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Learning to Defer in Content Moderation:
The Human-Al Interplay
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Abstract

Ensuring successful content moderation is vital for a healthy online social platform where it is
necessary to responsively remove harmful posts without jeopardizing non-harmful content. Due
to the high-volume nature of online posts, human-only moderation is operationally challenging,
and platforms often employ a human-Al collaboration approach. A typical machine-learning
heuristic estimates the expected harmfulness of incoming posts and uses fixed thresholds to de-
cide whether to remove the post (classification decision) and whether to send it for human review
(admission decision). This can be inefficient as it disregards the uncertainty in the machine-
learning estimation, the time-varying element of human review capacity and post arrivals, and
the selective sampling in the dataset (humans only review posts filtered by the admission algo-
rithm).

In this paper, we introduce a model to capture the human-Al interplay in content moderation.
The algorithm observes contextual information for incoming posts, makes classification and
admission decisions, and schedules posts for human review. Non-admitted posts do not receive
reviews (selective sampling) and admitted posts receive human reviews on their harmfulness.
These reviews help educate the machine-learning algorithms but are delayed due to congestion
in the human review system. The classical learning-theoretic way to capture this human-Al
interplay is via the framework of learning to defer, where the algorithm has the option to defer
a classification task to humans for a fixed cost and immediately receive feedback. Our model
contributes to this literature by introducing congestion in the human review system. Moreover,
unlike work on online learning with delayed feedback where the delay in the feedback is exogenous
to the algorithm’s decisions, the delay in our model is endogenous to both the admission and
the scheduling decisions.

We propose a near-optimal learning algorithm that carefully balances the classification loss
from a selectively sampled dataset, the idiosyncratic loss of non-reviewed posts, and the delay
loss of having congestion in the human review system. To the best of our knowledge, this
is the first result for online learning in contextual queueing systems and hence our analytical
framework may be of independent interest.
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1 Introduction

Recent advances in Artificial Intelligence (AI) provide the promise of freeing humans from repetitive
tasks by responsive automation, thus enabling the humankind to focus on more creative endeavors
[Yeh23]. One example of automating traditionally human-centric tasks is content moderation tar-
geting misinformation and explicitly harmful content in social platforms such as Facebook [Met23],
Twitter [X_C23], and Reddit [Red23]. Historically (e.g., forums in the 2000s), human reviewers
would monitor all exchanges to detect any content that violated the community standards [Rob19].
That said, the high volume of posts in current platforms coupled with the advances in Al has led
platforms to automate their content moderation, harnessing the responsiveness of AIE] This trend
of automating traditionally human-centric tasks applies broadly beyond content moderation; for
example, speedy insurance claim process [Pin23] and domain-specific generative Al copilots [GO23].

However, excessive use of automation in such human-centric applications significantly reduces
the reliability of the systems. Al models are trained based on historical data and therefore their
predictions reflect patterns observed in the past that are not always accurate for the current task.
On the other hand, humans’ cognitive abilities and expertise make humans more attune to correct
decisions. In content moderation, particular posts may have language that is unclear, complex, and
too context-dependent, obscuring automated predictions [Met22]. Similarly, AT models may wrong-
fully reject a valid insurance claim [Eubl8] and Large Language Model copilots may hallucinate
non-existing legal cases [Nov23]. These errors can have significant ethical and legal repercussions.

The learning to defer paradigm is a common way to combine the responsiveness of Al and the
reliability of humans. When a new job arrives, the AT model classifies it as accept or reject, and
determines whether to defer the job for human review by admitting it to a corresponding queue (in
content moderation, incoming jobs correspond to new posts and the classification decision pertains
to whether the post is kept on or removed from the platform). When a human reviewer becomes
available, the Al model determines which job to schedule for human review. As a result, the Al
model directly determines which posts will be reviewed by humans.

At the same time, humans also affect the AI model as their labels for the reviewed jobs form
the dataset based on which the Al is trained, creating an interplay between humans and Al. Hence,
the Al model’s admission decisions are not only useful for correctly classifying the current jobs but
are also crucial for its future prediction ability, a phenomenon known as selective sampling.
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Figure 1: Pipeline of human-Al interplay in content moderation

In this paper, we model this human-AI interplay in the context of content moderation (though
our insights can be transferable to other human-centric settings) and pose the following question:

How can we make classification, admission, and scheduling decisions that
combine the responsiveness of Al and the reliability of humans?

!Facebook reports 60 billion posts per month with about 15,000 reviewers (Apr.-Jun. 2023 [Met23]).



1.1 Owur contributions

Summary of operational insights. The theoretical results from this paper contribute to the
following three operational insights on how to achieve a responsive and reliable content moderation
system with efficient scheduling and contextual learning in a queueing system.

e First, existing content moderation practice typically uses static thresholds on the sample
average of a post’s harmfulness to decide which posts to admit for human reviews (see Ap-
pendix . We demonstrate that such approaches can be inefficient by failing to consider the
variance of post harmfulness and the fluctuation in post arrivals and human capacity promi-
nently seen in practice (see [MSAT21, Figure 2|.) Instead, we propose a congestion-aware
admission rule that balances posts’ idiosyncrasy loss when we rely on Al prediction and the
additional congestion in the human review system caused by admitting a new post.

e Second, a classical way to enable online learning on post harmfulness is to create optimistic
estimates for the admission decision to balance exploration and exploitation. This optimistic
approach ignores the downstream effect of human data on future Al classification decisions.
Another approach to address learning is to separate a portion of human capacity to label
posts offline. This offline labeling approach cannot adapt to the fluctuating post arrival
patterns and can waste human capacity. To address the inefficiencies of both approaches,
our work proposes an efficient learning algorithm by combining optimism with label-driven
admission. A crucial challenge that we overcome is the delay in label collection process caused
by congestion in the human review system, which is coupled with the admission decisions.

e Third, classical scheduling algorithms keep separate queues for jobs of different types. In
applications like content moderation, jobs (posts) come with contextual information that
defines a myriad number of types. Maintaining separate queues for all types is thus wasteful
and can lead to an overly congested system. To the best of our knowledge, our work is the
first to show that aggregating jobs with similar service requirement enables provably efficient
scheduling even when job types are defined by contextual information.

We note that the above insights transcend the content moderation application and can inform
responsive and reliable automation of other human-centric tasks with limited human capacity.

Learning to defer with capacity constraints. To formally tackle the problem, we introduce
a model that combines learning to defer with soft capacity constraints via queueing delays. To the
best of our knowledge, the impact of limited capacity for learning to defer has not been considered
in the literature (see Section for further discussion). In particular, in each period t =1,...,T,
a post j arrives with a type k(j) drawn from a time-varying distribution over K types. A post j
has an unknown cost ¢; = hy;) + &; where §; ~ N(0, ai(j)) is a zero-mean idiosyncratic Gaussian

noise while h; and 0,% are the expectation and variance of the cost of type-k posts. To capture the
difference in reliability, we assume that the AI model only observes the type of the post; the true
cost ¢; is only observable via human reviews. To capture the impact of limited human capacity, we
assume that posts that are admitted (deferred) by the AI wait in a review queue. At the end of a
period, one post in the queue is scheduled for review; the review is completed in this period with
a probability ;N (t) that depends on both the specific post type k and the fluctuating capacity
of reviewers N (t). We assume that a type-k post is viewed only within ¢ periods since its arrival
and only if it is not removed.



We measure the loss of a policy by comparing it to an omniscient benchmark that keeps benign
posts (¢; < 0) and removes harmful posts (¢; > 0). Note that this omniscient benchmark is not
limited by capacity, which means that we need a capacity-constrained benchmark to argue about
the efficiency of our policies. As a result, we define the average regret of a policy by comparing its
time-averaged loss to a fluid benchmark that incorporates time-varying capacity constraints.

Balancing idiosyncrasy loss with delays. As typical in complex learning settings, we start
by assuming knowledge of the latent parameters (i.e., the expected costs hy). The classification
decision is then to keep the post j if and only if the expected cost of its type is negative: hy(;) < 0.
Of course, deferring a post to human reviewers can improve upon this ex-ante classification decision
as human reviewers can observe the true cost. The admission decision should thus identify the posts
that would benefit the most from this more refined observation. If all types have equal variance
then the human reviewing capacity is more efficiently allocated when it focuses on borderline posts,
i.e., hy(j) close to 0, as borderline types have higher probability that the true cost of their posts
has a different sign from their expected cost (which would lead to a different classification by the
omniscient benchmark). This intuition drives the design of admission policies in existing content
moderation practice [MSA™21, [ABB™22| that operate based on two thresholds: a post j is rejected
(resp. accepted) without admission if its expected cost hy;) is above the higher (resp. below the
lower) threshold and is admitted for human review if it lies between the two thresholds. A more
detailed comparison to these works is provided in Appendix [A]

That said, even when all expected costs hi are known, there are two important shortcomings
in these two-threshold heuristics. First, when the variance of different types is heterogeneous, the
admission decision should not be restricted to the expected costs but rather also take variance into
account. In particular, it may be more beneficial to defer to human reviewers post from a non-
borderline type k with high idiosyncratic variance o7 instead of wasting human capacity on more
deterministic borderline types. Second, even if we operate with variance-aware scores, using static
thresholds does not allow the system to adapt to the time-varying arrival patterns of posts and
the fluctuating human capacities that arise in practice (see [MSAT21), Figure 2]). In particular, in
certain time periods, the number of borderline posts may be either too large resulting in high delays
for admitted posts due to the overflow in the review system or too small resulting in misclassification
for some non-borderline posts that could have been prevented if they were admitted.

Our approach (Section [3) quantifies and balances the two losses hinted above (due to idiosyn-
crasy and delay) and is henceforth called BALANCED ADMISSION CONTROL FOR IDIOSYNCRASY
AND DELAY or BACID as a shorthand. We first calculate the expected ex-ante per-period loss
of keeping a post on the platform (resp. removing it) using the distributional information of the
true cost c;; this loss is denoted by 7“,? (resp. r,?). Hence, if a post is not admitted to human
review, its per-period loss is r; = min(r,?, 7",?) and thus its idiosyncrasy loss that aggregates over
its lifetime is rpf;. On the other hand, admitting a post incurs delay loss, which is the increase in
congestion for future posts due to the limited human capacity. Motivated by the drift-plus-penalty
literature [Nee22], we estimate the delay loss of a post by the number of posts of the same type
currently waiting for reviews. We then admit a post if (a weighted version of) its idiosyncrasy
loss (which one can avoid by admission) ezceeds the estimated delay loss (which occurs due to the
admission). For scheduling, we choose in each period the type with the most number of waiting
posts (weighted by the difficulty to review this type) to review. We show that while heuristics
like AI-ONLY or HUMAN-ONLY have average regret at least Q({max) (Propositions 1] and [2), where
lmax is the maximum lifetime, BACID achieves a O(y/K/lnyax) average regret even with general



time-varying arrivals and capacities (Theorem . This bound is optimal on the dependence on
lmax as we also show a lower bound Q(v/fax) for any deterministic policy (Theorem .

Efficient learning with selective sampling, optimism and forced scheduling. To deal
with unknown expected costs hg, a typical approach in the bandit literature is to use an optimistic
estimator for the unknown quantities. The unknown quantity that affects our admission rule is
ri, which depends on the unknown expected cost hi. Following the optimistic approach, we first
create a confidence interval [hy,hi] for the unknown expected cost_hy based on reviewed posts.
We then compute an optimistic estimator 74 using the parameter hy € [hk,ﬁk] that maximizes
7 (hi). The optimistic admission rule then admits a new post if (a weighted version of) the optimistic
idiosyncrasy loss, 7rf, exceeds its estimated delay loss. The high-level idea behind optimism is
that, if a post is admitted (due to the optimistic estimation), we collect additional samples for this
post which result in shrinking the confidence interval and eventually leading the confidence interval
to converge to the true parameter hy. Without considering heterogeneity in variance, [ABB™22]
adopts a similar optimism-only heuristic to address the online learning nature of hy.

However, optimism-only learning heuristics disregard the selective sampling nature of the feed-
back. When there is uncertainty on hy, the benefit of admitting a post is not restricted to avoiding
the idiosyncrasy loss of the current post, but extends to having one more data points that can
improve the classification decision of future posts. This benefit does not arise when hy is known
because the best classification decision is then clear (keep a post if and only if hy < 0). With
unknown hyg, there is an additional classification loss due to incorrect estimation of the sign of hy.
Given that optimism-only heuristics emulate the admission rule with known hy, they disregard this
classification loss and more broadly the positive externality that labels for the current post have
on future posts. This challenge highlights that optimism-only heuristics such as Upper Confidence
Bound (UCB) do not employ forward-looking exploration but rather optimistically myopic exploita-
tion. They are myopic in their nature: they create a confidence interval around the parameter of
interest and are optimistic with respect to this confidence interval, but they make an exploit deci-
sion based on those optimistic estimates. Concretely, given the most optimistic estimates about the
underlying parameters, these algorithms select the action that myopically maximizes the contribu-
tion of the current post without actively considering any positive externality of the labels on future
posts. We formally illustrate this inefficiency of optimism-only learning heuristics in Proposition

To circumvent the above issue, we design an online learning version of BACID (Section ,
which we term OLBACID, that augments the optimistic admission with label-driven admission
and forced scheduling. When a post arrives, we estimate its potential classification loss based on its
current confidence interval; if this is higher than a threshold, we admit the post to a label-driven
queue and prioritize posts in this queue via forced scheduling to ensure enough labels for future
classification decisions. To avoid exhausting human capacity, we limit the number of posts in the
label-driven queue to one at any time. We show that OLBACID enjoys an average regret of
O(\/ Klmax + Klmax/VT) (Theorem , addressing the inefficiency of optimism-only heuristics.

Context-defined types with type aggregation and contextual learning. To remove the
dependence on K, which can be large when types are defined based on contextual information (e.g.,
word embeddings of the contents), we provide a contextual bandit extension of our algorithm.
In particular, we consider a linear contextual setting where hy = ¢]0* where ¢, is a known
d—dimensional feature vector for each type k and 6* is an unknown d—dimensional vector; this
linear cost structure is similar to the one used in [ABBT22].



Our contextual extension (Section , which we term COLBACID, addresses the two facets
where the previous algorithms require dependence on the number of types K. First, recall that
BACID estimates the delay loss of admitting a post by the number of same-type posts in the review
system. This naturally creates a dependence on the number of types K. Instead, we aggregate
types into G groups such that any two types k,k’ in the same group satisfy |ur — pw| < A for
some parameter A. This aggregation enables us to estimate the delay loss by the number of
same-group waiting posts, thus removing the aforementioned dependence on K. Second, recall
that the learning in OLBACID creates a separate confidence interval for each type and refining
those intervals introduces a dependence on K. By employing techniques from the linear contextual
bandit literature [APS11], we replace this dependence with the dimension d. We note that our
setting has the additional complexity that the feedback is received after a queueing delay which
is endogenous to the admission and scheduling decisions of the algorithm (see Appendix for
a comparison to contextual bandit with delays where delays are assumed to be exogenous). To
handle this challenge, our scheduling employs a first-come-first-serve review order for posts in the
same group and we only use data from the same group to estimate the expected cost of a type,
which controls the delay by the number of same-group posts in the review system.

Our instance-dependent guarantee O(v/Glmax +lmax(A+d\/G/T) (Theorem scales optimally
with the maximum lifetime /.« and avoids the dependence on K. We also provide a worst-case
guarantee O(zﬂfx + Ezn/fxd/ VT ) with no dependence on G and A at the cost of a worse dependence
on lmax (Corollary [1). To the best of our knowledge, this is the first result for online learning in

contextual queueing systems and hence our analytical framework may be of independent interest.

1.2 Related work

Human-AT collaboration. The nature of human-AlI collaboration can be broadly classified into
two types: augmentation and automation [BMI17, RK21]. In particular, augmentation represents a
“human-in-the-loop” type workforce where human experts combine machine learning with their own
judgement to make better decisions. Such augmentation is often found in high-stake settings such
as healthcare [LLL22], child maltreatment hotline screening [DFC20], refugee resettlement [BP22|
AGP™23| and bail decisions [KLL718|. A general concern for augmentation relates to humans’
compliance patterns to [BBS21, [LLL22], the impact of such patterns to decision accuracy [KLL™18,
MS22] and the impact on fairness [MSG22, (GBB23]. Automation, on the other hand, concerns the
use of machine learning in place of humans and is widely applied in human and social services where
colossal demands overwhelm limited human capacity, such as in data labelling [VLSV23], content
moderation [GBK20, MSA™21] and insurance [Eublf]. Full automation is clearly undesirable in
these applications as machine learning can err. A natural question is how one can better utilize
the limited human capacity when machine is uncertain about the prediction. The literature on
“learning to defer”, which studies when machine learning algorithms should defer decisions to
downstream experts, tries to answer this question and is where our work fits in.

Assuming that humans have perfect prediction ability but there is limited capacity, classical
learning to defer has two streams of research, learning with abstention and selective sampling.
Although these two streams have been studied separately (with a few exceptions, see discussion
below), our work provides an endogenous approach to connect them. In particular, learning with
abstention can be traced back to [Cho57, [Cho70] and studies an offline classification problem with
the option to not classify a data point for a fixed cost. For example, in content moderation, this
corresponds to paying a fixed fee to an exogenous human reviewer to review a post. Since optimizing



the original problem is computational infeasible, an extensive line of work investigates suitable
surrogate loss functions and optimization methods; see [BWO0S8, [EW10, [CDMI16] and references
therein. For online learning with expert advice, it is shown that even a limited amount of abstention
allows better regret bound than without [SZB10, [LLWST1] [ZC16, NZ20]; [CDGT18] studies a
similar problem but allows experts to also abstain. Selective sampling (or label efficient prediction)
considers a different model where the algorithm makes predictions for every arrival; but the ground
truth label is unavailable unless the algorithm queries for it; if queried, the label is available
immediately [CLS05]. The goal is to obtain low regret while using as few queries possible. Typical
solutions query only when a confidence interval exceeds a certain threshold [CLS05, [CBGO09,
OC11, IDGSI12]. There is recent work connecting the two directions by showing that allowing
abstention of a small fixed cost can lead to better regret bound for selective sampling [ZN22] [PZ22].
However, these works treat the abstention cost and selective sampling exogenously. Existing work
neglects the impact of limited human capacity to learning to defer[LSEB22]. Our model serve as
one step to capture it by endogenously connecting both costly abstention and selective sampling via
delays. In particular, our admission component determines both abstention and selective sampling.
In addition, the cost of abstention is dynamically affected by the delay in getting human reviews
whereas the avoidance of frequent sampling (to get data) is captured by its impact on the delay.

Although the above line of work as well as ours assumes perfect labels from human predictions,
a more recent stream of work on “learning to defer” considers imperfect human predictions and
is focused on combining prediction ability of experts and learning algorithms; this moves towards
the augmentation type of human-machine collaboration. In particular, [MCPZ18|, MS20), WHEK20),
CMSS22] study a setting with an offline dataset and expert labels. The goal is to learn both a
classifier, which predicts outcome, and a rejector that predicts when to defer to human experts.
The loss is defined by the machine’s classification loss over non-deferred data, humans’ classification
loss over deferred data, and the cost to query experts. [DKGG20, DOZR21] study a setting where
given expert loss functions, the algorithm picks a size-limited subset of data to outsource to humans
and solves a regression or a classification problem on remaining data, with a goal to minimize
the total loss. [RBCT19] extends the model by allowing the expert classification loss to depend
on human effort and further considering an allocation of human effort to different data points.
[KLK21l VBN23|, MMZ23| consider learning to defer with multiple experts.

Bandits with knapsacks or delays. Restricting our attention to admission decisions, our model
bears similar challenges with the literature on bandits with knapsacks or broadly online learn-
ing with resource constraints, which finds applications in revenue management [BZ12, WDY14]
FSW18]|. In particular, for bandits with knapsacks, there are arrivals with rewards and required
resources from an unknown distribution. The algorithm only observes the reward and required
resources after admitting an arrival and the goal is to obtain as much reward as possible sub-
ject to resource constraints [BKS18, [AD19]. A typical primal-dual approach learns the optimal
dual variables of a fixed fluid model and explores with upper confidence bound [BLS14, LSY21];
these extend to contextual settings [WSLJ15, [AD16l [ADL16, [SSF23], general linear constraints
[PGBJ21], [LLSY21] and constrained reinforcement learning [BDL™20, [Che19]. These results can-
not immediately apply to our setting for two reasons. First, the resource constraint in our model
is dynamically captured by time-varying queue lengths instead of a single resource constraint over
the entire horizon; thus learning fixed dual variables is insufficient for good performance. Sec-
ond, our admission decisions must also consider the effect on classification; thus relying only on
optimism-based exploration is insufficient (see Section .



The problem of bandits with delays is related to our setting where feedback of an admitted post
gets delayed due to congestion. Motivated by conversion in online advertising, bandits with delays
consider the problem where the reward of each pulled arm is only revealed after a random de-
lay independently generated from a fixed distribution [DHK™ 11} [Chal4]. Assuming independence
between rewards and delays as well as bounded delay expectation, [JGS13, MLBP15] propose a
general reduction from non-delay settings to their delayed counterpart. Subsequent papers con-
sider censored settings with unobservable rewards [VCP17], general (heavy-tail) delay distributions
[MVCV20, WW22] and reward-dependent delay [LSKM21]. [VCL™'20, [BXZ23] study (generalized)
linear contextual bandit with delayed feedback. The key difference between bandits with delays and
our model is that delays for posts in our model are not independent across posts due to queueing
effect; we provide a more elaborate comparison to those works in Appendix

Learning in queueing systems. Learning in queueing systems can be classified into two types:
1) learning to schedule with unknown service rates to obtain low delay; 2) learning unknown utility
of jobs / servers to obtain high reward in a congested system. For the first line of research, an intu-
itive approach to measure delay suboptimality is via the queueing regret, defined as the difference in
queue lengths compared with a near-optimal algorithm [WX21]. The interest for queueing regret is
in its asymptotic scaling in the time horizon, and it is studied for single-queue multi-server systems
[Wall4, [KSJS21l, [SSM21], multi-queue single-server systems [KA.JS18|, load balancing [CJWS21],
queues with abandonment [ZBW22] and more general markov decision processes with countable in-
finite state space [AS23]. As an asymptotic metric may not capture the learning efficiency of the sys-
tem, [FLW23Db] considers an alternative metric (cost of learning in queueing) that measures transient
performance by the maximum increase in time-averaged queue length. This metric is motivated
by works that study stabilization of queueing systems without knowledge of parameters. In par-
ticular, [NRP12, [YSY23, [NM23] combine the celebrated MaxWeight scheduling algorithm [Tas92]
with either discounted UCB or sliding-window UCB for scheduling with time-varying service rates.
[FHL22| (GT23] study decentralized learning with strategic queues and [SSM19, [SBP21l, [FLW23a]
consider efficient decentralized learning algorithms for cooperative queues. Although most work for
learning in queues focus on an online stochastic setting, [HGH23| [LM18] study online adversarial
setting and [SGVM22] considers an offline feature-based setting.

Our work is closer to the second literature that learns job utility in a queueing system. In partic-
ular, [MX18, [SGMV20] consider Bayesian learning in an expert system where jobs are routed to dif-
ferent experts for labels and the goal is to keep the expert system stable. [JKK21, HXLB22| [FM22]
study a matching system where incoming jobs have uncertain payoffs when served by different
servers and the objective is to maximize the total utility of served jobs within a finite horizon.
[JSS22Dh, [JSS22al [(CLH23| investigate regret-optimal learning algorithms and [LJWX23| studies
randomized experimentation for online pricing in a queueing system.

We note that, although most performance guarantees for learning in queueing systems deterio-
rate as the number of job types K increases, our work allows admission, scheduling and learning in
a many-type setting where the performance guarantee is independent of K. Although prior work
obtains such a guarantee in a Bayesian setting, where the type of a job corresponds to a distribution
over a finite set of labels [AZ09, MX18, [SGMV20], their service rates are only server-dependent
(thus finite). In contrast, our work allows for job-dependent service rates. In addition, a Bayesian
setting does not immediately capture the contextual information between jobs that may be use-
ful for learning. We note that [SGVM22] consider a multi-class queueing system where a job has
an observed feature vector and an unobserved job type, and the task is to assign jobs to a fixed



number of classes with the goal of minimizing mean holding cost, with known holding cost rate for
any type. They find that directly optimizing a mapping from features to classes can greatly reduce
the holding cost, compared with a predict-then-optimize approach. Different from their setting,
we consider an online learning setting where reviewing a job type provides information for other
types. This creates an explore-exploit trade-off complicated with the additional challenge that the
feedback experiences queueing delay. To the best of our knowledge, our work is the first result for
efficient online learning in a queueing system with contextual information.

Joint admission and scheduling. When there is no learning, our problem becomes a joint
admission and scheduling problem that is widely studied in wireless networks and the general focus
is on a decentralized system [KMT98, [LSS06]. Our method is based on the drift-plus penalty
algorithm [Nee22], which is a common approach for joint admission and scheduling, first noted as a
greedy primal-dual algorithm in [Sto05]. The intuition is to view queue lengths as dual variables to
guide admission; [HN11] formalizes this idea and exploits it to obtain better utility-delay tradeoffs.

2 Model

We consider a T-period discrete-time system to model content moderation on a platform. Each
post has a type in a set K with || = K. In period t = 1,...,T, a new post j(t) = j arrives with

probability A(t); its type is k(j) = k with probability )\(g)) Where Ai(t) is the arrival rate of type
k. We use Ag(t) = 1(k(j(t)) = k) to denote whether a type-k post arrives in period ¢. If there is
no new post, we denote j(t) =L .

The per-view harmfulness of a post is captured by its cost ¢; € R; this quantity being negative
means that the post is healthy. Condition on having type k, the cost of post j is given by c¢; =
hi(;) + & where hy is the average cost of type-k posts and &; ~ N(0, J,%) is independent Gaussian
noise. Although the type k(j) is observable, we assume the cost ¢; remains unknown until it is
reviewed by a human. We next define the total harmfulness of a post. For every post of type k, we
assume it has a lifetime ¢}, and a per-period view vy, i.e., if a post j arrives in period ¢(j), then for
periods {t(5), ..., min(¢(j) + € — 1,7)}, it will receive vy, views given that it is on the platformf]
We define O;(t) € {0,1} such that it is equal to 1 when post j is on the platform for period t. The

total harmfulness of a post j is given by c;vy Z;m?((;(] JHe=LT) o

is minimized by setting O;(t) =1 if ¢; <0 or 0 if ¢; > 0.

i (t). If ¢; is known, this quantity

2.1 The human-AI pipeline

When the cost is unknown, the platform resorts to a human-Al pipeline (Figure|l) by making three
decisions in any period ¢, classification, admission, and scheduling:

e (lassification. Upon the arrival of a new post j of type k, the platform first makes a classi-
fication decision Y (t) such that the post stays on the platform if Yj(¢) = 1 or is removed if
Yy (t) = 0. Then O;(7) = Yi(t) for 7 > t unless the decision is reversed by a human reviewer.

o Admission. For this new post, the platform may also decide to admit it into the human review

2Qur analysis easily extends to the case where the view per period is a random variable with mean vy,.



system; Ay (t) = 1 if it is admitted and 0 if not. If Ai(t) = 1, then post j is included into an
initially empty review queue Q. We define A(t) = j(t) if Ax(t) =1 and A(t) =L otherwise.

e Scheduling. At the end of period t, the platform selects a post from the review queue Q for
humans to review; we denote this post by M (t). To capture the service capacity, we assume
that we have N(t) reviewers in period ¢t. Define ¥y (t) = 1 (k(M(t)) = k) indicating whether
humans review a type-k post. If M () is of type k, it is reviewed with service probability equal
to N(t)ur < 1 where py, is a known type-specific quantityﬂ we let Si(t) =1 and S(t) = M(¢)
if M(t) is reviewed and Si(t) = 0,S(t) =L otherwise. When M (t) is reviewed, we assume
human reviewers observe the exact cost ¢jz(;) and reverse the previous classification decision if
wrong, i.e., Og) (1) = 1 (cs@) < 0) for 7 > ¢. Let Q(t) be the set of posts in the review queue
at the beginning of period ¢. Then Q(t + 1) = Q(t) U {A(t)} \ {S(¢)}. In addition, the data
set of reviewed posts at the beginning of period ¢, D(t), is given by D(t) = {(S(7), cs(7)) }r<t-

We next discuss information a feasible policy can rely on. We assume that {o, g, vg treic are
known; but hy, is unknown initially and must be learned via samples from human reviewers, i.e., the
data set D(t). Since there are many types of contents, we assume that a type k comes with a known
d-dimensional feature vector ¢, € R%. The average cost satisfies a linear model hj, = qb;@* where
0* € R?is an unknown vector. We assume that ||@*||2, ||¢,||2 are bounded by a known value U, |hy|
is bounded by a known value H > 1. We also define = min(1, mingei |hg|) which is the margin of
the average cost capped at 1 (and can be 0). The platform has no information of {A\x(t), N (t) }+e[17-
A policy is feasible if its decisions for any period t are only based on the observed sample path
{j(1), A(T),S(7) }r<: U {j(t)}, the data set D(t) and the initial information {og, lx, vk, Py rek-

2.2 Objectives and Benchmark
Recall that the total harmfulness of a post is cjvy, Z?E?((;)(] WHhe=LT) O;(t) and the optimal clairvoyant

that knows c¢; will set O7(t) = 1 (c; < 0) for any j. Letting J(¢) be the set of posts that arrive in
the first ¢ periods, the loss of a policy m with respect to this clairvoyant is thus:

mm(T,t(])—Mk(J)—l)

LN(T) = > cjvpg > (0;(t) = 1(c; <0)).
)

jeJ(t t=t(5)

Due to the variance o in posts of the same type k, any post that is not reviewed incurs a positive
loss in expectation even if the average hy is known. In addition, humans cannot review all posts
due to limited capacity. As a result, aiming for vanishing loss is unattainable and we need to define
a benchmark that captures both the effect of variance and capacity constraints. Our benchmark
also needs to accommodate the non-stationarity in arrival rates {\(¢)} and review capacity {N(¢)}.

We consider a deterministic (fluid) benchmark where for every period ¢, there is a mass of A\ ()
posts from type k. The platform admits a mass of a(t) posts to review and leaves a mass of
Ai(t) — ag(t) posts classified based on hy and not reviewed at all. Admitted posts receive human
reviews immediately and thus incur no costs. For a non-admitted post j of type k, the expected per-
period loss of leaving this post on the platform is r{ == vxE [(c;)* | k(j) = k] and the loss of rejecting
this post is 7' == vxE[—(¢;)” | k(j) = k], where we denote 7 = max(z,0) and 2~ = min(z,0).
With the assumption of Gaussian noise, these quantities have explicit expressions (see Section .

3We aggregate the service power of reviewers for simplicity.



The per-period loss of an non-admitted post in the benchmark is thus 7y = mln(rk ,rk) by
rejecting a post if hx > 0 and keeping it if hy < 0. Across its lifetime £ , each non-admitted type-k
post incurs loss 7.¢;. The expected total loss is then Zthl Y oweie Tl ( AR (t) — ag(t)).

To motivate our fluid benchmark, we start from the stationary case where A\;(f) = \; and
N(t) = N across any period t < T. The classical fluid benchmark corresponds to a linear program
(LP) as in . In particular, the objective is the expected total loss and the first constraint captures
the capacity constraint requiring all admitted posts are reviewed eventually in expectation. An
alternative formulation is to satisfy the capacity constraint for each period as in . With the
stationary property that \;(t) = A\ and N(t) = N, the two LPs are equivalent.

min Tl (A — a s.t. min Tl (Mg — a s.t.
o2 ZZ kle( Ak — ak(t)), (o @ ZZ Klk(Ak — ak(t)),

t 1 ke’C t 1 ke
r ax(t) < 1N (£)vi(t), Vi € K, t € [T]
tzzl""“(t) < “’“;N(t)”k(t)’v’“ €K (1) au(t) < Ml8), ma() >0, VE € K.t € [T]

ar(t) < A(t), Vk;(_t) >0, Vke K, te[T] Z we(t) <1, Vit € [T].
Zl/k’(t) <1, vVt e[T]. kek
kek

Extending the fluid benchmark to a non-stationary setting is non-trivial. In particular, the bench-
mark in allows an early post to be reviewed by human capacity throughout the entire horizon.
Its ignorance of delays in human reviews can greatly underestimate the loss any policy must incur,
as illustrated in Example |1} Alternatively, using the benchmark in can overestimate the loss of
an optimal policy. It requires an admitted post to be reviewed in the same period it arrives, even
though an admitted post can wait in the review queue and be reviewed by later human capacity.

Example 1. Consider a setting with one type of posts and r1 = 1. Arrival rates and review
capacity are time-varying such that \(t) = 1, N(t) =0 for t < (T —£1)/2; A\(t) = 0,N(t) = 0 for
e ((T—=101)/2,(T+41)/2); and \(t) =0,N(t) =1 fort > (T + ¢1)/2. Benchmark will always
give a loss of 0, indicating an “easy” setting to moderate. However, the uneven capacity indeed
makes it a “difficult” setting where no post can be reviewed within its lifetime under any policy.

Given that is too strong and is too weak as the benchmark, we consider a series of fluid
benchmarks that interpolate between them, which we call the w—fluid benchmarks. In particular,
we assume that the interval {1,...,T} can be partitioned into consecutive windows of sizes at
most w, such that the admission mass of the benchmark is no larger than the service capacity in
each window. In other words, a w—fluid benchmark limits the range of human capacity used to
review an admitted post: a larger window size allows an admitted post to be reviewed by later
human capacity. Benchmarks and are special cases where w = T and w = 1 respectively.

Formally, consider the set of feasible window partitions
Pw)={r=(r,...,7111):1l=m < - <11 =T+1; 1ij1 — i <w, Vi <I; I € N}.

The w-fluid benchmark minimizes the expected total loss over admission vector {ax(t)}rek tefry;
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partition 7 and probabilistic service vector {vy(t)}rex tcir) that satisfy w-capacity constraints:

T
LY(w, )= min > > rele(Me(t) — ax(t))

TEP(w) —
{an(®)}{vn(t)} T RER
Ti+1—1 Ti+1—1
st Y ax(t) <pe Y. NOw(t), Vi< LkeK (w-fluid)
t=7; t=7;

ak(t) < )\k(t), Vk(t) >0, Vke K,te [T]
> k() <1, vt e [T,

kek

We note that the idea of enforcing capacity constraints in consecutive windows is also used in
defining capacity regions for non-stationary queueing systems; see, e.g., [YSY23, INM23].

As discussed above, if arrival rates and review capacity are stationary, then £*(1,7) = --- =
L*(T,T) and thus the choice of w does not matter. For a general non-stationary system, we aim
to design a feasible policy 7 that is robust to different choices of window size w. More formally, we
define the average regret for a window size w as

REG™(w,T) = E[£™(T)] /T — £*(w,T)/T.

We focus on the case where posts have long lifetimes £;. Our goal is to have average regret small
with respect to the longest lifetime #y,,x = maxgex £ even with initially unknown average cost {hy }.

Notation. For ease of exposition when stating our results, we use < to include super-logarithmic
dependence only on the number of types K, feature dimension d, the maximum lifetime fy =
maxgci fk, the margin 7, the window size w and the time horizon T" with other parameters treated
as constants. Note that we use L to denote an empty element, so a set {_L} should be interpreted
as an empty set . We denote the density and distribution of a standard normal random variable by
¢(z) and ®(x). We also follow the convention that § = +oo for any positive a. For a d—dimensional
positive semi-definite (PSD) matrix V', we define its corresponding vector norm by |0y = vVOTV O
for any @ € R?. We denote I as the identity matrix with a suitable dimension, det(V') as the
determinant of matrix V' and Apin (V') as the minimum eigenvalue of a PSD matrix V.

3 Balancing Idiosyncrasy and Delay with Known Average Cost

Our starting point is the simpler setting where the average harm hy, is known for every type and the
number of types K is small. In this setting, classification can be directly optimized by removing
a post if and only if it has positive average harm, i.e., Y;(t) = 1 (hy <0). The two additional
decisions (admission and scheduling) are not as straightforward and give rise to an interesting trade-
off. To understand this trade-off, we decompose the loss of a policy £(m,T') into two components:
idiosyncrasy loss and delay loss. In particular, for a period ¢, consider a new post j of type k.

e If the post is not admitted for review then it incurs an idiosyncrasy loss of r;.¢; due to variance:

it either stays on the platform for ¢ periods (if hy < 0) and incurs a loss r,?fk = rily, or it
is removed from the platform for ¢; periods (if hx > 0) and incurs a loss r,?ﬁk = ril}.
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e If the post is admitted and (successfully) reviewed in period ¢t + d — 1 (with a delay of d
periods), then for periods {¢,...,min(t+d—1,T)}, it incurs a delay loss ry,-min(d, {) < rid.

Formally, let D(j) be a post’s delay, i.e., a post arriving in period t gets its label in period t+D(j)—1.
We set D(j) =T+ 1—t if a post is never reviewed. In addition, let Q(t) be the set of type-k posts
in the review queue Q(t) in period ¢ and let Qg (t) = |Qk(t)|. The above discussion thus shows that:

r T T T
BLET(D] =B |30 3 rebu(An(t) = 4u(8) | +E |3 Ao min(DG(e) ekw»)] (3)
Li=1 keK i
Idiosynglga‘sy Loss Delay Loss
r T ] T
<E Z D rile(Ar(t) — Ag(t)) | +E ZAk k(i) Dt ))]
t=1 kel i
- T -
=E Z D rele(Ar(t) — Ap(t))| +E Z > Tka(t)] : (4)
=1 keK i t=1 kek

Relaxed Delay Loss

where the last equality is by Little’s Law [Lit61] (sum of post delays equal to sum of queue lengths).

3.1 Why AI-Only and Human-Only policies fail

We first consider two natural policies: AI-ONLY and HUMAN-ONLY policies. In particular, for Al-
ONLY, the platform purely relies on the classification and sends no post to human review. Although
this policy has zero delay loss, we show that it can lead to Q(fax) average regret due to a high
idiosyncrasy loss.

Proposition 1. There is a one-type setting such that REG*ONY(1,T) > r1£1/2.

The second policy, HUMAN-ONLY, admits every post to review by humans. Although this policy
has zero idiosyncrasy loss, we show that its delay loss is high and the average regret is also Q(£pax).

Proposition 2. There is a one-type setting such that REGHMANONW (1 7Y > 101 /6 for T > 214;.

We remark that any policy that has a static-threshold admission rule and does not admit every
post (in which case it becomes HUMAN-ONLY) is reduced to AI-ONLY in the worst case because
we can always force every arriving post to have a type that is not admitted by the static threshold.

Proof of Propositions[1] and[4. We prove both propositions by the following example. There is only
one type (K = 1) with arrival rate Ay = 1 and lifetime ¢; > 25. There is one human (N(t) = 1)
and the service rate is p; = 0.5. The fluid benchmark gives £* := £*(1,T) = 0.5r1 4, T.

The AI-oNLY policy admits no posts (A1(t) = 0 for all ¢). Its idiosyncrasy loss is thus £ =
E S0 S mele(Ar(t) = Ax(t)| = Trity and REGA-Y(1,T) = (£* = £)/T = r161/2.

The HUMAN-ONLY policy admits a new post every period. For a post j(t), there are Q(t) =
|Q(t)| posts in front of it in the review queue and each takes at least one period to review. As a
result, D(j(t)) > min(Q(t), T+1—t) where we take minimum because we define D((j(t)) = T+1—¢
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if the post does not get review after period T. The delay loss of HUMAN-ONLY is then at least
E [ tT:_lel r1min(Q(t),¢1)|. We show (Lemma [B.1|in Appendix [B.1) that, for 7' > 21/, this is at

least % because the queue grows linearly, implying REGHVMAN-ONIY (1 77) > %—E* > %. O

3.2 Balanced admission control for idiosyncrasy and delay (BACID)

Our analysis of AI-ONLY and HUMAN-ONLY reveals a trade-off between idiosyncrasy and delay
loss: admitting more posts helps the first but harms the second. Our algorithm (Algorithm ,
adopts a simple admission rule to balance the two loss; we henceforth call it BALANCED ADMISSION
FOR CLASSIFICATION, IDIOSYNCRASY AND DELAY, or BACID in short.

In period ¢, a new post j arrives with type k£ and the algorithm removes it if hy > 0 and leaves
it on the platform otherwise (Line [4)). We admit this post to review if its idiosyncrasy loss 7/,
scaled by a hyper-parameter 5 (Line , is greater than the current number of type k£ posts in the
review queue, Q(t), i.e., Ax(t) = Agp(t)1 (Brily > Qi (t)) (Line [6). This rule requires an explicit
calculation of . We give exact formulae of r,?, r,f as a function when the average cost is h:

ri (h) = vp(h®(h/o}) + opp(h/or))  and  rf(h) = vp(=h®(~h/ok) + ope(—h/ok)).  (5)

These functional forms (proved in Appendix [B.2) provide flexibility when hy, is unknown. We define
ri(h) = min(rf(h),r¢(h)) and use r,r¥ ry as shorthands for rQ(hy), 78 (hg), 7 (hg), which are
all known in this section because hy is known.

For scheduling (Line [7)), we follow the MAXWEIGHT algorithm [Tas92] and select the earliest
post in Qp/(t) (first-come-first serve) from the type &’ that maximizes the product of service rate
and queue length, i.e., ¥ (t) = 1 for k' € argmaxycic Qe (t) (breaking ties arbitrarily). We
then update the queues and the dataset by Q(t +1) = Q(t) U{A()} \ {S(t)}, D(t +1) = D(t) U
{(S@), esw)}-

Algorithm 1: BALANCED ADMISSION FOR CLASSIFICATION, IDIOSYNCRASY & DELAY
Data: hy, Ok, pg

1 0+ 1/vV/K/lpax // Admission Parameters

2 fort=1to T do

3 Observe a new post j(t) = j of type k(j) = k; if no new post, set j(t) =L

4 if hy > 0 then Yj(t) < 0 else Yj(t) < 1 // Classification
5 7y < min(rd (hy), r¥(hy))

6 if 8.7 -0 > Qp(t) then Ai(t) =1 else Ai(t) =0 // Admission
7 k' + argmaxyexc ppr - Qrr(t), M(t) « first post in Qp/(¢) if any // Scheduling
8 if the review finishes (with probability N(¢) - ux) then S(t) = M(t) else S(t) =L

Our main result is that BACID with § = 1/v/K{yax achieves an average regret of O(wv/ K pax)-

Theorem 1. For a window size w, the average regret of BACID is upper bounded by

REGPACID (1, T) < wy/K lax + K.

Remark 1. The above result is agnostic to the window size w; if w is known, = \/w/(K/lmax)+K
leads to a bound of O(v/wK/yax). Note that our benchmark becomes stronger as w increases; the
benchmark can schedule a post admitted in period t for review in period t + w without delay loss.
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The next theorem (proof in Appendix [B.3|) shows that the dependence on \/Zpay is tight. To
simplify the analysis, we consider a infinite-horizon stationary setting where UT(T) converges in the

stationary distribution and show the lower bound for any deterministic stationary policy.

Theorem 2. There exists an infinite-horizon stationary setting where even with the knowledge of
average cost hy, any deterministic stationary policy must incur \/fmax/6 average regret.

To prove Theorem (1|, we rely on the loss decomposition in . We first upper bound the
idiosyncrasy loss by showing that its difference to any w-window fluid benchmark is bounded by
wT'/B. As f increases (corresponding to more admissions), the idiosyncrasy loss thus decreases. The
proof relies on a coupling with the benchmark using Lyapunov analysis and is given in Section
Lemma 3.1. BACID’s idiosyncrasy loss is E Z?:l Y oneic Tl (Ag(t) — Ak(t))} < LY(w,T)+ %T

Moreover, the policy admits a new post when Srili > Qg(t), which upper bounds the queue
length by Brkék + 1. This implies a delay loss of mmax K (Brmaxfmax + 1)T where rpay is an upper

bound over rk and rk Hence, a larger [ leads to more delay loss, which matches our intuition on
the trade-off between idiosyncrasy and delay loss. Setting 5 = 1/+/K/lmax balances this trade-off.

Lemma 3.2. BACID ’s relaxed delay loss is E Zthl Y ke TRQk(1) | < Tmax K (Brmaxlmax + 1)T.

Proof. By induction on t = 1,2, ..., we show that, for any type k, Qx(t) < Brilr + 1. The basis
of the induction (Qx(1) = 0) holds as the queue is initally empty. Our admission rule implies that
Qrt+1) < Qr(t) + Ax(t) < Qr(t) + L (Brifly > Qi(t)). Combined with the induction hypothesis,
Qr(t) < pril + 1, this implies that Qx(t + 1) < Srily + 1, proving the induction step. The lemma

then follows as E [Zle Y okek erk(t)} ST e Tk (Brile + 1) < Trma K (Brmaxtmax + 1) O

Proof of Theorem[1. For any window size w, applying Lemma and Lemma to gives

E EBACID T * T
[ T ( )] < £ (;li’ ) + % + Tmax K (Brmaxfmax + 1).  Using that 8 = 1/v/ Klmax,

REGPACL (1, T) < (w + 12, ) VE bmax + Kmax < wy/Klmax + K.

O
3.3 Coupling with w—window fluid benchmark (Lemma [3.1])
We fix a window size w and let 7% = (77,...,77),{aj(t), V() }rex tejr) be the optimal solution

to the w-fluid benchmark (w-fluid). The problem (w-fluid)) then becomes a linear program and
multiplying the objective by £ does not impact its optimal solution; the optimal value is simply
multiplied by B. Taking the Lagrangian of the scaled program on capacity constraints and letting

Ti =1 Tl
fHa®)}e, {v(t)}e,v) 522%& Ak (t Zzuzk pe Y NOwet) = D ap(t) |,
t=1 kel i=1 kel t=T1} t=T7}
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where u = (u; i )iez ke > 0 are dual variables for the capacity constraints, the Lagrangian is

f(u) =" min f({a(t)}, {v(t)}, u)

ak () vk (t)

s.t. ak(t)g)\k(, >0 ka/ <1 Vk:elCte[] (6)
ke

If the dual u is fixed, the optimal solution is given by ay(t) = A\p(t)1 (Brily, > yix) and vi(t) =
1 (k € argmaxpek pruik) for t € 77,77, — 1]. Comparing the induced optimal solution with
BACID, BACID uses the queue length information Q(t) = (Q(t))rex as the dual to make
decisions by setting w; 1, = qx(t). Under this setting of duals, the per-period Lagrangian is

fila,v,q) = B> relii(t) (Z ar(Bril — ax) + Y VkaMkN(t)> : (7)
kek kek kek

Recalling that ¢ (t) = 1 (k(M(t)) = k) indicates whether humans review a type-k post at time ¢
the expected Lagrangian of BACID is then Zthl E[fi(A(t),¥(t),Q(t))]. Our proof of Lemma
relies on a Lyapunov analysis of the function

t—1
=50 S el () — A(t) + 5 3 @30)

t'=1kek ke
which connects the idiosyncrasy loss to the Lagrangian by the next lemma (proof in Appendix |B.4)).

Lemma 3.3. The expected Lagrangian of BACID upper bounds its idiosyncrasy loss as following:
T T
E YD mbe(An(t) = A(t) | SE[L(T +1) = L)} < T+ Y E[f(A(1), (1), Q(1))].
=1 kek t=1

Our second lemma shows that the expected Lagrangian of BACID is close to the optimal fluid.

Lemma 3.4. For any window size w, the expected Lagrangian of BACID is upper bounded by:

T
S E[A(A®), ¥ (1), Q)] < BL (w,T) + (w— 1)T.
t=1

Remark 2. Lemma holds even if the queue length sequence {Q(t)} is generated by another
policy (instead of BACID ); A(t) and 1 (t) are still the decisions made by BACID in period t given
Q(t). This generalization is useful when we apply the lemma to a learning setting in Section .

Proof of Lemma([3.1 Combining Lemmasandgives BE [23:1 Y okeic Tl (Ak(t) — Ak(t))] <
wT + L*(w,T), which finishes the proof by dividing both sides by . O

3.4 Connecting Lagrangian of BACID with Fluid Optimal (Lemma |3.4)

The scaled optimal primal objective BL*(w, T) is related to the Lagrangian f({a*(¢)}+, {v*(¢)}+, u)
for some dual u = (Ui,k)z‘e[ 1),kek- However, the left hand side of Lemma has time-varying duals
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Q(t). To connect it with the primal, we select a vector of dual variables u* consisting of the queue
lengths in the first period of each window: uj, = = Qi (7). Then we have

T
Y EIA(A®),9(1), Q)] - BL (w, T) = E[f({a*(t) e, {v* (1)} w")] — AL (w, T) (8)
t=1

+

M~

(t),v7(1), Q)] — E[fe(a™ (1), v" (1), R(7))])  (9)

=1 t=T17

M'ﬂ

+ ) ([Efi(A®), %), Q)] - E[fi(a™(t),v" (1), Q(1))]) - (10)

t=1

Hence, BACID'’s suboptimality is captured by the sum of three terms: , the difference between
the Lagrangian and the primal; @D, the suboptimality incurred by having different dual variables
within a window; and , the difference in Lagrangian compared to the optimal fluid solution when
the dual is given by per-period queue length. Our proof bounds these three terms independently.

The first step is to lower bound the first term by the optimal objective because of the definition
of Lagrangian (proof in Appendix |B.5)), which shows that E [f({a*(t)}+, {v*(t) }+, u*)] < BL*(w,T).

Lemma 3.5. For any dual variables w = (u;k)icz rexc > 0, f({a*(t) }e, {v*(t) }e, u) < BL (w,T).
We next upper bound @D The intuition is that the queue length changes at most linearly

within a window and thus the difference in using per-period queue lengths or initial queue lengths
of a window is not large. This is formalized in the next lemma (proof in Appendix .

Lemma 3.6. The difference between evaluating the expected Lagrangian by queue lengths and by
window-based queue lengths scales at most linear with the window size, i.e.,

z+1 -1

Z S (E[fila* (1), (1), Q1) — E[fila* (£),v* (1), Q) < (w — 1)T.

=1 t=1}

Our final lemma (proof in Appendix [B.7]) shows that is nonpositive as BACID explicitly
optimizes the per-period Lagrangian based on Q(t).

Lemma 3.7. For every period t, we have E[fi(A(t), (1), Q(¢)) | Q(t)] < E[fi(a*(t),v*(t), Q(t))].

Proof of Lemma[3.4). The proof follows by applying Lemmas m m and [3 n 3.7 in . @D, . O

4 BACID with Learning: Optimism and Selective Sampling

In this section, we extend our approach to the setting where the expected costs hj are initially
unknown and the algorithm’s classification, admission, and scheduling decisions should account for
the need to learn these parameters online.

We first restrict our attention to BACID admission rule: defer a post of type k& to human
review if and only if Byl > Q(t) where r, = min(r{ (hy), 7 (hy)) and, recalling Eq.(F)):

ri (h) = vp(h®(h/oy) + orp(h/oy))  and  rfi(h) = vp(—h®(—h/ok) + orp(—h/ok)).
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When the expected costs hy are unknown, we cannot directly compute r; and we need to instead
use some estimate for r;. A canonical way to resolve this problem in, e.g., bandits with knapsacks
[ADI9] is to use an optimistic estimate 7(t). In particular, for each type k, we can compute
(J,e)ED(®): k(5)=k %I

RG] where ng(t) = Z(j,Cj)E'D(t) 1(k(j) = k) is the
number of samples from type k; if ng(t) = 0, we can set ﬁk(t) = 0. We can then compute a
confidence interval [hy(t), hy(t)] which is, with high probability, valid, i.e., the true expected cost
hy, lies within the confidence interval (see Lemma [4.5)):

the sample-average cost hy(t) =

hy (t) = max (—H, he(t) — ok %) () = min (H he(t) + ok i;&i) (11)

where we recall that H > 1 is a known upper bound on the absolute value of ;. We can then admit
a post if and only if B74(t)l, > Qg (t) where 7i(t) = maxyep, 1)k, (1)) 7k(1) is the most optimistic
estimate for the per-period idiosyncrasy loss, i.e. it is the highest possible value that the per-period
idiosyncrasy loss can have assuming that the sample-average cost is within the confidence intervalﬁ

4.1 Why Optimism-Only is Insufficient for Classification

This optimistic admission rule gives a natural adaptation of BACID which we term BACID.UCB:

1. classify a type-k post as harmful if and only if hy(¢) > 0 (similar to Line 4| in Algorithm ;
2. admit a type-k post if 87 ()¢ > Q(t) (similar to Line [6] in Algorithm [1));
3. and schedule a type-k’ post where k¥’ maximizes p Qs (t) (same as Line |7 in Algorithm .

Such optimism-only heuristics generally work well in a constrained setting, such as bandits with
knapsacks. The intuition is that assuming a valid confidence interval, we always admit a post that
would have been admitted by BACID with known expected costs hi. If we admit a post that
would not have been admitted by BACID, we obtain one more sample; this shrinks the confidence
interval which, in turn, limits the number of mistakes and leads to efficient learning.

Interestingly, this intuition does not carry over to our setting due to the additional error in the
classification decisions of posts that are not admitted, for which the sign of hy(t) may differ from
that of hy. To illustrate this point, consider the following instance with K = 2 types of posts:
texts (type-1) and videos (type-2); see (Figure [2| for the exact instance parameters. Texts have a
much larger lifetime than videos (¢1 = 49¢5). Proposition [3| (proved in Appendix shows that
BACID.UCB with 5 € (48/¢1,1) and initial knowledge of h; does not review video posts at all
with high probability and thus there is no video post in the dataset for the entire horizon, although
there are Q(T') arrivals of them. As a result, when classifying type-2 posts, since there is no data,
the algorithm estimates hy(t) = 0, and will remove all of videos, incurring Q(f) average regret

Proposition 3. With probability at least 1 —2/T, there is no type-2 post in the dataset D(T + 1).

BACID.UCB incurs linear regret in the above example as its decisions are inherently myopic
to current rounds and disregard the importance of labels towards classification decisions in future
rounds. Broadly speaking, optimism-only heuristics focus on the most optimistic estimate on the
contribution of each action (in our setting, the admission decision) subject to a confidence interval

“The solution h giving the highest rx(h) has a simple form: if 0 € [k (), by (t)], the solution is zero; if hx(t) <0,
the solution is hsx(t); otherwise, hy (t) > 0, the solution is hj(t). A formal proof is in Lemma
®We assume removal when hy(t) = 0. If the algorithm keep the post, the same issue exists by setting ha = 1.

17



Ty =1[£1/2] T = [exp(B£1/576)]

() =1,2,() =0 : A () =5/6,2,(t) =1/6,11 =, = 0.5,N(t) = 1 & : hy=0h,=-1,H=1
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Figure 2: An example where BACID.UCB fails to correctly classify video (type-2) posts. Humans
never review a video because the corresponding queue length is much smaller than that of texts.

and then select the action that maximizes this optimistic contribution in the current round. In our
example, if we can only admit one type, the text posts have larger idiosyncrasy loss due to their
lifetime and thus the benefit of admitting a text post outweighs even the most optimistic estimate
on the idiosyncrasy loss of video posts in the current round. This mimics the admission rule of
BACID which operates with known parameters and would never review a video post. Although
always prioritizing text posts is myopically beneficial in the current round, this means that we
collect no new video data, thus harming our classification performance in the long run.

4.2 Label-Driven Admission and Forced Scheduling for Classification

The inefficiency of BACID.UCB suggests the need to complement the myopic nature of optimism-
only approaches by a forward-looking exploration that enhances classification decisions. Our algo-
rithm, OPTIMISTIC AND LABEL-DRIVEN ADMISSION FOR BALANCED CLASSIFICATION, IDIOSYN-
RASY AND DELAY or OLBACID in short (Algorithm [2))) incorporates this forward-looking ex-
ploration and evades the shortcomings of optimism-only approaches. When a new post of type k
arrives, we classify it as harmful/remove it (Y3 (¢) = 0) if and only if the empirical average cost
hy,(t) is positive. Unlike BACID which assumes knowledge of hy, when hy(t) < 0 < hy(t), we
cannot confidently infer the sign of h; from the sign of ﬁk(t)

To enhance future classification decisions on those posts, we complement the optimism-based
admission (Line [7) with a label-driven admission (Line [6]). Specifically, we maintain a new label-
driven queue Q'°(t) and add the post to that queue (Eg(t) = 1) if the queue is empty and there is
high uncertainty on the sign of hy(t), i.e., hy(t) < —v and < hg(t) where v is a parameter that
avoids wasting reviewing capacity on posts that are already well classified. If the post is admitted
into the review queue by the optimism-based admission (Eg(t) = 0, 57k (t)0, > Qr(t)), we denote
Ay (t) = 1. We stress that Qg (¢) includes only posts in the review queue Q(t) and not in QP (¢).

We use forced scheduling to prioritize reviews for the label-driven queue. If QP (t) is not empty,
we review a post from QP (¢). Otherwise, we follow the MAXWEIGHT scheduling (as in BACID):
select a type k' that maximizes pup Qp/(t) and review the earliest waiting post in the review queue
Q(t) that has type k. We let ¢y (t) = 1 if a type-k’ post in Q(t) is scheduled to review in period ¢.
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Algorithm 2: OPTIMISTIC AND LABEL-DRIVEN BACID (OLBACID)
Data: (gk, Mk, O'k}kele H
1 v7=0+1/vVEKlnax // Label-driven & Optimistic Admission Parameters
2 fort=1to T do
3 Observe a new post j(t) = j of type k(j) = k; if no new post, set j(t) =L
4 if hy(t) > 0 then Yi(t) < 0 else Yj(t) 1 // Empirical Classification
/* Label-Driven and Optimistic Admission */
Tk (t) = maXpep, (1) (1)) Tk () Where Ry (t), hg(t) are given by
if h(t) < —y <y < hi(t) and |Q"P ()| = 0 then Ej(t) + 1 else Ei(t) =0
if Ep(t) =0 and - 7(t) - b > Qi(t) then Ai(t) =1 else Ag(t) =0
/* Forced Scheduling and MAXWEIGHT Scheduling */
if QP (t) # () then M (t) + the post in QP (¢)
else k' < argmaxycx g - Qi (t), M(t) « first post in Qp/(¢) if any
10 if the review finishes (with probability N(t) - p(ar))) then S(t) = M(t) else S(t) =

[}

Our main result (Theorem ' is that, setting f = v = 1/vVKlmax, OLBACID achieves an
average regret of O(\/ max + lmax/VT + £ L5 JT) when there is a large margin 1 and small number
of types K. In particular, the guarantee matches the lower bound O(y/ax) when T' > £y, Even
if there is no margin (so classification is difficult), OLBACID still obtains an average regret of
O(Vlmax + lmax/NT + 2., /T), which matches the lower bound when T > ¢L5

Theorem 3. For a window size w, the average regret of OLBACID is upper bounded by

/ L5 Klax K202
REC OLBACID ’LU T < w /Kgmax + Kgmax f vV " *max min< a max> ]

n?T T

To prove Theorem [3, we need a loss decomposition of LOVBACID (T as in that also captures
the possible incorrect classification decisions. The incurred loss per period is thus given by rko (1—
V(1)) + rf - Yy, (t) instead of ry = min(r$, rf). Following the same analysis of (3]), we have

T
=E ST (0 Vi) + - (1= (1)) Gu(Ax(t) — Ax(t) — Ex(t))

t=1 kek

T
Z )+ Exi ))( ) (Y’kO Yi(t) + 7"]? -(1- Yk(t))) min (D(j(t))vgk(j))] .

t=1

E [EOLBACID (T)]

+E

Using rko, r,lj < rmax and applying Little’s Law, we upper bound E [ﬁOLBACID (T)] by

ZZ V() (Y =)+ (1= Ya) (" — 1)) e(Ak(t) — Ar(t) — Ex(t))

t=1 kel J

Classification Loss

T T T
FE DO rili(Ar(t) — Ae(t) = Ex(t) | + rmaxE | Y (Z Qr(t) + Q" (t )\) : (12)
t=1 kek t=1 \keK J
Idiosyncrasy Loss Relaxed Belay Loss

Comparing with , there is a new term on classification loss, which captures the loss when
the classification Yj(t) is incorrect. We adjust the other terms to capture label-driven admission.
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To bound those three losses, we define the maximum per-period views and cost standard
deviation as vpmax = max(1l, maxy vg), Omax = max (1, maxgex o) respectivelyﬂ and the mini-
mum per-period review rate as fimin = Mminye[7) pex NV (t)px. To account for uncertainty, we take
Tmax = Umax(H + Omax) > 1; this is an upper bound on r{ (), rf(-) by their definition Eq. (f]). We
focus on T' > 3 and K < {jax (the bound in Theorem [3| becomes trivial if K > fy,x). Our bounds
(Lemmas and hold for general 3,, and are proven in Sections and respec-
tively. The lemmas are defined for 7' > 3 and K < {5 (the bound in Theorem |3| becomes trivial
otherwise). The proof of Theorem 3 (provided in Appendix directly combines the lemmas.

Lemma 4.1. For any B,7 € (1/lmax, 1], the Relazed Delay Loss of OLBACID is at most

33rmax Ko  InT

max

2K B12 . Ao T )
5rmax ma: + ﬂminmax(n,'y)2

Lemma 4.2. For any 3,7 € (1/lmax, 1], the Classification Loss of OLBACID is at most

33Tmax€maxKo}2naX InT

fimin max(1, )

4l ax (Umax’YT + Krmax) +

Lemma 4.3. For any 3,7 € (1/lmax, 1], the Idiosyncrasy Loss of OLBACID is at most

wT  66rmaxlmax K02 InT

max

+ = z
B max (1, )2 fimin

L*(w,T) 18K P Lo (\/T InT + mmaxemax)

4.3 Bounding Forced Scheduling and Relaxed Delay Loss (Lemma (4.1

A key ingredient in the proof of all of Lemmas and [4.3]is to provide an upper bound on the
number of periods that the label-driven queue is non-empty. Given that Q"P(¢) has at most one

post at any period ¢, letting QP (t) = |QP(¢)], this is equal to E [Zthl QLD(t)] This quantity
allows to bound 1) the number of posts which we do not admit into the label-driven queue despite

not being able to confidently estimate the sign of their expected cost; 2) the delay loss; 3) the
number of periods that we do not follow MAXWEIGHT scheduling.

Our first lemma connects E [ZtT:l QLD(t)} to the number of posts admitted to the label-driven
queue Q"P(t). The proof (Appendix [C.3) relies on only admitting posts when Q"P(¢) is empty.

< E[Y 7 Shex En(®)]

Hmin

Lemma 4.4. The label-driven queue admits at most E [Z?Zl QP (t)} posts.

Our second lemma applies concentration bounds (Appendix [C.5)) to show that the event & =
{hi, € [hy(t), hi(t)]} (expected cost lies in confidence interval) holds with high probability.

Lemma 4.5. For any k,t, the expected cost lies in [hy(t), hi(t)] with probability P{&y,} > 1—2t73.

Our next lemma (proof in Appendix [C.6)) bounds E [Zle D okek Ek(t)} via considering the

type-k confidence interval when the last type-k post is admitted to the label-driven queue Q.

Lemma 4.6. The label-driven queue admits at most E [Zthl Y okek Ek(t)} < 33Kopa 0T

S Thmax(n9)? posts.

SWe take maximum with 1 to simplify the exposition but this does not impose an assumption on the instance.
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Our final lemma bounds the length of the review queue (similar to Lemma .

Lemma 4.7. For any k,t, the optimistic queue has at most Qx(t) < 2Prmaxfmax POsts.

Proof. We admit a type-k post into Q only if 7 (t)0r < Qk(t) and 7x(t) < rmax. As in the proof
of Lemma the queue length is bounded by Qx(t) < Brmaxfmax + 1 < 2687 maxlmax- O

Proof of Lemma[{.1 By definition, the Relaxed Delay Loss is upper bounded by

Tmax&

33rmax K02, InT
Z <Z Qk + ‘QLD( )|>] < 2TmaxKﬁTmax€maxT + s

t=1 kek max(n? ’Y) :U‘mln

where we use Lemma for the first term and Lemmas [.4] and [4.6] for the second term. O

4.4 Bounding the Classification Loss (Lemma [4.2))

Our first lemma (proof in Appendix|C.7) shows a Lipschitz property for functions r,?(‘), r,f('), ri(+).

Lemma 4.8. For any type k, functions r,?(h),r,f(h) and r(h) are 1.5vy-Lipschitz continuous.

Our next lemma (proof in Appendix |C.8)) uses this property to establish a bound on the type-k
period-t classification loss Z(t) = (Yi(t )(rk —r - (1=Y () (rE—rQ) D) 0 (Mg (t) — Ak () — Bk (2)).

Lemma 4.9. For any type k and period t, Zi(t)1 () < (3vmaxfy€max + Tmaxlmax@"P (¢ )) A(t).

Proof of Lemma[{.9. By definition, the total classification loss is E [ZtT:l Y kek Z (t)} . As aresult,

T A
E lzzm) B35 201 (€] + rnetone S ST PIEL) (Z400) < st
t=1 kek Lt=1 ke t=1 kel
A T 9
<E Z Z Zr(t)1 (Eke) | + Krmaxlmax Z 3 (By Lemma
Lt=1 ke t=1
A
<E Z (3Umax7£max + TmaxgmaxQLD (t)) + 4K maxlmax (By Lemma '
Lt=1

33rmax£maxK012naX InT
max(7, 7)2ﬂmin

< 3'Umax'7€maxT + 4K rmaxlmax- (By Lemmas

O

4.5 Bounding the Idiosyncrasy Loss (Lemma |4.3))
We follow a similar strategy as in the proof of Lemma but we encounter three new challenges
due to the algorithmic differences between BACID and OLBACID.

Our first challenge arises because of the additional label-driven admission. Without the label-
driven admission, we would admit a type-k post to the review queue Q(t) in period t if its (opti-
mistic) idiosyncrasy loss outweighs the delay loss, i.e., Ax(t) = Ag(t)1 (87k(t) 0k > Qr(t)) is equal
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to one. However, we now only admit such a post to Q(t) if it is not admitted to the label-driven
queue QP (1), i.e., the real admission decision is Ay (t) = A(t)(1— Ex(t)). The following Lyapunov
function defined based on only the length of Q(¢) accounts for this difference and offers an analogue
of Lemma [3.3] which we prove in Appendix

t—1
L(t) =8> > rele(Ap(t) — Ap(t') — Ex(t)) + % > Qi)

t'=1kek kek

Lemma 4.10. The expected Lagrangian of OLBACID upper bounds the idiosyncrasy loss by:

T T
OE [Z > rili(Au(t) = Ax(t) = Bx(t))| SE[L(T+1) - L) < T+Y_E [fi(A(1).%(1), Q(1)]

t=1 kek t=1

We next bound the right hand side of Lemma By Lemma [3.4] we know how to bound this
quantity when admission and scheduling decisions are made according to BACID, i.e., AEACID(t) =
1 (Bril, > Qi(t)) Ak(t) and YPACID(¢) = 1 (k = arg maxyex pxQr(t)). To bound the Lagrangian
under OLBACID, we connect it to its analogue under BACID via the regret in Lagrangian:

RECL(T) =E

Y flA1), (1), Q1) — fi(APAIP (1), 9 BACT (1), Q(t))]

t=1
T
DD (ARACP(E) — A()(Brit — Qu(1))

t=1 kek

T
=E DD @R () — k() Qu () N (1)

t=1 kel

+E

REGA(T) REGS(T)

Our second challenge is to upper bound the regret in admission REGA(T'). Unlike BACID which
admits based on the ground-truth per-period idiosyncrasy loss ri, OLBACID uses the optimistic
estimation 7 (¢). Unlike works in bandits with knapsacks, the following lemma also needs to account
for the endogenous queueing delay in label acquisition (proof in Appendix .

Lemma 4.11. The regret in admission is REGA(T) < 12K 32r2, 02 .« + 6 K Bruaxlmax V8T InT.
Our third challenge is to bound the regret in scheduling REGS(7T'). Unlike BACID which

schedules based on MAXWEIGHT, OLBACID prioritizes posts in the QP (¢). The effect of those

deviations is bounded in the next lemma (proof in Appendix [C.11)), using Lemmas and .

6657 max fmax K02y In T
maX("L’Y)zﬂmin

Lemma 4.12. The regret in scheduling is REGS(T') <
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Proof of Lemma[4.5 By Lemma [4.10] the idiosyncrasy loss is upper bounded by

T T
BE 1D D reli(Ax(t) — Ap(t) — Bx(t) | < T+ Y E[fi(A(t), (1), Q(1))]

t=1 kek P
T

=T+ ZE [£,(ABACID (1) BACID (4) ) (1))] + REGL(T)
t=1

< wTl + LY (w,T) + REGA(T) + REGS(T) (By Lemma

66 lnax K02, . InT
< wT + BLw,T) + 12K 822, 2+ 6K Brosaeloa VST T + 000 maxtmax Omgy In
max(% V)QMmin

(By Lemmas and [4.12)

66 LmaxKo?,  InT
< wT + AL (w,T) 4 0P maxlmax KOs Ty gpeg, (\/T T + ﬁrmaxzmax) .
max (1, ¥)?fmin
Dividing both sides of the inequality by 5 gives the desired result. O

5 OLBACID with Type Aggregation and Contextual Learning

In this section, we design an algorithm whose performance does not deteriorate with the number
of types K. We adopt a linear contextual structure assumption that is common in the bandit
literature [LCLS10, [CLRSTT, [APSTI], and in online content moderation practice [ABB™22]. Each
post comes with a d-dimensional feature vector ¢, € R associated with its type k and its expected
cost satisfies a linear model hy = ¢]0* for a fixed unknown vector 6*.

We incorporate the contextual information in our confidence intervals around hj by classical
bandit techniques [APST1]; we provide a more detailed comparison in Appendix We construct
a confidence set C; for 8* based on the collected data set D(t). Recalling that S(7) is the reviewed
post for period 7 (or L when no post is reviewed), the dataset in period ¢ is {(X;, Z;)}r<¢ with
Xr = @ps(r)) and Zr = cs(r). We use the ridge estimator with regularization parameter s, i.e,

0(t) =V, '[X1,....X\)|[Z1,...,Z)" where V,=kI+> X.XI and 6(0)=0. (13)

T<t

Recalling that opax = maxgex op is the maximum idiosyncrasy variance and U upper bounds the
Euclidean norm of 8* and any feature ¢, we define the confidence set with a confidence level § by

14+tU?/k

C = {o eR: 0(t) - 0]y, < B(g(t)} where Bg(t) == crmax\/dln < ;

> +VrU. (14)
Using confidence set C;_1, we can modify our confidence intervals from for period t as follows:
hy(t) = —H, min ¢]0 h(t) = min ( H 10 re(t) = h).
() max( min 4] ) L Ral) mm< s 9] ) C R =, ma ()
5.1 Type Aggregation for Better Idiosyncrasy and Delay Tradeoff

An additional challenge when the number of types K is large (that arises even without learning) is
the difficulty to estimate delay loss; this is crucial in the design of BACID which admits a post if and
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only if its idiosyncrasy loss is above an estimated delay loss. BACID estimates the delay loss of a
post based on the number of same-type waiting posts. With a large K, this approach underestimates
the real delay loss, leading to overly admitting posts into the review system. An alternative delay
estimator uses the total number of waiting posts |Q(t)|. This ignores the heterogeneous delay loss of
admitting different types. In particular, our scheduling algorithm prioritizes posts with less review
workload (higher py) to effectively manage the limited capacity. A post with a higher service rate
thus has smaller delay loss and neglecting this heterogeneity results in overestimating its delay loss.

To address this challenge, we create an estimator for the delay loss that lies in the middle ground
of the aforementioned estimators. In particular, we map each type k to a group g(k) based on its
service rates; we denote this partition by Kg = {Ky}4eg where G is the set of groups, G = |g| is
its cardinality, and 4 is the set of types in group g € G. For a group g, we define its proxy service
rate [i; = mingek, i as the minimum service rate across types in this group. For a new post of
type k, we estimate its delay loss by the number of posts of types in Ky waiting in the review
queue. This estimator is efficient if the number of groups is small, and service rates of types in
a group are close to each other. Specifically, letting Nyax = max; N(t) be the maximum number
of reviewers, we define the aggregation gap A(Kg) = maxyeg maxpeic, Nmax(ig — fig) of a group
partition g as the maximum within-group service rate difference (scaled by reviewing capacity).

5.2 Algorithm, Theorem and Proof Sketch

Our algorithm, CONTEXTUAL OLBACID (Algorithm , or COLBACID in short, works as fol-
lows. In period t, we first compute a ridge estimator 9(t) of 6" by . The algorithm then classifies
a new type-k post as harmful (Y (¢) = 0) if its empirical average cost, q,’)zé(t), is positive. We follow
the same label-driven admission with OLBACID in Line[7] but we set the confidence interval on hy,
by using the confidence set C; from . The optimistic admission rule (Line |8 similarly finds
an optimistic per-period idiosyncrasy loss 7 (t) but estimates the delay loss by type-aggregated
queue lengths. Specifically, letting Q,(t) = {j € Q(t): g(k(j)) = g} be the set of waiting posts
whose types belong to group g and Qg(t) = |Qg(t)|, we admit a type-k post if and only if its (opti-
mistic) idiosyncrasy loss is higher than the estimated delay loss, i.e., 87y (t)lx > Qg(k(t))(t). We
still prioritize the label-driven queue for scheduling. If there is no post in the label-driven queue, we
use a type-aggregated MAXWEIGHT scheduling: we first pick a group g maximizing /]gQg(t), and
then pick the earliest admitted post in the review queue Q(t) whose type is of group g to review.
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Algorithm 3: CoNTEXTUAL OLBACID (COLBACID)
Data: (¢, g, o breic, upper bounds U, H, and group partition Kg

1 B, < 1/v/Glyax, 6 < min(y,1/T), k< max(1,U?)

2 fort=1to T do

3 Observe a new post j(t) = j of type k(j) = k; if no new post, set j(t) =L

4 Compute ridge estimator 0 t) by ( .

5 if ¢1O(t) > 0 then Yi(t) < 0 else Yi(t) + 1 // Empirical Classification
/* Label-Driven and Optimistic Admission */

6 Tk (t) = maXpep, 1) he(t)) Tk () where Ry (1), hi(t) are given by

7 if hy(t) < —y <7 < hi(t) and |Q"P(t)| = 0 then Ej(t) + 1 else Ej(t) =0

8 if Ex(t) =0and B-7(t) lx > Qg(k)(t) then Ay(t) =1 else Ax(t) =0 // Admission
/* Forced Scheduling and Type-Aggregated MAXWEIGHT Scheduling */
9 if QUP(¢) # () then M (t) < the post in QP (1)

10 else g < argmaxyeg fig - Qq(t), M(t) < first post in Q,(t) if any

11 if the review finishes (with probability N(t)- () then S(t) = M(t) else S(t) =

For ease of exposition, we follow the < notation to include only super-logarithmic dependence
on the number of groups G, feature dimension d, maximum lifetime ¢,,x, the margin n, window
size w, the time horizon T', and the aggregation gap A(Kg). Our main result is as follows.

Theorem 4. For a window size w, the average regret of COLBACID is upper bounded by
60 .5 dl .5 d2.5 1

REGCOLBACID (3 Y < 1y /Gl +lrma ( (Kg) + d / \F VE&max® Tmin <2,G€max> :
n

Note that, if, for all groups g € G, all types k € Ky have the same service rate, then A(Kg) = 0,
but the regret still depends on G which is large if there are many types with unequal service rates.

To provide a worst-case guarantee, we select a fixed aggregation gap 0 < ¢ < 1 and create
a partition lCé that segments types based on the their maximum scaled service rate Npaxptr into

intervals (0,{],(C,2§],...,(L%J§, 1]. The number of groups is at most G < % +1< % and the
aggregation gap A(ICg) is at most (. Optimizing the bound in Theorem 4| for the term w+/G¥max +

A(Kg)lmax, and setting ¢ = E;l}a{f we obtained the following result.

Corollary 1. For a window size w, COLBACID with group partition ICg satisfies:

COLBACID 2/3 oS R @2 43
REG (U) T) S wgmax + gmax \/T + T + T min ( — Emax
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The proof of Theorem || (Appendix [D.2)) bounds the losses in the same decomposition as in ,E]

ZZ V() — i)+ (L= Ya@) (i — 1) ") e(Ar(t) — Ax(t) — Ex(t))

t=1 kel

Classification Loss

T T
HE DD relie(Ar(t) = Ap(t) = Er(®) | +rmaE [ D[ D Qo0+ QP() | | - (16)
t=1 kek t=1 \geg
Idiosyncrasy Loss Relaxed Brelay Loss
Similar to the proof of Theorem we set Umax = Maxy Uk, Omax = max(l, maxg ok), fimin =

ming<r ke N (€) 1k, Tmax = Umax(H + 0max) > 1 and focus on 7" > 3 and U, H > 1. The following
lemmas also assume G < f,ax; Theorem || holds directly otherwise.

Lemma 5.1. For any 3,7 € (1/fmax, 1), 5 > U? and § € (0,1/T),

IrmaxBE(T)dIn(1 4+ T'/d)
max (1, ¥)?fimin ‘

Relazed Delay Loss < 2G 312, LmaxT +

Lemma 5.2. For any (3,7 € (1/lmax, 1], & > U? and § € (0, min(1/T, 7)),

IrmaxlmaxB2(T)dIn(1 4+ T'/d)
max(nv 7)2iamin

Lemma 5.3. For any 3,7 € (1/fmax, 1], K > U? and § € (0,1/T),

Classification Loss < 4yrmaxfmax1 +

wT

d2'5
Idiosyncrasy Loss < L*(w,T) + 5 + lmax <A(ICg)T + BlmaxGd'® + dVGT + ) .

max(1),v)?

5.3 Bounding Forced Scheduling and Relaxed Delay Loss (Lemma [5.1])

Similar to Section we bound the relaxed delay loss by the sum of the label-driven queue length
E [ZtT:1 QLD (t)} and the review queue length E Zle deg Qg (t)] . By Lemma bounding the
first term requires bounding the the expected number of posts that we admit into the label-driven
queue, i.e., E [Zle D okek Ek(t)} . We first define the “good” event £, where the confidence set C;

is valid for any period t: £ = {Vt,0* € C;}. Our first lemma shows that this event happens with
probability at least 1 — ¢ using [APS11l Theorem 2] (proof in Appendix [D.3]).

Lemma 5.4. For any 6 € (0,1), with probability at least 1 —§, for any t > 0, the confidence set Cy
is valid, i.e., * € C;.
Our second lemma bounds the expected number of posts admitted into the label-driven queue.

The proof is based on classical linear contextual bandit analysis and is provided in Appendix

Lemma 5.5. If k > U?, v <1, § <1/T, the number of posts admitted to the label-driven queue is

T
E > Bt

t=1 kek
"Note that 2gec Qy(t) = > rex @k (t) but summing across groups facilitates our per-group analysis.

_ 9BH(T)dIn(1 + T/d)
- max(n,v)?
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The next lemma bounds the review queue length Qg (t) in a similar way with Lemma

Lemma 5.6. For any g,t, the number of group-g posts in the review queue is Qg(t) < 2B87rmaxfmax-

Proof. For any group g and period ¢, COLBACID admits a post in this group in period ¢ only if
By &)k = Qq(t), which happens only if Srmaxlmax > Qg(t) since 7 (t) < rmax for any k,t. By
induction, we have Qg(t) < Brmaxfmax + 1 < 287maxlmax- O

Proof of Lemmal[5.1. Applying Lemmas and [5.6] gives

Relaxed Delay Loss = ryaxE Z Z Qqu(t) + QP (1)
t=1 \ g€eg

9B2(T)dIn(1+T/d) Irmax B2 (T)dIn(1 4+ T'/d)

< Tmax <2GT/8Tmax£maX + ) = 2GT5T12nax£max +

max(7, 7) fmin
O

max (7, 7)2ﬂmin

5.4 Bounding Classification Loss (Lemma |5.2])
Similar to Lemma we first bound the per-period classification loss (proved in Appendix ;
Z(t) = (Vi) (rf = ri)T + (1 = Ya@) (il = 7)) (Ar(t) — Ax(t) — Bx(t)).

Lemma 5.7. For any type k and period t, Zy(t)1 (£) < (3vmaxfy€max + TmaxfmaXQLD(t)) Ag ().

Proof of Lemmal5.9 The classification loss is given by E [ZtT:l > keic Z (t)} , which we bound by

T T
E Z Z Zk(t) < Tmax max Z EC —+ E Z Z Zk g ] (ZkGK Zk(t) S Tmaxgmax)
t=1 kekC =1 t=1 kel
< Tmaxfmax0T + E Z Z Zy(t) 5] (By Lemma
t=1 kel

< Tmax maxfyT + E

T
Z 3Umax7€max + T’maxgmaxQLD (t))] (By Lemma and § < "}/)
t=1

Imaxlmax B2 (T)dIn(1 + T'/d)

<4 lmaxT - By L 4.41 5.5
= FYTmaxtma; + max(n, 7)2/,Lmin ( y Leminas
O

5.5 Bounding the Idiosyncrasy Loss (Lemma [5.3))

To bound the idiosyncrasy loss, we connect it with the fluid benchmark via Lagrangians. In the
corresponding lemmas of previous section (Lemmas and , we evaluate the Lagrangians by
the queue length vector across types Q(t) because we estimate the delay loss of admitting a new
type-k post by the number of type-k posts in the review queue. To avoid greatly underestimating
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the delay loss (due to the larger number of types), a key innovation of COLBACID is to use the
number of waiting posts in the same group Qg)(t) as an estimator. This new estimator motivates

us to use Qg(k) (t) as the dual for Lagrangian analysis and to define a new Lyapunov function

t—1
L(t) = 53 " rale(Aelt) — Axlt) — Bul!) + 5 @3 00).

t'=1kek 9€g
We also define the type-aggregated queue length vector, Q™ (t) = (QFA(t))rex, such that QA (t) =
Qg(k) (t) for any k € K. We denote Ay (t) = Ag(t)1 (ﬁfk(t) > Qg(k) (t)), which captures whether the
post would have been admitted in the absence of the label-driven admission. For scheduling, we
select a group ¢ that maximizes ﬂgQg (t) and choose the first waiting post of that group to review if
the label-driven queue is empty. We denote ¢3/(t) = 1 where &’ is the type of that reviewed post and

let ©(t) = (Yr(t))kexc. The following lemma (proved in Appendix connects the idiosyncrasy
loss and the per-period Lagrangian with the type-aggregated queue lengths QTA(t) as the dual.

Lemma 5.8. The expected Lagrangian of COLBACID upper bounds the idiosyncrasy loss by:

T
<E [E(T 1) - E(l)} < T+ E[fi(A(t),9(t), Q™ (1))] .

t=1

T
E(8Y D rilu(Ar(t) — Ak(t) — Ex(1))

t=1 kel

Our next step is to bound the Lagrangian with QT4 (¢) as the dual. In Lemma (Section ,
the Lagrangian of BACID for dual Q(¢) is connected to the fluid benchmark via a Lagrangian
optimality result of BACID (Lemma . We also use this result to bound the Lagrangian of
OLBACID (Section. However, with the type-aggregated queue length Q™ (¢) as the dual, the
Lagrangian optimality of BACID no longer holds. To deal with this challenge, we thus introduce
another benchmark policy which we call TYPE AGGREGATED BACID or TABACID.

Letting { ATABACID (1)} [ TABACID (1)1 he the admission and scheduling decisions, TABACID
admits a type-k post if AEABACID(t) = Ar(t)1 (57%51@ > Qg(k) (t)) = 1. For scheduling, we first pick
a group g maximizing ﬂgQg (t) and then select the earliest post j in the review queue that belongs
to this group (unless there is no waiting post). We set z/JEé)BACID(t) = 1 for the corresponding
type. Note that the admission decisions of TABACID are the same as COLBACID except that
TABACID uses the ground-truth r; for admission (not the optimistic estimation) and does not
consider the impact of label-driven admission. The scheduling differs from MAXWEIGHT and is sub-

optimal due to grouping types with different service rates which is captured by A(Kg) max, Q,(t).
We now upper bounds the expected Lagrangian of TABACID (proved in Appendix [D.7)).

Lemma 5.9. For any window size w, the expected Lagrangian of TABACID is upper bounded by:

T
D E[fi(ATABACID (1) p TABACID (1) QT (1))] < BL* (w, T) + (w = 1)T + 27 maxlimax A(Kg)T,
t=1

As in the proof of Lemma (Section , we relate the right hand side in Lemma (La~
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grangian of COLBACID) to the left hand side in Lemma (Lagrangian of TABACID) by

REGL(T

Z ft QTA( )) _ ft (ATABACID (t), QPTABACID (t), QTA (t))]

=E [Z Z(AEABACID(t) — Ae () (Bricle — Qg (t))]

t=1 kel

REGA(T)
T

DN WRAPACTO () — () Qi) () e N (t)] : (17)

t=1 kek

+E

REGS(T)
Letting Qmax = 267 maxfmax, we bound REGS(T') as for Lemma (proof in Appendix .

2
Lemma 5.10. Ifx > U% v < 1,5 < 1/T, the regret in scheduling is REGS(T) < 9Qmax B3 (T)dIn(1+7/d)

mﬂX(Uﬁ/) 21“‘min

Our novel contribution is the following result bounding the regret in admission REGA(T'). The
proof handles contextual learning with queueing delayed feedback, which we discuss in Section

Lemma 5.11. If x > U% v < 1,5 < 1/T, the regret in admission is

9B3(T)

REGA(T) < 3BrmaxlmaxBs(T) (d In(1 + T/d) <4GQmaX + axtn 7)2> +2GTdIn(1 + T/d)) .

Proof of Lemma[5.3 By Lemma we have

T
E (8D rilu(Ar(t) — Ar(t) — Ex(1))

t=1 kel

T
ST+ E[fi(A(t), (1), Q™ (1))]
t=1

T
=T+ Y E[fi(ATAPACID(4) o TABACID 1) QTA(1))] + REGS(T) + REGA(T)
t=1

< BL(w, T) + wT + 287 maxlmaxA(Kg)T + REGS(T) + REGA(T).  (Lemma

The result follows by bounding REGS(T") and REGA(T) respectively by Lemmas and
and by dividing both sides by § and noting that Bs(T) < vVd, Qumax < Slmax- O

5.6 Contextual Learning with Queueing-Delayed Feedback (Lemma [5.11])

To bound the regret in admission in a way that avoids dependence on K (that Lemmaexhibits),
we rely on the contextual structure to more effectively bound the total estimation error of admitted
posts. This has the additional complexity that feedback is observed after a queueing delay (that
is endogenous on the algorithmic decisions) and is handled via Lemma below. The proof of
Lemma (Appendix then follows from classical linear contextual bandit analysis.

The estimation error for one post with feature ¢, given observed data points that form matrix
Vi—1 (defined in ((13)) corresponds to ||q§k||‘—/711 . To see the correspondence, in a non-contextual
t—

setting, ¢, is a unit vector for the k—th dimension, and V;_1 is a diagonal matrix where the k—th
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element is the number of type-k reviewed posts ni(t — 1). As a result, Hgka‘—,t_JI =1/y/nk(t—1),

which is the estimation error we expect from a concentration inequality.

Our first result (proof in Appendix [D.10)) bounds the estimation error when feedback of all
admitted posts is delayed by a fixed duration, which we utilize to accommodate random delays.

L?mma 5.12. Given a sequence of M wectors &1, . .,&M in RY, let Vj =kl + Z;,:l qAZ)j/fz)JT.,. If
lp;ll2 < U for any i < M and k > U?, the estimation error for a fived delay q¢ > 1 is

M A
> e

i=q

v-1 < V2MdIn(1+ M/d) + 2qdIn(1 + M/d).
i—q

The challenge in our setting is that the feedback delay is not fixed, but is indeed affected by
both the admission and scheduling decisions. The following lemma upper bounds the estimation
error under this queueing delayed feedback, enabling our contextual online learning result.

Lemma 5.13. If k > U? and T > 3, the estimation error of admitted posts is bounded by

E 3 Ap(t)| < V2GTdIn(1+T/d) +dIn(1+T/d) | 3G 9B;(T)
;Zk:\\fﬁkﬂvtll k()] < n(l+7/d)+ dln(1 + /)< QmaXeraX(n”y)Q)

Proof sketch. The proof contains three steps. The first step is to connect the error of a post in
our setting to a fixed-delay setting by the first-come-first-serve (FCFS) property of our scheduling
algorithm (Lemma . In particular, consider the sequence of admitted group-g posts. For a
post 7 on this sequence, the set of posts before j whose feedback is still not available can include
at most the Qmax posts right before j on the sequence (where Quax is controlled by our admission
rule). Therefore, the error of group-g posts accumulates as in a setting with a fixed delay Qmax.

Based on this result, the second step (Lemma |D.6|) bounds E [Zthl Dk H(b,cH‘—,:_ll Ak(t)} , which
is the estimation error for posts admitted by the optimistic admission rule. Enabled by the con-
nection to the fixed-delay setting, we bound the estimation error for each group separately by
Lemma [5.12] and aggregate them to get the total error, i.e, the first two terms in Lemma [5.13

For the third step, corresponding to the last term of our bound, we bound the difference between
the error of all admitted posts and the error of posts admitted by the optimistic admission (which
we upper bounded in the second step). We show that this difference is at most the number of label-

driven admissions E [Z;{:l >k Bk (t)] (bounded by Lemma i because A (t) — Ax(t) < Ex(t) and

:

||¢11€H‘—,711 < 1. The full proof is provided in Appendix
t—

6 Conclusion

Motivated by the human-Al interplay in online content moderation, we propose a learning to defer
model with limited and time-varying human capacity. In particular, for each period, the Al makes
three decisions: (i) whether to keep or remove a new post (classification); (ii) whether to admit
this new post for human review (admission); and (iii) which post to send to the next available
reviewer (scheduling). The cost of a post is unknown until a human reviews it. The objective is
to minimize the total loss with respect to an omniscient benchmark that knows the cost of posts.
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Since achieving vanishing loss is unattainable, we aim to minimize the average regret of a policy,
i.e., the difference between the loss of a policy and a fluid benchmark. When the average cost of
posts is known, we propose BACID which balances the idiosyncrasy loss avoided by admitting a
post and the delay loss the admission could incur to other posts. We show that BACID achieves a
near-optimal O(y/lmax) regret, with £,y being the maximum lifetime of a post. When the average
cost of posts is unknown, we show that an optimism-only extension of BACID fails to learn because
of the selective sampling nature of the system. That is, humans only see posts that are admitted by
the AI, while labels from humans affect Al’s classification and admission accuracy. To address this
issue, we carefully balance label-driven admissions and admissions aiming to reduce idiosyncrasy
loss. Finally, we extend our algorithm to a contextual setting an derive a performance guarantee
without dependence on the number of types. Our type aggregation technique for a many-class
queueing system and analysis for queueing-delayed feedback enable us to provide (to the best of
our knowledge) the first online learning result in contextual queueing systems, which may be of
independent interest.

Our work also opens up a list of interesting questions. First, we assume reviewers produce
perfect labels; how can we schedule posts when reviewers have skill-dependent non-perfect review
quality? Second, our algorithm requires the knowledge of post lifetime, views per-period, and
assumes constant views per-period. Can we relax these assumptions? Third, we focus on the w-
fluid benchmark to handle non-stationary arrivals and human capacities, which is not necessary the
tightest benchmark. Is there an alternative benchmark to consider? Fourth, we assume stationary
expected cost of posts for the learning problem. It is interesting to extend our work to a non-
stationary learning setting. Finally, our work focuses on the human-Al interplay in online content
moderation and it is interesting to study this interplay in settings beyond content moderation.
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A Further discussion on content moderation practice (Section (1)

In this section we summarize the key algorithmic approaches in existing content moderation prac-
tice [MSAT21, IABB™22]. [MSA™21] presents a queueing simulation framework QUEST and claims
that it is “used at Facebook” (see [ABBT22, Section 1, Page 2]). In addition, [ABB™22] claims
that “Our approach has been deployed at scale at Meta.” (see [ABBT22, Section 5, Page 6]).

[IMSA™21] focuses on scheduling in the human review system. In particular, the system consists
of jobs, reviewers and queues of jobs. A job represents a piece of content and is created a) when a
user reports this piece, or b) from an existing job, or ¢) when a classifier considers it to potentially
violate the policy. In addition, a borderline post that is removed proactively by the classifier may
also join the review system based on criteria depending on its type, realized content views, and
whether its classifier violation score is below a manually set threshold. When a job is created, it
joins a specific queue based on its attributes. Each queue is a priority queue where jobs are ranked
based on their severity-aware review value that depends on predicted content views, the predicted
severity, and the review time. When a reviewer becomes available, the system first selects a queue
for them (constrained by the reviewer’s skills such as language and system configuration), and
schedules the job with the highest review value in the queue to this reviewer. The prioritization of
queues may be percentage-based to avoid starvation. The reviewer then decides whether to keep
or remove the post, transfer the job to another queue, or reinsert it into the original queue.

[ABB™22| describes in more details how Meta leverages various machine learning models to flag
potentially violating content that enters the human review system by using contextual bandit to
calibrate an aggregated score that dynamically adapts to new trends. In particular, a job arrives
in period ¢ with features z;; given by outputs from different machine learning models. If the
corresponding post is unambiguously harmful based on these models, it is automatically removed
from the platform. Otherwise, the system makes an admission decision a; on whether this new
job needs to have human reviews like in ours. When a; = 1, it is assumed that a human reviewer
observes the ground-truth severity y;. Different from ¢; in our model, which can be negative, y; is
non-negative such that y; = 0 if it is non-violating, and y; > 0 if it is harmful. If y, > 0, the system
removes the corresponding content. This paper regards y; as a reward such that the algorithm aims
to maximize the total violation score from admitted posts.

Their algorithm works as follows. When a post arrives, the system calculates g = max; fg, (2,),
where f3; is a vector representing rescaling parameters for model i and fg,(2) = Z;?:l 1(z € Byj) Bi ;=
is a piecewise linear function where B; defines a bin. The algorithm assumes a linear model such that
yr = BijTtj + €145 with & ; being sub-Gaussian noise, which enables the use of linear regression
to obtain an estimator {8;} of the unknown calibration parameters {3;}. For each arrival, the
algorithm uses upper confidence bound of {3;} to promote exploration. In particular, it generates
a confidence interval {u;} such that BA” +u;j > B;; with high probability, and then estimates y;
by ¢ = max; fﬁ] g (xt4). It admits a post if g > 0, and updates parameters when true severity
Yz is observed. To account for content lifetime, [ABB'22| consider a metric called integrity value
(IVs) for each post, defined as (predicted future views + constant) x severity, and aim to minimize
the total integrity value. The goal is to maximize the sum of IVs of posts reviewed by humans,
which is close to our objective of minimizing cost. Instead of making binary admission decision,
they consider a new algorithm that maintains a pool of all currently available posts C;, where a
time step is defined as the time a new reviewer is available. The decision is to pick a post from
C} for every t. They estimate the IVs for each post in C; by replacing the ground-truth severity
(which is unknown) by an upper confidence bound estimation max; f; ,, (¢i(c)) like g mentioned
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above, where ¢;(c) is the output of model i for post c. They then select a post that maximizes the
estimated rate of change in IVs for review.

Although [MSA™21, IABB™22] do not provide a formal model, their views of the system are
largely captured by our model. In particular, the severity of a content is modelled by the cost c; of
a post in our model. Their admission policy, which removes posts that ML views as unambiguously
harmful, and admits posts with predicted positive severity, can be viewed as a static two-threshold
admission policy. Delaying reviews of harmful contents is undesirable for the system, as emphasized
by our objective and the IV metric in [ABBT22]. We note that our paper does not aim to capture
the full picture of content moderation. We assume that average cost is unknown but stationary, that
per-period views of posts do not change over time, that we know the per-period views, the lifetime,
and the idiosyncratic variance and that human reviewers are perfect (see Section @] for further
discussion). Approaches in [MSA™21, |ABB™22| do not rely on these assumptions. However, the
goal of our paper is to provide a stylized model that illustrates challenges arising from idiosyncratic
variance in posts, time-varying capacity and selective sampling, and that relying on sample average
and optimism-only learning policies may be inefficient in this setting. These justify the contribution
of our paper which presents a formal model to address the two challenges.

B Supplementary materials on BACID (Section [3)

B.1 Delay Loss of Human-Only (Section [3.1))

Recall that for the HUMAN-ONLY example, the review queue has an arrival and a post is reviewed
(and leaves the queue) with probability 0.5 every period. Also recall that ¢; > 25. The following

lemma shows that when 7" > 21/¢;, we must have E [ z:lgl min(Q(t),El)} > %.
Lemma B.1. Under the above setting, we have E [ ;r:_lel min(Q(t),El)] > % when T > 214;.

Proof. Recall the queue dynamic is Q(t+ 1) = Q(t) + A(t) — S(t) where S(t) is a Bernoulli random
variable with mean 0.5 and A(t) = 1. As a result, Q(t) =t — 02, S(r) >t — St _, S(7). For
every period t, define a good event C; = {Zizl S(r) < % + Vtint}. By Hoeffding’s Inequality
(Fact , we have P{C;} > 1 — 1/t2. In addition, by Fact |8, we have t/4 > v/tInt for t > 100. As a
result, for ¢ > max(100,4¢;) = 441, condition on C;, we have

t t
Q) >t —(5+Vtlnt) > - > 4.
The delay loss of HUMAN-ONLY is thus lower bounded by
T—01 T—41 T—¢1
E[Y min(Q(t),El)] >3 HP{CY > > (1 -1/82) = (T = 5h)0 — 2 > (T — Th)l
t=1 t=40; t=41

where the third inequality is because > ;o 1/t> < 2. We finish the proof by noting that 7' > 21¢;
and thus (T — 71)¢; > 25 O
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B.2 Formulae to calculate per-period loss (Eq. ()

2

Proposition 4. For any normal random variable X with mean h and variance o=, we have

E[X*] = h®(h/o) + op(h/o) and  E[X7| =—h®(—h/o) + op(—h/o).

Proof. We prove the result for E[X~|. The result for E[X "] follows by considering E [(—X)~].

We have E[X~] = —P{X < 0}E[X | X < 0]. Conditioning on X < 0, X has a truncated normal
distribution; the mean E [X | X < 0] is thus h + %a. Since P{X <0} = ®(—h/0), we have
e —p(=h/o) \ _ & _

E[X~] =-®(-h/o) <h+ B(—h/o) o] =—-h®(-h/o)+op(—h/o).

O

B.3 Proof of the Lower Bound (Theorem

Proof. Consider a setting where there is only one type of posts (K = 1). Since there is only one
post, we will omit notational dependence on the type. The arrival rate is A = 1/2 and the service
rate is u = 1/2. We assume N(t) = 1. For this type, h = 0 and o = 1; so the inaccuracy loss per
post is r = 1 by Lemma 4, The lifetime is ¢. Recall D(j) is the delay for a post to review. Let
Q(t) be the length of the review queue at the beginning of period ¢. Then for a policy T,

where the first term corresponds to the inaccuracy loss, and the second term is the loss when a
post is waiting for review (note that it is capped by ¢ since a post has no view after ¢ periods), and
the inequality is because D(j(t)) > Q(t) due to FCFS.

We consider the case that T" — oo and thus the system is effectively a discrete-time Markov
Decision Process, where the state is defined by the length of the review queue Q(t). Let 7 be a
deterministic stationary policy such that the policy is a function 7(q) € {0,1} from the observed
queue length to a an admit or non-admit decision. By our model assumption, Q(1) = 0. If 7(¢') = 0
for some ¢/, no state after ¢’ is reachable. Therefore, let © be the minimum ¢ with w(q) = 0. We

only need to focus on states {1,...,0}. If © = oo, i.e., the policy admits all posts, we have
Q(t) — oo as t increases because A = p and thus limp_, w = {. Therefore, it suffices to

consider finite ©. Let p, , be the transition probability from state ¢ to state ¢’. We have
P00 =1— A+ A, po1 = A1~ p)
Pag-1 = (1= A, pgq= (1= A1 —p), pggr1 =A1—p), VO<qg<O
Pe,o-1 =, Pee =1—p.
Since the Markov chain has a finite state space and is irreducible, there is a stationary distribution.

The w— fluid benchmark has ¢*(w,T) = 0 as in a fluid sense, all posts can be admitted without

E[£7(T)]
T

violating the capacity. It thus remains to lower bound limp_, which is lower bounded by
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w + E [A(00) min(Q(00), )] where p*d™it is the long-run average of admission probability,

A(00) is the stationary random variable of whether a post is admitted, and Q(o0) is the stationary
random variable for queue length. Let v, be the stationary distribution of states. Since our system
is a Geo/Geo/1 queue with balking at ¢ = © and A = p = 1/2, solving the local balance quation

gives vy = ... = Vo_1,Ve—1 = 2Ve, which gives v, = WQH for ¢ < © and vg = ﬁ. As a result,
lim E[£7(T)] > (- pm) + E[A(00) min(Q(o0), £)] = tre + 62_:1)\1/ min(q, ¢)
Tooo T 7 2 ’ 2 = e ’
o0-1

¢ 1 _
“10+2 2011 ;mm(q’@

where the first equahty is because the policy admits a new post if and only if ¢ < ©. We then lower
bound f(0©) = 4@+2 + 29+1 Z ", min(g, £) by two cases:

020 Then f(0) > sgby ({42 + 00— 0) = 1520 — £+ 1) > §.

e O < (. Then if © = 0, we simply have f(©) > e . If © > 1, we have f(©) = 4@+2 + ((2@}32@ >

6% + % > \/Z/G since the optimal © is © = \[

Therefore, for any choice of ©, we must have f(0) > v/£/6, which concludes the proof by

. ELYT)]  L(w,T) . E[LT(T)]
G B L R

O]

B.4 Bounding idiosyncrasy loss by Lagrangian via drift analysis (Lemma |3.3])

Proof of Lemma[3.3 The first inequality is because

T
EL(T+1) ~ L) = BB | 3 3 mba(Au(t) — Au(t) | + 5B |3 Q3T +1)
t=1 ke kel
T
E > ) rili(Ar(t) — Ar(t)
t=1 ke

since Qr(T + 1) > 0 and Qx(1) =0.
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For the second inequality, we bound the drift for a period ¢ by

E[L(t+1) = L(t)] = BE | Y rele(Ap(t) — Ap() | +E [ ) %(Qk(t +1)? - Qk(t)Q)]
kek kek
=B relidi(t) +E [ =B ) reli Ax(t Z ) + Ag(t) — Sk(t)* - Qi(t))]
kek kek hex 2
=B rklidk(t) + B [ =8 riliAr(t) + ; > (Ar(t) - P Qi) Sk(t))
kek kek kek kek
<148 rledi(t) —E | Y Ap(6)(Brity — Qi) + Y Qu(t)Sk(D) ]
kek kek kek
=148 rlede(t) —E | Y Ap)(Braly — Qr(t) + > Qu(t)vu(t)uN (¢ )]
kek kek kek

=1+E[fi(A®1), %), Q(t))]

where the second equality uses E [Ax(t)] = \i(t) and the queueing dynamic (Si(t) = 1 if a type k
post is reviewed); the first inequality uses the fact that Ag(¢) = 1 for at most one type and Sg(t) = 1
for at most one type; the last equality uses that condition on ¢y(t) = 1 (i.e., type k is chosen to
review), Si(t) = 1 with probability puiN(t). The result follows by telescoping over periods. O

B.5 Connecting Lagrangian with Primal Objective (Lemma [3.5])

Proof of Lemma[3.5. Expanding over the I windows of the benchmark, f({a*(t)}:, {v*(t)}s, ) is
given by

=1 t=77 kek i=1 kek t=7} t=7r

7.+1 I Ti*+1_1 7'i*-H_1
52 Z > rele(Me(t) — aj(t Zzuzk (Mk PIRACKICOESSY aZ(t)) :

As {{a (t )}t, {v*(t)}+} is a fea81ble solution to (w-fluid)), for any interval i = 1,..., I, it holds that
i Zt”l VE(L)N(t) — Tt ai(t) > 0. Therefore, since u;j > 0, we have

t= T
T

FHa* ()} v ()}, w SBZ Z S kb (t) — ag(t) = BL*(w, T).

i=1 t=1} kek

B.6 Difference in Lagrangian by Having Window-Based Duals (Lemma (3.6))

Proof of Lemma[3.6. First note that for any ¢t; < t2,k € K, we have

to—1 to—1
|Qr(t2) — Qi(t)] < D 1Qk(t+1) = Qu(t)] = D [Ak(t) )] <t2 —ta.
t=t1 t=t1
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As a result,

| fea(@*(£2), % (t2), Q(t2)) = fia(@* (2), 1" (£2), Q(11)) < D (aj(t2) + vji(t2) N (£2))|Qk(t2) — Qi (t1))]

keK

< (ta —t1) Z(ak(h) + v (t2) i N (t2)) < (_ (t2 —t1) (Z Ak (t2) + Z Vk> < 2(t2 —t1)

kel kel kek

where (a) is by ajp(t2) < Ap(t2) and the assumption ppN(t2) < 1; the next inequality is by
> i Vi(t2) < 1. Therefore,

> Z ) (0 Q)] ~ E fla" (0,04(0) QU <23 Z ‘)
=1 t=77 =1 t=rr

I
Z (=) -7 = 1) < (w-1)T

where the last inequality is because 775 | — 7/ < w and Zi:l g~ 1 =T. O

B.7 BACID optimizes per-period Lagrangian (Lemma (3.7

Proof of Lemma[3.7]. For a period t, the expectation only involves the uncertainty in the arrival
and the review so

E[fi(A(t),%(1), Q1)) | Q(t) = q]
=8> riledi(t) (Z MWL (Bl > qi) (Brle — ax) + > Ur(t)qruN(t ))

kel kel kel

<B Y rliAn(t) (Z ai(t)(Brel — ) + N () Y Vi(t)qkuk> = fila™(t),v"(t), q)

kek kel kel
where the inequality is because 0 < aj(t) < A\p(t) and Y, oy v < 1 and the definition that ¢y (t) = 1
for the type k with the largest qxpux. O

C Supplementary materials on OLBACID (Section [4))

C.1 Solution to the optimistic estimator (Footnote (4]

Lemma C.1. For any h1 < hy and k € K, the solution h* of arg maxyc(p, n,) Tx(h) is as follows:
if 0 € [h1, ha], then h* = 0; if 0 < hy, then h* = hy; if ho <0, then h* = ho.

Proof. By the definition of r{ and rf* in (), we know for h > 0 that
rit(h) = vp(=h®(=h/oy) + opp(=h/or)) = vi(=h®(=h/ok) + arp(h/ow))
< vp(h®(h/oy) + orp(h/ok)) = r(h).
Similarly, we have r{(h) < rf(h) for h < 0. Therefore, r(h) = r{(h) for h < 0, rx(h) = rf(h)

for h > 0, and r,(0) = rko_(O) = rE(0). In addition, rf'(h) is decreasing for h > 0 and r{(h) is
increasing for h < 0 by Fact [l As a result, 7,(0) > ri(h) for any h, so h* = 0 if 0 € [h1, he]. The

remaining result follows from the monotonicity properties of rf and rko. O
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C.2 Optimism-only fails to learn classification decisions (Proposition

We recall the setting: K = 2, hy = 0,ho = —1,v1 = 01 = vo = 09 = 1 and ¢; = 49¢>. The
algorithm is run with H = 1, with exact knowledge that h; = 0, and with no knowledge of
ho. The hyper-parameter  is in (48/¢1,1). The time horizon T is [exp (5¢1/576)]. Arrival
rates are such that \i(¢f) = 1, (t) = 0 for t < T3 = L%J, and Ai(t) = 5/6,\2(t) = 1/6 for
Ty <t < T. The service rate is u1 = p2 = 1/2 with N(t) = 1 for any t. We know that
rit—rQ = ®(1) + (1) — (®(=1) + p(—1)) = ®(1) — ®(—1) > 0, meaning that wrongly removal of
a type-2 post incurs an additional loss of (®(1) — ®(—1))¢2. Let us define Qmax = B41.

Lemma C.2. For any period t, the number of type-2 posts admitted for review is Qa(t) < %.

Proof. We have 71 = min(r{,rf*) = 1,7, = min(r$,rf) < 1 by (B). In addition, the admission
rule is that Ag(t) = 1 if B7k ()0 > Qi (f). Since 7k (t) < o = 1 by Fact [7] it holds that As(t) <
1(Q2(t) < Bly), which, by the same analysis in the proof of Lemma implies that Q2(t) <
Bly+1 < G = 9ex because 44 > 4905 and 8 > £ O

We define the event €& where for all period ¢ in [T1,T], we have Q1(t) > Q;“f‘, ie, & ={Vte

[Th + 1,T],Q1(t) > Qmax/24}. The following lemma shows event £ happens with high probability.

Lemma C.3. With high probability, there are at least Qg‘zf" type-1 admitted posts: P{E} > 1-2/T.

Proof. Our proof strategy is as follows. We first show that by a concentration bound, the queue
length of type-1 posts must increase linearly in the interval, given that the queue length is less
than Qumax in the entire interval. In this case, for any period ¢, either there is a period 7 with
Q1(7) > Qmax in the last Qmax/4 periods, which implies Q1(f) > Qmax — @max/4; or Q1(7) grows
linearly in the last Qmnax/4 periods, which also implies Q1(t) = Q(Qmax)-

Formally, we define Sy, (t) as the Bernoulli random variable indicating whether the review of a
type-k post will finish in this period, given that we schedule such a post. Then Sk(t) has mean
N () = 1/2, and the true review outcome is Si(t) = S (£)¢r(t). We denote E = [Qmax/4]. For
t > 11 > E, we define

E

{ Z Ai(r >7_ ElnT} { Z Sit) <5 \/ElnT}.
T=t—F T=t—F

By Hoeffding Inequality and union bound, we have P{&} > 1 — 2/T? since E [A(t)] > 3. Let us

set £ = N7, {&}. By union bound, we have P{} > 1 — 2/T. It remains to show that under g,

we have Q1 (t) > Qg‘f" for any t > Ty, and thus P{€} > P{E} > 1 —2/T.

We fix a period ¢ > T} and look at the interval [t — E, ¢t — 1]. Since Qmax = f¢1 > 24, we have
E < Qmax/2. We consider two cases:

e there exists 7 € [t — E,t — 1] such that Q1(7) > Qmax. In this case, we have
Ql(t) > QI(T> - (t - T) > QI(T) —FE > Quax — E > Qmax/2

where the first inequality is because at most one type-1 post is reviewed per period.
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o for every 7 € [t— E,t—1], we have Q1(7) < Qmax. By the admission rule and the assumption
that hy is known perfectly, we have A;(7) = (T)]l (ril1 > Q1(7)) = A1(7) for every 7 €

[t — E,t —1]. As a result, condition on &,

t—1 t—1 t—1
Qi) = Qu(t—E) + Z A= Y S =Y M- Y Sil)
T=t—F T=t—F T=t—F T=t—F
(a)
>——\/m—§—\/ElnT_——2 EIDT>§ Q;TX,

where (a) is because T' < exp(Qmax/576) < exp(E/144).

Combining the above discussions then shows conditioning on £, we have Q1(t) > Qumax/24, which
finishes the proof. O

Proof of Proposition[3 Let us condition on £, which happens with probability at least 1 —2/T by
Lemma Since the algorithm follows the scheduling rule that the type with the larger uxQx(t)
get reviewed in every period, it is guaranteed that only type-1 posts get reviewed after 77 because
1 = peo and Q1 (t) > % > 2(t) where the last inequality is by Lemma But type-2 posts
only arrive after T7. As a result, there is no review for type-2 posts. O

C.3 Number of posts admitted to label-driven queue (Lemma [4.4)

Proof of Lemmal[{.4} We define SFP(t) € {0,1} to be equal to one if and only if Sk(t) = 1 and
Q"P(t) =1, i.e., humans review a type-k post from the label-driven queue. This implies that:

QUP(t+1) = QM (1) = Y (Bult) = SyP (1) = Y _(Bi(t) — Sy ()Q™ (1))

ke kel

We then define an indicator Zj; which is equal to 1 if QP(¢) contains a type-k post. Then
conditioning on QP (t) = 1, the expectation of >, - S¥P(¢) is lower bounded by

o[ 70

kel

@ ] > P{Tiy = 1QP(t) = 1IE [SpP (1) | QP () = 1, Thy = 1]
kex

= Z ]P){Ik,t = 1|QLD(t) = 1}Nk(t),uk > /lmin- (18)
kel

The second equality is because OLBACID prioritizes posts in the label-driven queue (Line [§] in
Algorithm ; the last inequality uses Nj(t)px > fimin and >, o P{Zp, = 1|Q'P () = 1} = 1.
Therefore,

E[QP(t+1) — Q"P(t) >E —fiminE [Q™P (1)]

—E Q" (1)) si”

kel

> Bi(t)

kek

E|> Eult)

kel

where we use for the inequality. Telescoping fort = 1,...,T, we obtain fimin Zle E [QLD(t)] <
E [Z’le Y keKE, (t)}, which finishes the proof. O
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C.4 Regret guarantee for OLBACID (Theorem

Proof of Theorem[3. The average regret REGOLBACID(w, T) is upper bounded by rmaxfmax, Wwhich

is less than the first term when K > /;,,x. Moreover, if T' < 2,

n(T +2) lfzmax In(7)
\/T vT =

We thus focus on T' > 3, K < lpax and 8 = v = 1/v/Klpax > 1/lmax, which is the setting Lem-
mas and are applicable. Omitting dependence on vmax, Tmax, Omaxs fhmin, 10 T', constants
and applying Lemmas and to the corresponding terms in , we obtain:

E [£OMBACID(T)] - £*(w,T) < (J;QwK%M+ fmax )(Jﬂﬁﬁ+ nw)

aX(n,

(w V KgmaxT + max r;]lai;) + Kgmaxf T+ KE}nZX)

1
S W/ KlaxT + Kliax VT + VKL 4+ Kl .y min (772 Kemax> :

REGOLBACID(ij) < EOLBACID (T) < W masclmax < 2rmax Crnax

OLBACID _ %
Dividing by T’ Bl T £ w D) S WV EKlpax + Kfmax\/>+ \Fémg" + min (Kn%gi“‘, K g?“a"). O

C.5 Confidence intervals are valid with high probability (Lemma [4.5))

Proof of Lemmal[{.5 Fix k € K,t € [T]. The number ny(t) of type-k posts in the dataset Dy is
upper bounded by t. Conditioning on ng(t) = n < t, there are n posts whose costs are i.i.d. normal
with mean hj and variance O'k By Chernoff Bound (Fact [2)), the empirical average hk( ) satisfies

A 8lnt 8021lnt-n 2
P < |hg(t) — he| > — <2 ki < =,
{| k(8) = hil > 0wy [ — } < eXP< 207 1 ) S

By union bound over n = 0,...,t — 1, this bound is simultaneously valid for all values of ng(¢),
and thus P {|ﬁk(t) — hi| > 0%, (t)} < 2t73. We finish the proof by using the definition of the
confidence interval in and the assumption that hy € [—H, H]. O]

C.6 Bounding number of admitted posts to label-driven queue (Lemma |4.6))

Proof of Lemma[{.6. We decompose the number of admitted posts E [Zthl Y okek Ek(t)] by

+4

ZZEk (Ek,t)

t=1 kel

T
2
DILE

where the first inequality uses Lemma and the fact that ), E(t) < 1, and the second
inequality uses Y 5o, 1/t3 < 2. It remains to bound the first sum.

[ZZEk L (Epe+ E5,) ]gE[iZEk( (Et)

t=1 kel t=1 kel

Fixing a type k, we consider the last time period T}, such that Ey(T})1 (&g 7,) = 1. By Line@ in
Algorithm l Ey(Ty) = 1 if and only if hy(Ty) < —y < v < he(T}) and QP (T},) = 0. In addition,
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ni(Tk)
is the number of type-k posts in the dataset D(Tk). We next bound ny(T}) for the case of hy > 0.
Since 1 (5k,Tk) =1, we have h;, € [ﬁk(Tk); hk(Tk)] by definition,

_ - 8InT;} 8In Ty,
Ti) = hie(Ti) — (hio(Ti) — by (Ti)) > by, — 2 =1 =20k [ 5y
Dy (Te) = hie(Ti) = (Mo (Th) — By (The)) = T Uk\/;mn TR\ (Th)

where the last inequality is by the margin definition that n < |hgx| = hg. Since hy(T;) < —v, we

InT

2
have —y > n— 20y s:(l%f) As a result, ng(Ty) < % The same analysis applies for h; < 0.

the setting of the confidence interval, (11]), shows that hy(T}) — hy(Th) < 20,/ 8InTic \where ny,(T})

Recall that we also have QP (t) = 0, i.e., all previous type-k posts added to the label-driven
queue have received human reviews. Therefore, we have ng(Ty) > ZtTil_l Ex(t) and, since 0,y < 1,

T Ti—1 2 2
3207 .. InT 330z .. InT
E(t) = Ep(t) +1<ng(Tp) +1 < —2 — 41 < —22%
; 0 ; (® (T max(7, ) max (7, 7)?
Summing across all types gives Y1, > ke Er(t) < % o

C.7 Lipschitz properties of functions r?,rf r (Lemma [4.8)

Proof of Lemma[{.8 We fix the type k and recall the definition of r,? and rf in . We first show
the Lipschitz property for rko. By definition , we have

[r (h1) — 7§ (h2)| < vk|h1®(ha/ok) — ha®(h2/ok)| + veow|e(hy /o) — @(ha/ox)|.  (19)

Let f(z) = ®(z/oy). Then f'(x) = ®(z/ok) + (x/ok)p(x /o)) = ®(x/0r)) — ¢’ (/oK) Wwhere we use
the fact that the derivative of ¢ (y), ¢'(y), is given by —y¢(y). By Fact [6] we have |¢/(y)| < 1/4 for
any y. As a result, |f'(z)| < |®(z/ok)| + ¢/ (x/ok)| < 1+1/4 =5/4 and thus f(z) is 5/4-Lipschitz
continuous. This shows that vg|h1 ®(h1/ok) — ha®(he/oy)| < 2vg|ho — .

In addition, since |¢'(y)| < 1/4, we know ¢(y) is 1/4-Lipschitz continuous, which shows
Uko'k|§0(h1/0'k) — go(hz/ak)| < UkO'k/4|h1 — h2|/0'k = %Uk“ll — h2|. As a result of , we have
[r@(h1) —r (ha)| < Bwvy|hy —he| and thus r{(-) is 3vy-Lipschitz continuous. Since rff(h) = r{(—h),
we also show the Lipschitz property for T,f.

We next show the property for r;(-). Let hy < hg € [—H, H]. We need to bound |rg(h1)—7k(h2)|.
There are three cases:

o hy < hy <0. Then 7(h1) = r{ (h1), rx(he) = 7¢(h2). Since r{ is (5/4)vg-Lipschitz, we have
ri(h1) — ri(h2)| < (3/2)vlha — hal;

e 0 < hy < hg, same as in the last case but now we have rg(hy) = ri¥(hy), ri(he) = ri(hs);

o h1 < 0 < hy. We have r(h1) = 70(h1) and ri(h2) = 78(h2), so |re(h1) — ri(h2)| =
rQ(hy) — rE(h2)|. In addition,

7 (h1) — 1 (h2)| = vk [l ®(h1 [oy) + opp(h [or) + ha®(—ha/ok) — orp(—ha/oy,)]
< vg (oklp(h1/ok) — p(=ha/ok)| + [h1®(h1/ok) + ha®(—ha/0ok)]) .
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We next bound the two terms in the parenthesis. For the first term, since ¢(y) is 1/4—Lipschitz,
we have oy|p(h1/oy) — o(—ho/ok)| < 11 + ho| < (ho — h1)/4 since hy < 0 < hs. For the
second term, recall that f(z) = x®(xz/oy) and f(z) is 5/4-Lipschitz. We have |h1®(h1 /o)) +
ho®(—hs/ok)| = f(h1) — f(—h2) < (5/4)|h1 + he| < (5/4)(ha — h1). Summing the two terms
give [ry(h1) — ri(h2)| = [ (h1) — 17 (ha)| < (3/2)vi(ha — h1) = (3/2)vg|h1 — hal.

Summing the three cases shows that rg(-) is %’L)k—LipSChitZ continuous, completing the proof. O

C.8 Bounding per-period classification loss (Lemma [4.9))

Proof of Lemmal[{.9). We fix a period ¢ and a type k with Ay (t) = 1. If Ag(¢) = 0, this directly im-
plies that Z;(t) = 0. We focus on bounding Z(t) condition on & ;, which implies hy, € [hy,(t), hi(t)].
We consider three cases:

(r}? — r,?)*ﬁk. If

o hy(t) > —y: We first suppose hi(t) > 0; we set Yj(t) = 0 and Zg(t) <
< hi <0 and hence

hy > 0, we have Zi(t) = 0 since rf* <79, If not, we know —v < h,(¢)

Z(t)
£y,

< Jrif =l = i (i) — 7 ()|

< Jr(0) = 12 (0)] + [ (h) = i (0)] + | () — 72 (0)]
< Jr (i) = i (0)] + [ (hie) — 2 (0)] < Buglh] < 3upy,  (20)

where the second inequality uses rf(0) = r{(0); the third inequality uses the Lipschitz
property in Lemma and the last inequality uses hy € [—7,0].

Alternatively, if hy, (t) <0, we set Yi(t) = 1. By definition of the confidence interval , we
have hy(t) < hp(t) 4+ (h(t) — by (t)) < v because hy(t) > —y > —H (recall that we assume
H >1 > ~). Since the confidence bound is valid conditioning on &+, we have hy € [—7,7].
As avesult, Zg(t)/lp < |rE —rQ| < 3ug|hg| < 3ury as in (20).

[ ]
>

k(t) < 7; This case is symmetric to the above case. Following the same analysis gives
Zy(t) < 3upyly as well.

o h(t) < —y <~y < i, (t). In this case, our label-driven admission wishes to send the post to
the review post. If the label-driven queue is empty, it does so by setting Fj(¢) = 1 and thus
Zi(t) = 0. Otherwise, the algorithm sets Yj(t) = 0 and Ej(t) = 0. Therefore, we have for
this case Z(t) < rmaxlxQ"P(t).

Summarizing the above three cases finishes the proof. O

C.9 Bounding idiosyncrasy loss by Lagrangian via drift analysis (Lemma |4.10))

The proof is similar to that of Lemma [3.3] and we include it for completeness.

Proof of Lemma[{10. By definition, L(1) = 0 and L(T +1) > 3.1 Y oneic Tl (Mg (t) — Ag(t) —
Ei(t)). That is, the Idiosyncrasy Loss of OLBACID (as given in ), is upper bounded by
%E [L(T + 1) — L(1)]. We thus prove the first inequality in the lemma.
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To show the second inequality, we have

E[L(t+1) = L(t)] = BE | Y rili(Ai(t) — Ap(t) — Ep(t) | +E | > %(Qk(t +1)2 - Qk(t)Q)]
ke ke

=B |8 relu(Ar(t) — Ax(t) — Er(1) + ;Z(Ak( )+ Qi) — S(t ))]
ke kel kek

<148 reliAi(t) —BY il (Ak(t) + Ex(8) + > Qu(t)( — S(t ))]
kek kel kek

<148 rliAi(t) B> releA(t) + > Qr(t) — Sk(t ))] ;
ke kel kel

where the last inequality is because A (t) < Ag(t) < Ap(t) + E(t). We know that, conditioned on

Y(t) = 1, the expectation of Sk (t) is N (t). Therefore,

E[L(t+1)— L) <148 reliAi(t)

E | Ak(t) (Braty — Qr(t) + > Qu(t)dn(t)usN (¢ )]

kel kel kel
Telescoping across t = 1,...,T, we get

T
E[L(T+1) - L] < T+ > _E[fi(A(t),%(t),Q(1))]
t=1

C.10 Bounding the Regret in Admission for OLBACID (Lemma [4.11])

Our proof structure is similar to that of bandits with knapsacks when restricting to the admission
component [AD19]. A difference in the settings is that works on bandits with knapsacks also need
to learn the uncertain resource consumption whereas the consumption is known in our setting.
However, our setting presents an additional challenge: post labels are delayed by an endogenous
queueing effect. In particular, a key step in the proof is Lemma which bounds the estimation
error for all admitted posts where the estimation error is proxied by 1/1/ny(t) and ng(t) is the
number of reviewed type-k posts, and is a finite-type version of [ADI16l Lemma 3] (we later prove a
similar result in the contextual setting; see Lemma . To prove Lemma we need to address
the feedback delay, which adds the first term in our bound. The key insight is that, whenever we
admit a new post of one type, the number of labels from that type we have not received is exactly
the number of waiting posts of that type. By the optimistic admission rule (Line [7| of Algorithm ,
this number is upper bounded by S7rmaxfmax, Which enables us to bound the effect of the delay.

Lemma C.4. We have Zthl Ap(t) min (rmax, 30,054/ 2 k( ) <4612, lmax + 6vpo V8T InT.

Proof. Recall that Ag(t) captures whether the algorithm admits a type-k post into the review
queue and E(t) captures whether it z}dmits a type-k post into t}le label-driven queue. By Line|7|of
Algorithm 2| we know that A (t) = Ax(t)(1 — Ex(t)) and thus Ag(t) < Ax(t) + Ex(t). We thus aim
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to upper bound ZtT:1(Ak(t) + Ej(t)) min (rmax, 3ukog, %) Denoting the sequence of periods
with Ag(t) + E(t) = 1 as t1,...,ty where ty = 31| Ap(t) + Ej(t) and setting n’(y) = ny(t,), we
then need to upper bound 25:1 min (rmax, U0k / i}?yf) .

We next connect y and n/(y). We fix a period ¢. Since ng(t) is the number of type-k posts in
the dataset D(t), we have ng(t) equal to the number of periods that a type-k post is successfully
served. In addition, the number of type-k posts in the label-driven QLD(t) queue and the review
queue Q(t) is given by the number of admitted type-k posts deducted by the number of reviewed
type-k posts. As a result, QP (t) + Qu(t) > LY (Ap(7) + Ep(7)) — ni(t). Since QP(t) < 1
and Qk(t) < 2B7maxfmax by Lemma we have QLD (t) + Qk(t) < 3BTmaxfmax and thus nk(t) >
Zi;ll (Ar(7) + Ei(7)) — 3B7rmaxlmax. For any y, we consider ¢ = t, in the above analysis. Then we
know that n'(y) >y — 1 — 3Brmaxlmax > ¥ — 487 maxlmax- Therefore,

T
- 8lnt 8InT
Z Ap(t) min | rmax, 3vpok ki min | Tmax, 3VL0k /L
P ny,(t) . n'(y)

. 3 8InT
min | r , OVELO
1 e maX(O, y—- 4ﬁ'rmax£max)
u:y74ﬁrmax£max

T
SInT
< 412 bmax + > 300k 2 < 4872, b + 60p0x VST In T

u=1

M~

Y

M)~

<

Y

where we use the fact that 25:1 V1ju<1l+ flT z12dx < 2V/T. O
We now upper bound the regret in admission.

Proof of Lemma[{.11 Recall the good event &, where hy € [hy(t), hi(t)]. We first decompose
REGA by

N

REGA(T) =E > (ARAIP (1) — A1) (Briti — Qr(t)) (1 (Ene) + 1 (E5))

Lt=1 ke
r T 7] T

SE DD (AP ) — Ap() (Brili — Qr(t)L (Ere) | + D D (Brale + P{EL )
Lt=1 ke i t=1 kel
- g

<SE DD (AP ) — A1) (Brili — Qi) (Ere) | + 4BK Tmaxlmax + 4K (21)
Lt=1 ke i

where the first inequality uses Qx(t) < t and the second inequality uses Lemma that P{&;+} >
1—2t73 and that Y/ t2 < 2.

We fix a type k and upper bound Z?ZI(AEACID_(IS) — Ar()(Brily — Qr(t))1 (Ex). Fixing a pe-
riod ¢ and assuming &, holds, we have hy, € [l (1), hi(t)] and thus 7 (¢) = maxy,c(, (1,5, 1) e (h) =
ri(hk) = ri. As a result,

Felt) —re = max (k) — ru(hy) < %vk (Fu(t) — B0)) < Bopony | 2L (a9

helhy (), h (1)) nx(t)
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where the first inequality uses the Lipschitz property of r¢(-) in Lemma and the fact that
hy € [hy(t), hi(t)]; the second inequality uses (11). In addition, if Ag(¢) = 0, we have Ag(t) =
ABACID(3) = 0; otherwise,

Ap(t) = L(Brr(t)le > Qi(t) > L (Brily > Qu(t)) > APAP(1).

Therefore, (ABACID (1) — Ay (¢)) (Brili—Qk(t)) is positive if and only if ABPACID(#) = 0 and A (t) =
In this case,

(ABACID (1) — A (1) (Brale — Qr(t)) = Qu(t) — Brile = Qr(t) — Brx(t)ly, + B(Fr(t) — r1) 0k

1
< B(FR(t) — ri)ly, < fmin | rmax, 3Ux0% st 4,
ng(t)

where the last inequality is because 7 (t) < rmax by hy(t), hi(t) € [—H, H] and (22). Therefore,

N

T
D (AFATP () — Ap(0) (Brity — Qi(t))1 (Exr) < Bl Y Ap(t) min (TmaXa v 81nt>
t=1

t=1 ng(t)

<4 2 r2nax£?nax + G/kao-maxgmax 8T'InT by Lemma

Using gives

REGA(T) <E Z Z (ARACIP (1) — AR() (Brile — Q)1 (Exy)

t=1 ke
< 4K52 "max max + 6K5'Umax0—max max V8L InT + 45Krmax max + 4K

< 12K 8%r2 L2 + 6K BumaxOmaxlmax VST In T
< 12K B%2 L2 + 6K Briaxlmax V8T In T

+ 45Krmax£max +4K

where we use the assumption that K < lyax, 5 > 1/lmax and mmax = Vmax(H + Omax)- O

C.11 Bounding the Regret in Scheduling for OLBACID (Lemma |4.12))

Proof of Lemma[/.12. By the scheduling rule in OLBACID, if QP (¢)

= 0 for a period t, we have
Gr(t) = 1 (k = arg max Q(t)ux) = YPATP (1), ¢ QUP(8) = 1, then vy (t) =

0 for any k. Therefore,

REGS(T

Z > e (DQROmN ()QP (t)]

t= 1I<:€IC

t=1 kek

< 28T maxlmaxkE

Z QLD 665Tmax maxKO'?naX InT
max(n, ’7) ﬂmin

where the first inequality is by Lemma and the assumption that N(¢)ur < 1; the second
inequality is by >, ¢BACID( t) < 1; the last inequality is by Lemma O
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D Supplementary materials on COLBACID (Section [5)

D.1 Comparison with Literature of Linear Contextual Bandits

Contrasting to linear contextual bandit, e.g. [APS11], and linear contextual bandit with delays,
such as [VCP17, BXZ23], there are three main distinctions.

The first distinction is that those works use a different estimator 6 by including all arrived
data pointss into the dataset (unobserved labels are set as 0). In contract, our confidence set is
constructed based on all reviewed posts in , which is a subset of all arrived posts endogenously
determined by our algorithm.

The second distinction, as a result of the first, is that conditioned on the set of arrived posts,
the matrix V; in is a fixed matrix in their settings, but is a random matrix in our setting
because it is constructed from the set of reviewed posts. We thus must deal with intricacy of the
randomness in the regression.

The third distinction lies in the analysis. The analysis of prior work crucially relies on an
independence assumption, i.e., the event of observing feedback for a post within a particular delay
period is independent from other posts, which enables a concentration bound on the number of
observed feedback. In our setting, this is no longer the case as the delay in one post implies that
other posts wait in the queue and thus delays could correlate with each other. We thus resort to
the more intuitive estimator and analyze it via properties of our queueing systems.

We note that [BXZ23] consider a setting where delays are correlated because they are generated
from a Markov chain. That said, the proof requires concentration and stationary properties of the
Markov chain, which are not available in our non-Markovian setting.

D.2 Regret guarantee of COLBACID (Theorem

Proof of Theorem[J By definition of Bs(T) in (I4)), we have Bs(T) < v/d. Applying Lemmas
and to , we have the loss of COLBACID upper bounded by

E [£COBACID(T)] = CLASSIFICATION LOSS + IDIOSYNCRASY LOSS + RELAXED DELAY Loss
gmade + wa
max(n,7)*>

d2.5
+ linax <A(l€g)T + BlmaxGd™® + dVGT + >
max(1, v)?

< L(w, T) + wy/GlinaxT 4 Linax AKG)T + linaxdVGT + VGEL2 d'5 + d*° min (&;;" , Gefnax)

5 *C*(wa T) + (Gﬁ + V)EmaxT +

where we use the setting that § = v = 1/v/G¥pax. We finish the proof by

COLBACID (), ) — LEOLBACID(T) — L*(w, T)
’ T

0.5 1.5 2.5 1
S W/ Glimax + max (A(icg) + d\/g + “@I;d + & min (772 Gemax>> :

REG

T

O]

o4



D.3 Confidence Sets are Valid with High Probability (Lemma [5.4))

Proof of Lemmal5.4 The proof uses [APS11, Theorem 2], which we restate in Fact In par-
ticular, we recall that Z; = csy) = ¢;(S(t))0* + &sy = Xi0" + Esr)- To apply Fact (3 it
suffices to show that the sequence {{s()} is conditionally opax—sub-Gaussian for the filtration
Fio1=0(X1,.., Xt,8s01)5 - Es(e—1)), e, E [e“fs(t) }.7-},1] < exp(u?02,./2) for any u € R.

max

Given that we assume the idiosyncratic noises {{;} of posts are independent samples, it holds
that E [6“55“) ‘.7-",5_1] =E [6“55(7)]. Since sy ~ N(0,0%) conditioned on the type of the post
k(S(t)) = k, we have E [6“55(”] = exp(uzoz(s(t))/Q) < exp(u0},./2), and thus {£g¢} is condi-
tionally omax—sub-Gaussian. Hence the conditions of Fact [3| are met and we finish the proof by

applying Fact O

D.4 Bounding the Number of Label-Driven Admissions (Lemma |5.5))

We define Tg as the set of periods where a new post is admitted into the label-driven queue, i.e.,
Te = {t <T: Spee Bx(t) = 1}, and E |7, ek Ek(t)} = E[|7g|]. The following lemma

connects E[|7Tg|] with the estimation error ||¢y, . 2 | for posts admitted into the label-driven
kGO v -1
queue.

4B}(T)E |:Zt€TE ||¢k(j(t))”$7—1
S TS,

Lemma D.1. For § € (0,1), it holds that E[|Tg|] < FTNOEIE

Proof of Lemma[D.1 By the law of total expectation, the fact that |7z| < T and Lemma [5.4] that
P{&c} <9,
E{|Tell = E[|Te||E]P{E} + E[|Te [ £ P{E} < E[|Te|| €] + T0. (23)

It remains to upper bound E|[|7g||€]. We condition on &, which implies that 8* € C; for
any t > 0. Focusing on posts that are admitted in the label-driven queue t € T and letting
k = k(j(t)) be the type of the post arrived in period ¢, it holds that Ey(t) = 1. This also implies
that hy(t) < —y and v < hg(t) by the label-driven admission rule (Line [7] of Algorithm . In
addition, since 8% € Cy, it holds that hy(t) < hg(t) < hi(t). By the margin assumption |hg(t)| > 7,
we must have hg(t) — hi(t) > 1+~ > max(n,7). To see this, if hy(t) > 0, then hy(t) > 7 and
hi(t) — hi(t) > 1 — (—7) = 1+ ~y; same analysis holds for hy(t) < 0. In addition, for any 6 € C;_1,

(616 — $[01-1| = [#1(0 — 0r-)| < 16— burlly, I by, < Bs(t = Dlidllg,

where the first inequality is by Cauchy Inequality and the second inequality is by the definition of
Ci—1 in . Combining this result with the definition of confidence intervals in , we have

5 _ T _ : T _ _
max(1,7) < u(t) ~ by (t) < max @16~ min @16 < 2Bs(t — il

so ABHT) |l s > max(,7)® and AB3HT) Yy 94l 1 > [Tel max(n,7)? conditioned

ABY(T) X IDrll3, 1
=1 which finishes the proof by (23). O

on &. This shows that E[|Tg||&] < )’

To upper bound the estimation error, the following result shows that the estimation error for a
feature vector is larger when using a subset of data points.
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Lemma D.2. Given k > 0 and two subsets T1, T2 of time periods such that T1 C T2, we define
Vi=wl+Ycr ¢k($(t))¢£(5(t)) and Vo =kl +3 7, - ¢k(8(t))¢£(5(t)) coming from the data points
in periods Ti, Tz respectively. Then for any vector w € R%, it holds that Hqul_1 > ||uHV2_1.

Proof. Let V! = V3 —Vi. We have V' = 37, .\ 71 |0y | which is positive-semi definite

2
vy
(PSD). Also, Vl_l/2 exists because V1 is PSD. As a result, for any w € R?, denoting the minimum
eigenvalue of a matrix A as Apin(A), we have

-1
||| =uVylu=uT(Vi + V) lu= uTVIl/2 (I + Vi/QV’V1/2> V;l/Qu

2
vt

=1/2_ 112
v uf| —1/2
Ly < IVl =

where the first inequality is by the Courant-Fischer theorem and the fact that eigenvalues of a
matrix inverse are inverses of the matrix; the second inequality is because V1, V' are PSD and

thus Amin (I +vityvY 2) > 1. 0
We next bound E [|Tg[] by bounding ;7. H(bk(j(t))]\%t_jl.

Proof of Lemma[5.5. We denote elements in the set Tg by 1 <t; < ... <ty with M = |Tg|, and
define V,,, = xI +Zi§m ¢k(j(ti))¢£(j () for any m < M, which resembles the definition of V'; in
but is restricted to data collected from posts sent to the label-driven queue. Let us fix m < M and
consider the norm ||¢;(,.)) ||‘7t_171. Since the label-driven admission rule (Line [7|in Algorithm
only admits a post to the label-driven queue when it is empty, we have that in period ¢,,, posts that
arrived in periods {t1,...,t,—1} are already reviewed as they were admitted into the label-driven
queue and the queue is now empty. As a result, posts that arrived in periods {t1,...,t,—1} are in
the dataset D, 1. By Lemma [D.2| we have ”¢’“(j(tm))”%7;i-1 < H¢k(j(tm))”%/7}1_1 and thus

M
> H‘bk(j(t))”%’/;ll < H‘i’k(j(tm))H%?;nil'
m=1

teTg

We thus bound 37 [|ék(;)) H%/t_jl by bounding

M -
det(V ) (k +MU?/d)?
2 2
g_l ||¢k(j(tm))||f/;1_1 <2In dct(nl) <2In 3 =2dIn(1+MU*/(dr)) < 2dIn(1+7/d),

where the first inequality is by Fact |4 (with £ > max(1, U?)); the second inequality is by Fact [5} the
2
last inequality is by x > U?, M < T. Applying Lemma|D.1|gives E [| T[] < 8B,(DdIn(IT/d) 4 g <

max(1,7)?
2 n . . .
95; (Qli;n’(i;wd) where the last inequality is because max(n,v) < 1, 76 < 1 < BZ(T)dIn(1 + T/d)

as B2(T) > kU? > 1 (we assume U > 1) and dIn(1 + T/d) > dIn(1 +3/d) > 1 by T > 3 and
Fact [Ql O

96



D.5 Bounding Per-Period Classification Loss (Lemma [5.7))
Proof of Lemmal[5.7. Let us condition on £ (the event that the confidence set is correct) and bound
Zi(t) = YO (F =)+ (1= Ye@®) (" = ) (Ar(t) — Ar(t) — Ex(1)).

We fix a period t and a type k such that a type-k post arrives in period ¢t and it is not admitted
into the label-driven queue, i.e., Ax(t) = 1 and Ey(t) = 0; otherwise Z(t) = 0. Since £ holds, we
have * € C;_1 and thus hy, € [hy(t), hi(t)] for any period ¢. We consider the three possible cases
when the algorithm makes the classification decision Y (t):

e hy(t) > —~: we first suppose the empirical estimate of expected cost ¢£9(t) > 0. In this case
we classify the post by Yj(¢) = 0 (Line[f]in Algorithm [3). Then, if hj; > 0, we have Zy(t) =0
since rff < rko by . If hy, <0, we have —y < hy(t) < hy, < 0 and Zg(t) < 3yugly as in .

We next consider the case where the empirical estimate of expected cost q’)zé(t) < 0. We
argue that we must have hi(t) < ~. In this case, since hy € [hy(t), hi(t)] C [—7,7], we also
have Z(t) < 3yuvly, by the same argument in (20). It remains to show hy(t) <. Suppose
not, then there exists 6 € C;_q such that ¢16 > ~. In addition, we know 8’ = 26(t) — 8 is also

in C;_1 since @ —O(t) = —(6 —0(t)) and thus the matrix norms ||’ — é(t)H‘—/;ll, 1|6 — é(t)H‘—/;_ll

are the same. However, we have ¢10' = ¢1(20(t) — 0) < 0 —~ = —v, which contradicts
to the assumption that hy(t) = ming,cc, , ¢;.01 > —7. Therefore, we must have hy(t) < .
Summarizing the two cases shows that if hy(t) > —~ then Zy(t) < 3yvgly.

o hi(t) < 7: we also have Z;(t) < 3yuvily by a symmetric argument of the above case;

e hy(t) < —y <7 < hi(t): in this case the label-driven admission will admit the post unless
Q"P(t) = 1. Since Fj(t) = 0, we must have Q"P(¢) = 1, and thus Zj(t) < Tmaxfmax@ " ().

Combining the above cases, Z;(t) < (37Vmaxfmax + "maxfmax@"" (t)) A (t) conditioned on &. O

D.6 Idiosyncrasy Loss and Lagrangians with Type-Aggregated Duals (Lemma 5.8)

The proof is close to that of Lemmas[3.3] and but relies on the analysis of a different Lyapunov
function.

Proof. We have L(1) = 0 and that E [E(T—k 1)/ B] upper bounds the idiosyncrasy loss, which
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proves the first inequality. For the second inequality, for any period t:

Eﬁ@+n—£@ﬂ

= BE [Z il (Ak(t) — Ag(t) — Ex(t))

ke

geg

+E [Z§ (@t +1))? - @g(t))?)]

2

=B |8 rile(Mx(t) — Ax(t) — Ex(t))| + %E {Z ( > (At) - Sk(t>)) ]

kel 9€G \k:g(k)=g

+E [Z Qq(t) ( Y (A - sm»)]
9€G k:g(k)=g
(%) L+ 8> relede(t) +E | =8> rele(Ax(t) + Ex(t) + Y Qqlt) — Sk(t))
kek kek ke

<148 melede(t) +E =8> releAp(t) + > Qo (t) (Ar(t) — Sk(t))]

kek kek kek

where inequality (a) is because there is at most one type with Ag(f) = 1 and at most one type
with Si(t) = 1; the last inequality is because Ay(t) < Ag(t) < Ag(t) + Er(t). In addition,
E [Sk(t) | ¥r(t)] = peN(t)r(t). As a result, recalling the definition of f; from (7)),

Eﬁa+n—£@}

<148 relehi(t) —E | ) A(t) (5%& — Qi) ) + > Qo) (&) N (¢ )]

kel ke kel

= L+ E [f(A®t), (1), @™ (1))]

where QEA(t) = Qg(k) (t). We obtain the desired result by telescoping from ¢t =1 to t = T. O

D.7 Lagrangians with Type-Aggregated Duals and Fluid Benchmark (Lemma |5.9)

We fix a window size w and denote the corresponding optimal partition, admission and service
vectors to by {7} }iein, {a*(t) }eeprys {v*(t) }eepr) Where 77 is the beginning period of each
window for which gives £*(w,T'). The proof follows a similar structure with Section
but now uses a different dual Q™. To address the time-varying nature of Q™, we define a new
vector of dual variables u* such that at the beginning of the i—th window, the dual uz*k takes the
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corresponding queue length in Q™ i.e., ul = QEA(TZ.*) = Qg(k)(ri*) for i € [I],k € K. Then

Z E ATABACID( )’ ,(pTABACID (t), QTA(t))] _ ﬂﬁ*(w, T)

[ {a”(®)}e, {0}, w)] = BL (w, T) (24)
I T~
3 Z ) v (1), @A ()] — E [fua* (), v (5), Q™ (71))]) (25)
=1 t:'r
T
+ Z ( [ft(ATABACID (t), ,l/)TABACID (t), QTA(LL)H - E [ft(a*(t), V*(t), QTA(t))]) ) (26)

t=1

The first term (difference between a Lagrangian and the primal) is non-positive by Lemma

In a similar way with Lemma the next lemma bounds the second term (suboptimality due
to time-varying queue lengths as dual variables within a window).

Lemma D.3. < (w-1T.

Proof. The proof is similar to that of Lemma and we include it here for completeness. We first
have that, for any t; < t9,k € K,

to—1
QR (t2) — QEM(t1)] = |Qg(r) (82) = Qiry(t1)] < D [Qqiay (t+ 1) = Qi (D)
t=t1
to—1
= Z Z Ak/(t) — Z Sk’(t)) <ty —t,
t=ty |k': g(k')=g(k) K g(k)=g(k)

where the last inequality is because for each period at most one post arrives and at most one post
gets reviewed. Therefore, the difference in Lagrangian under the optimal decisions to (w-fluid)) is

‘ftz (a*(tZ)v V*(t2)7 QTA(t2)) - ftz (a*(tQ)v V*<t2)7 QTA(tl))|
<Y (af(te) + vii(to) N (02))| Q1™ (t2) — QA (1))
kel
< (tg — tl) Z(a;(@) + l/,:(tg),ukN(tg) tQ — tl (Z )\k t2 —|— Z Vk) < 2 tQ — tl)
kel kel kel

where the second-to-last inequality holds because we can only admit when there is an arrival, and
ur N (t2) < 1 by our model assumption.

We finish the proof by taking expectation and summing across windows

I Tl I Tl
> ). v (1), QM) —E [fula” (), (1), @A ()]) <2 D (t—7))
=1 t=1f i=1 t=r}

I
Z T TN -1 < (w-1T.



The next lemma is a per-period bound of .
Lemma D.4. For any t,

E [fi(ATAPACID (1) o TABACID () QTA(1))] < B [fi(a*(t), v* (1), Q™ (#))] + 2BrmaxlmaxA(Kg).

Proof. For any g such that ¢ < 287maxlmax, we expand the expectation on the left hand side,
condition on Q(t) = q, by

B [ft<ATABACID(t),,(pTABACID(t)7 QTA(t)) ’ Q(t) _ q}

=p Z TelE k(1) (Z ()1 (Bricl > Qo)) (Bricle — Qo)) + Z P ABACID ()G o 1 N (¢ ))

kek kel kel

(a)
< B rrldk(t) = Y ar(O)(Brily — duuy) — > U PR ()N ()

kek kek kek
< BY " rilidn(t) = > ai(t)(Brile — dyw) — D figlgN(t) Y e *BACIP (1)
kek kek geg kek,
(c)
< B rrlede(t) = D dk () (Bricly — Gumy) — D fg@eN() Y vh(t)
ke ke geg keky
(d)
<B Z Tl (t Z ar(t)(Brle — dg(r)) Z dg Z e — A(Kg)) vi(t)
kek kek geG  kek,
(e)
< ,8 Z Tk:&c)\k(t) - Z ( )(ﬁkak - QQ Z qg Z Mka + 2ﬁ'rmax maxA(K(})
kel ke geg ke,
= fi(a*,v*, Q" (1)) + 2BrmaxlmaxA(Kg), (27)

where the first equality is by the admission rule of TABACID; Inequality (a) is because aj(t) <

Ae(t) and (Brifly, — Guiy) < 1 (5rk£k > dg(k )(Brkﬁk — qg(k)); Inequality (b) is because fig
mingek, pr; Inequality (c) is by the scheduhng rule of TABACID that picks a group maximiz-

ing ﬂgQg(t) for review; Inequality (d) is by the definition of aggregation gap in Section and
inequality (e) is because Gy < 27max/max for any group g and >, o v (t) < 1.

By Lemma we always have Qy(t) < 287 maxlmax- We then finish the proof by
ATABACID( ) ¢TABACID( ) QTA(t))]

E [fi(
E [ Fi(ATABACID () o TABACID () A (1)) <Vg, Qq(t) < Qﬂrmaxﬁmaxﬂ

|/\g

E [(ft(a v QTA( )) + 2B7amax£maxA(K:g))]1 <Vg, Qg(t) < Qﬁrmaxgmax>}
E ft *(t)a QTA(t))] + 2B7‘max£maXA(Kg)-

Pmof of Lemma[5.9. We have
ZE ATABACID( )’ d)TABACID(t), QTA(t))] o ﬁﬁ*(w,T) _ + +
<0+ (w—1)T + 2Brmaxlmax A(Kg)T,
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where we use Lemmas [3.5] [D.3] and [D-4] to bound the three terms respectively. O

D.8 Bounding the regret in scheduling (Lemma [5.10))

The proof is similar to that of Lemma [£.12] and we include it for completeness.

Proof. For a period t, by the scheduling decision of COLBACID and TABACID, we have ¢ (t) =
YFABACID (1) for any k if QP (t) = 0. As a result,

REGS(T) =E

T
>N ngBACID(t)Qg(k)(t)MkN(t)QLD(t)]

t=1 kel

T
< 2B7maxmaxE [Z D et (1)

t=1 kel

I

186Tmax maxB ( )dln(l + T/d)
Z LD ( 0
S 2,3?“max£max [ Q ] maX(?? ’}’)2,&min

where the first inequality is because Qg( ) < 267maxfmax by Lemma the second inequality is
because ;o YFABACID (1) < 1; the last inequality is by Lemmas |4 and . 5/ that together bound

E[SL, Q). 0
D.9 Bounding the Regret in Admission (Lemma [5.11])
Proof of Lemma[5.11. Recall that the TABACID and optimistic admission decisions are
ATABACID (1) — A, (4)1 (mek > Q) (t)) and A1) = Ap()1 (m(t)zk > Q) (t)) .

Recall also the good event £ for which 6* € C; for any ¢ > 0. The regret in admission is

T
REGA(T) =E | Y (AFAPAYP () — A1) (Brati — Qi (t))]

t=1 kek

T
=B | (APAPAID (@) — A (6) (Bril — Qquiy (1)) (L (€) + 1 (50))]

Lt=1 ke

T T
<E Z D (AFABACID (@) — Ay (6)) (Brily — Qgury ()1 (5)] +P{E} 3Brmaxtinax
t=1

T
<E Z D (AFABACID (1) — Ay (8)) (Brat — Qqui (£)1 (8)] + 387 maxlmax (28)

where the first inequality is because Y, ATABACID(4) <15~ A4 (t) < 1 and Qg(k) (t) < 287maxfmax
by Lemma the last inequality is by Lemmathat P{&°} < § and the assumption that 6 < 1/7.

We next upper bound the first term in ([28). Conditioning on &, we bound (AFABACID(3) —
Ap()(Brile — Qqry(t)) for a fixed period ¢ and a fixed type k. Since 8* € C;_1 by &, we have that
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hy is inside the confidence interval [k (), hi(t)] and thus 74(t) > ry. If there is no type-k arrival,

i.e., Ar(t) = 0, we have that ATABACID(3) = 4, (¢) = 0 and thus the term is zero. Otherwise, since
Pr(t) = iy Ag(t) = 1 (B = Qo) = 1 (Brati = Quay(t)) = AFABACL (1), Therefore,
(AFABACID () — AL (4))(Brily, — Qg(k) (t)) is positive only if AFABACID(4) = 0 and Ag(t) = 1, under
which we have
(ARABACID () — AL (1)) (Brile — Qg () = (Qqr) (1) — Bricli) Ap(t)
= (Qqei(t) — BrR(t) i + Brr(t) 0 — Brily) A(t)
< Blmax (T (t) — 71) Ag(t), (29)

where the last inequality is because the optimistic admission rule only admits a post (A(t) = 1)
when Q) (t) < 871 (t){. To bound the right hand side of (29)), we first bound 7 (t) — 4, by

(8 — = B — (b)) — T9) — To*
(t) =7 nei X ri(h) = ri(hi) = max (r(¢40) — i(6167))
< 1.5v Joax |¢£0 — @107 (By Lemma [4.8)

< 1.5v Jax <|¢T0 (]5T9t 1]+ |¢T0t 1— ¢‘T0*|)

< 150 guax (|6l 1 10 = Bmally,_, + [ pllg 1 1B — 0¥, )
(Cauchy-Schwarz Inequality)
< 3rmaxB5(T)H¢k”f/f_11 (30)

where the last inequality is because we condition on £, which requires 8* € C;_1, the definition of
Ci—1 in , and our definition of mmax = Vmax(H + Tmax) > Vmax. We complete the proof by

T
E YD (AFAPACR() — Ap(0)(Brite — Qqur) (t))]

t=1 kek

T
SE (DD Blmax(Fr(t) = o) Ap(H)1(E) | + 3Brmaxlmax (By (29))

t=1 kek
ZZ 15l -1 Ar(t)

< 3B7Tmaxt maxB5 (

) (By (30))

=1 kek
< 3Brmaxlonan Bs (T) <dln(1 +T/d) (4GQmax v 933@)) +/2GTdIn(1 + T/d))
- max(1,7)?
where we use Lemma for the last inequality. O

D.10 Bounding estimation error with fixed delay (Lemma [5.12)

Proof. We first bound the case when there is no delay, i.e., ¢ = 1, which is the case in [APS11]. In
particular, assuming that we have M data points, by Cauchy-Schwarz Inequality

ZH@HV L < JMZ@Q L < \/2Mln det(V,,)/k9)) < /2MdIn(1 + MU?/(dk))

< v/2MdIn(1 + M/d) (31)
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where we use Fact 4| for the second inequality, Fact [5| for the third inequality, and x > U? (assump-
tion in the lemma) for the last inequality. To bound for arbitrary ¢, we observe that

M M M
Sl <D Uil +> (Iillg — Iy ). (32)
i=q =1 1=q

Note that the first sum is already bounded by . The second sum measures the difference
between the estimation errors when there is no delay and when there is a delay of ¢. We next upper
bound the second term for a fixed data point ¢ by

i, ~ Il , = (VoI gi— oIV iia))

¢T< —V;H) &;
Iy Wb >0 Va=vb= G <

. i;rv;—llvl—l (V;—lq - V;—l) Vi_qv;—lngl ¢TVZ 1 (ZT 71— q+1 ¢T¢ ) V@—lngl
Iilly— |6ill g+

Further expanding , we have

S BV eIV

Ibilly2 = lldillyr <

91y,
S 19l 18-y 1 o b
- H¢ ~1
i—q
i—1
< D il ldlly
T=i—q+1

where the second inequality is because
—-1/2 o —1/2 o —1/2 4 S —1/2 5 5
STV e, = (ViL0) (VE6.) < IVELhILIV bl = 19y Iy

by Cauchy-Schwarz Inequality (same argument for qAbIV;lq@), the last inequality is because
|¢-|ly—1 <1 under the assumption that k > U?. As a result,
i—q

M A . M i—1 A A
S (1illgr =lgillg o ) <[ X Idilly o I ly o,
i=q i=q \T=i—q+1
1 M i—1 . A
<52 X (1o 1615 ) (ab < (a? + 87)/2)
1=q T=1—q+1 i o
M ~
<" il < 2qdIn(1+ M/d), (34)
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where the third inequality is because every term is counted for ¢ times; and the last two inequalities
again follow again from Facts 4| and [5, Combining , , and , we complete the proof by

M ~
> e
i=q

) + 2¢dIn(1 + M/d).

D.11 Bounding Estimation Error with Queueing Delays (Lemma [5.13)

Our proof starts by bounding S/, 37, qu)kH‘—,:l Ap(t) where recall that Ay(t) = Ar(t)(1 — Ex(t))

denotes whether a post is admitted by the optimistic admission rule (Line . We bound the
estimation error separately for different groups. In particular, fixing a group g, suppose that in the
first T' periods there are M, group-g posts such that Ay(t) = 1 where k is the type of this post
and t is the period it arrives. We denote the sequence of these posts by Jg4, their arrival periods
by t’;l < ... < tg M, and the time these posts are reviewed by tg Iseo- ,tng, where we denote
=T+ 1f the i—th post is not reviewed by period T'.

Denoting qAZ)g’,; = qbk(t,gq’i), which is the feature vector of the i— arrival in group g (k(t‘g“’i) is its

type), the estimation error of the i—th post on sequence Jj is Hé”g,i”f/j . Akin to the matrix V;
t4t . —1
. 9t A A
in but only with the first ¢ posts in Jy, we define Vg; = I+ 5, q’)g’i/¢;i,. Our first result
connects the estimation error of a post in a setting with queueing delayed feedback, to a setting
where the feedback delay is fixed t0 Qmax = 287maxfmax, the maximum number of group-g posts
in the review queue (Lemma [5.6)).

Lemma D.5. For any group g andi > Qmuax, the estimation error is ]\g%g,i\\‘—,j 1 < Hg%gZHV 7

g,i

—Qmax

Proof. Fix a group g. Since COLBACID follows a first-come-first-serve scheduling rule for posts
of the same group in the review queue (Line [10/in Algorithm , we have t . < tff . Since
Qmax upper bounds the number of group-g posts in the review queue by Lemma . for the i—th
post with i > Qmax, the first (i — Qmax) posts must have already been reviewed before the admission
of post i. Otherwise there would be Qumax + 1 group-g posts in the review system when we admit
post ¢, which contradicts Lemma [5.6] As a result, when we admit the i—th post, the first i — Qmax
posts in J,; are already reviewed by the first-come-first-serve scheduling and are all accounted in
Vt;‘,r By Lemma |D.2| we have ||¢gz||V | < ||¢g,z||v . O

9,i—Qmax

9;1

As a result of Lemma the estimation error of posts in sequence J, behaves as if having
a fixed feedback delay. This allows the use of Lemma to bound their total estimation error.
Aggregating the error across groups gives the following result.

Lemma D.6. The total estimation error of posts admited by the optimistic admission rule is

bounded by 3GQmaxdIn(1 +T/d) + \/2GTdIn(1 + T/d).
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Proof. The estimation error can be decomposed into groups by

T Qmax
ZZ ‘¢k”v L Ak ZZ”(j)g,z”V L < Z Z ”¢g,z”(/@1 -1 +Z Z ’q')ngV !
t=1 Lk gegz 1 gEg i=1 gegl Qmax
My X
< GQmax + Z Z H¢97iHVg,i7Qmax
gegi:Qmax

(By k > U? and Lemma [D.5))
< GQuax+ Y <\/ 9M,dIn(1 + T/d) + 2Qmaxd In(1 + T/d)) (By Lemma [5.12)

geg
< 3GQmaxdIn(1 + T/d) + /2GTdIn(1 + T/d)

where the last inequality is by > geg My < T and Cauchy-Schwarz Inequality. O

Proof of Lemma[5.13 Recall that Ag(t) = Ap(t)1 (ﬁfk(t)ﬁk > Qy(h) (t)) captures whether the op-

timistic admission would have admitted a type-k post, Ej(t) captures whether the label-driven
admission admits a type-k post, and Ag(t) = Ap(t)(1 — Ex(t)) captures whether the optimistic ad-
mission ends up admitting a type-k post into the review queue. We finish the proof by combining
Lemma with the impact of label-driven admissions:

ZZ 1]y Ar(t) ZZ bslly1 (Aw(t) + Ex(t) | (Ai(t) = Ap(t)(1 — Ex(2)))

t=1 k t=1 k
ZZII%HV L Ag(t) ZZEk (Igrllg < 1)
t=1 k t=1 ke
9B2(T)dIn(1 + T/d)
< 3GQmaxdl T/d) 2GTdIn(1 + T/d) + —2
— Q a. 1’1( + / +\/ n + /) IIlaX(?’],"}/)2
(By Lemmas and
9B}(T)

< dIn(1 +T/d) <3GQmax +— ) +/2GTdIn(1 + T/d).

ax(n,v)?

E Some Useful Known Results

E.1 Concentration Inequality

We frequently use the following Hoeffding’s Inequality [BLMI3].

Fact 1 (Hoeffding’s Inequality). Given N independent random variables X,, taking values in [0, 1]
almost surely. Let X = Zgzl X,. Then for any x > 0,

P{X —E[X] >z} <e /N P{X —E[X] < —a} < e 2*/V.
We also use the Chernoff bound for normal random variables.
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Fact 2 (Chernoff Bound). Given N i.i.d. random variables X; that are normally distributed with
variance 0. Let X = Zivzl X,. Then for any x > 0,

P{X -E[X]| >z} < e~/ (2Na?) P{X —~E[X] < -z} < o—72/(2No?)

Proof. We know that X is normally distributed with mean E [X] and variance No?. The result
then follows from a Chernoff bound on X; see [BLM13, page 22]. O

E.2 Facts on Matrix Norm

Our results rely on a self-normalized tail inequality derived in [APS11] which we restate here. Let
us consider a unknown 6* € RY, an arbitrary sequence {X;}22, with X; € R? a real-valued
sequence {n;}$2,, and a sequence {Z;}°, with Z, = X]0* + n,. We define the o—algebra F;, =
o(X1,...,Xe41,m,...,n:). In addition, recall the definition of 6, as the solution to the ridge
regression with regularizer x and V; in . Then we have the following result implied by the
second result in [APSTI] Theorem 2].

Fact 3. Assume that ||0*|]2, || X¢||2 < U and that n; is conditionally R—sub-Gaussian for some
R > 0 such that Yu € R, E[e“" | F,_1] < exp(u?R?/2). Then for any § > 0, with probability at
least 1 — 6, for allt > 0, 0y lies in the set

; 1 2
C, = {9 eR%: 6, - 0|, < R\/dln (”U/“> + \/EU} :

4]

The following result is a restatement of a result in [APSII] Lemma 11].
Fact 4. Let {X;} be a sequence in R?, V a d x d positive definite matriz and define V',
V 4+ 3P X XTI | Xlle < U for all t, and Apin(V) > max(1,U?), then 31, ||Xt||%,71
t—1

21n ddeett((‘(/")) for any n.

IA

We also use a determinant-trace inequality from [APS11, Lemma 10].

Fact 5. Suppose X1,...,X; € R? and for any 7 < t, | X, |2 < U. Let Vi = vl + Zizl X, XT
for some k > 0. Then det(Vy) < (k +tU?/d).

E.3 Additional Analytical Facts
Fact 6. For any x, we have ¢'(x) — xp(x) and |¢'(x)] < 1/4.

Proof. By definition, p(z) = \/%e_xzﬂ and thus ¢'(z) = \;—2%6_”2/2 = —xp(z). Tobound |¢'(x)|, it
suffices to bound it for # > 0 due to symmetry. Let f(z) = ze~*"/2. We have f'(z) = (1—z2)e *"/2.
Then the only z > 0 with f/(z) = 0is z = 1. We know f(0) =0, f(1) = e~ /2 and f(4+00) = 0. As

a result, the maximum value of f(z) is e~ /2, which shows |¢(z)| < \/%6*1/2 <1 O

Fact 7. We have that r,?(h) is increasing for h <0 and rE(h) is decreasing for h > 0. Further,for
any t and k, we have T(t) < vgo.
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Proof. Since rd(h) = rf{(—h) for h < 0 by (), we only need to show rff(h) is decreasing for h > 0.
We know that r(h) = vi(—h®(—h/oy) + orp(—h/ox)). Then its derivative is given by

U <—<I>(—h/ak) + Jf;go(—h/ak) — UhkSO(—h/Uk)> = —vp®(—h/oy) < 0.

As a result, rf'(h) is decreasing for h > 0, and is maximized at h = 0, which also shows r{(h) is
increasing for h < 0.

By definition, 7x(t) = maxycp, (1) k(e 7k (R) < maxp ri(h) = r1(0) = r£(0). We finish the proof
by noting that r(0) = vjoy. O

Fact 8. Fort > 100, we have t/4 > v/tInt.

Proof. 1t suffices to show ¢/16 > Int for t > 100. Let f(¢) = ¢/16—In(¢). Then f'(t) = 1/16—1/t > 0
for t > 16. Thus f(t) increases for ¢ > 16. We prove the desired result by noting f(100) > 0. O

Fact 9. We have xIn(1 +3/xz) > 1 for any x > 1.

Proof. Leg f(xz) = zIn(1+3/z). Then f'(x) =In(1+3/z) — %_H,) and f"(x) = m(;iis) + ﬁ <0.
Therefore, f'(x) is a decreasing function with f’(+00) = 0, and f’(z) > 0. This shows f(z) is an
increasing function. Since f(1) =1n(4) > 1, we have f(x) > 1 for any x > 1. O
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