixed positive integer N. Clearly, B = Z,oa is a Borel-type submonoid, Za is a sub-
semigroup of L, and L = B| |Za. Then Vy = @m€Z>0 M;(1, ma) is a Borel-type
subalgebra. Moreover, Vz_, = @m Zo M;(1, ma) is a sub-vertex algebra without vac-
uum, and Vz, = Vp @& Vz_,.
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(2) L = A, be the root lattice of type A,. Note that A, = Za & Z, with (a|a) = B|B) = 2
and (a|B) = —1. Then P = Za ® Zsf is a parabolic-type submonoid of A, as B =
Zsoa ® ZsoB C P, and A, = P U P, where P~ = Za & Z.oB. See Figure Ml for an
illustration. By Proposition[2.2] Vp = @yel, M;(1, ) is a parabolic subalgebra of V,,,
Vp- 1s a sub-vertex algebra without vacuum of V4,, and V4, = Vp @ Vp-.

(3) There is another example parabolic-type subalgebra of V,,. Let P, := Za & Z.oS +
Zsoa = {ma +nB,ka : m € Z,n > 0,k > 0}. See Figure [ for an illustration. It is easy
to check that P; < A, is a submonoid, and B = Zsqa & Zs¢8 C P,. By Proposition 2.2]
again, Vp, = @yePl M;(1,7) < Va, is a parabolic-type subalgebra.

(4) More generally, let L be a positive-definite even lattice of rank r with a basis {ay, . .., @,},
and let
P =Za1®.. @Za,_1 ®Zsoa,, and P :=Za 1 ®...dZa,_1 ®Zya,. (2.9)

Then P is a parabolic-type submonoid of L since it contains B = Zspa| ®. . . ® Zsoa,, P~
is a sub-semigroup of L, and L = PUP~. Then Vp = @aep M;(1, @) <V, is a parabolic-
type subVOA, and Vp- = @ sep- M;(1,8) <V is a sub-vertex algebra without vacuum.
Moreover, V;, = Vp & Vp-.

Remark 2.8. The decomposition Vz, = Vz®Vz_, and V; = Vp® Vp- first appeared in the study
of Rota-Baxter operators and classical Yang-Baxter equations for VOAs by Bai, Guo, the author,
and Wang in [BGL, BGLWI|. The projections p : Vz, - Vp C Vzoand p : V, — Vp C V are
natural examples of weight —1 Rota-Baxter operators for VOAs.

Berman, Dong, and Tan studied the representations of another class of sub-vertex algebras
of V;, which are generated by half of the lattice basis elements of L in [BDTO02]. The sub-
vertex algebras they studied are different with Borel-type or parabolic-type subVOAs since the
structures of Vp and Vp are not symmetrical as the structure of the subalgebras in [BDT02].

Unlike the lattice VOA itself, the Borel-type and parabolic-type subVOAs that are not equal to
V. itself are irrational. This is parallel to the fact that the parabolic subalgebras of a semisimple
Lie algebra are not semisimple.

Proposition 2.9. The proper parabolic-type sub-algebras of a lattice VOA V are all irrational.

Proof. By Definition [2.3] it suffices to show that a proper parabolic subVOA Vp <V is irra-
tional. Assume P contains a Borel-type submonoid Zga; @. . . ®Zsa,. First, we note that there
must exist some index 1 < j < rsuch that for any n; < 0, the element nya; +- - -+n;a;+- - - +n,a,,
with n; € Z for any k # j, is not in P, as P would be the whole lattice L if otherwise. Without
loss of generality, we assume j = 1, then elements in P are of the form ma, + nya, + - - - + n,,,
for some m > 0, and ny, ..., n, € Z. In particular, Zsga; C P. Let

P :={ma;+may+---+na,€P:m>1,neZ)U{0+ma,+---+na,€P:n €.

It is clear that P' is a submonoid of P. i.e., P+ P' C P'. Then by @.8), Vp := . My(1, @)
is a submodule of the adjoint module Vp, and Vp/Vpr = M;(1,0), which is an irreducible Vp-
module. Similarly, if we let

P? ={ma+mar+---+na, € P.-m>2,n€ZU{0+may+---+na, €P:n €’}

then P? is a submonoid of both P! and P; Vp: C Vpi is Vp-submodule such that Vpi/Vp =
M;(1, @), which is an irreducible Vp-module. Proceed like this, and we can construct a com-
position series of Vp-modules:

Ve Vpi DV D ...Vpn D Vpm1 D ...,

such that the consecutive quotient i Vpn/Vpni = My(1, may), which is an irreducible Vp-
module, for any m > 0. Note that M;(1, ma;) is not isomorphic to My(1,m'ay) if m # m’

as Vp-modules, since they are not isomorphic as Mj(1, 0)-modules and M;(1,0) < Vp. Thus, Vp
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has infinitely many non-isomorphic irreducible modules, and so Vp is irrational (see [DLMO9§]
Theorem 8.1). |

2.3. Basic properties. In this subsection, we show that the Borel and parabolic-type subVOAs
share some similar properties as a Borel subgroup of a linear algebraic group and Borel subal-
gebra of a semisimple Lie algebra. Although not rational, we show that all Borel-type subVOAs
of arank 1 or 2 lattice are C;-cofinite.

2.3.1. Conjugacy property. In Lie theory, we know that Borel subgroups of a linear algebra
group are conjugate (see [Hum1|] Chapter 21); Borel subalgebras of a semisimple Lie algebra g
are conjugate under inner automorphisms of g (see [Hum?2] Chapter 16).

Let L be a root lattice Q associated to an A, D or E-type root system @ of rank r. Then for each
set of simple roots A = {ay, . ..a,}, we have a Borel-type submonoid By = Zspa| @ ... ® Zso,
and an associated Borel-type subVOA V3, < V).

Given a lattice isometry o € O(L) = {0 € Aut(L) : (caloB) = (a|B), a,B € L}. We can first
lift it to C-linear isomorphism o : ) — b, o(a@) = do(a), where 1 € C and a € L, and then lift
it to an automorphism & : V;, — V| of the lattice VOA V/:

G(h(=ny) ... h(=ny)e®) = (Ch)(-n1) ... (Ch)(=n)e™, (2.10)

where h; € h,n; > --- > n, > 1, and a € L (see Section 2.4 in [DN99(2)]]). On the other hand,
if A and A" are two sets of simple roots of @, then there exists w € W(®), the Weyl group of
®, such that w(A) = A’. Since w is generated by simple reflections, we have w € O(Q) and
w(By) = By . Then by (2.10) and the definition of V,; in Proposition 2.2l we have w € Aut(V})
and w(Vp,) = V3,,. Thus we proved the following:

Proposition 2.10. Let Q be a root lattice of type A, D, or E. Then the Borel-type subVOAs of
the form Vg,, where A C @ is a basis of ®, are conjugate under Aut(V).

2.3.2. Normalizer property. In Lie theory, we know that if P < G is a Borel or parabolic
subgroup of a linear algebraic group G, then Ng(P) = P; and if b < g is a Borel subalgebra of a
semisimple Lie algebra g, then 1y(b) = b (see [Hum1l] Chapter 23).

Let (V,Y,1,w) be a VOA, and W < V be a sub-vertex algebra. There is an analog of the
“centralizer” of W in V, defined in [FZ92], called the commutant. By definition, Comy(W) =
{aeV:wja=0, forall j >0, we W}. We define the normalizer of W in V as follows:

Definition 2.11. Let (V, Y, 1, w) be a VOA, and W < V be a sub-vertex algebra without vacuum.
Ny(W):={aeV :a;WCW, forany j > 0} (2.11)
is called the normalizer of W in V.
Lemma 2.12. Ny(W) < V is a sub-vertex algebra of V with W C Ny(W). Moreover, Ny(W)
can also be characterized as follows:
Ny(W):={aeV :bjaeW, forany be W, >0} (2.12)
In particular, we have Comy (W) C Ny (W).

Proof. Since 1;W = 0 for any j > 0, we have 1 € Ny(W). Since W is closed under Y, clearly
W C Ny(W). Leta,b e Ny(W),ne Z,m >0, and w € W. By the associativity we have

a,b),,w = n) 1Y a,_ by w — (—1)" (n) 1 byniaweW

(a,b) PZ()(J.() B ()onjw Y bin-ia;

since b,,.;w € W and a;w € W for any j > 0. Thus, Ny(W) is a sub-vertex algebra of V. Finally,
by the skew-symmetry of ¥ we have a,b = 3,50 1/i!(=1)"*""*'L(-1)'b,;a. Since L(-1)W € W
by Definition 2.1] it follows that for given a € V, a,w € W for any n > 0 and w € W if and only
if w,a € W for any n > 0 and w € W. This shows (2.12). O
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Proposition 2.13. Let M < L be an abelian submonoid. Then Ny,(Vy) = V. In particular, for
any Borel-type or parabolic-type submonoid P < L, we have Ny, (Vp) = Vp.

Proof. Note that V, = @yeL\M M;i(1,y) @ Vi, in view of @7). Leta = u+v € Ny, (Vi)
with u = Y, cp\yu, and v € Vi, where u, = 0 for all but finitely many y € L\M. Since
Vi € Ny, (Vi) by Lemma[2.12] we have u € Ny, (V).

Now we show that u = 0. Since 0 € M, we have M(1,0) C V). Then by (2.12), we have
(h(=1)Dout = Syepys hOYity = Syer iy, € Vg 0 D, ., Mi(1.7) = 0. Hence (ly)u, = 0
for all y € L\M. For a fixed y € L\M, choose h € }) s.t. (hly) # 0, then we have u,, = 0 for all ,
and sou = 3 cp\y ity = 0. O

Remark 2.14. In general the normalizer Ny(W) might not be equal to W. For example, let
S C L be a sub-semigroup and 0 ¢ S. Then Vg < V| is a sub-vertex algebra without vacuum by
Proposition[2.2] It is easy to see that M;(1,0) C Ny, (Vs) but My(1,0) ¢ V.

2.3.3. Strongly generation property. Recall that a CFT-type VOA V is called strongly generated
by a subset U C V if V is spanned by elements of the following form:

ul_nlu%m...u’ﬁnku, where u',...,ufueU, n>n>--> n > 1. (2.13)

(see [K97]). It was proved by Karel and Li in [Li05, [KL99] that a VOA V is strongly generated
by a finite-dimensional subspace U C V if and only if V is C-cofinite.

Lemma 2.15. Let B = Z>oa1©. . .©Zsoa, be a Borel-type submonoid of L such that (ala;) > 0,
forall1 < i # j<r Then Vg is strongly generated by U := {1,a;(-1)1,e% : 1 <i <r}. In
particular, Vg is Cy-cofinite.

Proof. Let W be the subspace of Vz_, spanned by elements of the form Z.13), with u/,u € U.
We need to show that each My(1,n1a; + -+ + n,,) is contained in W, for all non-negative
integers n; > 0. Clearly, M;(1,0) ¢ W. Since M;(1,a) = M;(1,0) ® Ce®, and My(1,0) is
strongly generated by {a(—1)1,..., a,(-1)1}, we only need to show """ ¢ W,

Observe that if ¢ € W and ¢® € W, with (a|8) > 0, then

¢ 1€ =Res, 2 P E (-, )E" (—a, 2)e,z" ¢
= Res, 7 P E~(—a, 2)7Pe(a, B)e* (2.14)
= e(a,B)e"” =0 (mod W).
Furthermore, since (a;la;) > 0 forall 1 < i # j < r and (ail;) = 2N; > O for all i, we have
(ma; +---+meana +---+na,) = Z;Fl minj(a;la;) > 0, for any m;,n; > 0. In particular,

if emarttmar ¢ Woand et ¢ W,owe have et tmarttatmiar ¢ W by (2.14). Then it
follows from an easy induction that ¢"***"* ¢ W for any n; > 0. O

Proposition 2.16. Assume that L is a positive-definite even lattice of rank at most 2. Let B < L
be a Borel-type submonoid. Then the VOA Vy is C\-cofinite.

Proof. If L = Za or L = Za & 7, with (a|B) > 0, the conclusion follows from Lemma[2.13

Now assume that («|8) = —n with n > 0, and (B|8) > (a|a). Without loss of generality, we
may also assume (B|5) = 2k with kK > 1 and (ala) = 2. Since L = Za & Zf is positive-definite,
for any p, g € Z, we have (pB + ga|pB + qa) = 2(kq* — npq + p*) > 0. Hence the discriminant
n? —4k <0,and son < 2Vk. Now we fix p := L”T“J > (0. Then2p—-n=0or 1.

Let B = Zsga®ZsoB, and let U = {a(=1)1,B(=1)1, 8, é#*2, ..., PP}, Let W be the subspace
spanned by elements of the form (2.13), with u/, u € U. By the proof of Lemma[2.13] it suffices
to show that ¢”#*** € W, for any r > 0 and s > 0.

Leti > 0. Since (B + palia) = i(—n + 2p) > 0, we have #72+@ ¢ W for all i > 0 by 2.14).
This shows ¢#*** € W for all s > 0. Now we show that ¢*#*** € W. Indeed, for any ¢ > 0 with
g<p-1,wehaveg <3 < % asn < 2\/%,then(,8|,8+qa/) =2k —gn > 0, and ¥ ¢ W
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for ¢ < p — 1 by (2.14). On the other hand, it is easy to check that (8 + a8 + (p — Da) =
2k—np-2(p—1)>0,asp<*Landn <2 Vk. Hence ¢?*7* € W by (2.14). Moreover, since
the angle between 8 + ja and 8 + (p — 1)« is less than the angle between 8+ a and 8+ (p — D
forany 2 < j < p — 1. It follows that (8 + ja|8+ (p — 1)a) > O forany 2 < j < p — 1, and so
e#rs e Wior0 < s <2p-2.

By discussing the parity of n, we can show that (6+pa|B+(p—1)a) > %—(Zp— Dn+2p(p-1) =
0 or 2. Thus, e¥#*?r~D ¢ W by 2.14). Since (8+ pa|B+ pa) > 0, we have ¢#**’* € W. Finally,
since (28 + 2palia) = 2i(—n + 2p) > 0 for any i > 0, then *#*2P**@ ¢ W for any i > 0. This
shows e*#*5* ¢ W for all s > 0. By adopting a similar argument, we can show that ¢#** ¢ W
forall # > 0 and s > 0. Hence Vi = W is strongly generated by U, and Vj is C-cofinite. O

Remark 2.17. However, the Borel or parabolic-type subVOAs are not C,-cofinite. We will see
this in the following sections. The non-C,-cofiniteness of these subVOAs is also indicated by
the irrationality in Proposition We conjecture that all parabolic-type subVOAs of a lattice
VOA V; are C;-cofinite.

3. THE RANK-ONE BOREL-TYPE SUBVOA V3 oF Vg,

In this Section, we fix the rank-one lattice L = Za, with (a|la) = 2N for some N > 1, and
e€(ma,na) = 1, for all m,n € Z, and study its Borel (and parabolic)-type subVOA Vg, where
B = Zsoa. Note that the only Borel-type subVOAs of V7, are of this form by Definition

We will show that the Zhu’s algebra (see [Z96]) A(Vp) of the VOA Vjp isomorphic to the
following associative algebra:

C(x, y)/y*, yx + Ny, xy — Ny),

where C(x, y) is the tensor algebra on generators x and y.
First, we recall the construction of Zhu’s algebra A(V) in [£96, [FZ92]. Let (V,Y,1,w) be a
VOA. For homogeneous elements a, b € V, define

1+ )V t
aob i=Res, Y(a,ob 2 = Y (W,a)aj_zb, (3.1)
é -
j=0
1 + 7)™ t
axb = Res, Y(a.0b 2 _ > (W,“)a i1b. (3.2)
Z -
Jj=0

Let O(V) = spanfao b : a,b € V}, and let A(V) := V/O(V). By Theorem 2.1.1 in [Z96], O(V)
is a two-sided ideal with respect to %, and A(V) is an associative algebra with respect to *, with
the unit element [1]. By Lemma 2.1.3 in [£96]], we also have the following formulas:

1+ wtb—1
axb=Res, Y(b.2)a 2 (mod O(V), (3.3)
Z
axb—bxa=Res,Y(a,2)b(1+2)"" (mod O(V)), (3.4)
for any homogeneous a, b € V. Furthermore, if m > n > 0, one has
1 + wta+n
Res, V(. 0p 2" =0 (mod O(V). (3.5)
Z m

3.1. A spanning set of O(Vj). It is easy to establish a morphism between the associative alge-
bra C(x,y)/(y*, yx + Ny, xy — Ny) and A(Vp):

Proposition 3.1. There exists an epimorphism of associative algebras:
F : C(x,3)/(%, yx + Ny, xy = Ny) = A(Vp), (3.6)
such that F(x) = [a(—1)1] and F(y) = [e°].
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Proof. By the definition of Y(e%, z) in (2.4)), for any n > 0, we have
e =0, e"e"=-=e%ye"=0, n>0, and e, * =e™. 3.7
Since wte” = N, by (3.2) and (3.7), we have e” x e” = 3}, (Ij)e;.’_le“ = 0. Hence [¢*] *[¢?] =0
in A(Vp). By (3.3), we have
a(-n—2u+a(-n—Du=0 (mod O(Vp)),
and [a(—1)u] = [u] * [a(—1)1], for all n > 0 and u € V. Thus
[a(=n) = Da(-ny = 1)...a(=m = Du] = (=1 [u] * [a(=1)1] % - - * [a(=11],

for any ny,...,n, > 0 and u € V. This shows A(Vj) is generated by [a(—1)1] and [¢™*], for all
m > 1. We claim that [¢*] = O for any k > 2.

Indeed, for m > 1, since we have €%,, " = ¢ ¢ ¢ = ( for any n < 2Nm, and
2Nm + 1 > 2, then it follows from (3.3)) that for any m > 1,

N N
(m+Da _  « ma (04 ma . (04 maq
e =€ oNm1€ T (1 € o€ Tt N JE-2Nm-14n€

(1+2)"

Z2Nm+l

Hence [ef*] = 0 in A(Vp) for all k > 2, and A(V3) is generated by [a(—1)1] and [e?]. Then
we have an epimorphism F' : C(x,y) — A(Vjp), such that F(x) = [a(-1)1] and F(y) = [e].
Moreover, by (3.1) and the definition of Y(e?, z) in (2.4)), we have

N N
e“ol=¢e"%1+ ( ) )e‘fll + Z (j)ej.’_zl = Res. 7 exp(— Z %n)z_”)e" + Ne® +0

Jj=2 n<0

= Res, Y(e”, 7)™ =0 (mod O(Vp)).

=a(-1)e* + Ne* =0 (mod O(Vp)),
and so [e¢?] = [a(—1)1] + N[e*] = 0 in A(Vp). By (3.4), we also have
[a(=D1] = [e”] — [e"] * [a(=1)1] = [Res_ Y(a(-1)1,2)e"] = [a(0)e"] = 2N[e"],

and so [a(—1)1] = [e®] — N[e®] = 0 in A(Vp). Therefore, the epimorphism F : C{x,y) — A(Vp)
factors through C(x, y)/{(y*, yx + Ny, xy — Ny), and induces an epimorphism F in (3.6). |

Our goal is to show that epimorphism (3.6) is an isomorphism. We can achieve this goal by
finding a concrete description of O(Vj).
Let O’ be the subspace of Vg spanned by the following elements:

a(-n—2u+ a(-n— u, ueVg andn >0,
a(—=1)v + Nv, v E @mzl M;(1, ma), (3.8)
M;(1, ka), k>2.

Our goal in this Section is to show that O(Vp) = O'.
First, we prove the easier part: O’ C O(V3). By (3.9), clearly we have a(-n—2)u+a(—n—1)u €
O(Vp), for all u € Vg and n > 0. By Theorem 2.1.1 in [£96]], we also have

ax0Vg) cOWVp), and OWVp)*xac O(Vg), acV. 3.9
Lemma 3.2. For any k > 2, we have Mi(1, ka) C O(Vp).

Proof. By the proof of Proposition 3.1} we have ef* € O(Vj), for any k > 2. By (3.3), we have
u*a(—1)1 = a(-u (mod O(V3)). Now by (3.3) and (3.9), we have:

a(-n; — 1)...a(-n, — 1) = (=1)""" o (=1)e*  (mod O(Vp))
= (=) s (@(=D1) # -+ - % (a(=1)1)  (mod O(Vp))
=0 (mod O(Vp)),
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forany k > 2, r > 1, and ny,...n, > 0, where the last congruence follows from (3.9). Thus we
have Mi(1, ka) C O(Vp), for all k > 2. |

Lemma 3.3. Foranyv € @mz] M;(1, ma), we have a(—=1)v + Nv € O(V5).

Proof. It m > 2 and v € Mj(1, ma), then by Lemmal[3.2] we have v € O(V3), and
a(-1yw+Nv=vs(a(-1)1)+ Nv=0 (mod O(Vp)),
by (3.9). Now let m = 1, by the proof of Proposition[3.1, we have a(—1)e® + Ne®* = e¢* 01 =0
(mod O(Vp)). Letv = a(-n; — 1)...a(-n, — 1)e* be a general spanning element of M;(1, a),
where r > 1, and ny,...n, > 0. Since [a(—1), a(—p)] = 0 for all p > 1, we have:
a(-1)yv+Nv=a(-n; —1)...a(-n, — 1)(a(-1)e" + Ne%)

= (=1D)""a(=1) (a(=1)e” + Ne®) (mod O(Vp))

= (=) (a(=1)e” + Ne®) = (a(=1)1) * - - % (a(=1)1) (mod O(V3))

=0 (mod O(Vp)),
where the last congruence follows from (3.9) and the fact that a(—1)e® + Ne® € O(Vp). O

By Lemma[3.2]and Lemma[3.3] we have O’ C O(Vp).

3.2. Proof of the main Theorem. Conversely, we need to show that a o u = Res, Y(a, z)u((1 +
2™ /z%) € O, for any homogeneous a,u € V. First, note that if a € M;(1,ma) and u €
M;(1, na) for some m,n > 1, then by (2.3) and (2.8)), we have:

(1 +Z)Wta ,
Res: Y(a, Ju——7r=— € M;(1, (m + ma)(2)) < O'(2)),

since m +n > 2, and M;(1, ka) C O’ for any k > 2 by (3.8). Thus, we only need to show:
a€ My(l,a) and u € Mi(1,0),
aoueO, for or (3.10)
a € My(1,0) and u € Mi(l,a).
First, we consider the case when a € M;(1, @) and u € Mi(1,0).

Our strategy is to show Res. Y(e?, z)u((1 + )V /z*™) € O’ first, where u € M;(1,0)and n > 0,
then prove Res. Y (a, 2)u((1+z)*“/z?) € O', fora = a(-n,) ... a(-n,)e® € M;(1, @) by induction.

Lemma 3.4. For any m > 1, we have a(-m)O" C O'. For any u € My(1, @), we have L(-1)u +
LOu e 0.

Proof. Since [a(-m), a(-n)] = 0 for any m,n > 1, and a(-m)M;(1, ka) C M;(1, k), for any
k > 0, we have a(-m)O’ C O’, in view of (3.§)).

Letu = a(-ny)...a(-n)e” € My(1,a), where r > 0 and ny,...,n, > 1. Since L(-1)e” =
(€)1 = a(—1)e?, and [L(-1), a(—m)] = ma(—m — 1), we have

L(-Da(-ny)...a(-n)e* + L(0)a(-n,)...a(-n,)e”
=a(-ny)...a(-n)a(-1)e* + Z nj-a(-ny)...a(-n;—1)...a(-n,)e"
=1

+ (g + -+ + N)a(-ny)...a(-n,)e”
=a(-ny)...a(-n)(a(-1)e* + Ne“)

+ Z(a(—nj - 1) +a(-n;))a(-ny).. .a(/—E) ...a(—n,)e”
=1

=0 (mod O),
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where the last congruence follows from a(—1)e® + Ne® € O’, a(—m)O’ C O’ for any m > 1, and

a(-n—1)v+ a(-n)v € O for all v € My(1,@) and n > 1, in view of (3.8). O
Proposition 3.5. Let u € My(1,0), and n > 0. We have
N
Res. Y (" z)u( Z) co. 3.11)
2t

Proof. We use induction on the length r of a spanning element u = a(-n;)...a(-n,)1 of
M;(1,0), where ny, ..., n, > 1. The base case is u = 1. First, we note that

ey 1= —<L< 1)1 = —L( Diet, 20,
Since e?. |1 € My(1,a) for any j > 0, by Lemma@]we have

L(-1Ye® = —=L(0)L(-1)""'e® (mod O")
= (-DW + j— DL(-1)/"e"

=(-1Y)(N+j-DN+j-2)...(N+ 1)Ne® (mod O).
Then it follows from the definition of binomial coefficients that

i 1 .
Y(e",2)1 = Z e(_yj_llzf = Z FL(_l)jZ]ea

=0 720

_ Z(_1)].(N+j— DN+ =2 N+ DN G0 o

720 J!
:Z(_N_j+1)(_N_j-:_2)m(_N_1)(_N)Zjea (3.12)
j=0 I
(e
j=0

Now by (3.11) and (3.12)), and the assumption that n > 0, we have

(1 Z)N v{ +Z)N

Res, Y(e", 2)1 = Res (1 +z2)”

1
= Res, —e =0 (mod O).
2

This finishes the proof of base case. Assume the conclusion holds for smaller r. Note that for
any m > 1, we have

la(=m). Y(e" )] = ) (_;n)Y(a(i)e“, 92" = 2NY(e%, )7 "

i>0
Then by a(-m)O’ c O’ in Lemma[3.4] the base case and the induction hypothesis, we have
(1 + Z)N

+n

(1 + 2"

ZZ +n

Res, Y(e”, 2)a(—ny)...a(-n,)1

= Res, a(-ny)...a(-n,)Y(e", 2)1

(1 +Z)N

—ZResm( —ny)...a(=niDla(-n), Y(e*, Dla) ... a(-n,)1

j=1

N
E—ZZNResZa( —n1) ... a(=n )Y (e, Da(=nj) . ..o~ ol = f) (mod O')

j=1

=0 (mod O
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where the last congruence follows from the induction hypothesis, which indicates that

Res, Y(e*, 2)a(-n;.1) . .. a(-n)1((1 + 2)") /2" € O,

Hence holds for any u € M;(1,0) and n > 0. O
Consider an arbitrary spanning element a in M;(1, @), we can write

a=a(-n)...a(-n)e, (3.13)

for some r > 0 and ny,...,n, > 1. We want to show that a o u € O’, for any u € M;(1,0). If

r =0, we have a = ¢, and a o u € O’ by Proposition[3.5
Assume r > 1, we will use induction on the length r of a to show that a o u € O’. The base
case a = a(—k)e” with wta = N + k is given by the following Lemma:

Lemma 3.6. Foranyk > 1, n >0, and u € M;(1,0), we have

( )N+k

+n

Res, Y(a(=k)e®, 2)u €0, (3.14)

Proof. By the Jacobi identity of VOA, it is easy to derive the following formula:
Y(a(=1)y,2) = Y a(=j= DY, + ) Y0, 0a()z ™, veVa (315

=0 720
Now we prove (3.14) by induction on k. When k = 1, by (3.13) we have
( )N+l
Res, Y(a(-1)e” z)u—n
) N Z)N+1 (1 +Z)N+1
= Res, Z a(—j— DY(e", Duz i + Res, Z Y(e", Da(jiu———— T
jZO ]>O
+2)N 1+
= Res, Zax( Jj—DY(e” z)uz’( Z) +Z a(—j— DY, )u ’“%
J=20 J=0
(1+2)" (1+2)"
+ Res, Z Y(e", Da(ju——~— o + Res Z Y(e”, )a(j)u o
J=0 Jj=0
1+ 2V
= Res, a(-1)Y (e, z)u%
VY
+ Z(a(—j —2)+a(—j — 1) Res, Y(e, 2)uz J“ﬂ +0 (mod O)

j=0

1 N
= Res, (=Y (", u a2 (mod 0,
Z n

where the first congruence follows from Proposition[3.3] as n+j > 0, and the second congruence
follows from (3.8)). Furthermore, by Proposition[3.5]again, we have
L\
Res. a(—1)Y (", s Z)

N N
= Res, | Y(e“, 2)a(— l)u( +Z) +Z( 1) 1y (a())e® z)u( +Z)
J

j=0

1+

2+ +1

=0+ Res, 2NY (e, 2)u (mod O)

=0 (mod O).
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This proves (3.14) for k = 1. Assume (3.14) holds for smaller k. Note that [L(—1), a(-k)] =
ta(=k = 1) and a(-K)L(=1e" = (k) Nizg (=1 = (e = a(=Da(-k)e". By G.I3),

(1 + Z)N+k+1

Z2+n

Res, Y(a(—k — 1)e, 2)u

— Y(a(=k)L(-=1)e*, 2)u

Nkl N+k+1
- %Resz(Y(L( Da(=k)e* Z)“% L)

Z+n

(1 + Z)N+k+1

1 ( )N+k+1
= —— ResZ(Y(a/( k)e®, z)u —(2—) Y(a(-1a(=k)e* z)u—)
k z +n

+n

N+k
= —N+Tk+l Res, Y(a(—k)e” Z)M%
N+k N+k
ek Res, Y(a(-k)e®, 2)u Aro 7, 2+n Res, Y(a(=k)e", 2)u l
k 2 k a
. N+k+1
-7 Res, ; a(—j— DY(a(=k)e" Z)“Zj%
1 N+k+1
kResZZ.; Y(a(—k)e® Z)OZ(J)“%
J>
o] | . o, ) LE
=0 Res, ZO: a(=j = D) (¥la(-Re" ! + Ya(-be" ) =0 —
N+k
_Z RCSZ Z Y(a(=k)e®, 2)a(j)u d+ Z2)+n+l(+1] *2) (mod O')
Jj20
N+k
= —% Res, a(-1)Y(a(-k)e”, 2)u %
1 . . a j+1 (1 + Z)N+k
- Res, ,Zo (@(=j=2) + (=] = ) Ya(-k)e", guz"! ——
1 1 N+k 1
- z Resz ZO Y(a/(—k)ea, Z)CL/(])M( +ZZQ)+n+1(+j . Z)
=
1 ( )N+k
= — Res.a(-1)Y(a(-R)e" z)u— (mod 0),

where the first congruence follows from the induction hypothesis (3.14)), and the second congru-
ence follows from (3.8)) and the induction hypothesis. By the Jacobi identity and the Heisenberg
relation [a(j), a(=k)] = 6;kK for any j > 0, we have

( )N+k

+n

—%Resza( DY(@(-k)e", 2)u

N+k N+k
_ —lResZ Y(a(=k)e®, 2)a(— 1)u&—lReSZZ( 1) Y (a(j)a(=k)e” z)u¥
k J

+n k = +n
1 (1+2)" :
= 0 - > Res:(=1)k¥(e”, u(l + 2" o (mod 0)
o (1 Z)N
= —Res.(-1) )’ (l_)Y(e DU
i20

=0 (mod O,
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where the first congruence follows from the induction hypothesis, and the second congruence
follows from Proposition[3.5l Therefore, we have

(1 + Z)N+k+l

Z2+n

Res, Y(a(—k — 1)e, 2)u €0

So (3.14) holds for k + 1, and the inductive step is complete. |

Proposition 3.7. For any u € My(1,0) and a € Mi(1, @), we have:

1 wta
Res, Y(a, u 9 ¢ 0, (3.16)
Z

+n

forany n > 0. In particular, we have aou € O'.

Proof. Write a = a(—ny)...a(-n,)e* as (3.13), where r > 0 and ny,...,n, > 1. We prove
(3.16) by induction on r. By Proposition and Lemma [3.6] (3.16) holds when a = ¢® or
a = a(—k)e®. Now let r > 2. The induction hypothesis is the assumption that

(1 + Z)N+n2+---+n,

Z2+n

Res, Y(a(-ny)...a(-n,)e”, 2)u €0, (3.17)

forny,...,n, > 1,n >0, and u € Mi(1,0). First, we claim that

(1 + Z)N+nz+---+n,+l

Z2+n

Denote N +n, + - - - + n, by m, note that wt(a(—n») ... a(—n,)e*) = m. Then by (3.13), (3.8), and
the induction hypothesis, we have

Res, Y(a(-1)a(-ny)...a(-n,)e", 2)u

€0 (3.18)

1+m
Res, Y(a(-Da(-n,) ...a(-n,)e?, Z)M%
. N (1 +Z)1+m
~ Res, ; a(=j = DY(@(=m)...a(-n.)e", uzl— —
1+m
+ Res, Z Y(a(-no)...a(-n,)e”, z)(a(j)u )( 2+n+3+1
Jjz0
= Res, Z a(—j— DY(a(-ny)...a(-n,)e” Z)uzl( Z++i)'n
720
+ Res, Z a(—j - DY(ax(a(-ny) .. .a(-n,)e?, z)uz’"! d+a" -; " (mod O")
£ Z2+n
= Res, a(-1)Y(a(-ny)...a(—n,)e” Z)u( Z++i)m
+ Res, ]Z(; a(—j—2)Y(a(-ny) . ..a(-n)e", uz’"! (1;—5)’"
(1 m
+ Res, ; a(—j - DY(a(-ny)...a(-n,)e%, z)uz’"! (;—Jj)
o (1I+2)™
= Res,[a(-1), Y(a(-ny) ...a(-n,)e ’Z)]MW
+ Res, Y(a(-ny) ... a(-n,)e", 2)a(— l)u( il Z)m
+Res; ) (@(—j = 2) +a(~j — )Y (@(-ny) ... a(-n,)e", Juz™! “;;_f)m

720
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= Z( ) 1 Res, Ya(a(-ny) .. a(-n)e", Jut (mod O)
i>0 Z
= Res, 2Y(a(-ny)...a(— n,)ea)u( Z++i)m
" ZZ( )Resz Y(@(-ny)... [, a(-n)]...a(-n,)e" z)u(zj}:jf
i>0 5=2
Z n (1 + Z)m ,
= ) (—1)*nyRes, Y(a(-n,y).. a/( ng)...a(—n,)e, )u——— g (mod O).
5=2

Denote a(-n,)... a(/—?s) ...a(—n,)e” by a;. Then m = wta, + ng, and by the induction hypoth-
esis (3.17), with r replaced by r — 1, we have

) (1 +Z)m
Z( 1) nsRes, Y(a(-ny) ...a(=ny) ... a(-n,)e", DJu——— T

. ; ( Z)Wta;
= Z( 1) ngRes, Y(ay, 2)u(l + z) Sm

—ZZ( )( 1) n, Res, Y(as,z)u(zTi);Vf

s=2 j>0
=0 (mod O)
since ny + j+ 1 > 1. This proves (3.18). Now assume that

(1 + Z)N+k+n2+-~-+n,
Z2+n

Res, Y(a(=k)a(-n,)...a(—n,)e", 2)u €0, (3.19)

for some fixed k > 1, n,,...,n, > 1, and n > 0. We want to show that

(1 + Z)N+k+1+n2+-~-+n,

Res, Y(a(—k — Da(—n,) . ..a(-n,)e", 2u €0 (3.20)

ZZ +n

Indeed, by adopting a similar calculation as the proof of Lemma[3.6, we have

( 1+ Z)N+k+1 +np+-+n,

Res, Y(a(—k — D)a(-n,)...a(-n,)e", 2)u

Z2+n

( 1+ Z)N+k+1 +ny+-+n,

= Res, %Y(L(—l)a(—k)a(—nz) coa(-n)e", u

Z2+n

( + Z)N+k+l+n2+...+n,

+ Res, %Y(a/(—k)[L(—l), a(—ny)...a(-n,)]e?, 2)u

Z2+n

(1 + Z)N+k+1+n2+-~-+n,

1
+ Res, = Y(a(-)a(=k)a(-ny) ...a(-n,)e")u (3.21)
k Z2+n
1 N d (1 + Z)N+k+1+n2+~-~+n,
= —Res, EY(a/(—k)a/(—m) ..a(-n)e”, Z)ud_z ( e
- ng 1+z2 N+k+...(14ng)-+n,
+ Z Res, IY(Q(—k)oz(—nz) oa(-ng—1)...a(-n)e", z)u( ) T

(1 + Z)N+k+1+n2+---+n,

+ Res, % Y(a(-Da(=k)a(—n,)...a(-n,)e")u

Z2+n

( 1+ Z)N+k+n2 ety

= —Res, %(N +k+1+---+n)Y(a(-k)a(-ny)...a(-n,)e", 2)u

Z2+n
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N+k+ny+--+n,
2+n Y(a(=k)a(-n,).. '“(—"r)e“,z)u(l +2) (1+72)

T RGSZ Z2+n+1

( 1+ Z)N+k+...(1 +ng)-+n,

+ Z; Res, %Y(oz(—k)a(—nz) cooa(-ng—1)...a(-n)e", u

Z2+n
1 1+ N+k+1+ny+--+n,
+ Res, ~Y(@(-Da(—k)a(=my) . . a(-n,)e 2
k Z2+n
1 1+ N+k+14ny+--+n,
= 0 + Res, %Y(a/(—l)a/(—k)a/(—nz) .. .a/(—nr)e“)u( 2 o (mod O"),

where the congruences follow from the induction (on k > 1) hypothesis (3.19). Moreover, by
adopting a similar argument as our previous proof of (3.18]), with the given assumption (3.17),
the following inclusion holds:

(1 +Z)N+k+l+n2+-~-+n,
€0,

Res, % Y(a(-Da(=k)a(—n,)...a(-n,)e")u

Z2+n

with the given assumption (3.19). Thus, (3.20) is true. Now the induction step for k > 1 and the
induction step for the length r > 1 of a € M;(1, @) are both complete. O

Now we have finished the proof of a o u € O’ for the first case in (3.10). The second case
when a € Mi(1,0) and u € M;(1, @) follows from a similar induction process as Lemma[3.6 and
Proposition[3.7] (see also (3.1.5) and (3.1.6) in [FZ92]), we omit the details.

In conclusion, we proved the following theorem:

Theorem 3.8. Let Vi = Vz_, be the Borel-type subVOA of Vyz,, with (ala) = 2N. Then

o\Vp) =0"= span{a(—n —2u+a(-n— Du, a(-1)v +v, M(1,ka) :

(3.22)
n>0,uevVy ve @Mﬁ(l,ma), k > 2}.

m>1

Corollary 3.9. With the settings in Theorem the epimorphism F given by (3.6) is an iso-
morphism of associative algebras. In particular, we have A(Vy) = C[x] & Cy, with

y* =0, yx=-Ny, xy=Ny. (3.23)
Proof. We construct an inverse map of F in (3.6) as follows:
G : V — Clx,y)/{y",yx + Ny, xy — Ny),
a(-n; = 1)...a(-n,— D1 > (=1)"*""x", (3.24)
a(—n1 _ 1) . .oz(—n, _ 1)6(1/ — (_1)n1+...n,yxr — (_1)r+n1+...nry’
Mi(1,ka) = 0, k=2,
where r > 0 and ny,...,n, > 0, and we use the same symbols x and y to denote their image
in the quotient space. Note that G is well-defined since V = @kzo M;(1, ka), and a(—n; —
D)...a(-n, — D1 and a(-n; — 1)...a(-n, — 1)e” are basis elements of M;(1,0) and M(1, @),
respectively. We claim that G(O(Vp)) = 0.

Indeed, it suffices to show that G vanishes on the spanning elements of O(V3p) in (3.22). By
the definition (3.24) of G, we already have G(M;(1,ka)) = O for any k > 2. In particular, we
have G(a(—n — 2)u + a(—n — Du) = G(a(-1)v + Nv) = 0 if u,v € My(1, ka) for some k > 2. If
u=al-n —1)...a(-n,— 1)1 € M(1,0), by (3.24) we have

G(a(—n —2)u + a(—n — u)
=Gla(-n-2)a(-n; - 1)...a(-n,— D1) + Gla(-n - Da(-n; - 1)...1)

— (_1)n+1+n1+...+nrxr+1 + (_1)”+”1+‘“+nrxr+1 _ 0
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Ifu=a(-n -1)...a(-n, - 1)e* € My(1, @), by (3.24) we have:
Gla(—n — Du+ a(—n — Nu)
=G(a(-n-2)a(-n; = 1)...a(-n, — De*) + G(a(—n — Da(-n; — 1)...e%)
— (_1)n+1+n1+-~-+nryxr+l + (_1)n+n1+~-~+n,yxr+l =0.
Thus, G(a(—n—-2)u+a(—n—1)u) = 0 forany u € V. Finally, if v = a(-n; —1)...a(-n,—1)e* €
M;(1, @), by (3.24) we have
G(a(-1)v + Nv)
= Gla(-Da(-n; = 1)...a(-n, — 1)e*) + NG(a(-n; — 1)...a(-n, — 1)e%)
— (_1)n1+...nryxr+l + (_1)n1+...nrNyxr
= (-1)"""(yx + Ny)x =0,
as yx + Ny = 0. Thus, G in (3.24) induces a linear map
G : A(V) = V/O(Vg) = C(x,y)/(*,yx + Ny,xy = Ny), such that
G(la(=n; = 1)...a(-n,— D1]) = G(=D)""""[a(=D1]") = (=1, (3.25)
G(la(=n; = 1)...a(=n, = De"]) = G((=1)"""""[e"] * [a(=1)1]") = (=1)""""ryx’,

for any r > 0, ny,...,n, > 0, and k > 2. Since A(Vp) is spanned by elements of the form
[a(=n; = 1)...a(-n, — D1] and [a(-n; — 1)...a(—n, — 1)e?] because of (3.22)), it is clear that
GoF =1Idand F o G = Id, in view of (3.6) and (3.23). O

3.3. Applications of the main theorem. The following example gives a comparison between
the Zhu’s algebras A(Vp) and A(Vz,):

Example 3.10. Let L = Za, with (e|a@) = 2. Then L = A is the root lattice of type A;. Then Vj,,
is isomorphic to the affine VOA L; (1,0), where sl = Ce + Ch + Cf , and e* - e, a(-1)1
h, e — f (see [FK80, [FZ92]).

Recall that A(Ly,(1,0)) = U(sly)/ (e?), where (€?) is the two-sided ideal of A(Lg,(1,0)) gen-
erated by €2, and [a(—1)1] — a + (e?) for all a € sl, (see [FZ92]). By applying the Lie bracket
[a, -] to €? repeatedly, it is easy to show that the following relations hold in A(Ly,(1,0)):

eh+e=0; W —-h-2fe=0; fh—f=0; & =f*=0, (3.26)

where we used the same symbol to denote the equivalent classes. It follows that A(Ly, (1, 0))
has a basis {1, e, f, h, fe}.
Now let A be the subalgebra of A(L (1,0)) generated by the Borel subalgebra b = Ce+Ch <

sl

g. By (3.26), we have A = (1, e, h, fe). Moreover, by Corollary 3.9, we have an epimorphism
of associative algebras:

A(Vg) » A={l,e,h, fe) <A(Vy), x> h, yr e, x> —x fe. (3.27)

For the lattice VOA V,,, the following Corollary presents a spanning set of O(V,,), which
will be used in the next Section.

Corollary 3.11. Let L = A| = Za. Then O(V,,) is spanned by the following elements:

a(—n—2)u+ a(-n — u, ueVy,andn >0,
+a(—1)v + Nv, v € Mi(1, +a),

M;(1, £ka), k>?2.

a(=1)3w — a(=D)w, w € M;(1,0).

(3.28)
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Proof. Let O” be the subspace of V,, spanned by the elements (3.28). Since both O(Vz_,,) and
O(Vz,(-a)) are contained in O(V,,), by Lemmal[3.2]and [3.3] we have a(-n —2)u+ a(—n—1l)u €
O(Vy,) forany u € Vy,, xa(=1)v+Nv € O(V,,) forany v € M;(1, +a), and M;(1, +ka) C O(Vy))
for all k > 2. Moreover, since wte® = 2 and (a| — @) = —2, we have

a

efoe " =ele " +e e

Il
| — W] = W] =

L LIS Mer(— LIRS S 1
=31+ 7 @(=2)a(=1) + a(=Da(-D)1 + 5a(-1)’1 + 7a(-2)1 + a(-1)'1

= Lot Loyt - Lo o Lot
o(=D1 - sa(=1'1+ za(=1’1 - sa(-D1 + sa(-171

(@(=1’1=a(=D1) (mod O(V4,)).

6
Hence a(—1)’w — a(—1)w € O(Vy,) for any w € M;(1,0), in view of the proof of Lemma 3.3
This shows O” C O(Vy,). Conversely, with a similar argument as Proposition [3.1] and Corol-
lary [3.9] we can easily show that

Va, /0" = Cz@Clx]/(xX —x)®Cy, [e"] z [a(-D1] > x, [e"]H ).
In particular, we have dim V,4,/O” = 5. On the other hand, we have dim V/O(V,,) = 5, since
Va, has two irreducible modules Vz, and Vg, 1, with bottom levels of dimensions 1 and 2.
respectively (see [D93]] Theorem 3.1), and there is a one-to-one correspondence between irre-

ducible A(V,,)-modules and irreducible V4,-modules (see [£296] Theorem 2.2.2). Then we have
0" = O(Vy,) since there is an epimorphism V,, /0" — A(Vy,). O

Remark 3.12. There is a description of Zhu’s algebra A(V}) of the lattice VOAs V. in [DLMO97]
by a quotient algebra of U (s(C)). Such a description was obtained by the classification the-
orem on irreducible modules over V, in [D93]]. Since we do not have a classification of irre-
ducible modules over Vg (or Vp) to begin with, we have to first determine O(Vg) (or O(Vp)) in
order to determine the structures of A(V3) (or A(Vp)).

In the rest of this subsection, we assume that L = Za with (@|a) = 2N and B = Zsoa. Now
we classify the irreducible modules over the Borel-type subVOA V.

Lemma 3.13. If U # 0 is an irreducible module over A(Vg) = C[x] & Cy, then we must have
y.U =0, and U = Ce* for some A € h = Ca, with x.e* = (a|d)e'.

Proof. By (3.23), Cy is an ideal of A(Vz_,,). Then y.U < U is an A(Vj)-submodule, and so y.U
is either U or 0. If y.U = U, then we have 0 = y>.U = y.U = U, a contradiction. Thus, y.U = 0
and U is an irreducible module over C[x]. We have U = C|[x]/m, for some maximal ideal m of
Clx]. By Hilbert’s Nullstellensatz, we have m = (x — u) for some u € C. Choose A € Iy so that
(@A) = u. Then U = C[x]/{x — (]d)) = Ce", with x.e* = (a|d)e'. O

Lemma 3.14. For any irreducible module W = M;(1, 1) over the Heisenberg VOA Mi(1,0), W
is also an irreducible module over the Borel-type subVOA Vg, where Yy : Vy — End(W)[[z,z7'1]
satisfies Yw(a,z) = 0, for any a € My(1,na) and n > 1, and Yy, 10y is given by the action of
the Heisenberg VOA M;(1,0).

Proof. By 2.8), for any a € M(1,na) and b € M;(1, ma), where m,n > 0, Yy(a, z)b is either
0 or given by the Heisenberg module vertex operator. Hence (W, Yy ) is a well-defined module
over the Borel-type subVOA Vp. It is clear that W is irreducible. O

Theorem 3.15. = = {(W = My(1, ), Yw) : 1€ b = Ca}, with Yy defined by Lemma is a
complete list of irreducible modules over the rank-one Borel-type subVOA V.

Moreover, the fusion rule between the irreducible Vg-modules Mi(1, 1), My(1, u), and My(1,7)
is the same as the fusion rule of these modules as modules over the Heisenberg VOA. In other

My(1y)
b ~
words, N(Mﬁ(u) Mﬁ(l’m) = O pepy-
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Proof. Given a module (W = M;(1,2), Yy) in X, the bottom level W(0) = Ce" is an A(Vp)-
module, with the actions of x = [a(—1)1] and y = [¢“] given by

x.e? = o(a(-DDe' = (a|d)e?, y.e' = o(e®)e = Res, 2V Yy (e, z)e! = 0.

(see [FZ92, Z96]). By Lemma [3.14] such A(Vp)-modules W(0), with W varies in X, are all
the irreducible modules over A(Vg) up to isomorphism. Then by Theorem 2.2.2 in [Z96], X is
the complete list of irreducible modules over V. Finally, note that any intertwining operator

between modules over the Heisenberg VOA I € 1 ( - (fwj)(lﬁ’l)(l #)) can be naturally lifted up to an
L e Hh o

intertwining operator / of V3, since the Jacobi identity of 1 is

-2+ 2

2615(Z1 Z_ Z2) Yys(a, z)I(v, 22)u — Zald( )I(V, 2)Yye(a, z))u
0

(3.29)

— 1 — %
= Z215( 1 z O) I()/Wl (Cl, ZO)V’ ZZ)M’
2

and Yyi(a,z) = 0 fori = 1,2,3, if a € M;(1,na) with n > 1. Therefore, we can replace [ in
(3.29) by the intertwining operator I of V. Conversely, we can also restrict any intertwining
operator Y € I(MA (1]"4/{))(1]‘3?(1’/1)) of Vg to an intertwining operator Y of the same type between
modules over the Ij)leisen)t)erg VOA. Therefore, the fusion rules of the Borel-type subVOA Vp is
the same as the fusion rules between modules over the Heisenberg VOA M;(1,0). |

Remark 3.16. Theorem is also parallel to the semisimple Lie algebra case. Note that a
Borel subalgebra b = n, @ b of a semisimple Lie algebra g has the same irreducible modules
as its Cartan part b, and the irreducible modules over (the abelian Lie algebra) I are all one-
dimensional.

4. THE RANK-TWO PARABOLIC-TYPE SUBVOA Vp OF Vy,

In this and the next Sections, we study a nontrivial lowest rank example of parabolic-type
subVOAs in V;, where rank(L) = 2. Note that if rank(L) = 1, by Definition [2.3] there is no
difference between Borel-type and parabolic-type submonoids, and the rank-one case has been
dealt with in Section 3l

Let L = A, = Za & ZB be the root lattice of type A,: (ala) = (B|B) = 2, and (¢|B) = -1,
equipped with the 2-cocycle € : L X L — (+1), such that

ela,)=1, €B,B=1, €@ap)=1, €B,a)=-1, 4.1)

Since € is bi-multiplicative, e(a, @)e(a, —@) = €(a,0) = 1 and €(B,B)e(B, —B) = €(B,0) = 1, it
follows that

ela,—a)=1, €B,—-p)=1. 4.2)

Let P := Za & ZsoB, which is a parabolic-type submonoid of A,. See Example and
Figure Il for an illustration. Then Vp = @y p Mi(1,7), where h) = Ca @ CB, is a parabolic-type
subVOA of V,,. Similar to the argument in Proposition[2.16] by using (2.14) repeatedly, we can
easily prove the following:

Proposition 4.1. V; is strongly generated by U = {e?, e, éP, e™P, a(—1)1, B(=1)1}. In partic-
ular, Vp is Ci-cofinite.

We will determine the structure of Zhu’s algebra A(Vp) in this Section, and classify the ir-
reducible modules over Vp in the next Section. In this Section and the next, P will always
represent the parabolic-type submonoid P = Za @ Zsf of the root lattice A;.
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4.1. A spanning set of O(Vp). Similar to our approach in Section [3] we first give a concrete
description of O(Vp), and then use it to determine A(Vp).

Lemma 4.2. Suppose y,0 € P such that @ =N > 1and (y|0) =n > 1. Then e’ € O(Vp).

Proof. By the definition of Y(e?, z)e’ in (2.4]), we have
e’ e’ =Res. 7" 'E (~y,2)?"e(y, 0)e"? = e(y, 0)e”*,

-n—1
and e’,,¢’ = 0 for any m < n. Since n > 1 and wte” = @ =N > 1, we have

1+ N N
Res, V(. )" = & o'+ (1)%69 L (N)ezn-lweg = €(y,0)e"™" € O(Vp).

Zl+n
This shows e?*? € O(Vp) since €(y, 0) € {+1}. m|
Lemma 4.3. Let S := {¢™™F : m € Z,n € N}\{e*?, €, e**P}. We have S C O(Vp).

Proof. Form > 1, since (a|ma + ) = 2m — 1 > 1, by Lemma4.2] and an easy induction on m,
we have e+ ¢ O(Vp) for any m > 1. Similarly, since (Blo + n8) =2n—1> 1 whenn > 1,
we have

e e O(Vp), n2 1. (4.3)
Now let n > 2, and assume that ¢”**"® € O(Vp), for all m > 1. We want to show that ™"+ ¢
O(Vp), forallm > 1.

Indeed, since (ma + nfla + B) = m((a|a) + (@|B)) + n((Bla) + (B|B)) = m +n > 1, by Lemma
we have e"*DV+DB ¢ O(Vp) for all m > 1. Thus, ™"V ¢ O(Vp) for all m > 2, and
by (.3), we see that it is also true for m = 1. This finishes the induction step and shows that
™ ¢ O(Vp), for all m > 1 and n > 2. Hence we have

S1 =" im > 1,n > 2} U™ m > 2} € O(Vp). (4.4)

On the other hand, for any m > 1, since (—ma|B) = m > 1, we have e € O(Vp) for all

m > 1. Since (—a + nB|B) = 1 +2n > 1 for any n > 0, we have
e B e O(Vp), n>0. 4.5)

Using the fact that (—ma + nB| —a +B) = 3m + 3n > 1 for m,n > 1, together with (4.3), we can
similarly show that

Sy:={e™ :m>1,n> 1} Cc O(Vp). (4.6)

Finally, for any m > 1 and n > 1, since (a|ma) = (—a| — ma) = 2m > 1 and (B|nB) = 2n > 1,

by Lemma [.2] again, we can easily show that ¢*"® € O(Vp) and "’ € O(Vp), for all m > 2 and

n > 2. Then by (£.4) and (@.6), we have S = S,US,U{e*™ : m > 2}U{e® :n > 2} Cc O(Vp). O

Inspired by (3.8), (3.28), and Lemmal4.3] we give the following definition:
Definition 4.4. Let O be the subspace of Vp spanned by the following elements:
h(=n — 2u + h(—n — 1)u, ueVp, hebh, n=>0;
y(=1)v +v, v e Myl,y), vy €la,—a,B,a+B};
Yy~ +y(=1)y, ve M1,y +v), v,¥ €la,—a,B,a+ B}, y+y €{a+B,B}; (4.7)
M;(1, ma + np), ma + nf € (Za ® ZsoP)\{0, a, —a, B, a + S};
a(=1)’w — a(-1)w, w € M;(1,0).

Note that the only possible ordered pairs (y,y’) such thaty,y” € {a,—a, 8, +B}and y+vy' €
{a + B, B} as in (7)) are contained in the following set:

{(@,8), (B, @), (=, + B), (@ + B, —a)}. (4.8)
So the set of elements y(—1)?v + y(—1)v in (&.7) can be written more explicitly as follows:
a(=1)%v + a(=1)v, B(=D*v+B(-1)y, ve M;(1,a + B), 4.9)
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FiGure 1.

a(=1)%v — a(=1)v, (@+ P D+ (@+B) (-1, veMi(l,p). (4.10)

Moreover, we observe that O(Vz,) C O, and O(Vz,,) C O for any y € {a, —a,, @ + B}, since
Mz (1, @) € Mi(1, ) and Mz(1,y) € Mi(1,y) (see and Corollary 3.11]).

Remark 4.5. We use Figure[Ilto illustrate our definition for O. The black dots in this diagram
represent the elements in parabolic-type submonoid P = Za & Zf of A,. Except for the roots
represented by the red vectors, the Heisenberg modules M;(1,y) associated to all other dots y
are contained in the subspace O of Vp = @y op Mi(1,7).

In the rest of this subsection, we will show that O is equal to O(Vp).
Proposition 4.6. Let O be the subspace given by Definition Then O C O(Vp).

Proof. 1tis clear that h(-n—2)u+h(—n—1)u € O(Vp) forany h € h, u € Vp, and n > 0. Then by
the congruence h(-m)v = (=1)""'v % (h(=1)1) (mod O(Vp)) and (B.9), we have h(—m)O(Vp) C
O(Vp) for any h € h and m > 1. Now it follows from Lemma [4.3] that M;(1, ma + nB) € O(Vp)
for ma + ng € P\{a, —a, B, a + }.

Moreover, given y € {a, —a, 8, @ + 8}, since (yly) = 2, we have

y(—De" +e’ =e’,1+e’ 1=e"01eO0(Vp),

and so y(—1)v + v € O(Vp) for any v € M;(1,y) and y € {a, —a,B, @ + B}. On the other hand,
suppose ¥,y € {a,—a,B,a + B} suchthaty +y" € {B,a+ B}. Ash(-n—2)u+h(—n— Du =0
(mod O(Vp)) forany h € h,n > 0, and u € Vp, we have

J 1 J 1 a a
0=e’o0e” = Ee(y, Y)v(=2)e"™ + 56(% Y)y(=1)?e" + e(y,y )y(=1)e’™

1 ] ,
€0 Y)y(=1)%e’ + €0 ¥Y)y(=1)e’  (mod O(Vp)).

Thus, y(=1)*v + y(=1)v € O(Vp) for any v € Mi(1,y +y).

Finally, since we have O(Vz,) € O(Vp), it follows from Corollary B.11] that a(-1)*1 —
a(-1)1 € O(Vp). Thus a(-1)*w — a(-=1)w € O(Vp) for any w € M;(1,0), as h(-m)O(Vp) C
O(Vp) forany he hand m > 1. O

Conversely, in order to prove O(Vp) C O, we need to show that
M;(1,m) o My(1,0) C O, foranyn,6 € P =Za & Zsop. 4.11)
By the construction of subspace O in @.7) and Y(e”, 2)e’ € My(1,n + 6)((z)), we have
M;(1,m) o My(1,0) c My(1,n+6) Cc O, if n+6¢€P\{0,a,—a,B,a+ B}
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Hence we only need to show that

M;(1,0) o My(1,y) c O and  M;(1,y) o My(1,0) C O; 4.12)
M;(1,a) o My(1,8) c O and  M;(1,B) o My(1, @) C O; (4.13)
Mi(1,a +B) o My(1,-a) O and M;(l,—a)o My(1,a +p) C O; 4.14)
M;(1,a) o My(1,-a) c O and M;(1, —a) o My(1,a) C O, 4.15)

where y € {a, —a, 5, a + }.
#.12) can be proved by a similar argument as Proposition [3.3] Lemma [3.6] and Proposition
.7, we omit the details.

4.1.1. Proof of @.13) and (A.14). Let (y,y’) be an ordered pair in the set (4.8)). Given a span-
ning element u = h'(=ny)...h"(-n,)e” of M(1,y) and v = h'(-=my)...h*(-my)e” of My(1,7),
we need to show that Res, Y(u, 2)v(1 + z)"“/z> € O. For u = ¢?, this is true by the following
(stronger) statement:

Proposition 4.7. Let (y,y’) be an ordered pair in the set (4.8), and n > 0. We have
(1+2)

Z+

Res. Y(¢,2) (h'(=m)... ' (=n,)e”") €0, (4.16)

where r >0, h' € b forall i, andn, > --->n, > 1.

Proof. Tt is clear from @.7) that h/(-m)O c O, for any m > 1 and & € §). Similar to Lemma [3.4]
we also have L(-1u + L(O)u € O for any u € Vp. Indeed, if u € My(1,ma + nB), with
ma + nf € P\{a, —a, B, a + B}, then L(-=1)u + L(O)u € M;(1,ma + nB) c O by A.7). Now let
u=h'(-n))..."(-n)e, withy € {a, -, B, +B}, i € hforall i,andn; > --- > n, > 1. Since
L(—1)e” = y(—1)e?, a similar calculation as Lemma 3.4 shows

L(=Du + LO)u = h'(-ny) ... K (=n,)(y(=1)e” + €)

+ Z(hj(—n i= D+ B (=n)h' (—=ny) .. Wi (=n)) ... B (—n,)e”
j=1

=0 (mod 0),

in view of (@.7). Hence L(—1)u + L(O)u € O for any u € Vp.

Now let ()’, 7,) € {(aaﬁ)’ (ﬁa a’)a (_a’a/ + ﬁ)’ (a, +ﬁ’ _a,)} Note that 6(7a 7’,) = -1 by @j])
First, we use induction on n > 0 to show

Res, ¥(¢, e’ L9 ¢ 0, 4.17)
Z

+n
which is the base case for an induction on r of (4.16)). If n = 0, we have

1 + ! / 1 ! 1 !
Res, Y(¢”, 2)e" ——= +2 =e e +e e = —zy(—1)2e7+7 - 57(—1)67” =0 (mod O).
z?

Suppose (4.17) holds for smaller n. Then
n+ D+ 2)( e el e ) (n + D(L(=1)e")_,2¢” + (n + 2)(L(=1D)e")_,_ie"
= (n+ D(y(-1e")_pe” + (n+2)(y(=1)e")_p1e”

=(n+1) [Z Y1 = el + ein_g_,.yu)e”]

J=0 =0

+(n+2) (Z Y= pel, e+ D e, jy(j)ey')

=0 720
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=+ 1) Y y(=1= el ¢ +m+ DY), e
j>0

F(+2) ) y=1= e, &+ 200, e
j20

Since (y|y’) = =1 and y(-2 — j)v + y(=1 — j)v € O for any j > 0, we have

(n+ D +3) (ey e+ ezn_2eyl) = (n+ Dy(-1)e’, e

—n—

F+ D) Y y(2=0e, 0 ++2) Y y(=1= e, e = e’

>0 j=0

=+ l)y(—l)ezn_zey’ + Z y(-1- j)ezn_lﬂ.ey’ - ezn_zey’ (mod O)
720

= (n+ y(=1)e?, e + Z(—l)fy(—1)ein_l+je7’ —¢ ¢ (mod 0).
720
Since y(—1)O c O, then by the induction hypothesis we have
y(—l)ezn_Hjey, = (—l)ezn_lﬂ_]ey’ =...= (—1)jy(—1)ezn_1ey’ (mod 0),

forany 0 < j < n, and, e e = e = (—1)”+,1ezley' = (=1y"*e(y,y)y(=1)e’* (mod O).
Moreover, we have eje” = e(y,y)e?”, and e;,e” = 0 for m > 1. It follows that

n+l

(n+ 1y(=Del, e + > (==, e =, ,e”
=0

=+ Dy(-1)e’, " +m+ Dy(=De’,_ e +(=1)""'y(=Deje” —e' e’
=0+ (-D)"'y(=De(y,y)e"” = (=1)" ey, ¥ )y(-1)e"*”
=0 (mod O).

Hence we have (n + 1)(n + 3) (ezn_3ey' + ezn_zey') € 0, and the proof of is complete.

Finally, we use induction on the length r to prove (4.16). The base case r = 0 follows from
#@.17). Suppose (4.16) holds for smaller > 1. Then

(1 +
Res, Y(e", )b (=my) .. I (=m,)e” 2+ 2
Z n
(1 +
= h'(=m) ... W (-n,)Res, Y(&”, 2)e” (Z—Z)
z +n
" (i) Res. ! pi-! Y(e?, h'*! i (=nyper L2
= > (W) Res. A (=m)... W (=nj )Y (€, DR (=nju) .. W (=n,)e vy
j=1
=0 (mod 0),
where the last congruence follows from the induction hypothesis and the fact that A(—m)O c O
forany he handm > 1. O

By a slight modification of our induction arguments in Lemma [3.6] and Proposition 3.7, we
can show that
, (1 + Z)n1+...n,+1

Z2+n

Res, Y(h'(=ny) ... W (=n)e)h' (=my) ... h*(—my)e” €0, (4.18)

for any n > 0. Note that the only properties of O” we used in the proof of Lemma and
Proposition 3.7 are a(—n — 2)v + a(—n — 1)v € O’ and Proposition 3.5] which, in our rank-two
parabolic case, are satisfied by (4.7)) and Proposition 4.7

Now (4.13) and (@.14)) follow from (4.18).
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4.1.2. Proof of @I3). Given a spanning element u = h'(-n;)...h (—n,)e” of M;(1, ) and
v=h'(-my)...h*(—=my)e @ of M;(1, —a), we need to show that uov € O. Again, we only prove
the base case when u = ¢ since the induction steps are similar to the proof of Lemma 3.6l and
Proposition [3.71

Proposition 4.8. For any n > 0, we have
(1 +2)

Z2+n

Res. Y(¢",2) (h'(=np) ... W (-n,)e™) €0, (4.19)

where r >0, h' € by foralli,andn, > --->n, > 1.

Proof. Again, we first prove for r = 0 by induction on n > 0. The base case n = 0 follows
from our calculation in Corollary 3.11t

1
o =e%e +e e = 8(“(_1)31 —a(-1)1) =0 (mod O).

Suppose the conclusion holds for smaller » > 1. Then by a similar calculation as Proposi-

tion[4.7] with y = @ and y’ = —a, noting that e?e™® = 0 for m > 2, we have

n+Dmn+4)(e”, e +e”, ,e)
n+2
= (n+ Da(=1)e?, e + Z(—l)ja(—l)e‘_’n_lﬁe_“ —2e%, ,e® (mod O)
=0
= ((n+ Da(=1)e?, ,e™ + (n+ Da(=1)e?,_,e™)
+ (=™ a(=1)ele™ + (=1)™Pa(=1)efe™ = 2(=1)"*e e™  (mod O)

=0+ (-1)""e(a, —a) (a(—1)21 —a(-D1 - a(-2)1 - a(—1)21)

=0 (mod O).
This proves (4.19) with r = 0. The induction step for (4.19) with r > 1 is also similar to
Proposition 4.7, we omit the details. O

With —(@.13)) and Proposition[4.6] we have our conclusion in this subsection:

Theorem 4.9. Let P be the parabolic-type submonoid Za®Zsof of the root lattice A, = Za®Zp.
The subspace O(Vp) of Vp is equal to O in Definition 4.4

4.2. The Zhu’s algebra of V. With the explicit expression of O(Vp) by and Proposi-

tion[d.9 we give a concrete description of Zhu’s algebra A(Vp).

4.2.1. Generators and relations. Since My(1, ma +np) C O forma+nB € P\{0, @, —a, B, a + B}
by (4.7), we have

A(Vp) = Vp/O = [My(1,0)] + [My(1, )] + [M5(1, —a)] + [M5(1, B)] + [M(1, e + B)].
Moreover, it is easy to see that the relations in A(Vp) given by (4.7) indicate that
[M;(1,0)] = Clla(=D1], [B=D1/{[a(-=D1F = [a(=1)1]),
[M;(1, )] = span{[B(=1)"e*"] : n € N},
[M;(1,B8)] = Cle’] + Cla(=1)¢’] + Cla(-1)*¢], (420
[M;(1, @ + B)] = Cl[e"*] + Cla(-1)e" ] + Cla(—1)*"*"].
Definition 4.10. Let Ap be the associative (unital) algebra defined by

Ap = C(X, Vs Xas X—qs XB5 Xa+ﬁ>/R,



28 JIANQI LIU

where C(x, y, X4, X_q, Xg, Xo4+p) 18 the tensor algebra on (six) generators x,y, X,, X_q, Xg, Xq+p, and
R is the two-sided ideal generated by the following sets of relations:

XXiq = £Xiqr XiqX = FXig, XoX_ g = %xz + %x, X_ogXq = %xz — %x; (4.21)
Xy = yx, X —x=0, VXiq = Xiq) F Xigqs Xgy + X3 =0, yxg—2x5=0; (4.22)
Xasp(X +Y) + Xoup = 0, (X + Y)Xoip — Xasp = 05 (4.23)
xXxg —XpXx + X3 =0,  XXoup — XgipX — Xgup = 0; (4.24)
XoXg = —XospYs XgXa = —XgipY — Xasps  X—qXe+p = —XgX + Xg,  XgipX_q = —XgX; (4.25)
xid = xé = xi 18 = XaXa+p = XaspXa = XpXarp = XarpXg = XgX_q = X_qXg = 0. (4.26)

Note that relations in (4.21)) are similar to the relations of Zhu’s algebra A(V,,) of the rank-
one lattice VOA V,, (see (3.26) and Corollary 3.11)). Relations in (4.22)), (4.23)), and are
the product relations between {x, y} and {x,, X_4, X, X4+5}. Relations in and are the
product relations among {X,, X_q, Xg, Xq+4}-

4.2.2. The isomorphism. Now we have our main theorem in this Section:

Theorem 4.11. There is an isomorphism of the (unital) associative algebras:
F:Ap=C{x,y, Xo: X_q» XB» Xa+ﬁ>/R — A(Vp),

4.27

X = [Q(—l)l], yP [ﬁ(_l)l]’ Xiq P [eia]? xﬁ = [eﬁ]? -xa/+ﬁ = [ea+ﬁ]? ( )

where we use the same notations for the equivalent classes of x,y, Xy, X_a, Xg, and Xq.p in Ap.

Proof. First we show that F is well-defined. i.e., F preserves the relations given by (4.21)-
@26). Indeed, by (3.26)) and the fact that there is an algebra homomorphism A(Vz,) — A(Vp),
F preserves (4.21)). Note that the following relations hold in A(Vp):

[a(=D1] * [B(-=D1] = [B(-Da(-D1] = [a(-D)B(-=D1] = [B(-=D1] * [a(-=D1],

[B(=D)1] * [¢*] = [B(=D1] x [e*"] = [B(0)e™*] = F[e™"],

(€] [B(=D1] = [B(-1)é’] = =[],  [B(=D)1] * [¢] = [(B0) + B(-1))¢’] = [¢"],
where the last equality follows from B(—1)é® + € € O = O(V») by and Proposition

Hence F preserves (4.22). Similarly, we can prove F preserves (4.23). The preservation of
(@.24) under F follows from

[[a(=D1], [°]] = [(0)ef] = —[],  [[a(=D)1], [e"*]] = [@(0)e"**] = ["*];
and the preservation of (4.23)) under F follows from
] x [°] = [ |€"] = [e(B, @)B(—1)e" ] = —["F] = [B(—1)1],
&+ [€*] = [e(a, B)a(=1)e"] = =[] « [B(=1)1] - [¢"**],
e # [e"F] = [e(a + B, —a)(a + B)(-1)é’] = —[€°] * [a(-= 1] + [¢"],
el % [e7"] = [e(—a, a + B)(—a(=1))é’] = —[€°]  [a(-1)1],
where we used (4.1)) and the fact that [8(=1)e’] = —[€’] in A(Vp).

Finally, for v,y € {a,—a,B,a + B} such that y + y ¢ {0,a,—a,B,a + B}, by @.7) and
Proposition B.9] we have e” x ¢ € My(1,7 + ') C O, and so [¢”] = [¢”'] = 0 in A(Vp). This
shows F preserves (4.26). Hence F is well-defined.

By @.20), it is easy to see that F is surjective. To show F is an isomorphism, we adopt a

similar idea as the proof of Corollary(3.9/and construct an inverse map of F'. In order to properly
define the inverse of F', we introduce the following linear map:

():h=Ca®CB—Ap, h=Ada+uBr—h=Ax+puy, AuccC. (4.28)

[
[
[
[
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Again, we use the same symbol x and y to denote their image in Ap. Now we define
G :Vp = Ap = CX, Y, Xo, X_a, X, Xasp) [ R,
R (=ny = 1) .. ' (=n, = e’ > (=1 Rl B2 1,y € {a, —a. B, a + B)
h'(=ny = 1) W (=n, = D1 (1)l g2,
M1, ma +nB) — 0, ma+nBe P\{0,a,—-a,B,a+ B},

(4.29)

where r > 0, n; > --- > n, > 0, and A is the image of 4’ € b under (-) in @.28)) for all i.

Next, we show that G vanishes on O(Vp) = O given by (7). Indeed, clearly G(h(—n — 2)u +
h(-n — 1u) = 0 forany h € ), u € Vp, and n > 0 (see also Theorem [3.§)).

To show G(y(=1)v +v) = 0, where v = h'(=n; = 1)...h"(-n, — 1)e” € M;(1,y), note that

Giy(=Dh'(=n; = 1).. . (=n, — De” + h'(=ny = 1) ... W' (=n, — 1)e”)
= (=1, -y W+ (—1yn+mry e

= Oty -7+ X)) R

=0,

since XX + Xy = 0, Xx_ox — x_, = 0, x5y + x5 = 0, and Xo.5(x + y) + X445 = 0, in view of (.21,

(#.22)), (4.23), and (£.28)).
To show G(y(=1)*v + y(=1)v) = 0, where (y,y") € {(@, 8), (B, @), (-, @ + B), (@ + B, —a)} as
in (4.8), and v € M;(y + y'), we claim the following relations hold in A p:

x(,J,ﬁx2 + Xe+px =0 and )caJr,gy2 + Xoap = 0, (4.30)
Xp(x + ) + xp(x +y) =0 and xgx’ — xgx = 0. (4.31)
Indeed, by (4.23), (4.23), (@.24)), and @.21)), we have
(XqipX + Xqi8)X = —XoupYX = XoXpX = XqXXg + XoXg = —XoXg + XoXp = 0.

The second equality of (4.30) can be proved by a similar method, we omit the details. Further-
more, since xgy = —x5 in {.22) and xgx = xx5 + x5 in ({.24), we have

xp(x + V) + Xp(x+y) = )c,g)c2 + XgXy + Xgyx + )cﬁy2 + XX + Xgy
= )c,g)c2 + (=xg)x — xpx + (—1)2x5 + XgX — Xg
= (XX — Xg)X = XXpX.
On the other hand, since x,.5x_, = —xgx in (@.23) and xx,45 = Xoup5X + Xoup in (@.24), we have
XXX = —XXgipX—a = _xa+,8(-x-x—a) — Xa+pX-a = _xa+ﬁ(_x—a) — Xa+pX-a = 0.

This proves both the equalities in .

Now let (y,7’) be an ordered pair in (4.8). By (.30), (4.31)), and #.28)), we have xyw,?z +
Xy+,Y = 0in Ap. Thus, forv = h'(-n; = 1)... K (-n, — e € M;(1,y +7¥), we have

Goy(=1)*h'(=ny = 1) ... W' (=n, = D& +y(=Dh'(=n; = 1).. . W' (=n, — )’
= (x7+7’72 + x7+7’7)(_1)n]+m+nrﬁ‘ - hr
= 0.

Furthermore, we have G(M;(1, ma + nf)) = 0 for ma + nB € P\{0, @, —a, B, a + B} by definition
@29) of G. Finally, forw = h'(-n; = 1)... ' (-n, - 1)1 € M;(1,0), by #.22) we have

Gla(-1’h' (=ny = 1) ... K (-n, — D1 = a(=Dh'(=n; = 1)... K (-n, — D1)
— (_1)n|+~-~+nrﬁ .. W . x3 _ (_1)n1+-~-+nrﬁ. . W X
=0.
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This shows G(O(Vp)) = 0, and so G induces G : A(Vp) = Vp/O(Vp) — Ap. It is easy to see
from @.29) and (4.27) that G : A(Vp) — Ap and F : Ap — A(Vp) are mutually inverse on the
generators of Ap and A(Vp). Hence G is an inverse of F', and F is an isomorphism of associative
algebras. O

4.2.3. Structure of Ap and the skew-polynomial algebra. With (4.2Q), the identification (£.27)),
and the relations (4£.21)-(4.26), we have the following direct sum decomposition of the Zhu’s

algebra Ap:
Ap = [@ C(x_ay")) & Clx,)I/(* - )@ (@ ©<xay"))
n=0 n=0

@ (Cx,g @ Cxpx @ Cxﬁxz) @ (Cxa+ﬁ @ Cxpipx @ Cx(,J,ﬁxz) ,

where the products of the spanning elements are given by (£.21)—([.26). With the decomposi-
tion (@.32)), we have the following Corollary which will be used in next Section:

(4.32)

Corollary 4.12. J = (Cxﬂ ® Cxgx @ Cxﬁxz) ® (Cxa+ﬁ ® CXgipX @ meﬂxz) is a two-sided ideal
of Ap such that J* = 0, and the quotient algebra A¥ = Ap/J is isomorphic to A(Vz,) ®c C[y]
as vector spaces, with Ap = A ® J. Furthermore, both A(Vz,) = A(Vz,) ® Cl and C[y] =
C[1] ® C[y] are subalgebras of Ap and A"
Proof. Let J; = Cxz ® Cxpx ® Cxpx* and Jy = Cxoip ® Cxoipx ® Cxyupx®. Then J = J; @ J. By
H.21)-(4.26), it is easy to check that J;, J, satisfy the following properties:

xJi, yJi, Jix, Jiy C Jy,

xJo, yJo, Jox, Joy C Js,

X1, Jixe €, x,J1=J1x, =0, vye{-a,p,a+p}

X_oJa, Jox_o CJi, xpJ0p =Jox, =0, ¥ ela,B,a+p).

This shows J = J; @ J, is a two-sided ideal of Ap. Moreover, using x2, = xé = x2 5 =0

together with by (@.21)) and (#.24)), we can show J*> = 0. By the decomposition (£.32)), we have

AplJ = (@ ©<x_ay">) & Clx,)I/(x’ - x) @ (@ ©<xay"))
n=0

n=0
= (Cx_a ® C[x]/(x* = x) ® Cxa) ®c C[y]

as vector spaces. Hence Ap = A” @ J. Moreover, by (@.21)) and (@.22)), the subspace Cx_, &
C[x]/{x*—x)®Cx, is closed under the product of Ap. Moreover, the product relations among x,,
X_q, and x are exactly the same as products relations among [e], [e™*], and [a(—1)1] of A(Vz,),
in view of Examples and Corollary Thus, the subalgebra Cx_, & C[x]/{x* — x) ® Cx,
is isomorphic to A(Vz,). |

In fact, the subalgebra A” = Ap/J of Zhu’s algebra Ap is a skew-polynomial ring over A(Vz,).
Recall the following definition in [GWO04]:

Definition 4.13. Let R be aring (not necessarily commutative), o : R — R be a homomorphism,
and let 6 : R — R be a o-derivation, that is, o is an abelian group homomorphism that satisfies
o(ab) = 6(a)b + o(a)o(b) for all a, b € R.

Then the skew-polynomial ring, or Ore-extension, R[x; 0; ] is the free left R-module on a
basis {1, x, x2, x°, ...}, with the multiplication given by xa = o-(a)x + 6(a), for all a € R.

Lemma 4.14. Let R be the subalgebra A(Vz,) = span{l, x,, X_q, X, x>} < Ap, and o = 1d : R —
R. Then the derivation § := [y,-] : Ap — Ap preserves R, and it satisfies:

o(1) =o6(x) = 5(x*) =0, 0(x,) = —x,, and O&(x_,) = x_,. (4.33)

In particular, 6 restricts to a o-derivation of R.
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FiGURE 2.

Proof. Since xy = yx, clearly [y, 1] = [y, x] = [y, x*] = 0. We also have yx., = X.,y F X.o by
#@.22), and so [y, x,] = —x, and [y, x_,] = x_,. This shows § = [y, -] preserves R, and ¢ satisfies
#@.33). Since 6(ab) = 6(a)b + 1d(a)6(b) for any a,b € R, § is a o = Id-derivation. O

Corollary 4.15. A” = Ap/J is isomorphic to the skew-polynomial algebra A(Vyz,)[y;1d; 6],
where 6 = [y, ‘llawv,,)-

Proof. By Corollary 412, we have A" = A(Vz,) ®: Cly] = A(Vz,)[y] as vector spaces. By
Lemma 14, 6[y, -]lavs,) is a Id-derivation on A(Vz,) such that ya = Id(a)y + 6(a) for all a €
A(Vz,). Hence A” = A(Vz,)[y; 1d; 6], in view of Definition .13 O

5. REPRESENTATION OF THE RANK-TWO PARABOLIC-TYPE SUBVOA Vp oF V4,

In this Section, we use our main results in the Section [l to classify the irreducible modules
over the parabolic-type subVOA of the lattice VOA V,,. Again, we fix the parabolic-type
submonoid P = Za @ Zf of the root lattice A, in this Section.

5.1. Construction of irreducible modules of V. Note that P = Za @ Z,(S is also an abelian
semigroup. Let I < P be sub-semigroup Za @ Z.oB. In Figure 2 the dots represent elements in
P, and the red dots represent the elements in /.

Lemma 5.1. V; = @ye , M (1,y) is an ideal of the parabolic-type VOA Vp. The quotient VOA
Vp/V, = @nEZ M;(1, na) is a subVOA of Vp, and Vp = (Vp/ V) ® V} as vertex Leibniz algebras.

Proof. The diagram indicates that P + I C [ and P = [ & Za as an abelian semigroup.
Then by Proposition and (2.8)), the subspace V; is an ideal of Vp. Furthermore, since
Y(M;(1, na), 2)Mi(1,ma) C Mi(1, (m + n)a)((z)) for any m,n € Z, and My(1,0) C Vp/V,.

It follows that Vp/V; is a subVOA of Vp with the same Virasoro element. O

Remark 5.2. The quotient VOA V,/V; also has the following identification as a vector space:

Vp/Vi = D My(1,na) = P Mz;(1,ne) @ Mz(1,0) = Vz, ® Mz;(1,0), .
nez nez .

a(—ny)...a(-n)B(=my)...B(-m)e"* — a(-ny)...a(-n)e" @ B(—my)...L(—m)1.
However, the identification (5.1) is not an isomorphism between the (quotient) VOA V»/V;
and the tensor product of the VOAs Vz, and M@(l, 0) defined in [FHLO93|]. This is essentially
because (@|B) # 0, and so the operators E*(—«, z) and S(—n), where n > 1, are not commutative.

But it is easy to see from the spanning elements (4.7) and Theorem 4.9]that the Zhu’s algebra
A(Vp/V)) = A(®nez M;(1, na)) is isomorphic to the skew-polynomial algebra AP = Ap)J =
A(Vz)[y; 1d; 8] in Corollary 4.12] and

Note that the rank-one lattice VOA V,, = Vz, is clearly a subVOA of both Vp and Vp/V; (see
(5.1)). By Theorem 3.1 in [D93]], V,4, has two irreducible modules Vz, and V,,, 1,- We will use
these irreducible V4 ,-modules to construct irreducible Vp-modules.
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5.1.1. Construction of LOV and L'z, For the root lattice A, = Za®Z, recall that h = C®zA,
has a nondegenerate symmetric bilinear form (:|-) : h xh — C.

Definition 5.3. Let A € (Ca)* C b. Define LV and Lz to be the following vector spaces:

LOY .= @ Mi(1,na) ® Ce' = Vz, ® Mg4(1, ), (5.2)
nez
1
[Gad . @ M;(1, na + 50/) ® Ce' = VZM%Q ® M@(l, ), (5.3)
nez

where M;(1, na) and My(1, na + %a/) are modules over the Heisenberg Lie algebra b of level 1.

Define the actions of operators h(m), e,,, and z"* with m,n € Z on the tensor product spaces
D, ., Ms(1,na)® Ce' and P, _, M(1, na + 1) ® Ce* as follows:

h(0) := h(0)®@Id + Id ® h(0), h(m) := h(m)®1Id, m #0, 5.4

lhy = €pe®Id, 7" :=7""®Id, neZ (5.5

where we let h(0)e! := (A|h)e'. In particular, for any m,n € Z, and n; > --- > n, > 1, we have

hm)(h' (—ny) ... W(-n)e" @ eY) := h(im)h' (-ny) ... W' (-n)e"* @ et, m #0, (5.6)
1 1 1
h(0)(e™ ® e!) = (ma + Ah)e™ @ e', h(0)(e™ 2% ® e!) = (ma + Ja+ Ah)e™ 1 @ e, (5.7)

(€™ ® eY) = e(na, ma)e"™M @ e, ena(e’"‘”%“ ®eY) = e(na, moz)e(m”’)‘”%“ ®el,  (5.8)
(" ® e/l) — Z(nalma) M ® eﬁ, 2% ema+%oz ® e/l) — Z(nalma+%a) emoz+%oz ® el (5.9)
Define the module vertex operators Yy, : Vp — End(L“V)[[z,z7']], where € = 0 or %a, by the
following common formula:
Yu(h'(=ny = 1) ... (=n, = 1)e", 2) := 20" h' (@) ... (0" W ()Y (", 2),, neZ, (5.10)

Yy (=ny = 1). . W (=n, — 1)e’,2) =0, yel=TZadZyp (5.11)

where i’ € hforall i, n; > --- > n, > 0, and Y(e"%, z) = E~(-na, 2)E*(—na, 2)e,,z"%, and the

normal ordering is given by (2.6).

By (5.6) and (3.7), it is clear that the subspace M;(1, na +€)®Ce' c L'*V is a H-module, and
it is isomorphic to the f)—module M;(1,na + € + 4), where € = 0 or %a/, andn € Z.

5.1.2. Irreducibility of LY and LY,

Lemma 5.4. For any A € (Ca)* C b, the vector spaces L'V, where € = 0 or %a, equipped with
Yy in Definition are weak Vp-modules.

Proof. We need to show that the operator Y}, satisfies the truncation property and Jacobi iden-
tity. For the truncation property, we fix a spanning element v = h'(-n;)...h"(-n,)e"**€ ® e of
LY, where h' € b for all i, and n; > --- > n, > 1, and show that Yy(a, z)v € L'“Y((z)) for any
a€ Vp.

Indeed, if a € V;, then by (5.11)) we have a,v = 0 for any n € Z, there is noting to prove. Now
assume that a € M;(1,ma). If a = ", then by (5.4), (5.5), and (5.10), we have

Yu(a,2)(€" " ® ') = (E~(—ma, 2)E* (—-ma, 2)e, 2" ") @ ¢! € L'“V((2)), (5.12)
since the Vy,-modules Vz, and Vy,, 1, satisfy the truncation property. Furthermore, since

[A(-=p), E-(—ma, )] = 0 and [A(-p), E*(-ma, 2)] = —(hima)z PE*(—ma, z) for any h € Iy and
p > 0 (see [FLMSS| ILLO04]), it follows that

Yu(a,2)v = h'(=n)Yy(a, 2)(h*(=n,) . . . K (=n,)e" € @ ')
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— (Wma)z7 " Yuy(a, 2) (W2 (~ny) . . . W (=n,)e" ™ @ ).
Then by an induction on the length r of v, with base case given by (3.12)), we have
Y(e",2) (R (=) ... H (=n,)e" @ ') € LV ((2)). (5.13)

Now let a be a general spanning element a = hi(-my)...h(—my)e™ of My(1, ma), where
hj € bhforall j,andm; > --- > mg; > 1. We show that ;v = 0 if kK > 0. Again, by induction
on the length s of a, it suffices to consider the case when s = 1. The proof of the general case is
similar, we omit it. Note that

(hi(=my)e™* v

= Z (_n-il)(—l)jh](—ml — DE" s jv — Z (_’Jq'u)(—1)’"]+j(€'"“)—m1+k—j(h1(f)V)

=0\ J 720
—-m j N ma
= ( . 1)(—whl(—ml — " v
=0\ J
— (na + € + A" )_pyoi (' (=11) .. B ()" @ €'

— (_’Tl)nr(hl |hr)(_1)m|+nr(ema)_ml+k_nr (hl (_nl) o h@r)e”a+f % e/l)

_m ——
- (n 1)n,_1(h1|h"1)(—1>m1+"f1 (€Yo stny (R (=10) . (= (=n )™ © )

1

_m ——
- ( n l)n](h] |hl)(_1)ml o (ema)—m|+k—n| (h](_nl) s hr(_nr)emw—E ® e/l) .
1
By (3.13), it is clear that we can choose k > 0 large enough so that each term on the right hand
side of the equation above is equal to 0. This shows the truncation property of Yy,.

It remains to show the Jacobi identity of Yy,. Leta € Mg(1l,y) and b € My(1,7), where
v,n € P. We need to show that

-2+ 2

z'6 (Zl Z‘ Z2) Yar(a, 21) Yy (b, 22) — za‘a( ) Yar(b, 22)Yua(a 21)
0

(5.14)

=236 (Zl Z_ ZO) Yu(Y(a, z0)b, 22).
2

Note that Y(a,z0)b € Mj(1,y + n7)((z0)). If either y or n are contained in / C P, then by
Lemmal[5.1l (3.11)), and the fact that I + P = P + I C I, both sides of the Jacobi identity (3.14)
are 0. Now assume a = h'(=n; = 1)... W' (-n, — De™ and b = hy(—=m; — 1) ... hy(—=m; — 1)e™
for some m,n € Z, hi,hj ehforalli,j,ny >--->n,>0,and m; > --- > m; > 0. By adopting

a similar argument as the proof of Theorem 8.6.1 in [FLMS&8]], we can show that
[Ya(a, 21), Yur(b, 22)] = Res;, 25" Yu(Y (@, 20)b, 22)e™ %V (21 /22)"6(21/22)) -

This commutator relation also (essentially) follows from the fact that the V,,-module vertex
operators for Vz, and Vz,, 1, satisfy the Jacobi identity. Then by Theorem 8.8.9 in [FLMSS],
the Jacobi identity (5.14)) holds for Y),. ]

Lemma 5.5. Given 1 € (Ca)* C b, the weak Vp-modules (LY, Y, and (L3%Y, Yy,) are
irreducible ordinary Vp-modules, whose bottom levels are C(1®e*) and C(e%“®eﬂ)®C(e_%"®eA),
respectively.
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Proof. Note that Res, zVy(w,z) = Ly(0) = %2,-2:1 3 0 W(=s)ui(s), where {u',u?} is an or-
thonormal basis of ). By (3.4) and the fact that (1|a) = 0, we have

1
Ly (0)(e"* @ e') = S (na + e+ Ana+ e+ e @ e
A
( ; )) na+e®e/l.

Moreover, by (5.4)) again, it is easy to show that [Ly,(0), i(—n)] = nh(—n), for any h € §) and
n > 0. Hence we have

Ly, (0) (h1 (=ny)... W (=n,)e"* ® e’l)

1
( (na + elna + €) +

( 1 (A )) ) 5-15)
= c+n,+ (na/+6|na/+e)+— h'(=ny) ... W (=n)e"" @ ¢,

where € = 0 or 3, h' € hforalli,n € Z,and ny > --- > n, > 1. Since (+3a| + 3@) = 3, then
it follows from (3.2) , 3.3), and (3.13) that LOY and L>* are graded vector spaces, with the
grading subspaces given by L,,(0)-eigenspaces:

(o) (9

1O @ (L(O’A))Lm oL = @ (L(%M))umu (5.16)
7 tm "

m=0 m=0

By (3.13) and (3.16), it is easy to see that the bottom levels (m = 0) of LV and L2 are given
by C(1® %) and C(e2” ® ') @ C(e™2* ® e?), respectively.

Now we show that LOV and Lz*? are irreducible. We only prove the irreducibility of L2®,
the other one is similar. Let W # 0 be a submodule of LY. Consider a nonzero element
0 # u € W. By the decomposition[5.3] u can be written as follows:

UW=U_p+ U_yys) + "+ U+ - +un€@M(1 noz+—0z)®Ce

nez

where u; € My(1, ja + ) ® Ce' for all -m < j < n. By (3.4) and (5.7), we have

1 1
,B(O)uj:(ja/+§a/+/l|,8)uj:((AI,B)—j—E)uj, —mS]Sn

i.e., u; with —m < j < n are eigenvectors of 3(0) of distinct eigenvalues. Since B(0)‘u € W for
any k > 0, it follows that u; € W for all j (using the Vandermonde determinant).

Since u # 0, we may assume that 0 # u; € W for some fixed j. Since M;(1, ja + %0/) ®Ce' is
isomorphic to h-module M;(1, ja + %oz + A) by the remark after Definition[5.3] then by applying

h(m), with h € h) and m > 0, repeatedly onto u;, we can show that el*3@ @ ¢t ¢ W. Hence
. 1 . 1
I @ ot = e(ja, na) e, (e"”?“ ® eﬁ) eW, neZz,

in view of (3.8). This shows e"*2% ® ¢! € W for all m € Z. Now it follows from (5.6) that
My(1,ma + @) ® Ce' € W for all m € Z. Hence we have LGo) = W, o

5.2. Classification of irreducible modules of Vp. By Lemma[5.4land 5.3}
E(P) = {(LOV, Vi), (L5, Vi) : A € (C)* C b (5.17)

is a set of irreducible modules over the parabolic-type subVOA Vp of V,,, where Y, is given
by Definition[5.3] In this subsection, using the description of the Zhu’s algebra Ap = A(Vp) of
Vp in Theorem [4.11] and Corollary 4.12] we show that £(P) gives a complete list of irreducible
modules over Vp.



BOREL AND PARABOLIC-TYPE SUBALGEBRAS OF THE LATTICE VERTEX OPERATOR ALGEBRA 35

By Lemma[5.3) and Theorem 2.1.2 in [Z96], U*V = C(1 ® %) and U9V = C(e2® @ ') @
C(e‘%" ® e') are irreducible modules over A(Vp). We use the following notations for simplicity:

UV .= Ce, where ¢ =1® ¢,
UG .= Cet @ Ce~, where e" = e ® el, e = e @el,
By Corollary 4.13] and @.32]), we have Ap = (A(Vz,) ® C[y]) & J as vector spaces, wherein
A(Vz,) is a subalgebra of Ap, and J is a two-sided nilpotent ideal of Ap.
Since the action of an element [a] € A(Vp) on U is given by o(a) = Res. 2" 'Yy(a, 2),
then by (3.4)-(.9), the following relations hold for the spanning elements of U¢V:
Je=Je" =Je =0, (5.18)
Xg.6 = X_g.e=xe=0, y.e=(4P)e, (5.19)

1
Xo-e" =0,x0.6" =0; x_g." =€, x g =0; x.e" =+e"; y.etf = (1B F E)ei. (5.20)

By Theorem 2.2.2 in [Z96], to show X(P) is a complete list of irreducible Vp-modules, it
suffices to show that the following set

So(P) 1= {UD, UG : L € (Ca)* b (5.21)
is a complete list of irreducible A p-modules.

Theorem 5.6. Let U # 0 be an irreducible Ap-module. Then U is isomorphic to either UV or
U™, for some A € (Ca)*.

Proof. Since J < Ap is an nilpotent ideal, we must have J.U = 0. So U is an irreducible module
over the quotient algebra A” = Ap/J = (B}, Clx_oy"))@CLx, y1/(x* - x)& (D~ Cxoy")- By
Corollary 4120 A” = A(V,) ® C[y] as a vector space, and A(Vz,) is a subalgebra of A”. Hence
U is also a A(Vz,)-module. Recall that A(Vz,) is a semisimple associative algebra with two
irreducible modules W = C1 and W2® = Ce2® + Ce™2¢ up to isomorphism (see Example 3.10).
Then U has the following decomposition as an A(Vz,)-module:
U = @ WO D @ W%(l,
iel jeJ
where the irreducible modules W° and Wz occur |7] and |J|-times, respectively.

Case I: I # (. In this case, there exists a nonzero copy of W° c U.
Consider W = C[y].W° = C[y].1. Since x.,.1 = x.1 = 0, and

Xy =YX, YXg = Xgy — Xa»  YX—g — X_g) t X_g, (522)

in view of (£.22), W is an A” = A(Vz,) - C[y]-submodule. Hence we have U = W = C[y].1 as U
is irreducible. Moreover, in this case, U is also an irreducible C[y]-module. Then by Hilbert’s
Nullstellensatz, we have U = Cl[y]/{y — Ay) for some Ay € C. Choose A € b so that (1la) = 0
and (A|8) = Ao, then U = U%Y in view of (5.19).

Case II: J # 0. In this case, there exists a nonzero copy of w2 c U.

Again, by (3.22), the subspace W = C[y].W2% c U is a AP-submodule of U. Hence U =
W = Cly].ez® + C[y].e"2%. We want to show that U = U=*? for some A € (Ca)*.

For the simplicity of our notations, we denote 2% and €29 in W2 by e and 7, respectively.
Similar to (5.20), we have the following relations:

Xp.€" =0, xpe =€, x,e =e, x,e =0, xe =zxe.

Moreover, it follows from (3.22)) that x,y" = (y + 1)"x, and x_,y" = (y — 1)"x_,, for any n > 0.
Then for any f(y), g(y) € C[y], we have

X (= Df3).e7) =yfr+ De’,  xa.(vg().€) = (v + Dg(y + De.e™ =0, (5.23)
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X (8)€T) = 0= Dy — D.e”, x_o. (= Df3)-€7) = =2 f(— Dx_g.e” =0. (5.24)
Now consider the subspace
N :=yCl[yl.e" + (y — 1)C[yl.e” C U.

By (5.23) and (3.24)), we have x.,.((y — 1)C[yl.e”) € yC[yl.e* C N and x.,.(yC[yl.e™) C
(y — )C[yl.e” € N. Moreover, since xy = yx and x.e* = +e*, it follows that N is an A" =
A(Vz,) - Cly]-submodule of U. By the irreducibility of U, we have N =0 or N = U.

If N = 0, then y.e* = y.e” = 0, and it is clear that U = UG*9_ If N = U, then there exists
f(), g(y) € Cly] such that

e =yfy).e"+ (- 1Dgk).e. (5.25)

Apply x, to (5.23), we have 0 = yg(y + 1).e* by (3.23). Apply x_, to this equation, we have
0= (- Dg@).e” by (3.24). Hence e¢* = yf(y).e", and

0=0fG)-Det=G-2)...00 - A).e", A,..., €C,

where k is the degree of the polynomial yf(y). Note that Ay,...,A; are nonzero since their
product is (=1)¥*!. Let 1 < j < k be the smallest index such that

O =)= A)et #0, and (y-2). (6= ).y = A).e”) = 0.
Let et := (y — 4;-1)...(y — A1).e’. Then e* # 0 and y.e* = A;e*. Moreover, we have
Xg-€t =@ +1=2;1)...(0+ 1 = A)x,.¢” =0and x.e* = e*, in view of (5.23) and (5.22).
On the other hand, let e~ := x_.¢* = (y = 1 = A,_y)...(y — 1 — A)).e” (see (3.24)). We have
U = Af.e* = Ce* + Ce™ since A = A(Vy,) - C[y]. Moreover, we have x.e” = —e~ since xx_, =
—X_q, and y.e~ = (1;+ 1)e” by applying x_, to the equation (y — A;)(y — ;1) ... (y — 4;).e* = 0.
If e = 0, then U = Ce* is isomorphic to some U®Y. This contradicts our assumption that
W32 c U. Hence e~ # 0, and we have
Xget =0, x_get=e, xe =et, ye = /lje~+,
Xpoo =(+1=1=2;)...0+ 1 —=1=2)Xpe” = —A1-1)...(y — A)).e" = e,
Xg€ =(—-1-1=2;-1)...0 =1 =1=2)x_4.e =0,
xe =-e, ye =+ e
Note that e* and e~ are linearly independent since they are eigenvectors of x (or y) of distinct
eigenvalues. Now choose A € b such that (Aja) = 0 and (1|8) — 3 = A;. Then by (5.20), we

have U = Ce* ® Ce- = UV ag AP-modules. By (5.18) and Corollary &.12] they are also
isomorphic as Ap = A" ® J-modules. O

Corollary 5.7. The set 2(P) = {(L(O’ﬂ), Ya), (LYY, : A € (Ca)t C b} is a complete list of
irreducible modules over the rank-two parabolic-type subVOA Vp of V4.

6. FURTHER CONSTRUCTIONS AND QUESTIONS

In this Section, we introduce some new constructions motivated by the Borel and parabolic-
type subVOAs of lattice VOAs, and ask a few questions arising from our constructions.

6.1. Quasi-triangular decomposition of vertex operator algebras. According to [FHLO3|
Section 5.3, a non-degenerate symmetric bilinear form (:|-) : V X V' — C on a vertex operator
algebra V is called invariant if

(Y(a, 2)blc) = (b|Y (e V(-z7HR %, z7Ye), a,b,ce V. 6.1)

Li proved in [L94] that the vector space of symmetric invariant bilinear forms of a VOA V is
isomorphic (Vy/L(1)V,)*, and any invariant bilinear form on V is automatically symmetric.



BOREL AND PARABOLIC-TYPE SUBALGEBRAS OF THE LATTICE VERTEX OPERATOR ALGEBRA 37
6.1.1. Definition and first properties of Quasi-triangular decomposition.

Definition 6.1. Let V be a vertex operator algebra, equipped with a non-degenerate symmetric
invariant bilinear form (-|-) : V x V — C such that (1|/1) = 1. A subspace decomposition
V =V,® Vy & V._iscalled a quasi-triangular decomposition of V if

(1) Vy and V. are invariant under the action of s/,(C) = CL(-1) + CL(0) + CL(1);
(2) Vy is a sub-vertex algebra of V such that 1y € Vy;

(3) V. and V_ are sub-vertex algebras without vacuum of V;

(4) (VelVi) = (VulVi) = (VulV-) = 0.

As an immediate consequence of Definition [6.1] the following properties, which resembles
the properties of usual triangular decomposition g = n_ ® b @ n, of a semisimple Lie algebra g,
hold for a quasi-triangular decomposition of VOAs:

Lemma 6.2. Let V =V, & Vy & V_ be a quasi-triangular decomposition of a VOA V. Then

(a) (|)lvyxv, is non-degenerate on Vy;

(b) V. and Vy are graded subalgebras, with V,, = (V,), ® (Vy), ® (V_), foralln € Z;
(c) V. and V_ are isotropic with respect to (:|-);

(d) Y(Vy,2)Vo CV,and Y(V.,2)Vy C V..

Proof. (a) follows from the non-degeneracy of (:|-) and (4) in Definition[6.1l Since L(0)Vy C Vy
and L(0)V.. C V., it follows that Vyy = € _ (Vy), and V. = @ _(V.),, with (V) = Vg NV,
and (V.), = V. NV, for all n. This proves (b). Furthermore, since (V,|V,) = 0 unless m = n
(see [FHL93]] Section 5.3), the restriction (-|-)|y,xy, is non-degenerate for any n. Then it follows
from (a) and (b) that (V,), and (V_), are isotropic for all n € Z. Hence V, and V_ are isotropic.

Finally, given h € Vy and a € V,, assume Y(h,z)a = b_+ h" + b,, with b, € V. and i’ € V.
We claim that b>_ = 0 and 4’ = 0.

Indeed, by the invariance (6.1)), the axioms (2) and (4), and the fact that L(1)h C Vy, we have

(b_+H +b,|Vy) = (Y(h,2)alVi) = (@Y ("D (=2 Oh, 27 YVy) = (Vi) = 0.

In particular, we have (#'|Vy) = 0 since (b.|Vg) = 0. Then it follows from (a) that /’ = O.
Furthermore, by axioms (3) and (4), together with L(1)V, C V,, we have

(b- +b4|Vy) = (Y(h,2)alVs) = (€Y (a, ~2)hIV,) = (WY (e V(=) Va, —zHeDV,)
= (hlV.) = 0.

In particular, we have (b_|V,) = 0 since (b,|V,) = 0. Then we have b_ = 0 since V, and V_ are
isotropic. This shows Y(Vy,z)V, C V.. Similarly, we can show that Y(Vy,z)V_ C V_. Finally,

Y(V.,z)Vy C V. follows from the skew-symmetry of Y and the fact that L(—1)V. C V.. O

6.1.2. Examples of quasi-triangular decomposition. There are natural examples of quasi tri-
angular decomposition for lattice VOAs arising from the Borel-type subVOA Vp in Section [3]
and the parabolic-type subVOA V in Sections 4 and 3l Note that a lattice VOA V; has a non-
degenerate symmetric invariant bilinear form (:|-) : V;, X V; — C extended from the bilinear
form on L. It satisfies (1|/1) = 1 (see, for example, [FLMS8S D93, [L94]]).

Lemma 6.3. Let L = Za with (a|a) = 2N, and let V, := Vz o, Vi := My(1,0), and V_ := Vz_y,.
Then Vz, =V, @ Vy & V_ is a quasi-triangular decomposition.

Proof. Since w = ia/(—l)z, it is clear that L(n)M;(1,ma) S M;(1,ma) for all m € Z and
n=-1,0, 1. It suffices to prove (4) in Definition 6.1l We claim that for any m, n € Z,

(Mﬁ(l,ma)IMB(l,na/)) =0 wunless m+n=0. (6.2)
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FiGure 3.

Indeed, note that a(0)a(—n,)...a(—ny)e™ = 2Nm(a(-ny)...a(-n;)e™) for any m € Z. Then
by the invariance (6.1)) of the bilinear form and the fact that L(1)a(—1)1 = 0, we have

-1 .
2Nm(ulv) = (aQ)ulv) = (ul Z u(L(l)’ a(=D1)2-o-j2v) = (ul — a(0)v) = =2Nn(ulv),

720 J!
where u € M;(1,ma) and v € M;(1,ne). This proves (6.2). Since Z.oa and Z ya are sub-
semigroups of Za, it is clear that (V.|V.) = (Vy4|V,) = (Vy|V_) = 0. O

Now let L = A, = Za @ Z be the root lattice of type A,. There are many examples of quasi-
triangular decompositions on the lattice VOA V,,. Here we present two different examples.
Consider the following subsets of the lattice A;:

N, :={ma+nB:meZ,n>0}+2Za, (6.3)
N_:={ma+nB:meZ,n<0}+Za. (6.4)
Clearly, N. are sub-semigroups of A,, and so Vy, = @%Ni M;(1,y) are sub-vertex algebras

without vacuum of V;, in view of Proposition[2.2l Moreover, we have L = N, U {0} U N_.

In figure [3] the red dots represent elements in N,, and the blue dots represent elements in N_.
The black dot is 0 of A,.

Lemma 6.4. With the notations as above, let V, := Vy , Vi := M;(1,0), and V_ := Vy_. Then
Vi, = V. ® Vy ® V_ is a quasi-triangular decomposition of the lattice VOA V.

Proof. Again, it suffices to prove (4) in Definition[6. I since w = 1 Y7, u'(~1)*1, where {u', u*}
is an orthonormal basis of §). For vy, 0 € A,, similar to (6.2), we have
(My(1,7)IM;(1,60)) =0, unless y+6=0. (6.5)
The proof of (6.3)) is also similar to (6.2]), we omit it. Now it is clear from figure[3that (V.|V,) =
(VulV.) = (VulV-) = 0. 0
There is another quasi-triangular decomposition of V,, that corresponds to the parabolic-type
subVOA Vp in Section [l and[5l Consider the following sub-semigroups of Aj:
N" =Za®Z.oB, T:=Za, N :=Za®Zp. (6.6)
Again, it follows from Proposition 2.2] that Vy: = @ye ve Mi(1,7y) are sub-vertex algebras
without vacuum of Vy,, and Vy = ,_, My(1,0) is a subVOA of Vy,.
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FiGuRrE 4.

In figure 4 the red dots represent elements in N*, blue dots represent elements in N~, and
black dots represent elements in 7. The following lemma follows immediately from (6.3)) and
figure [k

Lemma 6.5. With notations as above, let V* := Vy: and V¥ := V. Then Vi, =V & Vigy-
is a quasi-triangular decomposition of V4,, with Vp = V* @ V1,

Remark 6.6. The quasi-triangular decompositions in Lemma [6.3] and [6.4] are compatible with
the triangular decomposition of the first-level Lie algebras of the corresponding lattice VOAs.
Indeed, assume (a|a) = 2 for the rank-one lattice Za, then by figure 31 we have

(VZa)l = SZZ(C) =Ce" o Ca/(_l)l ®Ce™ = (V+)1 ® (VH)1 @ (V_)l,
(Vi) = sI3(C) = (Ce” + Ce’ + Ce* )@ h & (Ce ™ + Ce + Ce ") =n, @h@n_
=(Vire (Ve & (Vo).

However, the quasi-triangular decomposition of V4, = V* @ V¥ @ V- given by figure 4 and
Lemmal6.3]is not compatible with the triangular decomposition of first-level Lie algebra, since
the “Cantan-part” V* is not the Heisenberg subVOA M;(1,0).

In the representation theory of Lie algebras (finite or infinite-dimensional), the triangular
decomposition g = 1, @ h) ® 1n_ is used to construct Verma modules and irreducible highest-
weight modules over g. With our definition and examples, it is natural to ask the following:

Question 6.7. Is there a construction of “Verma-type” modules for VOAs arising from the
quasi-triangular decomposition in Definition [6.1?

There is a notion of generalized Verma module for a VOA V given by Dong, Li, and Mason
in [DLMOS]. A generalized Verma module M(U) was constructed from a module U over Zhu’s
algebra A(V) (see [DLM98]| Section 5). We suspect that one can use modules over Zhu’s algebra
A(Vy) of Vi in the quasi-triangular decomposition of V to construct Verma-type modules.

6.2. Borel-type and parabolic-type subalgebras of affine vertex operator algebras. The
vertex operator realization of the highest weight representations of affine Kac-Moody algebras
in [EK80] indicates that there is an isomorphism Ls(1,0) = V, of VOAs, where V, is the lattice
VOA associated to the root lattice Q of g, and Q is of A, D, E-type.

Inspired by this isomorphism of VOAs and our previous examples, it is reasonable to define
Borel and parabolic-type subalgebras for general affine VOAs of arbitrary level.
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6.2.1. Definition of affine vertex operator algebras. We first recall the definition of affine vertex
operator algebras of positive integer level k defined by Frenkel and Zhu in [EZ92].

Let g be a finite-dimensional semisimple Lie algebra with a Cartan subalgebra ), and let A
be the root system associated to by with root lattice Q C h*. Normalize the invariant bilinear
form on g so that (6|6) = 2, where 6 is the longest root of A. Let § = ¢ ® C[t,'] ® CK be its
affinization, with Lie bracket given by

[K,8] =0, [a(m),b(m)] = [a,b](m + n) + mb,no(@alb)K, a,beg, mneZ
Let C1 be a §so-module with K.1 = k1 and g ® C[¢].1 = 0. The Weyl vacuum module
Vi(k,0) = U(8) ®u.y C1

is a VOA, with 1 = 1 ® 1 and war = 37075 >0 i (= 1)u,(~1)1, called the vacuum module
vertex operator algebra of level k, where 1" is the dual Coxeter number of A, and {u'} and {u;}
are dual orthonormal basis of g.

Vi(k, 0) has a unique maximal §-submodule W(k,0) = U (@)xz“(—l)l, where xg € gg. The
quotient module Ly(k,0) = V;(k,0)/W(k,0) is also a VOA called the affine vertex operator
algebra of level k.

In the study of parafermion vertex operator algebras (see, for example, [DW10, DR17]]), the

following decomposition of V;(k, 0) and Ls(k, 0) were frequently used:

Vs(k, 0) = ) Vs(k, 0)(1) = EP) M;k, 0) @ Ny, 6.7)
AeQ AeQ

Ly(k.0) = D) Lk, 0)() = (D) Mj(k. 0 @ K, (6.8)
AeQ AeQ

where N, = {v € V;(k,0) : h(m)v = 6,0, for h € hym € Z} and K, = {v € Ls(k,0) : h(m)y =
OmoV, for h € h,m € Z} are subspaces of B—highest—weight vectors of weight 1 € Q in Vj(k, 0)
and L;(k, 0), respectively, and

Vi(k, 0)(1) = {v € Vy(k, 0) : h(O)v = A(h)v, for h € b} = M;(k,0) ® N,, (6.9)
Ly(k, 0)(1) = {v € Ly(k, 0) : h(0)v = A(h)v, for h € b} = M;(k,0) ® K, (6.10)

for any 4 € Q. Note that K(g, k) := Kj is the parafermion vertex operator algebra.
Similar to Proposition we have the following fact about the decomposition (6.7) and

(6.8):
Proposition 6.8. Let k be a positive integer, and let V be V;(k,0) or Ly(k,0), with V(1) =
Vis(k, 0)() or Ls(k, 0)(Q) for A € Q, respectively.

Assume M < Q is an abelian sub-monoid of the root lattice Q, with identity 0 € Q. Then
VM= ., V(D) is a subVOA of (V, Y, was, 1). We call VM the subVOA associated to M.

Proof. Let A,ue M, and a € V(A), b € V(u). For any h € b, since
h(0)(a,b) = a,h(0)b + (h(0)a),b = (A + ulh)a,b, ne€Z,

and M is a sub-monoid, we have a,b € V(1 + ) € VM. Moreover, since w,s, 1 € V(0) c V¥, it
follows that V,, is a subVOA of V. ]

Remark 6.9. Note that V(0) is a tensor product of (Mj(k, 0), ¥, wy, 1) and (No(or Ko), ¥, w.g —
wp, 1). Unlike the lattice case in Proposition 2.2 the sub-vertex algebra V¥ := @ em VA
could have multiple Virasoro elements. We say that V¥ a subVOA of V only if it has w,g as the
Virasoro element.
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6.2.2. Borel and parabolic-type subalgebras of V;(k,0) and L;(k,0). Recall the definitions of
a Borel-type sub-monoid B and a parabolic-type sub-monoid P of the root lattice Q in Defini-
tion

Definition 6.10. Let k be a positive integer, and let V be the vacuum module or affine VOA
Vi(k,0) or Ly(k,0). A subVOA V& (resp. V*) associated to a Borel-type (resp. parabolic-type)
sub-monoid B (resp. P) < Q is called a Borel-type (resp. parabolic-type) subVOA of V.

Example 6.11. Similar to the Borel-type subVOA Vz_, of lattice VOA V,, in Sections [3] and
the parabolic-type subVOA Vz,e7._, Of lattice VOA V,, Sections@dland[3] we have the following
examples of Borel and parabolic-type subVOAs of affine VOAs:

VE = L (k. 0 = P Ly (k. 0)(na), 6.11)
n>0
VP = L (K, 0)705%06 = @ Ly (k, 0)(ma + np). (6.12)
mezZ,n>0

Clearly, the first-level Lie algebra VlB = Ch(-1)1 + Ce(—1)1 is a Borel subalgebra of s/,(C),
and first-level Lie algebra Vf’ = Cho(=11 + Chg(=1)1 + Cx, (=11 + Cx_o (=11 + Cxp(=D1 +
Cxq+p(=1)1 is a parabolic subalgebra of s/3(C).

Given our main results in Sections 3H3] it is natural to ask the following:

Question 6.12. Find a concrete description (by generators and relations) of the Zhu’s algebra
of VB in (€.I1) and V* in (@12). Moreover, find and classify all the irreducible modules over
these Borel and parabolic-type subVOAs of the affine VOAs.
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