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We present a universal characterization of stress correlations in athermal systems, across crys-
talline to amorphous packings. Via numerical analysis of static configurations of particles interacting
through harmonic as well as Lennard-Jones potentials, for a variety of preparation protocols and
ranges of microscopic disorder, we show that the properties of the stress correlations at large length-
scales are surprisingly universal across all situations, independent of structural correlations, or the
correlations in orientational order. In the near-crystalline limit, we present exact results for the
stress correlations for both models, which work surprisingly well at large lengthscales, even in the
amorphous phase. Finally, we study the differences in stress fluctuations across the amorphization
transition, where stress correlations reveal the loss of periodicity in the structure at short length-
scales with increasing disorder.

I. INTRODUCTION

Athermal solids form due to the macroscopic rigidity
of their constituent particle networks, and are stable to
mechanical perturbations [1–5]. Such collective elasticity
emerges in any system of interacting particles at low tem-
peratures, and is displayed universally across of athermal
solids including crystalline and amorphous structures [6–
8]. However, in contrast to crystals, amorphous solids
form random rigid structures due to the competing in-
teractions between constituent particles, and their static
configurations do not correspond to a global energy mini-
mum [9–11]. Although, crystalline and amorphous pack-
ings present very different local structure [12], they dis-
play many common elastic properties [13, 14]. As the
displacement correlations are long-ranged in such sys-
tems [15, 16], it is reasonable to question whether the
large scale elasticity properties are affected by their mi-
croscopic structure [17]. A question of fundamental in-
terest is therefore how the effects of global rigidity are
encoded across these disparate networks, and whether
such effects can be observed in the fluctuations and cor-
relations in the stress tensor [18–20].

Stress correlations provide important information
about the collective behavior of disordered systems com-
posed of interacting particles [21–27], and has attracted
considerable recent interest [14, 25, 28–32]. Consequently
analyzing stress correlations can also help better under-
stand the underlying physics of particle packings, such
as their degree of rigidity or floppiness, as well as their
response to external stimuli such as shear or compres-
sion [13, 28]. In this context, the ensemble from which
configurations are drawn in order to measure these cor-
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relations becomes of central importance. As the na-
ture of athermal ensembles is at present unclear, with
temperature-like variables seeming to govern some of
their properties [33, 34], creating ensembles that are
amenable to exact theoretical characterizations becomes
important. In this context, near-crystalline materials
that exhibit several properties and interpolate between
the well-known physics of crystals and those of amor-
phous materials [5, 35–40], are useful systems to study
the behaviour of athermal ensembles. Recent studies of
near-crystalline materials have also revealed several char-
acteristics of fully amorphous solids, including the emer-
gence of quasi-localized modes [41, 42]. The two often
separate branches of condensed matter physics, amor-
phous materials, and crystalline solids are linked through
the large-scale elasticity properties displayed in both sit-
uations [36, 43, 44]. Gradually introducing disorder into
athermal crystalline packings can therefore be used to
interpolate between the well-studied physics of crystals
and that of amorphous solids.

Several studies on stress correlations in amorphous
systems have established an anisotropic 1/rd decay at
long distances in d dimensions [32, 45–48]. These in-
clude a variety of contexts such as monodispersed pack-
ings quenched from different parent temperatures [32],
isotropic amorphous packings [46, 49, 50], low temper-
ature liquids [45, 47, 48] as well as frictional granular
packings [51]. Field theoretic frameworks have also been
developed that predict anisotropic stress correlations in
disordered athermal solids [13, 14, 49, 50]. Some ana-
lytical studies have also suggested a universal behaviour
for stress correlations at large lenthscales [46, 52]. How-
ever a detailed analysis of this universality across vari-
ous rigid packings with different interactions as well as a
range of microscopic disorder has not been done. In this
study, we present exact as well as numerical results for
the correlations in the stress tensor, that reveal univer-
sal features of stress fluctuations in athermal solids. We
present results for a wide variety of situations, includ-
ing crystalline, as well as fully amorphous packings. We
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find that the properties of these correlation functions are
surprisingly universal across all situations. We corrobo-
rate this with a microscopic derivation of the correlation
functions in near-crystalline configurations as well as nu-
merical results for large disorders, including across an
amorphization transition. Our study highlights that the
stress correlations in athermal systems at large length-
scale are independent of the microscopic structure and
display universal characteristics across various situations,
including across a crystalline to amorphous transition.

II. MICROSCOPIC MODELS AND METHODS

Our findings are demonstrated via two paradigmatic
model systems for which crystal to amorphous packings
and vice-versa can be generated by tuning of certain pa-
rameters as detailed below.

1. Repulsive interaction at contact: Harmonic disks

The first model consists of a system of frictionless disks
in two dimensions under varying degrees of overcompres-
sion, interacting through a one-sided pairwise potential
of the form

Vaij (r⃗ij) =
k

α

(
1− |r⃗ij |

aij

)α

, (1)

for |r⃗ij | /aij < 1, and Vaij (rij) = 0 for |r⃗ij | /aij > 1.
Here r⃗ij = r⃗i - r⃗j represents the distance vector between
the particles i and j, located at positions r⃗i and r⃗j re-
spectively. In this study, we choose α = 2, to imple-
ment a harmonic pairwise potential between particles.
The quenched interaction lengths are expressed as a sum
of individual radii as aij = ai + aj . The tuning of
the interaction lengths aij allows for the transformation
from near-crystalline packings to amorphous structures
[5, 6, 40, 53, 54]. For this model system, we begin with
equal sized disks in an overcompressed triangular lattice
i.e. a packing fraction (ϕ) greater than the marginal
hexagonal close packing. The lattice constant is given
by R0 =

√
ϕ
ϕc

, with R0 = 1 representing the marginal
state. The quenched disorder is introduced in the parti-
cle radii as

ai = a0(1 + ηζi). (2)

Here ζ represents the quenched disorder in the system
and each ζi is ±1 (Bidisperse) or varies between −1/2 to
1/2 (Polydisperse). The parameter η governs the magni-
tude of disorder in the system. Various mechanical prop-
erties of this disordered crystal system have been studied
in great detail in previous studies [15, 16, 37, 55–57].

2. Long-ranged attractive interaction: Lennard-Jones

The second model that we consider is a system of par-
ticles interacting via a Lennard-Jones (LJ) pairwise po-
tential of the form

Vaij (r⃗ij) = ϵ

[(
aij
|r⃗ij |

)12

−
(
aij
|r⃗ij |

)6

+

2∑
l=0

c2l

(
|r⃗ij |
aij

)2l
]
,

(3)
for |r⃗ij | /aij < 2.5, and Vaij

(rij) = 0 for |r⃗ij | /aij > 2.5.
The coefficients c2l are chosen to smoothen the poten-
tial up to the second order at the cutoff distance. Here ϵ
sets the microscopic unit of energy and aij represents the
quenched random interaction lengths. For this model,
the quenched disorder is introduced into half the par-
ticles, which are randomly selected and labelled, to be
effectively inflated [40, 58].

aij =

 λSS both i, j are unlabelled
η (λSL − λSS) + λSS either i or j are labelled
η (λLL − λSS) + λSS both i and j are labelled

(4)
It is convenient to introduce a labelling parameter ti for
every particle i, with ti = 0 if the particle is small and
ti = 1 if it is large. The length parameters aij are then
set as

aij = λSS+η [(ti + tj) (λSL − λSS)

+titj (λLL + λSS − 2λSL)] .
(5)

Although we may treat the three length parameters
λSS, λLL and λSL separately, a particularly simple case is
when λSL = (λSS + λLL)/2, which we focus on. Increas-
ing η in both models enables us to systematically vary
the system between crystalline to amorphous structures.
Both the harmonic and LJ models display an amorphiza-
tion transition at η ≈ 0.4 and η ≈ 0.6 respectively.

A. Simulation details

In order to verify the predictions of our theory against
numerically obtained stress correlations in both models,
we prepare inherent structure states of the model sys-
tems, for each realization of the quenched disorder. For
doing the energy minimization to obtain these states, we
use the FIRE energy minimization protocol [59].

To obtain near-crystalline energy minima, we start
with a perfect crystal in which we introduce micro-
scopic disorder through the interaction length as given
in Eqs. (2) and (5). The energy minimized configuration
obtained this way represents a unique stress balanced
state, which we exploit later in order to derive exact re-
sults for the correlations between the components of the
stress tensor.

The amorphous packings are obtained using two dif-
ferent approaches. One way is to start from the perfect
crystal and gradually increase the strength of the dis-
order to create amorphous packings without long range
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order. The second approach is to quench from random
initialization. For our simulations, we choose N = 6400
particles and N = 6498 particles for commensurate and
incommensurate boxes respectively.

While the initial packing fraction for the harmonic
model is ϕ = 0.92, we fix the initial pressure to zero us-
ing Berendsen barostat [60] for simulating the LJ model.
For all the cases, we perform simulations for disorder
strengths ranging from η = 0.001 to η = 0.7.

The local stress components for each particle are then
computed in the energy minimized configurations. Iden-
tifying ∆kx = 2π/Lx and ∆ky = 2π/Ly, we perform a
discrete Fourier transform of the local stresses. Here, Lx

and Ly represent the linear dimensions of the periodic
box containing the particles. Then we compute the con-
figurational averaged stress correlations in Fourier space
by performing an average of over 400−500 configurations.

III. STRESS CORRELATIONS

Next, using the energy minimized configurations, we
measure the correlations between the components of the
stress tensor. The stress field σij within the athermal
solid, for a given packing, can be obtained using the par-
ticle level force moment tensor [13, 14]. We measure the
fluctuations in the stress field for the grain situated at
position r⃗g as δσij(r⃗g) = σij(r⃗g) − σ̄ij , where σ̄ij is the
average force moment tensor for a given packing. Follow-
ing recent studies of stress correlations in granular solids
and gels [13, 14, 28, 61], we measure the stress tensor in
Fourier space as follows

δσ̂
(
k⃗
)
=

N∑
g=1

δσ̂g exp
(
ik⃗ · r⃗g

)
. (6)

The correlations between the components of the stress
tensor in Fourier space can then be obtained as

Cijkl(k⃗) = ⟨δσ̃ij(k⃗)δσ̃kl(−k⃗)⟩.

The ⟨⟩ represents an average over the different realiza-
tions of the microscopic disorder. We perform a disor-
der average over multiple energy-minimized configura-
tions with the same external conditions: fixed volume
and η for both models.

The results for stress correlations from our numer-
ical simulations are plotted in Fig. 1(iii). We find
that these correlations in the k → 0 limit, i.e. the
large lengthscale limit display surprisingly universal
properties. These are readily apparent from the ra-
dially integrated stress correlations in Fourier space(
Cαβγδ(θ) =

∫ kmax

kmin
dkCijkl(|⃗k|, θ)

)
; see Fig. 1(iii)(b)-(d).

In order to extract the large lengthscale behaviour and
also to avoid effects due to the finite system size, the
stress correlations have been integrated in a narrow win-
dow in Fourier space with kmin = 0.5 and kmax = 1.5.

This translates to integrating the stress correlations be-
tween particles separated less than a distance Lx/2 and
greater than 4 particle diameters in real space. Our re-
sults are not sensitive to the precise value of kmin (i.e.
kmin → 0 gives the same result XI).

In order to test the universality of our results, we also
study systems with different aspect ratios, that allow
for commensurate crystalline structures as well as amor-
phous structures to form. Specifically, we construct dif-
ferent initial structures, placing particles with (i) crys-
talline initial arrangement in a commensurate box (as-
pect ratio 1 :

√
3
2 ) (Crystal Commensurate) (i) random

initial points in a commensurate box (Random Commen-
surate). In order to establish this universal behaviour in
amorphous packings that are not associated in a specific
way with a crystalline limit, we also employ (iii) random
initial points in an incommensurate box (aspect ratio
1 : 1) (Random Incommensurate), for a variety of poly-
dispersities as well as bidisperse packings. As illustrated
in Fig. 1(i), there is a varying degree of orientational or-
der in the energy minimized states obtained for these dif-
ferent systems, which we quantify using the orientational
order parameter ψ6 = N−1

∑
i

∣∣∣z−1
i

∑zi
j=1 e

i6θij

∣∣∣, where

zi represents the coordination of the ith particle. As il-
lustrated in Fig. 1(ii), the fluctuations in the pressure
display differences at short lengthscales across the differ-
ent preparation protocols. However, these variations do
not affect the large lengthscale behaviour of the stress
correlations, as is evident from Fig. 1(iii), where we have
plotted the stress-correlations normalized by the pressure
fluctuations showing an excellent collapse. Our numerical
tests therefore reveal that the correlations across differ-
ent situations yield the same angular dependence, with
no observable dependence on the degree of orientational
order.

IV. EXACT PREDICTIONS FOR
NEAR-CRYSTALLINE PACKINGS

As our numerical results reveal the universality of the
stress correlations across various situations, it is instruc-
tive to derive the exact results which we demonstrate in
the near-crystalline limit. For this purpose, it is useful to
study the two models with minimal polydispersity added
to the quenched interaction lengths between particles.
In this limit, the uniqueness of the perturbed crystalline
state allows us to express the displacements at each site
in terms of the underlying quenched disorder δr̃µ(k⃗) =

G̃µ(k⃗)δã(k⃗), where G̃µ(k⃗) represent the µth component
of the response Green’s functions [15, 16, 37, 55–57],
and δr̃µ(k⃗) is the Fourier transform of particle displace-
ments in real space i.e. δr̃µ(k⃗) =

∑
r⃗ e

ik⃗.r⃗δrµ(r⃗). This
formulation allows for analytic computations of the dis-
placement correlations, fluctuations in components of the
stress tensor, as well as the interaction energy between
stress defects in near-crystalline athermal materials. Tay-
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FIG. 1: (i) Spatial distribution of the orientational order parameter (ψ6) in the system of harmonic disks for different
polydispersities and initial conditions. (ii) Spatial distribution of pressure for different initial conditions, with η = 0.5; see text
for the definition of labels. (iii) (a1) − (f1) Exact predictions for stress correlations in Fourier space using Eq. (9). (a2)-(f2)
Radially integrated stress correlations in Fourier space Cijkl(θ)/⟨δP̃ δP̃ ⟩ =

∫ kmax
kmin

dk⟨δσ̃ij(k⃗)δσ̃kl(−k⃗)⟩/
∫ kmax
kmin

dk⟨δP̃ (k⃗)δP̃ (−k⃗)⟩,
with kmin = 0.5 and kmax = 1.5; comparison between theory and numerical data. The system size is N = 6400, and the data
has been averaged over 400 configurations in order to obtain the ensemble averaged stress-correlations.

lor expanding the interparticle force about the crystalline
positions up to linear order in the displacements δrµ,
yields fµij = f

µ(0)
j + Cµx

j δxij + Cµy
j δyij + Cµa

j δaij . Here
Cµν

j are the linear order coefficients of the inter-particle
potential at linear order. Here f⃗ (0) is the inter-particle
force between particles i and j, separated by a distance
∆⃗j in the initial crystalline arrangement. These coef-
ficients Cµν

j ,∆α
j depend only on the initial crystalline

structure, the form of the interaction potential, and the
relative position of the neighbour j in the initial crys-
talline structure. Here δaij = δai+ δaj for the Harmonic
model whereas δaij = η(λSL − λSS)(ti + tj) for the LJ
model. This formulation, developed in the context of
harmonic disks [37, 55], has now been extended to the
LJ system in the near-crystalline limit, with δai ≡ ti.
Next, by imposing the force balance conditions on every
grain, the linear order displacement fields can be uniquely
obtained. Using the exact displacement fields we can ex-
press the components of the stress tensor in Fourier space
in terms of the microscopic disorder as

δσ̃αβ(k⃗) = Sαβ(k⃗)δã(k⃗), (7)

where Sαβ(k⃗) are the relevant source terms in Fourier
space that can be derived explicitly from the underlying
crystalline lattice and grain disorder (see Supplementary

Material for details VII). Explicitly we have

Sαβ(k⃗) =
∑
j

[
e−ik⃗.∆⃗j + 1

]
Cβa

j ∆α
j + (8)

∑
j

[
e−ik⃗.∆⃗j − 1

](∑
µ

∆α
j C

βµ
j G̃µ(k⃗) + f

β(0)
j G̃α(k⃗)

)
,

where µ = x, y. Eq. (8) has the same form for both mod-
els, with the only differences arising in the coefficients and
range of interaction. For the harmonic model, the range
of the interaction determines z = 6 neighbours for each
particle in the crystalline configuration, as we only need
to consider distances up to the first shell, whereas, for the
LJ model, the interactions are up to the third shell, with
z = 18. The derivation of the exact Green’s functions, as
well as the correlations between the various stress tensor
components, are given in the Supplemental Material VII.
The underlying microscopic quenched random variables
are uncorrelated in real space, which in Fourier space
translates to ⟨δã(k⃗)δã(k⃗′)⟩ = η2

48 δk⃗,−k⃗′ for the harmonic

model and ⟨δã(k⃗)δã(k⃗′)⟩ = η2

4 (λSL − λSS)δk⃗,−k⃗′ for the
LJ model. Using these microscopic correlations, we ar-
rive at the expressions for the stress correlations in disor-
dered crystals as given in Eqs. (9) and (10). Specifically,
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FIG. 2: Bond orientational order parameter (ψ6) and its fluc-
tuation (χ6) with variation in the disorder parameter η for (a)
short ranged Harmonic model and (b) long-ranged LJ model.
For each value of η, ψ6, χ6 are obtained by averaging over
50000 disordered configurations of system size N = 256.

for Harmonic interactions we have

⟨δσ̃αβ(k⃗)δσ̃γδ(−k⃗)⟩ =
η2

48
Sαβ(k⃗)Sαβ(−k⃗), (9)

and for the LJ interaction, we have

⟨δσ̃αβ(k⃗)δσ̃γδ(−k⃗)⟩ =
η2(λSL − λSS)

4
Sαβ(k⃗)Sαβ(−k⃗).

(10)
Stress correlations computed in Fourier space from di-

rect numerics show an exact match with the above pre-
dictions, as displayed in Fig. 1(iii). Surprisingly, this
microscopic theory provides extremely accurate results
for a wide range of polydispersities. We note that al-
though these configurations have many broken contacts
(particles that have been inter-particle distances further
than the interaction range), the theory is able to pre-
dict stress correlations with remarkable accuracy. The
success of such a microscopic theory in the k → 0 limit
stems from the fact that it captures the large length scale
behaviour of the system, and therefore is not sensitive to
the local structure of the packing.

V. CRYSTALLINE VERSUS AMORPHOUS
PACKINGS: COMPARING STRESS

CORRELATIONS

Finally, we investigate the differences between crys-
talline and amorphous packings through a measurement
of the stress correlations. The transition between these
two phases has been studied for both models in many pre-
vious studies [5, 40]. The amorphization transition with

FIG. 3: Stress correlations (Cxxxx(k⃗) = ⟨δσ̃xx(k⃗)δσ̃xx(−k⃗)⟩)
in the harmonic model. (a) Theoretical prediction in the η →
0 limit, (b)-(d) numerical results with polydispersities varying
across the amorphization transition, at fixed initial packing
fraction ϕ = 0.92. These stress correlations display the same
large lengthscale behaviour, with observable changes at larger
values of |⃗k|, near the edges of the Brillouin zone.

increasing disorder (polydispersity η) can be observed via
the fluctuation in the bond orientational parameter de-
fined as

ψ6 =
1

N

∑
i

∣∣∣∣∣∣ 1zi
zi∑
j=1

ei6θij

∣∣∣∣∣∣ . (11)

Here zi is the coordination number of the ith particle in
the energy minimised configuration and θij is the relative
angle made by the bond between particle i and its neigh-
bour j with x-axis. For near crystalline systems ψ6 → 1,
whereas in completely amorphous systems ψ6 is typically
small. Further, one can compute the susceptibility of ψ6

as

χ6 = ⟨ψ2
6⟩ − ⟨ψ6⟩2. (12)

The susceptibility χ6 diverges near the amorphization
transition, and can therefore distinguish between crys-
talline and amorphous states. For the harmonic model,
with initial packing fraction ϕ = 0.92, the divergence of
χ6 occurs at a polydispersity of η ≈ 0.42 as plotted in
Fig. 2(a) indicating the onset of amorphization transi-
tion. For the LJ model, with initial pressure P = 0 and
constant volume, the transition is observed at η ≈ 0.65
as shown in Fig. 2(b).

Now we demonstrate how the stress correlations shape
up across the amorphization transition. For the har-
monic model, we display results for both near-crystalline
and across the amorphization transition (η = 0.4, 0.5) in
Fig. 3 (b)-(d). These stress correlations do not show any
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FIG. 4: Stress correlations (Cxxxx(k⃗) = ⟨δσ̃xx(k⃗)δσ̃xx(−k⃗)⟩) in the harmonic model plotted for |⃗k| ≤ 11.5. (a)-(e) Numerical
results with polydispersities varying across the amorphization transition, at fixed initial packing fraction ϕ = 0.92, (f) stress
correlations for jammed packings quenched from random initialization with η = 0.5. These stress correlations display the same
large lengthscale behaviour, with observable changes at larger values of |⃗k|, near the edges of the Brillouin zone.

significant change at large lengthscales (|⃗k| → 0), as pre-
dicted by our exact results for near-crystalline systems.

In the amorphous limit, various frameworks have at-
tempted characterization of stress correlations [22, 45,
46, 49–51]. In particular, a recently developed “stress
only” framework to describe stress fluctuations in ather-
mal solids termed Vector Charge Theory of Granular me-
chanics (VCTG), allows for a computation of the correla-
tions between the components of the stress tensor [13, 14].
Within a continuum framework, the local force-balance
constraints can be expressed as [9, 62] ∂iσij = 0. Torque
balance leads to a symmetric stress tensor σxy = σyx.
However, the mechanical force balance is insufficient to
solve for all the components of the stress tensor [63]. The
VCTG framework [13], posits a Gaussian action, with
the coupling between the components of the stress tensor
representing generalized elastic moduli. This can then be
used to compute correlations between the components of
the stress tensor that display pinch-point singularities as
|⃗k| → 0. The predictions from this theory are valid up
to lengthscales of the order of the grain diameter: with
very short ranged correlations in real space and pinch-
point singularities appearing at small k [13, 14]. Our
microscopic derivations of the stress correlations in the
near-crystalline limit (Eq. (9)) therefore allow for a direct
comparison of the stress correlations between an exact
theory at low disorder, and the predictions of VCTG. In
particular, our microscopic derivation yields an angular
dependence for Cxyxy ∼ sin2(θ) cos2(θ), independent of
packing fraction and initial pressure, which matches the

predictions from the field theory exactly.
Further, in the near-crystalline limit, our theory pro-

vides the exact expressions for the correlations in the
entire range of k and not just in the small k limit. Be-
ing derived from a reference crystalline structure, these
exact predictions are periodic in Fourier space, with the
Brillouin zone being determined by the periodicity of the
crystal. We therefore expect the symmetry of the crys-
tal to be present in the correlations at shorter length-
scales. The match with the near-crystalline predictions
is expected to get worse near the Brillouin zone edges as
disorder is increased. This is illustrated in Fig. 4, where
we display the changes in the correlations Cxxxx with
varying polydispersity for the Harmonic model across
the amorphization transition. From Fig. 2(a) we observe
the amorphization transition occur about η ≈ 0.42. We
also observe that the periodic structure of stress corre-
lations in Fourier space starts to vanish after the transi-
tion. This represents an intriguing signature of the well-
studied crystal to amorphous transition and provides a
direct order parameter with measurable differences. The
structure of the correlations in Fourier space warrants
further investigation.

VI. CONCLUSION AND DISCUSSION

In this paper, we have demonstrated, both numerically
as well as theoretically, the universality of stress corre-
lations in static athermal solids. Our results for near-
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crystalline, as well as amorphous packings, demonstrate
that although real-space measures of orientational order
vary in these structures, the correlations in the fluctua-
tions of the stress tensor at large lengthscales remain un-
affected, as suggested in previous studies [46, 52]. This
allows for correlations extracted from a reference crys-
talline configuration to correctly predict stress correla-
tions even in amorphous packings.

Several intriguing directions for further research re-
main. The universality of our findings has implications
for diverse systems such as granular and glassy materi-
als, as well as biological tissues. It would be interesting
to analyze in detail the features of the crystal to amor-
phous transition using stress correlations, to test whether
a stress-only order parameter is able to capture the sig-
nificant features of the transition between the phases.
Another aspect that remains to be probed is the depen-
dence of the correlations on the pre-stress of the sys-
tem, which can play an important role in the nature of
the vibrational eigenmodes and consequently in the sta-
bility of amorphous solids [41, 64]. As our microscopic
theory correctly predicts the large lengthscale behaviour,

it would be useful to derive a Lagrangian that incorpo-
rates the effects of the microscopic disorder, which could
help explain features in the correlations observed from
a coarse grained approach [13]. Finally, although the
static limit reveals a striking universality between crys-
talline and amorphous structures, it would be very inter-
esting to study dynamical signatures through stress cor-
relations, which can reveal differences between the well-
studied elastodynamics of crystals [65] and the dynamics
of amorphous systems.
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Supplemental Material for
“Universal stress correlations in crystalline and amorphous packings"

In this document, we provide supplemental figures and details related to the results presented in the main text. We
provide details of the derivations of stress correlations in near-crystalline packings, as well as detailed comparisons of
analytic results with direct numerical simulations. We also provide additional numerical evidence for the universal
behaviour of stress correlations at large length scales.

VIII. EXACT RESULTS FOR NEAR-CRYSTALLINE SYSTEMS

Following previous studies of near-crystalline systems [15, 16, 37, 55–57], linear order displacement fields can be
expressed in Fourier space as

δr̃µ(k⃗) =

(∑
ν

(A−1)µν(k⃗)Dν(k⃗)

)
δã(k⃗), (13)

where δr̃µ(k⃗) and δã(k⃗) correspond to the discrete Fourier transform of δrµi and δai in real space respectively. Here
δã(k⃗) = ηa0ζ̃(k⃗) for the Harmonic model and δã(k⃗) is replaced by η(λSL − λSS)t̃(k⃗) for the LJ model. Additionally,
we have

Aµν(k⃗) =
∑
j

(
1− e−ik⃗.∆⃗j

)
Cµν

ij , Dν(k⃗) =
∑
j

(
1 + e−ik⃗.∆⃗j

)
Cνa

ij . (14)

Here Cαβ
ij are the linear order Taylor coefficients that appear in the expansion of the α-component of the interaction

force between particles i and neighbouring particles j. ∆⃗j are displacement vectors between particles i and j in
the initial crystalline arrangement. For Lennard-Jones interactions, we choose λSL = (λSS + λLL)/2. Next, the
displacements of particles from their crystalline positions can be obtained by taking an inverse Fourier transform of
Eq. (14) as

δrµ(r⃗) =
1

N

∑
k⃗

exp (−ik⃗.r⃗)δr̃µ(k⃗). (15)

For the case of the minimally polydisperse system, it is possible to derive the stress correlations using a perturbation
theory about the crystalline ordered state. The components of the macroscopic stress tensor can be expressed as

Σαβ = V −1
∑
⟨ij⟩

rαijf
β
ij

= V −1
∑
⟨ij⟩

(
r
α(0)
ij f

β(0)
ij + r

α(0)
ij δfβij + δrαijf

β(0)
ij + δrαijδf

β
ij

)
.

(16)

where rµ(0)ij and f
µ(0)
ij represent the µ = x, y component of the interparticle separation and force between particle i

and j in the crystalline arrangement.
For small polydispersity both the change in inter-particle forces as well as the deviation of the particle positions

(δr) from their crystalline positions will be of order δa ∼ η, and we consider only the linear order terms in these
expressions. To linear order, the change in the stress tensor can be expressed as

δΣαβ =Σαβ − V −1

∑
⟨ij⟩

r
α(0)
ij f

β(0)
ij

 = V −1
∑
⟨ij⟩

(r
α(0)
ij δfβij + δrαijf

β(0)
ij )

δΣαβ =
∑
i

V −1
∑
j

(r
α(0)
ij δfβij + δrαijf

β(0)
ij )

 = V −1
∑
i

δσαβ(r⃗i),

(17)

where the local stress can be written as

δσαβ(r⃗i) =
∑
j

(r
α(0)
ij δfβij + δrαijf

β(0)
ij ) =

∑
j

[
∆α

j

∑
ν

Cβν
ij δr

ν
ij +∆α

j C
βa
ij δaij + δ∆α

j f
β(0)
ij

]
. (18)
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FIG. 5: Theoretical predictions in Fourier space for the correlations between various components of the stress tensor, for the
near-crystalline system. (Left) Theoretically obtained values for stress correlation (Right) numerical results for small values of
polydispersity (i.e. η = 0.005) for harmonic disks.

Next, taking a Fourier transform of the local stress components, δσαβ(r⃗i), we arrive at the stress tensor in Fourier
space

δσ̃αβ(k⃗) =
∑
i

eir⃗i .⃗kδσαβ(r⃗i)

=
∑
j

[
∆α

j

∑
ν

Cβν
j

[
−1 + e−ik⃗.∆⃗j

]
δ̃r

ν
(k⃗) + ∆α

j C
βa
j

[
1 + e−ik⃗.∆⃗j

]
δ̃a(k⃗) +

[
−1 + e−ik⃗.∆⃗j

]
δ̃r

α
(k⃗)f

β(0)
j

]
=Sαβ(k⃗)δã(k⃗),

(19)

The source term therefore has the explicit form given in Eq. (8) in the main text. The correlations between the
quenched microscopic disorder is given by

⟨δã(k⃗).δã(k⃗′)⟩ =η
2

48
δk⃗,−k⃗′ , (Harmonic),

⟨t̃(k⃗).t̃(k⃗′)⟩ =1

4
δk⃗,−k⃗′ , (LJ).

(20)

Therefore the correlation in the components of the stress tensor in Fourier space δσ̃αβ(k⃗) can be expressed as

Cαβγδ(|⃗k|, θ) = ⟨δσ̃αβ(k⃗).δσ̃γδ(k⃗′)⟩ = Sαβ(k⃗)Sγδ(k⃗
′)⟨δã(k⃗).δã(k⃗′)⟩

=
Nη2

48
δk⃗,−k⃗′Sαβ(k⃗)Sγδ(k⃗

′), (Harmonic)

=
Nη2(λSL − λSS)

2

4
δk⃗,−k⃗′Sαβ(k⃗)Sγδ(k⃗

′), (LJ).

(21)
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FIG. 6: Radially integrated stress correlations in Fourier space
(
Cαβγδ(θ)/⟨δa2⟩ =

∫ kmax
kmin

dkSαβ(k, θ)Sγδ(−k, θ)
)
, with kmin =

0.5 and kmax = 1.5. (a) Stress correlations in a system ofN = 6400 harmonic disks, in a fixed volume with initial packing fraction
ϕ = 0.92, with polydispersity η varying from 0.001 to 0.005. The data has been averaged over 400 configurations. (b) Stress
correlations in a system of N = 6400 particles interacting via Lennard Jones potentials, with zero pressure and polydispersity
η varying from 0.005 to 0.100. (c) Stress correlations in amorphous structures of harmonic disks, with polydispersity η = 0.5
and fixed volume and initial packing fraction ϕ = 0.92 for various initialization conditions prior to energy minimization: (i)
placing particles randomly in a commensurate box, (ii) placing particles randomly in an incommensurate box, (iii) starting
with a crystalline arrangement of particles in a commensurate box. (d) Theoretical predictions for stress correlations Cαβγδ/η

2

in kx − ky plane plotted in the range 0.5 < |⃗k| < 1.5, which is used in our radial integration in (a)− (c).

which is Eq. (9) in the main text. We also define Cαβγδ(θ) =
∫ kmax

kmin
dk⟨δσ̃αβ(k⃗).δσ̃γδ(k⃗′)⟩.
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FIG. 7: Correlations in the local stresses (Cxxxx(θ, ϕ)) in Fourier space in energy minimized disordered crystals in three
dimensional disordered crystals. These have been plotted using a Hammer projection as detailed in Eq. (24). Here we have
only plotted for (Hx/2

√
2)2 + (Hy/

√
2)2 ≤ 1. The above correlations are for the near-crystalline Harmonic system of size

N = 108000 with a polydispersity of η = 0.001.

IX. STRESS CORRELATIONS IN THREE DIMENSIONAL SYSTEMS

The theoretical method developed for the change in local stress fields and displacement fields in the main text can
also be extended to the case of three dimensional near-crystalline materials. For this case, the number of nearest
neighbours is 16 for an FCC arrangement of particles. So for both the Harmonic and LJ model, the Fourier transform
of change in local stress components can still be written as δr̃α(k⃗) = Gα(k⃗)δã(k⃗) and δσ̃αβ(k⃗) = Sαβ(k⃗)δã(k⃗), where
k⃗ corresponds to reciprocal lattice vectors for an FCC lattice. Here for the 3D Harmonic model, Sαβ in |⃗k| → 0 limit
has the following form:

lim
|⃗k|→0

Sαβ(|⃗k|, θ, ϕ) =
gαβ(θ, ϕ)

h(θ, ϕ)
. (22)

The correlations between different components of stress in |⃗k| → 0 limit can be expressed as

Cαβγδ(θ, ϕ) = lim
|⃗k|→0

〈
δσ̃αβ(k⃗).δσ̃γδ(−k⃗)

〉
= lim

|⃗k|→0

[
⟨δã(k⃗)δã(−k⃗)⟩Sαβ(k⃗)Sγδ(−k⃗)

]
=
η2

48

gαβ(θ, ϕ)gγδ(θ, ϕ)

h(θ, ϕ)2
.

(23)

Instead of representing Cαβγδ as a function of spherical coordinates (θ, ϕ) we can use Hammer projection for its
representation given as,

Hx =
2
√
2 cos (θ − π/2) sin (ϕ/2)√

1 + cos (θ − π/2) cos (ϕ/2)
,

Hy =

√
2 sin (θ − π/2)√

1 + cos (θ − π/2) cos (ϕ/2)
.

(24)

These correlations at large lengthscales are displayed in Fig. 7, and are consistent with observations in other
amorphous systems [13, 14, 28].
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X. STRESS CORRELATIONS IN REAL SPACE

The stress correlations in real space can be represented using the correlations in Fourier space as

⟨δσαβ(r⃗).δσγδ(r⃗′)⟩ =
1

N

∑
k⃗

〈
δσ̃αβ(k⃗).δσ̃γδ(−k⃗)

〉
eik⃗.(r⃗−r⃗′). (25)

The correlations computed in real space are displayed in Fig. 8, and display very short ranged behaviour.

FIG. 8: Correlations of the stress tensor in real space for the Harmonic model. Here the two dotted circles correspond to
two different values of |⃗k| i.e the inner circle of radius 4.2 corresponds to kmax = 1.5 whereas the outer circle of radius 12
corresponds to kmin = 0.5. We note that although long-ranged power-law correlations are present, the stress correlations in
real space decay very quickly at the granular lengthscale.

XI. EFFECT OF COARSE GRAINING

In order to test the effects of changing the coarse graining lengthscale on the stress correlations, we have varied both
the integration limits kmin and kmax with little to no differences in the measured correlations. For different values
of kmax we have obtained similar results, as detailed in Figure 9. We find that the stress-correlations are completely
independent of the value of kmin for the ranges we have chosen.

FIG. 9: (a) Cxxxx for different values of kmin for a fixed kmax = 1.5. The angular behaviour of stress-correlations does not
change as we decrease kmin. (b) Cxxxx for different values of kmax for a fixed kmin = 0.1. The angular behaviour of the stress
correlations does not change for kmax = 1.2, 1.6, but shows a small variation for kmax = 3.5.
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