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ABSTRACT:

We derive the modified Liischer equation in the presence of the long-range force caused
by the exchange of a light particle. It is shown that the use of this equation enables one
to circumvent the problems related to the strong partial-wave mixing and the t-channel
sub-threshold singularities. It is also demonstrated that the present method is intrinsically
linked to the so-called modified effective-range expansion (MERE) in the infinite volume.
A detailed comparison with the two recently proposed alternative approaches is provided.
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1 Introduction

In recent decades, the Liischer method [1] has become a standard tool for the extraction of
the scattering phase shifts from the finite-volume energy levels, measured in lattice QCD.
The method has been generalized to the case of moving frames, particles with spin and
coupled two-body channels (see here [2-13] for a representative list of references). In all
cases, the formalism is based on the fundamental assumptions, namely:

o The interactions between particles are short-range. The relation R/L < 1 holds,
where R is the characteristic range of interaction and L denotes the size of the cubic
box (the spatial extension of the lattice) in which the system is placed. The quantity
R is typically given by the inverse of the lightest mass in the theory, R ~ ML



o Owing to the condition R/L < 1, the polarization corrections, proportional to
exp(—L/R), are strongly suppressed and can be neglected. This allows one to write
down an equation (referred to as the Liischer equation or the two-body quantization
condition), which determines the finite-volume spectrum in terms of the observables
(S-matrix elements) only. The details of the short-range interactions do not matter.

o Again, owing to the condition R/L < 1, the partial-wave mixing is small, and it is
possible to truncate higher partial waves in the Liischer equation.

Obviously, the condition R/L < 1 is violated, when the scattering in the presence of
the electromagnetic interactions is considered (QCD+photons on the lattice). Moreover,
at physical quark masses the pions are rather light, which leads to problems in the study
of nucleon-nucleon interactions on the lattice. Namely, as explicitly demonstrated in the
recent paper [14], the partial-wave mixing at the physical point in the Liischer equation for
the NN scattering is indeed substantial. A closely related problem is the appearance of the
so-called t-channel (left-hand) cut in the NN partial-wave scattering amplitudes, running
from negative infinity till s = (2my)2 — M2 along the real axis in the complex s-plane, see,
e.g., [15, 16] (Here, my and M, denote the nucleon and the pion masses, respectively.).
Since M, < my in nature, the gap between the ¢t-channel cut and the right-hand unitarity
cut is very small. On the other hand, as seen in the latest studies of the NN scattering
on the lattice, many energy levels are located on the t-channel cut (see, e.g., Fig. 3 in
Ref. [17]). The standard Liischer approach is obviously not applicable in this case. Note
also that VIV scattering is not only the physically interesting process where these problems
emerge. For example, in the description of the T,.(3875)" state the same problem shows up
in full glory. Moreover, it can be seen that the structure of the singularities is completely
different in the two cases M, < Mp+ — Mp and M, > Mp+« — Mp, and hence reveals a
critical dependence on the values of quark masses used in the lattice calculations [18].

As a remedy to the above problems, the authors of Ref. [14] have advocated solving
the quantization condition in the three-dimensional plane-wave basis, in order to deter-
mine the parameters of the effective chiral Lagrangian directly from the fit to the lattice
energy levels.! A similar method has recently been applied to the analysis of lattice data
aimed at the extraction of the T..(3875)% pole [18, 19].? This proposal solves the prob-
lem in principle and translates the output of lattice calculations into the parameters of
the effective Hamiltonian. The phase shifts and other infinite-volume observables are then
obtained by solving integral equations in the infinite volume. As a side remark, note that
a (conceptually) similar solution is adopted in all formulations of the three-body quanti-
zation condition [22-27], where no other approach to the problem has been found so far.
However, in the much simpler two-body case, one is tempted to look further for the alter-

!Albeit all calculations in Ref. [14] have been carried out in the framework of the chiral EFT, one
could choose here any EFT that allows a controllable expansion of the scattering amplitude in some small
parameter(s) in the energy region of interest.

2Note also that earlier the same method has been used in the continuum, namely, for the study of the
energy dependence of the NN scattering amplitude at non-physical quark masses as well [20, 21].



natives (similar to the Liischer formula) which directly express the finite-volume two-body
spectrum in terms of the physical observables.

An alternative solution, which has been suggested recently [15, 16], is based on splitting
the hadron interactions into the long-range and short-range components that are then
treated separately. In this respect, the approach described in these papers is conceptually
close to the one pursued in the present work. While a detailed comparison of all existing
approaches will be given at the end of this work, we still mention here the most important
difference between Refs. [15, 16] and our paper. Namely, in Refs. [15, 16] an auxiliary
on-shell K-matrix K° has been introduced, which has to be determined from the fit to
the lattice data. Once this is done, one should solve the integral equations, in order to
arrive at the physical amplitudes. So, it is essentially a two-step process. In our paper
an analog of this auxiliary K-matrix is introduced as well. However, its relation to the
physical amplitude has an algebraic form and there is no need to solve integral equations.
From this point of view, our approach is closer to the original Liischer single-step formalism
than the approach described in Refs. [15, 16].

Note also that in Ref. [28], in the context of the study of the T..(3875)" meson,
it was proposed to solve the problem of the t-channel cut by writing down three-body
equations, even in case of a stable D* meson. Below, we shall consider this proposal in
more detail. Here we only note that, in latter case, it is very close to the solution proposed
in Refs. [14, 18, 19].

For completeness, we also note that, the two-body quantization condition (as well as
the two-body Lellouch-Liischer formula) in the presence of the Coulomb force was con-
sidered in Refs. [29-31]. In the final expressions, the Coulomb potential has been treated
perturbatively in the fine structure constant. Such a treatment can be justified for suffi-
ciently small values of the box size L.

The aim of the present paper is to address the problem of the long-range force in the
Liischer equation in a general fashion and to derive a modified Liischer equation, which has
a much larger domain of applicability than the original one. To simplify life as much as
possible, in this paper we do not consider the theories with massless particles — the inclusion
of QED is relegated to future publications. Furthermore, we ignore purely technical issues
like the inclusion of spin, relativistic kinematics or moving frames. The key observation
that allows one to achieve the stated objective is that the long-range part of the potential,
which gives rise to all above problems, is usually well known and can be expressed in terms
of few parameters that can be accurately measured on the lattice. The short-range part
of potential is unknown and should be fitted to the lattice data on the two-body energy
levels by using the modified Liischer equation.

We shall see below that the method to achieve the above goal is to reformulate the
so-called modified effective-range expansion (MERE) [32] in a finite volume. To this end,
in Sect. 2 we invest a certain effort to relate MERE to the non-relativistic effective theory
(NREFT) framework along the lines described in Ref. [33] and discuss, in particular, the
inclusion of the non-derivative couplings which were omitted in Ref. [33]. The latter frame-
work can be directly recast in a finite volume, as done in Sect. 3, and leads to a modified
quantization condition with the long-range part split off. Section 4 is dedicated to the



comparison of our approach to alternative ones known in the literature. The numerical
implementation of the proposed framework constitutes a separate piece of work and will
not be considered here.

2 DModified effective-range expansion in the effective field theory frame-
work

2.1 Modified effective range expansion

In Ref. [32], van Haeringen and Kok consider a non-relativistic scattering problem for a
sum of two local, rotationally invariant potentials:

V(r)=V5(r)+ Vs(r). (2.1)

Here, Vi (r) and Vg(r) denote the long-range and short-range parts of the potential, res-
pectively. Due to the long-range nature of the full potential, the effective-range expansion
in the partial-wave with the angular momentum ¢,

> eot d(q) = _;@ + %qu +--, (2.2)
has a very small radius of convergence. This happens, e.g., if the effective range r, and the
subsequent coefficients (shape parameters) are unnaturally large. However, for a general
long-range potential it is also possible that the radius of convergence is zero, as in the case
of a Coulomb potential.

Further, the authors define the function

20+1

KM () = My(q) + @W (cot(S¢(q) — oe(q)) — i) - (2.3)

Here, d¢(q), 0¢(q) denote, respectively, the full phase shift and the phase shift in the problem
with the long-range potential V,(r) only (i.e., setting Vs(r) = 0). Furthermore,

Lo oag\t P fi(g.r)
Me(a) = 1] (_2) r50 gr2e1 " felg) (24)
where fy(q,r) is the Jost solution in the case Vg(r) = 0, and
L —ilm /2
_q'e (20+1) ..

The main result of Ref. [32] consists in demonstrating the fact that the quantity KM (¢?),
defined by Eq. (2.3), is a polynomial in the variable ¢?, with a radius of convergence much
larger than the original version of the effective-range expansion, displayed in Eq. (2.2).
The derivation given in Ref. [32], however, has a caveat that has been briefly mentioned
already in the same paper and was discussed in more detail in Ref. [34]. Namely, the
quantity M(q) is well-defined, if and only if the potential V7,(r) is regular enough at the
origin, so that 7~V (r) stays analytic at » = 0. The class of such potentials is termed



“superregular” in Ref. [34]. The usual Coulomb or Yukawa potentials do not belong to this
class, even for S-wave scattering.

If one is dealing with potentials which are not superregular, one has to use certain
convention on top of Eq. (2.4) in order to define the quantity M,(q). This is nothing
but a renormalization prescription that has to be imposed on the ultraviolet-divergent
loop containing an arbitrary number of instantaneous “exchanges” corresponding to the
potential V(7). A non-trivial problem consists in a mathematically consistent formulation
of the renormalization prescription, using the same language as used in the derivation of
Egs. (2.3) and (2.4). There exists a well-known exact solution of the problem for any ¢ in
case of the Coulomb interaction that is given in the textbooks, see, e.g., [35]. The solution
for a general potential which is less singular than r—3/2 is discussed in Ref. [34] albeit only
in the case £ = 0 and, roughly speaking, boils down to a subtraction of the g-independent
(divergent) constant from My (q). We are not, however, aware of the discussion of the case
¢ # 0 in the literature. The term that is divergent at » — 0 can be identified in this case
as well. However, its coefficient is g-dependent, in general, and the challenge consists in
showing that this coefficient is a low-energy polynomial in ¢® in the wide region determined
by the heavy scale. For this reason, in the present paper we adopt a different strategy.
Namely, we truncate the partial-wave expansion ¢ < fpax from the beginning and regularize
the potential V7 (r) in order to render it superregular. For example, a kind of the Pauli-
Villars regularization will perfectly do the job in case of the Yukawa potential we shall be
primarily dealing with:

Mayr —Myr  2lmax+1 —M;r
e M e M e Vi
Vi(r) = J — J . E cig " (2.6)
i=1

Here, M; = n;M, where M denotes a typical heavy scale of the theory (determined, for
instance, by the inverse range in Vg(r)), whereas n; are numbers of order unity. The
requirement that the first 2fhax + 1 terms in the Laurent expansion vanish leads to the
following linear system of equations:

2€max+1

1= Z C;,
i=1
2Umax+1

M
R cing
M ; U

M. 2lmax 2lmax+1
(]\;) = Y e 2.7)

It is straightforwardly seen that the regularized potential is indeed superregular for all
¢ < lmax. Note, however, that the 2¢p,.x + 1 equations in Eq. (2.7) do not determine the n;
and ¢; uniquely. The constants n; have to be picked such that the masses M; = n;M are
of order M and different from each other. This ensures that Eq. (2.7) has a solution and
no unnaturally large coefficients ¢; emerge.



Finally, in the splitting V() = Vi(r) + Vs(r), one could modify both Vi (r) and
Vs(r), adding and subtracting the same string of the short-range Yukawa terms. This
will render V7,(r) superregular and will not change the interpretation of Vg(r) as a short-
range potential. Hence, the above regularization serves solely the purpose of recasting the
potential into the form that obeys the requirements of Ref. [32].

2.2 NREFT framework

In the literature, there have been several attempts to reformulate the modified effective-
range expansion in the effective field theory language [29, 33, 36, 37]. We shall mainly
follow the path outlined in these papers and derive an analog of Eq. (2.3) in the effective
field theory setting. In order to do this, we recall that, in the non-relativistic effective
field theory, the scattering amplitude is merely a solution of the Lippmann-Schwinger (LS)
equation with the potential determined by a matrix element of the interaction Lagrangian
between the free two-particle states. We still assume that the potential is a sum of long-
range and short-range parts, but do not assume anymore that the potential is local. The
short-range potential in momentum space is a familiar low-energy polynomial. Its partial-
wave expansion can be written in the following form

(p|Vsla) = 47 Y Yo (D)VE(D, ) Vi (d) - (2.8)
m
Here,
Vé=(pa)' D D (), = (2.9)
a=0b=0

Furthermore, p = |p|, p denotes a unit vector in direction of p, and Yz, (p) are the spherical
harmonics. Writing down explicitly the first few terms in the potential, one gets

(p|Vsla) = C° + 3Cpq + CP(P* + @?) + - -, (2.10)

which in the position space corresponds to a sum of a d-like potential and the derivatives
thereof. The long-range potential might be taken to be the regularized Yukawa potential,
corresponding to an exchange of a light particle, see above. In any case, it is assumed
to be local. Furthermore, ultraviolet divergences will be present in the LS equation, in
general. We assume that these divergences are regularized and renormalized in a standard
fashion (say, the power-divergence subtraction (PDS) scheme, bearing the case of NN
scattering in mind). Since the presence of a long-range force non-trivially affects only
the infrared behavior of the theory, it is expected that the issue of renormalization is
inessential in the present context. To simplify things, one could also merely assume that
the momentum cutoff is performed at a very large value A, and the A-dependent effective
couplings are adjusted order by order to reproduce the behavior of the S-matrix elements
at low momenta.

The fully off-shell LS equation for the 7" matrix is illustrated in Fig. 1. The corre-
sponding integral equation in momentum space is given by
(P, K)T(K, a3 + i)

k2 — g2 —ie

. &’k V
T(p,q; g5 +ic) = V(p,q) +/ L , (2.11)
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Figure 1: Lippmann-Schwinger equation for the full 7" matrix (circle marked T") in
momentum space. The circle marked V indicates the full potential while the pair of
internal solid lines represent the free two-particle Green function Gy. Closed loops imply
a momentum integration.

Figure 2: Definition of the scattering amplitude 77, (first line) and Green function G,
(second line) for the long-range interaction only. Further notation as in Fig. 1

where the explicit expression for the two-particle Green function

m&p_‘l). (2.12)

(PIGo(g5 + ie)la) = :
0 p? —q§ —ic

was used and the regularization of the momentum integration with the cutoff A is left
implicit. The partial-wave amplitudes are defined as follows:

T(p,q; g5 +ie) = 47> Yo (D) To(p, 4: G5 + i€) Yy () - (2.13)
Im

The phase shift is related to the on-shell partial-wave amplitudes via:

47
qo cot dg(qo) — iqo

To(q0, qo; g2 + i€) = Tu(qo) = (2.14)

Next, we split the full potential into the long- and short range parts, V = Vi + Vg, and
define the scattering amplitude 77, and the Green function G, for the long-range potential
only. This construction is shown diagrammatically in Fig. 2. The first line gives the LS
equation for 77, while the second line gives the expression for Gy, in terms of Gy and T7p,.
Both quantities are needed for the NREFT formulation of the modified effective range
expansion. The explicit expressions read

Tw(qs +ie) = Vi + ViGo(qg +ie)TL(qh + ie),
Grgg +ie) = Golgg + i) + Golgg +ie)TL (g + ie)Go(gp + ie) . (2.15)
Moreover, we define the short-range T" matrix T,

Ts(qp +ic) = Vs + VsGr(qp + ie)Ts(q3 + ic) . (2.16)
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Figure 3: Diagrams for the short-range 7" matrix 7. Note that the loop integration now
involves G, instead of GGg. Further notation as in Fig. 1

@@ @@
-9 @@

Figure 4: Diagrams for the full 7" matrix expressed through T, and Tg. Further

notation as in Fig. 1

which is shown diagrammatically in Fig. 3. Note that the loop integration now involves
G, instead of Gy. Using these definitions, the full T" matrix can be expressed as

T(g¢ +ie) = Tr(qs + ic)
+ (1 + Te(gg + ie)Golgh + i€))Ts(ap + ie)(Golgg +ie)Tr(gg +ie) +1),  (2.17)

which is illustrated in Fig. 4. This amounts to adding 77 and Tg dressed by T in all
possible ways.

The above expressions are of course familiar from the theory of scattering on two
potentials. Note that we have used operator notation in Egs. (2.15, 2.16, 2.17) to keep the
notation clear. The integrations over intermediate states will only be shown explicitly in
the following when required for clarity.

In order to simplify life further, we assume that the long-range potential is repulsive
and does not create bound states. Then, the spectral representation of the long-range
Green function takes the form:

dSk (£) (+)
(PG L(q} +ie)|q) = / 2ny mf;k_ Léwf - €|q>

, (2.18)

where wl((i) denote the eigenfunctions of the Hamiltonian H; = Hg + V, corresponding
to the eigenvalue k?, and (+) specifies outgoing/ingoing boundary conditions on the wave
function. These wave functions can be constructed with the use of the Mgller operators:

WY = (14 Go(k? + ie) Ty (K2 + ie))[K) = Q> + ic)[K)
W] = (|1 + To(k* T ie)Go(k? F ie)) = (K|Q (k2 + i) . (2.19)
Now, let us consider the Born series for the quantity

(| (q§ — ie)Ts (g5 + ie)Qgqh + ic)|a)



= (PIQf (g8 — i) k) (ki1 |Vis|ke) (ko | Qg5 + ic)|q)

ki ,ko
1
+ Of (g — i2) k1) (k1 [Vis[kea) (oo ) ——— (|
kl,kg,kg,k4,1<p’ (g5 — ie)|k1) (k1| Vis|kz) (ka|y >12_q§_15 (" ks)
X <k3|Vs’k4><k4‘Q(qg—}—i5)|q> o, (2.20)

where we have used the abbreviation

3
/kl - é:)lg. (2.21)

On the energy shell p? = ¢> = ¢2, the above expression simplifies to
(Pl (g — ie)Tis(qf + ie)qd + ie)|a)
= [ ka Vslko) oo 47
ki,ke

1

(=) (+)
+ ki)(k|Velks)(k e — k
/kl,mg,kﬂp e Vs o) o) - (04 )

x (k3| Vs |ka) (ko) +

(2.22)
The partial-wave expansion of the asymptotic wave functions is defined as follows:
(plui) = =2 Vil (k. D)V (R) (2.23)
Furthermore,
(087 (,p) " = €2 ® (9P (1)) (2.24)

where oy(k) denotes the scattering phase shift in case of the long-range potential only.
Now, the partial-wave expansion of the quantity defined in Eq. (2.22) is given by

(P[0 (g5 — ie)Ts(q5 + i=)(qg + ic)|a) _47r2n )7 ) By(q0) Vi (4) ,  (2.25)

where
N d*k Vs(p,k)B(k,q; ¢} + ic
Blpai +i2) = Valp.a) + [ g PRGPRANIEL - (o)
0
Vs(p,a) = (57| Vslu§Hy (2.27)

and By(qo) is equal to the partial-wave amplitude By(p, ¢; ¢2) on the energy shell p? = ¢> =

g2. In analogy to Eq. (2.14), one may write
47
Bi(qo) = - — . (2.28)
qo cot dp(qo) — iqo

Using Eqgs. (2.17) and (2.25), one finally gets:

d¢(q0) = d¢(qo) — oe(qo) - (2.29)




2.3 Non-derivative interactions

Let us first restrict ourselves to £ = 0 and assume that only the coupling C{° is different
from zero. Then, the potential Vg is separable:

Vs(p,a) = (457(0)) €897 (0). (2:30)

Here, 1[)((1+) (r) stands for the wave function in the coordinate space. Then, on the energy
shell |q| = qo, the S-wave amplitude takes the form

125 (0)2

Bo(qo) = (CI) =1 = (GY(qo))’

(2.31)

where

3 7(+) ()12
(G (q0)) = / (;ZWI;S k’fﬁ qéoz’ig. (2.32)

Let us now assume that the conditions of Ref. [32] are fulfilled and, namely, the long-range

potential V7, is local. It is convenient to define the partial-wave expansion of the Green
function in the momentum/coordinate spaces as follows:

<p|GL(q0 + 18)|q - 471—2 %m GL(pa q; (IO + ZS)%m( ) 9

Im
(r|GL(g) +ie)lw) = 47 Y D (v) G (r, w3 g + i) D (W) (2.33)
Im
with %, (2) = 2/Yem(2). Then,
(GL(w) = lim G (r,w;gf +ie). (2.34)

Using the result of Appendix A, we can write
1
A (20 + 1))

where My(qo) is given by Eq. (2.4). The real polynomial can be safely dropped as it

(G4 (q0)) = My(qo) + real polynomial in ¢3, (2.35)

corresponds to the choice of the renormalization prescription.
Next, we express the wave function at the origin, which appears in Eq. (2.31), through
the scattering wave function ¢o(k,7) = ¢o(k, k,r) defined in Eq. (A.3). Using

¢o(k,r)| 1
|(0)] = P e Tol] (2.36)
along with Eqgs. (2.28) and (2.31), we obtain
4 N .
07:0;) = M ’fD( )’2 (COt 50((]0) - Z) (237)

for the S-wave phase shift. The essence of the modified effective-range expansion is now
crystal clear: it has a larger radius of convergence which is governed by the short-range
potential only.

~10 -



2.4 Derivative interactions

Consider now the situation when the matrix element of the potential Vg is a generic low-
energy polynomial defined in Eq. (2.10). This is no more true for the potential Vs(p, q),
defined in Eq. (2.27). Here, we wish to address the structure of the latter in more detail.
The partial-wave expansion of the Vg is given in Eq. (2.8). Convoluting this equation with
the wave functions, integrals of the following type emerge

At = [P o)l (25%)
L (27T)3 tm\P)\P P|¥y
One can now use the identity
(%) = (p? K2+ k) = (? — k)" +a(p? ~ k)" U3 (2.39)
and rewrite Eq. (2.38) as

a _ 1: * [ . (71)a—ba!
Ay = 11,13(1) Yy (V) Z W

. (K22 + A) P (r). (2.40)
b=0

Here, as in Ref. [32], it is assumed that the long-range potential Vi, (r) is local and spher-
ically symmetric. Furthermore, consider the case ¢ = 0 first. Using the Schrédinger
equation, one then gets

(k2 + A)z/Jl(:L)(r) = const - VL(r)z/Jl(:L)(r) — const - VL(O)l/JI(:_)(O) , asr—0. (2.41)

In the case of a regularized Yukawa coupling, the quantity V7, (0) is finite.

Acting now with the operator (k? + A) on both sides of this equation once more,
one gets a term, containing VLQ, as well as terms with the space derivatives acting on
Vr(r). Continuing this operation, we get a string of terms, containing V;, ...V, Vi(r).
Furthermore, owing to the rotational symmetry,

(0ivio -+ 0if_qip, +Perm)Vy, even k,

0 odd k. (242)

}g% Vil ‘e Vz‘kVL(Y’) = {
One could stick to the dimensional regularization here, in which all Vj are finite. Further-
more, in the dimensional regularization, Vj, ~ u*, where 1 denotes the small mass scale of
the long-distance potential (the pion mass M, in case of Yukawa interactions). We remind
the reader that we are dealing here with the long-distance (infrared) problems, for which
the details of the ultraviolet renormalization should not matter.
The Kronecker §-symbols, which are present in Eq. (2.42), can be further contracted
with V;, --- acting on the wave function, turning them into the Laplacians A that can be
again eliminated with the use of the Schrodinger equation. At the end of the day, for £ = 0,

a

A5 =" () gt (0) (2.43)
b=0

where the coefficients hg_b are expressed through V7,(0) and the derivatives of the potential
at the origin. It is important to mention that the mass scale in the derivatives is set by
the long-range potential and, therefore, the expansion in the derivatives is converging fast.

- 11 -



Next, consider the case £ # 0 and restore the factor %, (V) in the expression for AJ.
This factor contains exactly £ derivatives which should be commuted through all potentials
to the right. Performing the limit r — 0, it is straightforward to ensure that

wzzwm“m%uwwm
b=0

2ya-bpb W(kﬂ“) . 3
—47TZ ()" Phg lim i =2 Y (k) (2.44)

where

020 4 1) 5

mm
4

Furthermore, using

. pe(k,m) K
M et T Ryl D (246)

one obtains

) . 1
Vs(p.q) = (20 + D2 F7(p) folq)

=SSP (2.47)

a=0b=0

(pa) Vi (p.q),

In the above expression, the couplings C’g‘b are expressed through Cgb in form of the series
in the small scale u. In other words, no unnaturally large couplings emerge. This property
is crucial for arguing that the sum, given in the above equation, still represents a low-energy
polynomial. To summarize, Vg(p, q) unlike V¥&(p, q), is not a low-energy polynomial. The
difference is however minimal and boils down to the Jost functions that enter the expression
as a multiplicative factor.

At the next step, we carry out the partial-wave expansion in Eq. (2.26) and use the
following ansatz for the partial-wave amplitude:

1 _

2 s 1 a2

Bu(p, q; qp + i) = D ) o) (pa)" Be(p, 45 45 + i€) - (2.48)
This gives
_ k%dk k2 Vé(p,k)B (k —Ha)
) . 4 (LQO

By(p, q; qp +ic) = pa +/ o2 2€+1)!!]2|fz(/€)|2 k2 _q()

(2.49)

Let us now define a new amplitude that obeys an integral equation with a regular kernel:

Re(p,¢;43) = V& (p, q)
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k2dk k2 VE(p, k)Ro(k, q; a3) — VE(p, q0) Re(q0, 45 43)

2.50
2 [0+ DI K (250
These two amplitudes on the energy shell are related by
Bi(q0, 903 43 + i€) = Re(0, 903 43) + Be(q0, 903 45 + i) Re(q0, 903 43)
k2dk k% 1
/ S— (2.51)
272 [(20+ D2  fo(k)|? k2 — ¢ — ie

Note that Ry(p, ¢; q%), like Vé(p, q), is a low-energy polynomial. Identifying Kl{\/f (q%) _
-1 .
[Ri(q0,q0;42)] ", we obtain:

g2 -1
Bilan) = Tty {4 a0 — Gh@) | (252)

Finally, using Egs. (2.28) and (2.35), one arrives at the modified effective-range expansion
as given in Eq. (2.3), with K} (¢2) being a low-energy polynomial.

To summarize, using effective field theory methods, we have rederived the modified ef-
fective range expansion formula of Ref. [32], where the effects of the long-range interactions
are separated and included in the functions fy(¢) and M;(q) that do not depend on the
short-range potential Vg. This neat separation is, however, based on the assumption that
the long-range potential V7, (r) is local. The most important cases of the long-range force:
the one-pion exchange as well as Coulomb interactions are exactly of this type. It can be
further expected that, with some effort, the method could be generalized to the case of a
finite sum Vi(r) + (AVa(r) + Va(r)A) + VVa(r)V + ..., albeit the final formula probably
takes a more complicated form (Here, the couplings in front of Vi(r), Va(r), Vs3(r),... are
assumed to be of natural size.). In this paper, we are not pursuing this idea further. On
the other hand, a generic non-local long-range potential (say, a separable potential with a
very smooth cutoff) is most likely not amenable to this kind of treatment at all. In other
words, in general, there are two mass scales present in the potential V7, — the one associated
with the momentum transfer and the one associated with the relative momentum in the
CM frame, respectively. A long-range potential, in which the former scale is small whereas
the latter scale is of a natural size, can be treated with the method in a similar way as
described above.

3 Modified Liischer equation

3.1 Derivation of the quantization condition

In a finite box, the Green function G,(q3), which enters in the equation for Ts(g?), can be
expanded in a sum over all eigenvectors of the Hamiltonian Hy, in a finite volume:

(p|GL(ad)|a) = ZM

. (3.1
— @2 —q? )

Furthermore, the finite-volume spectrum of the system is determined by the pole posi-
tions of the full T-matrix that can be written down in a form of a finite-volume analog
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of Eq. (2.17). Using the fact that the poles of 77 will eventually cancel [38] (see also
Appendix B), it is straightforward to conclude that the spectrum will be determined by
the poles of Ts. Moreover, it is easily seen that no spurious poles emerge, since the poles
that emerge in G are shifted by the short-range interaction. Using now the basis of
eigenfunctions of the Hamiltonian Hj, and defining the quantity

B"™(q5) = (¥al|Ts(a0) [¥m) , (3:2)
we get
~ - 1 -
BY = VEm 4y VEF =B VE™ = (| Vslim) - (3:3)
k Qk q[)

(The dependence of B™™ on ¢3 is suppressed hereafter). Furthermore, using the partial-
wave expansion

n 1 *
Vgm = F Z %m(PMPWn) ) (34)
P
we get
(Vn|Vs|thm) = 4m Z (U?m)* Vsé(qna Gm) 000 Ormum! Vit - (3.5)
Iml'm/’

The next steps in the derivation repeat those in the infinite volume. We use the following
ansatz for the matrix B

B =41 (vpn)" Bem,orm (Gns G @) Vit (3.6)

Im

and get

Bém,f’m’ (Qna qm; Qg) = vé(‘]m Qm)(sff’(smm’

*

_ 47wéfm vé?,,m,, _

+ 33 Vilan ar) 2< > ) Bt g Qs G 45) - (3.7)
k0" qk - qO

Define again

£
B 47T'U§m (U?//m//)
R, 0t (dns G 45) = V3 (dns @) 020 O + 3 Y 7 _ 2
k 0m! 9. — 40

x (v§<qn,qk>Rz~m~M<qk,qm;q§>—vs?(qn,qo>Re~m~,e/m/<qo,qm;q§>). (3.8)

The infinite-volume limit in this (subtracted) equation can be performed, and the quantity
Ry oy (D, ¢ q3) tends to 6pp0pmm Re(p, ¢; ¢3) in this limit. On the mass shell, with ¢2 =
q2, = g2 we, therefore, obtain

B orm (90,903 G3) = 000 Srmms Re(q0, 905 G3)
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+ Z RZ(QO? q0; qa)Hém,Z”m” (QO)BZ”m”,Z’m’ (q07 q0; Q(Q)) ) (39)
g//m//

where
ok (k)"
Yom \ Verme 4m .
Hop,pre (q0) = 47?2 q(_q) = 75 2 Zin(P)(p|GL(g)|a) Zmi(a) . (3.10)
p.a

The modified quantization condition, derived from Eq. (3.9) takes the form det.o/ = 0.
Using again, as in Eq. (2.52), the definition KM (¢2) = [Re(qo, qo; q(z))]_l, we arrive at the
following expression for the matrix o7, g

vQ{Zm!’m’(QO) = 5%’6mm’Klg\/[(Q(2)) - HEm,K’m’(QO) . (311)

3.2 Calculation of the function Hy,, ¢/ (qo)

Owing to our choice of the superregular long-range potential, the quantity Hyp, ¢m(qo)
is free of the ultraviolet divergences for ¢,/ < fnax. However, one still needs a finite
renormalization, in order to ensure that the definition of the function Hyp, ¢rn(qo) in a
finite volume is consistent with its infinite-volume counterpart. Below, we shall consider
the cases qg < 0 and q% > (0 separately.

3.2.1 Negative energies, qg <0

In the case g2 < 0, a consistent definition of the loop function is given by

1
H[m?elm/(qo) = (Hgm’elm/<q0) — H%’glm/(qo)) + E (ngldmm/Mg(qo) . (312)

It should be mentioned here that the functions f;(p,r) and hence M;(p) are analytic in
the upper half of the complex p-plane.® Consequently, M;(qo) is well-defined for negative
values of g3, taking into account the presence of the infinitesimal positive imaginary part
in g. Furthermore, using Eqgs. (2.15), (3.10) and applying the Poisson formula, one gets:

Hmrmr (60) — HES g (60) = Hp p(0) + Hio o (@0) + Hyo o (a0) - (3.13)

where
& p Y (P) (P — 1) %y ()
Héﬁzf’ qo _477'2/ p2_qg ,
3 3 *
(2) _ d p d q inpL—isqL __ %m(p) T %/ ’( )
Him e (20) = 4”2/ (2m)? (2m)? (e 1)1)2 — 4 z (PITL)l Gz = 9® —q5

3 3 * '/
H i) = 1 [ 2 0 0 (o7, i) — (it 1)) 2522

(3.14)

3Considering the Born series of the Green function Gz (g), it is easy to get convinced that My (qo) is
real everywhere below threshold.
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The first term here is the standard Liischer zeta-function. In order to calculate the remain-
ing two terms, let us consider the LS equation for T7(¢3) (a finite-volume counterpart of
Eq. (2.15)). Carrying out the partial-wave expansion

(pIVila) = 47> Vi (D) VE(p, ) Yiin (@) .

/m
PITL(@)a) = 47 > Yo D)™ ™ (0, 45 42) Y (@) (3.15)
I 0'm/

one gets

tm,'m! ' s/
T, ™ (p, g5 ¢2) = 6% ™™ VE(p, q)

o0 dek Z ffm e//m// (k) + fém g//m// (—k) g//mll g/m/ 2
4 k ! d T ; . 1
Y |, G ViR g E O asad)  (3.16)

where

Fomgrm (k) + Fom,ormr (—k) = / QY (k) D e Y (k) (3.17)

n

The quantity fem ¢rm~ (k) is analytic in the upper half-plane of the variable k& and vanishes
exponentially, when Im & — +o0o. Note that £ + ¢’ is always even for identical particles.
For the following discussion, it is convenient to define Vf (p, q) for negative arguments,

Vip,q) = (=)'Vi(=p,q) = (=1)V{(p,—q) = Vi(=p, —q), (3.18)
and, hence, from Eq. (3.16) one concludes that
™ g ad) = (0T (—pagsad) = (DT (0, — a3 0d)
=1, (—p, ~q;0f) (3.19)

This means that the integration over the variable k can be extended over the whole real
axis, from —oo to +oo:

e ' ! cmm!
T, ™ (p,q; ¢2) = 6% ™™ VE(p, q)

o0 k2dk fgm K//m// k //m// /m/
|7 B vy L F) e

2
; 3.20
o (27)3 K_g L (P, 43 90) - (3.20)

+ 47 Z

-

Using now the fact that fi, g7 (k) is analytic in the upper half-plane, one may shift the
variables p, ¢,k — p,q,k 4+ io. The value of ¢ is restricted by the singularities appearing
in the free Green function as well as in the potential Vf (p,q). Namely, o must fulfill the
condition o < |qo|, for the free Green function to stay regular. The restriction coming from
the potential does not depend on ¢g. For instance, in case of Yukawa interaction, we have
o0 < M, /2. The quantity o should obey both conditions. Performing the contour shift in
the second and third lines of Eq. (3.14) as well, one sees that the finite-volume corrections

to Hym e/ (qo) are suppressed by the factor e~oL.
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3.2.2 Positive energies, q% >0

For g3 > 0, the Poisson formula can not be used. The infinite-volume limit of the quantity
Hypm em(qo) in this case implies using the principal value prescription. Furthermore, from
unitarity one can straightforwardly conclude that

((2¢+1)!N*(GL(q0)) = (26 + DI)*(GL(0))p.
gt (1 + F(90))*

A 1 —igo R (g0, qo; ¢3)/ (4)
where
1 > p2dp p*RY (p, q0; 42)
Fo(qo) = — p.v./ . 3.22
( @ o 272 p?—qj 522

Here, Ré denotes the K-matrix for the scattering on the long-range potential. Furthermore,
since, by definition, Im (G% (¢0))p.v. = 0, with the use of Eqgs. (2.3) and (2.35) one obtains,
on the one hand,

p q(2)€+1 1
Im (G = , 3.23
(GLlio)) = G+ D7 [Fdao)P 52
and, on the other hand,
N (1 + F(g))?
m (G1(q0)) = / M2 2l .2 2
Ar((20 4 1)1)? 14 g5 R] (g0, 903 45)/ (47)
2
@t 1 pPdp p'T(p, 403 40) (3.24)
4 ((2¢ + 1)1)? a§ Jo 2m® p?—qd—ic .

Using now Eq. (2.19) and performing the partial-wave expansion of the on-shell function
in analogy with Eq. (A.2), we obtain:

¢e(qo,7) _ /°° p*dp jo(pr)TL (P, 40; 5)
— = 3.25
qor Jelaor) + o 2% pPogqf—ie (3:25)
where ¢y(qo, ) is the on-shell wave function. Performing the limit » — 0 in this equation,
we get:
1 00 2] ETE .2
lim (2¢ + 1)”M 14 / pdp p L(Z%foﬂo) ‘ (3.26)
=0 (qor)* a5 Jo 2w p?—qf —ie

Finally, from Eq. (2.46), one concludes that Egs. (3.23) and (3.24) are consistent. This
represents a nice check of our approach.
A consistent definition of the quantity Hyy, ¢m/(qo) is given by

Hm,rm (d0) = (Hem,erme (0) — Hig, grr (a0)) + Ogtmr (26 + 1)1)*(GL (g0 puv. » (3.27)

where Hjo oy (Q0) 1s defined by a counterpart of Eq. (3.10), with sums replaced by integrals
with the principal-value prescription everywhere. Note also that, since the potential is
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superregular, no ultraviolet divergences arise except in the free loop containing no potential
exchange. There, it can be handled, as usual, by using dimensional regularization and
cancels anyway in the difference of the finite-volume and the infinite-volume contributions.

Neglecting exponentially suppressed contributions from the long-range interactions,
one could reduce the calculation of the function Hyy, ¢y (qo) to the solution of the system
of linear equations in the angular-momentum basis. This equation has the following form:

Hem oo (60) = Hp e (0) + D Hipy g (90) 85 RY. (90) Herrr e (q0) - (3.28)

om0 m!!

Here, RY (qo) = 4mtanoy(qo)/qo are the partial-wave on-shell K-matrices, corresponding
to the long-range potential, and
47 D () P (K)

0 —
Hep g (0) = T3 Zk: 22 (3.29)

This quantity can be expressed through a linear combination of the Liischer zeta-functions.
The quantity Hp} ,,,/(qo) should be taken equal to zero in this case.

Note however that neglecting exponential corrections coming from the long-range po-
tential might be dangerous. This is seen, for example, from the fact that, below threshold,
@2 < 0, the quantity R% (qo) develops the t-channel singularity that was mentioned earlier,
whereas the exact function Hyy, ¢y (qo) is of course regular there. The derivation of the
modified quantization condition, which was presented above, nicely demonstrates the ori-
gin of the problem and a way to circumvent it. In fact, the problem is handmade and is
not present in Eq. (3.11). It emerges first, when one tries to evaluate Hyy, gy (qo) from
Eq. (3.28) and continue analytically below threshold. All this is perfectly consistent with
the discussion in the recent paper [16].

3.3 Partial-wave mixing

Above threshold, the modified zeta-function is determined from Eq. (3.28) or from the
pertinent equation in the plane-wave basis. Since V7, is a long-range potential, it is expected
that many partial waves will contribute to this expression. However, this is not a problem,
since Vy, is a well-known function, with parameters that are determined very precisely
elsewhere (e.g., the pion mass and the pion axial-vector coupling, in case of the one-pion
exchange potential). Hence, the solution of Eq. (3.28) does not require a fit to lattice
data. On the other hand, the short-range interaction, encoded in the function K éM (q3), is
determined from the fit. One expects that the partial-wave mixing effect in the modified
Liischer equation is small, exactly because of the short-range nature of these interactions.

3.4 Exponentially suppressed effects

Up to now, we have consistently dropped the exponentially suppressed effects. However, as
mentioned already in the introduction, these effects can turn relatively large, owing to the
small mass scale. In the case of, say, NN scattering, one may indirectly estimate the size
of the exponential effects, comparing the finite-volume spectra obtained in the plane-wave
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basis with the solutions of the modified Liischer equation with the same input. A simpler
method to estimate the size of the exponential effects is the comparison of the modified
Liischer functions Hppy, ¢m(qo), calculated in the plane-wave basis and in the angular-
momentum basis. This comparison does not involve any parameters that characterize the
short-range interactions.

There is one place, however, where one already knows that the exponential effects
are important. We remind the reader that the energy levels, which lie on the ¢-channel
cut, are indeed observed in the NN system on the lattice [17]. Physical bound states
cannot be present there and, hence, the infinite-volume limit of the Liischer equation does
not predict a pole in this region. The observed poles can only emerge because of the
exponential contributions.

3.5 The case with the short-range potential only

The limit Vz(r) — 0 is trivial. In this limit, the Jost function f1(¢) = 1, o/(q) = 0, and
Eq. (2.3) reduces to the familiar expression

KM(q?) = ¢* cot 6 (q) - (3.30)

Furthermore, the modified Liischer zeta-function Hyy, ¢,/ reduces to the conventional one,
Zimp'm, and Eq. (3.11) turns into the original Liischer equation.

4 Comparison with the existing approaches

So far, several different frameworks (including the present one) have been proposed to treat
the finite-volume scattering in the presence of the long-range forces. All three approaches
have one thing in common — namely, they all treat the long-range part of the potential
explicitly, without trying to approximate it by a string of contact interactions (like in the
derivation of the ordinary Liischer equation). After that point, the paths start to diverge.

In the recent paper [16] a modified two-body quantization condition has been derived
in the presence of both the long- and short-range forces. The authors present their central
result in two different forms. Namely, Eq. (3.63) of that paper is written down in a plane
wave and angular-momentum basis. From this point of view, it bears strong resemblance
with the approach of Ref. [14], however, with a conceptual difference. Namely, all short-
range interactions in Ref. [16] are summed up and enter the quantization condition through
an auxiliary on-shell K-matrix K°. No particular parameterization of the on-shell K-
matrix K is specified. We note, however, that for any realistic application to lattice data
involving partial-wave mixing such a parameterization would be required. In contrast, the
long- and short-range interactions are treated on equal footing in Ref. [14], and the short-
range K-matrix is implicitly parameterized in terms of the effective couplings appearing in
the Hamiltonian.

Furthermore, in Egs. (5.3) and (5.4) of Ref. [16] the authors recast their central result in
the angular-momentum basis. This result bears close analogy to our modified quantization
condition. For example, the quantity F'7 from their Eq. (5.4) is similar to our modified
Liischer function Hypy, ¢y (qo). The main difference, as already noted in the introduction,
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is that the authors of Ref. [16] propose a two-step procedure for the analysis of lattice data.
Namely, at the first step, an auxiliary matrix K° is determined from data. At the next
step, K° is substituted into the integral equation which is solved to obtain the physical
K-matrix. We propose to unite these two steps in one — in our approach, the auxiliary
K-matrix is related to the physical one at the same CM energy through a simple algebraic
expression.

Last but not least, it has been recently proposed to solve the ¢t-channel problem in the
two-body scattering by writing down three-body scattering equations [28]. In particular,
the t-channel cut that emerges close to threshold in DD* scattering (assuming a stable
D*) does not show up in the three-body quantization condition for the DDm system, even
if the bound state in the D7 subsystem lies below the elastic threshold. The results seems
surprising at a first glance. Let us recall however that the three-body quantization condition
is written down in the space of spectator momenta. Hence, in case of the stable D* meson,
this approach, up to the exponentially suppressed contributions should be algebraically
equivalent to the plane-wave solution proposed in Refs. [14, 18, 19]. Note however that, in
difference to the latter, the approach of Ref. [28] allows for a smooth transition to the case
of an unstable D* meson.*

To summarize, the difference between the existing approaches mainly boils down to
the following two points:

1. Technical convenience. The quantization condition can be written down in the plane-
wave basis as well as in the angular-momentum basis. Given modern computing
capacities, the difference between these two representations is not a decisive factor
anymore. Despite this, we still prefer a more compact representation in the angular-
momentum basis, which reduces to a single algebraic equation if the partial-wave
mixing for the short-range interactions can be neglected. The same statement applies
to relating physical observables to quantities extracted from the fit to lattice data.
For example, in order to relate K°° to the physical K-matrix, integral equations need
to be solved [16], whereas the corresponding link in our approach is given by a simple
algebraic relation.

2. The choice of quantities extracted from lattice data. This is a more subtle issue. In
an idealized world with single-channel scattering and no partial-wave mixing, the
Liischer equation just gives the scattering phase in terms of the level energy. In
realistic situations, however, one often needs a parameterization of the K-matrix in
order to solve the quantization condition. Without any doubt, the use of an effective
Hamiltonian provides such a parameterization within the range of applicability of
this particular EFT. In this case, the quantities that are extracted from data at first
hand are the couplings of the effective Hamiltonian. However, expressing the lattice
energy levels directly in terms of the physical K-matrix, in our opinion, renders the

4Note also that the calculation of the infinite-volume scattering amplitude in the region of the ¢-channel
cut has been carried out earlier in Ref. [39]. In these calculations it was explicitly shown that the particle-
dimer amplitude develops the left-hand singularity. The method of Ref. [28] essentially stems from this
observation.
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approach more flexible: for example, one might use different EFTs (or expansions)
in different energy regions to cover a larger energy range.

5 Conclusions

i

ii)

iii)

iv)

In this paper, we have derived a modified Liischer equation in the presence of both the
long-range and short-range interactions. The presence of the former leads to several
(interrelated) conceptual difficulties in the standard Liischer equation. Namely,

— The partial-wave expansion may converge slowly, and hence there could be a
significant admixture of the higher partial waves in the Liischer equation that
complicates the analysis of data.

— The long-range interactions lead to a t-channel cut in the scattering amplitude
that moves very close to the threshold, if the range of the interactions increases.
Using lattice energy levels that lie below the ¢-channel threshold in the Liischer

equation is inconsistent.

— The exponentially suppressed contributions could be still significant for not so
large values of L.

Our approach which, loosely speaking, represents a re-formulation of the modified
effective-range expansion of Ref. [32] in a finite volume, is capable to address all
above challenges.

Several alternative approaches have appeared recently in the literature [14, 16, 28].
In our paper, a detailed comparison to these approaches is given. We argue that
our method is conceptually closest to the original Liischer framework. It allows to
directly extract the scattering phase shift from the measured energy spectrum, if the
partial-wave mixing for the short-range interactions is negligible and if the parameters
of the long-range potential (i.e., the mass and the coupling of the pion) are known
accurately for a given lattice ensemble. Hence, it should be possible to analyze lattice
data analog to the original Liischer approach once the modified Liischer function is

available.

The modified Liischer function, which incorporates the long-range interaction, is a
central ingredient of our approach. In the present paper we consider the evaluation of
this function in great detail, paying particular attention to the issues of the ultraviolet
divergences and renormalization. Once this function, which does not depend on
the unknown parameters of the short-range force, is calculated and tabulated, the
analysis of data exactly follows the standard pattern. An explicit calculation of this
function is however a rather challenging enterprise and will be discussed in a separate
publication.

Note that in this paper we deliberately ignored all issues related with the spin of
particles, moving frames, relativistic effects, etc. All this is inessential in the context
of the problems considered here and would only blur the discussion.
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v) It remains to be seen, whether the Coulomb interaction can be treated consistently
in the same manner, and whether the results would add something substantial to the
findings of Refs. [29-31]. Here, it should be also mentioned that, due to the removal
of the zero mode of the Coulomb field in case of periodic boundary conditions, the
resulting Lagrangian is not local anymore. This, in its turn, might cause problems
in the matching of the non-relativistic effective field theory, which is used for the
derivation of the Liischer equation, to its relativistic counterpart (see, e.g., Ref. [40]).
In this context, it would be interesting to explore the possibility of using different
boundary conditions. An alternative to this would be to use the formulation with
massive protons, see, e.g. [41].

vi) The major challenge consists in using the same method in the three-particle problem.
For instance, it remains to be seen, whether the long-range one-pion exchange force in
the three-nucleon system can be separated as neatly from the short-range interactions
as done in case of the nucleon-nucleon scattering.
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A Calculating the Green function

The Green function in the coordinate space can be expressed through the Mgller operator

d3 e—ipw
01CL(aE +ie)w) = [ 5 (10l + i)p) (A1)

In Ref. [42], Fuda and Whiting defined the off-shell scattering wave function (cf. with
Eq. (2.19)):

(19068 +i0)Ip) = 47 3 Vi (i L) v (). (A2)
Im
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This scattering wave function obeys the equation

2
(684 25 = L5 = Vi) ) butaws 1) = (6 = Pt (A3)
where
we(z) = zje(z),  w(z) = zmg(z),  wi(2) = 2hE(2) = —up(2) £iug(z) (A4)

are expressed through the spherical Bessel, Neumann and Hankel functions, respectively.
The familiar on-shell wave function is given by ¢¢(p,7) = ¢¢(p, p, 7).
Using the expansion of the plane wave into spherical functions in Eq. (A.1), we obtain

00 72 ;
0 Loy p>dp ¢¢(qo.p,7) Je(pw) 1
GL(r,w; g +ie) = 477/0 @n)F  prit W @ —ie (A.5)

Performing the limit w — 0, one gets:

, A (20)%¢0 > pdp D**¢y(qo,p,7)
G@ 0: 2 — / s A6
£(r, 05 g + 7€) 20+ DI (20+1)! Jo (2m)3 p2—qd —ic (4.6)
where
RN 20+1
. (—ip\" 1 d
D2£+1¢€(Q07p7 7’) - ( 9 ) Edrgg_,_l r£¢€(q07p77n) : (A7)

Note that the same definition of the operator D2t is used, if ¢y is replaced by an arbitrary
function.

In order to perform the integral over p, we rewrite the wave function ¢y in terms of
the off-shell functions f; [42]:

7 ¢ — — ,
be(qo, p,7) = —jp (?) quo’gﬂp f;(cggo’ D) itn/ ? felqo, 7)
+ % (72 fulao, p,7) = €/ folao, —p,7) ) | (A.8)

where fy(qo,7) = fe(qo,qo, 7). Here, the function f, obeys the equation

d? 41 itn
(qg Tz ( 2 - VL(T))fz(QO,p,?") = (@5 — ") Pwi D (pr). (A.9)

and has the asymptotic normalization
felqo,p,r) ~€?, asrT— o0, (A.10)

The off-shell Jost functions are defined as

pZefMﬂ/Z(QE + 1)
CES

ff(QO;p) = }i_f)I(l)?"gfg(Q(],p,?"), (All)

and the usual Jost functions are obtained from the off-shell Jost functions according to

fe(qo) = fe(qo, qo0)-
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Substituting Eq. (A.8) into Eq. (A.6), it is seen that the integration can be extended
from —oo to 400, owing to the symmetry of the integrand:

0 ) LN 1 (2Z)€€' . —ilm/2 /OO pdp
GLr 0 +i8) = oy @ 27 oo (213 (p% — @@ — ic)
X <f£(q0’p) D**1 fi(qo,7) — DZHIfe(QO,P,T)) : (A.12)
fe(qo)

Note that the factor (go /p)Z has disappeared, since D2*!f;(qgo,r) contains the factor ¢f
instead of p’, cf. Eq. (A.7).

In order to perform the integral by using Cauchy’s theorem, it is important to show
that the Jost solutions do not have singularities in the upper complex plane of the variable
p. To this end, we define the functions

e m/2(20 4 1)

9e(a0:P:7) = Ty (pr)’ fe(qo,p,7)
wtor) = (o sy o) o). (A13)

Using Eq. (A.9) and the asymptotic condition, it can be shown that the function g; obeys
the following integral equation

00 r ¢
gulavpvr) = 2epr) = [~ dw(w—r) (L) (uelaor)vlan) = vrlaor)ue(gow)
x Vi(w)ge(qo, p;w) . (A.14)

Solving this equation iteratively, one arrives at

00(q0,p,7) = ze(pr) + /O ~ dwKy(r, w; go) ze(pw) (A.15)

An exact form of the kernel Ky is not important. It suffices to know that the kernel does
not depend on p and vanishes at w < r. Furthermore, assuming r — 0, we get

(20 +1)!

TR0+ D (A.16)

(o ¢]
filao.p) = 4(0)+ [~ dwki 0. wia)z(pu) , #(0)
Acting now with the operator D**! on Eq. (A.15) and taking the limit r — 0, one gets:
oo ~
lim D> fy(q0, p, ) = p** 2(0) +p£/0 dwK (0, w; o)z (pw) . (A.17)

Again, %, K; are independent of p. Performing now Cauchy integrals, one gets:

< pdp  fi(qo,p) /00 pdp 1 1 /oo
i g2 e — =l o st 5 | K0, w
/,Oo 2mi p? — g3 — i 2(0) oo 270 P2 — @} — e + 2 Jo ¢(0, w3 go)2(qow)

1

= — 5 20) + 5 Jlw). (A13)
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Here, one has used the fact that the integral, multiplying z,(0), vanishes in the symmetric
boundaries. Furthermore

i [ Pdp D> fi(g0,p,7)
10 ) oo 2mi  p? — qd —ie

~ < pdp p2f+1 qg /oo B
— 2,00 pap b LB gk, (0, w:
Zo( )/700 276 p? — qF —ic Ty , ¢(0, w3 go)2(qow)

> dp(p**? — g t?) 1 2041
— 3 Z lim D%t
Z(0) [m P+ i +5 lim fe(qo,7)

. 1
= 2(0)X¢(g3) + 5 lim D** fo(qo, 7). (A.19)

Here, X;(q3) denotes a polynomial of order ¢ in the variable g3. The coefficients of this
polynomial are ultraviolet-divergent and can be regularized, e.g., introducing a momentum
cutoff on the integration momenta, |p| < A.

Collecting all factors together, we obtain

1
(G% (qo)) = . My(qo) + real polynomial in ¢Z, (A.20)

((2¢ + 1)I1)?
where My(qp) is given by Eq. (2.4).

One more remark is in order. It should be pointed out that the final result crucially de-
pends on the validity of Egs. (A.18) and (A.19). Using Cauchy’s theorem straightforwardly
is not allowed, since the integrand does not vanish sufficiently fast at the infinity. The result
given above corresponds to the choice of symmetric boundary conditions —A < p < A and
A — o0, which follows from extending the initial integration area by using the fact that
the integrand is even under the interchange p <» —p. The terms containing the potential
are vanishing exponentially on a large semicircle in the complex plane, and so Cauchy’s
theorem can be used there without further ado.

B Cancellation of the poles

Using Eq. (2.17), it is straightforward to see that the full Green function G = G+ GoT'Gy
can be espressed as

G(a5) = Gr(ad) + Gr(ad)Ts(a5)Gr(ap) - (B.1)

Our aim is to show that the poles of G(¢g3) will cancel in G(g3). Note that our reasoning
will be valid both in a finite as well as in the infinite volume.

Owing to the spectral representation written down in Eq. (3.1), in the vicinity of an
isolated pole at g3 = g2, the Green function G, has the following representation:

Grlgd) = 21l 4 Gy, (B.2)

an 0
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where G L(qg) is regular at q% = ¢2. Furthermore, defining the quantity

Ts(qq) = Vs + VsGr(ad)Ts(q3) (B.3)

which is apparenly regular at ¢ = ¢2, we obtain

It is explicitly seen that this expression does not contain a pole at ¢ = ¢2, if the matrix
element in the denominator does not accidentally vanish. Moreover, using Eqgs. (B.2) and

Ts(q8) ton) (n] Ts(qd)

Ts(q2) = Ts(q? [ '
5(q5) s(qp) + @2 — g — (n|Ts(q3)|n)

(B.4) in Eq. (B.1), after a simple algebra one obtains:

(14 GLTs) o) (Wnl(TsGL + 1)

GZéL-i-GLTgéL-i- =
@2 — 5 — (¥nl|Ts(a3)¥n)

Again, the poles that emerge from G, have canceled in the final result.
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