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We observe that the energy and the enthalpy densities can be smeared by two fudge factors

that are constrained by the contracted Bianchi identities. Depending on the analytic proper-

ties of the smearing functions the underlying cosmological solutions belong to two physically

different classes, namely the bounces of the scale factor and the curvature bounces. While

the curvature bounces are naturally compatible with a stage of accelerated expansion, the

bounces of the scale factor demand an early phase of accelerated contraction even if a short

inflationary stage may arise prior to the decelerated regime. Despite the regularity of the under-

lying solutions, gradient instabilities and singularities do occasionally appear in the evolution

of curvature inhomogeneities. After deducing the specific criteria behind these occurrences,

the background-independent conclusions are corroborated by a series of concrete examples

associated with different forms of the smearing functions. The evolution of the curvature in-

homogeneities restricts the ranges of the solutions that turn out to be unsuitable even for

a limited description of the pre-inflationary initial data. The same observation holds in the

case of the gauge-invariant evolution of the matter density contrast. It is however not excluded

that a class of scenarios (mainly associated with the curvature bounces) could indeed avoid the

potential instabilities. All in all the present analysis explore a general approach whose results

are relevant in all the contexts where bouncing solutions are invoked either as complementary

or as alternative to the conventional inflationary scenarios.
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1 Formulation of the problem

In the last score year the upper limits on the tensor to scalar ratio (rT in what follows) became

progressively more stringent: from the first few WMAP data releases [1, 3, 4] the allowed rT

experienced a steady reduction so that the direct bounds now require that rT < O(10−2) [5, 6]

at a typical pivot scale kp = 0.002Mpc−1. Even if the current bounds on rT restrict the classes

of the allowed potentials, the conventional inflationary scenarios [7, 8, 9, 10] (see also [11]) seem

still consistent with the so-called adiabatic paradigm [12, 13] where a single adiabatic mode

dominates the initial conditions of the temperature and polarization anisotropies of the cosmic

microwave background. While a plausible class of models involves the so-called plateau-like

potentials [7] (see also [14, 15]), the resulting scenarios must always be appropriately fine-tuned.

To some the nature of these tunings appears controversial since inflation is supposed to produce

the observable Universe from a generic set of initial data and this means that, for sufficiently

large length-scales (e.g. ℓ > 106 ℓP ) before the onset of the inflationary stage, the potential and

the kinetic energies of the inflaton should be comparable (say, within one order of magnitude)

with the contributions of the spatial gradients and of the intrinsic curvature. Whenever the

(approximate) equipartition between the different components is violated, the potential at the

onset of inflation might undershoot the other components of the pre-inflationary plasma. If not

adequately tuned, the intrinsic curvature (or the kinetic energy) might dominate the evolution

prior to the dominance of the potential; the Universe may then get inhomogeneous (or simply

decelerated) prior to the onset of the inflationary stage of expansion2.

According to current data the energy density associated with plateau-like potentials prior

to the onset of inflation should be smaller than 10−12 in Planckian units [18]. To be fair the

possibility of a negligible tensor to scalar ratio (i.e. rT ≪ 1) can also be realized when the

spectrum of the relic gravitons is strongly peaked at high-frequencies [19] so that the low-

frequency gravitons remain invisible in the aHz region but are still potentially detectable at

much higher frequencies. In this framework rT could be as small as O(10−7) in the aHz region

but still potentially detectable in the MHz range [19] (see also [20]). Along a complementary

perspective it has been argued that for hilltop potentials rT can be arbitrarily reduced [21] so

that models with parametrically small rT can be constructed in specific situations [22]. These

examples may arise in certain classes of fast-roll potentials (see, for instance, [23, 24, 25]).

A less conservative option leading to a sharp suppression of rT involves bouncing models

that may lead to rT ≪ O(10−2) over large distance scales [26] corresponding to typical fre-

2While this viewpoint can be quantitatively scrutinized by following the evolution of the spatial gradients

during the preinflationary phase [16, 17, 18], a satisfactory theory of the initial conditions should probably

account for the current expanding stage of the Universe from a reasonably generic set of initial data, as

repeatedly propounded, for instance, in Refs. [14, 15]. If this does not happen, inflation should be primarily

regarded as a model of the spectral indices rather than a theory of the initial data.
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quencies of the order of 3 aHz (recall 1 aHz = 10−18Hz). These scenarios have been intensively

investigated in the last thirty years with various independent motivations ranging from string

inspired models to different classes of models concocted in the framework of effective theories

(see, e.g. [27, 28, 29, 32]). A stage of accelerated contraction goes back to the pioneering

ideas of Tolman and Lemâıtre [33, 34] even if both in these initial attempts and in some of

the subsequent developments [35, 36, 37] the spatial (intrinsic) curvature played a crucial role.

However both a stage of accelerated contraction as well as a phase of accelerated expansion

may dilute the spatial gradients and suppress the spatial curvature [27, 28, 29, 30, 31, 32] and,

for this reason, a bouncing stage is either propounded as a viable alternative to a stage of

accelerated expansion or as an early-time completion of a conventional inflationary scenario.

On a more physical ground, in what follows we shall often refer to the distinction between

the bounces of the scale factor and the curvature bounces. The extrinsic (Hubble) curvature

locally vanishes for the bounces of the scale factor while in the case of the curvature bounces

it is the time derivative of the Hubble rate that goes to zero. Both possibilities will then be

considered here in the case of vanishing intrinsic (spatial) curvature which is always dynamically

suppressed in both situations. Let us then start from the standard form of the gravity action

supplemented by the matter sources in four-dimensional space time3:

Stot = − 1

2 ℓ2P

∫
d4x

√
−g R + Sm, ℓP =

√
8π G = 1/MP , (1.1)

where g denotes the determinant of the four-dimensional metric, ℓP =
√
8π G and R is the

Ricci scalar. In Eq. (1.1) Sm indicates the matter action that can assume different forms; to

illustrate the idea pursued here we therefore consider, for the sake of concreteness, the case of

a perfect irrotational fluid where the corresponding energy-momentum tensor can be written

as:

t ν
µ = −(p+ ρ) P ν

µ + ρ δ ν
µ , (1.2)

where ρ denotes throughout the energy density while (p + ρ) is the enthalpy density. Further-

more we recall that P ν
µ is the standard covariant projector obeying:

P ν
µ = (δ ν

µ − uµ u
ν), uν P

µν = 0, gµν P
µν = 3. (1.3)

From Eqs. (1.2)–(1.3) the explicit forms of the energy density and of the pressure follow

by projecting tµν along uµ uν and along Pµν . The standard form of Eq. (1.2) can always be

associated with a modified energy-momentum tensor involving two different smearing functions

associated, respectively, with the energy and with the enthalpy densities:

t ν
µ (ρ, p) ⇒ T ν

µ (ρ, p) = −(p+ ρ) q(ρ)P ν
µ + ρ f(ρ) δ ν

µ . (1.4)

3For the sake of accuracy we mention that the signature of the metric is mostly minus (i.e. [+, −, −, −]);

the Greek indices are four-dimensional while Latin (lowercase) indices are purely spatial.
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While more general possibilites can be imagined, in Eq. (1.4) q(ρ) and f(ρ) correspond to

the two fudge factors that solely depend upon the energy density of the matter fields. With

equivalent terminology q(ρ) and f(ρ) are two appropriate smearing functions whose properties,

as we shall see in section 2, are constrained by the contracted Bianchi identities. The smearing

functions determine not only the features of the bouncing solutions but also the evolution and

the potential singularities of the curvature inhomogeneities.

All in all the layout of this paper is, in short, the following. In section 2 the general as-

pects on the parametrization introduced in Eq. (1.4) are scrutinized with particular attention

to the relevant constraints implied by the covariant conservation of the transformed energy-

momentum tensor. The cases that are compatible with the isotropy of the background are

preferentially analyzed and, for this reason, the tν
µ will either be associated with a perfect irro-

tational fluid or with a single scalar field; towards the end of section 2 some possible extensions

involving the viscous fluids will be outlined. The evolution of the curvature inhomogeneities

in the presence of a bouncing dynamics is analyzed in section 3 without specifying the details

of the solutions. By using the physical properties of the smearing functions we shall be able

to deduce the general properties of the curvature inhomogeneities and the potential drawbacks

associated with their evolution. The results of section 3 are corroborated by a series of ex-

plicit examples that are discussed in section 4. Section 5 contains our concluding remarks.

The relevant details associated with the evolution of the curvature inhomogeneities and with

the explicit forms of the pump fields in different time parametrizations have been relegated,

respectively, to appendices A and B. In appendix C the interested reader may find a dedicated

discussion on the evolution of the gauge-invariant density contrast. As a general comment we

stress that the cases associated with the bounces of the scale factor and of the curvature have

been explicitly separated in dedicated subsections; this we did not for sake of pedantry but

just to keep separated, even formally, the different dynamical situations.

2 General constraints on the parametrization

2.1 Perfect irrotational fluids

When the energy-momentum tensor Tµν appearing in Eq. (1.4) is the source of the Einstein’s

equation it must be covariantly conserved because of the contracted Bianchi identities; in other

words we should have that

G ν
µ = ℓ2P T ν

µ , ∇µ T
µν = 0. (2.1)

In general the covariant conservation of Eq. (2.1) does not constrain directly the two smearing

functions f(ρ) and q(ρ). However we may require that the transformation between t ν
µ and T ν

µ

4



preserves the original form of the covariant conservation. In other words we shall impose that

∇µ T
µν = 0 implies the covariant conservation of tµν and vice versa. With this requirement

q(ρ) and f(ρ) do affect the corresponding Einstein’s equations at the price of a specific relation

between the two smearing functions. The conditions coming from the covariant conservation

follow by projecting ∇µ T
µν along uν and in the orthogonal direction P α

ν . As far as the

projection along uν is concerned we obtain

uα ∇α[ρ f(ρ)] + θ q(ρ) (ρ+ p) = 0, θ = ∇µ u
µ, (2.2)

where θ now denotes, as indicated, the total expansion. Equation (2.2) implies that the covari-

ant conservation of T µν reproduces exactly the condition derived from the energy-momentum

tensor of Eq. (1.2) (i.e. uν ∇µt
µν = 0) provided

q(ρ) = ρ ∂ρf(ρ) + f(ρ), ∂ρ f =
∂f

∂ρ
. (2.3)

Note that, in what follows, we shall often employ the notation ∂ρ to indicate a derivation

with respect to the energy density. The projection of ∇µ T
µν = 0 along P α

ν gives instead the

following condition

(p+ ρ)q(ρ)uµ∇µu
α +P α

µ ∂
µ
[
ρ f(ρ)− (p+ ρ)q(ρ)

]
= 0. (2.4)

Therefore we have that the condition P α
ν ∇µ t

µν = 0 is reproduced provided

∂µ[ρf(ρ)− (p+ ρ)q(ρ)] = −q(ρ)∂µp. (2.5)

For a homogeneous background the only relevant condition is represented by Eq. (2.3). In the

case of perfect irrotational fluids the pressure and the energy density can be related via the

barotropic index w while the derivatives of the pressure and of the energy density define the

square of the (total) sound speed c2s, t:

w = p/ρ, c2s, t = ∂p/∂ρ. (2.6)

In terms of c2s, t the fluctuations of the pressure can always be written as the sum of an adiabatic

term supplemented by the non-adiabatic contribution:

δsp = c2s, tδsρ+ δpnad, (2.7)

where δsρ and δs p denote the first-order (scalar) fluctuations of the energy density and of

the pressure while δpnad accounts here for the non-adiabatic pressure fluctuations which are

typically vanishing in the case of the adiabatic paradigm [12, 13]. The conditions (2.6)–(2.7)

become relevant for the evolution of the curvature inhomogeneities, as we are going to see in

section 3.
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Before going to the case of scalar field matter we want to stress that the discussion of this

section does not specifically assume any range for w. It is however relevant to mention that,

in what follows, we shall assume explicitly or implicitly that 0 ≤ w ≤ 1. This choice implies,

in particular, that none of the energy conditions are violated in the case of the original fluid

appearing in Eq. (1.2).

2.2 The case of scalar field matter

The discussion of the perfect irrotational fluids can be complemented by the case of scalar field

matter where the role of the four-velocity is played by the covariant gradients of the scalar

field φ; in this subsection we are going to use the following stenographic notation:

uµ = ∇µφ/
√
(∂φ)2, (∂φ)2 = gαβ∂αφ∂βφ. (2.8)

The standard energy-momentum tensor associated with the scalar field φ is the given by

t(φ)
µν = ∂µφ∂νφ− gµν

[
1

2
gαβ∂αφ∂βφ− V (φ)

]
, (2.9)

and if we now use Eq. (2.8) inside Eq. (2.9) we obtain the scalar field analog of Eq. (1.2)

t(φ)µν = −(ρφ + pφ)Pµν + ρφ gµν . (2.10)

When projected along Pµν and uµ uν , Eqs. (2.9)–(2.10) lead to the explicit forms of the

pressure and of the energy density:

pφ = −1

3
Pµν tµν =

1

2
gαβ∂αφ∂βφ− V (φ), (2.11)

ρφ = uµ uν tµν =
1

2
gαβ∂αφ∂βφ+ V (φ). (2.12)

If we now follow the logic outlined in the perfect fluid case, the two smearing functions f(ρφ) and

q(ρφ) can be introduced in the same manner so that, ultimately, the total energy-momentum

tensor T (φ)
µν can be written as:

t(φ)
µν ⇒ T (φ)

µν = −(ρφ + pφ)q(ρφ)Pµν + ρφ f(ρφ)gµν . (2.13)

Once more the covariant conservation of T (φ)
µν now implies the condition[

f(ρφ) + ρφ
∂f

∂ρφ

]
uµ∇ρφ + θ q(ρφ)(pφ + ρφ) = 0, (2.14)

where, as in Eq. (2.2), θ = ∇µ u
µ is the total expansion. In analogy with the case of a perfect

relativistic fluid we can impose the same condition and, in this case, Eq. (2.14) implies the

standard form of the Klein-Gordon equation:

f(ρφ) + ρφ
∂f

∂ρφ
= q(ρφ) ⇒

√
(∂φ)2

[
∇µ∇µφ+

∂V

∂φ

]
= 0. (2.15)
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Note that Eqs. (2.3) and (2.15) illustrate in fact the same condition written, however, for two

physically different energy-momentum tensors. The analogies and the differences of the two

cases have a direct counterpart in the evolution of the curvature inhomogeneities discussed in

section 3.

2.3 Possible extensions

Several extensions of the procedure suggested in the previous subsections can be envisaged

both for isotropic and anisotropic backgrounds. We can note, for the sake of illustration, that

the underlying fluid does not need to be inviscid and, in particular, the energy-momentum

Tµν can be easily complemented by a viscous correction denoted hereunder by Tµν . The total

energy-momentum tensor will then be given by the usual inviscid contribution (containing the

two smearing functions) supplemented by the viscous correction Tµν :

T (tot)
µν = −(p+ ρ) q(ρ)Pµν + ρ f(ρ) gµν +Tµν . (2.16)

As usual we may then parametrize the viscous contribution in terms of the first and second

viscosities so that Tµν can be written as:

Tµν = 2 η σµν + ξ (∇α u
α)Pµν , (2.17)

where η and ξ are, by definition, the shear and bulk viscosity coefficients while σµν denotes the

standard form of the shear tensor:

σµν =
1

2
P α

µ P β
ν Bαβ, Bαβ = ∇αuβ +∇βuα − 2

3
gαβ∇γu

γ. (2.18)

It follows from Eqs. (2.17)-(2.18) that the projection of Tµν along uµ or uν is consistently

vanishing, i.e. uµT
µν = uν T

µν = 0. We may finally introduce the diffusion current jµ

together with the dissipative contribution νµ:

jµ = nuµ + νµ, ∇µ j
µ = 0. (2.19)

In the Landau-Lifshitz approach [38, 39] (which is the one followed here4) the pure thermal

conduction is related to an energy flux without particles (since, as already noted, uµT
µν = 0).

With these caveats, from the covariant conservation of the total energy-momentum tensor we

obtain, as expected,

∂ρ[ρ f(ρ)]u
µ∇µρ+ θ(p+ ρ)q(ρ) = ξ θ2 + 2 η σ2, (2.20)

4For the sake of accuracy we mention that the Landau-Lifshitz frame is not the only one customarily adopted

for viscous fluids; in the Eckart approach (often employed in cosmology [40]) the uµ does not describe the energy

transport but rather the particle transport and it is fixed by requiring that uµ j
µ = 0 while uµT

µν ̸= 0.
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where σ2 = σµν σ
µν . Provided the condition (2.3) holds, the viscous corrections lead to the

same evolution of the entropy four-vector. Indeed, assuming for simplicity a vanishing chemical

potential, the fundamental thermodynamic identity is E = T S − p V (where V is the volume,

S is the entropy and E is the internal energy). Thus the entropy density is, by definition

ς = (ρ + p)T . If the fundamental thermodynamic identity is now combined with the first

principle of thermodynamics (i.e. dE = T ds− pdV ) the gradients of the temperature and of

the pressure are related as ς∇α T = ∇αp; thanks to the latter relation, the covariant divergence

of the entropy four-vector ςµ = ς uµ becomes

∇µς
µ +

1

q T

{
∂

∂ρ
[ρf(ρ)]− q(ρ)

}
=

ξ

q T
θ2 + 2

η

q T
σ2. (2.21)

From Eq. (2.21) the entropy is conserved as long as ξ → 0, η → 0 and provided the relation

between q(ρ) and f(ρ) is fixed as in Eq. (2.3). Moreover, in case Eq. (2.3) would not be

imposed the second principle of thermodynamics would not be generally valid. In the presence

of a chemical potential µ the fundamental thermodynamic identity and the first principle of

the thermodynamics are modified by the addition of µN and µ dN (where N denotes the

number of particles) at the right-hand side of the relations defining, respectively, E and dE.

As a consequence the gradient of the temperature and of the pressure are now related as

ς∇αT − ∇αp + n∇αµ = 0 where n now denotes the particle concentration. Using now Eq.

(2.19) (and in particular the condition coming from ∇µ(nu
µ + νµ) = 0) the generalization of

Eq. (2.21) becomes

∇µ

[
ςµ − µ

T
uµ

]
+
να

T
+

1

q T

{
∂

∂ρ
[ρf(ρ)]− q(ρ)

}
=

ξ

q T
θ2 + 2

η

q T
σ2. (2.22)

When Eq. (2.3) is enforced we obtain the standard result which however contains an explicit

dependence on q(ρ) in the viscous contribution. This means, as expected, that Eq. (2.22)

coincides with the standard result provided q(ρ) → 1.

3 Evolution of the curvature inhomogeneities

In the case of a perfect irrotational fluid the system of the Einstein’s equation supplemented

by the covariant conservation can be written in a Friedmann-Robertson-Walker metric:

H2 = a2
ℓ2P
3
ρ f(ρ)− κ, (3.1)

H2 −H′ = a2
ℓ2P
2
(p+ ρ)q(ρ)− κ, (3.2)

ρ′ + 3H
q(ρ)

∂ρ[ρf(ρ)]
(ρ+ p) = 0, (3.3)
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where κ denotes the spatial (intrinsic) curvature; the prime accounts for the derivation with

respect to the conformal time coordinate τ and H = a′/a. As long as the condition (2.3) is

imposed, Eq. (3.3) reduces to ρ′+3H(ρ+p) = 0 and this means that the covariant conservation

keeps its original form even in the presence of smearing functions f(ρ) and q(ρ). Although

the condition (2.3) eliminates the smearing functions from Eq. (3.3), the Hubble rate and

its derivative are anyway affected by f(ρ) and q(ρ). The same observations hold, with some

technical differences, for the scalar field matter where, for in a homogenous background Eqs.

(2.11)–(2.12) read

pφ =
φ′ 2

2a2
− V (φ), ρφ =

φ′ 2

2a2
+ V (φ). (3.4)

Thanks to Eq. (3.4) the scalar field version of Eqs. (3.1)–(3.2) now becomes

3H2 = a2ℓ2Pρφ f(ρφ)− 3κ, (3.5)

2(H2 −H′) = ℓ2P q(ρφ)φ
′ 2 − 2κ. (3.6)

If the condition of Eq. (2.15) is enforced the covariant conservation and the Klein-Gordon

equations are equivalent and can be written, in the present case, as:

ρ′φ + 3H(ρφ + pφ) = 0 ⇒ φ′′ + 2Hφ′ + a2 V, φ = 0, V, φ =
∂V

∂φ
. (3.7)

In the class of scenarios discussed here the intrinsic (spatial) curvature is suppressed prior to

bouncing regime; this means in practice that κ/H2 ≪ 1 around the maximal curvature scale.

3.1 Practical gauge choices

Since the curvature inhomogeneities are invariant under infinitesimal coordinate transforma-

tions, their evolution can be notoriously deduced in any specific gauge (see, for instance,

[41, 42, 43]). In the present context a practical gauge choice is given by:

δsg00 = 2 a2 ϕ, δsgi j = 0, δsg0i = −a2∂iB, (3.8)

where, as in Eq. (2.7), δs denotes the first-order (scalar) fluctuation of the corresponding

quantity. The condition δsgij = 0 completely fixes the gauge freedom; indeed, δsgi j can be

written, in four-dimensions, as δsgi j = 2 a2(ψδi j − ∂i ∂jE). For infinitesimal coordinate shifts

transformations of the type τ → τ = τ + ϵ0 and xi → xi = xi + ϵi the metric fluctuations

transform as:

ψ → ψ = ψ +Hϵ0, E → E = E − ϵ, (3.9)

where ϵµ = a2(ϵ0,−∂iϵ). Equation (3.9) implies that if we start from a gauge where δsgi j ̸= 0

(i.e. ψ ̸= 0 and E ̸= 0), we can always impose the coordinate system of Eq. (3.8) by

9



requiring ϵ = E andHϵ0 = −ψ. In the gauge (3.8) the curvature inhomogeneities on comoving

orthogonal hypersurfaces (see also Eqs. (A.7)–(A.8) of appendix A) are then defined as

R = − H2

H2 −H′ϕ =
H2

Ḣ
ϕ, (3.10)

where the second equality follows from the standard connection between conformal and cosmic

time parametrizations. In what follows the evolution of R will be deduced in terms of the two

smearing functions f(ρ) and q(ρ).

3.2 Inhomogeneities of the fluid sources

In the case of the perfect irrotational fluids the scalar fluctuation of the energy-momentum

tensor of Eq. (1.4) can be expressed, in a covariant form, as:

δs T
ν

µ = −[(δsp+ δs ρ) q(ρ) + (p+ ρ) ∂ρq δsρ]P
ν
µ

+ ∂ρ[ρ f(ρ)]δsρ δ
ν
µ − (p+ ρ) q(ρ) δsP

ν
µ . (3.11)

Although we have that δsP
ν

µ = uµδs u
ν+δsuµu

ν , in the gauge5 of Eq. (3.8) δsP
0

0 = δsP
j

i = 0

whereas δsP
0

i = (p + ρ) q(ρ)u0δ ui and similarly for δsP
i

0 . This observation implies that the

various components of δs T
ν

µ are:

δs T
0

0 =
[
f(ρ) + ρ

∂f

∂ρ

]
δsρ, (3.12)

δs T
j

i = −[(δsp+ δsρ)q(ρ) + (p+ ρ) ∂ρq δsρ] δ
j
i

+
[
f(ρ) + ρ

∂f

∂ρ

]
δsρ δ

j
i +Π j

i , (3.13)

δsT
0

i = (p+ ρ) q(ρ)u0 δui. (3.14)

In Eq. (3.13) we added, for the sake of completeness, the (traceless) anisotropic stress Π j
i .

Inserting Eq. (2.7) into Eq. (3.13) we obtain the following form of the spatial fluctuations

of the energy-momentum tensor where the non-adiabatic pressure fluctuations δpnad explicitly

appear:

δs T
j

i = −
{
(c2s, t + 1) q(ρ) + (p+ ρ)

∂q

∂ρ
− ∂

∂ρ
[ρ f(ρ)]

]}
δsρ+ q(ρ) δpnad +Π j

i . (3.15)

The simplest way to derive the evolution of the curvature inhomogeneities of Eq. (3.10) is

to start by partially decoupling the equations that involve ϕ. Along this perspective the

5Note that, by definition, gµν u
µ uν = 1; this means that u0 = a while ui = 0; in the gauge (3.8) δsu0 = aϕ

and δu0 = −ϕ/a; this is why, ultimately, δsP
0

0 = δsP
j

i = 0.
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(0, 0) component of perturbed Einstein’s equations follows from Eq. (3.12) and from the

corresponding fluctuation of the Einstein’s tensor reported in Eq. (A.1):

−H∇2B − 3H2ϕ =
ℓ2P a

2

2

[
f + ρ

∂f

∂ρ

]
δsρ. (3.16)

The spatial component of the perturbed Einstein’s equations imply a second independent

relation; in particular from Eqs. (3.13) and (A.2) we get:

1

a2

{[
− 2(H2 + 2H′)ϕ− 2Hϕ′

]
−∇2(B′ + 2HB + ϕ)

}
δ j
i

+
1

a2
∂i∂

j
[
B′ + 2HB + ϕ

]
= ℓ2P

{
−[(δsp+ δsρ)q(ρ) + (p+ ρ) ∂ρq δsρ] δ

j
i

+
[
f(ρ) + ρ

∂f

∂ρ

]
δsρ δ

j
i +Π j

i

}
. (3.17)

If we now trace of both sides of Eq. (3.17) we can immediately deduce

(H2 + 2H′)ϕ+Hϕ′ +
1

3
∇2Q =

ℓ2P a
2

2

{
(δsp+ δsρ)q +

[
(p+ ρ)∂ρq − ∂ρ(ρf)

]
δsρ

}
, (3.18)

where, for the sake of conciseness, we introduced the combination Q = (ϕ + B′ + 2HB); for

the same reason we also wrote f ≡ f(ρ) and q ≡ q(ρ) and suppressed the arguments since it

is clear that the smearing functions only depend upon the energy density. If we then subtract

Eq. (3.18) from Eq. (3.17) we obtain that the combination appearing inside the Laplacian at

the right hand side of Eq. (3.18) differs from zero only in the presence of an anisotropic stress;

in other words from the traceless contributions to the spatial components of the perturbed

Einstein’s equations we can easily obtain

∂i∂
jQ − 1

3
∇2Q δ j

i = ℓ2P a
2Π j

i . (3.19)

By now applying ∂j ∂
i to both sides of Eq. (3.19) we can finally deduce that

∇4(B′ + 2HB + ϕ) =
3

2
ℓ2Pa

2∇2Π, (3.20)

where Π is implicitly defined as ∇2Π = ∂j∂
i Π j

i . It is useful to recall that in the gauge (3.8)

the Bardeen potentials [44] read Ψ = −HB and Φ = ϕ +HB + B′. Since the anisotropic

stress is gauge-invariant because of the Stewart-Walker lemma [45], we also have that the

gauge-invariant expression of Eq. (3.20) is, as expected, ∇4(Φ−Ψ) = 12πGa2∇2Π. Similarly

the expression of the curvature inhomogeneities of Eq. (3.10) can be easily expressed in terms

of the Bardeen potentials:

R = −Ψ− H(HΦ +Ψ′)

H2 −H′ . (3.21)

If we now recall, as in the case of Eq. (3.20) the connection between the gauge-invariant

potentials (i.e. Φ and Ψ) and the gauge-dependent variables (i.e. ϕ and B) the expression

already mentioned in Eq. (3.10) can be easily reobtained from Eq. (3.21).
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3.3 Evolution of the curvature inhomogeneities

Equations (3.16) and (3.18) can be decoupled in terms of ϕ and B: after eliminating the fluid

sources between the two equations we may trade ϕ for R according to Eq. (3.10). The final

result of this procedure becomes6:

R′ =
2H2 c2eff ∇2B

ℓ2Pa
2(ρ+ p) q(ρ)

+SR, (3.22)

SR = − H

q(ρ)(p+ ρ)

[
q(ρ) δpnad − Π

]
. (3.23)

where c2eff is an effective sound speed that is related both to c2s, t and to the smearing functions:

c2eff (ρ, c
2
s, t) =

q(ρ) c2s, t
∂ρ[ρ f(ρ)]

+
{

q(ρ)

∂ρ[ρ f(ρ)]
− 1

}
+

(
1 +

p

ρ

)
ρ ∂ρq

∂ρ[ρf(ρ)]
. (3.24)

As stressed before, when Eq. (2.3) is enforced q(ρ) = ∂ρ[ρf(ρ)] and the covariant conservation

remains unmodified in comparison with the case q(ρ) → 1 and f(ρ) → 1; with this choice Eq.

(3.24) simplifies and becomes

c2eff = c2s, t + (1 + w)
(
ρ

q

)(
∂q

∂ρ

)
, (3.25)

where barotropic index w has been introduced. In the limit q(ρ) → 1 Eq. (3.25) implies, as

expected, that c2eff → c2s, t; this is consistent with the standard result originally obtained in

Refs. [46, 47, 48]. Since one of the two Bardeen potentials is related to B as Ψ = −HB, Eq.

(3.22) can also be written as

R′ = −
H c2eff ∇2Ψ

4πGa2(ρ+ p) q(ρ)
+SR, (3.26)

where we also traded ℓ2P for 8πG. If the Laplacian at the right-hand side of Eq. (3.26)

are neglected the resulting equation accounts for the approximate evolution of the curvature

inhomogeneities the large-scale limit. This is not what we are going to do since, as we shall

see, it is easier to discuss the general situation after by using the decoupled evolution for R.

For this purpose we now introduce a background variable conventionally denoted by z:

z2 =
a4 q(ρ)(p+ ρ)

H2 c2eff (ρ)
. (3.27)

6In Eq. (3.22) SR depends on the non-adiabatic pressure fluctuations of the fluid and also on the total

anisotropic stress Π. It is actually simpler to incorporate all the sources in a single notations. During an

inflationary or bouncing stage the anisotropic stress can be neglected especially for typical wavelengths larger

than the Hubble radius. Furthermore, as suggested earlier on in the introduction, we shall be mainly interested

in the situations that are, broadly speaking, compatible with the adiabatic paradigm [12, 13].

12



In terms of z2, Eq. (3.22) can be rephrased in the following manner:

R′ −SR =
a2

4πGz2
∇2B. (3.28)

Now the strategy is very simple and can be summarized, in short, as follows. After taking

the derivative of both sides of Eq. (3.28), there will appear terms proportional to ∇2B and

to ∇2B′; the new contributions can be eliminated in favour of R and R′ by using again Eqs.

(3.20) and (3.28). If we now apply the first step of the strategy we get:

R′′ −S′
R =

(
2
z′

z
− 2H

)
(R′ −SR) +

1

4πG

(
a2

z2

)
∇2B′. (3.29)

We can now eliminate the term containing∇2B′ via Eq. (3.20) but three new terms will appear:

one proportional to ∇2B (which can be eliminated with Eq. (3.28)), one proportional to ϕ

(and hence to R, as dictated by Eq. (3.10)) and the last one containing the total anisotropic

stress. After some simple algebraic simplifications the final form of Eq. (3.29) becomes:

R′′ + 2
z′

z
R′ − c2eff∇2R = S′

R + 2
z′

z
R′ +

3a4

z2
Π. (3.30)

Equation (3.30) can then be analyzed in different situations but when the anisotropic stress

and the non-adiabatic pressure fluctuations are both vanishing (i.e. Π → 0 and δpnad → 0) we

have that SR → 0 and all the terms at the right-hand side of Eq. (3.30) disappear:

R′′ + 2
z′

z
R′ − c2eff∇2R = 0. (3.31)

Equation (3.31) is relevant at early times and during a bouncing stage; furthermore it is also

the appropriate one in the absence of entropic fluctuations. This is actually the case broadly

compatible with the adiabatic paradigm [12, 13], as already mentioned earlier on. When q → 1

and f → 1 Eqs. (3.27) and (3.31) coincide with the normal modes of a gravitating, irrota-

tional and relativistic fluid derived in Ref. [46] (see also [47, 48]) even prior to formulation

of the inflationary paradigm. As already stressed above, the variable R is gauge-invariant an

it coincide with the curvature perturbation on comoving orthogonal hypersurface (see, for in-

stance, [49, 50]). Equation (3.31) will now be analyzed in two general situations corresponding,

respectively, to the bounces of the scale factor and to the curvature bounces.

3.3.1 Bounces of the scale factor

As already stressed before in the introduction we shall generally consider two complementary

physical situations. When the extrinsic (Hubble) curvature locally vanishes we are in the

situation of the bounces of the scale factor where H → 0; in this case also f(ρ) must vanish

and therefore a particular form of f(ρ) pins down a specific class of solutions. In this section

13



we shall only assume that f(ρ) does vanish while in section 4 a number of explicit solutions

will be considered. The second complementary physical possibility is the one of the curvature

bounces where the Hubble rate does not vanish but its time derivative goes in fact to zero.

Both cases will now be analyzed in succession.

Let us then start with the bounces of the scale factor and, for this purpose, we can note

that a necessary condition for the bounce of the scale factor to occur is that f(ρ) vanishes for

some value of ρ (be it ρ1) so that, as implied by Eq. (3.1), also H2 will vanish in the same

limit:

lim
ρ→ρ1

f(ρ) → 0 ⇒ lim
τ→τ1

H2 → 0. (3.32)

While Eq. (3.32) can be realized in different ways (and more explicit examples will be presented

in section 4) we are now going to argue that in spite of the specific background dependence

the zeros of f(ρ) always imply that c2eff < 0 for a finite range of the energy density. For this

purpose we go back to Eq. (3.25) and consider the following parametrization7 of f(ρ) and q(ρ):

f(ρ) =
(
1− ρ

ρ1

)γ

, q(ρ) =
(
1− ρ

ρ1

)γ−1[
1− (γ + 1)

(
ρ

ρ1

)]
, (3.33)

where 0 < (ρ/ρ1) ≤ 1. The value of q(ρ) follows from the condition of Eq. (2.3) and if Eq.

(3.33) is inserted into Eq. (3.25) the explicit value of c2eff becomes:

c2eff (r) = c2s, t − (1 + w)
r [2γ − r γ(γ + 1)]

(1− r)[1− (γ + 1) r]
, r = ρ/ρ1. (3.34)

Equation (3.34) demands that, for different values of w and γ, the square of the effective sound

speed is negative (i.e. c2eff < 0) for r = ρ/ρ1 ranging between 0 and 1. The appearance of an

instability is then necessary since, according to Eq. (3.31), the wavelengths shorter than the

Hubble radius are exponentially amplified and invalidate the perturbative expansion. Equation

(3.34) is illustrated in Fig. 1 where the shaded areas in both plots corresponds to the regions

where c2eff gets negative. It is actually well known that bouncing models may experience this

kind of instability implying that the scalar modes of the geometry inherit an imaginary sound

speed [28]. Sometimes the instability is dubbed gradient instability since, as in the case of

Eq. (3.31), the imaginary sound speed appears in front of the Laplacian. Depending on the

specific scenario these instabilities may be generic or not [51] (see also [52, 53, 54]). Equation

(3.34) and Fig. 1 suggest that, in the present context, the gradient instability is generic: as

the energy density decreases from its maximal value in the bouncing region there will always

be a region where c2eff < 0 unless the variation of r is artificially restricted.

7We could also parametrize f(ρ) as f(ρ) = (b− ρ/ρ1)
γ where b is a numerical factor different from 1. It is

always possible, in this situation, to rescale b outside of the bracket. The typical energy ρ1 will then be rescaled

as ρ1 = bρ1 and the parametrization becomes again of the type of the one given in Eq. (3.33).
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Figure 1: In both plots the shaded area illustrate the regions where c2eff < 0 for different values

of w (the barotropic index) and γ (the order of the zero of f(ρ)). Since c2eff appears in front

of the Laplacian of Eq. (3.31), the shaded areas correspond in fact to an unstable evolution

occurring in the small-scale limit. We stress that the preferred values of w will be such that

0 ≤ w ≤ 1 to avoid violations of the energy conditions in the original fluid of Eq. (1.2).

We just showed that whenever c2eff (τ) < 0 there are instabilities associated with the dom-

inance of the spatial gradients and this happens for typical wavelengths shorter than the rate

of variation of the geometry. Let us now investigate the opposite limit Eq. (3.31) and show

that it also implies the existence of singularities. To clarify this point the evolution in Fourier

space can be specifically analyzed and Eq. (3.31) can then be rewritten as:

∂τ

[
z2(τ) ∂τ Rk

]
+ k2 c2eff (τ)z

2(τ)Rk = 0. (3.35)

By integrating once Eq. (3.35) we formally obtain an expression for the first derivative of the

curvature inhomogeneities:

R′
k(τ) = R′

k(τex)
z2ex
z2(τ)

− k2

z2(τ)

∫ τ

τex

a4 (ρ+ p) q(ρ)

H2

∣∣∣∣
τ1

Rk(τ1) d τ1, (3.36)

where, by definition, τ > τex = O(1/k); in the same time range Eq. (3.36) can be further

integrated with respect to τ and after some trivial algebraic rearrangements the following

result is finally obtained:

Rk(τ) = Rk(τex) +R′
k(τex)

∫ τ

τex

z2ex
z2(τ1)

dτ1

− k2
∫ τ

τex

dτ1
z2(τ1)

∫ τ1

τex

a4 (p+ ρ)q(ρ)

H2

∣∣∣∣
τ2

Rk(τ2) dτ2. (3.37)
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Equation (3.37) is in fact an integral equation that can be iteratively solved so that the leading

order result follows by replacing Rk(τ2) with Rk(τex):

Rk(τ) = Rk(τex) +R′
k(τex)

∫ τ

τex

z2ex
z2(τ1)

dτ1

− 3M
2
P (1 + w) k2Rk(τex)

∫ τ

τex

dτ1
z2(τ1)

∫ τ1

τex

a4(τ2) q(τ2)

f(τ2)
dτ2. (3.38)

In the large-scale limit the third term of Eqs. (3.37)–(3.38) will then negligible and hopefully

finite8. Even granting the absence of the gradient instabilities, the first derivative of Rk(τ) is

potentially divergent since it goes as 1/z2(τ). We may now drop all the finite terms appearing

in 1/z2(τ) and focus on the divergent contributions; in this perspective, for instance, a4(τ)

constitutes a regular contribution since we are here supposing that there exist non-singular

bouncing solutions with the appropriate boundary conditions. Although explicit examples

along this direction are in fact collected in section 4, what matters here are not the specific

features of the background. With this simplification we then have that the divergences of

R′
k(τ) coincide, in practice, with the poles of the combination f(ρ) c2eff (ρ)/q(ρ). Recalling

Eqs. (3.33)–(3.34) we can therefore write f(ρ) c2eff (ρ)/q(ρ) as a function of r = ρ/ρ1, γ and w:

f(ρ) c2eff (ρ)

q(ρ)
=

(1− r)

[1− (γ + 1)r]

{
c2s, t +

(1 + w)r[γ(γ + 1)r − 2γ]

(1− r)[1− (γ + 1)r]

}
, (3.39)

where, for the sake of illustration, c2s, t = w; with this choice Eq. (3.39) applies, strictly

speaking, in the case of a constant barotropic index. This is not a crucial restriction since

Eq. (3.39) is always divergent in the range 0 < r ≤ 1 and the poles r → r∗ → 1/(γ + 1) are

not affected by the values of the barotropic index. All in all we must then conclude that the

evolution of the curvature inhomogeneities is either singular or unstable across a bounce of the

scale factor. We finally stress that the gradient instabilities in the small-scale limit and the

large-scale divergences are not removed by a change of the coordinate system but have instead

a gauge-invariant meaning.

3.3.2 Bounces of the curvature

Unlike the physical situation explored in the previous subsection the bounces of the curvature

are realized when f(ρ) > 0 so that the relevant conditions can be summarized as:

f(ρ) > 0, H2 > 0, 0 < ρ ≤ ρ1. (3.40)

8The third term in Eqs. (3.37)–(3.38) may in fact diverge because of the gradient instability; however, to

be conservative, we shall be assuming that it is finite and this may happen if the background solutions are

artificially tuned within one of the stability regions appearing in Fig. 1.
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While in the case of the bounces of the scale factor the condition (3.33) is almost immediate

(at least locally) various possible parametrizations may comply with Eq. (3.40); to remain

sufficiently simple without loosing the generality of the argument we may therefore choose:

f(r) = f0
rγ

(1 + r2)δ
, q(r) = f0

rγ[1 + γ + (1 + γ − 2δ)r2]

(1 + r2)δ+1
, (3.41)

where f0 is now a numerical constant while γ > 0 and δ > 0 are the two shape parameters

defined in the range 0 < r ≤ 1. In the case of Eqs. (3.40)–(3.41) the results of the previous

analysis are a bit different. In particular from Eq. (3.41) c2eff is now given by:

c2eff = c2s, t + (1 + w)
4δ2r4 − 2δr2[2γ (r2 + 1) + r2 + 3] + γ(γ + 1) (r2 + 1)

2

(r2 + 1) [γ + r2(γ − 2δ + 1) + 1]
. (3.42)

By looking at Eq. (3.42) we can conclude that the positivity of f(ρ) does not guarantee the

positivity of c2eff and, as in the case of Fig. 1, the regions where c2eff < 0 seem generic. This
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Figure 2: In both plots we illustrate the regions where c2eff < 0 for different values of w (the

barotropic index), γ and δ (see, in this respect, the parametrization of Eq. (3.41)). Both plots

(valid in the case of curvature bounces) should be compared with the ones of Fig. 1 where the

underlying dynamics corresponds instead to a bounce of the scale factor.

analysis is illustrated in Fig. 2 where the shaded areas corresponds to the regions c2eff < 0; as

in the case of Fig. 1 we assumed c2s t = w. Thus the gradient instability is not avoided in the

case of curvature bounces and the large-scale evolution of R also leads to singularities (see Eq.

(3.38) and discussion therein). We may again isolate the divergent contribution of R′:

f(ρ) c2eff (ρ)

q(ρ)
=

m(r, γ, δ, w)

[γ + r2(γ − 2δ + 1) + 1]2
. (3.43)
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In Eq. (3.43)m(r, γ, δ, w) has a lengthy expression that can be written in terms of 3 appropriate

coefficients:

m(r, γ, δ, w) = r4c1(γ, δ, w) + r2c2(γ, δ, w) + c3(γ, δ, w), (3.44)

where c1(γ, δ, w), c2(γ, δ, w) and c3(γ, δ, w) are:

c1(γ, δ, w) = (γ − 2δ + 1)[γ + γ w − 2δ(w + 1) + w],

c2(γ, δ, w) = 2(γ + 1)[γ + w(γ + 1)]− 2δ[2γ + 2(γ + 2)w + 3],

c3(γ, δ, w) = (γ + 1)[γ + w(γ + 1)]. (3.45)

By looking at Eqs. (3.43)–(3.44) and (3.45) we see that the only potential divergences may

occur when γ < 2δ − 1: only in this case the denominator appearing at the right-hand side of

Eq. (3.43) may vanish for a real value of r since, by definition, γ + 1 > 0. We can therefore

evaluate m(r, γ, δ, w) at the poles; from the denominator of Eq. (3.43) we see that the potential

singularities correspond to r2∗:

r2∗ =
1 + γ

2δ − (γ − 1)
, m(r∗, γ, δ, w) =

4(γ + 1)δ(w + 1)

γ − 2δ + 1
. (3.46)

When γ < 2δ − 1 the points r∗ correspond then to the potential divergences of the curvature

inhomogeneities. This observation suggests that the curvature inhomogeneities are probably

finite when γ > 2δ − 1. For this reason we then conclude that the degree of divergence of

R′ is less severe in comparison with the bounces of the scale factor treated in the previous

subsection.

3.4 Scalar field matter

So far we investigated the case of perfect and irrotational fluids and in the presence of scalar

field matter the conclusions are conceptually similar but quantitatively different. The reason

for this difference stems directly from the fluctuations of the energy momentum tensor of Eq.

(2.13) since, in the scalar field case, δsT
ν

µ takes a different form that can be covariantly written

as:

δs T
ν

µ =
∂

∂ρφ

[
ρφ f(ρφ)

]
δsρφ δ

ν
µ +

∂q

∂ρφ

[
−(pφ + ρφ)δ

ν
µ + ∂µφ∂

νφ
]
δsρφ

+ q(ρφ)
[
∂µφ∂

νχ+ ∂µχ∂
νφ+ δsg

να∂αφ∂µφ− δνµ

(
δsρφ + δspφ

)]
, (3.47)

where, by definition, δsφ = χ is the scalar field fluctuation. Equation (3.47) holds in general

terms and, in the gauge (3.8), the different components of δs T
ν
µ are given explicitly by:

δsT
0

0 =
∂

∂ρφ
[ρφ f(ρφ)] δsρφ (3.48)
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δsT
j

i =
{
∂

∂ρφ

[
ρφ f(ρφ)

]
δsρφ − ∂q

∂ρφ
(pφ + ρφ)δsρφ − q(ρφ)[δspφ + δsρφ]}δ j

i , (3.49)

δs T
0

i = q(ρφ)
(
φ′

a2

)
∂iχ, (3.50)

δs T
i

0 = − q

a2

[
φ′∂iχ+ φ′ 2 ∂iB

]
. (3.51)

In Eqs. (3.48)–(3.49) two auxiliary quantities have been introduced, namely δsρφ and δspφ, i.e.

the scalar fluctuations of the energy density and of the scalar pressure:

δsρφ =
1

a2

(
−ϕφ′ 2 + φ′χ′ +

∂V

∂φ
a2χ

)
, (3.52)

δspφ =
1

a2

(
−ϕφ′ 2 + φ′χ′ − ∂V

∂φ
a2χ

)
. (3.53)

To derive the evolution ofR in this case we may first analyze the momentum constraint coming

from the (0 i) components of the perturbed Einstein equations, namely

δsG
0

i = ℓ2P δsT
0

i ⇒ 2Hϕ = ℓ2P q φ
′χ, (3.54)

where we employed Eqs. (3.50) and (A.3). If combined with the expression of the curvature

inhomogeneities defined in Eq. (3.10) we can obtain the direct connection between R and χ:

R = − H2

H2 −H′ϕ = −
(
H

φ′

)
χ. (3.55)

Note that (H2−H′) andH ϕ contain the same dependence on q(ρφ): this is why in the second

equality of Eq. (3.55) q(ρφ) disappears. The Hamiltonian constraint stemming from the (0 0)

component of the perturbed Einstein’s equation is finally given by:

H∇2B + 3H2ϕ+
ℓ2P
2
q(ρφ)

(
χ′φ′ +

∂V

∂φ
a2χ

)
= 0. (3.56)

For immediate convenience, in Eq. (3.56) we introduced the combination:

q(ρφ) =
[
f + ρφ

∂f

∂ρφ

]
. (3.57)

Althoughq(ρφ) and q(ρφ) ultimately coincide if the standard form of the covariant conservation

is enforced (see Eq. (2.15)), it is useful to keep them formally distinct so that, in this way,

the obtained results may also cover the limit q(ρφ) ̸= q(ρφ). Since, thanks to Eq. (3.10), ϕ is

proportional to R and χ is proportional to R (because of Eq. (3.55)), ϕ and χ can be traded

for R in Eq. (3.56). The result of this manipulation leads to the scalar field analog of Eq.

(3.22)

R′ =
H2

4πGqφ′ 2 − 3H
[
1− q(ρφ)

q(ρφ)

]
R, (3.58)
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and if we now enforce the standard form of the covariant conservation (as implied by Eq.

(2.15)) we obtain, as anticipated, that Eq. (3.58) becomes:

R′ =
H2

4πGqφ′ 2∇
2B = − H

4πGqφ′ 2∇
2Ψ. (3.59)

Recalling the discussion of Eq. (A.4), the second equality follows from the observation that,

in the gauge (3.8) Ψ = −HB.

Concerning the comparison between Eqs. (3.22) and (3.58) two comments are in order.

While in Eq. (3.22) there appears the effective sound speed, a similar term does not show

up in Eq. (3.59). The second remark is that the term SR (containing the anisotropic stress

and the non-adiabatic pressure fluctuation) has no analog at least in the case when q → q.

Bearing in mind these two point, the derivation follows the same steps already outlined in the

fluid case. In particular we first rephrase Eq. (3.59) as

R′ =
1

4πG

(
a2

qz2

)
∇2B, z =

aφ′

H
. (3.60)

We must then compute the time derivative of both sides of Eq. (3.60) and then eliminate B′ by

using the relation coming from the spatial component of the perturbed Einstein’s equations,

i.e.

ϕ+B′ + 2HB = 0. (3.61)

At the end of this procedure the following equation for R is obtained:

R′′ +
(
2
z′

z
+
q′

q

)
R′ −∇2R = 0. (3.62)

Equation (3.62) can be phrased in an even simpler form:

R′′ + 2
z′φ
zφ

R′ −∇2R = 0, z2φ = z2 q =
a2 φ′ 2q

H2
. (3.63)

In the limit q → 1 Eq. (3.63) reproduces the standard evolution equation of curvature inho-

mogeneities in the case of a single scalar field. We are now going to analyze, in general terms,

the singularity properties of Eq. (3.63) in analogy with what already discussed in the case of

the irrotational fluid.

3.4.1 Bounces of the scale factor

Although R′is not generally regular, the main difference in comparison with the fluid case is

related to the absence of the effective sound speed (i.e. c2eff → 1 in the scalar case). As in the

fluid case however we may transform the differential equation (3.63) into an integral equation

and integrating once Eq. (3.63) we obtain:

R′
k(τ) = R′

k(τex)
z2ex
z2φ(τ)

− k2

z2φ(τ)

∫ τ

τex
z2φ(τ1) Rk(τ1) dτ1. (3.64)
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Equation (3.64) must be further integrated so that we get an expression which is analog to the

one already derived in Eqs. (3.37)–(3.38):

Rk(τ) = Rk(τex) +R′
k(τex)

∫ τ

τex

z2ex
z2φ(τ1)

dτ1

− k2
∫ τ

τex

dτ1
z2φ(τ1)

∫ τ

τex
z2φ(τ2)Rk(τ2) dτ2. (3.65)

Finally Eq. (3.65) should be iteratively solved and, to leading order in k2τ 2 ≪ 1, the diver-

gences of R′(τ) correspond indeed to the zeros of z2φ:

z2φ =
a2φ′ 2

H2
q(ρφ) =

3M
2
P a

4

(1 + 2 a2 V/φ′ 2)

q(ρφ)

f(ρφ)
. (3.66)

In the case of a regular solution describing a bounce of the scale factor the zeros of z2φ(τ) must

inevitably coincide with the zeros of q(ρφ)/f(ρφ). Thus the singularities of R′
k(τ) are in fact

the poles of f(ρφ)/q(ρφ), namely

f(r, γ)

q(r, γ)
=

r − 1

r (γ + 1)− 1
. (3.67)

Equation (3.67) implies, as expected, that the singularities in R′
k(τ) are generic as long as f(ρ)

contains a zero of order γ for 0 < r ≤ 1. In other words, if we assume that f(ρφ) has a zero

then the dynamical evolution of the system always implies (at least) a second zero of z2φ (and

hence a divergence of the curvature inhomogeneities).

3.4.2 Bounces of the curvature

For the bounces of the curvature the discussion is qualitatively similar but also physically

different. As already mentioned, in this case f(ρφ) > 0; we can tentatively parametrize f(ρφ)

in terms of a positive-definite function without poles or zeros. For example a sound choice

could be the one already suggested in Eq. (3.41) with the difference that now ρ must be

replaced by ρφ

f(ρφ) = f0
rγ

(1 + r2)δ
, r = ρφ/ρ1. (3.68)

In this case we can repeat the previous considerations and discover that, again, the zeros of

q(ρφ)/f(ρφ) correspond to the potential singularities of R′. If we then use Eq. (3.68) we obtain

f(r, γ)

q(r, γ)
=

r2 + 1

(γ + 1) + r2(γ − 2δ + 1)
. (3.69)

Since the expression of Eq. (3.69) does not go to zero, there are chances that this class of

curvature bounces lead to a regular evolution of curvature inhomogeneities when (γ−2δ+1) >

0.
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3.5 Background-independent expectations

If the effective energy and enthalpy densities are modified with two smearing functions (even-

tually constrained by the covariant conservation of the total energy momentum tensor) the

evolution of the curvature inhomogeneities presents some general features that can be ana-

lyzed in a background-independent manner. The results obtained so far can be summarized,

in short, as follows.

• When the energy momentum tensor is modelled in terms of a perfect irrotational fluid,

the presence of the smearing functions induces an effective sound speed in the evolution

of curvature inhomogeneities. The effective sound speed is not positive definite but even

assuming this crucial requirement the evolution of R′ is not necessarily regular in the

large-scale limit.

• When the energy-momentum tensor is dominated by a scalar field the potential instability

appearing in the fluid case does not occur. Still the evolution of R′ may diverge for the

bounces of the scale factor. For curvature bounces it may be possible to avoid instabilities

and divergences, at least in some very specific classes of scenarios.

4 Explicit examples and applications

Although the previous considerations made use of the conformal time coordinate, the concrete

analysis of various explicit solutions becomes more transparent in the cosmic time and a swift

dictionary between the two descriptions has been collected in appendix B with particular

attention to the evolution of the curvature inhomogeneities. The coordinate systems are in

fact matter of convenience and the results of the previous sections do not depend on the time

parametrization. With these caveats, in cosmic time Eqs. (3.1)–(3.2) reduce to

3H2M
2
P = ρ f(ρ), 2Ḣ M

2
P = −(p+ ρ)q(ρ), (4.1)

where we introduced the Planck mass MP = 1/ℓP . In Eq. (4.1) the overdot denotes, as usual,

a derivation with respect to the cosmic time coordinate and H = ȧ/a. In this section q(ρ)

and f(ρ) are related as in Eq. (2.3); in other words, both for the perfect fluid and and for the

scalar field matter we have:

q(ρ) = f(ρ) + ρ
∂f

∂ρ
, q(ρφ) = f(ρφ) + ρφ

∂f

∂ρφ
. (4.2)

For the scalar field matter Eq. (4.1) holds, in practice, by replacing ρ and p with ρφ and pφ;

the relevant equations become then:

3H2M
2
P = ρφ f(ρφ), 2Ḣ M

2
P = −(pφ + ρφ)q(ρφ), (4.3)
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where ρφ and pφ are given by Eq. (3.4) but expressed in the cosmic time parametrization

ρφ =
φ̇2

2
+ V (φ), pφ =

φ̇2

2
− V (φ). (4.4)

Equation (4.2) implies that for the perfect fluid case and for the scalar field matter the standard

forms of the continuity and of the Klein-Gordon equations hold:

ρ̇+ 3H(ρ+ p) = 0, φ̈+ 3Hφ̇+
∂V

∂φ
= 0. (4.5)

Some specific solutions will now be analyzed with the purpose of corroborating the perspective

presented in the previous sections.

4.1 Bounces of the scale factor

4.1.1 Perfect irrotational fluids

According to Eq. (3.33) the bounces of the scale factor are characterized by a zero of f(ρ)

which may also lead to a zero in q(ρ) (even if not for the same value of the energy density).

Both zeros do not affect the regular character of the solution even though an instability is

expected according to the general arguments of section 3. Let us therefore consider the simplest

possibility, namely the case γ = 1 in Eq. (3.33) and see if the concrete solution obtainable

in this case really leads to the background-independent conclusions deduced in the previous

section. From the continuity equation (and in the case of a perfect irrotational fluid) we have

that

ρ = ρ1(a1/a)
3(w+1) ⇒ r(α) = α−3(w+1), α = (a/a1). (4.6)

The Hubble rate follows from Eq. (4.1) written in the specific case of Eq. (4.6)

3H2M
2
P = ρ1α

−3(w+1)(1− α−3(w+1)), (4.7)

implying that the solution of the whole system for γ → 1 can be written in the form

α(x) = (x2 + 1)σ ⇒ H(x) = H1
x

x2 + 1
, x = t/t1, σ =

1

3(w + 1)
, (4.8)

where H1 = 2σ/t1 and ρ1 = 3H2
1 M

2

P . The evolution suggested by Eq. (4.8) follows by

considering separately the first and second time derivatives of the scale factor:

ȧ(x) = a1H1 x
α(x)

x2 + 1
, (4.9)

ä(x) =
3(w + 1)

2
a1H

2
1

α(x)

(x2 + 1)2

[
1− (1 + 3w)

3(w + 1)
x2

]
. (4.10)
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From Eq. (4.9) we have that ȧ > 0 (for t > 0) and ȧ < 0 (for t < 0). Equation (4.10) implies

instead a more complicated series of conditions:

ä > 0, for − t∗ < t < t∗,

ä < 0, for t < −t∗ and for t > t∗, (4.11)

where t∗ = ± t1
√
3(w + 1)/(3w + 1). Equations (4.9)–(4.10) and (4.11) lead, therefore, to the

timeline illustrated in the cartoon of Fig. 3 where the times ±t∗ are marked by a dot-dashed

line. For t < −t∗ an accelerated contraction (i.e. ȧ < 0 and ä < 0) is followed by a decelerated

Figure 3: We illustrate here the different kinematical regions of the bouncing solutions as-

sociated with Eq. (4.8). In particular this plot has been obtained in the case w = 1 but

the same considerations hold indifferently also for other bounces of the scale factor discussed

throughout this section. The vertical (dashed) line separates the contracting stage (occurring

for t < 0) from the expanding phase (for t > 0). The dot-dashed line at the left divides the

epoch of accelerated contraction from the one of decelerated contraction (always taking place

for t < 0). The vertical dot-dashed line at the right separates instead the phase of accelerated

expansion from the one of decelerated expansion. Finally, the two full (vertical) lines illustrate

the divergences arising in the evolution of the curvature inhomogeneities for the large-scale

limit. The ellipses correspond approximately to the regions where one would be tempted to

set the initial conditions of the subsequent evolution. These regions are however excluded by

the divergences of the curvature inhomogeneities.

expansion (ȧ > 0 and ä < 0) in the region t > t∗. There are, however, two further intermediate

regions: for − t∗ < t < 0 a decelerated contraction (i.e. ȧ < 0 and ä > 0) is followed by a

(short) inflationary stage (i.e. ȧ > 0 and ä > 0) in the range 0 < t < t∗.

The solution of Eq. (4.8) (or some analog solution) could then be used to set initial

conditions for a putative inflationary stage occurring much later. Indeed Eq. (4.8) only assumes
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the presence of the scalar kinetic energy and the inclusion of a scalar potential at late time

could lead to the wanted inflationary stage. According to this picture the initial conditions

could then be set when the kinetic energy is still dominant. We see however from Fig. 3 that

the only viable range where the initial conditions could be eventually imposed is the one for

t≫ t1 (i.e. x≫ 1). The full vertical lines x = ±1 in Fig. 3 correspond in fact to singularities

in the evolution of the curvature inhomogeneities: if the initial conditions are set for t < t1

the subsequent evolution will go through a potentially unstable region where the large-scale

curvature inhomogeneities diverge. We remark that the solutions described here look similar

to the ones employed, in a related context, by the authors of Refs. [30, 31]. The elliptic

regions appearing in Fig. 3 illustrate, approximately, the range where the authors of Refs.

[30, 31] decided to set their initial conditions in the context of a solution obtained, from the

present viewpoint, from a specific choice of f(ρ) and q(ρ). While it is claimed that this solution

could eventually solve the problem of the initial singularity, the general arguments present here

suggest, however, that the divergences in Ṙ may severely restrict the dynamical range of the

solution, as we are going to analyze even more explicitly in the following subsection.

4.1.2 Curvature inhomogeneities

In Eq. (3.34) we demonstrated, in general terms, that the square of the effective sound speed

may get negative in a wide portion of the evolution. We can now compute explicitly c2eff (x)

in the specific background of Eq. (4.8):

c2eff (α) =
w − 2r(α)(2w + 1)

1− 2r(α)
, c2s, t = w. (4.12)

In terms of the cosmic time coordinate c2eff (x) does not have a definite sign and the singularities

appearing as a function of r also show up in terms of x = t/t1:

c2eff (x) =
w x2 − (3w + 2)

x2 − 1
. (4.13)

In the left plot of Fig. 4 the profile of c2eff (x) is illustrated for two different values of w. The

results illustrated in Fig. 4 are particularly unphysical since c2eff < 0 far from the bounce even

if in the asymptotic regions (where the background either contracts or expands) the evolution

of curvature inhomogeneities may be stable as long as c2eff → w. The potential instabilities

involve, in particular, the spatial gradients which enter the evolution of R with the wrong sign.

We may actually go back to Eq. (3.31) written in the cosmic time parametrization

R̈k + 2
żt
zt
Ṙk +

k2 c2eff (t)

a2(t)
Rk = 0, z2t (t) =

a3 (p+ ρ) q(ρ)

H2 c2eff
. (4.14)

Equation (4.1) follows from Eq. (3.31) by taking into account the original form of the pump

field and by rephrasing it in the cosmic time parametrization (see appendix B and discussion
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Figure 4: In this example (see plot at the left) c2eff (x) is positive definite for |x| < 1 while

c2eff (x) gets negative in the region |x| > 1. Between the two ranges the effective sound speed

diverges when x→ ±1. In the right plot we illustrate instead (z1/zt)
2 always as a function of

the rescaled time coordinate (i.e. x = t/t1) and for two different values of w. The regions where

c2eff (x) < 0 signal in practice the small-scale instabilities while the singularities appearing in

the right plot correspond to the singularities of Ṙ in the large-scale limit.

therein). In the case of Eq. (4.14) the zeros of z2t correspond to the divergences of Ṙ which is

proportional to z−2
t . From Eqs. (4.8) and (4.12)–(4.13) we have

z2t (x) = z21 (1 + w)
(x2 − 1) (x2 + 1)(w+2)/(w+1)

x2 [w(x2 + 1)− (3w + 2)]
, z21 =

a31ρ1
H2

1

. (4.15)

The inverse of Eq. (4.15) is illustrated in the right plot of Fig. 4 for two different values of w;

in spite of the value of w the divergences of Ṙk are always present for x = ±1. Furthermore in

the central region of the right plot of Fig. 4 (i.e. |x| < 1) the curves corresponding to different

values of w are indistinguishable and this happens because for |x| < 1 the leading-order result

of the expansion does not depend on w, i.e. (z1/zt)
2 = 2x2 − [(w + 2)/(w + 1)]x4 + O(x5).

We then conclude that the explicit example presented so far fully agrees with the general

conclusions obtained in sections 2 and 3 when the two smearing functions are related by the

covariant conservation.

4.1.3 Scalar field matter

In the case of scalar field matter Eqs. (4.3)-(4.4) and (4.5) can be solved with the same strategy

presented above; a particularly interesting situation is the one where V = 0 and ρφ reduces to

the scalar kinetic term. In this case the evolution of the scalar field follows from the solution

of Eq. (4.5):

φ(x) = φ1 ±
√
2

3
MP arsinh(x), (4.16)
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while the α(x) and H(x) can be derived from Eqs. (4.3)–(4.4) and are given by

α(x) = (x2 + 1)1/6, H(x) = H1
x

x2 + 1
, H1 =

1

3 t1
. (4.17)

Recall, in this respect, that 3H2
1 MP = ρ1 and that φ̇2

1 = 2ρ1. This solution is quantitatively

similar to Eq. (4.8) in the case w → 1 however the evolution of the curvature inhomogeneties

needs to be specifically discussed. The first observation is that the instabilities associated with

the regions where c2eff (x) < 0 are not present since the evolution of curvature inhomogeneities

in Fourier space is now given by:

R̈k + 2
żt, φ
zt, φ

Ṙk +
k2

a2(t)
Rk = 0. (4.18)

If we go back to Eq. (3.63) and translate it into the cosmic time parametrization we actually

obtain Eq. (4.18) (see also appendix B) where, however,

z2t,φ = z2φ a =
a3 φ̇2 q

H2
= z21

(x2 − 1) (x2 + 1)1/2

x2
, z21 =

a31φ̇
2
1

H2
1

. (4.19)

As in the previous case the evolution of the curvature inhomogeneities for k ≪ aH follows

directly from Eq. (4.18) and it is given by:

Rk(t) = Rex + Ṙex

∫ t

tex

(
zt, φ(tex)

zt, φ(t′)

)2

d t′, (4.20)

where, by definition, tex follows from the condition k = a(tex)H(tex) so that Eq. (4.20) is in

fact valid when t > tex. Exactly as before we then have that Ṙ(t) = Ṙex[zt, φ(tex)/zt, φ(t
′)]2.

This means, once more, that the zeros z2t,φ are the singularities of Ṙ(t) and the divergent

contribution explicitly follows from Eq. (4.19):

z21
z2t,φ(x)

=
x2

(x2 − 1) (x2 + 1)1/2
, (4.21)

implying that Ṙ(t) diverges when x → ±1, i.e. t → ±t1. The solution given in Eqs. (4.16)–

(4.17) and the condition (4.21) are illustrated in Fig. 5. We can then conclude that the

evolution of curvature inhomogeneities gets singular at the onset and at the end of the bouncing

regime and this conclusion matches, incidentally, the one already obtained in Eq. (4.15). If

more complicated possibilities are considered, the conclusions of Eqs. (4.15) and (4.21) remain

practically unaffected for the class of backgrounds characterized by γ → 1 in Eq. (3.33). As an

example we may discuss the class of models where the potential and the kinetic energy remain

in a fixed ratio δ, i.e. V/φ̇2 = δ. In this situation Eq. (4.5) can then be solved and the result

is:

φ̈ =
1

2δ

(
∂V

∂φ

)
⇒ φ̈+

3H

(1 + 2δ)
φ̇ = 0, (4.22)
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Figure 5: In the left plot we illustrate the Hubble rate and the scalar field in the case V =

0. In the right plot we draw instead Ṙk in the large-scale limit; the vertical (dashed) lines

in the right plot correspond to the singularities of Eq. (4.21). Although the underlying

background geometry is technically regular (see the plot at the left) the evolution of the

curvature inhomogeneities is associated to a number of pathologies (see plot at the right).

where the first relation follows from the derivation of both sides of V = δ φ̇2; the second relation

of Eq. (4.22) comes from the first one together with the Klein-Gordon equation of Eq. (4.5).

The normalized scale factor and energy density become:

α(x) = (x2 + 1)
2δ+1

6 , r(x) = α− 6
2δ+1 . (4.23)

In this case, by going through the same steps outlined before, the divergences in Ṙ arise again

and generally depend on the values of δ. Various other examples can be discussed along the

same lines9. In these situations, however, the divergences discussed above always reappear

with slightly different features. All in all, the examples discussed in this here corroborate in a

specific framework the general conclusions reached in section 3.

We may now get back to the timeline of Fig. 3 and note that, with slightly qualitative

differences, it is also valid in the case of the evolutions described by Eqs. (4.17) and (4.23). For

instance in Refs. [30, 31] Eq. (4.17) has been used to set the initial conditions of the subsequent

inflationary expansion eventually obtained when V ≫ φ̇2. The authors actually imagine to

have ρφ = φ̇2/2 + V and to set the initial data when φ̇2 ≫ V . The solution (4.17) is then

regarded as an improvement in comparison with the standard situation since the initial data

can be set already before the bounce or, at least, in the regime 0 < t < t∗ (see Fig. 3) where

the evolution corresponds to accelerated expansion (i.e. ȧ > 0 and ä > 0). Unfortunately the

value of t∗ corresponding to Eq. (4.17) (and originally introduced in Eq. (4.11)) is given by

t∗ =
√
3/2 t1. But this means that t∗ > t1. If the initial data would be set prior to −t∗ the

9They include, for instance, the cases of oscillating potentials like V (φ) = m2φ2/2 (or, more generally,

V (φ) ∝ φn), exponential potentials, fast roll potentials characterized by a constant φ̈/(H φ̇).
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curvature inhomogeneities will diverge for t→ −t1. The only consistent choice seems therefore

to set the initial conditions for t ≫ t1 (i.e. in a stage of decelerated expansion) where the

curvature inhomogeneities do not diverge.

4.2 Bounces of the curvature

4.2.1 Perfect irrotational fluids

So far we dealt with the case of the bounces of the scale factor but we may now turn to the

curvature bounces where, by definition, f(ρ) > 0 while q(ρ) is related to f(ρ) via Eq. (2.3).

One of the simplest examples along this direction follows from Eq. (3.41) by setting γ → 1

and δ → 2:

f(r) = f0
r

(r2 + 1)2
, q(r) =

2f0r(1− r2)

(1 + r2)3
, (4.24)

where, as before, r = ρ/ρ1; f0 is a numerical factor that can be chosen to rationalize the

solution. The value of q(r) in Eq. (4.24) is obtained from f(r) thanks to Eq. (4.2); only in

this case the covariant conservation implies Eq. (4.5). If we now insert Eq. (4.24) into Eqs.

(4.1) we obtain

α(x) =
(
x+

√
x2 + 1

) 1
3(w+1)

, H(x) =
H1√
x2 + 1

, H1 =
1

3(w + 1)t1
, (4.25)

where x = t/t1 and 3H2
1 M

2
P = ρ1 provided f0 = 4. Equation (4.25) implies, as expected, that

H2(x) does not vanish while Ḣ vanishes in t = 0. Since ȧ > 0, the solution (4.25) is always

expanding however ä may be either positive or negative. The effective sound speed governing

the evolution of curvature inhomogeneities can be directly obtained from Eq. (3.25):

c2eff (r) = c2s, t + (w + 1)
3r4 − 8r2 + 1

1− r4
. (4.26)

In spite of the positivity of f(r) the effective sound speed appearing in the evolution of the

curvature inhomogeneities diverges as a function of x; indeed from Eq. (4.26) we get

c2eff (x) = c2s, t + (1 + w)
[
2x2 − 1

x
√
x2 + 1

− 1
]
, (4.27)

that is singular in the origin. In the left plot of Fig. 6 we illustrate c2eff . As for the bounces of

the scale factor, c2eff < 0 in the asymptotic region before the bounce; this makes the evolution

of the curvature inhomogeneities particularly unrealistic. Indeed that the evolution of R is

unstable throughout the whole pre-bouncing phase and even in the decelerated epoch at late

times. We can finally compute z2t (x) which controls the divergences of Ṙ in the large-scale

limit:

z2(x) = 2 z21
(1 + w)x2 (x+

√
x2 + 1)

1
w+1

(w − 1)x
√
x2 + 1 + (w + 1)(2x2 − 1)

, z21 =
a31ρ1
H2

1

. (4.28)
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Figure 6: In the left plot we illustrate c2eff (x) for two different values of w. In the right plot we

instead report the evolution of Ṙ in the large-scale limit. Both quantities are clearly diverging

in the origin even if the underlying background does not lead to singularities in the space-time

curvature.

Once more, the zeros of Eq. (4.28) imply a divergence in Ṙ and in the right plot of Fig. 6

we indeed illustrated (z1/zt)
2 for two different values of w; we then see that Ṙ diverges, as

expected, in the large-scale limit. All in all we can say that the small-scale gradient instabilities

and the large-scale divergences make this evolution unrealistic even though the underlying

background evolution does not diverge.

4.2.2 Scalar field matter

We can now swiftly investigate the curvature bounces obtained for scalar field matter always

in the case γ → 1 and δ → 2 (see Eq. (3.41) and discussion therein); the difference is

that now the two smearing functions depend on ρφ and not on the fluid energy density. As

expected the gradient instability associated with the regions c2eff (x) < 0 does not appear in

the scalar field case since the relevant evolution equation does not involve any c2eff . According

to the general considerations of Eqs. (3.68)–(3.69) Ṙ should not diverge when (γ−2δ+1) > 0.

However, since in this case we explicitly assume γ → 1 and δ → 2 we expect that the curvature

inhomogeneities will still be divergent. Since the presence of the potential does not crucially

modify the conclusions in the regime where φ̇2 dominates, we consider the case where the

potential vanishes. If V = 0 we then have that the solution of Eq. (4.3) is:

α(x) =
(
x+

√
x2 + 1

)1/6

, r(x) = α−6, (4.29)

where we used the profile of Eq. (4.24) with r = ρφ/ρ1. We can therefore deduce z2t, φ which is

given by:

z2t, φ(x)

z21
=

2x
√
x+

√
x2 + 1√

x2 + 1
. (4.30)
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Since z2t, φ(x) vanishes for x → 0, as expected, its inverse diverges. This conclusion is also
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Figure 7: In the left plot we illustrate the normalized scale factor while in the right plot we draw

the leading contribution to Ṙ. The divergence in the right plot corresponds, as expected, to

the zeros of z2t, φ(x). Again the divergence in (z21/z
2
t, φ) arises even if the underlying background

geometry is technically regular.

illustrated in Fig. 7 where we clearly see that z21/z
2
t, φ diverges. In the light of Eqs. (3.68)–

(3.69) this conclusion is not surprising since, as stressed above, when γ → 1 and δ → 2

the divergences are expected. According to Eq. (3.69) the regular evolution of curvature

inhomogeneities is expected for (γ − 2δ + 1) > 0. In this portion of the parameter space it is

however difficult to find analytic solutions expressible in a closed form. We leave this possibility

for future analysis but stress here that the explicit solutions of this section fully corroborate

the general conclusions of section 3.

4.3 The fluctuations of the density contrast

In the previous considerations we explicitly analyzed the evolution of R and of its time deriva-

tive in different backgrounds. We now observe that the evolution of R and R′ directly deter-

mines the evolution of the density contrast. In appendix C we introduced the gauge-invariant

density contrasts ζ and ζφ obeying Eq. (C.5) which we rewrite here for the sake of convenience:

ζ = R− Ṙ

3H c2eff (ρ)
, ζφ = R− Ṙ

3H
. (4.31)

Thanks to the analysis of appendix C we can appreciate that, in the gauge of Eq. (3.8), ζ and

ζφ coincide with the density contrasts so that

ζ =
δsρ

3(ρ+ p)
, ζφ =

δsρφ
3(ρφ + pφ)

. (4.32)
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Since ζ and ζφ equal the density contrasts on the hypersurfaces where the spatial curvature

is uniform (as implied by the gauge (3.8)), the gauge-invariant relation (4.31) implies that ζ

and ζφ (and the corresponding density contrasts) diverge at the same points where R and

Ṙ/H are singular. In the case of curvature bounces H does not vanish; therefore in this case

it follows that the divergences of ζ and ζφ coincide exactly with the ones of R and Ṙ. For

the bounces of the scale factor we have that H → 0 at the end of the contracting stage. In

this case it may happen that the divergences of 1/H may compensate the ones of Ṙ. This is,

unfortunately, not what happens for the explicit examples considered before in this section. It

then follows that the divergences appearing in Ṙ can be viewed as singularities of the density

contrast unless, in the specific background, R and Ṙ/H are both finite. The results of Eqs.

(4.31)–(4.32) demonstrate once more that while the fuzzy bounces described in this paper

might seem technically regular, the evolutions of the density contrast and of the curvature

inhomogeneities restrict the range of validity of the solutions derived with this method.

Despite the singularities associated with the evolution of the curvature inhomogeneities it

would be tempting to derive the large-scale spectral of R. This exercise seems a bit sterile as

long as the regularity of the background solution is not associated with a non-singular evolution

of R and ζ. We may however pretend that the evolution before the bounce is complemented

at late time by a radiation-dominated stage. In this case the spectral slope of k3 |Rk|2 could

simply be deduced by approximately solving the evolution of R in the region that precedes the

bounce. Let us then focus, as an example, on the case of the bounces of the scale factor and

let us specifically consider the example of Eq. (4.8). In this case the background contracts,

at early time, as a(t) = (−t/t1)2/[3(w+1)]. From the other features of the solution we can solve

Eq. (B.1) for t ≪ −t1 and pretend (indeed rather baldly) that the evolution of the curvature

inhomogeneities will be non-singular and well behaved in a putative radiation-dominated stage

taking place at late times. In this situation the power spectrum of curvature inhomogeneities

is characterized by a slope nR:

PR(k, τ) =
k3

2π2
|Rk(τ)|2 ∝

(
k

aH

)nR

, nR = 3− 3(1− w)

3w + 1
. (4.33)

Concerning this result few comments are in order.

• Equation (4.33) hold in the case of a perfect fluid background but a similar result holds

in the case of scalar field matter; for instance for w → 1 (corresponding to the case of a

dominant kinetic term of the scalar field φ) the spectral slope becomes nR → 3;

• the amplitude of the power spectrum delicately depends on the intermediate regime and

it makes therefore no sense to predict it unless a non-singular evolution of the curvature

inhomogeneities is reliably deduced;
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• a quasi flat spectrum of curvature inhomogeneities is realized when w → 0 even if, as

already mentioned, this interesting possibility is hard to justify in the light of the caveats

propounded in the present and in the previous section.

To conclude this discussion we can finally consider the nR obtainable in the case of the curvature

bounces of Eq. (4.25) and within the same (partially unrealistic) hypotheses leading to Eq.

(4.33). By repeating the same calculation in the case of Eq. (4.25) we would have that

nR =
6(w + 1)

3w + 4
, (4.34)

and the most notable aspect of this result seems to be the absence, even in principle, of a

quasi-flat spectrum.

4.4 Some related remarks

Thanks to the contracted Bianchi identities and to the covariant conservation of the modified

energy-momentum tensor, the relation between f(ρ) and q(ρ) (or between f(ρφ) and q(ρφ))

is not arbitrary. Furthermore, when f(ρ) → 0 (or f(ρφ) → 0) we also have that H → 0

and this situation corresponds, broadly speaking, to a bounce of the scale factor where a

phase of accelerated contraction turns into a stage of accelerated expansion. In this case

the evolution of curvature inhomogeneities is characterized by a gradient instability since the

square of the effective sound speed may become negative; the time derivative of the curvature

inhomogeneities on comoving orthogonal hypersurfaces is also potentially divergent in the

large-scale limit. If the energy-momentum tensor is modelled in terms of a scalar field, the

gradient instabilities do not appear while the divergences in the curvature inhomogeneities

remain unaffected. The toy models associated with f(ρ) → 0 and f(ρφ) → 0 are potentially

interesting but fail to address the problem of the singularity. The bounces of the curvature

(corresponding to f(ρ) > 0 and f(ρφ) > 0) imply instead a milder degree of divergence of

the curvature inhomogeneities so that the underlying solutions seem preferable for the purpose

of setting the initial conditions of the subsequent inflationary expansion. We finally mention

that the discussion of this section focussed primarily on the case of the adiabatic fluctuations

corresponding to SR → 0 (see Eqs. (3.22)–(3.23) and discussions thereafter). While this

choice is motivated by the relevance of the adiabatic fluctuations in the current paradigm

of structure formation [12, 13] the results of sections 3 and 4 can be easily generalized to

the situation where the non-adiabatic (or entropic) fluctuations are present. The differences

between adiabatic and non-adiabatic fluctuations are discussed, for instance, in Refs. [41]

(see also [55]). The relevance of non-adiabatic fluctuations for the initial data of the cosmic

microwave background anisotropies has been discussed along various perspectives (see, for

instance, Refs. [56, 57, 58, 59]). The inclusion of the entropic fluctuations will not be discussed
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specifically in this paper even if a preliminary analysis suggests the same drawbacks already

pointed out in the adiabatic case.
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5 Concluding considerations

The energy and the enthalpy densities can be smeared by a pair of independent form factors

that are connected by the contracted Bianchi identities and, in this case, the evolution both

of the background and of the curvature inhomogeneities is determined by the properties of the

smearing functions. A bounce of the scale factor corresponds to a vanishing Hubble rate in

the neighbourhood of the maximal curvature scale and in this situation a stage of accelerated

contraction turns into a phase of decelerated expansion even if the intermediate region may be

characterized by a short epoch of accelerated expansion. This intermediate epoch cannot be

used, however, to set the initial data of the conventional inflationary phase since the curvature

inhomogeneities diverge exactly in the same range of the dynamical evolution. In the com-

plementary perspective of a curvature bounce, the time derivative of the extrinsic curvature

vanishes while the Hubble rate itself does not have any zero. For an irrotational fluid the evo-

lution of curvature inhomogeneities always inherits an effective sound speed that depends on

the smearing functions and on their derivatives with respect to the energy density. The square

of the effective sound speed may get negative both for the bounces of the scale factor and of the

curvature: this occurrence signals the presence of fatal instabilities that disappear in the case

of scalar field matter. In the latter case, however, the derivative of curvature inhomogeneities

is generally divergent across the bounce.

The obtained results have been corroborated by specific examples that confirmed the

background-independent expectations. The bouncing models constructed in this manner could

be then viewed as a possible alternative to inflation or just as a completion of a subsequent

stage of accelerated expansion. In the first option the spatial curvature and the initial inho-

mogeneities could be suppressed during the bouncing regime. However, even if this happens,

the evolution of the corresponding curvature inhomogeneities is always singular. This phe-

nomenon suggests that the singularity in the curvature is eliminated from the background but

it reappears in the corresponding fluctuations. If the present construction is viewed as comple-

mentary to inflation, then the initial data of the inflaton cannot be assigned before a bounce

of the scale factor but they can be probably assigned prior to a curvature bounce.
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A Complements on the curvature inhomogeneities

Some general results on the scalar fluctuations in the gauge defined by Eq. (3.8) will now be

recalled. While the use of this gauge is not mandatory (indeed more standard gauges can also

be employed) it turns out, however, that the coordinate system of Eq. (3.8) simplifies the

derivation of the evolution equation of the curvature inhomogeneities for the specific class of

problems discussed in this paper. With these necessary caveats, in the gauge (3.8), the scalar

fluctuations of the Einstein tensor become

δsG
0

0 =
2

a2

[
−H∇2B − 3H2ϕ

]
, (A.1)

δsG
j
i =

1

a2

{[
− 2(H2 + 2H′)ϕ− 2Hϕ′

]
−∇2(B′ + 2HB + ϕ)

}
δ j
i

+
1

a2
∂i∂

j
[
B′ + 2HB + ϕ

]
, (A.2)

δsG
0
i =

2H

a2
∂iϕ. (A.3)

In the gauge (3.8) the Bardeen’s potentials correspond, respectively, to

Φ = ϕ+HB +B′, Ψ = −HB, (A.4)

where, as usual, a(τ) is the scale factor H = a′/a and the prime denotes a derivation with

respect to the conformal time coordinate τ . We stress that both Φ and Ψ are invariant

under infinitesimal coordinate transformations even if their expression can be evaluated (and

employed) in any gauge. In the gauge (3.8) the difference between the Bardeen’s potentials

(usually related to the anisotropic stress) reproduces the combination appearing in Eq. (A.2)

Φ−Ψ = ϕ+B′ + 2HB. (A.5)

In the same spirit the scalar fluctuations of the spatial curvature on comoving orthogonal

hypersurfaces are gauge-invariant and can be expressed as

δs
(3)R = − 4

a2
∇2R. (A.6)

Again R is invariant under infinitesimal coordinate transformations but in the gauge of Eq.

(3.8) it assumes a particularly simple form, namely

R = − H2

H2 −H′ϕ. (A.7)

Finally since R is gauge-invariant it can be directly expressed in terms of the Bardeen’s po-

tentials Φ and Ψ:

R = −Ψ− H(HΦ +Ψ′)

H2 −H′ . (A.8)

If we now insert Eq. (A.4) in Eq. (A.8) we can again obtain Eq. (A.7).
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B Transformations of the canonical pump fields

In the bulk of the paper the conformal and cosmic time parametrizations have been employed

interchangeably since their relation stipulates that a(τ) dτ = d t. The prime always denotes

a derivation with respect to τ while the overdots indicate the derivations with respect to the

cosmic time t and the transition from one description to the other is trivial for many related

quantities. For instance it is well known that H = aH or that (H2 −H′) = −a2Ḣ and so on

and so forth. In the case of the evolution of the curvature inhomogeneities (and more generally

for any second-order differential equation) the connection between the two parametrizations

involves a formal modification of the pump fields. To avoid potential confusions and misunder-

standings we therefore recall that if we start from the evolution of the curvature inhomogeneities

written in conformal time coordinate

R′′
k + 2

z′

z
R′

k + k2 c2effRk = 0, (B.1)

the cosmic time counterpart of Eq. (B.1) is obtained after some simple algebra and it is given

by:

R̈k +
(
2
ż

z
+H

)
Ṙk + k2

c2eff
a2

Rk = 0. (B.2)

We may now introduce a new pump field zt which is actually defined in the following manner:

z2t (t) = z2(t) a(t) =
a5(ρ+ p) q(ρ)

H2 c2eff
≡ a3(ρ+ p) q(ρ)

H2 c2eff
. (B.3)

The result of Eq. (B.3) implies that Eq. (B.2) can also be written as:

R̈k + 2
żt
zt
Ṙk +

k2 c2eff
a2

Rk = 0. (B.4)

By the same token, in the scalar field case, we shall be able to introduce a rescaled variable

(be it zφ, t) whose explicit relation with zφ is simply given by:

z2φ, t = z2φ a =
a3 φ′ 2 q(ρφ)

H2
=
a3 φ̇2 q(ρφ)

H2
. (B.5)

The analog of Eq. (B.4) in the scalar field case becomes therefore:

R̈k + 2
˙zφ, t
zφ, t

Ṙk +
k2

a2
Rk = 0. (B.6)

The results of Eqs. (B.4) and (B.6) are relevant in the analyses of section 4 where the general

theoretical expectations (based on background-independent considerations) have been corrob-

orated by a number of explicit examples.
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C The evolution of the density contrast

It is generally true that whenR andR′ are known, the evolution of the density contrast follows

easily. For this purpose it is useful to remark that the density contrast has a gauge-invariant

meaning conventionally denoted by ζ:

ζ = −
(
Ψ+

Hδ(gi)ρ

ρ′

)
, δ(gi)ρ = δsρ+ ρ′B, (C.1)

where Ψ is the Bardeen potential already introduced in Eq. (A.4) and δ(gi)ρ is the gauge-

invariant fluctuation of the energy density coinciding with (δsρ + ρ′B) in the gauge of Eq.

(3.8) where it is also true that Ψ = −HB. It then follows that in the gauge of Eq. (3.8) ζ is

nothing but the density contrast:

ζ = −Hδsρ

ρ′
=

δsρ

3 (ρ+ p)
, (C.2)

where we implicitly used the result of Eq. (2.3) imposing a specific relation between q(ρ)

and f(ρ). The same result of Eq. (C.2) holds in the case of scalar field matter so that

ζφ = δsρφ/[3(ρφ + pφ)]. The relation between ζ, R and Ψ can be written in gauge-invariant

terms and it is given by:

ζ = R+
2∇2Ψ

3 ℓ2P a
2 q(ρ)(ρ+ p)

, ζφ = R+
2∇2Ψ

3 ℓ2P q(ρφ)φ
′ 2 . (C.3)

It is not difficult to see that Eq. (C.3) has exactly the same content of the Hamiltonian

constraint; indeed Eq. (3.16) coincides with Eq. (C.3) by recalling that, in the gauge (3.8),

Ψ = −HB, R = −ϕ (H2 −H′)/H2 and δsρ = 3(ρ+ p)ζ. The same conclusion follows in the

case of scalar field matter. In the absence of non-adiabatic pressure fluctuations Eqs. (3.26)

and (3.28) relate Ψ (or B) to R′. It then follows immediately that ζ and ζφ can be written,

respectively as

ζ = R− R′

3H c2eff (ρ)
, ζφ = R− R′

3H
. (C.4)

In terms of the cosmic time parametrization Eq. (C.4) becomes:

ζ = R− Ṙ

3H c2eff (ρ)
, ζφ = R− Ṙ

3H
. (C.5)

Equations (C.4)–(C.5) have a gauge-invariant meaning and have been derived without imposing

any large-scale limit; this means that they are valid both at small and large-scales. It is then

clear from Eqs. (C.4)–(C.5) that the density contrast inherits the divergences of R and R′ (or

Ṙ). It is then sufficient to solve the evolution of R and R′ (or Ṙ) in the large-scale limit (as

discussed in sections 3 and 4) to deduce the singularities of the density contrast.
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