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Abstract

We present a novel asymptotically anti-de Sitter black hole solution with conformally-coupled

scalar fields in the first-order formalism of gravity in four dimensions. To do so, we consider a one-

parameter extension of conformal transformations by exploiting the fact that the tetrad and spin

connection are regarded as independent fields. We solve the field equations analytically and obtain

a static black hole solution with nontrivial torsion sourced by the conformal coupling between the

scalar field and geometry. The presence of torsion renders the scalar field everywhere regular, while

the curvature and torsion singularities coalesce into the origin. We show that this configuration

is continuously connected to previously reported solutions in the limit of vanishing torsion and

analyze its main properties, focusing on the consequences of the torsional singularity.
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I. INTRODUCTION

Black holes are one of the most fascinating objects in nature. They were predicted by

Einstein’s theory of general relativity, and their existence has been well established through

different experimental evidence [1–6]. In electrovacuum, they are uniquely characterized by

their mass, angular momentum, and electric charge, that is, the physical quantities that can

be measured as asymptotic charges at spatial infinity. Any other type of imprint that matter

fields could leave on black holes is lost once its stationary phase is achieved; this leads to

a uniqueness theorem for the Kerr-Newman black hole in Einstein-Maxwell theory.1 This

is known as the no-hair theorem [12–17], where hair is referred to as any other asymptotic

charge apart from the aforementioned quantities that can be measured by a Gauss law at

infinity.

The no-hair theorem is a theory-dependent statement and it relies critically on the mini-

mal coupling of matter to gravity. For instance, in asymptotically flat spacetimes, it is known

that minimally-coupled scalars lead to a solution that is not a black hole but, rather, repre-

sents a naked singularity [18, 19]. One could, in turn, allow for nonminimal-scalar coupling to

circumvent this issue. A natural possibility would be to consider conformally-coupled scalar

fields. Nevertheless, the static and spherically symmetric solution found by Bekenstein [20]

and independently by Bocharova-Bronnikov-Melnikov [21] reveals that this class of coupling

leads to a scalar field that becomes singular at the horizon. Even though it was argued

that this singularity is not necessarily problematic from the viewpoint of an asymptotic ob-

server [22], it was shown that it renders an ill-defined stress-energy tensor, whose evaluation

through suitable regularization methods yields ambiguous results [23]. Remarkably, this

problem can be solved by introducing a cosmological constant and a conformal potential for

the scalar field, pushing the scalar-field singularity behind the event horizon [24, 25]. After

this resolution was proposed, different configurations with conformally-coupled scalar fields

have been found in four dimensions [26–37].2 In higher dimensions, however, the standard

conformal coupling does not admit black hole solutions [50, 51] and one needs to introduce

conformal higher-curvature corrections to circumvent this no-go theorem [52–54].

A natural question is whether relaxing some assumptions on the geometry could help to

find a way out to the no-hair theorem. In the first-order formalism of gravity, i.e. where the

1 This can be circumvented in Einstein-Yang-Mills theory [7–10] and generalized Proca theories [11].
2 Solutions with scalar hair have been found in Horndeski gravity as well [38–49].
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metric and connection are treated as independent dynamical fields, it is known that non-

minimally coupled scalar fields act as a source of torsion (See [55] and references therein).

This class of interaction appears in different contexts. For instance, the dimensional reduc-

tion of low-energy limits of string theory, e.g. Einstein-Gauss-Bonnet gravity [56], induces a

nonminimal coupling between the dilaton and topological terms of the Euler class [57–60].

In the context of cosmology, the torsion-induced interaction might explain the accelerated

expansion of the Universe from a geometrical viewpoint [61–64]. On the other hand, the shift

symmetry in the linear pseudo-scalar-Nieh-Yan coupling [65–67] allows one to renormalize

the divergent piece coming from the torsional contribution to the axial anomaly [68, 69]. The

latter generates an axion-like particle that could provide a solution to the strong CP prob-

lem from a gravitational perspective [70, 71]. In this context, axionic hair on slowly-rotating

black holes [72, 73] and locally AdS3 × R black string solutions have been found [74, 75];

as well as in the first-order formulation of Chern-Simons modified gravity [76–82]. Finally,

from a phenomenological viewpoint, (pseudo-)scalar-induced torsion leads to luminal prop-

agation of gravitational waves, although their polarization can experience birefringence in

vacuum [55, 83, 84]. All of this suggests that torsional scalar-tensor theories could provide

a novel way to circumvent the no-hair theorem by relaxing assumptions on the geometry.

In this work, we address this question by focusing on conformally-coupled scalar fields

in the first-order formalism of gravity. To this end, we study a one-parameter extension

of conformal transformations by considering that the metric and affine properties of the

manifold are independent [85–87]—see Eq. (5) below. Conformal symmetry is relevant in

this context because, in four dimensions, conformally invariant metric theories are known

to be finite for any asymptotically AdS solutions [88]; a result that can be extended for

Einstein-AdS spaces in six dimensions [89–91] and in the presence of conformally-coupled

scalar fields in four dimensions [92].3 We construct a scalar-tensor theory in the first-order

formalism of gravity that remains invariant under these transformations and obtain the

field equations. By assuming a static ansatz, we solve the field equations analytically and

obtain an asymptotically AdS black hole solution with nontrivial torsion sourced by the

scalar field. We analyze different properties of the solution putting particular attention on

the torsional singularities. Remarkably, the scalar field becomes fully regular, while the

3 Indeed, one can embed Einstein-AdS gravity in conformal gravity by imposing Neumann boundary con-

ditions in the Fefferman-Graham expansion [93, 94].
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curvature and torsion singularities coalesce at the origin of the spacetime. The solution

is continuously connected to previous results reported in the literature in the limit where

torsion vanishes. In contrast to previous findings, this limit can be achieved for a particular

value of the conformal parameter without trivializing the scalar field. Finally, we analyze

the asymptotic behavior of the solution and provide evidence that the value of the conserved

charges will change due to the presence of torsion.

The manuscript is organized as follows: In Sec. II, the one-parameter extension of con-

formal transformations is discussed and a scalar-tensor theory that remains invariant under

the latter is proposed. In Sec. III, the solution is presented by assuming a static ansatz with

a compact constant-curvature transverse section. Section IV is devoted to analyzing the

physical properties of the black hole solution, focusing on the torsional effects on the geome-

try. Finally, in Sec. V we present a summary and discussion. Appendix A is included for the

sake of comparison where we rewrite the action and field equations with tensor components.

II. CONFORMALLY COUPLED SCALAR FIELDS IN FIRST-ORDER GRAVITY

Here, we discuss the dynamics and the symmetries of the theory we are interested in. To

this end, we focus on a scalar-tensor theory that remains invariant under a one-parameter

family of conformal transformations. In particular, we consider the metric and connection

as independent fields; this is usually regarded as the first-order formalism of gravity, where

torsion is not assumed to vanish beforehand. This allows one to extend the typical conformal

scalar-tensor couplings in (pseudo)-Riemannian geometries to theories in which torsional

degrees of freedom are present.

Let M4 be a four-dimensional Lorentzian manifold endowed with a metric tensor gµν .

Henceforth, Greek indices denote tensor components in the coordinate basis while lowercase

Latin indices are used for the Lorentz orthonormal basis. We denote by Ωp(M4) the set

of p-forms defined over M4. Change of frame matrix components eaµ help us to define the

tetrad 1-form ea = eaµdx
µ.4 The line element is given by

ds2 = gµνdx
µ ⊗ dxν = ηabe

a ⊗ eb , (1)

4 From these definitions, one can define a Lorentz-vector basis Ea = Eµ
a∂µ, such that it is dual to the

tetrad 1-form, that is, eaµE
µ
b = δab and eaµE

ν
a = δνµ.
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where ηab = diag(−1, 1, 1, 1) denotes the Minkowski metric and, consequently, we have

the local mapping gµν(x) = eaµ(x)e
b
ν(x)ηab. Since we are considering a Riemann-Cartan

geometry, we introduce the Lorentz connection 1-form, ωab = ωab
µdx

µ, as an independent

field. From these quantities, one defines the curvature and torsion 2-forms which are given

by

Rab = dωab + ωa
c ∧ ωcb , (2)

T a = dea + ωa
b ∧ eb , (3)

respectively. They satisfy the Bianchi identities DRab = 0 and DT a = Ra
b∧eb. Additionally,

the Lorentz connection can always be decomposed into their torsion-free and contorsional

pieces, that is, ωab = ω̊ab + Kab, where the Levi-Civita connection satisfies the torsion-

free condition dea + ω̊a
b ∧ eb = 0 and Kab = Kab

µdx
µ is the contorsion 1-form defined via

T a = Ka
b ∧ eb.

We consider a scalar-tensor theory where the gravitational dynamics for the tetrad,

Lorentz connection, and scalar field is dictated by the action functional

I[e, ω, φ] =

∫

M4

[

1

4κ
ǫabcd

(

Rab − Λ

6
ea ∧ eb

)

∧ ec ∧ ed

− 1

24
ǫabcd

(

φ2Rab +

{

λ

[

1− λ

2

]

Z2 + V (φ)

}

ea ∧ eb + 4λφZaT b

)

∧ ec ∧ ed

]

. (4)

where Za = eaµ∇µφ. Here, κ = 8πGN is the gravitational constant, Λ is the cosmological

constant, V (φ) is a potential for the scalar field φ, and λ is a dimensionless parameter that

characterizes the extended Weyl transformation for the Lorentz connection. Additionally,

the kinetic term of the scalar field is constructed in terms of Z2 = ZaZ
a. Neglecting the

potential V (φ), the scalar-tensor sector of the action (4) remains invariant under the one-

parameter family of Weyl transformations

ea → ēa = exp[σ(x)]ea , (5a)

ωab → ω̄ab = ωab + λ θab , (5b)

φ → φ̄ = exp[−σ(x)]φ , (5c)

where θab = 2e[aeb]µ∇µσ and 0 < λ < 1. This, in turn, implies that the contorsion 1-form

transforms as Kab → K̄ab = Kab + (λ− 1)θab. Notice that, if λ → 0, the Lorentz connection
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remains invariant under Weyl rescalings [85] while, if λ → 1, the contorsion does [86, 87].

We refer to these two limits as the exotic and canonical Weyl rescalings, respectively.

The field equations are obtained by performing arbitrary variations with respect to the

tetrad, Lorentz connection, and the scalar field, giving

0 =
1

2
ǫabcdR

ab ∧ ec − Λ

3!
ǫabcde

a ∧ eb ∧ ec − κτd , (6a)

0 = ǫabcdT
c ∧ ed − κσab , (6b)

0 = ǫabcd

[

λ(2− λ)DZa ∧ eb − 1

2
φRab − λ(3λ− 5)Za ∧ T b + λdφ ∧ Ia(T b)

]

∧ ec ∧ ed

+ ǫabcd

[

λφD(IaT b) ∧ ec − 2λφIa(T b) ∧ T c − 1

4

dV (φ)

dφ
ea ∧ eb ∧ ec

]

∧ ed , (6c)

respectively. Throughout this manuscript, Ia denotes the inner contraction operator along

the dual vector basis to the tetrad 1-form5. Additionally, we have defined the stress-energy

and spin density 3-forms as τa and σab, respectively; they are

τd =
1

3
ǫabcd

(

φ2

4
Rab + λφZaT b

)

∧ ec +
1

6
ǫabcd

[

λ(λ− 2)

2
Z2 + V (φ)

]

ea ∧ eb ∧ ec

− λ

6
ǫabcd [φDZ

a + (3λ− 5)Za dφ+ φZnI
nT a] ∧ eb ∧ ec , (7)

σab =
(1− λ)

6− κφ2
ǫabcd φ dφ ∧ ec ∧ ed . (8)

The field equation for the connection can be solved algebraically for the torsion in terms of

the scalar field and derivatives thereof. The solution is given by

T a =
κ (1− λ)

(6− κφ2)
φ dφ ∧ ea , (9)

where φ2 6= 6
κ
. Thus, we conclude that the nonminimal coupling of the scalar field sources

the nontrivial torsion in this theory. This has been observed in Refs. [55, 61, 64, 96] as well.

Moreover, in the limit λ → 1, the torsion vanishes independent of the value of the scalar

field. In contrast, if λ 6= 1, the torsion is nontrivial as long as the scalar field is not constant.

In what follows, we solve the remaining field equations by assuming a static ansatz and show

that the system admits a black hole solution with nontrivial torsion.

5 See Ref. [95, Section 3.2] for further details.
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III. TORSIONAL BLACK HOLES DRESSED WITH SCALAR FIELDS

In this section, we explore the space of solutions of the theory by solving the field equa-

tions (6). To do so, we consider a one-parameter extension of the standard quartic potential,

that is,

V (φ) =
ΛπGJ2(φ)

9





(

3 +
√
12πGφ

3−
√
12πGφ

)−
√

λ(2−λ)

+

(

3 +
√
12πGφ

3−
√
12πGφ

)

√
λ(2−λ)



− Λ

8πG
, (10)

where J(φ) = φ2− 3
4πG

. The conformal quartic potential is obtained in the vanishing-torsion

limit, that is, λ → 1. It is worth noticing that Eq. (10) has extrema at φ0 = 0 and at

φ0 = ±
√

3
4πG

. The latter, however, represents a torsional singularity as one can check from

Eq. (9). Indeed, we will see that these points correspond to limiting values of the scalar

field. Stability of the latter will depend on the value of the cosmological constant at these

points. The potential satisfies V ′′(0) = −2Λ
3
(λ−1)2.6 Thus, if Λ < 0 (Λ > 0), the extremum

at φ0 = 0 represents a global minimum (maximum). It should be noticed that, for λ = 1,

the torsion vanishes and we recover the results obtained in Ref. [97].

We assume a static metric whose codimension-2 hypersurfaces of constant t− r represent

locally a constant curvature space. In particular, we consider

ds2 = h(r)

(

−f(r)dt2 +
dr2

f(r)
+ r2dΣ2

(k)

)

, where dΣ2
(k) =

d~x · d~x
(

1 + k
4
~x · ~x

)2 (11)

represents the line element of a compact transverse section of constant curvature k and local

coordinates ~x = (x1, x2), with k = ±1, 0. Additionally, the scalar field compatible with the

isometries of this metric depends on the radial coordinate only, namely, φ = φ(r).

As we mentioned above, the field equation for the connection can be solved for the torsion

in terms of the scalar field and derivatives thereof, whose solution is given in Eq. (9). This,

in turn, implies that the functions ωI(r), with I = 1, . . . , 8, can be solved algebraically in

terms of the scalar field and the metric functions. The nontrivial pieces of the connection

are found to be

ω1(r) =
1

h(r)

[

√

h(r)f(r)
]′
+

(1− λ)
√

f(r)φ(r)φ′(r)

J(φ)
√

h(r)
, (12a)

ω5(r) = −
√

f(r)

2r2h3/2(r)

[

h(r) r2
]′ − (1− λ)

√

f(r)φ(r)φ′(r)

J(φ)
√

h(r)
, (12b)

6 For λ 6= 1 this potential contributes to the mass term of the scalar field.
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where prime denotes differentiation with respect to the radial coordinate, i.e. ′ = d/dr, and

the other components of the connection vanish on shell. The field equations for the tetrad

and the scalar field are solved by

f(r) = k

(

1 +
µG

r

)2

− Λr2

3
, (13a)

h(r) =
r(r + 2µG)

4(r + µG)2

[

2 +

(

1 +
2µG

r

)
1√

λ(2−λ)

+

(

1 +
2µG

r

)− 1√
λ(2−λ)

]

, (13b)

φ(r) = −
√

3

4πG





1−
(

1 + 2µG
r

)

1√
λ(2−λ)

1 +
(

1 + 2µG
r

)

1√
λ(2−λ)



 , (13c)

where µ is an integration constant. Notice that the solution in Eq. (13) is continuously

connected to that of Refs. [25, 97] in the limit λ → 1. Indeed, the causal structure of this

configuration is the same as the one in those references. If µ > 0 for r ∈ R>0, then the

scalar field is bounded as 0 < φ <
√

3
4πG

. Conversely, if µ < 0, reality on the scalar field

implies that the range of the radial coordinate is r > −2µG while the scalar field is bounded

according to −
√

3
4πG

< φ < 0. Thus, since the scalar field is constant as r → 0, we conclude

that it is real and everywhere regular if (2λ− λ2)−1/2 ∈ N>1.

IV. PROPERTIES OF THE SOLUTION

Let us discuss the most relevant properties of the solution. First, the asymptotic behavior

of the metric is modified by the presence of torsion when λ 6= 1, since

F (r) ≈ Λr2

3
− k − Λµ2G2(λ− 1)2

3λ(λ− 2)
− 2µG

r

(

k − Λµ2G2(λ− 1)2

3λ(λ− 2)

)

+O(r−2) , (14)

H(r) ≈ −Λr2

3
+ k − Λµ2G2(λ− 1)2

3λ(λ− 2)
+

2µG

r

(

k +
Λµ2G2(λ− 1)2

3λ(λ− 2)

)

+O(r−2) , (15)

where we have defined F (r) := h(r)f(r) and H(r) := h−1(r)f(r). Notice that the presence

of torsion generates an effective curvature of the transverse section as one can see from the

zeroth-order term in the radial asymptotic expansion of gtt. Additionally, we expect that

this behavior will change the value of the conserved charges as the torsion modifies the value

of the O(r−1) term as r → ∞. Since 0 < λ < 1, one can see that the parameter µ can be

negative (positive) for certain values of Λ > 0 (Λ < 0).

This solution has a curvature singularity when r → 0 as it can be seen by computing

its Kretschmann invariant. However, it is hidden behind a horizon at r = rh defined by
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the largest positive root of the polynomial f(rh) = 0. Remarkably, if µ > 0, the presence

of torsion renders the scalar field fully regular, in contrast to their Riemannian counterpart

which develops a scalar’s singularity for a finite value of the radial coordinate. Additionally,

there exists a torsional invariant that can be computed from T = TµνλT
µνλ. Evaluating the

latter on the solution of Eq. (13), we obtain

T =
8Gµ2(a2 − 1)

(

Gµ
r
+ 1
)2 (2Gµ

r
+ 1
)a
[

(

2Gµ
r

+ 1
)a − 1

]2 [

3k
(

Gµ
r
+ 1
)2 − Λr2

]

πr4
(

2Gµ
r

+ 1
)3
[

(

2Gµ
r

+ 1
)a

+ 1
]4 , (16)

where a = (2λ− λ2)−1/2 and, since λ ∈ (0, 1], we have that a > 1.

In the case when Λ = 0, the potential vanishes identically. From Eq. (13), one notices

that the existence of a horizon demands that k = 1 and µ < 0. Thus, the topology of

the transverse section is that of S2. In the limit λ → 1, this configuration reduces to

the BBMB solution found in Refs. [20, 21]. If 0 < λ < 1, however, the scalar field is

regular at the horizon located at r = −µG due to the presence of torsion, in contrast to the

aforementioned solution. Nevertheless, an inspection of Eq. (16) reveals that there exists a

torsional singularity at r = −2µG which lies outside of the horizon if 1 < a < 3. Therefore,

this case represents a naked torsional singularity.

Let us focus on the case with negative cosmological constant Λ = −3ℓ−2. First, notice

that the existence of event horizons demands that k = −1. In this case, the topology of the

horizon is H2/Γ, where Γ is a discrete subgroup of SO(2, 1) such that the transverse section

has finite volume. Then, there are two possible solutions depending on the sign of µ. For

µ > 0, hairy torsional black hole possess a single event horizon located at

r+ =
ℓ

2

(

1 +

√

1 +
4µG

ℓ

)

. (17)

The torsion and scalar field are regular over this hypersurface. However, a curvature and

torsional singularity occur at the origin r = 0. Since the connection is metric compatible, the

causal nature of this black hole is equivalent to that of Ref. [25]. The Hawking temperature

in this case is given

TH =

√

F ′(r)H ′(r)

4π

∣

∣

∣

∣

∣

r=r+

=
1

2πℓ

(

2r+
ℓ

− 1

)

, (18)

which is positive definite by virtue of Eq. (17) and, recall, F (r) and H(r) have been defined

below Eq. (15). For µ = 0, the scalar field vanishes as well as the torsion and the metric

9



becomes global AdS. If µ < 0, the absence of naked singularities implies that the integration

constant must be bounded according to µ ≥ − ℓ
4G

. Then, the solution has three horizons

given by

r−− =
ℓ

2

(

−1 +

√

1− 4µG

ℓ

)

, (19a)

r− =
ℓ

2

(

1−
√

1 +
4µG

ℓ

)

, (19b)

r+ =
ℓ

2

(

1 +

√

1 +
4µG

ℓ

)

. (19c)

Additionally, reality conditions on the torsion and scalar field demand that r ≥ −2Gµ.

Then, the latter condition can be combined with bound µ ≥ − ℓ
4G

to give r ≥ ℓ/2. Indeed,

one can see that a torsional singularity occurs at r = ℓ/2 if 1 < a < 3 [cf. Eq. (16)].

This, in turn, implies that the autoparallels could end at the torsional singularity, before

reaching the curvature singularity. Nevertheless, the torsional singularity lies behind the

event horizon, namely, r+ > ℓ/2, where r+ is given in Eq. (17) and, therefore, it does not

represent a naked singularity.

In the case of a positive cosmological constant, say Λ = 3/ℓ2, with ℓ being the de Sitter

radius, the absence of naked singularities demands that k = 1. If µ > 0, there is a unique

cosmological horizon located at r+ where the anti-de Sitter radius must be replaced by the

de Sitter one in Eq. (17). Therefore, the lack of an event horizon implies that this case

represents a naked singularity. If µ = 0, the scalar field vanishes and the metric is that

of global de Sitter space. If µ < 0, however, there is a torsional singularity at r = ℓ/2

which lies between the event and the cosmological horizon if 1 < a < 3. Thus, this case

is excluded by the cosmic censorship conjecture. Finally, in the extremal case, namely, if

µ = − ℓ
4G

, the event and cosmological horizons coalesce into a single horizon. However, the

torsion singularity is located at this single horizon, rendering the latter a naked singularity.

Therefore, in the presence of torsion, we conclude that only the asymptotically anti-de Sitter

black hole is admissible.

It is well known that the notion of geodesics and autoparallels do not necessarily coincide

if torsion is present. In the case of geodesics, the Killing theorem implies that, if u = uµ∂µ

is tangent to a geodesic, i.e. uµ∇̊µu
ν = 0, and ξ = ξµ∂µ is a Killing vector, then the product

uµξµ is constant along the geodesic. As discussed in Ref. [98], this conservation law can be
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extended in the case of autoparallels with tangent v = vµ∂µ, i.e. v
µ∇µv

ν = 0, by introducing

a new notion of Killing vectors such that they satisfy ∇(µξν) = 0, where ∇ is the torsionful

connection. These are referred to as T-Killing vectors. The existence of the latter can be

analyzed by solving the T-Killing equation, which can be written explicitly in terms of the

contorsion as

∇̊(µξν) −Kλ
(µν)ξλ = 0 . (20)

Using the definition of the contorsion 1-form Kab given in Sec. II and the solution of the

torsion 2-form in Eq. (9), we find that, projection onto the spacetime components of the

former, that is, Kαβ
µ = Eα

aE
β
bK

ab
µ, yields

Kρµν =
2κ(λ− 1)φ

6− κφ2
gν[ρ∂µ]φ . (21)

Assuming an ansatz for the time-like T-Killing vector of the form ξ = A(r)∂t, then Eq. (20)

becomes

A′(r) +
κ(λ− 1)φφ′

6− κφ2
A(r) = 0 , (22)

where φ = φ(r). The general solution to this equation is

A(r) = A0

(

6− κφ2
) λ−1

2 , (23)

with A0 being an integration constant. Notice that, since φ2 6= 6
κ
, this vector is nonde-

generate. Moreover, in the limit of vanishing torsion, i.e. λ → 1, the standard time-like

Killing vector that generates the temporal isometries is recovered. Indeed, the norm of this

T-Killing vector is given by

ξ · ξ = −h(r)f(r)A2(r) . (24)

Thus, since ξ is nondegenerate, we see that it becomes null at the horizon. Therefore, we

conclude that the horizon defined at Eq. (17) is also a T-Killing horizon.

V. DISCUSSION

In this work, we consider a one-parameter family of conformal transformations in the

first-order formalism of gravity. To accomplish this, we exploit the fact that the tetrad and

spin connection are regarded as independent fields in this setup. Then, by considering the

11



standard conformal weight for a scalar field, we construct a conformal coupling in the pres-

ence of torsion. The dynamics is dictated by the Einstein-Cartan term and the scalar-tensor

conformal coupling alongside a scalar potential (6). The nonminimal coupling of the scalar

field induces a nontrivial torsion. Remarkably, we find that there is a particular value for

the parameter λ in Eq.(5b) that sets the torsion to zero without trivializing the scalar field.

Indeed, this particular point leaves the torsion invariant under conformal transformations,

while the metric and the scalar field transform in the standard way.

To look for black hole solutions, we assume a static ansatz for the metric, connection,

and scalar field. We solve the field equations analytically in the presence of a one-parameter

extension of the quartic scalar potential that becomes conformal in the limit λ → 1. We

obtain an asymptotically AdS black hole solution with a compact horizon of negative cur-

vature and nontrivial torsion dressed with scalar fields. In the vanishing torsion limit, the

solution is continuously connected to that of Refs. [24, 25]. Remarkably, the torsion renders

the scalar field everywhere regular, in contrast to the black hole solution in which the tor-

sion vanishes. Nevertheless, there appears a torsional singularity that lies behind the event

horizon, such that there is no violation of the cosmic censorship conjecture. We solve the

T-Killing equation [98] and conclude that the event horizon is also a T-Killing horizon.

Interesting questions remain open. First, an asymptotic analysis of the solution provides

evidence that the presence of torsion would modify the asymptotic charges. The computation

of the latter is certainly relevant for understanding how torsion modifies the global properties

of the solution. A deeper analysis of the latter will provide a starting point to study the

thermodynamic properties of the solution. In fact, there have been some approaches for the

calculation of black hole entropy in other theories with nontrivial torsion [99–101]. Motivated

by these results, it would be interesting to obtain the free energy to first order in the

saddle-point approximation and determine whether the system develops a phase transition

between a maximally symmetric space and a configuration with non-vanishing torsion. This

would imply that, above a certain critical temperature, the torsional configuration would

be thermodynamically preferred. We postpone a detailed analysis of these questions for a

future contribution.
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Appendix A: Action and field equations in tensor components

For the sake of comparison, here we provide the action and field equations in tensor

components to undertake the analysis on a coordinate basis. In this case, the action principle

in Eq. (4) can be rewritten as

I =

∫

M4

d4x
√

|g|
[

1

2κ
(R− 2Λ)− 1

12
φ2R− λ

[

1− λ

2

]

(∇φ)2 − λ

3
φTλ∇λφ− V (φ)

]

, (A1)

where Tλ := T σ
λσ is the trace of the torsion tensor. The field equation for the tetrad can be

written as

Gµν + gµνΛ = κ τµν , (A2)

where Gµν denotes the Einstein tensor constructed out of the torsionful connection and

τµν =
1

6
φ2Gµν − gµνV (φ)− 1

2
λ (λ− 2) gµν(∇φ)2 +

1

3
λφ∇µφTν

+
1

3
λ (3λ− 5)

[

gµν(∇φ)2 −∇µφ∇νφ
]

+
1

3
λφ (gµν�φ −∇ν∇µφ) , (A3)

is the stress-energy tensor for the conformally-coupled scalar field. Here, � = ∇µ∇µ is

constructed out of the torsionful covariant derivative. It is worth noticing that the field

equation Eq. (A2) is not symmetric in general since [∇µ,∇ν ]φ = T λ
µν∇λφ. The skew-

symmetric piece arises from the fact that the tetrad is not necessarily symmetric in its two

indices; the antisymmetric components are related to the presence of torsion.

The field equation for the scalar field is given by

2λ

(

1− λ

2

)

�φ − 1

6
φR− ∂V

∂φ
− λ (λ− 2)T µ∇µφ+

1

3
λφ∇µT

µ +
1

3
λφTµT

µ = 0 , (A4)
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Finally, the field equation for the spin connection is given by

T µ
αβ + 2δµ[αTβ] = −2κ (λ− 1)

(6− κφ2)
δµ[α∇β]φ

2 , (A5)

whose solution is

T ρ
µν =

κ (λ− 1)

(6− κφ2)
δρ[µ∇ν]φ

2 . (A6)
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