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Abstract

We study a class of SYK models with N' = 2 supersymmetry, described by N fermions in
chiral Fermi multiplets, as well as a/NV first-order bosons in chiral multiplets. The interactions
are characterised by two integers (p,q). We focus on the large N and low energy limit
of these models. Despite the presence of dynamical bosons, we find conformal behaviour
akin to the standard SYK model. We use Z-extremization of a Witten index to study the
supersymmetric solutions. In particular, we find an exact expression for the entropy, which
matches the numerical solutions to the Schwinger-Dyson equations. We further solve the
model both in the large p and large p, ¢ limits. Numerically, we verify our analytical results
and obtain estimates for the Schwarzian coupling in the near zero-temperature limit. We
also study the low-lying spectrum of operators to determine the parameter ranges where
the Schwarzian mode dominates the IR dynamics. Lastly, we study out-of-time-ordered

correlators to show that the model is maximally chaotic.
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1 Introduction and summary

The quantum-mechanical models introduced by Sachdev, Ye, and Kitaev (SYK) [1,2] have
the properties of being solvable at strong coupling in the large N limit, exhibiting maximally
chaotic behaviour, and developing an emergent conformal symmetry in the infrared (IR)
[1-7]. Their IR physics is dominated by a pseudo Goldstone boson, the Schwarzian mode,
which is dual to the two-dimensional JT gravity in AdS,. Given the universal appearance of
near-AdS, throats in the near-horizon region of near-extremal black holes, the SYK model
poses itself as a model of quantum black-hole physics: it captures the dynamics of a universal
“breathing” mode that lives in the near-horizon region [8,9]. Many variations on the SYK

model have been studied, including [10-28] which are close to the subject of this paper.

An interesting question is whether one can microscopically derive a certain type of SYK-
like models directly from gravity or string theory [10]. A step in that direction was made
in [29] in the context of holography and black holes in higher-dimensional AdS space. The
quantum mechanical model found in [29] presents many peculiar features, e.g., it has NV = 2
supersymmetry, it describes both dynamical fermions and bosons belonging to many species

with unequal abundance in a large N limit, it enjoys multiple Abelian symmetries.

With that motivation in mind, in this paper we study a class of SYK-like models with
N = 2 supersymmetry, made of N regular fermions in chiral Fermi multiplets, as well as
aN bosons in chiral multiplets with one-derivative kinetic terms (a.k.a. first-order bosons),
in the large N limit. The parameter a controls the relative abundance. The interactions
are described by “superpotential” J-terms (in the language of [30]), are controlled by two
positive integers (p,q) (where p is odd), and may include — depending on p,q — a scalar
potential and Yukawa interactions. As in SYK, the interactions are all-to-all and given by

random variables that represent quenched disorder.

Our model has some similarities to the N' = 2 two-fermion model of [26]. Indeed our
model has both a U(1)g R-symmetry and a U(1)g flavor symmetry, and we study the model
with chemical potentials turned on, finding similar physical properties. We are particularly
interested in the role played by dynamical bosons, which could lead to a variety of phenom-
ena such as spin-glass phases or condensation, see e.g. [28,31-35]. In our model, instead,
bosons turn out to be tamed and lead to conformal solutions — both with and without
supersymmetry — similarly to the standard SYK model. This implies that our (p, ¢) models
retain the main features expected from near-BPS black hole horizons, yet accommodating
the presence of dynamical bosons, and make us confident that also the more convoluted, but

also more realistic, quantum mechanical models of [29] might exhibit the same properties.

Let us summarize our results. In Section 2 we present our model. In Section 3 we solve the



model in the annealed approximation and at leading order in 1/N, in terms of Schwinger—
Dyson equations. In particular we verify that the system admits both supersymmetric
and non-supersymmetric conformal solutions in the IR. For certain values of the chemical
potentials, we also find some non-conformal solutions in which the correlators behave as
those of gapped free fields. Supersymmetric solutions at zero temperature can also be studied
through a symmetry-refined Witten index. From it, employing Z-extremization [36,37]| we
extract the zero-temperature entropy and the R-symmetry charge of the vacuum. Both are
compatible with our numerical computations and with the Luttinger-Ward relation [38].
The fact that the zero-temperature entropy computed in the annealed approximation agrees
with the exact large N result obtained from the index gives support to the validity of the
annealed approximation and to the claim that the model is conformal in the IR, rather than
in a spin-glass phase.! We analyse the system at large p, as well as at large p and ¢. In these
limits we are able to reach an intermediate low-energy regime which is conformal, but not
the very low-energy behaviour, which is also conformal but with different spectrum. The

two agree only in the supersymmetric case.

In Section 4 we perform various numerical analyses of our model, both for supersymmetric
and non-supersymmetric values of the chemical potentials, for different values of (p,¢q). In
particular we solve the Schwinger-Dyson equations, confirming the IR conformal behaviour
found analytically. We test the Luttinger—Ward relations and the computation of the zero-
temperature entropy. Going to non-zero temperature allows us to extract the Schwarzian

coupling.

In Section 5 we study the low-lying spectrum of operator dimensions. Besides observing
the presence of the Schwarzian mode, the two currents for the R and flavor symmetries, and
their superpartners, we determine in which window of parameters we expect the Schwarzian
mode to dominate the IR dynamics, and identify windows in which other modes are expected
to dominate. In Section 6 we extract the Lyapunov exponents from the out-of-time-ordered
(OTOC) 4-point functions, finding that the model is maximally chaotic (it saturates the
bound of [39]).

We conclude in Section 7 by presenting a few puzzling results we hope to resolve in future

work. We provide many appendices with the technical details of computations.

'Ruling out a spin-glass phase is a notoriously delicate matter. The existence of a superconformal solution
to the Schwinger—Dyson equations in the annealed approximation and its compatibility with the Witten index
is only circumstantial evidence that our model is conformal in the IR, and a more direct proof would certainly

be welcome. We thank Yiyang Jia for correspondence on this issue.



2 N =2 SYK models with dynamical bosons

We are interested in a quantum mechanical model with A/ = 2 supersymmetry (one complex
supercharge) described by N Fermi multiplets J, (a = 1,..., N) and aN chiral multiplets ®,
(b=1,...,aN), where « is a positive real constant that we call the abundance parameter.>
The field content of a Fermi multiplet ) is a dynamical fermion 7 and an auxiliary scalar f,
while that of a chiral multiplet ® is, in our model, a dynamical boson ¢ (with one-derivative
kinetic term) and an auxiliary fermion . In the Lagrangian formulation and in Lorentzian

signature, the model is described by the action:

&z/ﬁkd@+wwm+ﬂnwdﬁ+w@@+@w (2.1)
- Jal...apbl...bq (p fa177a2 e nap¢b1 e ¢bq + qMay " - nap¢b1¢b2 e ¢bq> + hC:| .

We use the convention that repeated indices are summed over. These so-called J-term
interactions in the second line are inspired from the ones obtained in [29], corresponding
here to the case p = 1, ¢ = 2. The couplings Jy,..q,b,..5, are complex Gaussian random

variables with zero mean and variance

Jaragbro by cndndy) = W5¢[zf...a§] Oy g - (2.2)

Here J has dimension of mass, and is kept fixed in the large N limit so that the averaged
partition function has uniform scaling. The couplings are antisymmetric in the first p indices
and symmetric in the next ¢ indices. Note that p is odd, while ¢ is any positive integer. In

(2.1) we have also included the chemical potentials p4, f1,. Under charge conjugation

77a'_>772:7 faHfia (bb'_)?bltv wbHd}Z? Mg 7= =y 5 Mo > —He (2'?’)

the Fermi multiplet kinetic terms are invariant, while the chiral multiplet kinetic terms are

odd and thus they break charge conjugation symmetry.

Integrating out the auxiliary fields, the action becomes

&:/&Pﬂ@+WWMHd@+W@% (2.4)

2 il

In the Hamiltonian formulation, the bosonic conjugate momentum to ¢ is I1, = i¢’ and

- ’p Ja1~~apbl~~-bqna2 o 'nap¢b1 T beq - ’q Jal.‘.apbl...bqnal ot '77ap¢b2 T beq

therefore the (anti)commutation relations are {1y, 7[} = dac and [¢y, @] = dpa (all other ones
vanishing). The Hamiltonian is H=H+ @ + peQy, Where

2 2

H = ‘p Jal...apbl...bqnag T nap¢b1 T ¢bq‘ + ‘q Jal...apbl...bqnal e nap¢b2 e Cbbq‘ (25)

2At finite N the parameter « is quantized such that aN € Z, but at large N, « is essentially continuous.
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is the interacting Hamiltonian with chemical potentials turned off, while @, = %[nl,na]
and Qp = %{qﬁz, ¢p} are the charge operators. The ordering ambiguities in H are fixed by
supersymmetry by requiring that H = {Q, Qf} in terms of the supercharge

Q ~ aj...apby..bglay = - 77ap¢b1 T ¢bq . (26)

Each bosonic degree of freedom ¢ describes a particle in magnetic field (see, e.g., [40]). Upon

1
2

weight state |0) defined by ¢|0) = 0 and generated by the creation operator ¢'. For p = 1

canonical quantization, (), > 5 and the bosonic Hilbert space is a Fock space with lowest

the Hamiltonian H includes a positive-definite scalar potential for ¢, and H is bounded from
below for any given value of ;14 and finite N. However J,, 4.p,..5, g0es to zero at large IV,
and thus one should take p, > 0 in order to avoid instabilities (as we will see, the limit
pe — 0 is stable after taking the large N limit). For p > 1, H has flat directions and thus
one should restrict to p15 > 0 even at finite N.

To go to Euclidean signature, we set 7 = it and define iS;, = —Sg (we also use a bar in

place of t). Then the Euclidean Lagrangian in components reads:

Ly = Ma (87' + :un)na - 7afa + 51; (ar + :u¢>) bp — Ebwb

(2.7)
+ Jal---apbl---bq (p fa1na2 U nap¢b1 e ¢bq + qMay * - nap¢b1¢b2 e ¢bq> + h.c. .

It will be convenient to work in superspace with coordinates (7,6, #) and use the superfields

1 1
¢:¢+9¢+§99(@+%)¢, yzn—9f+§99(&+un)n. (2.8)

Our conventions for supersymmetry and superspace are in Appendix A, while we refer to

[29,41] for more detailed presentations. Using superspace integrals, the Euclidean action is

SE - — /dBT (yaya + 6bq)b) + Jalu.apbl...bq /d2T yal e yap®b1 T (I)bq + h'C' ° (29>

In the following we will mostly work in Euclidean signature and drop the subscript E.

The group of continuous global symmetries is U(1)?, which we can parametrize by the
two charges @),,, ()4 with charge assignments as in Table 1. An alternative parametrization
is U(1)p x U(1)g with charges Qr = ¢ @, — pQy and R = R[n| @, + R[¢] Q, that satisfy
pR[n] + qR[¢] = 1. Here QF is a flavour symmetry that commutes with supersymmetry,
whilst R is a generic R-symmetry. For future reference, @, and @), can be written in terms
of Qr and R as

Q,=pR+ R[] QF , Qs =qR—RnQr . (2.10)

When d = ged(p, q) is bigger than 1, there is also a discrete flavour symmetry Z,. Indeed
consider the discrete symmetry g that acts as

2w

g: YV, = er YV, , Dy — Dy . (2.11)
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n 1 0 R[n]
f l—p —q Rln] -1
¢ 0 1 —p R[¢]
Y —p 1—¢q —p R[] -1

Table 1: Charge assignments under the continuous global symmetries U(1)?, using two

alternative parametrizations. The R-charge assignments satisty p R[n] + ¢ R[¢] = 1.

One can check® that g¢ € U(1)p. Besides, one can write the fermion parity operator as
(—1)F = g7 emho (2.12)

where Ry is a reference R-symmetry with assignments Ry[n] = Il), Ryl¢] = 0. When d =1
this is e™® for some R-symmetry R that is a linear combination of Ry and @, but otherwise

it 1s not.

The relations between chemical potentials, according to Table 1, are

nr = R[] py — R[n] pg LR =D fn + 4 fig - (2.13)

In particular, whenever we want to impose ur = 0 because of supersymmetry, we also fix

ty = —q pte/p and pp = —pe/p, and therefore we should restrict to p, < 0 and pp < 0.

3 Solution in the annealed approximation

Having established the model, we want to explore its large N dynamics. When averaging
over the couplings, particularly when focusing on correlators and 4-point functions, it is in
principle preferable to first calculate the observables in one instance of the model, and then
average. This is usually called quenched disorder, which is analytically very hard to control.
The approach we follow here is that of annealed disorder, in which we calculate the averaged
action first and then derive the observables from it. For quantities such as correlators and
the entropy, those two approaches can lead to different results. In the standard SYK model,
many observables are found to be “self-averaging” which means that the differences between
distinct averaging schemes are subleading in 1/N. We expect a similar behaviour in our

model. A crucial counterexample would be if the entropy calculation were dominated by a

3Indeed let £ = (q/d);lid /> then a rotation U(1)z by an angle o = 27//p acts as g%

6



replica-breaking solution, which is not captured by the annealed approximation. The fact
that our model contains fermions might be crucial to rule this out, as argued in [33]. In the
rest of the paper we will use annealed disorder, assuming that it approximates the quenched

system to leading order in 1/N.

3.1 Equations of motion at large IN

We follow the standard steps performed in [11,26] to derive the equations of motion at
large N. For simplicity, we start with no chemical potentials turned on, and perform our
manipulations in superspace. The corresponding expressions in components, and including

non-vanishing chemical potentials, can be found in Appendix B.

After averaging over Ju, . .a,5,..5,, the partition function is

J

(Z) = /Dya Dy, exp {/dST <yaya + 6b‘I)b> + pq Nrra—1

/ d*Ty d°T x (3.1)
X Var (T1) Var (T2) -+ Va, (T1) Va, (T2) By, (T1) @, (T3) -+ - Py, (T1) Py, (T2)
We define the bilocal fields
G(T0,T) = + 3 FalT)N(B) . GalTiTy) = + 30 BT BT, (32

which are chiral in 75 and anti-chiral in 7. They encode the 2-point functions of the model.
We introduce them — together with the bilocal Lagrange multipliers >y and >4 — into the
action by inserting the following identity in the path integral:

_ 1 —
1= / DGy DYy DG DYy exp{—N / d*Ty d*T Xy (Ty, T5) [gy(Tl,TQ) — Nya(Tl)ya(TZ)}
_ 1_—
- N/d2T2 d°T) Yo (Th, Ty) {gé(Tl,Tg) — N(I)b(Tl)qu(Tg)} } . (3.3)

At this stage, Gy ¢(11,7%) and ¥y ¢(71,T3) are generic superfields which are chiral in 75 and
anti-chiral in 77. Each of them is specified by four independent functions of 75 according
to the expansions in (B.1). The components of ¥y ¢ encode the self-energies of the fields in

the model. The kinetic term of ), can be rewritten in a bilocal way using the identity
/d3T VYo = /d2T2 T Vo(T1) D1D26*(Th — To) Vu(T3) | (3.4)

and similarly for ®,. Here §3(T) — Ty) = (01 — 02)(0y — 02)0(71 — 72) is the superspace delta

function, while D; and D, are (anti-)chiral superspace derivatives with respect to 77 and Tb,



respectively (see Appendix A). For concreteness, we have

— [4 0y — 20,0 6,050, 6
D1D2 53<T1 — TQ) = 6(7’1 — 7'2) — 0191 * 9222 271 67-15(7'1 — 7'2) — ! 24 172 831(5(7'1 — Tg)
=5(n =~ 500~ 3000+ 0:01) | (3.5)

The fields Y, and ®, only appear quadratically in the action and can be integrated out,
producing Berezinian (a.k.a. superdeterminant) factors in the path integral. We are left

with an expression for the annealed partition function in terms of the bilocal fields:
(Z) = / DGy DSy DGy DEss exp{—N {— log Ber <D152 53Ty — Ty) + Sy(T, T2)>
+ alog Ber (Dlﬁg (T, — Ty) + Yo (T, Tz)) +/d2T2 d*T, (EJJ(TL T5) Gy(T1, T3)
+ Xe(11,T3) Go (11, T3) — piq Gy(Th, T2)? Go (11, Tg)q>:| } : (3.6)

Here Ber is the Berezinian (or superdeterminant), whose definition is given in (A.13).

Let us write down the equations of motion for the bilocal fields in terms of superfields.

Extremizing (3.6) with respect to Gy ¢ leads to the algebraic equations:
J p—1 q J P q—1
Yy(Th, 1) = Egy(leTQ) Go(Th,T2)", Yo(T1,Ty) = Egy(ThTz) Go(T1, 1) . (3.7)
Extremizing with respect to ¥y ¢ leads to the integro-differential equations:

DyGy(Th, Ty) + /d2T3 Sy(To, Ts) Gy(T1, Ts) = 5 (T4, Ty) | 58
3.8
DyGo (T4, 1) + /d2T3 Yo(T2,T5) Go (T4, T5) = —CYSQ(T1,T2) '

If the derivative terms DyGy ¢ are dropped, one can show that (3.7)—(3.8) are invariant under
super-reparametrizations Diff"(S11?) defined in (A.11), where the superfields transform as

Gyo(Ti,To) = (DO1)*3 (=D 8)*0e Gyo(T1,T3)

7 (3.9)
Sye(Ti, Tz) — (D6)) 1=24n6 (=D 0) 280 Sy, (11, Ty)

with p A, +q¢Ay = % The chiral measure and the (anti-)chiral delta functions transform
as in (A.12) and (A.15). This shows that 1 and ¢ are chiral primary operators under
SU(1,1[1) C Diff(S'?). While (3.8) is anti-chiral in T}, there is an equivalent way to
write the equations using chiral superfields:

—D1Gy(Th, Ty) + /d2T3 Sy(Ts, T1) Gy(Ts, To) = 6*(Ty, Ts) : )
3.10
_D\Ga(T1, T) + / Ty So(Ts, T1) Go(Ts, To) = —a 02T, T) -

8



The equations (3.8) and (3.10) are derived by extremizing Ber with respect to £y ¢ in (3.6).

Indeed, treating it formally like any other operator determinant, one gets:
Gy(Ty, Ty) = (DD & + %) (11, Ts),  Go(Ty,Ty) = —a (DD 6 + Xg) " (T1,Tp) . (3.11)

By convoluting with either the chiral or anti-chiral coordinate of (DE 5+ Ey@) and given
the property (A.7), one obtains (3.8) or (3.10).

3.2 Conformal solutions

We now assume that, at low energies, the kinetic terms are negligible and thus that the
integro-differential equations (3.8) can be approximated by dropping the first term on the
left-hand-side. Besides, assuming that the fermion number symmetry remains unbroken, we

search for solutions with vanishing mixed fermionic components in G and ¥, i.e., we impose
Gap = Gy = Gayp = Gys = Tpp = 8 = Sg = 8 = 0. (3.12)

One can check that this is a consistent ansatz. The equations of motion for the remaining

bosonic components are:
S (P e gt a,) GG o
(71, T2) = g GG+ GmGay | Gay "Gy
qg—1 _ _
Zq§¢<7—1,7-2> = J (Gd_)d) Gf_'f + —p Gﬁn G,l/_)w) GT—mp ! G¢—s¢q 2 s (313)
P e g, 25 g ra
(M) = q do ou(T1,72) = pom Sae
where all functions are of (7, 7), and
/de Yan(72, 73) Gn(11,73) = 8(T1—72), [ dT3X5(72,73) Gp(T1,73) = —0(T1—T2), (3.14)

/dTg Ed_>¢>(7-277-3) Gg_ﬁ(j)(leT?)) = —@5(7'1—7'2), /dTg Eijw(TQ,Tg) Gd‘,w(’ﬁ,Tg) = 05(5(7'1—7'2>.

We consider turning on chemical potentials p for various U(1) global symmetries. This
corresponds to turning on a real background gauge field A, = —p in Lorentzian signature,
and an imaginary background field A, = ip in Euclidean signature. Notice that the super-
reparametrization symmetry (3.9) can be preserved only if g = pp, + gy = 0. For generic
chemical potentials, one is left with the standard reparametrization symmetry Diff"(S?),

under which the component fields transform as

GAA (7_17 7_2) = (a‘Fl T{) Aa (872T£)AA GAA (7-17 7-2)

(3.15)
ZAA(TbTQ) = (37171)1_AA(67275)1_AA EAA(TMTQ)

9



where the label A runs over all field species. As argued in [19], shifting the self-energies 3
by the chemical potentials, the EOMs in the IR remain unchanged.

In the presence of a chemical potential, we use the following conformal ansatz for the
2-point function at zero temperature (5 = oo) of a boson or fermion with charge @ and
dimension A:

e O(1) + 5™ O(—1)

G(r)=9Gs (T;A,8) =g s ,

s==+1, EeR, (3.16)

where s = 1 for a boson and s = —1 for a fermion. We review its derivation in Appendix C.
This ansatz is invariant under PSL(2,R) transformations acting as 7 +— 7/ = Z:—jrrg with
ad — bc = 1, accompanied by a suitable gauge transformation of A,.* The constant ¢ is

bound to be positive by unitarity. The 2-point function at non-zero temperature is obtained

through the reparametrization ¢(7) = tan 7 with 7 € (—g, g)
. 2A
G(r)=gGP(1;A,6) = ge 75 | ——~ <e”€ O(r) +se ™ @(—7’)) . (3.17)
6] sm(%)

The parameter £ is called spectral asymmetry and is related to the chemical potential. Then
the extension of G(7) beyond 7 € (—g, g) satisfies G(1 + ) = s G(7).
We solve the equations of motion using the same strategy as in [26]. The equations (3.14)

can be uniformly written as
/de X(1p,m3) G(11,73) = —s0(T1 — T2) = Y(w)G(—w) =—s, (3.18)

where 3 is understood to be ¥, or X, for the Fermi multiplet components, and oflEdg(b or

o 'Yy, for the chiral multiplet ones. The Fourier transform of (3.16) reads®
G(M) — —igsgn(w) F(l i 2A> |w|2A71 <€7r5+7riAsgn(w) . Sefm‘:fwiAsgn(w)) . (319>

The expressions for ¥ in Fourier and normal space follow from (3.18):

efﬂgfﬂiA sgn(w) __ S 67r8+71'iA sgn(w)

> =
@) 2igsign(w) T'(1 — 2A) (cosh 27 — s cos 2mA) [w|?A-1 7 (3.20)
(1 —2A)sin27A g c oA 2 '
() = S) ™ O(— :
() 2mg (cosh 2nE — s cos 27TA) (e () +se ( T)) 71

We denote the parameters appearing in the ansatz for G54 as £, Ay, gy, and similarly for
the other fields. Plugging ¥ from (3.20) into the algebraic equations in (3.13) and matching

4When the transformed time difference 7/(7) — 7/(0) has the opposite sign with respect to 7, one needs
to keep track of the extra factor s e?™ when the operators commute past each other, see Appendix C.2.

°In our conventions G(w) = [dr e ™7 G(7).

10



spectral asymmetries and dimensions, one obtains four linear relations:

Ap=1-(p—1)A,—qdy, E=—(p—1& —q&, (3:21)
Apy=1-pA;—(g—1) A, Ey=—pE—(¢—1)&.
Matching the coefficients in (3.13) and making use of (3.21) gives the equations
(1 —2A,)sin(27A,) 4 a1(p—1
= 2rJgl™ ¢! —_— 3.22
cosh(27E,) 4 cos(2mA,) "9 q 9691+ Gndv ) (3.22)

[1—2(p — DA, —2¢Ay] sin[27(p — DA, +2mqAy]  2wJ

cosh[2m(p — 1)&, + 2mq€y] — cos[2m(p — A, +2m¢ds] g D 9o 91
« (1 — 2A¢) Sin<27TA¢) 1 g1 q— 1
= 2nJgl gl =-

cosh(278,) — cos(2nl,) 7 In G\ 9es T T 0 )

o [1—2pA, — 2(q — 1)Ay ] sin [2mpA,, + 2 (g — 1) A 2nd g
cosh[27pE, + 2m(q — 1)E,] + cos[2mpA, + 27(q — 1)Ay]  p 9n9¢ 9u -

Substituting the second and fourth equations into the first and third ones one can eliminate

the parameters g4 and J and obtain two equations that determine A, and Ay as functions
of £, and &:

(1-2A,)sin(2rd,)  (p—1)[1 —2(p — 1)A, — 2qAy]sin27(p — 1)A, + 2mqA4)
cosh(27&,) + cos(2mA,)  cosh[27m(p — 1), + 2mqE,] — cos[2m(p — 1) A, + 2mqAy]
ap[l —2pA, — 2(q — 1)Ay] sin2mpA,, + 27(q — 1) Ay
cosh2mp&, + 2m(q — 1)Ey] + cos[2mpA,, + 2m(q — 1)Ay]’
a(l —204)sin(27ly)  q[l —2(p — 1)A, — 2¢Ag4]sin[27(p — 1) A, + 2mqAy]
cosh(27€,) — cos(2mAy)  cosh[2m(p — 1)&, + 27qEy] — cos[2m(p — 1) A, + 2mqAy]
a(g — 1[I = 2pA,; — 2(g — 1)Ay]sin2mpA,, + 2m(q — 1)Ay]
cosh[2mp€, + 2m(q — 1)Ey] + cos[2mpA,, + 2m(q — 1) Ay]

(3.23)

Substituting the solution back into (3.22) then determines the combinations of coefficients
gg_l gggf and gﬁgg_l gy- That only those two combinations can be determined in this way
is due to the fact that the IR Schwinger-Dyson equations have an emergent symmetry [11].
For solutions to be consistent with the approximation (3.14) in which we dropped the kinetic

terms, we need A, 4 > 0 and Ay, > % which, due to (3.21), imply:

1
ATI>O7 A¢>0, (p—l)An+qA¢<

1

3.3 Superconformal solutions

Assuming translational invariance and supersymmetry, the bilocal superfields must be func-
tions of the invariant 715 in (A.9). This implies that they are determined by their lowest

11



components as defined in (B.1):

Gy(Th, Tz) = Gyy(Tha) , Go(Th,Ts) = Ggy(Th2) , (3.25)
Sy(Th, To) = 5(Tha) S (Th, Ta) = Sgu(Tha) - '

Expanding the components of Gy ¢ one obtains the constraints

1 1
Af = ATI+§7 Aw = A¢+§, gf = 577, 5"/1 = g¢, gr = 2A77977’ gy = 2A¢g¢ . (326)

Together with (3.21), they imply

pAn+qA¢:%, pE +qEy=0. (3.27)

In accord with (2.13), it will be convenient to parametrize the spectral asymmetries as
Ey=—pE&, Ey=4q€&. (3.28)
At low temperature we can identify 27€ = —(up in terms of the chemical potential up for

U(1)r (while a chemical potential for U(1)g explicitly breaks supersymmetry). Note that
we should restrict to £ > 0. The consistency conditions in (3.22) reduce to two equations.
The first one is

asin(2rA,) = T in
p

(7r 27rqA ) cosh(27p€) — cos(2mAy) (3.20)
¢ .

PR T _ZmA Y’
P P cosh(2mq€) + cos(p 5 Ay)
which can be used to fix A, in terms of £. The second one then determines the following
combination of the coefficients:

poa_ P sin(2wAy) 3 30
Indo = or ] cosh(2mp€) — cos(2mAy) (3:30)
The bounds (3.24) on the consistency of the conformal solutions reduce to
1
0<Ay < —. 3.31
6<% (3.31)

At the lower bound one has A, = 0, while at the upper bound one has A, = 0. An

alternative derivation of the equations in this section is provided in Appendix A.2.1.

3.4 Existence of superconformal solutions at fixed p and q

We search for solutions Ag(€) to (3.29) in the range A, € (0, 2%1) To that purpose, we define
R, ,.£(Ay) as the right-hand-side of (3.29) and study the equation asin(2rA,) = R, ,(Ay).

As stressed above, we shall restrict to £ > 0.

For p = ¢ = 1 the model describes free fields with randomly distributed masses. For
a # 1 eqn. (3.29) has no solutions, while for & = 1 it is a tautology. We will not consider
this model any further. The models with p = 1 or p > 1 have a rather different behavior

and we will consider them separately.

12



1
72q

while sin(27A,) is monotonically increasing from zero, therefore at least one solution exists
if the gradient of Ry ,¢(A,) at Ay = 0 is greater than that of asin(2mrAy). This condition is

Case p =1, ¢ > 2. In this case the function R; ,¢(A,) is zero at the endpoints Ay = 0

¢? sinh? (7€)

sinh?(7q&) (3:32)

It turns out that there is only one solution if (3.32) is satisfied, and no solutions otherwise.
The function of &€ in (3.32) has a maximum of 1 at £ = 0 and it decreases to zero for larger
&. Therefore we must have a < 1 in order for a solution to exist. At fixed a < 1, the solution
only exists in the range £ € [0, £.()), where &, saturates (3.32). In this case Ay(€) has a
maximum at & = 0 and it monotonically decreases to zero as £ — &,. At £ = &, there is
a phase transition signalled by Ay = 0 and A, = 1/2 and beyond that point the conformal

solution ceases to exist.

This transition is similar to the transition found in the two-fermion model of [26]. There
it was observed that one of the fermion species saturates its charge while the other one does
not. In our model, at the transition point, the charge of the fermion reaches its maximal value
Q,, = 1/2 while the boson is still above its minimal value. This is numerically investigated
in Section 4. Furthermore, in Section 3.8 we find gapped solutions that mirror massive free
particles. In [26] it was proposed that in the two-fermion model a jump occurs between two
distinct sets of solutions in the grand canonical ensemble. However, in Section 4 we illustrate
that in our model, for finite S, the phase after the transition seems to interpolate between
the conformal behaviour and an exponential behaviour of non-conformal solutions. Another
possibility, which neither our analytical nor numerical analysis would capture, is that the
breakdown of the conformal ansatz signals that a replica-breaking solution is preferred by

the path integral. Such a proposal requires further study.

In the special case p = 1, ¢ = 2 we can explicitly solve (3.29) and (3.32):

Ay(€) = 2iarccos(2 a

™ —

cosh(27r8)) , Ela) = ! arctanh(v1 — o) . (3.33)

e

The corresponding solution to (3.30) is

o \/(2 — )% — a2 cosh?(27E)

2
p— . 4
Inde = 4 J (1—a) cosh(27E) (3:34)
For p =1, ¢ = 3 analytic solutions can be found as well, although they are lengthier:
2a cosh(27E) + \/ 36 4 12a(4 — ) sinh?(27E)
cos(2mAy) = (3.35)

4(3 — )
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gives the dimension A,(E), while

E(a) = % arccosh (32_@? ) (3.36)

identifies the phase transition point. The solution for gngf;; can be easily written.

Casep > 1, q > 2. In this case the function R, ,¢(A) is zero at the endpoints A, = 0, o

2
if £ =0, while it is positive at Ay = 0if € > 0. For £ = 0 eqn. (3.29) simplifies to
ap T WqA¢)
— =tan(mAy) tan| — — . 3.37
2 tan(ra,) tan( 3 - ™ (3.37)

The right-hand-side is zero at Ay = 0, ziq and attains a maximum in between. If a is small
enough such that ap/q is less than (or equal to) the maximal value then there are two (or
one) solutions, otherwise there are no solutions. For £& > 0, since the right-hand-side of
(3.29) is positive at A, = 0 and vanishes at A, = 2—1(1, there must be at least one solution
regardless of a, £. However, there could be more than one solution. For fixed p > 1, ¢ > 2
and small o, we empirically find that by varying £ from above 0 to oo, we go from having 3
solutions to 1 solution through a critical value of £ where there are 2 solutions. When « is
raised and this scan in £ is repeated, there is a regime where the number of solutions goes
from 1 to 3 to 1. For even larger a there is only one solution regardless of £. Note that
unlike the case of p = 1 or the model of [26], there is no region in «, £ where no solutions

exist.

The behaviour above can be seen explicitly in the case p = ¢ > 1, where analytic

expressions for A, can be obtained by solving the following quartic equation:
a=L(z* — 1) + cosh(27p€) (e%(owcg —z)+ 67%(‘%3 — ax)) +i(a+1) sin(%) 2 =0 (3.38)

in which =z = exp [2 (27TA¢ — %)] In Figure 1 we plot the number of acceptable solutions
satisfying A, € (O, QLp) for p =q =3 as a and & vary. Excluding the horizontal axis £ = 0,
there are 3 solutions in the yellow region and 1 solution in the blue region. On the horizontal
axis, there are 2 solutions along the green segment within the yellow region, and no solution
along the black line. On the boundary of the two regions, where the discriminant of the

quartic (3.38) vanishes, there are two solutions for £ > 0 and one solution for £ = 0.

There are special values of £ and « for which (3.38) simplifies. For o = 1, (3.38) reduces

to a quadratic equation and the unique solution with Ay € (0, 2%) is

11 { sin ()

- - _ in|—F 1=~ 3.39
* T 4p  on aresin Cosh(27rp€)} ’ (3:39)
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0.010

0.12- a=0.06
0.008

0.10 a=0.075
0.006 [

W [ 1 solution 0.08 ¥ ~ a=0.085
3 solutions [ /

0.004 0.06
0.002 0.04|

0.02}
0.000 a

0.00 0.02 0.04 0.06 0.08 0.002 0.004 0.006 0.008 0.010 0.012

Figure 1: Left: Plot of the number of acceptable solutions to (3.29) for p = ¢ = 3 as a
function of a and £. For £ > 0 there are 3 solutions in the yellow region, 1 solution in
the blue region, and 2 solutions along their boundary. For & = 0 there are two solutions
along the green segment, no solutions along the black line, and 1 solution at their boundary.
Right: Solutions A,(€) for o = 0.06, 0.075, 0.085.

acceptable whenever £ > 0. The corresponding solution to (3.30) is

psin(l)
9 g = — . (3.40)
QWJ\/COSh (2mp€) — sinz(gp)
For £ = 0, (3.38) can be written as a quadratic equation in tan(wA,) which gives two
solutions:
1 1-— 1
Ay = - arctan{ 5 “ tan<21p> + 5\/(1 — a)2tan2(21p) - 4(4 . (3.41)

The two solutions are real if and only if o < tan? (I—p). Indeed o = tan? (I—p) is where the
right boundary of the yellow region intersects the horizontal axis in Figure 1 and the two
solutions merge into one (disappearing for larger values of a). It follows from (3.41) that
both solutions satisfy A, > 0, that the larger solution becomes A, = 2ip for a = 0, and that
Ay < 2ip for the allowed values « > 0. The corresponding solution to (3.30) is
ap

—_— . 3.42
27 J tan(mAy) (342)

g gh =

Case p > 1, g = 1. The behaviour of the function R, ¢(A,) is similar to the one in the
previous case, however the function sin(2rA,) vanishes at both endpoints A, = 0, % For
very small values of «, the number of solutions A,(€) to (3.29) as we increase £ from above
0 to 0o is 2 (of which only 1 is acceptable at £ = 0) and then 0. For larger values of « it is
1 (not acceptable at £ = 0), then 2, and then 0. For even larger values of « there is only 1
solution (that becomes A, = 0 at £ = 0 and thus is not acceptable) up to £.(«) and then
no solutions for € > &.(a).
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3.5 Solutions at large p and fixed ¢

Using the methods in [6,11] and Appendix C of [12], we search for analytic solutions to
the Schwinger—Dyson equations at large p. We truncate to the bosonic components only,
assuming (3.12), but we do not neglect the kinetic terms. Let the chemical potentials
corresponding to @, 4 be i, 4 respectively. The equations we want to solve are the algebraic

ones in (3.13) and the integro-differential ones in (3.8) that in components read as in (B.5):

—(87—2 + Mn) Gﬁn(Tl,Tg) + /d7'3 Eﬁn(TQ,T?)) Gﬁn(Tl,Tg) = 5(7’1 — 7'2) y (343)
G?f(Tl,TQ) + /dTg Z?f(T%Tg) G?f(Tl,Tg) = —5(7'1 — 7'2) y
—((97-2 + ,LL¢) G$¢(Tl,7'2) + /dTg E&b(TQ,Tg) G$¢<T1,T3) = —« 5(7’1 — Tz) s

Gy, 72) + /dTg Y72, 73) G0, 73) = (T — 72) .

Assuming that the theory becomes free in the large p limit, we search for solutions in a 1/p
expansion around the free 2-point functions. Generically, we expand the bilocal fields G

(assuming translational invariance) as

G(7) = Go(r) + —Cr() + O ).
" (3.44)
G(wy) = Go(wr) + EGl(Wk) +O0(p™" ).

Here G are the free propagators (we review the correlators of free Fermi and chiral multiplets
in Appendix C), wy, are the appropriate Matsubara frequencies,® n > 0 are suitable integers

that we determine below, and we require
G
’Go(wk)‘ > %*” , Vwy fixed, p>1. (3.45)

More in detail, substituting the free propagators (C.16), (C.20), (C.24), (C.28) into the
definition (B.2) of the bilocal fields, one obtains:

©) e - () e Oy —

G = 5— & [@(T)e O(-1)e } GV (r)=—6(r),  (3.46)
© y _ aadl P e )y _

GO )_QQSmh(M;ﬁ)[ (F e = +O(-7)e ] , GY (1) = ad(r)

Being them free propagators, they satisfy the free equations of motion, obtained from (3.43)

by setting all ¥’s to zero. We consider an ansatz for the bilocal fields that is an expansion

G(n)e%ém and G(n) = %foﬁ dre™ =57 G(7), where r = 0 for

5In our conventions G(7) = Y onezar

bosons and r = 1/2 for fermions.
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in 1/p around the free result:

éﬁn(T) éff(T)

Gin(7) = Gy (7) <1 + K + O(P_Q)) Gp(r) = —0(T) + G +O(p ™),
Goulr) = G (14 2D 060 ol =ity + T v 0.

(3.47)

Here we assume that ny, ng,ny > 0 and that éﬁm CNJff, éq;qb, CNJW are O(1). We chose the
order of the leading correction in Gy, such that various terms in the equations of motion
simplify using

(Gon]" " =[G B (14 O(p 7)) (3.48)

uu
This in turn leads to the same differential equation as in [6, 11], with the benefit of hind-
sight. In terms of the chemical potentials pp for U(1)r and pg for any R-charge U(1)g, the
potentials p, 4 are decomposed as

ty=qpr+RMlpr,  pe=-—pur+R[Qlur,  puy+qus=pr. (3.49)

The last equation follows from the constraint that the J-term has R-charge 1, i.e., from
p R[N+ qR[p] = 1. We want to be able to impose the supersymmetry constraint g = 0
at large p. This implies that the scalings of u, and ps must be related as g ~ pp,. The
simplest scaling is u, ~ up ~ R[n] ~ O(p~!) and py ~ pr ~ Rl¢] ~ O(1). In this way
both G%%) and ng are O(1). Besides, the bilocal fields should agree with the free limits at
short distances, which implies the following boundary conditions: G(0) = G(8) = 0 for all
components. Plugging the ansatz (3.47) and the boundary conditions into (3.43) we get

1 ~
0=- G@ (712) Oy, G (T12) + / d73 Ty (123) G (113) + O(p~2) (3.50)
T fo(m) Srp(r) +O(p )
1 ~ o
0= % ng(Tlg) 8712G¢f¢<7'12) + /dTg E¢_>¢(7-23> Gsz (T13) + O( ¢ 1) ,

1 ~
0= ﬁqu,w(Tm) + « Ed;w(T?l) + O(p_”¢_1> ,

where 7;; = 7, — 7;. These equations can be solved to obtain the >’s in terms of the G’s at

leading order in 1/p. In particular, one acts with (0, — p,) on the first equation and with

(O;, — 1) on the third equation, obtaining:”

San(=7) = =3 G (1) B2Cay(1) + O(?),  Syy(=7) = =5 Gp(r) + O(p ™), (3.51)

"We have neglected the terms —% o(7) (9Té,—m(r) in g, (—7)

we are interested in the equations at 7 # 0.

A5 0(7) 8;G 4 (7) in Syy(—7) since
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Sg0(—T) = oy Gy (1) 02G5,(1) + O™ "™), Tyy(—7) = =iy Ggu(r) + O™ 7).

Let us then consider the algebraic equations. Substituting the ansatz (3.47) into the last
two equations of (3.13) we determine the leading behavior of ¥, and ¥,. This can then
be used in (3.51) to determine G 7 and éw. In order to have a well-defined large p limit,

the simplest choice is to scale J as 2Pp~"f, so that the combination

alp"t J
e ot (5F) a5 .

remains fixed as p becomes large. Recalling that p is odd, we obtain:

~ J eltn—hRr)T Y IRV R
Gr(r) = m [@(7) e~ (m=rR)3 4 Q(—7) el NR)2:| (Gm(=7)
J si h2(—“4’5) () (3.53)
~ qJ sin e T IR 81 A
Gy(T) = : [@(7) e~ Homrr)s _ Q(—7) et “3)2} eCm(=7)
W 2 (1B ’
2 cosh? (“27)

together with n, = ny 4+ 1. Similarly, substituting these expressions and the ansatz (3.47)
into the first two equations of (3.13), we determine the leading behavior of X5, and ¥z,:

j? 0 G (T)+ G (—T —2n
Eanlr) = =5 Gl (=7) O 4 o)

2 o h2 HoB _ ~ (354)
Eq§¢(7) _ qj Sin ( 2 ) Gg;)(—T) eGﬁn(7)+Gﬁﬂ(_7) + O(p—an—l) )

p?i o2 cosh? (%)

Equating these expressions with those in (3.51) to leading order in 1/p fixes ny = 1 and

ne = Ny = 2, and gives the following differential equations:

_ Y ~ q J? sinh?*(
872_ G- (1) = jZ eGnn(T)JFGnn( ) 7 872_ G:.(T) = 2
7777( ) ¢¢< ) o COSh2 (“gﬁ)

M) _ _
G (T)+Gan(=7) (3'55)

©)
m

solution to the second equation that satisfies the boundary conditions is

Notice that the free propagators G;, and Ggﬁ; have dropped from the equations. The only

= —2 G - (3.56)

The differential equation for é,—m is the same as the one found in [6,11,12]. Since the odd part

Goaa(T) = 2(Giy(7) — Gip(—7)) satisfies 02 Goaa(7) = 0, the only solution compatible with
the boundary conditions is éodd(T) = 0 and we can take éﬁn to be even. Then the general
solution with integration constants v, b is: exp [éfm(ﬂ} =v/[BT sin(%h\ +b)] where v > 0,
£ has been introduced for later convenience, and b is defined modulo 27w. The boundary

conditions G(0) = G(8) = 0 imply 8J = v/sin(b) and sin(b) = sin(v + b). One solution
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to the second equation is v = 27m for m € N, however this does not lead to a function
exp [éﬁn(Tﬂ that is positive for all values of 7. The other solutions are b = (n + )7 — %
for n € Z and without loss of generality we consider n = 0,1. The other equation reduces
to BT = +v/ cos(%), where £ correspond to n = 0, 1, respectively. Only the case n = 0,
0 < v < 7 leads to a positive function exp [éfm(r)}, and the second equation has one and
only one solution for all values of . The final solution is thus:

~ v (%

eCm(m) = : BT = O<v<m. (3.57)
BJCOS<%|T| =)

cos(%) ’

In the weak coupling limit 57 — 0 (keeping all p;3’s ﬁxed) one has v — 0 and 37 1
and therefore Gnm G¢>¢> — 0. From (3.53) we see that also fo, wa — 0 and the solutlon
reduces to the free UV one at leading order in 1/p. In the strong coupling limit 57 — oo,
instead, one has v — 7 and, to this order of approximation and away from 7 = 0, the 2-point

functions agree with the conformal ones (3.17) with the following parameters:

1
S 278, =~ + O,
1
Ap=5+00™), 2mEr = Blur — py) + O(p') (3.58)
q sinhz(“—) _ -
A 2 +0(p3), 2rEy = — +0(p?),
6= S con?| nﬂ) (p™2) o Blig (™)
1
Ay=5+00™), 2nEy = Bur — pg) +O(p7™)
as well as
_;(1—110 j)+0( ~2) L Lop), (359)
n QCOSh(%’B) p & P o 2p COSh(Mﬁ) b
a qsinhQ(““’B) ) _3 qsmh(wﬁ) -3
= — log J : = @) .
9¢ ZSlnh(%) ( O[pQ COShz(Mnb)) g ( ) 9y 2p COShQ(%) (p )

The conformal dimensions are compatible with the bounds (3.24) at leading order in 1/p, in
particular A, saturates pA, = 1 + O(p~*). A higher order in 1/p it would be necessary to
verify that all bounds are satisfied. We see that the condition s, > 0 (discussed in Section 2)
is necessary in order to ensure gy, g, > 0 as required by unitarity. We tentatively see that
the solution at large p interpolates between the free UV limit and the IR conformal-like

behavior. Notice in particular that the phase transition is not visible in this limit.

It might be tempting to think that the conformal data in (3.58) solves, at some given
order in 1/p, the self-consistency equations (3.23). This, in general, does not happen, due

to incompatibility between the large p and low energy limits. Write (3.43) in Fourier space:

S

“Golon) + 07 E(w_k) | G(wg) = —s , (3.60)
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where ¥ should again be understood as o~ !X for ¢ and 1, and we used that Gy is the free

propagator. In the large p limit (3.45), using the expansion (3.44), one further has

—$ s 5 Gi(wr)

Ble-x) = B2Go(wr) + f_le(wk) + O(#) N B2Go(wr) EBQGO(“)’“P

+O (1) (3.61)

In these terms, as one can see from (3.43), the low-energy regime we previously studied for

dynamical and auxiliary fields, respectively, corresponds to taking
’,u(m — 5Z¢7n(w_k)‘ > ]wk\ , Vg Zfﬂp(w_k)‘ >1, wp < J. (362)

Combining with (3.61), for the auxiliary fields we find that
1

which directly contradicts (3.45) (recall that |Go(wy)| = 1/ for auxiliary fields). This means
that, as long as we must include auxiliary fields in our considerations, there is no regime of
large p and small wy in which the approximation we made in our large p computation and

the approximation of dropping the kinetic terms are both reliable.

This result suggests that, at large p, the system at low energies first enters into a quasi-
conformal regime described by (3.58)—(3.59) in which interactions compete with the kinetic
terms, while at extremely low temperatures the system ends up in a different conformal
regime that satisfies (3.22)—(3.23) and in which the kinetic terms are negligible.

A particular case, in this respect, is the supersymmetric one for which ur = 0. In this
case the IR conformal solution is supersymmetric since its parameters satisfy the constraints
(3.26)—(3.27) within the working accuracy. Moreover, (3.29) can be independently derived
from Z-extremization, as we will do in Section 3.9, without assuming (3.63). At this point,
the zero-temperature limit where the index is computed can be taken safely by requiring
that p goes to infinity faster than G(w) as w goes to zero, in such a way that (3.45) holds.
Because of this, (3.58)—(3.59) in the supersymmetric regime do actually solve (3.29).

3.5.1 Grand potential and entropy at large p

It is possible to compute the grand potential log Z in a large p expansion. To leading order in
1/N, this is just the averaged action (3.6) (or (B.3) in components) evaluated on the solution
provided by (3.57). Instead of a direct evaluation, we follow [11,12] and first compute the
derivative of log Z with respect to J. Only the explicit dependence on J in (3.6) matters
when taking this derivative, and not the dependence through dimensionful coefficients such

as gy in the bilocal fields G, 4 since the fields solve the equations of motion. We get:

log Z 1 _ 1 _
J 0y ng =J / dry dr <5fongleg¢+I—?ngGWGg(;) (3.64)
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__Jreos(5) /ﬂdT 1| +O(p?) = vtan(3) +O>(p).

B 4p? cosh%%) -8 COSQ(%M — %) B 2p? coshQ(”;—’ﬁ)
To the integral on the first line the delta functions in Gy and Gy, do not contribute, and
hence only the first term contributes at leading order, since the second term is suppressed
by 1/p? with respect to the first one. Using the relation between 57 and v in (3.57) as well
as the linearity of 7 in J in (3.52), the derivative with respect to J can be exchanged for
a derivative with respect to v using the formula J9; = v/[l + %tan(%)] 0,. We obtain a

differential equation in v for log Z:

tan(3) [1+ 5 tan(3)]
2p? coshQ(%)

1
+ Ovlog Z = +0@(p?). (3.65)

The value of log Z at v = 0 is known because at that point the theory is free. We can read
off Z| _, from (C.18) and (C.26). Integrating (3.65) from 0 to v at large p then gives

log Z { (Mnﬁ)} { : (%5)} vtan(3) — va -3
=log|2cosh| —— | | — alog|2sinh + + O . (3.66
N g 2 g 2 2p2 COSh2 (“;B) (p ) ( )

As p — o0, log Z tends to the free value, which is consistent with our starting ansatz (3.47).

In order to compute the von Neumann entropy S = (1 — $03) log Z, one needs to make
the 8 dependence in v explicit. Using 803 = BJ COS(%)/[l + %tan(%)] - J, we obtain

S FaB\ | _ Hn B _ (BN eneB (168
N—log[Qcosh( ; )} ; tanh( ; ) alog{251nh< 5 )} + 5 coth( 5 )

02
N 2 (8

8p? cosh? (“2°)

On the first line is the entropy of the free theory, as in (C.19) and (C.27), while on the
second line is the first correction. In order to obtain the low-temperature behavior, we take

pBJ — oo while keeping S, 4 fixed and expand v(57) in (3.57):
9 ,  Am? 1272 _3
=1 ——4+—=+0 . 3.68
v =1 BJ+(ﬁj)2+ ((ﬁj) ) (3.68)

In particular, the zero-temperature specific entropy Sy = Sp—/N can be expressed using

+0(p™?). (3.67)

the relations S, » = —27E, 4, between the chemical potentials and the spectral asymmetries

of the IR conformal solution, which are valid at zero temperature:

Sy = log[2cosh(—nE,)] — 7&, tanh(n€,)) — alog[2sinh(—7Ey)] + amE coth(mEy)

71.2

- +0((p3) . 3.69
SpQCoshQ(%) ™) ( )

We shall see in Section 3.9 that this quantity, when evaluated on supersymmetric spectral
asymmetries satisfying p&, +¢€4 = 0, matches the large p expansion of the entropy extracted
from the Witten index.
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3.6 Solutions at large p and q

We can similarly search for analytic solutions to the Schwinger—Dyson equations at large p
and ¢, following the same steps as in Section 3.5. We consider an ansatz for the bilocal fields

similar to the one in (3.47), however we keep the ratio p/q fixed as we send p — oc:

Gan(T) = G (1 >(1 e+ 0<p—2>) C Gylr) = 51 + LG+
If 7;~ (3.70)
Gyo(T) = GO (r >(1 + qG¢¢< T) + O(ﬁ)) - Giul(n) = ad(r) + S Ggul() +

In particular [Ggy]" " = [Ggg}qin eCas (1 + O(p™")) besides (3.48). We insist that no
chemical potential is larger than O(1), therefore according to (3.49) we shall choose the
scaling i, ~ piy ~ g ~ O(1) while pup ~ O(p~'), with the possibility of setting upr = 0. In
particular p,, = —(q/p) uy + O(p™1).

Expanding the Schwinger-Dyson equations determines G 7¢ and GW algebraically as

~ (kn—pR)T ~ ~

fo(T) = iZShw [@(7‘) e ('u‘" BR)S + @( ) (#n_l"R)g} eaﬁﬂ(_T)+Gq§¢(_7)’ (371)
HoBY o( )T B -

Glyy(r) = ¢ T sinh(T5) el [6(7) e~ (monr)3 _ (1) ew—mé] Gn(—7)+Gg4(~7)

2p? cosh? (%)

We use the same definition of J as in (3.52) (with ny = 1), and we keep J fixed as p — oc.

The algebraic equations then also determine

Soa(r) = — L GO () Gl Ottt ) 4 (3.72)
Yp
2 =~ ~ ~ ~

2(545(7_) = LZ_,Y) G((j_)(:iz(_T) eGﬁn(7)+Gﬁn(7T)+G$¢(T)+G$¢(7T) + o
av q

where we defined
q smh?(%

ap? cosh? (4= 5)

=1+ (3.73)

1
gl
The dynamical equations give two differential equations for é,—m, éq% that can be recast as:

R G(r) = T2 OGN - G(r) =4 G(r),  Gay(r)=(1—=7)G(r). (3.74)
Note that v € (0,1). The solution for G is again (3.57), with the substitution 7 — J~y~!. In
the weak coupling limit 57 — 0, the solution reduces to the free UV solution to first order
in 1/p. In the strong coupling limit, instead, we reproduce the conformal 2-point functions
with the following parameters, at this order of approximation:

A, = le LO@p?), o€, = — By + Op~2) | (3.75)
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Ap=5+0(p™, 2mE; = Bpr = Bin +O(p™)
1 —
By= 5007, 2y = ~fps + O?),
1
Ay = §_|_(')(p*1), 2wEy = Bur — Bug + O(p™),
1 2 ) -2 v -2
9 ZCosh(#) ( p o @) . 2p COSh(%) v
o 1— Y ) _92 « (1 - ’7) -2
. 1+ log | +O(p™?), = s TOT).
9o ZSinh(#) ( q & @) » 2q sinh(#) v

These values satisfy the consistency bounds (3.24).

As in the large p fixed ¢ case, as long as we must include auxiliary fields in our consid-
erations, there is no regime of large p, ¢ and small wy for which the large p, ¢ solution and
the conformal solution are both reliable. Again, Z-extremization gives us an independent

derivation of (3.29) in the supersymmetric case.

3.6.1 Grand potential and entropy at large p and q

We now compute the grand potential log Z to leading order in 1/N in a large p expansion, at
fixed p/q, by evaluating the averaged action on the solution of the large p and ¢ Schwinger—
Dyson equations. By differentiating log Z with respect to J we get:
log Z 1 1 1 _1
Ja] N :J/dTldTQ (5fong G%¢+]_9GITZIWG1ZJ¢GZ_>¢ (376)

J?cos? (%) /ﬁ B—|7| _ Yvtan (%) -
- d +0(p?) = 2 L OW).
ot () |, a5 -5 TV o)

where v is defined in (3.73). Notice that, this time, both terms in the action contribute at
leading order. We follow the same steps as in Section 3.5.1, we exchange the derivative with

respect to J for a derivative with respect to v, we integrate from 0 to v, and obtain

logZ _ ™ (meBY] L vtan(y) v
N = log [QCosh(T — alog |2sinh 5 + 207 cosh? (220) +O0((p7) . (3.77)

In order to compute the entropy S = (1 — 05)log Z we rewrite the 8 dependence through
v. By using $0p = (1 — 57_15’57) v/ [1 + %tan(%)] - Oy, we get

s _ BB\ b8 o (B9 oo [ (28] o ts8 oy (865
N—log{2cosh< ; )1 ; tanh( g ) Ozlog[2smh( 5 )1 + 5 coth( 5 >

e Hol? finf3
_ SPQCOShQ(#) |:1+(1 —’Y)/M)ﬁCOth(%) +’7unﬁtanh(%)} n
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N YU g tan(%’) tanh(%)

L Om . 3.78
2p2 COSh2(%> (p ) < )

We now take 3J — oo while keeping Su; fixed, in order to get the zero-temperature specific
entropy. Expressing everything in terms of the spectral asymmetries of the IR conformal
solution, and keeping only finite terms, we get

Sy = log[2 cosh(w&,)] — 7€, tanh(n&,) — alog[2sinh(—7Ey)] + a €y coth(rE,)  (3.79)
8p? cosh? (7r€77)

[1 +2(1 — vy)w&y coth(n&,y) + 2y7E,, tanh(wéfn)] +0(p7?).

This result matches the large p, ¢ expansion of the entropy extracted from the Witten index

in Section 3.9 for supersymmetric chemical potentials.

3.7 Luttinger—Ward relation

The “Luttinger-Ward” (LW) relation [38] gives the total charge (@) of a conformal solution
in terms of a sum over contributions indexed by A, each associated with a field of abundance
N4, charge @ 4, statistics sy = 1, dimension A4, and spectral asymmetry £4. As reviewed
in Appendix D, the relation is

(@) = ZA NaQaqs,(As,E4) +C, C = const. (3.80)

sinh(27E) N 1 . sin [7(A+ 12 +i€)]
cosh(2mE) — cos[2m (A + 152)] - 2mi %8 sin [r(A+12—i&)] |

0:(A,8) =s|(A—13)
The charge is only determined up to a constant C, because of ambiguities in matching the
UV limit (see also Appendix A of [26]).

For our model, the charges of fields are in Table 1. For the superconformal solutions,
using (3.26)—(3.27), the charges (Q,,), (Qs), (QF) are:

(Qn) q Ay sinh(27E,) aplysinh(2n&y) Py cos[m (A, +1i&,)]

N cosh(27E,) + cos(2mA,)  cosh(27E,) — cos(2mAy)  2mi o8 cos[m(A, —i&,)]
ap . sin[r(As+1i&)]

abr
T omi B Sinlr (A, — g, T
(Qs) — qAysinh(27E,) __apAysinh(27&) g o cos[m (A, + i&,)]
N cosh(27E,) + cos(2mA,)  cosh(2mEy) — cos(2mAy)  2mi & cos[m(A, —i&,)]
agq . sinr(Ay 4 i)
* 27i log sin(m(Ay — 1€y)] TG
(QrY q sinh(27E,) ap sinh(27&y)
== - —pC,y. (381
N 2 cosh(27&,) + cos(2mA,) - 2 cosh(2m&;) — cos(2mAy) TG —pCs (3.:81)

The constants C, 4 will be determined by analyzing the Witten index in Section 3.9.
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3.8 Non-conformal solutions

In addition to the conformal solutions we discussed so far, which can describe the system at
low energies, we also find non-conformal solutions. This is not unusual: they have previously
been identified in SYK-like models, e.g. in [12,26]. These solutions can be concurrent
with conformal solutions at a given fixed value of p,, 4, although they differ in their charge.
However, unlike the conformal solutions, they are exact solutions to the full Schwinger—Dyson

equations at 3 = oo.

We identify two families of solutions that are compatible with the requirement p, > 0.8
Furthermore, we require that these solutions do not diverge for 7 — 4o00. Such solutions
only exist when the chemical potentials p, 4 are in certain domains. When both chemical

potentials are above some critical value, i.e., when p, > uy and pg > 0, we find:

Gon(7) = —O(=7) W)™ G (r) = —5(7) + O(7) ay e~ [P~ D=k taluo—p)tar]r (3 go)

Gaolr) = @ O(=7) )7 G (7) = @ d(r) + avay O(r) e [Pl +a=Dio—u5)ou]r

where the constants take the following values:”

— 1) a? -1 q—1 q q—1
. (pta—1)a%] oo J - Jat o T g

—_— C [ — —
Hn = w+ta—24 Ho = w+a-2y Y q ' @ p

Note that the chemical potentials must also satisfy p (u, — pp) + (¢ — 1) (g — 1) > ay. On

the other hand, when p, is below a critical value but p is above, we find:

Gy = ©(r) ™57, Grp = —0(7) + 6,1 O(7) ay e~ Ao +os]r (3.84)
Ggp = O(=T) el Gy = ad(T) '
with ( ot ( o }
c __ q_p+10éq c q_p_laq— B aq
no 2P+q—2q ’ He = 2p+q_2p ’ af = T . (385)

In particular, for p = 1 and g = 2, the critical chemical potentials are p; = %J a? and pg = 0.
In this solution, the boson behaves like a free boson while the fermion seems to acquire an
effective mass. This makes this solution similar to the non-conformal solutions found in the
two-fermion model of [26]. In the particular case where the chemical potentials do not break
supersymmetry, i.e. when p, = —2u4, the solution (3.82) cannot be realized. However, the

solution (3.84) is consistent for any pu, > 0.

8We further require Gy > 0, since the sign of the Euclidean G, is the sign of the Lorentzian spectral
density which must be non-negative, as we discuss in Appendix C. This rules out other exponential solutions
to the Schwinger—Dyson equations.

9We used the rule ©(7)™ ©(—7)" 6(7) = 2™ " §(r), namely ©(0) = 3, which follows from using the
function P-L + 7 6(w) as the Fourier transform of ©(7), and will be consistent with our numerical results.

25



We can also explicitly calculate the entropy of these solutions. We take the finite-
off-shell action and apply (1 — BJ0ss — Buﬁgﬂ). After simplifying with the EOMs, we find

= log [2 cosh(’B””)] alog [2 smh(T“’ ] + By Qn + By Qo (3.86)

1+ S (wi) E¢¢> wk)
+ log i “” — alog il u¢
G

—5/ dT an(T) Gan(T) + 25 (1) Grp (1) + 254(7) Gg(T) + By (7) Gy (7)

N

where wy, are either the fermionic or bosonic Matsubara frequencies, depending on the field.
The first two terms are the free action, which appears from regulating the logarithmic term.
Promoting the sum to an integral, we can plug (3.82) or (3.84) in, so that the sum cancels

with the third line. This leaves the entropy to be solely the “free part”:

S

N ﬂli_)moo{log [2 cosh(ﬁ—g”)] — alog [2 51nh(7¢)] + 3 (Buy + Ozﬁu¢)} =0, (3.87)

where we assumed that p does not scale with 5. We obtain this result for both families,

irrespective of p and gq.

3.9 Witten index and Z-extremization

In supersymmetric quantum mechanics, a protected and computable quantity is the Witten
index ZW = Try (—1)Fe P which does not depend on 3 [42]. In the presence of a flavour
symmetry U(1) g, the index can be refined by inserting a complex fugacity x for the flavour
charge Qp. Besides, with A/ = 2 supersymmetry and in the presence of a U(1) R-symmetry
inR 1)F:

R, one can construct an alternative index in which €™ is used in place of (—

Z(x) = Try ™ e P g0r (3.88)

Let us explain the relation between the two indices, for the models considered in this paper.

When ged(p, ¢) = 1 and there is no discrete Zgea(p,q) flavour symmetry, there exists an
assignment of R-charges such that (—1)" = ¢ and hence (3.88) is identical to the ordinary

Witten index. Such an assignment is such that
Rlp=2m+1, R[¢]=2n, pRly+qR[¢]=1 (3.89)

for some m,n € Z (and recall that p is odd). These equations have a solution if and only if
ged(p, ) = 1. Any other R-charge assignment is then related to the one in (3.89) by mixing

with the flavour symmetry, namely, by rotating the phase of x.
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When d = ged(p, ¢) > 1, although the ordinary Witten index is not equal to (3.88), one
can consider Witten indices refined by an additional twist g for the Z; flavour symmetry,

where g was defined in (2.11) and ¢? is equivalent to a U(1)p rotation:
TV (2) = Try (—1)F g7 e PH 20 for r=0,...,d—1. (3.90)

The R-charge assignment such that (—1)F¢g" = ¢ and thus Z(x) = Z\¥(x) should satisfy
Rin] =1+ %T + 2m, R[¢] = 2n and p R[n] + q R[¢] = 1. There is always one and only one
solution for r in the range 0 < r < d which is r = 1%1 mod d, with r # 0 whenever d > 1.

Thus (3.88) is equivalent to one of the refined Witten indices.

Writing the U(1)p fugacity as z = e2™% = ¢?W+27€ with y, £ € R, the insertions in (3.88)
can be recast in the following way:

T = Try o™ BFT2Qr) o=AH +1Qr) where 2 = —pup . (3.91)

Here we used the symbol p in place of ur in order to avoid cluttering, and later on we
will identify € with the same quantity introduced in (3.28). The Z-extremization principle
introduced in [36,37] states that the values ¢, i that extremize Z under Laplace transform

select the infrared Hamiltonian Hig = H + 1 Qr and the infrared superconformal R-charge
R =R+29Qp . (3.92)

Using the relation {Q%,C%} = Lo — Rs./2 in the superconformal algebra — see (A.22) —

we observe that chiral primaries annihilated by G 1= @ and G_% = Q' must have A = %RSC.

Applying this to ¢ and 1 we get

R[¢] Rl
2 7 2

which allow us to trade g for the conformal dimensions Ay, . The fact that R is an R-charge

Ay =—pgy+ Ay =qy+ (3.93)

guarantees that the dimensions satisfy the supersymmetry constraint (3.27). Using (3.93)

and Table 1, R,. can also be written as

Ry = 20,Qy + 284Qy - (3.94)

The index has an ambiguity given by overall multiplication by a power of x. In the
Hamiltonian formalism this corresponds to the ambiguity in the assignment of charges to
the Fock vacuum (i.e., the normal ordering ambiguity in the definition of charge operators).
In the path-integral formalism it corresponds to the ambiguity in the regularization of 1-loop

determinants.'® We fix the ambiguity by demanding that the charge operators be written

10This is similar to the parity anomaly in 3d theories. For a complex fermion of charge 1, the fermionic
Fock space has two states, and if we insist on assigning integer charges then there is no canonical choice and
one is forced to break charge conjugation. On the other hand, one could assign charges :i:% to the two states

in a charge-conjugation invariant fashion, but then the charges are not integer.
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as (anti-)commutators in the Hamiltonian formalism. FEach chiral multiplet contributes

_imR[¢] p inR[¢]  _py _ . . . _imR[n] _ g WR [n] q
(e 2 xr2—€ 2 I 2) ! while each Fermi multiplet e=" 2 272 +¢ . The result is
inR inR N
_% _gq + B%I%
I(I) - nR[d] p itR3] _p . (3'95)

(67 2 T2 —e 2 xf)a

In order to extract the degeneracy of BPS states d(Qr, R) at fixed charges, which is captured
by the index written as
— Z d(Qp, R) ™ 2@r (3.96)
Qr,R
it is useful to rewrite it as a constrained partition function for BPS states. Let z, = €™

and x4, = e*™¢ be the two fugacities for Q, and @, respectively, and consider
Trpps 72" x;?“’ = Trpps exp{2m’ [(p Uy + qug) R+ (R[@) uy, — Rn] uy) QF} } (3.97)

where we used (2.10). When the chemical potentials are constrained to pu, + quy = %, and
we identify u = R[¢]u, — R[n]us according to (2.13), that quantity reduces to the index
Z(z). Therefore, the Laplace transform of the index computes:

f d%' T(x) ;@ x;Q“’

2mx

1
= / du exp [logI(I) —imR — QWiUQF] (3.98)

pun+que=3 0

1
E/due S(uw;Qr,R ZdQF, erR‘
0

Here the function S(u; Qr, R), sometimes called the entropy function, is % times the quantity

in brackets on the first line. At large N and @, one can compute the integral in the saddle-
point approximation extremizing S with respect to u. On the right-hand-side of (3.98)
appears a weighted sum over R-charges of the degeneracy of states within a sector of fixed
@Qr. Assuming that this sum is dominated by one value, and comparing with the saddle
point computation, one observes that the R-charge R of each saddle is fixed by requiring

that S is real. Then the value of NS is the zero-temperature entropy, log d(Qr, R).

The saddle point in terms of u is given by
apcot <p7ru - gR[gb]) + gtan (qwu + gRM) +2iQp =0, (3.99)

where we introduced Qp = Qp/N = O(1). Substituting (3.93) and (3.27), and using
y = u — i€, the real and imaginary parts of this equation can be written in terms of A,
and €. The real part turns out to be precisely the relation (3.29) between the conformal
dimension Ay and the spectral asymmetry £ in superconformal solutions. The imaginary

part reads:

apsinh(27p€) B gsinh(2m¢€)
cosh(2mpE) — cos(2mAg)  cosh(2mgE) + cos(% _ Q%A(ﬁ)

+20p,=0. (3.100)
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This coincides with the LW relation that determines Qg in (3.81), if the constants satisfy
qC, —pCy = 0. Setting ImS = 0 determines the R-charge to be

N~ 2mi 8 cos(mA, +in&,) 2mi ° sin(mAy 4+ in€y) 2

R 1 cos(mA, —in€,) « . sin(rAy —in€y)  a L (R[gb} B ﬁ) Or. (3.101)
2 p
where the principal value is taken in the logarithms. Using (3.92) and (3.93), we can deter-

mine the superconformal R-charge of the BPS states:

N  2mi

(3.102)

Ry 1 cos(mA, +in&,) L sin(mAg + 1m€) L@
2mi 2

- o8 cos(mA, —in&,) sin(rAy, —in€y)

On the other hand, substituting the LW relations for @), and Q4 from (3.81) into (3.94) gives
another determination of Ry.. The latter agrees with (3.102) if 2A,C,, +2A4Cy = §. Solving

this and the previous constraint determines the constants in the Luttinger—-Ward relations:

C, = ? : Cy = % . (3.103)

We shall see that this is consistent with the numerical result in Figure 7. In particular, we
find out that R, takes a common non-zero value among the supersymmetric ground states.!!

Finally, the real part of the entropy function that gives the entropy is

 cosh(27mg€) + cos (X — LA

[cosh(2mpE) — cos(2mAy)]”

1
ReS = 3 log [2'~ —2mEQp . (3.104)

3.9.1 Entropy of various solutions

The index Z(z) in (3.95) is the grand canonical partition function of the theory, while
d(Qr, R) in (3.98) is the microcanonical degeneracy of states. It follows that after substi-
tuting £(Qr), the quantity ReS in (3.104) becomes the zero-temperature microcanonical
entropy So(Qr). We compute it in various cases, within the regime of validity of the IR

conformal ansatz.

Solutions for p = 1, ¢ = 2. Plugging the explicit solution (3.33) for A,(£) into the LW

relation (3.100) we can determine the spectral asymmetry £ and Ay as functions of Qp:

1 2 1
£ = — arctanh Cr : Ay = — arccos < : (3.105)
2m 2—-« 27 V(@2 = )2 —40%

HThe fact that the ground states have a non-vanishing but well-defined R-charge (meaning that they are

still eigenvectors of the R-charge operator) means that the R-symmetry is unbroken in those states.
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0.2 04 06 08 10

Figure 2: Plot of the entropy So(Qp) in the range 0 < Qr < v/1 — « for different values of
a, in the case p = 1, ¢ = 2. The dashed line is the value of the entropy at the upper critical

value of Qr as « is varied.

Due to the bound 0 < tanh (mi' ) < v/1 —a in (3.33) for conformal solutions, the charge is
bound by 0 < Qp < /1 — a at fixed @ < 1. Evaluating the entropy function (3.104) on the
solution, one obtains the entropy Sy = Re S:

1 477 (1 — )l

S():—lO

3.106
2 % (2—a+2Qp) 7279 (2—a —2Qp) 7279 (8.106)

The quantity e?V50(2r) is the degeneracy of ground states at fixed charge Qp. In Figure 2
we plot the entropy Sy(Qp) for various values of @ and we observe that it is always positive,
with a maximum at Qr = 0. The entropy does not vanish as Qp reaches the critical value
v/1 — a, and the dashed line is the envelop of the entropy at those values as « is varied.

Solutions for p =q > 1, a =1 and € # 0. Similarly, plugging the explicit solution
(3.39) for A, () into the LW relation (3.100) we get

_ h A, = — - — - = R 1
E 2 arcsin ( \/_ ) & 1 B arcsin { C Sin ( 9 ) s (3 07)

where we defined the following functions of Qp:

A= cos(%) \/(p2 — Q%)% cos? (£ ) + 4p2 0%, (3.108)
B=\/(r*~ Q}) cos?(3;) + A C=\/p+Qh — (p* — Q) sin®(F) + 4.

Note that C? — B% = 20Q%. Evaluating the entropy function (3.104) on the solution we get

F

cos(%) (pC + |Qr|B) (C +sgn(Qr)B)
2% 3104V B2

(3.109)

Sy = log[

Figure 3 shows Sy(Qr) against Qp for various values of p = ¢, and it is always positive.
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Figure 4: Plot of S against « € (O, tan? ﬁ) for the solutions in the case p = ¢ =3, £ = 0.

The blue/black curves correspond to the solutions with a plus/minus sign in (3.41).

Solutions for p = q > 1 and £ = 0. In this case, whenever a < tan2(4ip) there are two
acceptable conformal solutions (3.41) which coincide at o = tanQ(fp). The only solution to
the LW relation (3.100) is Qp = 0. Evaluating (3.104) on (3.41) and with Qp = 0 gives

l1—«a

2

_— 2 ((1 —a)tan(g) £ /(1 - )2 tan? () — 4a> I P

(1—a)=" cosa(zlp) ((1 + ) tan(;—p) + \/(1 — a)Qtanz(zlp) — 4a) ’

The signs above are correlated with the sign in (3.41). Figure 4 shows Sy against « for p = 3,
and it is always positive. In addition, we see that the solution with the plus sign always has

a higher entropy, and is expected to be the dominant saddle at large V.

Solution at large p. One can check that the conformal parameters given in (3.58) solve

the Schwinger-Dyson equation (3.29) in the supersymmetric case up to O(p~3). Substituting
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the large p values of A, and A, into (3.104), using (3.81) and

cosh(27&,) + cos(2wA,) = 2 cosh?(7g€) — % + 0™,

(3.111)
cosh(2m&,) — cos(2mA4) = 2sinh?(7p€) + O(p~*) ,

reproduces the expansion in (3.69). This is a consistency check for the large p computation.

4 Numerical results

In this section we present some results we obtained by numerically solving the Schwinger—
Dyson equations. Our first goal is to check that the analytic approximations we carried out
are sensible. Indeed we verify that the numerical solutions exhibit the conformal behaviour
of equations (3.17) in the appropriate parameter region, and the non-conformal behavior of
(3.84) outside that region. Second, we extract additional information which is analytically
unreachable: we check that the zero-temperature limit of the entropy matches the prediction

from the supersymmetric index, and we estimate the Schwarzian coupling.

4.1 Summary of the numerical method

The SD equations can be solved numerically by adapting the method used in [6]. We
discretize the interval [0, 3] into M points, with M a power of 2.!? In frequency space we

pick the M fermionic and bosonic Matsubara frequencies with lowest absolute value, namely

2 M o1 2 M
w}fgzg(k_7+§>y wg:%(k_7+1), k=0,...,M—1, (41)

where the discretization is manifest because we take a finite number of frequencies.'> We
transform between the two descriptions with Fast Fourier Transforms. We update each
iteration with a weighing factor z, as in [6], for which we found x = 2/3 to be a good general

choice. Schematically,

G(wk)z — Z(Tk)l = ZEOM [G(Tk%] — G(wk)iﬂ = (1 — (L‘)G((x)k)z + CEGEOM [Z(—wk)l] . (42)

120ne can sample the interval at either 7; = i/M or 7; = (z + %)/M, for i =0,..., M — 1. For sufficiently
high number of points, they give identical solutions within the numerical precision, however we found the
latter choice to be numerically more stable. Note that since the model depends on 8 only through 8J and
B, one can always take 8 = 1 for numerical purposes.

13Since M is even, the truncation is not symmetric around zero for the bosonic Matsubara frequencies:

wh = —%, .o,0,..., ™2 This creates an apparent difficulty when calculating ¥(—wy,) for k = M — 1.

We fix this by assuming that the bilocal fields are real, so that X(—wy) = X(wg).
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(a) (Bun, Brg) = (=2, 1) (b) (Bhn, Bug) = (1, 2)

Figure 5: Two solutions for 5J = 1000, o = 1/4, (p,q) = (1,2). The colored full lines are
the numerical solution of the Schwinger-Dyson equations with M = 28 points. The black
dashed lines are a conformal solution for which the parameters &, , and g, , have been fitted

numerically. (a): Supersymmetric chemical potentials. (b): Non-supersymmetric.

We iterate until Zk}G(wk)Z — G(wk)iﬂ}z is smaller than some precision goal. To begin the
iteration, we take the free solution.

For small ji4 and finite .J, the equation of motion for G z,(w = 0) is highly sensitive to
numerical errors in Xz,(w = 0). One possible workaround, proposed for example in [43],
is to change the equation of motion for Gz, by replacing the parameter pg with p so that
Ggs(w = 0) = ap. We replace the integro-differential equation for G, with

b ap
Gl = pliw + Tgo(—wp)i = Bge(0)i] — 1 -
One can then use the original equation of motion at the end to verify which value of 14 is
realized. In principle, one could take jg = X35,(0) + 1/p, however it is best to average the
EOM in a window of frequency space. If one desires a specific value of 4, this approach
incurs a high additional numerical cost, since the solver must itself be iterated many times
to carry out a bisection search or equivalent technique. Nevertheless, we found this to be a

useful approach for those cases that are more numerically unstable, such as (p, q) # (1, 2).

4.2 Conformal behaviour for (p,q) = (1, 2)

In this section we focus on the case (p,q) = (1,2). Numerically, this turns out to be the
most accessible case. It is also of particular theoretical interest, as it is the closest choice to

the quantum mechanical model of [29].

We first test that the conformal ansatz is realized at low energies. We take a solution

with large 5./, and we scan the numerical solutions to (3.22) for the best quadratic fit. These
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Figure 6: Plot of &, (blue points) and &; (red points) as a function of p. The data was
generated with M = 2% points, 8J = 600, and o = 1/5. The dashed lines in each plot
correspond to (4.4) (a: SUSY chemical potentials) and (4.5) (b: non-SUSY), respectively.

solutions are parameterised by &,, 4, g,, and g¢. In principle, one could just fit G, and G g,

which can be beneficial since the auxiliary fields tend to converge slower to the conformal

solution. However, we found that this results in less precise and less accurate estimates of

the £’s, so we fit the four bilocal fields together. Clearly, we must exclude from the fit the

regions with 7 close to 0 and 3, where the approximation is invalid and singular. Tipically
1

we exclude |1 — %| > 3/8.

We present two illustrative examples in Figure 5. Clearly, the conformal solution is
realized and it matches our proposed ansatz. For (p,q) = (1,2) and supersymmetric chemical

potentials, we verified numerically that, at sufficiently large 5.J, we have

27T57] = _6/%7 = 2/3:u¢ ) 27T5¢ = _Bﬂtﬁ ) (44)

which matches the expectation from the supersymmetric index. This suggests that, even in
the deep IR, SUSY is at most lightly broken at small temperatures. For other choices of

chemical potentials, we also find a linear relation at low temperatures. The ansatz

2mE, ~ —(1 — 2%)6#77 + 4?&5/% , 2n&y o~ %(1 — 2%)3#77 — 2?06@1% (4.5)
was numerically successful for large 8.J and finite chemical potentials well below the critical
value, testing with different values of a. We plot a supersymmetric and a non-supersymmetric
example in Figure 6. This ansatz has the curious property of being supersymmetric irrespec-
tively of the chemical potentials, suggesting an emergent IR supersymmetry. When fitting
the low energy behaviour, Ay, and g4 ,, also satisfy the respective supersymmetry constraints
within 1% — 5% at BJ between 200 and 600. This ansatz was further confirmed when com-

paring the numerical values of the charge and entropy to the Luttinger—Ward relation and
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0.1

(a) a=1/3 (b) a=1/5

Figure 7: We plot Q, (blue points) and Q, (red points) as a function of pp. The data
was generated with M = 2'® points, 8J = 200 and (Bu,, Bpe) = (—2u, ). The gray full
line is the Luttinger-Ward formula (4.7), assuming (4.4). The gray dashed lines are the

continuations in (4.8). The vertical dotted line is at the value pp for which &, is reached.

the zero-temperature entropy for non-supersymmetric cases in Section 4.3. However, we note

that one expects, for physical fields at fixed 9, 4, to have
(L, Loy T) = p0,1(Lny Qo) +21E1(Qy, Q)T+ -, (4.6)

see for instance [12,44,45]. Here the index I = 7, ¢ labels the U(1) symmetries. Since we
work at fixed p and the function Q;(u) is a priori complicated, eqn. (4.5) might be the
linearized behaviour of a more intricate function 1o (Qy (g, 16), Qo (tins 1))

4.3 Charge and entropy for (p,q) = (1, 2)

An important check of the conformal ansatz is the Luttinger—Ward relation between £ and
Q, which we presented in Section 3.7. As previously noted, the Luttinger—Ward calculation
determines Q(€) up to undetermined constants, which we fixed exploiting the index in
(3.103). Numerically, we can verify these constants to be:

ap
Qn = q*(gmAn) + (1 _p) q+(gf7Af) - aqu(glll?AdJ) + 7 s
aq
Qs = aq(Ep Ay) + (1 —q)q_(Ey, Ay) — qq(Ep, Ap) + 5

where the function q is given in (3.80). This matches the index prediction (3.103). We note

(4.7)

that the charges do not vanish when p, 4, — 0, which is supported by the numerics, as can
be seen in Figure 7. The charges also converge very quickly to their low-temperature limit,

since they depend on 8J through £. Thus we can take 5J to be large and assume (4.4).

In the superconformal solution, as we take & close to £,(a) defined in (3.33), we approach

the phase transition discussed in Section 3.4. In order to avoid working with £ which is
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Figure 8: We plot A, and Ay for o = 1/4 and (B, Sre) = (—2p, i), assuming (4.4). The

data was generated by solving (3.29) numerically. The vertical dotted line is at the value of

w1 for which &, is reached.

numerically more indirect, we label as S = 2 arccosh (ofl/ 2) the critical chemical potential,
which follows from (4.4).

Recall that, as € — &,, the conformal dimensions converge to A, = 1/2 and A, = 0, see
Figure 8. This is a solution — albeit a trivial one — to the consistency equations (3.23),
or equivalently (3.29), for any value of £. Focusing only on the consistency equations, the
absence of other nearby solutions for the conformal dimensions when £ > &, suggests that
the would-be conformal solution should have these marginal values. While, technically, this
fact renders the conformal approximation no longer valid, since the kinetic and interacting
terms are of the same order in w, we can conjecturally extend the Luttinger-Ward relation

by plugging the fixed dimensions in. We conjecture

Q, = % ’ Q, =1 — coth(Bur) + %coth(%) : (4.8)

As we can see in the dashed line in Figure 7, the numerical results do not deviate significantly

from such an analytic continuation.

We can further combine this result with (3.106) in order to obtain a zero-temperature
analytic prediction for the entropy as a function of the flavour chemical potential, within
the conformal phase and, conjecturally, beyond. We use (3.86) to calculate the entropy

numerically at each finite temperature, and then we take 5J — oo with Su fixed.

For the extrapolation to zero temperature, the precision strongly depends on how close
to the phase transition we are. For values of the chemical potential sufficiently below B3,
it suffices to probe values of 5J between 50 and 500 and use a polynomial fit to extract the

constant term, as can been seen in Figure 9a. The error is estimated by dropping points at
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Figure 9: We plot two examples of the extrapolation of the zero-temperature entropy for
(B, Brig) = (=24, ). In plot 9a we take a small value of p for which it suffices to fit with
a line, allowing us also to estimate the Schwarzian coupling. Meanwhile, in plot 9b we take
a value of i close to the phase transition. Instead of fitting the points directly, we fit the
third Richardson transform with the ansatz (4.10). Here M is the number of points in the

discretized Schwinger—Dyson equation.

both ends of the sample. The resulting extrapolation of the zero-temperature entropy are
the red dots in Figure 10. However, as we move closer to the critical point, this extrap-
olation becomes harder. The main limiting factor is that we cannot probe arbitrarily low
temperatures due finite-size effects and numerical instabilities. Furthermore, if we assume

that the entropy behaves as
S(T) =~ So+ gsen(BI) ™ +g,(BI) "+ ..., (4.9)

what we observe numerically (as well as in the analysis of the spectrum in Section 5) is that
~ becomes close to 1. Thus, we generate points at integer values of 5.J between 100 and 400
and then take one or more Richardson transforms, see [46,47]. After the r-th Richardson

transform, we expect to converge to Sy as
[S(T)], & So+ gy (BI) + ge(BT)" ) + (4.10)

Fitting the form (4.10) for all the constants is more reliable at low temperature than (4.9)
since the exponents are more distinct, and we estimate the numerical error by varying the
points included in the fit and the order r of the Richardson transform. We used this strategy
for the light blue points in Figure 10, with a step of 10 for those on the left and a step of 4 for
those on the right (a smaller step increases the convergence of the Richardson acceleration).
Lastly, for points very close to the critical point the convergence to Sy is particularly slow, so
we considered only points with 8J between 200 and 400 with a step of 2. These are the dark
blue points in Figure 10. The error is estimated by varying the degree of the Richardson
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Figure 10: Plot of the zero-temperature entropy Sy as a function of the chemical potentials
(B, Bug) = (—2u,p) at o = 1/4. The red dots were generated with 2?2 points, 3.J
spanning from 200 to 1000, and the entropy was obtained with simple linear extrapolation.
The light blue and dark blue dots were generated with 223 and 224 points, respectively, with
BJ spanning from 100 to 400, and extrapolated using the Richardson-transform fit described
in eqn. (4.10). The black line is the prediction from combining the index and the Luttinger—
Ward formula (4.7), while the dashed line uses the index and the continuation (4.8).

transform and by comparing with the previous method, taking the largest estimate. An
example of such a fit is given in Figure 9b. The exponent 7 in (4.9) seems to be close to
1 at the transition point, but unfortunately the precision attainable with our points is not

enough to extract meaningful estimates, including whether it is smaller or larger than 1.

Unfortunately, 8J ~ 500 is still slowly converging to the low-temperature behaviour
and the above techniques have limited success in isolating Sy. Furthermore, the results
are sensitive to small changes in the extrapolation method, which we attempt to capture
with the error estimates in Figure 10, but which are likely underestimated. With these
significant caveats, what we can at best observe is that, in Figure 10, the kink that follows
from extrapolating Qp(p) with (4.8) seems to be close to the numerical results. This could
suggest some form of second-order phase transition. However, note that this would-be kink
only appears when working at fixed chemical potential, while at fixed charge we can just

apply (3.106) directly, which is smooth.

For chemical potentials sufficiently lower than the transition point, we can also extract
the coefficient of the linear term in 7T from the entropy, which should be proportional to

the Schwarzian coupling. However, as we move closer to the phase transition, the linear
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Sty = 18 Siig = 52

o Qr 9Sch Qr 9Sch
1/4 | 0.1087 1.09+0.03 | 0.7920 1.09+0.01
1/5 1 0.1119 0.97£0.03 | 0.8147 0.96 £ 0.01
1/6 | 0.1140 0.90 +0.03 | 0.8298 0.90 £ 0.02
1/7 | 0.1155 0.87+£0.04 | 0.8405 0.86 +0.02

Table 2: Estimates of the Schwarzian coupling for (B, Bus) = (=2, p).
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Figure 11: Solutions for fJ = 400, o = 1/4, (p,q) = (1,2), (B, Bie) = (—6,3). The
colored full lines are the numerical solution to the Schwinger-Dyson equations with 222
points. The black dashed lines are the zero-temperature prediction (3.84). The dotted lines
are the prediction from the conformal ansatz with A, = %, Ay=0,&,,asin (4.4), and g, 4

fitted numerically. In the conformal solution G5; = Gy, = 0.

behaviour is less clear as it seems to require even lower temperatures. We show some of the

estimates of gsq, for different values of Qp in Table 2.

As for the solutions themselves, at Sug > Buy they seem to interpolate between the
conformal solution and the exponential behaviour of the non-conformal solution (3.82), as
we illustrate in Figure 11. For 7 in the middle of the interval (the IR regime), we see that
a conformal ansatz with A, = 1/2 and Ay, = 0 is a good approximation of the physical
fields 7, ¢ (for the auxiliary fields f,, the ansatz gives 0), while at 7 closer to 0 and
the non-conformal solution is a better match. As we take Sur — oo, the solution seems
to converge to (3.82), which analytically corresponds to the case 5 — oo and p finite. As
shown in Figure 12, we can match Gy,, Gs, and Gy, with their zero-temperature limit.
Gy vanishes at zero temperature, so we observe that it is dominated by the subleading

contribution, which we did not establish analytically.
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Figure 12: Solutions for fJ = 400, o = 1/4, (p,q) = (1,2), (B, Brg) = (—10,5). The
colored full lines are the numerical solution to the Schwinger-Dyson equations with 2!%

points. The black dashed lines are the zero-temperature prediction (3.84).

4.3.1 Entropy for non-supersymmetric solutions

One can also solve the Schwinger-Dyson equations for non-supersymmetric chemical poten-
tials. Using a similar extrapolation as before, one can then obtain the zero-temperature
entropy. Since we empirically found a supersymmetric low-energy behaviour in (4.5), we
can conjecturally compare the non-supersymmetric zero-temperature entropy with the en-
tropy from Z-extremization using the values of £ in (4.5). In Figure 13 we plot such an
example. The theoretical prediction seems compatible with the numerical result within the
extrapolation error for smaller values of p, and pi45. Unfortunately, the numerical iteration
is noticeably more unstable for non-supersymmetric potentials, and thus we could neither

probe a wider range of chemical potentials nor work with greater precision.

Even within the small band of values of  probed numerically, these results are surprising.
They reinforce the SUSY IR behaviour found in (4.5). Unlike the check of Figure 6, this test
does not rely on fitting &, at late 7, which is a delicate task. So this figure is independent
evidence of the emergent SUSY. Due to numerical limitations, we cannot however ascertain

whether this behaviour is valid only for small values of x or due to numerical errors.

4.4 Results for other values of (p, q)

Solving the Schwinger-Dyson equation for values of (p,q) other than (1,2) turns out to
be numerically more unstable. The standard prescription, when it stabilises, often lands

on the exponential-like non-conformal solutions. We can use the prescription (4.3) to find
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Figure 13: Plot of the zero-temperature entropy Sy as a function of the chemical potentials
(Briy, Bug) = (1, 21) at o = 1/4. The red dots were generated with 2% points, 3.J spanning
from 10 to 200, and linear extrapolation of the entropy. The black line is the prediction
obtained from the index, the Luttinger-Ward formula (4.7), and the ansatz (4.5).

conformal-like solutions, but this makes the study of supersymmetric solutions much more
costly since it requires iterating for many values of p, since for each value of p, it is a priori
unknown which value of p corresponds to the supersymmetric value of p,. In Figure 14 we
show some examples of the conformal solution being realized for p = ¢ = 3. In this case we
can even compare a conformal and non-conformal solution for the same values of (8, Sus),
obtained with (4.2) instead.

5 Spectrum of low-lying operators

In order to understand the IR dynamics of the model, we find the spectrum of physical
excitations around conformal solutions. For simplicity, we present the full derivation only

for superconformal solutions, while we describe the non-supersymmetric case at the end.

5.1 Expanding the action

In order to derive the spectrum, we expand the fields around solutions to the equations of
motion, and then diagonalize the quadratic fluctuations. In superspace, one expands the
bilocal fields around the superconformal solutions as

1

1
2

gy(Tl, TQ) — G%n(Tlg) +

1
0Gy(Th, T2), Go(T1,Ts) = ngd)(le) + ngé(ThTZ) (5.1)
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Figure 14: Two solutions for 5J = 450, o = %, (p,q) = (3,3), and (B, Bue) = (—30,30).
The colored full lines are the numerical solution to the Schwinger—-Dyson equations with
220 points, using (4.3) on the left and the standard approach on the right. (a): The black
dashed lines are a fit of the conformal ansatz. (b): The black dashed lines represent the

zero-temperature non-conformal solution (3.84).

1 1
Ey(T1, 1) = 25(Tia) + 05T, ) Sa(Th, To) = By (Tie) + < 20%0(T3, 1) - (5.2)

Here G* and X* indicate the superconformal solutions. Due to supersymmetry, the bilocal
superfields are determined by their lowest components as in (3.25). When expanding the

action (3.6), the terms containing §%’s at quadratic order are:

1 — — -G5,Gr 0
5 /d2T2 d2T1 d2T4 d2T3 (SE(Tl,Tg)T ( 787 K 1G* a )(T147T32) 5E<T37 T4)
a oo 6o

1 _ 1 _
+ 5/cFT2 d*T, 6G(T,, To) " 6%(Ty, Ts) + §/d2TQ d*T, 6%(Ty, Ty) " 6G(Ty, 1) , (5.3)
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where we defined 0X(71,Ts) = (ggz )(T1,T») and 6G (T4, T») = (ggg)(Th Ty). In the matrix
on the first line, T4 and T35 are the arguments of the first and second G*, respectively. Since
we are interested in the action for G to leading order in N, it is sufficient to integrate out
0Y classically. Combining the result with terms in the action involving 0G only, we get the

quadratic terms
1 2 2 2 2 T —1
-3 &PTy Ty Ty T3 6G(Ty, To) " Fo ' - [1 — K|(Th, To; Ts, Tu) 6G (T3, Ty) - (5.4)

The operator I, which we call the superspace kernel, is given by:

Kyy(Ty, Ty; T3, Ty) ’Cy<1>(T1,T2;T3,T4)>

K(Ty,Ty; T3, Ty) =
(11, Ty; T3, Ty) (ICq>y(T1,T2;T3>T4) Koo(T1, To; T5,Ty)

(p—1)J
q
’Cy@(Tl, TQ; Tg, T4> = J G:’m(TSél)pil GZ¢<T34)q71 G%U(TM) G;n(ng) , (5 6)

J * — * — * * ’
Kay(T1, T2, T3, Ty) = - G (Taa) ™ G (Toa )P~ G5 (Tha) G (T2)
(¢—1)J
ap
After plugging the supersymmetric conformal ansatz (3.16) in, we obtain

Kyy(Tv, T; T3, Ty) = G%n(Tu)p*Q GZ;¢(T34)q G;n(TM) G%n(Tw) ;

Koo (T1, To; T3,Ty) = — G§¢(T34)q72 Gy (T34)" G (Tha) G4 (T2) -

(p—1)ghggJ o

Kyy = (Tha; Ay, 817) G (Tsa; Ay, 577) G- (T34§ % — 24y, _2577) ) (5.7)

,qu) = gf’,HgZ_IJG_ (T14; Aﬂ? 577) G_ (ng; Aﬂ? 577) G+ (T34; % — Aﬂ — Ad” _877 — g¢) s

_ 1
_95 lg;])-l- J

«

(¢—1)ghgJ
Tw Gy (Tha; Dy, ) Gy (Taa; Ay, Eg) G (T 5 — 208y, —2E) .

Koy = G (Tia: Dy, £5) G (Tia; Dy, £6) G (Taas 5 — Dy = Dy, = — &)
Koo = —

We also defined the matrix Fy as

-Gt G* 0
FO(T17T2;T3>T4) = ( 767 " 1G* G* ) (T14’T32) : (58)
a T 6p " ¢

From (5.4) we see that the spectrum is determined by the zeros of the kinetic operator 1 — I,

which is determined by the eigenvalue equation

(5Q(T1, Tg) = /dQTg d2T4 ]C(Tl, TQ, Tg, T4) 5Q(T3, T4) . (59)
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5.1.1 Deriving the spectral problem from the Schwinger—Dyson equations

A shortcut to obtain the same eigenvalue equation is to expand the Schwinger—Dyson equa-

tions around superconformal solutions. The equs. (3.7), (3.8), (3.10) can be recast as

2 p1 w1 [Gv(T14) Go(Tss)\ [ qO*(T1,T3)
J/d Ty Gy(T34)" " Go(T34) <Q¢(T14) gy(T34)) = ( pa32(T1,T3)) ’ 510,
- Gy(T2) Go(Tha)\ _ [ a0*(T0, Ty) '
J/d TS gy(T34) gCI’(T?) ) <Q¢(T32) gy(T34)> (—pa(SQ(T4,T2)) :

The kinetic terms in (3.8) and (3.10) have been justifiably neglected in the IR. The upper

component of the first equation in (5.10) can be expanded to linear order in G as:

J
- / &, [(p — )G (To)" %G (Taa)1Gr (T14)3Gy (T, T) + (5.11)

+ G (T30)P 1G5 (Ta) "' G (T14)0G0 (T, Ta) + Gy (T30)P G (T34)10Gy (T, m} _0.

Multiplying by G7, (T32), integrating over T3, and using the second equation in (5.10), we
obtain the upper component of (5.9). An analogous equation for Gg can be obtained from
the bottom component of the first equation in (5.10), so reproducing the full (5.9).

5.1.2 4-point functions in the large NN limit

With the quadratic action (5.4) we can also derive 4-point functions to order O(1/N). After
the disorder average, the 4-point functions we can compute are those expressed in terms of

bilocal fields, which we group into a matrix:

i<3_)aya2byb Xaya?bq)b >(T1, Ty: Ty, T)) — <gygy GyGas
N CI)a(I)aJ)b;yb q)aq)aq)bq)b gcbgy gfbgtb

(G%Grm Gzn%) oo Tod) <agyagy 3G90

G:sqsG;n G;¢GZ)¢ 0G50Gy 0G500s

The notation here is that 7T} is the coordinate of the first field from the left, T5 of the second

one, and so on. In the last equality we inserted the expansion (5.1). The 4-point functions

>(T17 T27 T37 T4) -

> (T, To; 15, Ty) . (5.12)

of fundamental fields are therefore computed by the 2-point functions of 0G to leading order
in N. By adding sources to (5.4), completing the square, and taking functional derivatives

with respect to the sources, one obtains

0Gy0Gy 0Gy0Gs
0G60Gy 0Gp0Gs

The product - includes both matrix multiplication as well as integration over chiral and

>(T1,T2; Tg,T4) = [1]. - K]_l . ]:0(T1, Tz, T3,T4) + @ (%) . (513)

anti-chiral superspace coordinates, like in (5.9).
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5.2 Computing the spectrum

We search for eigenvectors of K with unit eigenvalue, as in (5.9). We denote the components
of G as 0G s where A, B range over the fields n, f, ¢, and 1. Eqn. (5.9) separates into three
independent equations: one for bosonic fluctuations G2, and two for fermionic fluctuations
§GF and 0G¥. These are defined as

3G® = (6Gy, 6G 77, 0G54,6G5,) s 0GY = (0Gyy,8G5,) . 6GF = (8G,,6G5,). (5.14)
The vectors 0GB (7, 7s), 6G¥ (11, T2) and G¥ (71, T») satisfy three equations as in (5.9), but in
terms of KB(1,m9;73,71), K¥ (71, 79;73,74) and K¥ (7, 7o; 73, 74), respectively. The explicit
expressions for the 4 x 4 matrix KB and the 2 x 2 matrices K¥, K¥ can be found in
Appendix E. The bosonic and fermionic fluctuations do not mix in these equations because

the superconformal solutions for fermionic 2-point functions are zero.

We follow the same steps as in [5,6,11,26] to diagonalize the kernel operators KB, K¥,
K¥, so we shall be brief. Due to the conformal symmetry of the solutions G*, the kernels
commute with all conformal generators and with the 2-particle conformal Casimir with
eigenvalue h(h — 1). Since Casimir and kernels can be simultaneously diagonalized, one can
focus on a subspace of fixed h. For each dG 55, the corresponding space is spanned by two
eigenfunctions:

) AA+AB—h @(712)+S@(—T12)
G <712; fao) = ‘7_12|AA+AB—h )

Here G, is the 2-point function defined in (3.16). We therefore expand each perturbation

s=+1. (5.15)

0G ip as
0G z5(11,72) = Z JL(A,B) G

s==+1

( As+Ap—h
T2y, ———(

. ,o> 501 - (5.16)

The factors gra,p) denote the coefficient g in the conformal ansatz (3.16) for the lowest
multiplet component between A and B. For example, if A =nand B = f, then L(A, B) = n.
One can think of these factors as rescalings of the expansion coefficients 0gsp5.,. They are
included so that the matrix elements of the kernels only depend on the combinations gg_l gi gy
and gb 93;1 gy determined by the equations of motion (3.22) (even in the non-supersymmetric
case), and not on the individual coefficients. As expected, the kernels act within the subspace
of fixed h, and can be represented by ordinary matrices acting on the coefficients dg 4., This
is shown explicitly in Appendix E.1.1. However, the size of each matrix is doubled since each
subspace is two-dimensional and spanned by (5.15), thus K is represented by a 8 x 8 matrix
while K¥ and K¥ are represented by 4 x 4 matrices. Their explicit expressions can be found
in equations (E.9)-(E.12).

We are left with the ordinary problem of determining the values of h such that KB, K or

K" have eigenvalue 1, which can be solved numerically. For each eigenvalue, we plot k(h)—1
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Figure 15: Case p=¢q =3, « = 1, £ = 1/3. Shifted eigenvalues k(h) — 1 of K® (blue) and
KY (black) as the operator dimension h varies. There is an operator O, in the spectrum
whenever there is a horizontal intercept and k(h) = 1. The total number of fermionic

operators is doubled, due to the presence of K as well.

as a function of h and look for zeros, where the graphs intersect the horizontal axis. The
number of coincident intersections tells us the number of modes at a given value of h. Since
h is interpreted as the conformal dimension of operators O, around the given conformal
solution [5,26], we are effectively finding the spectrum of operator dimensions. The modes
in KB correspond to bosonic operators, while those in K¥ or K¥ to fermionic operators. In
addition, it can be seen from (E.11) that K" is identical to K as a matrix, so it is sufficient
to consider K only, keeping in mind that the fermionic spectrum is doubled. Since the
solution we expand around is supersymmetric, the spectrum is organized into multiplets, as
we will verify. In the following figures, the graphs of k(h) — 1 for K® are displayed in blue

while those for K¥ in black. We now present our results for a few representative cases.

Case p = q = 3. For simplicity, we consider supersymmetric solutions with a = 1, so
that there is a unique solution given in (3.39). We also fix £ = 1/3 for definiteness. We
read off the spectrum from Figure 15. Naively one would infer the presence of two N = 2
Schwarzian multiplets at h = (1, 2 X %, 2), however one of the two multiplets is spurious,
due to an emergent IR reparametrization symmetry which is however incompatible with
the UV boundary conditions [11,26]. There appear also two N/ = 2 current multiplets at
h = (2 X %, 1), but one is again spurious for the same reason. Lastly, we notice the presence
of a multiplet at k ~ (1.11,2 x 1.61,2.11). As pointed out in [7] and shown in [48,49], the
contribution of a bosonic operator O, with 1 < h < % to the free energy is proportional to
$%72" which dominates over the 37! contribution from the Schwarzian at low temperatures.

This implies that the IR physics in this solution should be non-universal and not described
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Figure 16: Case p = 1, ¢ = 2, a = 2/3. Shifted eigenvalues k(h) — 1 of K® (blue) and K¥
(black). Top: supersymmetric case with &, = 2, £, = =&, and £ = 0.05 < &, ~ 0.21.

Bottom: non-supersymmetric case with &, = 0.10 and &, = 0.05.

by the Schwarzian theory at leading order. We shall refer to the range 1 < h < % as the
“dangerous region”. Fermionic operators are excluded from this discussion since only bosonic

operators can enter the Lagrangian as deformations.

Case p =1, ¢ = 2. In the supersymmetric case the unique solution is given in (3.33) and
(3.34), which is valid for 0 < £ < &,. For concreteness, we fix o = 2/3 so that &, ~ 0.21, and
£ = 0.05. Looking at the top of Figure 16, there appear two A/ = 2 Schwarzian multiplets
at h = (1, 2 X %, 2) and two A/ = 2 current multiplets at h = (2 X %, 1). Of these, only one
Schwarzian multiplet and one current multiplet is physical while the other copy is spurious,
as explained above. In addition, we notice a multiplet with h ~ (0.84, 2 x 1.34, 1.84). The
presence of a bosonic operator O, with h ~ 0.84 < 1 is not a cause for concern because
this is a relevant deformation that can be tuned to zero by appropriately choosing the

UV parameters. Therefore, we expect the IR physics of this solution to be dominated by
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Figure 17: Case p = 1, ¢ = 2. Bosonic operator dimensions closest to the dangerous region
1<h< %, as a and & are varied. Different values of o are color coded. For « in the range

0.665 < a < 0.923, no dangerous modes are present in the spectrum.

the Schwarzian to leading order in 1/, and this is confirmed by the numerical results in
Section 4.3. In the non-supersymmetric case we take &£, = 0.1 and £; = 0.05 (they do not
satisfy (3.27)) and the solution is obtained by solving (3.22) numerically. Looking at the
bottom of Figure 16, we do not find a multiplet structure anymore. The presence of two
Schwarzian modes (h = 2) and four current modes (h = 1) is still required by the symmetries
of the theory — and half of these modes are spurious. We also discern two bosonic modes
with h ~ 1.67,2.20, outside the dangerous region. As expected, the fermionic modes split
and move away from h = %, %; there are in fact modes with h ~ 0.35,0.65,1.28,1.35,1.65,
all with multiplicity two.

Since the Schwarzian mode can be the dominant one in the IR or not depending on the
parameters p, ¢, o, £, we study in which ranges the two behaviours take place. As we will
see, the spectrum is free of dangerous modes for p = 1 and 0.665 < o < 0.923, but not

otherwise. It is reasonable to expect a qualitative difference between the models with p =1
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Figure 18: Cases with p = ¢ > 1 and o = 1. Bosonic operator dimensions in the dangerous

region 1 < h < % as p = q are varied. Differently colored points correspond to different

values of £.

and p > 1, since the former has a scalar potential while the latter always contains fermions

in 1ts interaction terms.

In Figure 17 we consider the case p = 1, ¢ = 2. We plot the dimensions of the bosonic

3
29

repeated for various values of a. We observe that when the abundance parameter « is bigger

operators which lie closest to the dangerous region 1 < h < 5, as a function of £. This is
than a critical value ay,.c ~ 0.923, dangerous modes appear at small values of £. In this
regime, we expect the IR physics not to be captured by the Schwarzian action, although we
have not been able to observe this phenomenon numerically. Similarly, when « is smaller

than a critical value ay,;, =~ 0.665, dangerous modes appear for large values of £.

In Figure 18 we study the bosonic operators close to the dangerous region in the case
p=g¢q > 1and with a = 1. As p = ¢ is increased, one observes that the operator dimensions
tend to 1 from above, but are always within the dangerous region. This remains qualitatively
unchanged for various values of &, therefore we expect the IR physics not to be dominated
by the Schwarzian mode for p > 1.

Since reality of the conformal Casimir h(h—1) does not exclude complex values h = 1 +is
with s € R, the reality of the operator dimensions is a nontrivial consistency check of the
spectrum. In Figure 19 we plot det(K® — 1) evaluated at h = % + is against s for p = 1,
g = 2, a = 2/3 and various values of £. An operator with complex dimension can exist
only if det(KB — 1) = 0. For £ < &, it is clear that det(K® — 1) is strictly positive and
there are no such operators. As &€ — &,, the graph gets increasingly flatter and closer to
the horizontal axis. This phenomenon was also present at a phase transition of the N = 2
model of [11], as discussed in [26].
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Figure 19: Plot of det(K® — 1) evaluated at h = % + is against s. We fix p =1, ¢ = 2,
a =2/3 and vary & up to &,.

6 Chaos exponents

An interesting feature to study both in quantum many-body systems and in toy models
of quantum gravity is the quantum chaotic behaviour. From the gravity side, it has long
been expected that black holes are maximally chaotic, see e.g. [39,50-52], a feature that is
captured by the standard SYK model [6]. In this section we compute the chaos exponents
of various out-of-time-order correlators (OTOCs) in our models, using the retarded kernel
approach of [13]. Working in components, we first introduce the various component 4-point
functions and the integral equations that they satisfy, which follow from the superspace
integral equation (5.13). We then define the OTOCs as analytic continuations of the 4-point
functions and find the continued versions of the integral equations. Finally, analyzing the
equations at late times, we determine the chaos exponents. It turns out that one of these

exponents saturates the maximal chaos bound 27/ [39].

6.1 Integral equations for component 4-point functions

In components, eqn. (5.13) decomposes into 3 equalities: one for the 4 x 4 matrix of bosonic

4-point functions:
FB(71,72;73,7'4) = lim <5GAA 5GBB> (71, T2; T3, T4) (6.1)
N—oo 4x4

with A, B € {n, f, »,%} and computed from the 2-point functions of bosonic bilocal fluctu-

ations 0G 54, and two for the 2 x 2 matrices of fermionic 4-point functions:

FF = lim <5an5Gf77 5G?7f5G15¢> . FF lim <5an5an 5an5G¢‘>w> (6.2)

N—o0
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computed from the 2-point functions of fermionic bilocal fluctuations 0G z5. As in the
previous section, this decomposition comes about because the kernel K does not mix bosonic
and fermionic components. Specifically, (5.13) implies that FB F¥ F¥ satisfy the equations

1 . .
1— KB ‘ F(?(Tl’TQ;TE}’TZL) - ZnZO(KB) ’ F(?(TlaTQ;T377—4> y (63)
1
1—- KF

- 1
F . .
F (TlaTQaT3aT4) = 1 —FF

where - indicates the convolution f - g (71, 79;73,74) = [drsdrs f(7T1,72; 75, T6) 9(T5, T65 T3, Ta)

FB<7-177—2;7—3a7—4) —
(o]
FE (1, 1973, 74) = Fy (11, Ty T3, Ta) = ZnZO(KF)n Fy (11, To; T3, T4)

: (FOF)T(7'1,7'2;7'3,7'4) = ZOO

n=0

(FF)” ' (F(F)T(Tla T2, 7—377—4) )

together with the standard matrix product, while T denotes both a matrix transpose and
the swapping of arguments from (71, 72; 73, 74) to (73,74;71,72). Lastly, FP® and F} are the

diagonal matrices
F2 (11,7273, 74) = diag{—G%n(Tl, 74) Gy (73, T2) s G (71, 74) G (73, T2)
éGZ_mﬁ(Tl? 7’4)G3¢(7'37 7)), _éGZ‘,w(Th 7'4)sz¢(7'37 7'2)} ) (6.4)
Fy (11, 70373, T4) = diag{G}f(Tg, 79) G (71, Ta) 5 —%G%w(Tg,Tg)G%(Tl,u)} :
Equivalently, (6.3) can be written as the integral equations
F(7i,79;73,T4) — /dT5 dre K(71,79; 75, 76) F(75, 76; 73, Ta) = Fo(7T1, T2; T3, T4) (6.5)

written in terms of {FB KB F2}, {FF, K FF} and {F¥, K¥, (FF)'}, respectively. Each
component of these matrix equations is represented by a Feynman diagram of the form

A D A Q Q D A D
: - 9
B C B P P C B C
In Appendix F one can find the diagrams for each component of K and Fy.
6.2 OTOCs and chaos exponents
The OTOCs we want to compute are double commutators such as
1 _ — . - .
T (e[ Ca(3). Bu(5 +it2) | [ Aulit), Da(0) | ) (6.7)

1. /(= - e
= 52 Jm ((Ca(5 +6) = Cul§ = 9) Bo(§ + 1) Aylitr) (Da(=0) = Du()) )
_ (—1)alABL] 11%1+<GABG@D (it1, 8 +ito; S + €, —€) — GapGep(it1, S +ita; 2 + €, ¢)
e—

+ GABG@D(itl, g + ito; g — 6,6) — GABG@D(itl, g + ity g — €, —€)>.
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Here A is from the same multiplet as B, and C' is from the same multiplet as D, while the
indices a, b are summed over. If both A and D (or B and C') are fermionic, the bracket [, |
between them should be understood as an anti-commutator. In the second line, the shifts of
Euclidean time by +e€ implement the operator ordering. We also defined the parity operator
&]A, B, C) = F[A] F[B]+F[C] F[AB], where F[] is the fermion number of a field, set to 0 for
bosons and 1 for fermions. The OTOC is constructed so that it is computed by expectation
values of bilocal fields in the third line, which are the only accessible observables after the
disorder average. In addition, it is especially convenient to consider double commutators
rather than a more general OTOC since we will see that the locations of operator insertions
in the contributing diagrams are heavily constrained [13]. As seen from (5.12), such 4-
point functions are computed at order O(1/N) by the expectation values (0G 35 0G¢p) of
fluctuations around the conformal solutions, which are grouped into the matrices F'® and
F¥ in (6.1) and (6.2). The double commutators in (6.7) are therefore computed at this order
by the following analytic continuations of F® or F*':

W(ty,t2) = lim+ [F(itl, g + ity g + ¢, —6) — F(z’tl, g + ito; g + e, e)

e—0

+ F(z'tl, g + ity; g — €, e) — F(z’tl, g + ito; g — €, —e)} . (6.8)

From here on, we will often omit the superscripts B and F since most of the steps are
completely independent from them. We shall also consider another inequivalent double

commutator where A and B are swapped with respect to (6.7):

1 _ _
5 T (e [Cu(). A (5 +it1) | | Buita), Da(0)] ) (6.9)
= = lim ((Cal§+) = Tul§ = ) A(5 +its) Bylitz) (Dal—€) = Dale)) )
Nz Sor A\ el @\2 2 “ )/
= (—1)52[A’B’C] Ell%}r<GABGC’D(§ + ity ity; g + €, —e) — GABGC*D(g + ity ity; g + €, e)
+ GiapGep (% + 1ty ity; § —€,€) — GABGC*D(g + 1ty ito; § — €, —€)> ;

where we defined &[A, B,C] = F[C] F[AB]. Analogously as before, it is computed at
O(1/N) by different analytic continuations of F® or F¥:

—~

W(tl,tg) = lim [F(g + Ztl,’ltg, g + €, —E) — F(g +Zt1,2t27 g + €, 6)

e—0t

+F@+ﬁm@§—QQ—F@+ﬁM@€—a—d] (6.10)

According to one measure of quantum chaos, the order O(1/N) contributions to the
double commutators of a chaotic theory at late times t; = t5 = t should behave as

WBF(t, 1) o< exp [AE”F t], (6.11)

where 0 < AP < %“ are the so-called Lyapunov exponents [13]. The goal in the following is

to compute these exponents using the retarded kernel approach.
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Figure 20: Contour in the complex 7 plane used for the evaluation of (6.5) and (6.7). The
four terms in the double commutator correspond to the choices of placing an operator at +e,

and another one at g +e.

6.3 The retarded kernel

The strategy in the retarded kernel approach is to use analytically continued versions of
(6.5) to constrain W and W. Looking at the definitions (6.8) and (6.10) it is apparent that
one should sum four copies of (6.5) with 73 and 74 appropriately shifted by +e. We first
consider 73 = it; and 7 = g + ity, so that W is obtained from the first term of (6.5):

W(tl, tg) — lim d7'3 d7'4 K(’Ltl, g + Ztg, T3, T4) |:.F(7'37 T4, § + €, —6) (612)

e—0t

— F(Tg,7'4; g + ¢, 6) + F(73,7'4; g — €, e) — F(73,7'4; g — €, —€)i| = Wo(ty,ts) ,

where Wy(ty,ts) is defined as in (6.8) but using Fp in place of F'. We should determine the
integration contour for 73,7, in the second term of (6.5), and it is useful to note that 73,74
are the locations of interaction vertices in the Feynman diagrams drawn in (6.6). In the path
integral, Feynman vertices are derived from local interaction terms in the action, which have
the form [dr O(7). Integrals over the positions of the vertices come directly from the time
integral in the action, therefore specifying the complex time contour that is used to compute
the path integral also specifies the contour for the vertex positions. Since we are computing
the double commutator (6.7), the contour must pass through all operator insertions in the
double commutator. We shall choose the same contour as in [13], shown in Figure 20. The
folds that pass through 71 and 7, are called the left and right rails; each rail has a left and
a right side. The four contributing terms in (6.8) correspond to different positions for the

operator insertions at the bottom of the rails.

A priori the interaction vertices at 73 and 74 could be placed at any point on the contour
in Figure 20, and the integrals should be performed over the whole contour. However, it
turns out that nonzero contributions to the integrals only occur when there is one vertex on
each rail. This is because if the left rail is free of vertices, the 4-point functions computed
by F (7'3, T4; g + €, :i:e) are equal as € — 0, since there is no difference in operator ordering.
Consequently, the four terms under the integral in (6.12) cancel. Similarly, if the right rail

is free of vertices, the 4-point functions computed by F (73, 7'4;§ + e, e) are equal and the
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same cancellation occurs. Moreover, 73 must be on the right rail and 74 on the left rail, but
not the other way around. To see this, we first note from (E.5) that the time dependence in

every component of the kernels KB¥ is given by a product of 3 conformal 2-point functions:
Kipep(mi, 173, 71) o< G2 (1143 A1, E1) G (1305 Mo, E3) G2 (134, A3, E3) (6.13)

Suppose instead that 73 is on the left rail. Then 73 = 4¢€ + it3 for some € € (0,¢€), where
the plus/minus sign corresponds to 73 being on the right/left side of the rail, respectively.
Since GfQ(ng; Ay, &) = GfQ(—g +e+itga; Ay, &) has a smooth limit as € — 0, the integrand
in (6.12) is equal for the two sides of the rail. However, the contour in Figure 20 runs
from left to right with increasing Re 7, and there is a relative sign in the integration measure

dr3 = +idts between the sides of the rail. Hence the contributions from the two sides cancel.

On the remaining contour where contributions are nonzero, 73 = g + s, € + ity and
T4 = S5 € + ity with € € (0, €). The signs s45 = £1 parametrize whether 734 are on the right
or left side of the rails, and they should be summed over. Recall that the contour orientation
depends on which side we are on, so dr3 4 = —i S45 dt3 4. Substituting this contour and (6.13)
into the integral term of (6.12), every component is a sum of terms proportional to

lim —S84S85 / dt3/ dt4 556 + Zt14) Gg <S4g + it32) Gg (g + it34) X (614)

—0+
€ 54,35:i1

X [FcD(é + 848 ity 558 +ity; § €, —€) — Fap(§ + s4€ +ity, 558 +ita; 5 + €, ¢)
+ F@D(g + S4€ + i3, S5€ + ity; g —€,€) — F@D(g + S4€ + i3, S5€ + ity; g — €, —e)} ,

where Frp is a component of F, and appropriate dependencies on the conformal ansatz
parameters are implied for G?. Since € € (0,¢), sign(+e — s45¢) = £1 and the operator

ordering in the four Fp is unaffected if we send € — 0 at fixed e. This simplifies (6.14) to

to t1 —
/ dt3/ dty G3 (t1a; Ar, &1) GR (tag; Do, £5) G (tsa; A3, E) Wep(ts, ta) | (6.15)
0 0
where we defined
GR(t; A ) = lim Z SGP(s'e +it; A E) = 5K Siﬂ( (A+ 1= +z€)>
R —— [ﬁ smh(%)}

72 e H
G"(tA,8) =G (L +it;A€) = X - (6.16)

[5 cosh(%)}

Note that GR(—t; A, €) = GR(t; A, €). In the literature, GE is sometimes called the retarded
propagator while G™ is called the ladder-rung propagator, due to how they arise from prop-
agators connecting the interaction vertices, which run horizontally between the vertical rails

in Figure 20.
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Therefore, we have shown that (6.12) can be written as

tl,tg / dtg / dt4 tl,tg,tg,t4) W(tg,t4) = W()(tl,tg) s (617)

where the components of K are obtained from those of K through the replacements
GP (114) G (732) G (134) — GR(t14) GR(ta3) G¥(t34). On the other hand, one could choose
T = g + it1, 72 = ity and sum over four copies of (6.5) to construct an analog of (6.12)
in which the first term is /I/Iv/(tl, ts). Followmg the same steps as the above, one obtains an
equation as (6.17) but in which W <« W Ki — Kx and Wy — WO, where

Wo(ti, t2) = el_igi [Fo(g + ity ito; § +e€,—€) — Fo(g + ity ito; § +¢€,€)
+ F()(g + Zt172t27 g — €, 6) - FO(% + itl, th, g — €, —6)] (618)
while the components of K are obtained from those of K via Gf(114) G5 (7s2) G5 (734) —
s3 GR(t14) GR(ta3) G™(t34). Note that the only difference between the replacements to use in

K3 and Ky is the sign s3. Due to the mixing between W and W, it is convenient to group

(6.17) and its analog for W into a single equation:

(%) (t1,t2) —/Otzdtg /Ohdt4 Kr(ti,ta: ts, tg) (g) (ts,t4) = (gg) (t1,t2) (6.19)

0 Ki
Ky O
tially increasing at late times, the right hand side of (6.19) is in comparison exponentially

where we introduced the matrix Kr = . Assuming that W and W are exponen-

suppressed and can be neglected. Furthermore, the lower limits of integration can be modi-
fied to —oo at this order of approximation, since the dominant contribution to the integral
comes from t34 close to t15 [13]. The equation we are left with shows that if W and W are
chaotic, their columns are eigenvectors of the retarded kernel K with eigenvalue 1. We find

it convenient to change variables to

x - 2
24 = ¢t , 223 = —e‘%t“ / dtg/ dty = / ng/ dzy |B/||7T i (6.20)
23| %4

after which the eigenvalue equation becomes

(%) (251,2’2) = /ood253 /Z; dZ4 KR(Zl,ZQ;Z3,Z4) (%) (23,2,’4) . (621)

Notice that, with some abuse of notation, here we defined

|2524] Kr(21, 20; 28, 24) = (2)° K (t(21), 1(22); £(25), t(24)) - (6.22)
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6.4 Exponents from the fermionic and bosonic retarded kernels

Applying the replacements that lead to Kji to (E.3) and (E.1), we obtain the retarded
kernel Ky in the ¢ coordinates, appearing in (6.19), whose components are listed in (E.14)
and (E.13). After performing the change of variables (6.20), the components of Ky in
the z coordinates are obtained through the substitution (E.16). The goal is now to find
eigenvectors of K¥ and K§ with eigenvalue 1, which form the columns of (WB, WB)T and

(WF, WF)T, and extract their exponents at late times.

Each component K EB op(21, 22; 23, 24) has the form
Aa+tA , .
KR gL (2%) AtAB |Zl|AA+z€A |Z2|AB%$B K
R X
wer 1 I P e P R E e e e ] e A

where K is some z-independent proportionality constant that does not depend on the coef-
ficients g, . Note that the components KEB oD
and CD is a column index in the matrices Ky~, Kg*=. In a column of (WB,WB)T or

(WF,WF)T on which Kg”i and Kli’i act respectively, we naturally label the component

are labelled such that AB is a row index

that is being contracted with KEB,C_’D as Wap or W@D. It is then straightforward to check

that the eigenfunctions of K% under convolution are

AB,CD

Ac+A Ac+i& Ap—i&
2 c D ctilo D D
”) 2] |24] (6.23)

wep(23,21) = guo) (E N )

where h is a free parameter that will be determined below by requiring that (6.21) be satisfied.

Indeed we have:

zZ2 o
/ d23/ dzy KEBCD('ZM 225 2372’4) U’C*D(2372’4) = (6-24)
—00 21

= KgLA 2_7T AA+AB|21|AA+i5A|Z2|AB—i53 /Z2dz3/oodz4 1
(4) 15} w . ‘214|2AA‘Z23|2AB‘Z34‘27AA7A37h

T(1—2A4)T(1 = 2A5)T(A4 + Ap — 1)
T(2—A4—Ap—h)

=K

w/_lB(Zla 22) :

We therefore take Wjig(z1, 22) to be proportional to wjig(z1,22). At t; = to = t, the time

dependence in w g is

Tt Tt 2 t
wAB<eJT,—e*2T> X exp [% (—h—i—iEB —iSA)} . (6.25)
The Lyapunov exponent is thus given by A = —%’r Re h for values of h such that Ky has

eigenvalue 1. In particular, we must have —1 < Re h < 0 for consistency with the assumption
of exponential growth that was used to simplify the computation previously, and with the

maximal chaos bound \ < %” [39].

56



0.00 =

vvvvvvvvv

[ N S L /
- U et e /
0.1 ~ N
¥ -~ /
=< 002} N
_________ RN - S~ /
) N 1 N /
- ¥ N T m——— - ~N /
u.::: [ \\ —————— mln: \\ 7
X r ~ X -0.04 S -
~ -01F \\ = —_—
8 E/8,=0.1 S 4 —_— 518, =0.1
F \l
_02 : b
[ =——— &/6,=08 006 —— - g5, =07
[ o §/E, =0.95 —— 5l6,=0.9
. -0.08 L

| | | " L
-1.0 -0.8 -0.6 -0.4 0.2 0.0 -1.0 -0.8 -0.6 -0.4 -0.2 0.0

Figure 21: Plots of det (K, — Lux4) in black (left) and det(KE — Lsxs) in blue (right) against
h, for the solution (3.33) at o = 1 and various values of £ as a fraction of the critical value

&, = L arctanh(1/v/2).

When acting on (6.24), KR is represented by an ordinary matrix. The bosonic retarded
kernel KB and the fermionic retarded kernel K% can be found in (E.17) and (E.18), respec-
tively. We compute the chaos exponents by finding values of h at which det (KE’F — ]1) = 0.
Remarkably, det[Kf (h = —1/2) — Lyyxa] = det[KF(h = —1) — 1gys] = 0 holds regardless of
the dimensions A, 4, as long as they satisfy the supersymmetry constraint pA, + ¢A, = %
This shows that on all superconformal solutions there is maximal and half-maximal chaos in
the double commutators computed by (WB, WB) and (WF, WF ), respectively.

In addition, for the analytic superconformal solutions found in Section 3.4 there are no
other values of h € [—1,0) at which det (KE’F — ]1) = 0. For example, in Figure 21 we plot
det(KE — Laxa) in black on the left and det(KE — Lsys) in blue on the right against &, for
the solution (3.33) and various values of £. It is clear that there are no other zeros except
at h = —%, —1. The same qualitative behaviour is found for other superconformal solutions.
This suggests that for superconformal solutions there are no other chaos exponents except

the maximal and half-maximal ones that we found.

7 Discussion

For p = 1, our model bears many similarities with that of [28], although the abundance
parameter and the coupling of the fermions make it irredeemably distinct. In the conformal
phase of our model, the low-energy behaviour is closer to standard SYK and thus avoids
completely the “curious” behaviour of the model in [28]. Naively, even outside of the con-
formal phase the models behave differently, with the dynamical bosonic correlator taking

an exponential-like profile instead of a constant. However, it is possible that it realizes a
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charged version of the phase identified in [28]. This is consistent with Ay, — 0 at the tran-
sition point, and numerically we do not rule out a sub-Schwarzian mode which scales with
T for non-integer v. However, further study would be required to check whether there is a

meaningful connection.

Another interesting aspect of this model which could benefit from analytical understand-
ing is the “emergent” supersymmetric behaviour discussed in Section 4. It would be interest-
ing, for example, to derive the relation (4.5) analytically. A perhaps more crucial question is
to ascertain whether this is a physical phenomenon or simply an artifact of the Schwinger—
Dyson equations. It is not clear, for example, if one can reconcile such an IR behaviour and
the arguments in Appendix C.2 which set 27€ = —fu by combining Ward identities and
(anti-)periodicity. Could the chemical potentials be “renormalized” in the IR? Or should
one consider these solutions to be simply outside of the physical Hilbert space? An actual

implementation of the model could clear this up, as could some holographic argument.

The dependency of the Schwarzian coupling on the charge Q is another point for which
we found numerical results but with insufficient precision to be conclusive. Far from the
critical value of pu, the variation of the coupling with the charge seems to be very flat but
probably not constant. This contrasts with some known black hole setups such as [53] where
the coupling varies with a rational power of the charge. Perhaps a specific gravitational dual
to this model could enlighten this aspect, since in SYK-like models the Schwarzian coupling
is notoriously difficult to fix from the quantum mechanical side alone. Another aspect on
which the numerical analysis is not conclusive and would benefit from analytic control is

whether a phase transition truly happens at the critical chemical potential.

This leads to a final interesting challenge, which is whether there is a concrete and specific
gravity dual to this model. In particular, both the inspiration from the quantum mechanical
model of [29] and the phases of solutions described in Section 3.4 suggest that the case p = 1,
g = 2 is the most “black-hole-like”, which is also the case in which we found most of the

interesting numerical results.

It would also be interesting to study the finite N model numerically, before taking the
approximation of the Schwinger-Dyson equation. This would require us to truncate the
bosonic Hamiltonian, or to consider a version with spin or hard bosons. This could confirm

the absence of a spin-glass phase.
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A Superspace conventions

In this appendix we collect our conventions about superspace and super-reparametrizations.

In terms of superspace coordinates, the supercharges are

0 — 0
Q:69_§a7'7 Q:—ag+§am (A1)
with Q% = Q% = 0 and {Q, Q} = J,. The chiral and anti-chiral superspace derivatives are
0 — 0 _
D=8y+50,, D=-8--0., {DD}=-0,. (A.2)

They satisfy {D,Q} = {D,Q} = {D,Q} = {D,Q} = 0. Chiral superfields ® and Fermi
superfields ) (and they anti-chiral counterparts) have expansions

q>:¢+9w+%95@¢, 5:5_9@_%@@5, ",

1, — 1
Y=n—0f+3000m, Y=n-0f-50007.

They satisfy D® = D® = DY = DY = 0. In our conventions, conjugation reverses the
order of fermions. The integration measure over full superspace is written as d*T = drdfdb,
while the measures over chiral and anti-chiral superspaces are d*T = drdf and *T = drd#,
respectively. The measures over half superspace are fermionic: they anti-commute among

themselves and with other fermionic operators like D, D. The superspace delta functions
BTy —Tp) = (01 — 03) (0, — 02) 6(1y — 72)
(11, Ty) = Dy 8%(T1 — To) = (6, — 6o) 5<ﬁ — 7o+ 10,0, — ;92@) L (A4
STy, Ty) = Dy 0%(Th — T) = (8, — By) 5(71 — 1y — 10,0, + 59292) ,
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are defined to satisfy

/dSTl BTy —T) X(Th) = X(Ty) for X generic ,
/d2T1 Ty — Ty) ®(Th) = (Tr) , for D® =0, (A.5)
/dQTl SQ(Tl - TQ)E(Tl) = E(TQ) s for DE =0.

Note that 2 is chiral in both arguments, and 62 is anti-chiral in both arguments. Besides, 6
is bosonic and even in the two arguments, whilst §2 and 82 are fermionic and anti-symmetric
when swapping the two arguments. For bilocal fields A, B(7T},T2) which are anti-chiral in

the first argument and chiral in the second argument, we define the convolutions

(A BT = [T, AT T) BITLT)
(A.6)
(A% B)(Ty,Ty) = /d2T3 A(Ts, T1) B(Ts, T3) .

Here Ax B is anti-chiral in both arguments, whilst A% B is chiral in both arguments. Inverse

operators under convolution shall be defined such that
A % A=6%, AT A=62. (A7)

Notice that one could have alternatively defined the convolutions in (A.6) with a swap of T}
and T5 on the right-hand-side, which would have led to an opposite sign in the definition of
the inverses (because 02 and 02 are anti-symmetric). The convention we chose was dictated
by comparing the equations of motion in (3.8) and (3.10) with their superspace derivation
in (3.11). With this definition of A~ one can derive

SA YT, Ty)

SA(Ty Ty) AN, T) ATHT, T) (A.8)

By starting with a general ansatz and imposing invariance under the supersymmetry
transformation 6 = yQ—x Q, one can show that the most general supersymmetric completion
of the translationally invariant quantity 74 — 7 is 71 — 7 + %9291 + %9251 +a(fy —0:2)(01 — 05)
with a constant a. Imposing that the combination is anti-chiral in 7} and chiral in T3 further
fixes a = —%. Therefore, a bilocal superfield G(T7,T5) that is anti-chiral in 73, chiral in T5,

translationally invariant, and supersymmetric, can only be a function of

T12 = T1 — Ty — %(0151 + 9252 — 29251) . (Ag)

A.1 Super-reparametrizations

The N = 2 super-reparametrizations, denoted Diff" (S'1?), are general coordinate transfor-

mations (7,6,0) — (7/,6,60) under which (anti-)chiral superfields remains (anti-)chiral in
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the new coordinates. This implies the conditions

_ _ S 1
DO =D =0, DT,:§9,D9/, DT/:§0/DQI. (A.10)

They have general solutions parametrized by a real bosonic function f(7), a complex fermionic

function x(7), and a real bosonic phase o(7) which implements U(1)g rotations on 6:

, 1, 1 1 B

7' = [+ 50X+ 50 1o + 700 0: (1 Xx) - (A-11)
/ 1 - —i0

0" = px +0p+ 500 0-(px) , p=lple™,

e D ) 1 SN , -

0 =px+0p— 5«99 2-(PX) , p|>=0-f|1— 5)((87 +1i0;0)X — 5)((07 —i0;0)x | -

The chiral measure transforms as

14 g /
dr'do’ = d(7’+19’§’> a = per (O (7H00) 00N (A.12)
2 89 (T’+%9’9’) 890/

1 1orpgr /
~Ber aT(T+?9§) 0.9
D(r'+30'0)) Do’

) drdf = (D@’)_1 ((977’ — %87«9’5’ — %8T§’6”)drd«9 =—D# drdf
where we defined the Berezinian as

A B -1 -1
Ber(C D) =det(A— BD™'C) det(D)~" . (A.13)

Here A and D are bosonic operators, while B and C' are fermionic. In the third equality we
used the identity Ber (é [B)) = Ber (c fn AD fn B) for any fermionic matrix n. In the fourth
equality we used the constraint (A.10). The last equality was derived by taking superspace
derivatives of the constraints, which imply 9,7 = (0,00’ +9.6'0') — D6’D §'. By analogous
steps, one derives that the anti-chiral measure transforms as

dr'dd = D' drdf . (A.14)
Consequently, the chiral and anti-chiral delta functions transform as

62Ty, Ty) = —D10, 6*(T}, Ty) = — Doy 8*(T7,T) ,

— _ _ (A.15)
(52(T1, TQ) - Dle/l (52(T1I,T2/) == D29I2 52(T1/,T2/) .
Chiral or anti-chiral primary operators of scaling dimension A transform as
O(T) — (—DO)*» (T if D& =0, (A16)
B(T) — (DO)*2T(T") it D& =0. '
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A.2 Superconformal algebra

The N = 2 superconformal group SU(1,1|1) is a subgroup of the super-reparametrizations
introduced above. Its bosonic subgroup is SL(2,R) x U(1)g and there are 4 fermionic gener-
ators. First, we want to derive generators of the algebra su(1,1|1) as differential operators

on superspace in our conventions. This can be done by equating
(=D )2 o(T") = (1+eQ+ O(})) ®(T)  with D& =0 (A.17)

for various infinitesimal transformations, which allows us to identify the generators Q.

Firstly, supertranslations, U(1)x rotations, and dilations with 7/ = A\7'7, ¢ = A"30
directly satisfy (A.10). From (A.17) one obtains:

Lo=—r0, — 90— 205D, Li=0,.  Re—00—00+Qn.
P ) (A.18)
Gy = Q=0 5. G, = Q=0+ 0.

To be precise, by the above procedure in Ry, we obtain Qg = 2A due to the fact that ® is
chiral, but we wrote a generic Qg in order to represent the action on a generic superconformal
primary. We denoted bosonic and fermionic generators by L and G, respectively; their

subscripts indicate their scaling dimension.

To get the bosonic generator of special conformal transformations, we consider the in-
version 7/ = —1/7. In order to satisfy (A.10) and be an element of Diff*(S'?), we also need
¢’ = 60/|7|. The Jacobian of the inversion is —D ¢’ = 1 — %ﬁl. After composing an inversion,

a translation by € and another inversion, the result is:

@(T,Q,?)H( L % 00 )>2Aq>( ’ 0 0 ) (A.19)

l—er  27(1—er)?  27(1 —er l—er’l—er’'1—er

for infinitesimal e. Expanding to linear order in e, we identify the generator of special

conformal transformations:

Qr

Ly =7%0, + 700y + T@@g + 2AT + 3 60 . (A.20)

Finally, the two remaining fermionic generators are obtained from the closure of the algebra:

G1=[L1.Gi]= %9& _ (T+ %95)@, n (A _ %QR)é, o
Gi=[L1Gi]= —%eaT + (7= 400) 95— (A +3Qn)0 .

62



We write the generators as Ly,——101, G,_11, G,_,1. Their commutation relations are:
) — 2 — 2

2r — — 2r —m —
[Lm, Ln] - (n - m) Lm+n s [Lma gr] - L m gm—i—r ) [Lmu gr] = L 9 m gm-i—r s
[RSC? Lm] = O ) [RS(H gr] = gr ) [Rscgar] == _ar 5
{g'ﬁas} = LT+8 - ?RSC 3 {gra gs} - 0 5 {?r,gs} = O . (A22)

In the presence of multiple coordinates, the generators acting on a particular coordinate T;

will be denoted by Lsﬁ), G We will also write L,(Q(A, Qr) when necessary. The “single-

particle” quadratic Casimir which commutes with all the generators is

Qk
1

1 1 1= 1 _
C? = L2~ §{L_1,L1} — ZRSC + 5[9_%, Gi] + 5[g_%, G:] =A% - (A.23)

On the right-hand-side we wrote the value of the Casimir for highest-weight representations,
in terms of the dimension A and R-charge Q) of the superconformal primary, annihilated

by L_1, G_ 1 G_ 1. We also define “two-particle” superconformal generators

LA g(T1, Ty) = [LID(A, —2A) + LP(A,20)] ¢(Th, To) (A.24)

m

and similarly for Ry, G,, G,. They act on fields which are anti-chiral in 77 and chiral in T5.

Analogously, the “two-particle” quadratic Casimir is defined as
1 1 1= 1 —
0,8 — (72082 _ —{LQP’A LQP’A} L rpap,Ay2 _[ 2p,A 2p,A] _[ 2p,A 2p,A:|
¢ (L") = = B P 5655957 + 519709,
— | T8+ T0a(05, T12) (00 T12) | 0,07, = T12(0,T12)0r, 00, — 120, T32) 05, 0

+ Tlgagl 892 + 2AT12(871 — 872) + 4A? (A25)

A.2.1 Superconformal solutions in superspace

The equations (3.29) and (3.30) determining the superconformal solutions can be derived
rather quickly in superspace. Writing the Fourier transforms of the 2-point functions as

Gyo(w,b1,6:) and Xy ¢(w, b1, 6>), the expression for T in (A.9) implies

Qy@(w, 91, 92) = <1 — %w (9151 + (9252 + 29192) - iw291§19252) Gﬁﬁ, ¢;¢(w) s

Sya(,01,62) = (1= 50(0:0 + 0305 + 20,62) — 10201010302 ) T () 420
Similarly, since the anti-chiral delta function can be written as
(T, Ty) = (91 — Oy + 10,0, 0,0, + gale@aﬁ) 5(ri — ) (A.27)
its momentum-space expression is
0%(w) = 0; — 0y + %w (0151 0y + 510252) . (A.28)
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Plugging (A.26) into (3.8) (dropping the first term on the LHS), we get the equations
iw Y5 (—w) Gay(w) = —iwa ™ By (—w) Gaelw) = 1. (A.29)

With the ansatz (3.19) for Gy, and Gg,, the algebraic equations determine X7, and X,
Comparing with their general expression in (3.20) implies the relations (3.27) among dimen-

sions and spectral asymmetries, as well as the equations (3.29) and (3.30).

B Large N action and EOMs in components

We collect here actions and equations of motion in components, whose superspace expressions

are presented in the main text. The definitions of the bilocal fields Gy, ¥y and Gg, g are:

Gy(Th, Ty) = :Gﬁn + 0y Gy — 0, G,y + 010 fo] <Tl — 10,0y, 7+ %0@)

Sy(T3, To) = [Sgp = 02 Tag = 01 g, + 010 Ty | (11— 3010, 72+ 360:8,)  (B.1)
Go(T), To) = :Gd—,d, +0yGyy — 0y Gy + 010, GW] (ﬁ — 10,0, 7 + %9@)

So(T1, Ty) = | Sy — 0255, — 01 Dy + 0102 zq—w] <ﬁ — 10,0y, 7y + ge@) .

Here the fields G are the 2-point functions

Gan(rm) = (Aulm) Bulr) ) (B2

where A and B stand for the species n, f, ¢, or ¥, and a sum over repeated indices a is

implied. The action for these bilocal fields is:

S[G, E] _ log Ber (87-1 + Mn)5(71 — Tg) — Eﬁn(Tb 7'2) an(Tl, 7'2) (B3)
N —Zir (11, 72) —0(m1 — 72) — Xfs(T1,T2)
+ alog Ber (Ory + 16)0(T1 — T2) — Lgy(m1, 72) —Y5o(T1, T2)
2&1&(’7—1,7'2) _5(7—1 - 7'2) — 2&w<7’1,7’2)

+ / dry dr. 2{2ﬁnGﬁn + X G+ Bap Gy + prGrp 4 BaGos + LgsGoy
J
q
—2 -1 -1
[GWGM +(g— 1)G¢¢Gw] CGinGoy —J [anGw - Gﬁwa] G G } :

+ ZguGis + Ly Gy — [Gf_fGﬁﬁ - 1>anGﬁf} GG

J
p
where in the last integral all functions have arguments (71,72). In the low-energy limit,

dropping the kinetic terms, the action reduces to:

SIR[G7 E] — —logBer _Eﬁﬁ<7—177—2> Efn(ThTQ) +OélOgBeI' _2&15(7—177—2) _ETZ¢(T17T2)
N _Eﬁf<7'177'2) _Eff(7—177_2) qu(ﬁﬂ'z) —Zw(ﬁaﬁ)

64



+ / dr dr: 2{ZﬁnGﬁn + X5 Gar + XarGry + X5 Grp + 255G + XgeGay
J
+ By Ggp + Ly Gy — — [foGﬁn +(p - )anan} Gh,GE,  (BA)
J 2 1
o [GMGM + (¢ — UGMGW} GG, — J[anGan - ansz] Gy G, 1}-

Varying the action (B.3) one obtains two sets of equations. Varying with respect to the ¥
fields leads to a first set of integro-differential equations of motion:

—(872+/$,7)Gﬁ,7(71, ") —|—/d7'3 <Eﬁn(7'27 73) Gy (11, 73) + X7, (T2, 73) Gigp (71, 7'3)) =0(m—T72)
Gif(T1,72) / (fo (72, 73) Gy (71, 73) — Zﬁf(7_277'3>G77n(7_1773)) =0
—G () /dﬁ,( (72,75) G (71, 73) + Sy (72, 7) Gy (71, 73) ) = 81 —73)
(Ory 110 G o (70 —i—/dTg( (12.73) Gy (70,73) = Sy, 70) G (1, 73)) = 0
(872—1-,1% G (11, T2) /dT3 (E 36(T2,73) Gy (T1, T3) 4+ Ly (72, 73) G¢¢,(T1,7'3)> =ad(mn—7)
Gy (11, T2 +/d7‘3 (Z o0 (T2, 73) Gy (T1,73) — Z&,w(TQ,Tg,)GQB(ﬁ(Tl,Tg)) =0
Gy (1,72 +/d7’3( (72, 73) Gy (11, 73) + Xy (72, 73) Gwd)(Tl,Tg)) =ad(n—")
(Ory+10) G (1, T2) —|—/d7'3 (ZW(TQ,Tg) Gyp(T1,73) — X4(T2, 73) G (71, 7'3)) =0. (B.5)

Varying the action with respect to the G fields, instead, we obtain a second set of algebraic

equations of motion. All fields appearing below have argument (7, 73):
Sy = J { ; (foc:m7 (P = 2)GryGar ) G2y + (GG + (a = 1GiyGay ) G,
+(p—1) <anG¢'>¢ - anGw) GWG¢¢] Gin 3035@52 ; (B.6)
S = J [(foGm + (p = )G, Gy ) G, + ; (GWG¢¢ + (4= 2)GyyGo ) G2,

+ (g = 1)(Cp,Gay — GurGoo) GnnG$¢] G "G,

o9
s =7 (P ta. 0. v a-a Gr-2Get s =g
=IO éo T Gl b6 Ir= g 5m Yo
s o= (Pt a1 Gr-2Ge! s =T gt
i do T Gyl b6 e T Mg

qg—1
gy =J <7Gw¢Gnn + anG¢¢> Gh, ' GL 2,
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q—1 et
Ny = —J (TGwGﬁn + GﬁfG¢¢) G Gog -

We are often interested in consistent truncations where the fermionic components are set to
zero. In those cases, the action for the bilocal field components takes the simple form:
S[|G, Y]
N
+ alog det [(8T1+,u¢)5(7'1—7'2) — Y54(71, TQ)} — alog det [—5(7’1—7'2) — Ygpy(T1, 7'2)] (B.7)

= —log det [(E)ﬁ +pn)5(ﬁ—7’2) — X (71, 7'2)] + log det [—5(7’1—7'2) — Xgp(m, Tg)]

+ / dry dry Sy Gy + S15G iy + TaoGan + DGy — 2G ;G Gl — 2G5,G, 6L
and the corresponding equations of motion are:
—(Ory+1ty) Gy (71, 72) —I—/dTg Yin (12, 73) Giy(11, 73) = 6(T1—T2) (B.8)
G, 72) —|—/d73 Nip(12,73) Gyp(T1,73) = =0(T1—T2)
—(5’72+M¢)G(5¢(T1,7'2) —|—/d7'3 Ygo(T2,73) Ggy(T1,73) = —0(T1—T2)

Gyy(T1,72) +/d7'3 N1, 73) Gy (11, 73) = a6 (11 —72)

p—1 9 J
J {T GrpGag + GWJG%] Gh2GL =%, o Ghy Gl =f;
Jlene. + 97 e o larigr? —x, Ter git—x.
irGee T o vt |Gm Gy = 2gs p TmTes = S

C IR conformal ansatz and UV limit

In this appendix we gather some properties of the conformal ansatz used in the IR limit and
the behavior of the model in the UV limit.

C.1 Reality of Euclidean 2-point functions

Since the Hamiltonian is Hermitian, Euclidean operators in the Heisenberg picture satisfy:
O(r) = (e Oe_TH)T —e O™ = OF(—71) (C.1)

where O = O(0). This is the quantum-mechanical version of reflection positivity. Therefore

the Euclidean 2-point function between O and O is real, since

(O7(7) 0(0))5 = [Tr e PHO (1) (’)(0)]* = Tre PHOT(0) O(=7) = Tre P2 O (1) O(0)
= (0'(r) 0(0))5 - (C.2)
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Under analytic continuation in 7, one similarly shows that O(7)! = Of(—7) and that
(O1(1) 0(0))5 = (O1(7) O(0))g. Setting 7 = it, the Lorentzian 2-point function satisfies

(0|7 O (#) 0(0)]0) = lim [@(t) (O (e +it) O(0)) 5 + O(—1) (OT(—6+it)(9(0)>5]* (C.3)

e—0t

B—00
= lim [@(t) (OF(e —it) 0(0)) + O(—t) (O (—e — it) O(O))B} = (0| 7= O'(—t) 0(0)]0), -
B—00

Here 7T is the time ordering operator which arranges operators in order of increasing time

from right to left, while 7_ is the anti-time ordering operator.

C.2 Conformal ansatz with chemical potential

We review the discussion in Appendix B of [12]. Consider a reparametrization-invariant
quantum mechanics with a global U(1) symmetry, placed on a Euclidean S* with circum-
ference 5. To turn on a chemical potential, we couple the theory to an external gauge field
A, =iy for the U(1) symmetry. Under reparametrizations of S', the gauge field transforms
as

T = 7(7), A, — A= d—TAT : (C.4)

dr’

Therefore we do not end up in a theory with the same chemical potential.'* In order to get
back the same chemical potential, we need to perform a compensating (complexified) U(1)

gauge transformation with parameter
AN=ip(r'(r)—71), (C.5)

under conventions where the gauge field transforms as A, — A, + J,A.

Now, suppose we have an operator O with scaling dimension A and U(1) charge Q). The
conformal Ward identity for the thermal 2-point function (OTO); is

dr’ dr’ A

(OY(7'(m)) O(7' (1)), = (T m)=r! () =mm) {%(ﬁ) %(72)} (OY(11) O(12))5. (C.6)

Notice the extra exponential factor due to the compensating gauge transformation. We seek
the most general 2-point function that satisfies (C.6) for the subgroup PSL(2,R) C Diff"(S?)

which acts as

! tan(Zr) + b
tan (E> = M with  ad—bc=1. (C.7)
15} ctan(%) +d

14The integrated chemical potential [ dr A, remains invariant.
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This action is obtained by pulling back the fractional linear transformations on R under the

map 7 € (—g, g) =T = tan(%) € R. Due to translational invariance, the 2-point function
is only a function of 7 = 7 — 7. Then one can check that
2A
(O1(1) 0(0)5 = ¥ |————<|  (46(r) + BO(-T)) (C3)
6] SIH(F)

with A, B € R indeed satisfies (C.6) under the transformations (C.7), for all values of 7 o
such that sgn(7/(71) — 7/(7)) = sgn(r1 — 72). The functional form is fixed by (C.6) and one
allows for a discontinuity at 7 = 0 where the operators coincide. The reality of the constants

A, B follows from the reality of the Euclidean 2-point function.

Recall that there are two equivalent ways of introducing a chemical potential. One can
either work with fields with boundary conditions twisted by a U(1) transformation, or work
with periodic fields but introduce a background gauge field in the Lagrangian. We chose the
latter when deriving (C.6), which means that the Hamiltonian is deformed to H=H+ @,

and Heisenberg operators are defined using H instead of H. Now:
(OF(r + ) 0(0))5 = Tre P OY(r + 8) O(0) = Tr OF(7) e O(0)
= Tre " 0(0) O'(7) = 5 (0'(7) 0(0)5

where s = +1 if O is bosonic and s = —1 if O is fermionic. Notice that a cyclic permutation

(C.9)

of fermionic operators in the trace does not introduce any sign (as it is clear by representing
the trace as a sum of matrix elements, and inserting a complete basis of states in the middle),

while the sign s appears in the last equality when we swap the two operators. Imposing the
KMS relation (C.9) to (C.8) implies

AP =5 . (C.10)

The solution is A = ge™ 2 and B = gse% for some g € R. Defining 27€ = —Qu3," the

thermal 2-point function takes the form
2A

t _ —2mE L m € —n€ _
(O1(r) 0(0)), = g5 Fom(E) <e O(r) + s O 7)) . (C.11)
Taking the zero temperature limit 5 — oo while keeping £ and 7 finite, this becomes
g T —Tr
(0" 0O),_.. = 1w (e 0r) +se ™ 0(-7)) . (C.12)

One can show that the coefficient g must be non-negative in order to be consistent with

the Kéllén-Lehmann spectral representation. Consider the Lorentzian 2-point function
wE—imA

(0|01 () 0(0)|0), = lim (O (e + it) O(0)) pno = S——— (C.13)

a0t (t—ie)2d

1When we match £ with p using the KMS relation, we implicitly assume that the conformal ansatz holds

in the UV, which is not true in the actual model.
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that is obtained from analytically continuing (C.12) for 7 > 0. By inserting a complete set

of energy eigenstates {|n)} with energies E, > Fy, it can be rewritten as

> dw

o p(w)

(0]OT(t) O(0)[0), =~ e Fn—Fol [(n|O0)|0)|* = /
» 5 (C.14)
pw) = 2mb(w+ En — Ep) [(n|O(0)[0)]" > 0.

Consequently the Fourier transform of the 2-point function only has support on w < 0 and

it must be non-negative. We shall impose this condition to the Fourier transform of (C.13):

00 —iwt €
p(w) = g™ ™A lim dt —<

—_— = P _ 2A—1
0t J oo (t—ie)?A 2mg T(2A) O(—w) |w] : (C.15)

In the last equality we used that the integrand has a branch point at ¢ = i¢, and the branch
cut must be taken in the upper half plane in order not to intersect the real axis. For w > 0,
one can deform the contour so that it runs from —ioo to 0 and back, giving zero. For w < 0,
we deform the contour so that it hugs the left and right side of the branch cut that we take
along the positive imaginary axis, and the result follows from the discontinuity. Finally,

requiring p(w) > 0 implies g > 0.

C.3 UV limits

Chiral multiplet. Consider the free chiral multiplet (¢,%) with one-derivative kinetic
term. Without chemical potential the action is topological,'® and it remains fully reparame-
trization invariant in the presence of a chemical potential i if we think of the latter as a gauge
connection and accompany the reparametrization (C.4) with the gauge transformation (C.5).

The fermion 1 is auxiliary, has Lagrangian £;, = ¥t and has Euclidean 2-point function

(P(7)¥(0) )s = d(7) - (C.16)

The complex boson ¢ in Lorentzian signature has Lagrangian L = i¢'0,0 — pu¢p'e. We
could decompose ¢ = \/Li(:c + ip) and rewrite the Lagrangian as £y, = pi — §(p* + 2*) up
to total derivatives. Here p is the chemical potential for the U(1) global symmetry whose
infinitesimal action is d¢) = ie¢. The canonical momentum conjugate to ¢ is I1y = igf, so

that in the Hamiltonian formulation [¢, ¢'] = 1 and the Hamiltonian reads

H=pnQo=5 {00}, (C.17)

16The Lagrangian written as Ly, = i¢!0,¢ + it y41) is manifestly a 1-form. When the fermion Lagrangian

is written simply as L1, = 11, the fermion ¢ takes values in a square root of the cotangent bundle.
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where Qg = %{qﬁT, b} = ol + % is the conserved charge for the U(1) global symmetry, and
we have fixed the ordering ambiguity for later convenience. As argued after (2.5), we should
restrict to > 0. Defining the number operator N = ¢¢, the Hilbert space is then a Fock
space of eigenstates of N, i.e., N|n) = n|n). They satisfy ¢|0) = 0 and are generated by ¢,
i.e., the normalized eigenstates are |n) = ﬁ((ﬁ*)”m}. When going to Euclidean signature,

we will use the notations ¢ and ¢' interchangeably.

The partition function is

1
Z =Tre Pt = m : (C.18)
The von Neumann entropy S = (1 — 05) log Z is
S = —log[2 sinh(%)} + % Coth(%) : (C.19)
which diverges as ;3 — 0. The Euclidean thermal 2-point function (¢¢)s is:
(B(r) 6(0))s = 27 [0() Tre =4 5o .4 (7)1 o~ )
ehT 8 (C.20)

G E PSR v
2 sinh(%) [ (7) (=)
One can check invariance of the Euclidean action under the combination of (C.4) and (C.5).

The corresponding Ward identity for ¢, that has dimension zero, is

(6(7'() 6(7(0))), = O 0=) (57 3(0) s (C.21)
for any reparametrization 7/(7), and it is satisfied by (C.20).

In the zero temperature limit 3 — oo, (C.20) becomes {$(7) #(0))s—0e = €7 O(—7).
One can deduce the time-ordered 2-point function in Lorentzian signature by performing an
analytic continuation to 7 = it with e-prescription:

(0|7 3(6) 6(0)[0), = lim [O() (@it + )6(0)) s + O(~1) (3(it — )H(0)) 5

e—0t

=" O(—t). (C.22)

This matches the direct computation in Minkowski signature. In order to define the Fourier
transform of (C.22), we use the regularization
0 —i —i

lim dt @HH=i0t — iy — =P +7mo(w+p), (C.23)
e—0t e—0t W+ [ — 1€ w+

—0o0

where P denotes the Cauchy principal value.
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Fermi multiplet. Consider the theory of a free Fermi multiplet (n, f).!7 The auxiliary
field f has Euclidean 2-point function

(f(r) f(0))p = —d(7) . (C.24)

The dynamical fermion 7 has classical Lagrangian Ly, = in'0,n—pun'n in Lorentzian signature.
The conjugate momentum to 7 is in' and the canonical commutation relation is {n,n'} = 1.

The Hamiltonian is

L
H=pQy=3Mmnl, (C.25)
where @, = %[UTJY] = nin — % is the conserved charge, and we have fixed the ordering

ambiguity in a charge-conjugation invariant way. The Hilbert space consists of two states:

the Fock vacuum |0) annihilated by 7, and n'|0). There are no restrictions on p.

For the fermion, the Euclidean partition function is
Z =Tre PH = QCOSh(%) : (C.26)
The von Neumann entropy S = (1 — 05) log Z follows,

S =log[2 cosh(%)] — %tanh(”ﬁ) . (C.27)

2
Lastly, the Euclidean thermal 2-point function (using n' and 7 interchangeably) is

(A7) 0(0) )5 = 27! [O(r) Tre™ 77 77— ©(—r) Tre™ D1 e~ 5]

, y C.28
e O(r)—ez O(—1)] . ( )

err

B 2(30811(%) [e
D Luttinger—Ward identities

In this section we push forward the consequences of the presence of U(1) symmetries in the
model. In doing so, we follow [19] (see also [12,54,55]). First of all, let us define

zN]AA(7'1,7'2) = ZAA(ThTQ) + UAA(T1,T2) ) 0-7777(7—177_2) = —5/(7'1 - 7'2) — Hn 5(71 - 7'2) ) (D 1)
Uff(TlaTQ) = %w(ﬁﬁz) = 5(7'1 - 72) ) 0’¢3¢(T1772) = —51(71 - 72) — Mo 5(71 - 7'2) )

where the index A runs over all the fields 1, f, ¢, and ¥. Then we rewrite the action (3.6)

for the bilocal fields — which is (B.7) for the bosonic components — as

S[E,.G] = SIR[iG] - N/dﬁ dr ZA 0ia(11,72) Gaa(m1,72) (D.2)

1"The theory becomes topological if 1, f are an anticommuting scalar and a commuting spinor, respectively.
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where St is the action generating the IR equations of motion (3.13)-(3.14). We vary (D.2)
with respect to local versions of the U(1) transformations, parametrized by functions A;(7)
where the index I =7, ¢ labels the two U(1) symmetries, that act on the bilocal fields as

5GAA(7177'2) = izl QA,I ()\1(7'2) - /\1(7'1)) GAA(Tl,T2) )

_ (D.3)
5ZAA(7-1,7_2) = ZZI QA,I ()\](7'1) — )\[(7‘2)) ZAA(Tl,TQ) .

Here we used the shorthand @4 ; to indicate the charge of the field A under the symmetry
transformation generated by @, as spelled out in Table 1 (first two columns). One can
explicitly check from (B.4) that Sig is invariant under these transformations, i.e., they are
symmetries of the IR equations of motion. The variation of the bilocal action hence only

comes from the second term in (D.2) and it takes the form:

08 = iN/de Z)\I(Tz)/dﬁ ZQA,I [JAA<72771) Gaa(T2, 1) — 0 44(T1,T2) GAA(TMTZ)]-
T A

(D.4)
The expression in brackets is a “current”, therefore we define
Ja(m, 72) = 044(11,72) Gaa(T1,T2) — 044 (T2, T1) G aa(T2, 1)
Ji(m,m) = ZA Qar ja(T, m2) - (D.5)

Notice that both ja(m,72) and J;(7, 72) are antisymmetric under the exchange of the two
arguments. The evaluation of (D.4) on exact solutions to the full Schwinger—Dyson equations

vanish, and therefore the following conservation equations hold:

0= /dTl J](Tl,TQ) \V/TQ . (D6)

The latter can be used to construct two conserved charges:

T0 oo
Qr = N/ dTg/ dry Ji(71, 1) for [ =n,¢. (D.7)
—o0 0
These are independent of 7y. In the case of time translation invariance, they take the form:
0 1 o0
@ = / dr v Ji(1) = —/ dr 7 Ji(T) (D.8)
N 0 2/ o

1

) /_Z drT ZA Q1,4 [UAA(T) Gaa(T) — 04a(—7) Gaa(—7)

We now observe the following fact. By making use of the Schwinger-Dyson equations (B.8)

and the charge assignments in Table 1 we can prove that
ZA QraXaa(m)Gaalr)=0. (D.9)
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Because of this, we can trade o in (D.8) for 3., obtaining

Y3 Y, QS G~ TS Ga(-] . (Do)

We now consider the IR convergence properties of this integral. At large 7, conformality is
a good approximation. Therefore, using the conformal ansatz (3.16), one can conclude that
both terms in brackets behave as |7|~! as 7 — 400, leading to logarithmic divergences. The
presence of the relative minus sign, however, makes the full integral convergent. By working

in Fourier space and using (B.8), we can write

SANA o _ _

Qr=— Z = QA,I/O dw [%Ggil(w) Gialw) — 0.G (—w) Gaa(—w)| . (D.11)
A

Here the logarithmic IR divergences we discussed have been mapped to the w — 0 region.

We now proceed to regularize and evaluate the integral. Let ¢ < 1 be a regularization

parameter, w* be a reference frequency, and G, be the regularized propagator

Gs,(w;Ax+ €& for |w| < w*,
Canel) = § 9 CralrBat &0 forlel (D.12)

Gialw) for |w| > w*.
It is important that w* < 1 so that gGs(w,A,E), the Fourier transform (3.19) of the
conformal ansatz (3.16), is a good approximation to the bilocal G. We also require that
elog = < 1. Expanding (3.19) for small ¢, up to O(e?) in the terms in brackets, for |w| < w*

we have

(1 — 2A,4) 1—s
I'(1—2A4)

Gincw) =~ Gaa(w)|w]* [1—26 —|—7Tecot7r<AA+ A—i&;signw)} (D.13)

The regularized charge integral is finally defined as

21

saN ) 0 B B
Qr = _Z A AQA,ILILI(I)/O dw[@wGAz(w) Giaclw) —8WGA114(—CU) GAA’e(—w)] (D.14)
A

The integral can be explicitly performed using (D.12) and (3.19), giving as a result:

. _ , YT dw > Gia(—w)
. l-s4 o L
(2A4 — 1) 27ie Tm COt?T(AA + = ZgA) /0 oo /w dw 0, log G aal@)

=27miSaqs, (A4, Ea) + const. , (D.15)
where we defined the single-field charge contributions

sinh 27&€ 1 sinﬂ(A + % + ’ié')
1— + 5= log . 1— .
cosh 27€ — cos 2w (A + Ts) 271 s1n7r(A + 5 = ZS)

1s(A, E) Es[(A—é) . (D.16)

This differs by an overall sign in the bosonic case with respect to the one in [26]. Notice the

presence of an additional constant coming from the UV contribution to the second integral
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in (D.15). This constant can be reabsorbed in the arbitrary constant which is intrinsic in

the charge definition (D.7). The final result takes the form
Qr=1_, NaQurds,(Ba,€4) +Cr, (D.17)

where C are constants to be fixed.

E Kernel components and action on eigenfunctions

E.1 Euclidean kernel components

In the following three equations we present the entries of the fermionic kernels K¥, K¥ and

of the bosonic kernel KB appearing in Sections 5 and 6.

Kopar Kooy
Kigar = ;%1 JGr(T14) G}f(ng) G%n(734)p_2 Gg¢<7'34)q
Kopgp = J Gry(1a) Grp(132) Gy (130)P " Gy (730) T
Kapar = =2 Ghy(11a) G (T32) Gy (30)P 7 G5 (734) 77

Kopop = _% é G;isqs(TM) GTM(T?Q) G%W(Tszl)p G§¢(Tz4)q72

Kirrr Kirg
KF — ( nfnf nf,dﬂb) (71, 72; T3, T4) with (E.1)

— K;: K;i;
KF — _fﬂvfﬂ _fn’wﬁl) (7_1’ 7_2; 7_37 7_4) Wlth (E2)
Kioin Kisa
dofn P depe
By = 22 T Gy (ra) Gl (m32) G (730)7 2 G (730)"
K50 = J Gip(114) Gy (32) Gy (T34)P 7 G (730) T
Koy = _é G:Z;w (T14) GZ‘>¢ (732) G%n<7'34)p_1 G$¢(T34>q_1
K jpio = =5 LG5 (11a) Gl (132) Gy (130)F Gy (734) 7

K im Kﬁn,ff Kﬁn,&b Kﬁw@w
Kirrn Kipsp Kipow Kipg
Kasm Kasjr BKsods Kipiw
Kopan Kopir Kipds Kipiy
—1 * * * p— * q— * * * *
Kanan = =254 Gy (r10) Gy (1) { G2 G307 (0 = 2) G, Gy + 0 G G| )

n
Ko jr = =555 T Gry(114) Gy (732) G (730)7 72 G5 (730)
Koo = = Gan(ra) Gy (o) { G2 G572 | (0= 1) G Gy + (0= 1) G, G | ()

n mm
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K = —J Gy (11a) G (32) G (730)P 71 G (730) 7

Ko = ”Tl JG}%f(TM) G}f(rgg) Gf-m(7'34)p_2 G:;—)d)(7'34)q

Kipfr = Birgw = Kiujr = Kjpgy =0

Kipas = JG}f(TM) Gy (Ts2) Gy (30)P 7 G5y (734) 7

LG5y (1a) Gy (ran){ G2 G577 (0= 1) G, Gy + (= 1) Gy, G | brwn)
G (T34)P 7 G (730) 17

)
¢>¢>(Tl4) G (Ts2)
5o T){ G G G Gy (0 2) Gy, Gy | ()
5o

o0(T14) G
o(T10) G5 (132) G, (T30)P G5 (730) T2
Ky =% fw( 1) W(Tzﬁ) G (T3)P G (734) 07
Kgp g6 = =50 2 G (T1a) Gy (30) Gy (134) Gy (730) 77

Let us define the function

Uip,ep(T1,To; T3, Ta) = Jgﬁgf}, G, (7'14; AA,EA) Gsp (732; ABagB) X
X G op <7'34; 1 - %(AA +Ap+ As + AD)7 —%(SA + &+ &+ 5D)> . (E4)

Inserting the conformal solution (3.16) in these expressions gives:

Kapar = ER L Uspay Koty = o Unpao » (E-5)
Kgpa5 = —ae Uspar » Kpgp = (qapl) o Usy 3w »
Kfnfn (pql) o Ufﬂ fno ?fm&ﬁ = g_f Ufn Pp >
Ko in =~ Ugs g Kjggs = (qa O Ussis
Kinn = _g [(p —2) :Z_i +4q f;—ﬂ Usin,im » Kon7r = _(pgl) Usn.ir >
Kingo = — [(p - 1) z_i +(g—1) gggw] Uings Ky = gn Um} Py o
Ky =0 % Usfan - Kfrao = ng; Ust.ds -
Koo = (0= 1) 282 + (= 1) 2| Uy Koot = ag; Usoss
K950 = 45" [P dtla—2)3 ] Uss.d6 » Kgo0 = 55 Uspgu

.
Kpm = —% Ui Kjpgo = ((Zpl f]w Ugy.d¢ »

where all functions have arguments (71, 72; 73, 74). At finite temperature, substituting (3.17)
into the components gives the same expressions with G replaced by G? in the definition
of the function U. Remember here that Ay, Ay, &, and &, are given by (3.21). In the

supersymmetric case, we have to further require (3.26).
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E.1.1 Action on conformal Casimir eigenfunctions

It was claimed after (5.16) that the action of the kernel operators closes on the conformal
Casimir operator eigenspaces, where each eigenspace corresponding to 0G 55 is spanned by

As+Ap—h
S45=,0).

two basis functions G4 (7‘12; In the following we will show this explicitly.

From (E.5) notice that every kernel component is a product of three conformal 2-point

functions with arguments 74, 730 and 734. Therefore we need to evaluate the integral
I =/d7'3 drs G, (1145 A1, &1) Gy (7325 Do, E2) Garsy (T34 Az + A, E3) (E.6)

After the change of variables 73 = 7o u + 7 and 74 = T2 v + 7, the integral becomes:

S)
I = - |22(_22_12A_2 /du dv Gy (1 —v; A1, &) Gy (u; A, E9) Gy (U — v; Az + A E3)
12 i
@(—Tlg)
+ NPT dudv Gg (v —1;A1,&) Gs, (U5 Ag, &) Gesy(u+v; Ag + A E3) .
12| %4

Notice that the dependence on 715 is factored out of the integral. Now, the Fourier transform
of G(7) in (3.19) can be written as

G(w) = g|w]?2 (@(—w) - s@(w)) CS(A, —sgn(w) 5) , &)
cs(AE) =iT(1 —2A) (e’”(AHS) — s e”(A”‘S)> . ‘

Plugging the Fourier transforms of the factors depending on u £ v in, the integrals in v and

v decouple into two independent Fourier transforms. The result simplifies to

1
I = Ar Z Cs(% o Zz A — A, 0) {8182 Csl(Aly —51) CSZ(AQ’ —52) 05’33(A3 + A753)
s==%1

+ 83/53 Cs, (Al, 81) Cgq (Az, 52) Cslgq (Ag —+ A, —53)1 GS <T12; ZZ Az + A — 1, 0) s (ES)

which is a linear combination of Casimir eigenfunctions. This identity allows us to evaluate
the action of the kernel on the expansions (5.16) and one can check that this action is closed.

In particular, all diagonal entries of the kernels satisfy ) . A; = 1, in which case (E.8) shows

As+Ap—h
2

action. For the off-diagonal entries, > . A; — 1 # 0 precisely accounts for the difference

that the eigenfunctions G (7'12; ,O) are mapped to themselves under the kernel’s

between incoming and outgoing dimensions.

Each entry of the kernels is represented by a 2 x 2 matrix on the space of eigenfunctions.

Explicitly, the spectral problem (5.9) simplifies to the ordinary eigenvalue problems

<5Qﬁf;s> -y (Kﬁf,ﬁf;ss' an,qw;ss') <5gﬁf;8’>
095 7 \Bovapss Kopguss ) \09p:s
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<5gfn;s
09535
0 Yips
e
09563
0G ;s

[_(fn,fn;%’ [_<fn7¢¢;85’) <5gfn;8’> 7 (E.9)
Ko fss Biogoss ) \09gs

Kanmss' Koy friss Kandoss  Kinysss 0 Gims"

K mss 0 Kfpgess 0 09 ;s

Kogpamss  Koofriss Kosdoss Kooguiss | | 0960

K g, iimsss 0 Ky agsss' 0 0G5

To parametrize the matrix elements conveniently, we define

C‘:,ls’/S%SS (Ah Ao, As: &, Es, 53) =

J9n 95

5182 Coy (A1; —E&1) oy (Ag; —E3) Corsy (A3 E3)

+ 5583 ¢, (A15E1) sy (D25 E2) oy (A —53)} cs(2=>0,A4;0) . (E.10)

This is symmetric under the exchange (s1, A1, &) <> (82, A2, &). The 2 x 2 matrix for each
kernel entry is then proportional to (E.10), where the parameters s;, A;, & can be read off

directly from (E.5). The matrices which make up the fermionic kernels are:

Kt ifss
n
Kq;dhﬁf;SS’ =

Ky gypsss

Kfn,fnw’s = 2 g_:; Cou™ (Afv Am 1 %(An + Af + h>§ gfa gn,

8,8’

— e o ot (Am Ap 1= YAy + A+ 1) E) E, —E, — 5f) ,

s,s’

g

8,8’

(E.11)

Kopave = 2O (B Ay, 1= LAy + A+ )3 0,87, —3(E, + &7+ 84+ &)
_o?_;)d) C+’7’+ (A¢, Ad,, 1— %(A¢ + Aw —+ h), g¢,g¢, _%(STI -+ gf -+ (C:¢ -+ 5¢)> ,

= D 0 0 (A, Ay, = H(Ag o+ Ay + R); €0, —E — E)

ap  g¢

3,8’

_577 - gf) )

K ppiows = - Oyt (AﬂAna L= 5(Ay + Ap + h); €7,y —5(En + & + &5 + sw) :

K frsrs =

Kigggss =

_agd,

ae Ot (Aw; AN 1= 5(Ag+ Ay +h); €y, 8, —3(Ey + & + E5 + 5w)> ,
D 20 0 (A, By 1= (B + Ay + 1) E0, 69, —Eo — £

Using the symmetry of C70 % (A, Ay, Ag; &1, &y, E) it is apparent that the matrices of K™

and K¥ are identical. The entries of KB are instead:
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n

_ (-1

Kifamss =

e Csi,;'i’i <An> Am - An - %3 gmgna _877 - gf) ’

q 9n
- [(p -1
Ky st = _f;_z C;§77+ <Anv Ayl = Ay = %; Eny Eny —En = gv/f) g

9n

Kopames = — 21 [(p ~2) % 4g Z—i] ot (An, Ay 1= A, —BE &, —25,,) . (E.12)

Lt (g— 18] O (B0 Ayl Ay = 5666, &)

]
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Kipoose = 4 C337 (Afv Ap 1= Dy =585, —E = 5¢> :

Ko, mos = i[(p —Dg+ -1 f]—ﬂ Cou (A@ Dg 1= Dy = 5564, €, =&y = 5¢) :
Koo fra = agy o™ (Am Do 1= Dy = 5384, E4, =& = 5¢>) :

Kppiome = ER 0L + (g =2 2] 1 (B, g, 1= By — 565,64, -28,)
Kgs.pss = 2 O <A¢, DNgo 1= Ay = 5:85,Ep,—Es — 5¢> :

Kjpamas = —ag; O™ (Awa Ay 1= Ay = 58y, €, =&y = 5¢) :

_ozg¢ s,s'

~1 ——— .
Kppboss =550 52 Coi (Awa Ay, 1= Dy = 51 €, &y, =€ — 5w> :

E.2 Retarded kernel components

The components of the retarded kernels KE’F in (6.19) are obtained by applying the replace-
ments after (6.17) to (E.5). They are given by

0 Kot +KR KR
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R _ 199y 8 ) 11
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We defined the function

VP (b, to, s, ta; A1, Ao, A, 61, &) =

e%(*51t12+é’2t34) ( m )2A1 ( T )2A2 ( m 2 (E 15)
ﬁsinh(”?“) ﬁsinh(%) Bcosh(”gg‘*) ' '

We used (3.30) to eliminate the combination of coefficients J gﬁgg. We then perform the
change of variables in (6.20). Note that z; 4 > 0 and 233 < 0 by definition. Additionally, one
has z93 > 0 and z4; > 0 in the domain of integration, implying |z3| — |22] = 22 — 23 = |2a3],

|z4] — |21| = 24 — 21 = |z14] and |z3| + |24] = 24 — 23 = |234]. One can then rewrite

VB (tla t27 t37 t47 Ala AZ) A37 517 82) =
9\ 2 2a=1 Aa |2 |SHIEL | | A2ibL |y [AztAs—iEs | [Ar+AgtiEs
B (E> | 214251 | 203]282 | 234|283

On the space of eigenfunctions (6.23) one can use (6.24) to evaluate the convolutions when

the kernels act. In particular, the bosonic retarded kernel becomes the ordinary matrix:

(E.16)

R R R R
K’W 71 iKn I +K m,pd Knn Y

B,+ R R

KB — 0 Ky KB+ _ K5 m 0 Kirso 0 (E.17)
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Similarly, the fermionic retarded kernel becomes:

F + R R
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F Ladder diagrams for 4-point functions

Here we present the Feynman diagrams for each component of Fég F and KBF entering the

integral equations (6.5). We start with F&S * which simply correspond to free propagators:
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Gi Ty e Ty

On the other hand, the diagrams corresponding to the components of the kernels K®F are:
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