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A NEW APPROACH IN TWO-DIMENSIONAL HEAVY-TAILED
DISTRIBUTIONS

DIMITRIOS G. KONSTANTINIDES, CHARALAMPOS D. PASSALIDIS

ABSTRACT. We consider a new approach in the definition of two-dimensional heavy-tailed
distributions. Namely, we introduce the classes of two-dimensional long-tailed, of two-
dimensional dominatedly varying and of two-dimensional consistently varying distributions.
Next, we define the closure property with respect to two-dimensional convolution and to
joint max-sum equivalence in order to study if they are satisfied by these classes. Fur-
ther we examine the joint behavior of two random sums, under generalized tail asymptotic
independence. Afterward we study the closure property under scalar product and two di-
mensional product convolution and by these results we extended our main result in the case
of jointly randomly weighted sums. Our results contained some applications where we es-
tablish the asymptotic expression of the ruin probability in a two-dimensional discrete-time
risk model.
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1. INTRODUCTION

1.1. Preliminaries. The heavy-tailed distributions describe precisely complicated situa-
tions. One of most important application is related to the risk theory in actuarial science.
Although several one-dimensional problems remain still open, the multidimensional case
meets popularity from both theoretical and practical aspect. Especial, with respect to prac-
tical point of view, the modern insurance industry does not operate with a single portfolio.

On this line there are some recent papers, as for example [18], [21], [44]. On this direction,
we introduce some two-dimensional distribution classes, with heavy tails, that are conve-
nient to calculations and permit direct and consistent generalization of the one-dimensional
concepts.

In subsection 1.2, we remind some basic definitions, for one-dimensional heavy-tailed dis-
tributions, for easy comparison with the two-dimensional ones. In section 2, we introduce the
closure property with respect to the two-dimensional convolution and the two-dimensional
max-sum equivalence. Next, we present some results on these classes of distributions. In sec-
tion 3, we estimate the joint asymptotic behavior of two random sums, under a dependence
structure that generalizes the tail asymptotic independence, and we establish an asymptotic
expression for the ruin probabilities, in a discrete-time two-dimensional risk model without
stochastic discount factors. Furthermore in section 5 we study the closure property of some
of new classes with respect to scalar product, and in section 6 we extended some of our re-
sults in section 4, in the case wich we have a common discount factor for the two portfolios.
Last but not least we limited ourselves in the non-negative case and we study the closure
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property of new classes with respect to product convolution in two dimensions, and some
previous results are extended.

We denote by F' := 1—F the distribution tail, hence F(z) = P[X > z] and holds F(x) > 0
for any x > 0, except it is referred differently. For two positive functions f(x) and g(x), the
asymptotic relation f(z) = o[g(z)], as © — oo means

lim M:0,

200 g(x)
the asymptotic relation f(z) = Olg(z)], as © — oo holds if

f(x)

limsup —/—= < 00
z—00 9(T)
and the asymptotic relation f(z) < g(z), as © — oo if both f(x) = Olg(x)] and g(z) =
O[f(x)]. For a real number z,y, we denote 2 := max{x,0}, z Ay := min{z,y}, x Vy =
max{z,y}.

1.2. Uni-variate heavy-tailed distributions. The following properties are to be extended
in two dimensions.

(1) For two random variables X7, Xy with distributions Fj, F; respectively, the distri-
bution of the sum is defined by Fx,ix,(z) = P[X; + X, < z] with tail Fx,x,(z) =
P[X; + X5 > z]. If X;, X, are independent, we write Fj % F3 instead of Fy, x,.

(2) We say that the random variables X7, X, or their distributions F, Fy are max-sum
equivalent if I} * Fy(x) ~ Fi(z) + Fa(x), as v — oo.

Now we consider some classes of heavy-tailed distributions. We say that a distribution F'
is heavy-tailed, and we write F' € IC, if holds

/ e F(dr) = o0,
for any € > 0. A large enough class of heavy-tailed distributions is the class of long tails,
denoted by £. We have F' € L if holds

Flr —
i T ) _ 1,
for any (or equivalently for some) a > 0. It is well-known that if F' € £, then there exists a
function a : [0, co) — [0, 00), such that a(x) — oo, F(z+a(z)) ~ F(z), as v — oo. This
kind of function a(x) is called insensitivity function for F, see further in [13] or [20].

A little smaller class than L is the class of subexponential distributions, introduced in
[9]. We say that a distribution F' with support the interval [0, co) belongs to the class of
subexponential distributions, symbolically F' € S if holds

Fr(z)

lim = — (1.1)

for any n € N, where F'"* represents the n-th order convolution power for F. The class S
has found several applications in the risk models, as for example in [29], [16], [19].
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We say that the distribution F' belongs to the class of the dominatedly varying distribu-
tions, symbolically F' € D, if holds

: F(bzx)
limsup = < 00,

for some (or equivalently for all) b € (0, 1). Is well known that DN L =DNS C K, see [17,

Th.1].

Further, a smaller class of heavy-tailed distributions represents the class of consistently
varying distributions, symbolically F' € C. We say that F' € C, if holds

lim lim sup %) — 1 (1.2)
¥l 2500 F(QE)

or equivalently

F
limn Tim inf 207 _
gl a—oe F(z)

Finally, we say that a distribution I belongs to the class of regularly varying distributions,
with index a > 0, symbolically F' € R_, if holds

lim Ii(tx) =z %,

for any ¢t > 0.
For these classes we obtain the following inclusions (see [2])

Ri=|JR..CCCDNLCSCLCK.

a>0

We can find numerous classes of heavy-tailed distributions, however we mentioned the most
popular in the literature. In this paper we extend into two dimensions the classes C, D and

L.
In [3] we find the following results.

Proposition 1.1. If F; € D and Fy € D are distributions with support the interval [0, 00),
then Fx,1x, € D.

In Proposition [[LT] we find that for non-negative random variables, the class D satisfies
the closure property with respect to convolution. As was mentioned in [3], the class D does
NOT satisfy the max-sum equivalence, as it follows from the fact that D ¢ S and S ¢ D,
thence the relation F2*(z) ~ 2 F(x), as ¥ — 0o, does NOT hold for FF € D\ S. In opposite
to the dominated variation, the class of the consistently varying distributions satisfy both
these properties.

Proposition 1.2. If Iy € C and Fy € C are distributions with support the interval [0, 00),
then holds Fy x Fy € C and Fy x Fy(x) ~ F1(x) + Fa(z), as v — oo.

In Propositions [Tl and [[.2], the random variables with distributions F}, Fy, are arbitrarily
dependent.
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2. TWO-DIMENSIONAL HEAVY TAILS

The reason why the multivariate distributions have been so popular is their ability to
describe better multidimensional processes. This happens because of the interdependence
among the components of the random vectors, the affect significantly on the final outcome.

The first heavy-tailed distributions class that was extended to multidimensional frame
is the regular variation. We say that the random vector X = (Xj, ..., X;) represents

a multivariate regularly varying vector with index a and measure v, symbolically X &
MRV («, F, v) if holds

lim — P F € IB] —u(B),
for any B C [0, oo]?\ {0}, with F' € R_,, and the measure v is homogeneous, namely holds
v(AB) = A"*v(B), for any A > 0.

The frame of multivariate regular variation was introduced in [12]. Under this definition,
the multivariate regular variation was used in the study of several issues in multivariate risk
models and in risk management, as for example in [26], [39], [44].

Although this kind of extension to multidimensional setup is well-established, it does not
happen to other multidimensional distribution classes. Most of the extensions cover the
multivariate subexponential distribution class and the multivariate long tailed distribution
class.

Initially in [10] was introduced these two distribution classes, as essential extension of the
multivariate regular variation, namely using vague convergence and point processes. Later,
in [31] appear three different formulations for the multivariate subexponentiality and the
multivariate long-tailedness. The formulations, that are close to our definitions, are given
in classes S(R?) and L£(R?). We say that the multivariate distribution F belongs to class
S(RY), if holds

F>(tz)

1m

for any x > 0, with min;<;<4{t;} < oo, and that the multivariate distribution F' belongs to
class L(R9), if holds

i Lz —a)

Y

for any a € R? and for any t > 0, with min;<;<4{t;} < co.

This approach was used to study the asymptotic behavior of the tail of randomly stopped
sum of random vectors, namely Sy = Zf\il X;, where N is a discrete random variable with
support Ng = N U {0} and the X; are independent, identically distributed random vectors
with multivariate distribution F. For applications of this class, see in [32].

Finally, another formulation of multivariate subexponential distributions was provided in
[33], which represents the only approach with results for the ruin probability in a multivariate
continuous-time risk model.

In the present paper we confine ourselves in the two dimensions and and we stay close
to the formulation in [31], however we keep two important differences. At first, we follow
a direct approach to the uni-variate distribution class definition. At second, in the case of
d = 2 the formulation in [31] and in the definition of multivariate regular variation adopts
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the convention F(z, y) = P[X <z, Y < y] and the distribution tail 1 — F(z, y), that means
the distribution tail F can include the event {X > z} U {Y > y}. We consider only the
case, in which there exist excesses of both random variables {X > z} N {Y > y}, namely
we define by Fq(z, y) = P[X > z,Y > y|, as the distribution tail of F, with notation
Fu(r, y) =P[X > b2, Y > byyl, for all b = (by, by) € (0, 00)?, see [23], sec. 7).

This choice of definition, is due to both the consistency with the univariate case and the
easiness in asymptotic calculation of the tail of joint random sums as well. We intent that
our approach becomes more consistent with the ruin of all portfolios, which represents the
worst event which can happen for an insurance company with multiple businesses.

Next, we introduce the bi-variate heavy-tailed distribution class.

Definition 2.1. We say that the random pair (X, Y) with marginal distributions F, G
belongs to the bi-variate long-tailed distributions, symbolically (F, G) € L@, if hold

(1) Fe L and G € L.
(2) It holds

. Fi(r —ai, vy — ay) . PX>z—a,Y >y—ay
lim — = lim =1,
TAY—00 Fl(l', y) TAY—00 P[X >, Y > y]

for some, or equivalently for any, a = (a1, ag) > (0,0), with a; not necessarily equal

to as.
From Definition T we obtain that, if (F, G) € £, then for any (A, A3) > (0, 0) holds
sup PX>z—a,Y>y—a]—-PX>z,Y>y]|=0P[X >z, Y >y]),(21)

la1| <A1, |az2]|<A2
as x Ay — oo, which follows from the uniformity of the convergence
lim PX>z—a,Y >y—as

@Ay—00 PX >z, Y >y

=1, (2.2)

over the parallelogram [—A;, A;] x [—As, Ay]. Definition provides the insensitivity
property in joint distributions, see the uni-variate analogue for example in [I3] or in [20].

Definition 2.2. Let a(x) > 0 for any x > 0 be a non-decreasing function. The joint
distribution F = (F, G), with right endpoint rp := (rp, rg) = (00, 00), is called a-joint
insensitivity, if
sup PX>z—a,Y>y—a)] —PX>z,Y>y||=0P[X >z,Y >y])(2.3)
la1|<a(x),|az|<a(y)
as x ANy — oo, which follows from uniformity of 2.2)), for any |a1| < a(x) and any |as| <
a(y)-

Now we show that class £?) satisfies the a-joint insensitive property.

Lemma 2.1. Let assume that (F, G) € L®. Then there exists some function a(x) such that
a(x) = 00, as x — 00, and (F, G) satisfies the a-joint insensitive property.

Proof. For any integer n € N, from relation (2) we can choose a sequence {u,} such
that the inequality
PX>z Y >
sup  [PIX >7—a;, Y >y—ag] -PX >z YV >y] < X > =, y],

la1|<n, |az|<n n
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holds for any x > w, and any y > u,. Without loss of generality we consider that the
sequence {u,} increases to infinity. We put a(x) = a(y) = n, for any (z, y) € (upn, up1)*
From the fact that u, — oo, as n — oo, we obtain that a(x) — oo, as z — oo, and
a(y) — 0o, as y — 00.

Whence, form the construction of a(-) we conclude that

PX >z, Y >y

sup PX>z—a,Y>y—a]—-PX >z Y >y|]| < :
|a1|<a(2), |az|<a(y) n
for any =z > w, and any y > u,, which is the required result. U

Remark 2.1. From the a-joint insensitivity does not follow necessarily the a insensitivity
for the marginal distributions. Furthermore Lemma[21 asserts that
lim PX >z+ta(z), Y >y+a(y)

=1.
& AY—00 PX >z, Y >y

Let see now two examples, that help either to understanding or to constructing of such
bi-variate distributions. In first case is the simplest, as we construct (X, Y) € £® through
the independence between X and Y.

Example 2.1. Let X and Y be random wvariables with distributions ' € L and G € L
respectively. We assume that X and Y are independent, thence

Fi(r —ay, y— ap) P X >z—a,Y >y—ay

li — = 1
IAZIJI_IEOO ]:'.‘l(x7 y) x/\gljr—r>loo P[X >, Y > y]
C tm PX>z—a PY >y—a)
o TAYy—00 P[X > .CL’] P[Y > y] a

Therefore (F, G) € L@,

The next example makes sense, as it can not be reduced into uni-variate distributions. The
following dependence structure can be found in [2§]. We say that the random variables X and
Y are strongly asymptotic independent (SAI) if hold P[X~ >z, Y > y] = O[F(—x) G(y)],
P[X >z, Y~ >y| = O[F(x) G(—y)], as Ay — o0, and there exists a constant C' > 0 such
that holds

PX >z, Y >y ~CF(x)Gly), (2.4)

as T Ay — o0.
If the X and Y are bounded from below, then (2.4)) is enough to be SAIL

Example 2.2. Let X and Y be random wvariables with strongly asymptotic independence,
with some constant C' > 0 and distributions F' € L and G € L respectively. Then

Fl(x—al,y—ag) P[X>x—a1,Y>y—a2]

li — = i
x/\gl/r_I}oo Fl(l', y) x/\gljliloo P[X >, Y > y]
_ g GFE )Gy —aw)
TAY—00 CF(z)G(y)

Therefore (F, G) € L?.
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We can find several dependence structures that satisfy the £2 condition. However, we
choose to pursue theoretical results.
Now we pass to the bi-variate subexponential distribution class S@.

Definition 2.3. We say that the random pair (X, Y'), with marginal distributions F and
G respectively, belongs to the class of bi-variate subexponential distributions, symbolically
(F, G) € 8@ if

(1) FeS and G € S.

(2) It holds

: PXi+Xo>uz, Y1+ >y 9
lim sup =2

2.5
wAY—00 PX >uxz,Y >y ’ (2:5)

where X1 and Xo are independent and identically distributed and Yy and Ys are in-
dependent and identically distributed, with distributions F' and G respectively.

Remark 2.2. In case of d-variate distribution relation (2.) becomes

I PXi 1 +Xio>21, ..., Xa1+ Xgo2 > 24
im sup

=24, 2.6
ZAY—300 PXi1 >, ..., Xg1 > 24 (2:6)

From this definition we obtain easily that S C £®.
Now we come to the bi-variate dominatedly varying distribution class D).

Definition 2.4. We say that the random pair (X, Y), with marginal distributions F and G
respectively, belongs to the class of bi-variate dominatedly varying distributions, symbolically
(F, G) e D®, if

(1) FeD and G € D.

(2) It holds

. Fu(z, ) L PX >biz,Y > byyl
limsup =———= = limsup

o0,
TAY—00 Fl(SL’, y) TAY—00 P[X >z, Y > y]

(2.7)

for some, or equivalently for all b = (by, by) € (0, 1)?, with by not necessarily equal
to bg.

It is obvious that [2.7] is equivalently with:

lim inf M >0

(@)= (c0,00) Fy(x,y)
for some, or equivalently for all b = (by, by) € (1, 00)?, with b; not necessarily equal to by.

Remark 2.3. In [23] was introduced the class D,, (for some n € N) of multivariate domi-
natedly varying random vectors. It is obvious that in case n = 2 our approach include this
definition. Namely

D, c D?

Definition 2.5. We say that the random pair (X, Y'), with marginal distributions F' and G
respectively, belongs to the class of bi-variate consistently varying distributions, symbolically
(F,G)eC?, if

(1) FeC and G €C.
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(2) It holds

lim lim sup M =1,

z11 TAY—00 Fl(SL’, y)

or equivalently

lim lim inf M
z|1l TzAy—00 Fl(x’ y)

where z = (21, z2), and 1 = (1, 1).

=1,

Examples 2.1l and remain in tact in classes D@ and C®, hence they keep functioning
in class (DN L)? :=D® N LO,

3. MAX-SUM EQUIVALENCE AND CLOSURE PROPERTIES WITH RESPECT TO
CONVOLUTION

In this section we present two definitions. In the first one, we define the closure property
with respect to convolution in bi-variate distributions. In this case we formulate the main
result, showing that the class D® is closed but the class £?) is not. The second definition,

given at the end of section, under concrete dependence structures, also presented later, is
fulfilled with respect to classes (D N L)? and C.

Definition 3.1. Let X, Xo, Y1, Y5 be random variables, with distributions Fy, Fy, Giand
Gy respectively. If the following conditions are true

(1) FLeB, F, € B, G, € B, Gy € B and for any k, | € {1, 2}, holds (F, G;) € B?,
(2) Holds (FX1+X27 GYH—Yz) < 8(2),

where B® is some bi-variate class, defined in section [d, then we say that the class B® is
closed with respect to convolution.

We wonder whether the closure property from Definition B.1] follows trivially, in the sense
that it comes directly from the corresponding uni-variate case. Although, this is true for
the condition (1) in Definition B1] for example if (Fy, . x,, Gy,1+yv,) € L& and also F} € L,
Gr e L, F5 € L, Gy € L, then to obtain the F} x F5, € L and G * Gy € L, can be reduced
to uni-variate convolution problem, but for the second condition (2) in Definition B] the
task is far from trivial. Let start, with a corollary, where we can see clearly that the class
L£? is not closed with respect to convolution. Evermore, this set up shows that Definition
B.1lis NOT a simple extension of the closure property in uni-variate case, as the dependence
conditions play crucial role.

Corollary 3.1. Let X1, X», Y7, Y5 be positive random variables, with distributions Fy, Fs,
G, Gy from class L, respectively. We assume that all the random variables are mutually
independent except X1 and Yy, which are SAI, with some constant C > 0. Then we obtain
(F1 % Fy, Gy xGg) ¢ L. Therefore, class L2 is not closed with respect to convolution.

Proof. We observe that (F, G;) € £ for any k, [ € {1, 2}, which follows by Examples
2.Iland 2.2l For the first condition, because of independence of X; and X, and independence
of Y] and Y5, with distributions belonging to class £, we find that FixF; € £ and G1xGy € L,
see for example in [13].
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For the second condition, we examine if holds

. PXi+Xo>z—a, Y1+ Y >y —ay
lim sup =1,
TAY—00 P[Xl + X5 > xZ, Yi+Y, > y]
for any (a1, ay) € R?. In case a; > 0 and ay > 0, then
PXi+Xo>r—a, Y1+Yo>y—ay] > PXi>x—ay, Y >y—as
~ PX; >z Y >yl ~C-PX >z|PY; >y,

as x Ay — oo, which follows from the fact that the random variables are non-negative,
(Fy, G)) € L@ for any k, [ € {1, 2} and the assumption of SAI X1, Y;.
We also obtain

PIX,+ Xy >x Y+ Vs >y <PIX, + Xo > 2] < P[X; > 2/2] + P[Xy > /2],

therefore
PXi+Xo>z—aYi+Yy>y—af C-PX>aPY] >y
P[X1+X2>$,K+1/é>y] ~ P[Xl >ZL’/2]+P[X2>LU/2]7

(3.1)

as ¢ Ay — oco. We wonder, if the right hand side in equation (BI]) can take value greater
than unity:
C-PX > z]|PlY; >y
P[Xl > .flf/2] —|—P[X2 > LE/Q]

> 1,

but this is equivalent to

T PR P sy

which can be written as

P[X, > z/2] P[X, > z/2] S P[X, > 7]
PIX>a|PDi >y PMi>y ~ PMi=yl
If random variable Y; has heavier distribution tail than X5, then the last fraction in last

relation tends to zero, as * Ay — oo. Hence, C' > 0 that means it is possible to find

such a combination, that the lower bound becomes greater than unity, namely it holds
(Fl * FQ, Gl * Gg) ¢ £(2) ]

C >

Remark 3.1. The previous example shows, that for class B in general the proof of clo-
sure property does NOT follows directly from the closure property in the corresponding uni-
dimensional distributions. A crucial role is played by the fact that usually we do not know
the dependence structure between X; + Xy and Y7 + Ys, even when we know the dependence
structure between particular components.

Next we see that the class D® is closed with respect to convolution (of arbitrarily depen-
dent random vectors with arbitrarily non-negative dependent components).

Theorem 3.1. Let non-negative random variables Xy, Xo, Y1, Yo with distributions Fy, F,
G and Gy from class D respectively. We assume that (X, Y;) € D@ for any k, | € {1, 2},
then (FX1+X27 Gy1+y2) c 'D(z).
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Proof. At first, for the first condition of D, we obtain F; * F, € D and Gy * Gy € D,
because of Proposition [L.1]

Taking into consideration that all the distributions have support the interval [0, co), we
find

PXi+Xo>z,Yi+Yo>yl < PX;>2/2,V1+Ye>y|+P[Xo>a/2, Y1+ Y2 > 4]

€ Yy X y
< — = — =
_P[X1>2,Y1>2}+P[X2>2,Y2>2]

x y x y
P[X Ly, —} P[X Ly, —],
+ 2>2 1>2+ 2>2 2>2
hence

2
P[X1+X2>:B,Y1+Y2>y]SZZP[Xk>§,Yl>%]. (3.2)

From the other side

1
PXi+ Xp>a, Vit Yo >yl > S(PXi>2 i+ Y, >yl +PXo >0, Vi Y2 > y))
1
> Z(P[Xl>:B,Y1>y]+P[X1>:E,Y2>y]
+P[Xo >z, V1 >y + P[Xo > 2, Vs > ),
from where we obtain
2
1
P[X1+X2>x,Y1+Y2>y]21ZZP[Xk>x,}/l>y]. (3.3)

Therefore by relations (3.2) and (3:3), due to (X, V;) € D@ for any k, [ € {1, 2}, we find
_ PX,+Xo>2/2, Y1+ Y2 >y/2
lim sup
TAY—00 P[X1+X2 >, Yi—}—Yé >y]

< 4 limsup Zi:l Zl2:1 P[Xk > x/2a Y, > y/2]

<4 max limsupP[X’f>x/27Y2>y/2] .
k,1€{1,2} | zAy—oo P[Xk > x, Y, > y]

So we conclude (Fx, 1 x,, Gy,+yv,) € D®. O
Now we are ready to define the max-sum equivalence in two dimensions.

Definition 3.2. Let X, X5, Y1, Y5 be random variables. Then we say that they are jointly
max-sum equivalent if

2
PXi+Xo>2, Y+ Yy >y~ Y Y PXp >z, V>,
k=1 l=1
as r Ny — 00.

This kind of asymptotic relation is to be established for classes (DN £)? and C®, under
the assumption of non-negative support and some specific dependence structure.
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4. JOINT BEHAVIOR OF RANDOM SUMS

In one dimension, the following asymptotic relation attracted attention

ZH:XZ- >g;] Nzn:P[X,- > 1], (4.1)

as © — oo. Therefore, we study the behavior of both, the maximum \/}_, X; and the
maximum of sums

P

n k
\/Sz = Imax Xz s
=1

1<k<n 4
=1

for some distributions and correspondingly with some dependence structures to examine if
holds

P ~ P ~ P

=1 i=1 i=1 i=1

as © — 00. The relations (A1) and (4.2]) have been studied for example in [I], [14], [15], [30].
A similar interest has been appeared for weighted sums of the form

S, (0) = i@iXi, T.(A) = iAij,
i=1 Jj=1

and for the circumstances when they satisfy relations (A1]) and (2, see for example [37],
[38], [43], [45].

In this section we study the relation (£2) in two dimensions. This can be achieved for
the class (DN £)® under generalized tail asymptotic dependence. Although the uni-variate
random weighted sums are well studied, this is not true for the multivariate case.

Let mention some papers, involved in the asymptotic behavior of the joint probability

i@ZXZ >z, iAzY; >y
i=1 j=1

as for example [6], [28], [34], [35], [41].
We restrict ourselves at moment, in the study of non-weighted random sums of the fol-
lowing form

P

)

P

zn:Xi > 7, ZH:YJ >y
i=1 J=1

We note that in all these papers the dependence structure for the main variables X;, Y
is either of the form: {(X;, Y;), ¢ € N} independent random vectors and there exists some
dependence structure in each random pair, or there exists dependence among X1, ..., X, and
Yi, ..., Y,, but the X; and Y} are independent for any ¢, j. Using generalized tail asymptotic
independence (GTAI), introduced in [22], both dependence structures are simultaneously
permitted. GTAI is defined as follows. Let consider two sequences of random variables
{X,, n € N}, {Y,,, m € N}. We say that the random variables Xy, ..., X,,, Y}, ..., Y},
follow the generalized tail asymptotic independence, if




12 D.G. KONSTANTINIDES, C. D. PASSALIDIS

(1) It holds

lim PlXi| > 2 | X >, Y; > y;] =0,

min{z;, g, y; }—=00

for any 1 < k ¢ {i, j} <n.
(2) It holds

min{z;, Yr, y; } =00

forany 1 <k ¢ {i, j} <m.

The aim of this dependence structure is the modeling the dependence both, in each sequence
of random variables and in the interdependence between the sequences. We have to notice
that if the X; and Y are independent for any i, j, then each sequence of random variables
follows tail asymptotic dependence (TAI), see definition bellow, however in any other case
the GTAI does not restrict each sequence to TAI, but in a more general form of dependence.

It is easy to find that GTAI contains the case when Xy, ..., X,, are independent or when
Yi, ..., Y, are independent or both. Even more this dependence structure indicates that
the probability to happen three extreme events, is negligible with respect to probability to
happen two extreme events, one in each sequence.

In the most of our results we use the TAI dependence structure as an extra assumption
wich characterised the dependence of the terms of each sequence. This dependence structure
was introduced by [15]. We say that they are Tail Asymptotic Independent, symbolically
TAI, and in some works named as strong quasi-asymptotically independent, if for any pair
1, j =1, ..., n, with i # j holds the limit

T AT j—>00

Next result provides an asymptotic relation for the maximum of two sequences of random
variables under the GTAI, WITHOUT to impose some assumption for the distributions of

X1, ..o, X, Y1, ..., Yy, (except the infinite right point).
Theorem 4.1. If Xy, ..., X,, are random variables with distributions Fi, ..., I, respec-
tively and Yy, ..., Y, are random variables with distributions Gy, ..., Gy, and X1, ..., X,,

Yy, ..., Y, are GTAI then holds

Nzn:zm:P[Xi>z,Yj>y], (4.3)

P \/Xi>z, \/Yj>y
i=1 j=1 i=1 j=1
as r Ny — 00.
Proof. For z > 0, y > 0 holds
PI\/Xi>z, /Y, >y <D ) PXi>z, V;>y]. (4.4)
i=1 j=1 i=1 j=1
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Further for the lower bound we use Bonferroni inequality

P \n/Xi>z, \7Yj>y
i=1 Jj=1

B Z Z:;i:lP

ziP Xi>:c,\77Yj>y Xi>x,Xl>:c,\17Yj>y
i=1 j=1 J=1

> Y PXi>a, Yy>y = 3 3 P>, Vi>y, Yy
1=1

i=1 j=1

_Zz;izlzP[Xi >z, Xp>w, Yy >y
=1

= Ii(x, y) — Lz, y) — I3z, y).

For I5(x, y) we obtain

L(x,y) = ZZZZ#:1P Xi>z,Y; >y, Y, >y
i=1

= Y PMesyl Xz, Y2y PIXi>a, Y >y
i=1 7=

= 0<ZZP[X,- >, Y >y]> =o(li(7, y)),

i=1 j=1

as r Ay — oo, where in the last step we use the GTAI property. In a similar way we can
find

Ii(z, y) = o(Li(z, y)),

as x Ay — oo. Hence we conclude

\n/X,- >, \?YJ >y
i=1 Jj=1

as £ Ay — oo. Now, from relations (A4]) and (£H) we have the result. O

Before next theorem, we need some preliminary lemmas. Next lemma provides an impor-
tant property of the GTAI structure, presenting itself as closure property with respect to
sum.

n

EZiP[Xi>x,Yj>y], (4.5)

i=1 j=1

P

Lemma 4.1. If X1, ..., X,,, Y1, ..., Y, follow the generalized tail asymptotic independence
(GTAI), then holds

lim P

min{z s, z, y;j }—o0

~0, (4.6)

2_X

iel

>:c1‘Xk>xk,Y}>yj
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for I C{1,....n} and k € {1, ..., n}\ I. Similarly holds
2.
jeJ

for JC AL, ...,m} and k € {1, ..., m}\ J.

lim P

min{z;, Y, yJ }—00

>yJ‘Yk>yk7Xi>xi]:0, (4.7)

Proof. It is enough to show relation (4.6]) as relation (4.7)) follows by similar way. Indeed,
we observe that

min{zy, Tk, y;j }—00 iel
. ':CI
< lim P[|Xi|>_}Xk>zk’Yj>yj}:O’
min{zr, Tk, yj}—00 "

where the last step follows from GTAI property. 0
From here and after we study only the case n = m. In the next lemma, we find the lower
asymptotic bound of the joint tail of the random sums

5= % L=V
k=1 =1

when the summands follow distributions with long tails and the £®2) property is true for any
pair of the summands distribution. A similar result, for the uni-dimensional case, can be
found in [15], where the dependence structure is TAI (tail asymptotic independence). In the
next result we find generalization to two dimensions and furthermore the GTAI assumption,
represents a wider dependence structure than the TAI for each one of the two sequences
separately. Next, we introduce the notations

Sn,k = Sn - Xk 5 Tn,l = Tn - Yi 5

for some k € {1, ..., n} and some [ € {1, ..., n}. In what follows, we can choose
a:= min{/\api, /\agj} , (4.8)
i=1 j=1

namely the minimum of all the insensitivity functions, that means that the function a(z)
is insensitive for all the distributions Fi, ..., F,, Gy, ..., G, of the corresponding random
variables X1, ..., X, Yq, ..., Y,.

Lemma 4.2. Let Xq, ..., X,,, Y1, ..., Y, be random variables with distributions I, ..., F,,
Gy, ..., G, from class L respectively. We also assume that X1, ..., X,,, Y1, ..., Y, satisfy
the GTAI property and holds

(Xk7 }/2) € 5(2) )
for any k, 1 € {1, ..., n}. Then holds

PS, >z, T,>y| 2> Y PXpy>z, Vi>y,
k=1 [=1
as x Ny — 00.
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Proof. We choose as a(x) a function with jointly insensitivity property for any random

pair (X, V) for any k, [ € {1, ..., n}. A possible choice of this function is
a = 13617111’%71 akJ y

where ay ; is the jointly insensitivity function of the random pair (Xj, Y;) for any k, [ €
{1, ..., n}. Next, we apply twice inequality Bonferroni to obtain

PS, >z, T,>y| 2P |S, >z, T, >y, \/ X, >z +a(z), \/ VI >y+aly)
k=1 =1

>N N PS>, T >y, Xp>a+a(z), Vi >y +a(y)] (4.9)
k=1 I=1

_Z Z ZP[Xi>x+a(:c), Xg >z +a(x), V) >y+a(y)]

1<k<i<n l=1

_ZZ Z PX,>z+4a(z), Vi>y+aly), Y;>y+a(y)

1<i<i<n

1

3
Now for Jy(x, y) we find
PX,>z+a(x), Xy >z+a(z), Y >y+a(y)]
=P[X;>z+a(x)| Xy >z+alx), Vi>y+aly)| P[Xe>x+alz), VI >y+a(y)
=oP[Xg >z, Y, >y,

as © Ay — oo, that follows from GTAI property, £ membership and the definition of
function a(-). Thence

Jo(z,y) =0P [ Xy >z, Y, >v]), (4.10)
as x Ay — oo. Similarly, due to symmetry, we have

J3(z,y) =0o(P [ X >z, Y, >v]), (4.11)
as r Ay — 00. [

The next result shows that in the non-negative part of class (D N £)® the property of
jointly max-sum equivalence as also under an extra assamption the closure property with
respect to convolution are satisfied, as soon as the GTAI holds.

Lemma 4.3. Let Xy, Xy, Y], Yo be non-negative random variables, with the following dis-
tributions Fy, Fy, G1, Go from class DN L respectively. Further we assume that the random
variables X1, Xo, Y1, Yo satisfy the GTAI and

(Xk7 YZ) S (Dm‘c)@)v
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for any k, | € {1, 2} properties. Then hold

2 2

PXi+Xo>2, Vi+Yo>yl~) > PlXp>z, Yi>y, (4.12)
k=1 I=1

as x Ny — oo. If further Xy, Xy are TAI and Y1,Ys are TAI then:
(X1 4+ X, Y1+ Y5) € (DN L)P,

Proof. We start with relation (ZI2). At first we choose the function a(z) as before in the
proof of Lemma [£2l For the lower bound we obtain

PXi+Xo>z, V1+Yo >y >PXi >z, i+ Yo >y +P[Xo >z, Y+ Y2 >y
—PXi>z, Xo>z, Vi+Yo>y>PXi >z, VI >y +PXi >, Vo>
-PXi>z, Yi1>y, Yo>y|+PXo>z, Vi >yl+PlXe>x, Vs>
—PXo>z, 1>y, o>y -PXi >z, Xo>2, Y >y—a(y)

-PXi>z, Xo>z, Yo>y—aly)]+P[Xi >z, Xo>z, Y1 >y/2, Yy > a(y)]
+P[X1 >z, Xo >, Y1 >aly), Yo >y/2] = Lz, y) + L(z, y) — I3(z, y)
L, ) + T, ) — T, ) — T, ) — Ts(a, ) — To(a, ) — Tuo(a, )

Here we can see the following equality

[1(113', y) + I2(x> y) + [4($a y) + [5(113', y) = ZZP [Xk >, YE > y] . (413)

and further we estimate the third term as follows
Li(z,y) = PXi>z,Y >y, Yo >y
= PYi>y|Xi>z, Yoa>y|PX; >z, Yo >y
= oP[X; >z, Yo>vy)),

as x Ay — oo, where the last step follows by the GTAI property. Similarly, for the Is(x, y),
and using in I7(x, y) and Is(z, y) additionally the a-joint insensitivity property of £2), we
can easily obtain

Iy(z, y) = Is(z, y) = [(z, y) = Iy(x, y) = o(P [ X1 > x, Yo >y]), (4.14)

as r Ay — 00.
Finally, for the last two terms, we see the following asymptotic relations. For the first
term Io(z, y) is true that

Iz, y) SP[Xi>w, Vi>y, V2> 2] =o(P[Xi >, V2 > y)),

as ¥ Ay — oo, by GTAI property and the membership in (D N £)®), hence we find the
relation

Iy(z,y) =0o(P[X; >, Y >y]), (4.15)
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as Ay — oo. By the symmetry between the two terms, easily we have the following relation
Lio(z, y) = 0P [Xy >z, Yo >y]), (4.16)

as © Ay — oo. Therefore by relations (£13), (£14), (AI5) and (£I6), we conclude the

asymptotic inequality

2 2
PXi+ Xy >z, i+Y2 >yl 2> > PXp>z, Vi>y], (4.17)
k=1 I=1

as x Ay — 0o, which provides the lower asymptotic bound.
Let us examine now the upper asymptotic bound

PXi+Xo>z, Vi+Yeo >y <P[X;>z—a(z), Y1+Y2 >y

—|—P[X2>:£—a(:£),Yl—l—Y2>y]+P[X1>%,X2>a(x), Y1+Y2>y}

+P [X1>a(:c), X2>§, Y1+Y2>y] <PX, >z —alz), Y >y—ay)]

+P [X; >z —a(x), Y2>y—a(y)]+P[X1>:c—a(:c), Y1 > a(y), Y2>%}

+P [X1>:£—a(at), Y1>%, Y2>a(y)}—|—P[X2>:E—a(:£), Y1 >y —a(y)]

+P [Xy > 2 —a(x), Y2>y—a(y)]+P[X2>x—a(x), Y1 > a(y), Yg>%}

+P -X2>x—a(x), Y1>%, Y2>a(y)}+P[X1>a(:c), X2>§, Y1>y—a(y)]

+P _X1>a(:c), X2>§7 Y2>y—a(y)}

8

+P _X1>a(x),X2>§,Y1>a(y),Y2>%]

+P -X1>a(x),X2>—,Y1>%,Y2>a(y)}

N8

+P -X1>§, Xs > a(z), Y1>y—a(y)}+P[X1>g, Xy > a(z), Y2>y—a(y)]

2
- ,
+P X1>§,X2>a(x),Y1>a(y),Y2>§]
_ T y 16
+P[X1> 3, Xo>al@), Vi> 5, V> a(y)} - ;Ii(x, y). (4.18)

Taking into account the property £ and the definition of function a(x) we find the asymp-
totic expressions for

[1(I,y)NP[X1>$,}/1>y], [2($,y)NP[X1>l’,)/é>y],
15(x7y>NP[X2>I71/1>y]7 ]G(xay)NP[X2>x7}/2>y]7
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as x Ay — oo. Hence

2
[1(2[‘, y) + 12(x7 y) + 15(']:7 y) + [6(']:7 y) ~ ZZP [Xk > T, YE > y] ) (419)
k=1 I=1

as x Ay — 00.
Next, we follow a similar approach for I3(z, v), I4(z, y), I:(x, y), Is(z, y), Is(x, y) and
Lio(z, y). Now we see

Ig(x,y)NP[X1>x, Y, > aly), Y2>%]

:P[Y1>a(y)‘X1>x, Y2>%} P[X1>x, Y2>% — o (P[Xy>2.Ys >y,
as x Ay — oo, that follows because of properties (D N £)®? and GTAL
In similar way we find I4(z, y) = o(P [X1 > z,Ys > y]), Iz(z, y) = o(P [ X2 > z,Ys > y]),
Is(z, y) = o(P [Xs > 2,Ys > y), Iy(z, y) = o(P[Xy>2,Y1 >y]) and finally Lio(z, y) =
o(P Xy >x,Ys >y]), as Ay — oo. Hence

[3(:(:7 y) + [4(1’, y) =+ Z]z(xv y) =0 (ZZP [Xk > x, YE > y]) ) (420)

=7

as r Ay — 00.
The I11(z, y), La(x, v), Lis(z, y), Liu(z, v), Lis(z, y), L1is(z, y), can be handled also simi-
larly

h@,y) € P[X>5, Vi>aly), V2>

x y x y
:P[Y X, > 2 —}P[X AN
1>a(y)| 2>2 2>2 2>2 2>2

or equivalently I1;(x, y) = o(P [Xy > x,Y2 > y]), as © A y — oo, which follows because of
properties (DN L)® and GTAL Similarly we find I1;(z, y) = o(P [X} > z,Y; > y]), for some
k, 1 € {1, 2} and for any j € {1, ..., 6}. Therefore we obtain

Lijj(z,y)=o0 (ZZP (Xp >, V> y]) : (4.21)

k=1 1=1

as x Ay — oo, for any j € {1, ..., 6}.

From (£19), (#20) and ([#21]), in combination with ([£I8]) we find that
2
PXi+Xo>2, Vi+4Y2 >y S ) PX>z, Y >y

as ¥ Ay — 0o, which in combination with (EI7) leads to (£I12]).
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Now we check the validity of relation (X + Xo, Y; + Y2) € (DN L)P. At first, by ([EI2)
we obtain

. P[X1+X2>b1:E,Y1—|—Y2>b2y]
lim sup
TAY—00 P[X1+X2>517>Y1+Yz>y]

= lim sup Zi:l Zl2=1 PX), >bix, V> byl
TAY—00 Zi:l Zl2:1 P [Xk >, Y} > y]

. P[Xy>biz, Y > byl
< max < limsup 0,
k,1e{1,2} | zAy—oo P [Xk >, Yi > y]

for any b = (b, by) € (0, 1)?, this means that, we have the one of two conditions of the
closure property with respect to D@,
Next, we check the closure property with respect to £2). From ([#IZ) we obtain

i PXi+Xo>zx—a, Yi1+Ys>y—ay
lim sup
TAY—00 P[X1+X2>x,Y1+Y2>y]

2 2
P | X, >x— Yi>y—
= lim sup Lkt %1:1 2[ k>, Yi>y— o)
TAY—00 Zk:l Zl:l P [Xk >, Yz > y]

for any a = (a;, as) € R?, and therefore

. P[X1+X2>ZL’—CL1,}/1+}/2>y—CLQ]

lim sup

TAY—00 P[X1+X2>l',}/i+}/é>y]

P X — Y, —
< max {limsup Xe >z —ar, Yi>y CLQ]}:L

Tk 1e{1,2} | say—oo P[Xy>z,Y >y

and

. P[X1+X2>x—a1,Y1+Y2>y—a2]
lim sup
TAY—00 P[X1+X2>x7}/1+}/2>y]

. . PXy>z—a, Y, >y— a
> min < limsup =1,
k1e{1,2} | zay—oo P[Xy >z, Y >y

that means, we have the one of two conditions of the closure property with respect to £
true. So by the extra assumption of TAI between X, Xy and Y;, Y, by Lemma 4.1 of [15]
we have that X; + Xo e DN L and Y, + Yy € DN L, as a result we conclude

(X1 4+ Xy, i+Y2) € (DNL® . O

Here we provide a corollary, following from Lemma [K.3] where we establish the closure
property with respect to C® and the jointly max-sum equivalence, under condition GTAL.

Corollary 4.1. Let X, X5, Yy, Y5 be non-negative random wvariables, with the distribu-
tions Iy, s, G1, Gy from class C respectively and they satisfy the GTAI condition. If hold
(Xi, Y1) €C?, for any k, 1 € {1, 2}, then

2
PXi+Xo>2, i+Yo>yl~) > PlXp>z, Vi>yl, (4.22)
k=1 =1
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as ANy — oo. If further Xy, Xo are TAI and Y1,Ys are TAI then holds (X1+ Xs, Y1+Y5) €
Cc.

Proof. Relation (£22)) follows from the fact that C® C (D N L)® and by application of
Lemma (23]
Next, we check the closure property with respect to convolution. From (4.22) we obtain

2
PXi+Xo>diz, Vi+Ya>day] ~ Y > PXy>diz, Vi>dyy]
k=1 l=1

as x Ay — oo, for any d = (dy, dy) € (0, 1)%. Hence
. P[X1+X2>d1.§lf,}/1+}/2>d2y]
lim sup
wng—oo  PXi+Xo>a, Vi + Y2 >y
2 2
P X Y,
TAY—00 Ek:l lel P [Xk >, Yi > 'y]

P[Xk>d1$, Y2>d2y]
PX,>z, Y >y [~

< limsup max
zAy—oo k,1€{1,2}

Whence, because of the definition of C? we get

1 < liminflimsu PXi+Xo>diz, V1 +Y; > dyy)
< x/\y—>oop P[X1+X2>:L',Y1—|-Y2>y]

< limsuplimsu PIXi+Xo>diz, i+Ys>dyy
- dTlpm/\y—mop PXi+Xo>x, Yi14+Y, >y

P[Xk>d1$, Y2>d2y]
P[X; >z, Y >y

< limsuplimsup max
dtl  zAy—oo k.l€{1,2}

. . P[Xk>d1$,}/2>d2y]
< max [ limsuplimsup =1,
k,le{1,2} dtl  zAy—oo P [Xk >, Y, > y]

this means that the one of two conditions of closedness under convolution holds. By the
assumptions of TAI in each sequence, and by C C DN L, we use Lemma 4.1 of [15] and we
take that:

e o P[X) + Xy > d 2]
1 <1 fl
B HdI}Tlln 1§cn—>solip P [Xl + X9 > JI]

P[X1+X2 >d1l’]

P[X1>d1$]+P[X1>d1£U]

< limsup lim sup = lim sup lim sup

41l oo P X1+ Xo > 1] ditl aseo P [Xp>2] +P[X) > 7]
< limsuplimsup max (M)
| P m—)oop kef1,2} \ P [X; > 7]

< ma (l'ms lims P X > di x]) 1
x | limsuplimsup ——— | =1,
o ke{1,2} difl P m—)oop P [X} > 1]
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which gives that (X; + X3) € C. With the same argument we have : (Y; + Y3) € C. That
means (X; + Xy, Y1 +Ys) € C?. O

Now we can give the main result, where we find an analogue to relation ([A2]) in two
dimensions.

Theorem 4.2. Let Xq, ..., X,,, Y1, ..., Y, be random variables with the following distribu-
tions Fy, ..., F, G1, ..., G, from class DN L respectively and they satisfy the GTAI condi-
tion, with (Xz, Y;) € (DN L), for any k, 1 € {1, ..., n}. If further Xy, ..., X,, are TAI
and Y1, ..., Y, are TAI then

iXk >, iYE >y
k=1 =1

~ P \n/Si>x, \n/TJ>y
Li=1 j=1

n n

~ ZPXI@>1',Y2>?/L

k=1 l=1

~ P \n/Xk>:1:,\n/Yl>y

as r Ny — 00.

Proof. By Lemma [4.2] we find

ZXk>LU ZY>y

as x Ay — 0o. Because of closure property of (D N £)® with respect to convolution in the

positive part, under GTAI condition, we can apply Lemma [4.3] and employing induction, we
find

>ZZP (X >z, Yi>y],

k=1 l=1

iXk >, in >y
k=1 =1

inj>x, i}/l+>y]
k=1 =1
~ ZZP[Xk>a?, Y, >y,

k=1 1=1
as r Ay — oo. Whence, taking into consideration Theorem [4.1] we find

Pzn:Xk>x,Zn:Y}>y ZZPXk>:cY>y \/Xk>x \/Y>y
k=1 =1

k=1 I=1
as x Ay — oo. Finally, due to the inequality

iXk>LL’, iyz >y
k=1 =1

< P \n/SZ->x, \n/Tj>y
Y 2

IA
w

ZH:X;>1', zn:}/l+>y] ,
Lk=1 =1

we get the asymptotic relation

P \n/Si>x, \n/T]>y
i=1 Jj=1

n n

~ PX,>z,Y >y],
k=1 I=1
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as r Ay — 00. L]
Recently more and more researchers study two dimensional risk models, we refer to the
reader [7], [§], [I8] among many others. For

k
Ul(kax) ::x_ZXi> UQ(kay):y_ZY}>
=1

for 1 < k < n, we define now two ruin times,
Toae :=f {1 <k <mn : Uk, z) NUs(k, y) <0},

that denotes the first moment when both portfolios are found with negative surplus, and for
each portfolio we define:

Ti(x) :=inf {1 <k <n:Uk, ) <0|Ui(0, z) = x} ,

To(y) == inf{1 <k <n:Us(k, y) <0|U(0, y) =y},
as a result the second type of ruin type is:

Tong = max{Ti(x), To(y)} ,

that corresponds to the first moment, when both portfolios have been with negative surplus,
but not necessarily simultaneously. Hence we define the ruin probabilities as

wmam(xv Y, n) = P[Tmam < n] ) ¢and(xu Y, n) = P[Tand < n] ) (423)

for any n € N and z, y > 0. From (£23) we easily find out that

¢and(x7 Y, n) =P

Thence by Theorem follows the next result.

Corollary 4.2. Under conditions of Theorem[{.2 we obtain

Yana(, y, 1 ZZP X >, Y >y, (4.24)

as r Ny — 00.

Remark 4.1. From relation ([£24)) and the definitions for Ty and Tyng we can easily
observe that Vmae(z, y, n) < Yana(z, y, n), for any x,y > 0 and any n € N. Thus, for
Umaz (T, y, n) we find the asymptotic upper bound

Umaz (T, Y, 1 <ZZPXk>:E Yi>vyl,

k=1 I=1

as x ANy — oo, for any n € N.
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5. SCALAR PRODUCT

Now we examine the closure property of scalar product in £, D® | and their intersection.
Later we check the same for random sums in two dimensions.
The scalar product has the following tail

H(z,y) =POX >z, 0Y >y]. (5.1)

Here we set © to be a non-negative random variable with distribution B, such that B(0—) =
0 and B(0) < 1. These products in relation (5.1 have many applications in actuarial
mathematics, in risk management, and stochastic fields. Next, we use an assumption from
[23].
Assumption 5.1. There exist a function b : [0, co) — (0, 00), such that

(1) b(x) = 0, as z — oo.

(2) b(x) = o(z), as x — oc.

(3) B(z Ay)=0(P[OX >z, OY >y]) =0 [H(z, y)|, as z Ay — o0.
Remark 5.1. From Assumption [5 1 we conclude

Bb(@)]  _ Blb(z)]
POX >z] T POX >z, OY > ]

as x — oo, and from parts (1) and (2), in combination with [36, Lem. 3.2], it follows

— 0,

Blcz)=o(P[OX > 1)) | (5.2)

as x — 00, for any ¢ > 0, and with similar manipulation we find

Bley) =o(P[OY >y]), (5.3)
as y — o0.
Now we study the closedness of class D® under the scalar product.

Theorem 5.1. Let (X, Y) be random vector and © be random variable, with tail distribution
Fi(zy) = P[X > 2, Y > zy| and B respectively, and assume B(0—) = 0,B(0) < 1. If©
and (X, Y) are independent, Assumption 51 holds and (F,G) € D, then

H(z, y) € D?.

Proof. Initially, we get from F, G € D and by [L1], Th. 3.3 (i)] that the products © X and
OY follow distributions from D. From Assumption [5.1] we obtain that for any b € (0, 1)"

i s Hy(z, y) _ limsu POX >bxz, OY > byy] (5.4)
:E/\y—)oop ﬁ(l’, ’y) m/\y—)oop P[@X >x, oY > y] ’
b(zAy) 00 Plx b1I y b2y B(d
Y <f0 +fb(x/\y)> > T’ > T ( S)
T oy POX >z, OV >y
I + I
=: limsup L5

shy—oo P[OX > 2,07 > y] "
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Further we calculate
Le [" Bl =By = o [He. y)]
b(zAy)

as x Ay — oo, due to Assumption [5.Jl Hence, taking into account also relation (5.4]) we find

, b b
_ e p {X S ATy 2—y} B(ds)
lim su M < limsu i i
P ﬁ( ) = b b(zAy) z Yy
TAY—00 T,y TAY—+00 fO P |:X > —, Y > —] B(dS)
s S

< limsu <1 P[X >bx/s, Y >byy/s]
B My—mg 0<s§bgcl\y) P[X:>uz/s, Y >y/s]|

< I P[X>bll’,Y>bgy]<
1m su oo,
o x/\y—)og P [X >z, Y > y]

where in the last step we used the condition (F,G) € D®. So we conclude
H(z,y) cD?. O
Now we provide an analogue for class £2.

Theorem 5.2. Let (X, Y) be a random vector and 0 be a non-negative random variable, with
distributions F, B respectively, under condition B(0) < 1. If (X, Y), © are independent,
Assumption [51 holds, and (F, G) € L), then

H(z, y) € L&

Proof. From the fact that (X, Y) is independent of ©, F, G € L and relations (5.2)) and
(53)), using [IT, Th 2.2 (iii)], we find that distributions of © X and ©Y belong to L. Let
a = (a1, az) € (0, 00)?. Then we easily obtain

.. H(r—ay, y—ay) . POX>z—a,0Y >y —ay
lim inf — = lim

TAY—00 H(;(;’ y) TAY—00 P[@X >z, OY > y]

> 1. (5.5)

Next, we show the opposite asymptotic inequality. Using Assumption [5.J] we obtain

lim sup Hz _ Wy a2) (5.6)
TAY—r00 H(l’, ’y)

b(zAy) oo . .
~ lim / +/ P[X>x Doy S Y792 Bgs)
TAY—00 H(I, y) 0 b(zAy) S S

. gim BE@ Y D@y
TAY—00 H(ZIZ’, y)

Thence, by Assumption [5.1] we find

I(z, y):/bw P lX> Wy y‘ﬂ B(ds) < Blb(x Ay)] = o [H(z, y)] ,

(zNy) S §
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hence,
1
_Q(xa y) _ 0(1)’
H(z, y)
as z Ay — oco. As a consequence, taking into account also (5.6) we get
ﬁ . . b(zAy) . . Bl(d
lim sup 1(:8_&1’ y—a) = lim P lX >z al, y>? CL2:| _( s)
TAY—00 H(LU, y) TAY—0 o S S H(SL’, y)

b(x r—m Y —as

fO(Ay)P[X> Y > }B(ds)

< i

= ahse [berw) p [X> Ty> g] B(ds)
S S

0

r —

P[X> ,Y>y_“2]
S S

< lim sup = 7
TAY=00 0<s<b(zAy) P [X >—, Y > —}
S S

I PX>zx—a, Y >y—ay
= lim
TAY—00 PX>z,Y >y

where in the last step we consider the fact that (F,G) € L. So we have

=1.

lim sup H(e Y a2) <1. (5.7)
TAY—+00 H(SL’, y)

From relations (E.5) and (5.7) we conclude H(z, y) € £L®. O
The next statement stems from a combination of previous results.

Corollary 5.1. Let (X, Y) be a random vector and © be a non-negative random variable
with distributions (F,G), B respectively, under condition B(0) < 1. If (X, Y) and © are
independent, with (X,Y) € (DN L)? and satisfy the Assumption [51, then H(z, y) €
(DN L),

Proof. This follows directly from Theorem [5.1]1 and Theorem [5.21 U

6. RANDOMLY WEIGHTED SUMS

In this section we extend Theorem into weighted sums. The first kind of weighted
sums takes the form

S,?:zn:@xk, szi@n.
k=1 =1

These quantities have the same discount factor O, hence the (Xy, V), for k, Il =1, ..., n,
are the losses or gains of the two lines of business during the k-th period. If the (z, y)
represents the two initial capitals respectively, then the ruin probability in this model comes
in the form

n

¢and(za Y, n) =P \/Sze >, \/T‘]@ >yl - (61)

i=1 Jj=1
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The ruin probability plays a significant role in risk theory. For example we refer to, [27], [42]
and [7], [19] for discrete-time or continuous-time models respectively.

The next result is based on Theorem and Corollary 5.1 We have to notice that there
exists the asymptotic behavior of the ruin probability in (6.I]) as well.

Corollary 6.1. Let Xy, ..., X, Y1, ..., Y, be random wvariables with the following distri-
butions Iy, ..., F,, G1, ..., G, respectively form class D N L and they satisfy the GTAI
dependence structure. We assume that © represents a mon-negative upper-bounded ran-
dom wvariable, it is independent of Xy, ..., X,, Y1, ..., Y, and hold Assumption [5.1 and
(Xi, Y)) € (DNL)D, fork, 1 =1,...,n. If further Xy, ..., X, are TAI and Y1, ..., Y,
are TAI then the following asymptotic relation is true

P[S,?>:)3,Tn®>y} ~ P \/Si@>:v,\/Tj@>y

i=1 j=1

\n/@Xk>:1:,\n/@Yl>y

k=1 =1

~ P

~ iip[@){k>x,@n>y], (6.2)

k=1 =1

as x Ny — 00.

Proof. We start from [22], Lem. 3.1] and because of the upper-bound of ©, we obtain that
the products © X3, ..., 0 X,, OY), ..., ©Y, are GTAL Now we can apply [L1], Th. 2.2(iii),
Th.3.3(iii)], to ind © X, e DN L, and OV, e DN L forany k=1,...,nand [ =1, ..., n.
Because of the closedness of class D we using Theorem 2.2 of [25] ©; X3, ..., 6, X,, are TAI
and A1 Yy, ..., A,Y, are TAL

Next, because of Assumption [5.1], to obtain (6 X, ©Y;) € D® forany k = 1, ..., n
and [ = 1, ..., n, thence applying Theorem we find (0 X, OY;) € L@ for any k =
1,...,nand [ =1, ..., n. Therefore the (© X}, OY;) € (DNL)? and the ©® X;, ..., © X,,,
OY, ..., 0Y, are GTAIL Finally, applying Theorem .21 we conclude ([6.2]). O

Now we need some preliminary results. Several times before proving that the convolution
product satisfies H € B, with B some distribution class, we need to prove that H.(x) :=
P[(© Vv e) X < z] belongs to this class B for any € > 0. Following the approach in [11] we
show that for some constant § > 0, if H, € L@ for any € € (0, §), then H € L. However
the next results, deserves theoretical attention by its own merit.

From here until to the end of paper we assume that X,Y are non negative random vari-
ables.

Lemma 6.1. If for some constant vector 6 = (61, d2) > (0, 0), holds the inclusion
(OVve) X, (AVe)Y)eL?,

for any ey € (0, §1) (with X, Y, ©, A non-negative random variables) and for any €5 € (0, J2),
then we conclude that (© X, AY) € L®),

Proof. Keeping in mind that ((© Ve;) X, (AVey)Y) € L@, we start by [I1], th. 2.2(i)]
to establish that due to

OVve)XeLl, (AVe)Y €L,
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we get © X € £, and AY € £. Next we check the property of class £2). Let (a1, ag) > (0, 0),
then

lim POX>z—a, AY >y —ay
TAY—00 POX >z, AY >y
Next, for any (e1, €2) > (0, 0), we find
P(OVe) X >z, (AVe)Y >y >POX >z, (AVey)Y >y

>POX >z,0>¢, (AVe)Y >y

> 1, (6.3)

:P[(@\/€1)X>ZL', (A\/EQ)Y>:I/]—P[@§€1]P[X€1>[L’, (A\/€2)Y>y]
ZP[@>€1]P[(®\/€1)X>LL’, (A\/&Q)Y>y],

hence we conclude
Pl(OVe) X >z, (AVe)Y >y >PO>|P[(OVe)X >z, (AVe)Y >y]. (6.4)
Therefore, using (6.4) and due to properties of £, for ((© Ve;) X, (A V e3)Y) we obtain
lim POX>z—a, AY >y—ay
TAY—00 P[@X>x,AY>y]

< lim PlOVe)X >z —a, (AVe)Y >y—ay] 1

T oo PO > |P[(OVe) X >z, (AVe)Y >y PlO>g]’
and leaving €; to tend to zero we get

lim POX>z—a, AY >y —ay] <1,
zAy—00 POX >z, AY >y

whence from (1) and (I2) we reach to (0 X, AY) € L®, O

Lemma 6.2. Let X and Y be non-negative random variables, with (X,Y) € L@ and ©
and A be non-negative, non-degenerated to zero random variables, independent of (X, Y).
We assume that

PO>1z]=0P[OX >cz, AY > cy)),

PA>y=0P[OX >ciz, AY >cy]), (6.5)
as x — 00, y — 00, for any c1, ¢ > 0. Then (@ X, AY) € L?.

Proof. From (6.3 we obtain
P[© > 2] < P[© > 7]
POX>cz] " POX>cx, AY > ¢y
as * Ay — oo, and similarly we find P[A > y] = o(P[AY >y y]), as ¢ Ay — oo, for
any c1, co > 0. Hence, by [11, Th. 2.2] we find © X € £ and AY € L. Next, we show
(©X,AY) € £L?. Indeed, from Lemma we see that it is enough to show this for any

O > e and A > e, almost surely for any €1, €5 > 0. Let consider some a;, as > 0 and some
k1, ko, k > 0, such that for a large enough xq > 0 holds

— 0,

PX>x—?,Y>y—§ <(A+kPX>z,Y >y, (6.6)
1 2
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for any x, y > xy and

P Y>y—%}§(1+k2)P[Y>y], (6.7)

€1 €2

X>x—ﬂ] <(1+k)PX >z, P

for any z > xy and y > xy, respectively. Then we have

POX>z—a, AY >y — ay (6.8)

YAl /RN SRR

= Il(za y) + ]2($7 y) + Ig(l’, y) + I4($7 y) s

where we find

14(x,y):/ / P[X>$_a1,Y>y_ta2 PO cds, Acdf,
x/xo Jy/xo S |

that gives
Iy(z, y)<P{@2£,AZ£ . (6.9)
Zo Zo |
Now we estimate [ (z,
x/xo y/xo _ _
Li(z, y) :/ / P[X> 8“1,Y>yta2]P[@eds,Aedt]
x/xo y/xo
S/ / [ —E,Y>g—%}P[@eds,Aedt]
€1 t €9
x/xo y/xo
g/ / PX>:):0—ﬂ,Y>:):O—%}P[@Eds,Aedt]
€1 €9
< 1I+kKPOX >z, AY >y,

thus we get I1(z, y) < (1+k)P[OX >2, AY > y], which follows from (6.6]).
Next we consider Ir(zx, y)

x/wo _ _
Lz, y) = / P[X>x8a1,Y>yta2] PO € ds, A € di]
y/xo

x/xo
/ P[X>E—E]P{@eds,A>ﬂ

S €1 Zo
x/xo
<[
€1

< (1+k:1)P{@X>:):, A>xi
0

IA

X>:)30—Z—] [@eds A>£}
1

A>£
Zo

<(I+4+k)P

Y

that means Iy(z, y) < (1 + k1) P[A > y/x¢], where in the pre-last step we use the first
relation in ([6.7). For I3(z, y) we use the second relation in ([6.7) and due to symmetry we



A NEW APPROACH IN TWO-DIMENSIONAL HEAVY-TAILED DISTRIBUTIONS 29

find

Lz, y) = // / P{X>x_8“1,y>y_ta2} PO € ds, A € di]

< (14k)P [@ > xio] , (6.10)

therefore putting the estimation from (6.9)-(6.I0) into (6.8) we conclude

Zo Zo

POX>z—a, AY>y—a2]§P{@>£, A>£]

T
0> —
Zo

Y

+1+KkPOX >z, AY >y|+(1+k)P

+(1+/<:1)P{A>l

Zo

Now, because of (6.5]) and the relation

PO>z, A>y P[© > z]
< —>07
POX>z, AY>y] " POX >z, AY >y
as Ay — oo, we find
lim P[@X>LU—CL1,AY>y—CL2]§1+k’

TAY—00 P[@X>LU,AY>y]

which in combination of the arbitrary choice of k£ and relation (G.3]) we have (© X, AY) €
£, O

Next, we consider a two-dimensional risk model on discrete-time, where the vector (Xj, Y;)
represents losses in two lines of business at the k-th period, while the (O, Ay) represent the
discount factors of these two lines of business respectively. In this risk model we study only
the aggregate claims, and we accept that the ©¢, ..., ©,, Ay, ..., A,, are independent of
claims X1, ..., X,,, Y7, ..., Y,,. For further reading on risk models with dependence among
the discount factors and main claims see in [4], [5], [40], but only in one dimension. Namely
we have the sums:

k=1 =1

Assumption 6.1. There exist constants 0 < & < 0 such that hold & < Oy < O almost
surely, for any k =1, ..., n and there exist constants 0 < v, < (; such that hold v, < A; < ()
almost surely, for anyl =1, ..., n.

Theorem 6.1. Let X, ..., X,, Y1, ..., Y, be random variables with the following distri-

butions Fi, ..., F,, G1, ..., G, respectively form class D N L and they satisfy the GTAI
dependence structure, with (Xz, Y;) € (DN L)? foranyk =1,...,nandl =1,..., n.
We suppose that the random discount factors ©q, ..., ©,, Ay, ..., A, satisfy Assumption

6.1 and are independent of X1, ..., X,, Y1, ..., Y,. Then the products ©1 Xy, ..., 0, X,
ALYy, ., ALYy, are GTAL with (04, Xy, AY;) € (DN L)P and if further X, ..., X, are
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TAI and Yy, ..., Y, are TAI then holds the asymptotic relations

n

\/ Si(©) >z, \/crj(A)>y

=1

P[S,(0) > a, Ty(A) > y] ~ P (6.11)

Niip[@Xk>I, AY; >y,

~Pl\/OuXi>z, \[AY >y
k=1 =1 k=1 1=1
as x Ny — 00.
Proof. Taking into account the upper bound for discount factors ©4, ..., ©,, Ay, ..., A,
and their independence from Xy, ..., X, Y7, ..., Y,, we apply [22, Lem. 1] to find that

the products ©1 Xy, ..., ©, X,,, A1 Yy, ..., A, Y, are GTAL Now by [11, Th. 3.3(i)] we get
Or Xy € Dand A)Y, € D, forany k=1, ..., nand for any [ = 1, ..., n. As a result by
class D we using Theorem 2.2 of [25] ©; X, ..., ©, X, are TAIl and A Yy, ..., A, Y, are
TAL

Next, we check if (04 Xy, AY)) € (DNL)? forany k=1,...,nandl =1, ..., n. Let
b = (bl, bg) S (O, 1)2, then

P le S b= Y > byl

i P[@ka > bl x, AlYE > be] . 5k Cl
im sup < lim sup < 00,
TAYy—00 P[("‘)ka>SL’, Ale>y] TAY—00 P |iXk>£, Y}>g
&k ol

which follows from the inequalities

b 1 by 1

— < - — < IR

o &k G

and the membership (X, ;) € (DN L)? forany k=1,...,nand [ =1, ..., n. Thence
we find the relation (0 X;, AY)) € D@ forany k=1, ...,nandl =1, ..., n.

Now, noticing that relations (6.5]) are satisfied because of Assumption [6.1, we obtain
directly from Lemma the inclusion (0 X, AY;) € £L® for any & = 1,..., n and
I=1,...,n Hence (0, X}, AY) € (DNL)? forany k=1,...,nandl =1, ..., n and
by application of Theorem for the products we conclude relation (G.1T). O
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