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Repulsive Casimir force from a Majorana zero-mode
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Fu and Kane have taught us that a Majorana zero-mode appears on the quantum spin Hall edge
at the interface with a superconductor. If a magnetic scatterer is placed on the edge, the zero-point
energy of massless edge excitations exerts a force on the scatterer. This is the fermionic analogue
of the electromagnetic Casimir effect. We show that the Majorana zero-mode produces a repulsive
Casimir force, pushing the scatterer away from the superconductor. Unlike some other signatures
of Majorana zero-modes, the repulsive Casimir force is directly tied to the topological invariant of
the system (the sign of the determinant of the reflection matrix from the superconductor).

I. INTRODUCTION

A Majorana zero-mode is a topological defect in a su-
perconductor [I]. It is described formally as a state that
is annihilated by the Hamiltonian, or informally as “half
an electron” [2H4]. It may find applications in quantum
information processing [5] [6], but it is elusive [7, 8]: Al-
though the zero-mode is a mid-gap state that can be de-
tected spectroscopically [9], there are confounding factors
in a superconductor that may produce a non-topological
mid-gap spectral peak [10].

One reason why probes of Majorana zero-modes can
be ambiguous is that they do not directly connect to
a topological invariant. In a scattering formulation the
topological invariant of a superconductor is the sign of
the determinant of the reflection matrix [I1]. A negative
determinant identifies an unpaired Majorana zero-mode.
Here we wish to show how the fermionic Casimir effect
can provide such a probe.

The electromagnetic Casimir effect [I2H14] refers to the
attractive force between two metal plates produced by
the zero-point energy of photons. In the fermionic ana-
logue [I5] the photons are replaced by massless excita-
tions with the same linear dispersion relation, as they
appear in graphene or in topological insulators [T6H21].
Non-topological Majorana fermions (not the zero-modes)
have been studied in the context of neutrino physics
[22] 23] — the Casimir effect has been proposed as a way
to distinguish Dirac fermions from Majorana fermions
[24].

To investigate how the Casimir effect is modified by the
presence of a topological Majorana zero-mode we con-
sider the geometry of Fig. (1| (inset): A segment of length
L of the conducting edge of a quantum spin Hall insu-
lator is gapped at one end by a superconductor (s-wave
gap Ap). At the other end it is gapped by a magnetic
scatterer, which could be the tip of a scanning probe.
As pointed out by Fu and Kane [25], this topologically
nontrivial system hosts a pair of Majorana zero-modes,
one on each edge. The two edges are decoupled by the
insulating bulk, the magnetic scatterer is only influenced
by the Majorana zero-mode on the upper edge.

The magnetic scatterer will experience a Casimir force,
given by the derivative Fo = —dF/dL of the free energy
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FIG. 1. Casimir force on a magnetic scatterer, placed on the
edge of a quantum spin Hall (QSH) insulator at a distance
L from a superconductor. The force points away from the
superconductor. The plot gives the dependence of the Casimir
force on the transmission probability I" of the QSH edge mode,
in the long-distance regime L > & at zero temperature (Eq.
(16), with the asymptotes dashed).

with respect to the separation L to the superconductor.
The force can be attractive, pointing towards the super-
conductor, or repulsive, pointing away from it. We will
show that a repulsive Casimir force is a signature of topo-
logical superconductivity and the presence of a Majorana
zero-mode.

II. SCATTERING FORMULATION

The free energy in equilibrium at temperature 7' is
given by

F=_T /OO de p(¢) In[2 cosh(e/2T)], (1)
0

with p(e) the density of states of Bogoliubov quasiparti-
cle excitations (electrons and holes) at energy ¢, relative
to the Fermi level. Spin and valley degeneracies can be
included in the density of states, but on the quantum
spin Hall edge there are no degeneracy factors. We set
h and Boltzmann’s constant kg equal to unity in most
equations.

In a scattering formulation [26] the integral over real
energies can be transformed into a sum over imaginary



Matsubara frequencies, see App. [A}

F=-T> Indet[l — Ry(iwp)Rs(iwp)] + Firee,
p=0
wp = 2p+1)nT.

The additional term Fiee is the free energy of the uncon-
fined quantum spin Hall edge, which does not contribute
to the Casimir force and will be omitted in what follows.

The change in the free energy due to the confinement
is expressed in terms of the product of reflection matrices
Ryi(e) and Rg(e) from the magnetic scatterer (M) and
the superconductor (S). Electron-hole symmetry requires
that

RM,S(_‘C:) = VxRK/[,S(E)VHCv (3>

with v, a Pauli matrix in the electron-hole degree of free-
dom.

Time-reversal symmetry forbids back scattering along
the gapless quantum spin Hall edge [27]. Transmission
over a distance L introduces a phase shift k()L for the
electron and —k(—¢)L for the hole. The resulting L-
dependence of the free energy is introduced via the sub-
stitution

eik(e)L 0

0 e—ik(—s)) )

The reflection matrices Ry and Rg are L-independent.
Near the Fermi energy Er we may linearize k(e) =
kr + &/vr, hence

RymRs = URWURs, U = (

U(@) — eisL/vpeiuszL' (5)

Taking also the zero-temperature limit the free energy
becomes

= dw —2wL/vp 2ivke L P (i \ P (7
F=- o Indet[l—e e“"V="" % Ry (iw) Rs (iw)],
0

T
3 (6)
where we have used that Ry commutes with v, (be-

cause the magnetic scatterer does not couple electrons
and holes).

IIT. CASIMIR FORCE

The Casimir force depends on the ratio L/& of
the junction length and the superconducting coherence
length &y = Aivp/Ayp. In the long-distance regime L > &
one may neglect the energy dependence of the reflection
matrices, evaluating them at e =0 = w,

oo
F = —/ dw Indet(1 — e~ 20E/vr Q)
Q= eszkFLRM(O)RS (O)

We assume that 2 is unitary at € = 0 (no transmis-
sion through the magnetic scatterer, we will relax this

assumption later on). The electron-hole symmetry rela-
tion

Q" = v, Qu, (8)

then implies that 1) if A is an eigenvalue of €, then also
A* = 1/\ is an eigenvalue; and 2) the determinant of {2
equals +1. The determinant is +1 if the superconductor
is topologically trivial, while det 2 = —1 if the supercon-
ductor is topologically nontrivial [I1]. The sign change is
due to reflection from an unpaired Majorana zero-mode.

On the quantum spin Hall edge, the condition det 2 =
—1 pins the two eigenvalues at +1 and —1, independent
of L. The free energy then evaluates to

1 o0
F=—— dw In(1 + se”2wk/ve
2 0 s:zi:l ( )
_ i > _ —4wL/v _ ﬂ-th
=5, dwIn(l—e ) = 5L 9)

This corresponds to a repulsive Casimir force F oc L2
on the scatterer.

IV. TRIVIAL VERSUS NONTRIVIAL
SUPERCONDUCTOR

To contrast this with a conventional, trivial supercon-
ductor, we consider a more general case in which the
gapless region of length L may have multiple conducting
modes n = 1,2,... N (counting degeneracies). We still
assume that there is no backscattering upon propagation
over the length L, which in the general case without topo-
logical protection will require L small compared to the
mean free path.

The wave vector k,, will in general be mode dependent,
but the dependence is weak for the modes with the largest
longitudinal velocity (which give the dominant contribu-
tion to F). For simplicity we neglect the n-dependence
of k,,. We thus arrive at the same equation , but now
Q is a 2N x 2N unitary matrix. We consider the free
energy JF. separately in the two cases det Q2 = +1.

For a trivial superconductor, if det2 = +1, the 2IV
eigenvalues of ) come in N complex conjugate pairs
eii@z with 0 < ¢, < w. The free energy then evalu-
ates to

1 >0 .
Fi=—= ZRe/ dw ln(l + e*Q“JL/”Fe“b")
g n=1 0

mho N
_ F 9427, 2

(10)
n=1

For a nontrivial superconductor, if det ) = +1, two of

the eigenvalues of 2 are pinned on the real axis, one at

+1 and the other at —1. The other eigenvalues are still

complex conjugate pairs, hence

o 7Th’UF ’/Th’UF
487l 24L 4

F_

(1=3¢n/7%). (1)



If the superconductor is disordered the scattering
phases ¢, will be uniformly distributed in (0,7), and
we may average

(-stjn) = [Ca-s/m % =0 )

Then (Fy) = 0 while (F_) = whvp/48L. All of this
assumes that backscattering upon propagation between
the barriers can be neglected.

V. MODEL CALCULATION

The precise formula @D for the repulsive Casimir force
from a Majorana zero-mode assumes limiting conditions
(long distance, fully reflecting magnetic scatterer, zero
temperature). We may relax these conditions in a model
calculation.

We choose a gauge where the pair potential in the su-
perconductor is real. Its reflection matrix is [2§]

Rs(e) = a(e)ve, ale) =ie/Ag+ /1 —c2/A2, (13)

evaluated at e +i07 to avoid the branch cut of the square
root. (Check that the symmetry is satisfied.) The
off-diagonal Pauli matrix v, signifies Andreev reflection,
from electron to hole. Normal reflection (from electron
to electron) is forbidden by time-reversal symmetry on
the quantum spin Hall edge. The reflection matrix is
unitary below the gap, while above the gap there is also
propagation into the superconductor and Rg decays as
1/e.

The magnetic scatterer has only normal reflection,
with probability 1 — I" and phase shift +¢ for electron
and hole,

Ry = e=y/1 - T. (14)

For simplicity we do not include the energy dependence
of Ry (assuming that the e-dependence is on a scale large
compared to Ag).

At zero temperature the free energy @ is then given
by

F= f/ dw In[1 - (1 - Da(iw)?e *L/v]. (15)

0o 27

The phase shifts kgL and ¢ drop out of the determinant

because of the identity e*’zv,e*> = v, for any a € C.
The resulting Casimir force Fo = —dF/dL has in the

long-distance regime the asymptotics

_ hwp Lip(1-T)

Fo = 2 - , for L> &, (16a)
hop (72/6+TInl —T) if T <1,

= 16b
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FIG. 2. Distance dependence of the Casimir force at zero and
at nonzero temperature, on a log-log scale.

(The function Lis is the dilogarithm.) In the opposite
short-distance regime the asymptotics is
B 27T§()

Fe (1-T)In(&/L), for L < &. (17)

The Casimir force is repulsive for all L. The 1/L?
decay for large distances becomes a logarithmic increase
for short distances, saturating at the Fermi wave length,
when Fo ~ (Ag/&) In(Er/Ap). (A similar logarithmic
increase appears in a Josephson junction [29].)

All of this is at zero temperature. At non-zero tem-
perature we sum over the discrete Matsubara frequen-
cies, [, dw — (277T) >w,=(2p+1)x7- The chararacter-

istic temperature scale is the smallest of hvp/kpL and
Ao/kg. As shown in Fig. 2l for L < & the temperature
dependence is insignificant for T' < 0.1 Ay /kp.

VI. CONCLUSION

Prospects for direct measurement of the repulsive
Majorana-Casimir force are not promising: Even in the
short-distance regime a force of order Ag/¢y < 107N
is beyond present detection capabilities. Conceptually
the effect provides a novel connection between zero-point
fluctuations of gapless fermionic excitations and the pres-
ence of a Majorana zero-mode. The connection involves
a topological invariant, so it directly ties to the defining
property of a topological superconductor.

It is instructive to compare with other appearances of a
repulsive fermionic Casimir effect: in a carbon nanotube
[16] and in a Josephson junction [29H3I]. In these topo-
logically trivial systems the Casimir force crosses over
from attractive to repulsive as a parameter is varied (the
orientation of the magnetization in the carbon nanotube
and the superconducting phase difference in the Joseph-
son junction). In contrast, here the sign of the Casimir
force is fixed by a topological invariant.

It is also of interest to compare with the electromag-
netic Casimir effect in vacuum, which may become repul-
sive if the mirrors that confine the photons break time
reversal symmetry [I8] [19]. A connection with topologi-
cal invariants appears if the mirrors are Chern insulators:
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FIG. 3. Three scattering regions in series, each with their
own unitary scattering matrix.

the Casimir force is attractive or repulsive depending on
whether the Chern numbers in the two mirrors have the
same or the opposite sign [32].
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Appendix A: Free energy of a
magnet—normal-superconductor junction

To make the paper self-contained, we give the deriva-
tion of the free energy formula . This calculation
for a magnet—normal-superconductor junction is anal-
ogous to the calculation for a superconductor-normal—
superconductor junction of Ref. 26L

1. Scattering formulation

The scattering geometry is shown schematically in Fig.
It consists of three scattering regions in series, with
scattering matrices S1, (tunneling through the magnetic
scatterer), Sy (propagation along the edge mode), and Sg
(Andreev reflection by the superconductor). The scatter-
ing regions are connected by leads with 2N propagating
modes at energy e.

In each region we allow for both transmission and re-
flection, via the block structure

Sy — (TX t’X) . X € {L,R,0}. (A1)

l
tX Tx

The blocks contain the reflection submatrices rx, r'y (re-
flection from the left and from the right) and the trans-

4

mission submatrices tx,t (transmission from left-to-
right and from right-to-left). These submatrices have
dimension 2N x 2N. The scattering matrix is a 4N x 4N
unitary matrix, SXST =1.

The full scattering matrix S of the entire structure is
given by

S=R+T'So(1-R'S)™'T, (A2)
where we have defined the block-diagonal matrices
_(rL O , (7, O
e (5 0) m=(F0).
_(ty O , ([t O
T_<O tk)’T_(O tr ) (A3b)

2. Density of states

Knowledge of the energy dependence of S(e) gives the
density of states via the Friedel formula,

1

d
p(E) —— — Indet S(E) + Plead (5)7

— A4
2mi de (A4)

where pjeaq is the density of states of the leads connecting
the scattering regions. For the Casimir effect we need to
subtract the contributions from the individual scattering
regions,

1 d
=——1 . A
px(e) 57 e ndet Sx(¢) (A5)
For that purpose we note the identities
det 1, det(—t"
dev sy = S AU
det det )

which follow directly from the polar decomposition

o= (5 ) (T ) (5 )
X=\Vlo0 vy VTx 1—Tx 0 Vi)’
AT)
with unitary matrices Uy, Vx,Uk, V% and a diagonal
matrix of transmission probabilities T'x.
We now rewrite Eq. , using the unitarity relations

TT+RRT =1, R=-TRUTH', (A9

as follows:



S=R+T'Sy(1—R'So)"'T

=T'[-RN(TH) ™ + So(1 —R'So) ' T]
=T'[-RNTTH ™+ So(1 —R'So) 1T
= T’[ R =RRT) ™+ 85(1 = R'So) T
T'N-RT(1-RRH1-R'Sy) + So](1 —R'Sp) ™' T
= '[R/TR/( —RITRNIS, — RT(1 —R'RT)~L + So](1 —R'So) "' T
=T'(1-RTR) 1Sy — (1 -RR)IRT(1 - R'So) T
=T'(1-RRNHSy —RN(A—-R'So)"'T
= (T 718 (1 — S{RT)(1 — R'Sp) ™ T. (A9)
[
The resulting density of states is where Fiee is the contribution from the separate scat-
tering regions. Because of the particle-hole symmetry
ple) = — li Im In det(1 — R’Sg) relation the extension of the integral to ffooo gives
m de 2i times the imaginary part of the integral fooo. Upon
+ po + pL + PR T+ Plead; (A10) partial integration we then have

where we have used Eq. to extract the contributions
from the separate scattering regions.

The change in the density of states due to the confine-
ment, dp = p — Po — PL — PR — Plead, 1S then given by the
first term in Eq. (A10]), which upon substitution of Egs.

(A1) and (A3) takes the form

1—7riro

1d
dp(e) = ———Imlndet ( rate

"L.t0 All
mde o) )

1—rrry
In our case the normal region is a quantum spin Hall

edge, without backscattering: ro = 0 = r{, hence

1d
(Sp(g) = —;% Im lndet(l — RMRS)7 (A12)

Ry = TILtE), Rg = rriop.

3. Free energy

The free energy follows upon substitution of Eq. m
into Eq. .

T oo
F— ;/0 de In[2 cosh(e/2T)]

« d% T Indet[1 — Ry (e)Rs(2)] + Fireo,  (A13)

F=r / de tanh(z/2T) In det[1— Rat () Bs (2)]+ Frree.
T J_co

(A14)
The integral along the real energy axis converges
slowly. To convert it into a rapidly converging expression
we close the integration contour in the upper half of the
complex energy plane. The scattering matrices are ana-
lytic for Ime > 0. The tanh has poles at the Matsubara
frequencies € = iw, = (2p + 1)inT, with p-independent
residue 27'. We thus arrive at

F=-TY Indet[l — Ry (iwy)Rs(iwp)] + Firce, (A15)

p=0

which is the result from the main text.
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