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One of the key predictions of Parisi’s broken replica symmetry theory of spin glasses is the existence
of a phase transition in an applied field to a state with broken replica symmetry. This transition
takes place at the de Almeida-Thouless (AT) line in the h − T plane. We have studied this line
in the power-law diluted Heisenberg spin glass in which the probability that two spins separated
by a distance r interact with each other falls as 1/r2σ. In the presence of a random vector-field of
variance h2

r the phase transition is in the universality class of the Ising spin glass in a field. Tuning
σ is equivalent to changing the dimension d of the short-range system, with the relation being
d = 2/(2σ−1) for σ < 2/3. We have found by numerical simulations that h2

AT ∼ (2/3−σ) implying
that the AT line does not exist below 6 dimensions and that the Parisi scheme is not appropriate
for spin glasses in three dimensions.

I. INTRODUCTION

The relevance of the replica symmetry breaking (RSB)
scheme of Parisi [1, 2] for physical spin glasses in three
dimensions has occasioned doubts from its earliest days
[3]. These doubts have mostly arisen from studies of the
de Almeida-Thouless (AT) line [4]. This is the line in the
field h and temperature T plane where the replica sym-
metric high-temperature phase changes to a phase with
broken replica symmetry (see Fig. 1). The Parisi scheme
has now been rigorously proved to solve the Sherrington-
Kirkpatrick (SK) mean-field model [5], in which all spins
interact with each other. In that model in the presence of
a field h, the AT line hAT(T ) for temperatures T close to
Tc, the zero-field transition temperature, takes the form(

hAT(T )

Tc

)2

= A(d)

(
1− T

Tc

)ζ

. (1)

The exponent ζ = 3 in the SK model and remains at 3
for all d > 8. It takes the value d/2− 1 when 8 > d > 6
[6, 7]. For d < 6, should the AT line then still exist,
ζ = γ+β, where the exponent γ describes the divergence
of the zero-field spin glass susceptibility χSG as T →
Tc, and β describes how the Edwards-Anderson order
parameter qEA goes to zero in the same limit [7]. Both
these zero-field exponents have an expansion in powers
of ϵ where d = 6− ϵ [8]. Back in 1980 Bray and Roberts
[3] were unable to find a fixed point for the exponents
at the AT line. One possibility which they suggested as
an explanation was that for d < 6 there simply was no
AT line. However, the possibility that there was a non-
perturbative fixed point could not be ruled out (but if
such exists, it still remains to be discovered).

Another argument suggested long ago was that of
Moore and Bray [10]. In d < 6 the dependence on γ
and β of the form of the AT line as ζ = γ + β indicates
that the applied field h has the scaling dimension of the
ordering field of the spin glass. For d > 6 that is not the
case, as then γ + β = 2 for all d > 6. Usually when the
ordering field is present there is no phase transition. For
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FIG. 1. The AT line. The solid line is the exact AT line for
the SK model, calculated as in Ref. [9]. The dashed line is
the approximation to it of Eq. (1) with ζ = 3. Marked on the
diagram by filled circles are the results of the simulations on
the SK model in Ref. [9]. The red square point, derived from
varying the temperature T at fixed hr, and the upwards arrow
point, derived from varying the field at fixed temperature, are
the result of our simulations at σ = 0.6, which despite corre-
sponding to 10 dimensions, have values of hAT suppressed by
fluctuations from those which would be estimated from the
SK model when only adjusting the zero-field transition tem-
perature Tc.

example, for a ferromagnet in its ordering field (which is
a uniform field) there is no phase transition as the tem-
perature is lowered. A phase transition only occurs for
vanishing field. The suggestion of Moore and Bray was
that because the applied field had the scaling dimensions
of the ordering field in dimensions d < 6 then there would
also be no phase transition in a field and hence no AT
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line when d < 6 [10]. Even though it is commonplace
that a phase transition is removed in the presence of the
ordering field, alternatives are possible and some were
discussed in Ref. [11], but no evidence for them was
found.

Another argument that 6 might be the dimension
above which RSB applies comes from RSB calculations
of the interface free energy of the Ising spin glass in the
presence of no external field. The calculations which are
valid for d > 6 are done for a system of length L in one
direction and M in the other d− 1 directions. The inter-
face free energy ∆F is the change in the free energy when
the boundary conditions in the L direction are switched
from periodic to anti-periodic [12, 13]. Its bond-average
variance ∆F 2 is found to be of the form [13]

∆F 2 ∼ N1/3 + L2f(L/M), (2)

where N = LMd−1. The leading term ∼ N1/3 is of an
unusual form for an interface free energy as it only de-
pends on the volume or number of spins in the system,
and is of this form because interfaces according to RSB
are space filling as their fractal dimension ds = d. The
second term is of the conventional aspect ratio scaling
form which involves the ratio of L/M usually associated
with interfaces whose fractal dimensions ds are less than
d and which are not space filling [14, 15]. Using a sim-
ple (and approximate) renormalization group procedure
it has been found that ds → d as d → 6 from below [16].
The term L2f(L/M) becomes L2θf(L/M) for d < 6, and
then the first term will not be present. θ is the interface
free energy exponent [14]. According to the numerical
study of Boettcher [17] θ = 1.1(1) in six dimensions,
which suggests it might be exactly 1 when d = 6. But
the crucial point is that for d > 6 the first term domi-
nates, but the second term becomes just as large as the
first term right in d = 6 for L ∼ M . This suggests that
d = 6 is at least an important dimension for RSB in spin
glasses and possibly its lower critical dimension, the di-
mension below which full replica symmetry breaking of
the Parisi type is no longer to be found.

Interface free energies are determined by the nature of
the zero-temperature fixed point of the system and its
associated exponents such as θ. These exponents should
be distinguished from those associated with the critical
fixed point. The study of Bray and Roberts [3] was an
expansion about the upper critical dimension of the AT
line, which was taken to be 6. The argument of this
paper that there is no RSB for d ≤ 6, which if valid
implies that the upper and lower critical dimensions for
RSB behavior are both the same and equal to 6 – a most
unusual situation!

If the lower critical dimension for the existence of the
AT line is six, then one would expect that the AT line
will become closer to the temperature axis as d → 6.
To see whether this is the case requires determination
of the coefficient A(d), but this is very challenging. In
the SK limit for unit length m-component vector spins,
A(d) = 4m/(m+2): For the Heisenberg model studied in

this paper m = 3. By using an expansion in 1/m, Moore
argued that as d → 6 from above A(d) ∼ (d−6) [18]. The
numerical studies reported in this paper are consistent
with this possibility. They indeed imply therefore that
the AT line is approaching the temperature axis as d → 6,
and hence that there will not be an AT transition below
six dimensions.
The question of whether there is or is not an AT line

in physical dimensions such as d = 3 has naturally been
studied by both experiment and by simulations. On the
experimental side a negative answer was suggested by the
work in Ref. [19], while a positive answer was provided
in Ref. [20]. No consensus is found in simulations either:
for a recent review see [21].
Because it is hard to do simulations above 6 dimensions

(although recently an attempt was made to study the AT
line in 6 dimensions [22]), we have done simulations on
the one-dimensional proxy model where systems of large
linear extent L can be studied. In Ref. [22] where a six-
dimensional version was directly simulated, L was less
than 8, but we can study values of L up to 65536.
We organised the paper into the following sections. In

Sec. II we describe the model we used in detail. The
quantities we studied and their finite size scaling forms
near the AT transition point are given in Sec. III. In
Sec. IV we show the results obtained by performing finite
size scaling analyses on the data for five values of σ in
the mean-field regime: 0.600, 0.630, 0.640, 0.650, and
0.655. In Sec. V, we show our analysis of A(σ) versus
σ which provided us strong evidence that the AT line
disappears below σc = 2/3. In an earlier investigation on
the XY model [23] we had studied it for σ values 0.60,
0.70, 0.75 and 0.85, and had observed that because the
leading correction to scaling exponent ω approaches 0
as σ → σc = 2/3 that it would be very challenging to
determine whether the AT line goes away precisely at
σ = 2/3. This means that as σ → 2/3 one needs to go
to ever larger values of the system size N to maintain
the same level of accuracy. The largest value of σ which
we studied, 0.655, is off the curve set by the next three
smaller values and we think that is because for it the
largest N values we could study were just too small for
a reliable value of the AT field. Finally in Sec. VI we
summarize our conclusions.

II. MODEL HAMILTONIAN

The Hamiltonian of our system is

H = −
∑
⟨i,j⟩

JijSi · Sj −
∑
i

hi · Si , (3)

where Si, a unit vector ofm = 3 components, is a spin sit-
ting on the ith lattice site (i = 1, 2, . . . , N). The N(≡ L)
lattice sites are arranged around a ring of circumference
N . So the distance between the spins at sites i and j [26]

rij =
N

π
sin

( π

N
|i− j|

)
, (4)
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FIG. 2. Finite size scaling analyses of data for σ = 0.600 obtained by varying the temperature in the absence of a magnetic
field. (a) shows the plot of χSG/N

1/3 as a function of the temperature T for different system sizes. The corresponding data for

ξSG/N
deff/6 are shown in (b), with deff = 2/(2σ − 1) in the mean-field regime. Both the sets of plots show that the curves for

different system sizes intersect. The data for the intersection temperatures T ∗(N, 2N) between pairs of adjacent system sizes

for χSG/N
1/3 and ξSG/N

deff/6 are plotted as a function of N−λ in (c). The value of the exponent λ is fixed to be 0.467 which
is known exactly in the mean-field regime [24, 25]. The fits give Tc = 0.5609± 0.0012 from χSG and Tc = 0.5617± 0.0021 from
ξSG (see Table I for details).
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FIG. 3. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.600 obtained by fixing the temperature to
T = 0.380 (= 0.675Tc) and varying the field. Both the plots show that the curves for different system sizes intersect. (c)
shows the data for the intersection fields h∗(N, 2N) between pairs of adjacent system sizes, plotted as a function of N−λ.
Using λ = 0.467 we fitted the h∗(N, 2N) data linearly with Eq. (14) and the values of the transition field so obtained are
hAT(T = 0.380) = 0.1287± 0.0033 from χSG and hAT(T = 0.380) = 0.1327± 0.0015 from ξSG (see Table II for details).

is the length of the chord connecting them. The proba-
bility of having a non-zero interaction between a pair of
spins (i, j) falls with the distance rij between the spins
as a power law:

pij =
r−2σ
ij∑

j ̸=i

r−2σ
ij

. (5)

The interactions Jij between a pair of spins (i, j) are
independent Gaussian random variables with mean zero
and standard deviation unity, i.e:

[Jij ]av = 0 and
[
J2
ij

]
av

= J2 = 1. (6)

The Cartesian components hµ
i of the on-site external field

are independent random variables drawn from a Gaussian

distribution of zero mean with each component having
variance h2

r. The detailed prescription to generate such
a lattice with long-range diluted interactions is given in
references [23, 24, 27].

This model has already been extensively studied. Even
though it involves spins of m (= 3) components, its AT
transition is in the universality class of the Ising (m = 1)
model [9]. Despite the additional degrees of freedom
of the spins compared to those of the Ising model, the
Heisenberg model is easier to simulate than the Ising
model as the vector spins provide a means to go around
barriers rather than over them as in the Ising case, allow-
ing larger systems to be simulated [28]. In the interval
1/2 < σ < 2/3, it corresponds to an Edwards-Anderson
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FIG. 4. Finite size scaling analyses of data for σ = 0.630 obtained by varying the temperature in the absence of a magnetic
field. (a) shows the plot of χSG/N

1/3 as a function of the temperature T for different system sizes. The corresponding data for

ξSG/N
deff/6 are shown in (b), with deff = 2/(2σ − 1) in the mean-field regime. Both the sets of plots show that the curves for

different system sizes intersect. The data for the intersection temperatures T ∗(N, 2N) between pairs of adjacent system sizes

for χSG/N
1/3 and ξSG/N

deff/6 are plotted as a function of N−λ in (c). The value of the exponent λ is fixed to be 0.407 which
is known exactly in the mean-field regime [24, 25]. The fits give Tc = 0.5405± 0.0024 from χSG and Tc = 0.5405± 0.0045 from
ξSG (see Table I for details).
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FIG. 5. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.630 obtained by fixing the temperature to
T = 0.364 (= 0.675Tc) and varying the field. (c) shows the data for the intersection fields h∗(N, 2N) plotted as a function of
N−λ. Using λ = 0.407 we fitted the h∗(N, 2N) data linearly with Eq. (14) and the values of the transition field so obtained
are hAT(T = 0.364) = 0.1094± 0.0012 from χSG and hAT(T = 0.364) = 0.1081± 0.0015 from ξSG (see Table II for details).

short-range model in deff dimensions [26], where

deff =
2

2σ − 1
. (7)

Thus if σ = 0.6 (see Fig. 1), deff = 10. We our-
selves have extensively studied the XY (m = 2) version
of it [23], when we concentrated mainly on cases where
σ > 2/3. Since writing that paper we have discovered
that the Heisenberg case (m = 3) runs faster, enabling
us to study larger systems. In this paper we have fo-
cussed on cases σ < 2/3 corresponding to d > 6 in an
attempt to determine whether the AT line vanishes as
d → 6. At the time of writing of our paper on the XY
spin glass model, we thought determining whether the
AT line vanished as σ → 2/3 would be very challenging
as the corrections to scaling become larger and larger in

this limit, requiring the study of increasingly larger val-
ues of N to achieve the equivalent level of accuracy. Our
work in this paper is indeed affected by this difficulty
which prevents us getting really close to σ = 2/3 but it
does suggest that the AT line might vanish at d = 6 (i.e.
σ = 2/3) if the limit N → ∞ could be studied.

III. CORRELATION LENGTHS AND
SUSCEPTIBILITIES

As in the XY case we shall focus on the wave-vector-
dependent spin glass susceptibility [24]

χSG(k) =
1

N

∑
i,j

1

m

∑
µ,ν

[(
χµν
ij

)2]
av

eik(i−j), (8)
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FIG. 6. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.640 obtained by varying the temperature in
the absence of a magnetic field. (c) shows the data for the intersection temperatures T ∗(N, 2N) plotted as a function of N−λ

with λ = 0.387. The line fits give Tc = 0.5244± 0.0020 from χSG and Tc = 0.5326± 0.0038 from ξSG (see Table I for details).
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FIG. 7. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.640 obtained by fixing the temperature
to T = 0.357 (= 0.675Tc) and varying the field. (c) shows the data for the intersection fields h∗(N, 2N) between pairs of
adjacent system sizes, fitted against N−λ, using λ = 0.387. The values of the transition field so obtained are hAT(T = 0.357) =
0.1032± 0.0012 from χSG and hAT(T = 0.357) = 0.1034± 0.0013 from ξSG (see Table II for details).

where

χµν
ij =

〈
Sµ
i S

ν
j

〉
− ⟨Sµ

i ⟩
〈
Sν
j

〉
. (9)

From it the spin glass correlation length is then deter-
mined using the relation

ξSG =
1

2 sin(kmin/2)

(
χSG(0)

χSG (kmin)
− 1

)1/(2σ−1)

, (10)

and kmin = 2π/N . The spin glass susceptibility itself
χSG = χSG(0). The simulations and checks for equili-
bration were done following the procedures given in Ref.
[9, 28].

At the AT transition, both χSG and ξSG diverge to
infinity. For σ < 2/3 the finite size scaling forms when
approaching the AT line along a vertical trajectory (i.e.
by varying hr) takes the form for a finite value of N [23]

χSG

N1/3
= C

[
N1/3 (hr − hAT(T ))

]
+ N−ωG

[
N1/3 (hr − hAT(T ))

]
. (11)

The second term is a correction to scaling term. The
exponent ω is given by [9, 29]

ω = 1/3− (2σ − 1). (12)

Notice that as σ → 2/3, ω → 0. This is why it is so
challenging to show that the AT line disappears as d → 6.
The finite size scaling form for ξSG is [23]

ξSG
Ndeff/6

= X
[
N1/3 (hr − hAT(T ))

]
+ N−ωH

[
N1/3 (hr − hAT(T ))

]
. (13)

In the absence of the correction to scaling term the
plots of χSG/N

1/3 or ξSG/N
deff/6 for different system

sizes would intersect at hr = hAT(T ). The intersec-
tion formula for the successive crossing points h∗(N, 2N)
should be linear in 1/Nλ when N → ∞ and be of the
form

h∗(N, 2N) = hAT(T ) +
A

Nλ
, (14)
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FIG. 8. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.650 obtained by varying the temperature in
the absence of a magnetic field. The data for the intersection temperatures T ∗(N, 2N) are plotted as a function of N−λ (using
λ = 0.367) in (c). The values of the zero-field transition temperature obtained from linear fitting are Tc = 0.5168±0.0012 from
χSG and Tc = 0.5204± 0.0012 from ξSG (see Table I for details).
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FIG. 9. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.650 obtained by fixing the temperature to
T = 0.350 (= 0.675Tc) and varying the field. (c) shows the data for the intersection fields h∗(N, 2N) between pairs of adjacent
system sizes, plotted as a function of N−λ. Using λ = 0.367 we fitted the h∗(N, 2N) data linearly with Eq. (14) and the values
of the transition field so obtained are hAT(T = 0.350) = 0.0979± 0.0016 from χSG and hAT(T = 0.350) = 0.0937± 0.0033 from
ξSG (see Table II for details).

where

λ = 1/3 + ω. (15)

We have not only studied χSG and ξSG as a function
of hr at fixed T we have also studied them as a function
of T for fixed hr = 0. We did the latter to determine the
zero-field transition temperature Tc. The relevant finite
size scaling forms for this situation are

χSG

N1/3
= C̃

[
N1/3(T − Tc)

]
+N−ωG̃

[
N1/3(T − Tc)

]
,

(16)
and

ξSG
Ndeff/6

= X̃
[
N1/3(T − Tc)

]
+N−ωH̃

[
N1/3(T − Tc)

]
.

(17)
The tilde sign is to indicate that the finite size scaling
functions such as C in a field and C̃ in the absence of a
field may differ.

The intersection points as in, say, Fig.4 (c) would be
expected to be of the form

T ∗(N, 2N) = Tc +
Ã

Nλ
. (18)

Note that the values of the exponents ω and λ are the
same for the zero field transition and for the AT line
(assuming that they are both governed by a Gaussian
fixed point).

In the section IV we give the results of our studies of
both χSG and ξSG for values of σ at 0.600, 0.630, 0.640,
0.650 and 0.655. We also describe how the zero-field tran-
sition temperature Tc was determined for each of these
values of σ.
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FIG. 10. Finite size scaling analyses of χSG data, and ξSG data, for σ = 0.655 obtained by varying the temperature in the
absence of a magnetic field. (c) shows the data for the intersection temperatures T ∗(N, 2N) fitted against N−λ.The value of
the exponent λ is fixed to be 0.357. The fits give Tc = 0.5116± 0.0009 from χSG and Tc = 0.5149± 0.0020 from ξSG (see Table
I for details).
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FIG. 11. Finite size scaling analyses of (a) χSG data, and (b) ξSG data, for σ = 0.655 obtained by fixing the temperature to
T = 0.344 (= 0.675Tc) and varying the field. In (c) the data for the intersection fields h∗(N, 2N) is plotted as a function of
N−λ with λ = 0.357. We fitted the h∗(N, 2N) data with a straight line and the values of the transition field obtained as a
result of the extrapolation of the lines are hAT(T = 0.344) = 0.1036± 0.0015 from χSG and hAT(T = 0.344) = 0.1022± 0.0061
from ξSG (see Table II for details).

IV. FINITE SIZE SCALING ANALYSES

Here we give further details of the results of our simu-
lations for σ values 0.600, 0.630, 0.640, 0.650 and 0.655.
Figs. 4, 6, 8, and 10 show the finite size scaling analyses
of data for these different values of σ obtained by vary-
ing the temperature in the absence of a magnetic field.
In all these figures, Figs. (a) show the plot of χSG/N

1/3

as a function of the temperature T for different system
sizes. The corresponding data for ξSG/N

deff/6 are shown
in Figs. (b), with deff = 2/(2σ − 1) in the mean-field
regime. In all these sets of plots we can clearly notice
that the curves for different system sizes intersect around
the transition temperature, which is in accordance with
Eqs. (16) and (17). For each pair of adjancent system
sizes, we find the intersection temperature T ∗(N, 2N)
from both χSG and ξSG data which is the x− coordi-
nate corresponding to the point of intersection between

these curves. The data for the intersection temperatures
obtained from all the pairs of adjacent system sizes are
plotted as a function of N−λ in Figs. (c). The value of
the exponent λ is known in the mean-field regime and is
given by Eq. (15) [24, 25]. Using this value of λ we fit
the T ∗(N, 2N) data linearly with Eq. (18). In the ther-
modynamic limit N−λ → 0 as N → ∞. Hence, the y−
intercept corresponding to the straight line fit gives us
the value of the zero-field transition temperature Tc. We
get two values for Tc, one from χSG and the other from
ξSG data, which are in agreement with each other within
the errorbars. The values of Tc obtained for different val-
ues of σ are shown in Table I, and the parameters of the
siumlations are shown in Table AI.

The AT line can be approached not only by reducing
the temperature T but also by reducing the field at fixed
T . This was the procedure used in Ref. [23]. These are
the vertical trajectories in Fig. 1 along which we can
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TABLE I. Results of the simulations done by varying the temperture T in the absence of magnetic field hr. The χSG/N
1/3

(or ξSG/N
deff/6, with deff = 2/(2σ − 1)), when plotted as a function of temperature T , the data for different system sizes

N intersect around the transition transition temperature Tc(χSG) (or Tc(ξSG)). The intersection temperatures T ∗(N, 2N)
between the curves for two adjacent system sizes are then plotted as a function of N−λ, with λ = 5/3 − 2σ in the mean field
regime [24, 25]. We then fit this data for the Npairs largest pairs of system sizes with Eq. (18) to find the transition temperature
Tc(χSG) (or Tc(ξSG)).

σ hr λ Npairs(χSG) Tc(χSG) Npairs(ξSG) Tc(ξSG)

0.600 0 0.467 5 0.5609± 0.0012 7 0.5617± 0.0021

0.630 0 0.407 3 0.5405± 0.0024 3 0.5405± 0.0045

0.640 0 0.387 4 0.5244± 0.0020 4 0.5326± 0.0038

0.650 0 0.367 3 0.5168± 0.0012 4 0.5204± 0.0012

0.655 0 0.357 5 0.5116± 0.0009 5 0.5149± 0.0020

TABLE II. Results of the simulations done by varying the magnetic field hr at a fixed temperature T = 0.675Tc, where Tc is
the zero-field spin glass transition temperature. Similiar to the fixed hr case described in Table I, we plot the finite-size-scaled
χSG (or ξSG) data as a function of the field hr and find the intersection fields h∗(N, 2N). We then fit this data with Eq. (14)
to find the AT transition field hAT corresponding to the temperature T .

σ Tc T λ Npairs(χSG) hAT(χSG) Npairs(ξSG) hAT(ξSG)

0.600 0.563 0.380 0.467 4 0.1287± 0.0033 7 0.1327± 0.0015

0.630 0.540 0.364 0.407 7 0.1094± 0.0012 6 0.1081± 0.0015

0.640 0.530 0.357 0.387 6 0.1032± 0.0012 6 0.1034± 0.0013

0.650 0.519 0.350 0.367 7 0.0979± 0.0016 5 0.0937± 0.0033

0.655 0.510 0.344 0.357 8 0.1036± 0.0015 4 0.1022± 0.0061

cross the AT line. Throughout this paper, we chose the
value of temperature T such that T/Tc = 0.675. We show
our finite size scaling analyses plots corresponding to this
procedure in Figs. 3, 5, 7, 9, and 11. Similar to the zero-
magnetic field case, we present our χSG and ξSG data in
Figs. (a) and (b) as a function of magnetic field hr. Ac-
cording to Eq. (11), the data for χSG/N

1/3 when plotted
for different system sizes should intersect at the AT tran-
sition field hAT(T ). Similarly, according to Eq. (13), the
data of ξSG/N

deff/6 with deff = 2/(2σ − 1) should inter-
sect at the same transition field. Figs. (c) show the data
for the intersection fields h∗(N, 2N) obtained by consid-
ering the curves for adjacent system sizes. We fit the
h∗(N, 2N) data with Eq. (14) through a straight line us-
ing the same value of λ as in the previous scenario, which
is given by Eq. (15). The point at which this straight line
cuts the y− axis gives us the value of the transition field
hAT corresponding to the temperature T . If the values
of hAT obtained from both χSG and ξSG agree with each
other within the permissible error limits for the data, we
say that there is a phase transition in the system for that
value of σ corresponding to the temperature T . The val-
ues of hAT obtained for different σ are shown in Table II,
and the parameters of the simulation are shown in Table
AII. In the following sections we present the values of Tc

and hAT(T = 0.675Tc) for different values of σ.

A. σ = 0.600

At σ = 0.600, for which deff = 10 the results should be
quite close to those of the SK model (but see Fig. 1): it
is in the same mean-field regime and the exponent ζ = 3.
The zero-field transitions for this case has been studied by
one of the authors of this paper in Ref. [24] for Heisenberg
spins. The value of the zero-field spin glass transition
temperature found from these simulations is Tc = 0.563.
The phase transitions in the presence of an external mag-
netic field has also been studied in Ref. [30] for hr = 0.1.
It has been reported that the system undergoes a phase
transition at TAT(hr = 0.1) = 0.406.

For σ = 0.600 we fixed the temperature at T =
0.380 (= 0.675Tc). We have constructed the crossing
plots for χSG and ξSG as a function of hr in Figs.
3(a) and 3(b), respectively. Analysis of the crossing
points h∗(N, 2N) in Fig. 3(c) shows that the behav-
ior is again consistent with the existence of an AT line
at least at σ = 0.600. The value of the exponent
λ is known in the mean-field regime and is given by
λ = 5/3 − 2σ = 0.467. The h∗(N, 2N) data for the
largest 4 pairs of system sizes are fitted against N−λ to
give hAT(T = 0.380) = 0.1287 ± 0.0033 from χSG and
hAT(T = 0.380) = 0.1327 ± 0.0015 from ξSG (omitting
the smallest system size). The values of hAT obtained
from χSG data and ξSG data are in agreement with each
other within the error bars.
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FIG. 12. Plot of A(σ) versus σ. The quantity A(σ) is com-
puted using Eq. (1) with the exponent ζ given by Eq. (19)
in the mean-field regime. In our simulations we fixed the
temperature T = 0.675Tc and determined the value of the
transition field hAT from the χSG and ξSG data sets, (for ex-
ample see Fig. 5). So, for each σ, we get two values of A(σ)
corresponding to the two different values of hAT. The A(σ)
data corresponding to σ = 0.630, 0.640, and 0.650 are fitted
with a straight line. The red and blue lines intersect the σ –
axis at σ = 0.669± 0.072 and σ = 0.666± 0.101 respectively.
In making these linear fits the data point at σ = 0.60 has been
ignored, as it will lie outside the linear region which only ap-
plies for σ values close to 2/3. The data point at σ = 0.655
was judged to be too badly affected by finite size effects to be
included in the linear fit. The error bars are the statistical
error bars, but finite size effects produce an unknown system-
atic error in all the data points.

B. σ = 0.630

For σ = 0.630 deff ≈ 7.692. Our results for hr = 0
are given in Fig. 4. According to Eq. (16), the data
for χSG/N

1/3 when plotted for different system sizes
should intersect at the transition temperature Tc. Simi-
larly, according to Eq. (17), the data of ξSG/N

deff/6 with
deff = 2/(2σ − 1) should intersect at the same transition
temperature. Figs. 4(a) and 4(b) show the data for dif-
ferent system sizes. We find the temperature T ∗(N, 2N)
at which the curves corresponding to the system sizes
N and 2N intersect. We then fit this data with Eq.
(18) to find the transition temperature. The exponent
λ ≡ 5/3 − 2σ is known to equal 0.407 in this case. The
result is displayed in Fig. 4(c), where the T ∗(N, 2N) data
obtained from intersections of χSG are fitted against N−λ

with a straight line for the largest 3 pairs of system sizes
to give Tc = 0.5405 ± 0.0024. The corresponding inter-
sections of the ξSG data (considering the 3 largest sys-
tem sizes) give Tc = 0.5405 ± 0.0045. The values of Tc

obtained from χSG data and ξSG data are in agreement
with each other.

We have also studied χSG and ξSG at fixed T , but
varying hr and the finite size scaling plots for these are

given in Figs. 5(a) and 5(b). There appears to be good
intersections in the curves, supporting therefore the pos-
sible existence of an AT transition at the temperature
studied T = 0.364. A plot of h∗(N, 2N) versus 1/Nλ

is in Fig. 5(c), using the same value of λ = 0.407.
Considering the data for the 7 largest pairs of system
sizes, we did a linear fitting over the h∗(N, 2N) data
obtained from χSG intersections, which gives hAT(T =
0.364) = 0.1094 ± 0.0012. Similarly, the ξSG intersec-
tions, considering the 6 pairs of largest sytem sizes, give
hAT(T = 0.364) = 0.1081± 0.0015.

C. σ = 0.640

For σ = 0.640, deff ≈ 7.143. Our results for hr = 0
are given in Fig. 6. Figs. 6(a) and 6(b) show the χSG

and ξSG data respectively for different system sizes, and
the corresponding intersection temperatures data are dis-
played in Fig. 6(c). The value of the exponent λ for this
case is 0.387. The linear fit over the T ∗(N, 2N) data ob-
tained from intersections of χSG, considering the 4 pairs
of largest system sizes, give Tc = 0.5244 ± 0.0020. The
corresponding intersections of the ξSG data (omitting the
3 smallest system sizes) give Tc = 0.5326 ± 0.0038. The
values of Tc obtained from χSG data and ξSG data are in
agreement with each other (see Table I).

As for the alternate protocol where we fix the temper-
ature and vary the field, the finite size scaling plots are
given in Figs. 7(a) and 7(b). The temperature is fixed
at T = 0.357 (= 0.675Tc). A plot of h∗(N, 2N) versus
1/Nλ is in Fig. 7(c), using the same value of λ = 0.387.
Omitting the smallest system size, we did a linear fit-
ting over the h∗(N, 2N) data obtained from χSG inter-
sections, which gives hAT(T = 0.357) = 0.1032± 0.0012.
Similarly, the ξSG intersections, considering the 6 largest
system sizes, give hAT(T = 0.357) = 0.1034± 0.0013.

D. σ = 0.650

For σ = 0.650 deff ≈ 6.667. Our results for hr =
0 are given in Fig. 8. Figs. 8(a) and 8(b) show the
χSG and ξSG data for different system sizes. We find
the temperature T ∗(N, 2N) and fit this data with Eq.
(18) to find the transition temperature. The exponent
λ ≡ 5/3−2σ is known to equal 0.367 in this case [24, 25].
The result is displayed in Fig. 8(c), where the T ∗(N, 2N)
data obtained from intersections of χSG are fitted against
N−λ with a straight line for the largest 3 pairs of system
sizes to give Tc = 0.5168 ± 0.0012. The corresponding
intersections of the ξSG data (omitting the 3 smallest
system sizes) give Tc = 0.5204±0.0012. The values of Tc

obtained from χSG data and ξSG data are in agreement
with each other (see Table I).

We have also studied ξSG and χSG at fixed tempera-
ture T = 0.350 (= 0.675Tc), but varying hr and the finite
size scaling plots for these are given in Figs. 11(a) and
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FIG. 13. The values of R(T ∗) = χSG(T
∗(N, 2N), N)/N1/3

for the range of σ values studied in this paper, in zero field.
The correction to scaling exponent ω = 1/3 − (2σ − 1). C is
the value of R obtained using the dotted line extrapolation.
As σ → 2/3 the values of N needed to estimate the value of
R accurately has to increase rapidly.

11(b). A plot of h∗(N, 2N) versus 1/Nλ is in Fig. 9(c),
using the same value of λ = 0.367. Omitting the small-
est system size, the linear fit from χSG intersections give
hAT(T = 0.350) = 0.0979 ± 0.0016. Similarly, the ξSG
intersections, considering the 5 largest sytem sizes, give
hAT(T = 0.350) = 0.0937± 0.0033.

E. σ = 0.655

For σ = 0.655 deff ≈ 6.452. Our results for hr = 0
are given in Fig. 10. The χSG/N

1/3 and ξSG/N
deff/6

data are plotted as a function of tempereture T in figs.
10(a) and 10(b) respectively, for different system sizes.
We find the temperature T ∗(N, 2N) at which the curves
corresponding to the system sizes N and 2N intersect.
We then fit this data with Eq. (18) to find the transi-
tion temperature. The exponent λ ≡ 5/3− 2σ is known
to equal 0.357 in this case [24, 25]. The result is dis-
played in Fig. 10(c), where the T ∗(N, 2N) data obtained
from intersections of χSG are fitted against N−λ with a
straight line for the largest 5 pairs of system sizes to give
Tc = 0.5116±0.0009. The corresponding intersections of
the ξSG data (omitting the 3 smallest system sizes) give
Tc = 0.5149 = 0.5149±0.0020. The values of Tc obtained
from χSG data and ξSG data are in agreement with each
other.

We have also studied ξSG and χSG at fixed T = 0.344(=
0.675Tc), but varying hr and the finite size scaling plots
for these are given in Figs. 9(a) and 9(b). A plot of
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FIG. 14. The values of R(h∗) = χSG(h
∗(N, 2N), N)/N1/3 for

the range of σ values studied in this paper at the temperatures
previously used. The correction to scaling exponent ω = 1/3−
(2σ − 1). C is the value of R obtained using the dotted line
extrapolation. Only the data at σ = 0.60 extrapolates to a
positive value.

h∗(N, 2N) versus 1/Nλ is in Fig. 9(c), using the same
value of λ = 0.357. Omitting the smallest system size,
we did a linear fitting over the h∗(N, 2N) data obtained
from χSG intersections, which gives hAT(T = 0.344) =
0.1036± 0.0015. Similarly, the ξSG intersections, consid-
ering the 4 largest sytem sizes, give hAT(T = 0.344) =
0.1022± 0.0061.

V. DISAPPEARANCE OF THE AT LINE AS
σ → 2/3

In this section we present our analysis of A(σ) for
different values of σ < 2/3, and with the help of this
data, we show that the AT line approaches the horizon-
tal axis as we go below six dimensions, or equivalently
for σ > 2/3. As shown in Table II, for each σ, we get
two estimates of the value of AT transition field hAT for
a fixed temperature T ; one from χSG and one from ξSG.
From it, one can extract (using Eq. (1)) A(σ) at the val-
ues of σ which we have studied. We take the exponent
to be:

ζ =

3, σ < 5/8,

2(1− σ)

2σ − 1
, 5/8 < σ < 2/3,

(19)

where we have set d = deff in ζ = d/2 − 1 for σ > 5/8
[6, 7]. We have plotted the results in Fig. 12. Clearly
A(σ) is decreasing with increasing σ, and in this linear
plot it appears to go to zero when σ ≈ 0.67. This is close
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to the value 2/3 which is what would be expected if the
AT line disappears in exactly 6 dimensions.

When we studied σ = 0.655, we saw a deviation from
the straight line which goes through σ ≈ 0.67 in Fig.12.
We believe the basic reason for this deviation are finite
size problems. Finite size effects give an apparent AT
transition at values of σ where it is actually absent! The
same finite size effects made hAT finite at d = 6 in [22].
In our study of the XY model [23] we also studied the
cases σ = 0.70, 0.75 and 0.85. These correspond to di-
mensions d < 6 and in the region where the droplet scal-
ing approach should work and where there will be no AT
transition. However, there were still intersections of the
lines of χSG and ξSG for different N values which at first
sight suggests the presence of an AT transition and a
non-vanishing value of hAT. However, by studying the N
dependence of these intersections one could see that they
do not correspond to a phase transition but are conse-
quences of finite size effects. We believe that is why an
AT transition was reported in the recent study in which
a system with d = 6 was simulated [22] and why the
data point at σ = 0.655 should be discounted.

To appreciate the size of finite size corrections for the
zero field case it is useful to study R where

R ≡ χSG(T
∗(N, 2N), N)

N1/3
. (20)

R is the righthand side of Eq. (16). The first term
has been calculated analytically [31] and is always pos-
itive and independent of σ when σ < 2/3. Because
we only determine χSG(T,N) at a finite number of
values of T , we use linear interpolation to calculate
χSG(T

∗(N, 2N), N) using the two points which lie on ei-
ther side of T ∗(N, 2N). R should therefore approach the
same positive constant as 1/Nω → 0 for all σ < 2/3. Fig.
13 shows that 1/Nω is still large at the system sizes which
have been achieved in this study. Its value for N = 32768
at σ = 0.655 is 0.785. The extrapolated value of R for
N → ∞ is not even positive for the two values of σ clos-
est to 2/3, i.e. 0.650 and 0.655! The fitting of T ∗(N, 2N)
to a linear form in 1/Nλ to obtain Tc in plots like that
of Fig. 4 (c) will only be valid when the second term in
Eq. (16) can be approximated as constantN−ω and the
data for 0.650 and 0.655 shows that cannot be the case
at least for these two values of σ. This will make for a
systematic error in the determination of Tc.

The magnitude of the scaling corrections in a field is
very similar to the zero field case and the absence of

good straight line fits in Figs. 5(c), 7(c), 9(c), and 11(c)
is therefore to be expected. The system sizes studied
are just not sufficiently large to see the simple finite size
scaling forms cleanly emerging.

VI. SUMMARY AND CONCLUSIONS

Due to the challenges associated with performing sim-
ulations above six dimensions, we have opted to per-
form simulations using a one-dimensional proxy model
instead. For the one dimensional Heisenberg spin glasses
with power-law diluted interactions, we studied five val-
ues of σ < 2/3: 0.600, 0.630, 0.640, 0.650, and 0.655.
To find the values of the zero-field spin glass transi-

tion temperature Tc, we performed simulations by vary-
ing the temperature T in the absence of the magnetic
field. We then fixed the temperature to T = 0.675Tc

and generated the data by varying the magnetic field for
different values of σ. The largest system sizes studied
are N = 32768 for σ = 0.600 and 0.630, N = 16384 for
σ = 0.640 and 0.650, and N = 65536 for σ = 0.655. Us-
ing the standard finite size scaling analysis we found the
values of the AT transition field hAT, which gave us the
values of A(σ). When A(σ) was studied as a function of
σ, it is becoming zero for σ close to 2/3. This is equiv-
alent to saying that A(d) is vanishing as we approach
d = 6 from above six dimensions. The numerical stud-
ies reported in this paper imply therefore that the AT
line is approaching the temperature axis as d → 6, and
hence that there will not be an AT transition below six
dimensions.
Numerical studies like this can only provide evidence

for what the truth might be: they do not as yet prove it
beyond reasonable doubt. The controversy will probably
only be ended by a rigorous determination of the lower
critical dimension of the AT transition.
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Appendix A: Parameters of the simulations

TABLE AI. Parameters of the simulations. Nsamp is the number of disorder samples, Nsweep is the number of over-relaxation
Monte Carlo sweeps for a single disorder sample. The system is equilibrated over the first half of the sweeps, and measurements
are done over the last half of the sweeps with a measurement performed every four over-relaxation sweeps. Tmin and Tmax are
the lowest and highest temperatures simulated, and NT is the number of temperatures used for parallel tempering. ttot is the
total CPU time consumed in hours to generate data for a particular system size.

σ hr N Nsamp Nsweep Tmin Tmax NT ttot(hrs)

0.6 0 128 12000 256 0.2 0.7 40 1.2

0.6 0 256 12000 512 0.2 0.7 40 4.89

0.6 0 512 12000 1024 0.2 0.7 40 21.57

0.6 0 1024 12000 2048 0.2 0.7 40 48.58

0.6 0 2048 9600 4096 0.2 0.7 40 235.21

0.6 0 4096 7200 8192 0.3 0.7 40 1109.96

0.6 0 8192 3120 16384 0.3 0.7 50 2611.03

0.6 0 16384 1200 32768 0.35 0.7 55 6453.1

0.6 0 32768 408 65536 0.35 0.7 60 7663.65

0.63 0 128 8000 512 0.2 0.7 40 1.24

0.63 0 256 8000 1024 0.2 0.7 40 5.81

0.63 0 512 8000 2048 0.2 0.7 40 29.16

0.63 0 1024 8000 8192 0.2 0.7 40 191.87

0.63 0 2048 8000 8192 0.3 0.7 40 460.11

0.63 0 4096 4560 16384 0.32 0.68 40 1156.2

0.63 0 8192 3193 32768 0.36 0.66 42 6183.85

0.63 0 16384 2432 32768 0.38 0.66 44 9954.44

0.64 0 128 24000 512 0.2 0.7 40 3.14

0.64 0 256 24000 1024 0.2 0.7 40 17.33

0.64 0 512 22400 2048 0.2 0.7 40 70.61

0.64 0 1024 11200 8192 0.2 0.7 40 305.41

0.64 0 2048 16000 8192 0.3 0.7 40 815.66

0.64 0 4096 12000 16384 0.32 0.68 40 3751.7

0.64 0 8192 3360 32768 0.36 0.66 42 6323.48

0.64 0 16384 2240 32768 0.38 0.66 44 9724.53

0.65 0 128 9600 512 0.3 0.7 40 1.96

0.65 0 256 9600 1024 0.3 0.7 40 7.83

0.65 0 512 9600 2048 0.3 0.7 40 32.98

0.65 0 1024 33600 4096 0.3 0.7 44 457.63

0.65 0 2048 33600 8192 0.3 0.7 40 2212.92

0.65 0 4096 19200 16384 0.32 0.68 40 6242.19

0.65 0 8192 15054 16384 0.36 0.66 42 14652.7

0.65 0 16384 10526 32768 0.38 0.66 44 42378.9

0.655 0 128 24000 512 0.2 0.7 40 3.05

0.655 0 256 24000 1024 0.2 0.7 40 14.69

0.655 0 512 16000 2048 0.2 0.7 40 43.48

0.655 0 1024 21920 4096 0.3 0.7 40 291.4

0.655 0 2048 20400 8192 0.3 0.7 40 1143.21

0.655 0 4096 18252 16384 0.32 0.68 40 6818.29

0.655 0 8192 12260 16384 0.36 0.66 42 11835.9

0.655 0 16384 5278 32768 0.38 0.66 44 22993.1

0.655 0 32768 3646 32768 0.38 0.66 44 29010.7
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TABLE AII. Parameters of the simulations done at fixed temperature T and varying field hr. N(hr) is the number of values of
field taken in the range hr(min,max). The equilibration times are different for different values of the field hr, which lie in the
range Nsweep(min,max). The number of disorder samples for different fields lie in the range Nsamp(min,max). ttot is the total
CPU time consumed in hours to generate data for a particular system size.

σ T N hr(min,max) N(hr) Nsweep(min,max) Nsamp(min,max) ttot(hrs)

0.6 0.38 128 (0.0100, 9.0000) 27 (1024, 1024) (5000, 20000) 2.55

0.6 0.38 256 (0.0100, 9.0000) 27 (2048, 2048) (5000, 30000) 18.5

0.6 0.38 512 (0.0100, 9.0000) 27 (2048, 2048) (5000, 30000) 40.78

0.6 0.38 1024 (0.0100, 9.0000) 30 (4096, 4096) (4000, 30000) 181.68

0.6 0.38 2048 (0.0100, 9.0000) 31 (4096, 8192) (2500, 40000) 3506.91

0.6 0.38 4096 (0.0100, 9.0000) 31 (8192, 32768) (4000, 75200) 9948.45

0.6 0.38 8192 (0.0100, 9.0000) 27 (16384, 262144) (1200, 37050) 88881.3

0.6 0.38 16384 (0.0100, 9.0000) 29 (32768, 524288) (240, 12749) 151254

0.6 0.38 32768 (0.1000, 0.1400) 3 (131072, 1048576) (3813, 7596) 155371

0.63 0.364 128 (0.0100, 9.0000) 28 (512, 512) (4000, 16000) 2.07

0.63 0.364 256 (0.0100, 9.0000) 33 (1024, 1024) (4000, 32000) 16.06

0.63 0.364 512 (0.0100, 9.0000) 34 (2048, 2048) (4000, 32000) 52.31

0.63 0.364 1024 (0.0100, 9.0000) 33 (4096, 4096) (5000, 32000) 200.35

0.63 0.364 2048 (0.0100, 9.0000) 33 (4096, 8192) (4000, 36000) 967.71

0.63 0.364 4096 (0.0100, 9.0000) 32 (8192, 32768) (4000, 37440) 7357.41

0.63 0.364 8192 (0.0100, 9.0000) 33 (16384, 131072) (643, 34251) 56078.5

0.63 0.364 16384 (0.0100, 9.0000) 30 (32768, 524288) (640, 18941) 94942.1

0.63 0.364 32768 (0.0900, 0.1200) 4 (262144, 524288) (4892, 14287) 159218

0.64 0.357 128 (0.0100, 9.0000) 27 (1024, 1024) (5000, 40000) 4.56

0.64 0.357 256 (0.0100, 9.0000) 27 (2048, 2048) (2000, 40000) 19.01

0.64 0.357 512 (0.0400, 9.0000) 25 (2048, 2048) (2000, 50000) 48.42

0.64 0.357 1024 (0.0100, 9.0000) 28 (4096, 4096) (2000, 40000) 190.31

0.64 0.357 2048 (0.0100, 9.0000) 28 (4096, 8192) (1000, 40000) 791.55

0.64 0.357 4096 (0.0400, 9.0000) 25 (8192, 16384) (1000, 36000) 4250.85

0.64 0.357 8192 (0.0100, 9.0000) 28 (16384, 131072) (1600, 37120) 23608.4

0.64 0.357 16384 (0.0100, 9.0000) 28 (32768, 262144) (320, 12800) 58060.3

0.65 0.35 128 (0.0100, 9.0000) 29 (1024, 1024) (4000, 12000) 10.12

0.65 0.35 256 (0.0100, 9.0000) 29 (2048, 2048) (4000, 12000) 14.64

0.65 0.35 512 (0.0100, 9.0000) 29 (4096, 4096) (4000, 12000) 58.13

0.65 0.35 1024 (0.0100, 0.3000) 14 (8192, 8192) (4000, 10000) 139.38

0.65 0.35 2048 (0.0100, 0.3000) 14 (16384, 16384) (4800, 24000) 800.5

0.65 0.35 4096 (0.0100, 9.0000) 29 (32768, 32768) (1200, 24000) 4786.42

0.65 0.35 8192 (0.0100, 0.3000) 14 (65536, 131072) (800, 21551) 27908.2

0.65 0.35 16384 (0.0100, 0.3000) 14 (262144, 262144) (551, 11602) 74407.7

0.655 0.344 128 (0.0100, 9.0000) 27 (1024, 1024) (4000, 44000) 6.03

0.655 0.344 256 (0.0100, 9.0000) 29 (2048, 2048) (4000, 44000) 30.18

0.655 0.344 512 (0.0100, 9.0000) 29 (4096, 4096) (2000, 60000) 80.09

0.655 0.344 1024 (0.0100, 9.0000) 30 (8192, 8192) (2000, 48000) 265.81

0.655 0.344 2048 (0.0100, 9.0000) 30 (16384, 16384) (1000, 41600) 1838.4

0.655 0.344 4096 (0.0100, 9.0000) 29 (16384, 32768) (960, 36960) 7440.49

0.655 0.344 8192 (0.0100, 9.0000) 32 (16384, 65536) (480, 42800) 42173.3

0.655 0.344 16384 (0.0100, 9.0000) 32 (32768, 262144) (576, 20479) 191977

0.655 0.344 32768 (0.0100, 9.0000) 29 (65536, 524288) (256, 14707) 272176

0.655 0.344 65536 (0.0100, 0.2000) 8 (524288, 1048576) (192, 3845) 245877
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