arXiv:2402.18501v2 [math.QA] 27 Mar 2024

Yangian of the periplectic Lie superalgebra

Maxim Nazarov

Department of Mathematics, University of York, York YO10 5DD, United Kingdom

Abstract: We study in detail the Yangian of the periplectic Lie superalgebra.
For this Yangian we verify an analogue of the Poincaré-Birkhoff-Witt Theorem.
Moreover we introduce a family of free generators of the centre of this Yangian.

Key words. Hopf algebra, Lie superalgebra, Yangian

Subject Classifications. 16T20, 17A70, 17B37


http://arxiv.org/abs/2402.18501v2

2 Maxim Nazarov

1. Let glysn be the general linear Lie superalgebra over the complex field C.
Here both M and N are positive integers. The Yangian of gl,, 5 was introduced
in [20] by extending the definition of the Yangian Y (gly) of the general linear
Lie algebra gl , see for instance [23]. The Yangian of gl M|~ 18 a deformation
of the universal enveloping algebra of the polynomial current Lie superalgebra
glasn[u] in the class of Hopf algebras, see [24] for further details.

Let pn be the periplectic Lie superalgebra over C. This is a subalgebra of
ol y v preserving a non-degenerate odd symmetric bilinear form on the Z-graded
vector space CV!V | The Lie superalgebra gl acts on CNIN in the natural way.
Equivalently, the Lie superalgebra py can be defined as a fixed point subalgebra
of gl |y with respect to a certain involutive automorphism. This automorphism
is denoted by w, see Section 3 for an explicit definition of py in these terms.

The corresponding Yangian Y (py) was briefly introduced in [21]. Note that
the construction of Y(py) therein involved the periplectic Brauer algebra which
was later studied in by other authors, see for instance [8,9,14,19].

According to the general scheme of [11], the Yangian of the Lie superalgebra
pn cannot be defined as a deformation of the universal enveloping algebra of the
polynomial current Lie superalgebra py[u] in the class of Hopf algebras. This
is because by [25] the only supersymmetric p y-invariant element of p%z is zero.
Consequently, there is no natural Lie co-superalgebra structure on py|u].

Remarkably, there is a natural Lie co-superalgebra structure on the twisted
polynomial current Lie superalgebra g = { g(u) € glyn[u] : w(g(u)) = g(—u)}.
The Yangian Y(py) is a deformation of the universal enveloping algebra U(g)
in the class of Hopf algebras. See [21] for further discussion of this fact.

The definition of the Yangian Y (py) is given in our Section 10. It is based on
a new solution of the quantum Yang-Baxter equation constructed in [21]. This
solution is a rational function of two variables u ,v with values in the periplectic
Brauer algebra. Unlike other rational solutions discovered before [21] this is not
a function of only the difference u — v of the variables, see our Section 5.

Our Theorem1 is stated in [21] without proof. We prove it here. We also prove
an analogue for Y (py) of the Poincaré-Birkhoff-Witt Theorem for U(g) , see [17].
This analogue is our Theorem 2 which was also stated in [21] without proof. We
sketch its proof here. Its Corollary 1 describes Y (py) as a vector space explicitly.

Unlike its analogues [3] for the Yangians of the symplectic and orthogonal Lie
algebras, Theorem 2 cannot be proved by using the method of [22]. The reason
for it is explained in our Section 11. We use the Diamond Lemma of [6] instead.

The Lie superalgebra py is a subalgebra of g. It consists of all those elements
of g which do not depend on the variable v . So the universal enveloping algebra
U(pn) is a Hopf subalgebra of U(g) . We also have an embedding of U(py ) to the
Yangian Y (py) as a Hopf subalgebra, see Corollary 2 to our Theorem 2.

There also is a subalgebra of g isomorphic to gl 5 [u] . It consists of all g(u) € g
taking values only in the even part of gl . Hence there is a Hopf subalgebra of
U(g) isomorphic to U(gly[u]). We have an embedding of Y (gl ) to Y(pn) as an
associative subalgebra, see Corollary 3. But it is not a Hopf algebra embedding.

Our Theorem 3 yields an explicit description of the centre of Y(py). We use
an analogue for Y(py) of the quantum Berezinian [20] for the Yangian of gl -
To define it we construct a family of one-dimensional subquotient representations
of the algebra Y (px) depending on a complex parameter, see Sections 15 and 25.

Irreducible finite-dimensional representations of the Lie superalgebra py were
recently studied by several authors, see for instance [1,2,4,7,10,12,13]. It would
be interesting to study irreducible finite-dimensional representations of Y (py).
For the Yangian of gl,, 5 this was done in [27] and more recently in [15,16,26].
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2. We shall use the following general conventions. Let A and B be associative
Zs-graded algebras. Their tensor product A ® B is also an associative Zs-graded
algebra such that for any homogeneous elements X, X’ € A and Y,Y’' € B

(X ® Y)(X/ ® Y’) = XX'®YY' (_1) deg X' degy’
deg (X ®Y) =deg X +degY.

Furthermore, for any two Zs-graded modules U and V over A and B respectively,
the vector space U ® V' is a Zs-graded module over A ® B such that for any
homogeneous elements x € U and y € V

(X@Y)(r@y)=Xe@Yy(-1)derdey (1)
deg(z ®y) = degx + degy . (2

)
A homomorphism « : A — B is a linear map such that a(XX ) = a(X) a(X’)
for all X, X’ € A. But an antihomomorphism 5 : A — B is a linear map such
that for all homogeneous X, X' € A

BXX') = B(X') B(X) (—1)des X des X", (3)

Let n be any positive integer. If the algebra A is unital, let ¢, be its embedding
into the tensor product A®" as the p-th tensor factor:

tp(X) = 12V o X @192 for p=1,....,n

We will also use various embeddings of A®™ into A®" for m =1, ..., n. For any
choice of m pairwise distinct indices p1, ..., pm € {1, ...,n} and of an element

X € A®™ of the foom X = XM ® ... ® X(™) we will denote
Xpl---p'm = Lpl (X(1)> e me (X(m)) € A®n
We will then extend the notation X, , to all elements X € A®™ by linearity.

3. Let the indices i, j,k,l run through £1,..., + N. Putz =0if7 > 0 and
7 =11if i < 0. Now consider the Zy-graded vector space CVIV . Let ¢; € CNIV
be an element of the standard basis. The Zo-grading on CNIV is defined by
dege; =7 . We will be using the bilinear form ( , ) on CVIV defined by setting
(ei,ej) =0d; —; for any indices ¢ and j. This form is clearly symmetric.

Let E;; € End CNIN pe the standard matrix unit, defined by F;jer =djre; .
The associative algebra End CVIV is Z,-graded so that deg E;; =1+ 7. Hence

CNIN is a Zy-graded module over End CNV | For any n we can also identify the
tensor product (End CN™V)®" with the algebra End ((CNIV)®") acting on the

vector space (CNIV)®" by repeatedly using the conventions (1) and (2).
We can define an antiautomorphism 7 of End CNV?V by mapping

T: Eij — Eji (—1)ij+i .
Note that 7 is not involutive, while 72 is the parity automorphism of End CNIN

Eij — Eij (—1)74_]—. (4>
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We can also define an involutive automorphism 7 of End CNV by mapping
T Eij — E—i,—j .

The compositions 77 and 7 7 again differ by the automorphism (4). Hence both
77 and 77 are involutive antiautomorphisms of End CNIV | Explicitly,

TT Eij — E—j,—i (—1>7j+j,
Consider the Lie superalgebra gl N|N - To avoid confusion, denote by e;; the
element of gl y corresponding to E;; € End CNIV . Then deg eij =7 + 7 and
[eijrent] = Ok e — O ey (—1) T FHIEFL) (5)

It follows that both m and — 7 are automorphisms of the Lie superalgebra gl -
Let w = — 77 be their composition. The automorphism w is involutive. Further,

(Za,y)+(z,0(2)y)(-1)derdE? =0

for any homogeneous z,y € CNWV and Z € gl n - The Lie superalgebra glyy
acts on the vector space CNIV via the above identification with End CVIN

Now the periplectic Lie superalgebra py is the fixed point subalgebra of gl y
with respect to the automorphism w. It can also be defined as the subalgebra
of glyn preserving the form ( , ) on CNIN | This subalgebra is spanned by the
elements

fij = eij twleij) = e —e_j,_i(—l)”Jrj. (6)
4. Take the element of the algebra (End CNIV)®2
P=3% Eyj®E;(-1)7. (7)
i,
It acts on the vector space (CNIV)®2 5o that e; @ ¢j — e; @ e; (—1)"7 . Here we

identify the algebra (End CNIV)®2 with the algebra End ((CNV)®2) using (1).
Note that P2 = 1. Also note that (717 ® 77)(P) = — P. Now let

Q=(—7rm®id)(P) = (iderr)(P). (8)
Explicitly, o
Q=Y Eyo B i ;(-1)77. (9)

The image of the action of Q on (CNIV)®2 is one-dimensional and is spanned by
Y ei@ei(-1)". (10)

Here we regard @ as an element of End ((CV1V)®2) by once again identifying the
latter algebra with (End CNIV)®2 ysing (1). Also note that

PQ=-Q, QP=Q and Q?=0. (11)

By [19, Theorem 4.5] the supercommutant of the image of p in (End CNIN)®n»
for any n is generated by all elements P, and @ ,, where 1 < p < g < n. Here
we use the standard comultplication on the universal enveloping algebra of py .
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5. Consider a function of complex variables u ,v with values in (End CNIV)®2

P+Q

Rlu,v)=1- u—v  utuv
By (8) we have
(rmr®1)(R(u,v)) = R(u,—v), (12)
(1@ 7m)(R(u,v)) = R(—u,v). (13)
We also have .
R(u,v) R(—u,—v)=1— TR (14)

Indeed, due to the relation P2 =1 and to (11)

(et s (o)
U—"uv U+ v uU—v uU-+v

P2 PQR+QP Q* . 1
1_(u—v)2+(u—v)(u+v)_(u+v)2_1 (u—wv)2"

Theorem 1. The rational function R(u,v) satisfies the Yang-Baxter equation
in the algebra (End CNIN)Y®3 (4 v, w)

R12<U ,’U) R13<U ,w) Rgg(v ,U)) = R23<’U ,w) ng(u,w)ng(u ,’U) . (15)

Proof. Using the definition of R(u,v) the equality in (15) will follow from the
relations in the algebra (End CVIV)®3 displayed below:

P13 P13 = Pa3 P1a = P13 Pags, (16)

P13 Py = P1a Pag = Pa3 P13, (17)

Q13 Q12 = — Pa3 Q12 = — Q13 Pas, (18)

Q12 Q13 = — Q12 Pozg = — Pa3 Q13 (19)

Q12 P13 = —Q12Q23 = — P13 Q23 (20)

P13Q12 = — Qa3 Q12 = — Q23 P13, (21)

P12 Q13 = Qa3 P12 = Q23 Q13 , (22)

Q13 P12 = P12 Q23 = Q13 Q23 , (23)

P13 P13 Pag = Pa3 P13 P12, (24)

P12 Q13 Q23 = Q23 Q13 P12, (25)

Q12 Q13 Paz = P23 Q13 Q12, (26)

Q12 P13Q23 =0, (27)

Q23 P13Q12 =0, (28)

P13 P13 Q23 = Po3 Q13 P12 = Q12 P13 Paz = — Q12 Q13 Q23 , (29)
Q23 P13 P12 = P12 Q13 Pag = Po3 P13 Q12 = — Q23 Q13 Q12 (30)
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To prove (15), the relations (16) and (17) are used along with the identity

11 11 1 1
— + =0 (31)

Uu—vu—w Uu—vv—w Uu—wov—w

which is easy to verify. The relations (18) and (19) are used with the identity

1 1 1 1 1 1 _ 0
u+vu+tw u+vov—w u-l-wv—w_

which is obtained from (31) by changing the sign of u. The relations (20) and
(21) are used with the identity

1 1 1 1 1 1

u+vu—w u+vv+w u—w v+w

which is obtained from (31) by changing the sign of v. The relations (22) and
(23) are used with the identity

1 1 1 1 n 1 1 —0
u—vu+w u—vv+w u—i—wv—i—w_

which is obtained from (31) by changing the sign of w. Finally, the relations
(29) and (30) are used along with another identity which is easy to verify:

1 1 1 1 1 1
Uu—vu—wv+w U—vuUu+wv—w
1 1 1 1 1 1

ut+vu—wouv—w u+vut+wov+w

Let us verify the relations (16) to (23). The relations (16) and (17) follow from
the description of the action of P on the vector space (C¥ |V )®2 as provided in
the beginning of Section 4. Due to (8), the relations (18) and (19) can be obtained
by applying the antiautomorphism 7 of End CNIV to the relations (16) and
(17) relative to the first tensor factor of (End CN!V)®3, Similarly, the relations
(20) and (21) can be obtained by applying 77 to the relations (16) and (17)
relative to the second tensor factor of (End CVIV)®3, The relations (22) and
(23) can be obtained by applying 7 7 to the relations (16) and (17) relative to
the third tensor factor of (End CNIV)®3,

Next let us verify the relations (24) to (30). The above mentioned description

of the action of P on (CNIN)®2 ghows that either side of (24) equals Py3. This
description also implies (25) and (26). It also implies that

Q12 P13 Q23 = Q12 Q21 P13 = Q12 P12 Q21 P13 = Q12 Q12 P12 P13 =0
where we also used (11). So we get the relation (27). Similarly, we get (28):

Q23P13Q12:P13Q21Q12:_P13Q21P12Q12:_P13P12Q12Q12:0~

Also similarly, each of the first three products in (29) is equal to — P13 Q23 . By
using the first equality in (19) and then the second equality in (20),

—Q12Q13Q23 = Q12 P23 Q23 = — Q12 Q23 = — P13 Q23

Hence we get the last equality in (29). The proofs of all three equalities in (30)
are very similar to those in (29) and are omitted here. O
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6. We will first define the extended Yangian of the Lie superalgebra py . This is
a complex associative unital algebra X(py) with a countable set of generators

T\ where r=12 ... and i,j=+1,...,£N. (32)
The algebra X(py) is Zo-graded so that deg Ti(jT) =147 for all r. To write down
defining relations for the generators (32) of X(pn) we will use the formal power
series in u~! with coefficients from X(py)

Tyj(u) =65 - 1+ TV w4 TP w2 4 (33)

Now combine all the series (33) into a single element

T(u) = Eij ® Tyj(u) € (End CYN) @ X(pn) [[u™]]. (34)
For any n and any p =1, ..., n we will denote
Ty (u) = (1p ®id)(T(u)) € (End CM™)®™ @ X(py) [[u™]]. (35)

By using this notation for n = 2 the defining relations of X(py) are
(R(u,v)®1) Ty (u) To(v) = To(v) Th(u) (R(u,v) ®1). (36)

Namely, after multiplying each side of (36) by u? —v? it becomes an equality of
formal Laurent series in u~!,v~! with coefficients in (End CVV)®2 @ X(py).
By expanding the relation (36) in the basis of (End CVIV)®2 consisting of

Eij® B (-1)CFDEYD where ik l=+1,...,+N
while using the definitions (7) and (9), we get a collection of relations

Ty (w) Tir(v) — T (v) Tia(w) (—1)TR+TTHET

[Tij(u), Tra(v)] =

Y Doy Tont(V) gy mieiss

- U+ v
Tye,—n(v) Tin(u) Rk tih4eith
5 - > -1 +7k+72l+h 37
+ 05,1 ; w+ v ( ) ( )
where h = £1, ..., £ N and the square brackets stand for the supercommutator.

By comparing (15) with (36), we obtain that for any ¢ € C the assignment

(End CV™) @ X(pn) [[u™Y]] = (End CVM®2[[uY] : T(u) — R(u,t)

defines a representation X(py) — End CV!V. We will denote this representation

by p¢. By the definitions (7) and (9), for any r > 0

poTYY o (B + (~1) rm(By)) 7 (~1)7.
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7. Due to (36) for any formal power series c(u) in u~! with coefficients from C
and leading term 1, an automorphism of the algebra X(py) can be defined by

T,y () = e(u) Ty (u) (38)

Now for all i and j define a formal power series T} (u) in u~! with coefficients
in the algebra X(py) by using the element inverse to (34):

=N By T ). (39)

Proposition 1. These mappings define two commuting antiautomorphisms of
the algebra X(pn):

Tij(u) = Tij (=), (40)
Ty () = T (). (41)
Proof. By using the notation (35) for n = 2 we get the equalities
Ti(u) Ta(v) = Y By ® By @ Tij(u) Tu(v) (-1)TFDERD 0 (42)
,5,k,1
T(—v) Ti(—u) = > Eij ® By ® Tiy(—v) Tij(—u) . (43)
0,4,k l

Due to (3) the antihomomorphism property of (40) follows from the relation
(R(u,v) ®1) To(—v) Ty (—u) = Ty (—u) To(—v) (R(u,v) ® 1)

which is obtained from (36) by using (14). The antihomomorphism (40) is clearly
involutive and therefore bijective.
Similarly to (43), by again using the notation (35) for n = 2 we get

To(0) ' Ti(w) ™' = Y Bij © B ® T (v) T (u).
,7,k,l

By comparing this with (42), the antihomomorphism property of (41) follows
from the relation

(R(u,v) ®1) To(v) ' Ti(u) ™! = T (u) " To(v) M (R(u,v) @ 1)

which is obtained by multiplying both sides of the defining relation (36) on the
left and right by Th(v)~! and then by T3 (u)~!

The antihomomorphism (41) clearly commutes with (40). The bijectivity of
the antihomomorphism (41) will follow from Proposition 5 below. O

Furthermore, let us introduce the element of (End CNIV) @ X(pn)[[u™!]]
T*u)=(rr®id)(T'(u)) =

ZE-J_@TU() )1 ZEW®T_J_Z<><—1>””.

Proposition 2. An automorphism of X(pN) commuting with (40) is defined by
Tij(u) = Tj,—s(u) (=1)"7 77, (44)
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Proof. The composition 77 is an antiautomorphism of the Z,-graded associative
algebra End CNIVN | Therefore by applying the map 77 ® 77 ® id to both sides
of (36) and then using (12),(13) we get the relation

Ty (u) Ty (v) (R(—u, —v) ® 1) = (R(—u, —v) ® 1) T (v) T1"(u) - (45)
Here for p = 1,2 we denote

T, (u) = 1, @1d (T *(u)) € (End CY™)®2 @ X(py) [[u™1]] -
Multiplying (45) on the left and right by R(u,v) ® 1 and using (14) yields
(R(u,v) @ 1) T (u) Ty (v) = T3 (0) T (u) (R(u,v) © 1)

which yields the homomorphism property of (44). This homomorphism is clearly
involutive, hence bijective. It clearly commutes with (40) as well. O

8. Let us multiply the relation (36) by u + v and then set v = —u. We get
(Q®1) Ti(u) To(—u) = To(—u) Ti(u) (R ®1). (46)

Since the image of the action of Q on (CNIN)®2 is one-dimensional, either side
of the last displayed relation must be equal to Q ® Z(u) where Z(u) is a power
series in 4~ with coefficients from X(py) . It is immediate that every coefficient
of the series Z(u) has Zs-degree 0 and that the leading term of Z(u) is 1. Hence

Zuw) =1+ 20yt 4 Z2@y2 4 .
Proposition 3. The elements Z() | Z(2) .. of the algebra X(py) are central.
Proof. We will work with the elements (35) where n = 3. Using (36) we get
(Ris(u,v) Ros(—u,v) @ 1) Th (u) To(—u) T5(v) =
T3(v) Ty (u) To(—u) (Ri3(u,v) Rog(—u,v) ®1). (47)

Due to (14) we have the identity in the algebra (End CNIN)®3(y )
1
—Ri3(u, —v) P1a Raz(—u,v) = — P12 (1 - m) ~

By applying to it the antiautomorphism 7 7 relative to the first tensor factor of
(End CNIV)®3 and then using (8),(12) we get

Q1a Rus(u,v) Ras(—u,v) = Qua (1 _ ﬁ) |

Therefore by multiplying the relation (47) by Q12 ® 1 on the left and using the
above definition of the series Z(u) we obtain

(Q12 ® Z(u)) T3(U) (1 — ﬁ) = T3(U) (le X Z(U)> (1 - —(u_:v)g) .

The last relation implies that any generator T’ i(jT) of the algebra X(py) commutes
with all coefficients of the series Z(u). O
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By the definition of Z(u) we have relations in (End CNIV)®2 @ X(py) [[u™!]]
(Q@®1) Th(u) To(—u) = Q® Z(u), (48)
To(—u) Ty(w) (@ © 1) = Q ® Z(u).
Applying 77 ® id ® id to both sides of these relations and then using (12) gives
Ty (u) (P ®1)Ta(—u) = =P ® Z(u),
To(=u) (=P®1)T{(u) = =P & Z(u).

Equivalently,
Ty (w) Ti(—u) (=P ®1) = =P ® Z(u),

(—P1)Ti(—u) TV (u) = —P® Z(u).
The latter two can be simpler written as relations in (End CN™V)@X(py) [[u~]]
T*(uw)T(—u) =1® Z(u), (49)
T(—u)T*(u) =1® Z(u).

Observe that the last two are also equivalent to each other due to Proposition 3.
Explicitly, these last two relations can be rewritten respectively as

S Tk i) T () (-1)75 7 =64 Z(u), (50)
k
N To(—u) Ty () (~1) "5 =655 Z(w). (51)
k

Proposition 4. The antiautomorphism (41) maps Z(u) — Z(u)~1.
Proof. Due to Proposition 3 the relation (48) can be rewritten as
Q®Z(u)™t = (Q®1) To(—u)™' Ti(u) ™.

The right hand side of the last displayed relation can also be obtained by applying
to the left hand side of (48) the antiautomorphism (41) relative to the tensor
factor X(pn) . Hence Proposition 4 follows from (48). O

Proposition 5. The square of antiautomorphism (41) of X(pn) is given by
Tisw) > Z(u)" Z(—w) Ty ()
Proof. By (49)
T(uw) ™ =Z(—u) ' T*(—u).

Thus for any indices ¢ and j we have the relation

_ 1774+7
Tfi(u) = Z(—u) ™ T—j,—i(~u) (=1)"7 7. (52)
By applying the antiautomorphism (41) to the right hand side of this relation,
and then using the same relation for —j, —i and —u instead of 7, 7 and u we get

the series
Z(u) "t Ty (w) Z(—u) = Z(u) "t Z(—u) Ti;(u) .

Here we also used Propositions 3 and 4. O
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Proposition 6. The automorphism (44) of X(pn) maps Z(u) — Z(—u).

Proof. By setting j =i in (50) we get an explicit formula
Z T g i (w) Tri(—u) (—1)" 5T (53)

It follows from (53) that the automorphism (44) maps Z(u) to the sum
D Tiw () Tiel—1) (1) FE
On the other hand, by setting j =14 in (51) we get another explicit formula
ZTzk W) T (u) (—1) 7R (54)

Comparing the sum in (54) with the previous display completes our proof. O

9. There is a natural Hopf algebra structure on the extended Yangian X(py) .
A coassociative comultiplication homomorphism A : X(py) — X(pn) @ X(pn)
is defined by

ZTm w) ® Tyj(u) (—1) T HRIO ) (55)

where the tensor product is taken over the subalgebra C[[u=!]] of X(pn)[[u"1]].
The counit homomorphism ¢ : X(pn) — C is defined by T;;(u) — d;; . Further,
the antipodal mapping S : X(py) — X(pn) is just the antiautomorphism (41).
Justification of these definitions is very similar to that in the case of the Yangian
of the general linear Lie algebra gl 5, see [23, Section 4]. Here we omit the details.

Proposition 7. For the formal power series Z(u) in u~! we have
A:Z(u) = Z(u)®@ Z(u) and e: Z(u)— 1. (56)

Proof. By using the above formula (53) with the index k replaced by —h, and
then using the definition (55) twice with k replaced respectively by —k and [,
the comultiplication homomorphism A maps Z(u) to the sum

Z (Th,—k(u)T_pi(—u)) @ (T_p,—i(uw) T1;i(—u)) (_1>’3Z+ﬂ¥+l¥l’+ T4k
h,k,l
= 3 (00 Z(u) @ (T —s(u) Tis(—u)) (1) FF7HEH
k,l

= 3 Z(u) @ (T —i(w) Tra(—u)) (-1) "7 = Z(u) © Z(u)
k

as needed. Here we also used the relation (50) with the indices k, [, —h instead
of i, j, k respectively. Then we used the above formula (53) in its original form.

Due to the definition of the counit homomorphism ¢, the second statement in
(56) immediately follows from (53). O
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Note that Proposition 4 also follows from (56), because the multiplication
w: X(pn) @ X(pn) — X(pn) and the unit mapping § : C — X(py) : 1 — 1 obey

p(S®id)A=3de.

Indeed, by applying to the coefficients of the series Z(u) the homomorphisms at
the two sides of the last displayed identity, we get the equality S(Z(u)) Z(u) = 1.

10. The Yangian Y(py) of the Lie superalgebra py is defined as the quotient
of the Zs-graded algebra X(py) by the relations

AN C)/REE—

Hence Y(py) is a complex associative unital algebra with the generators (32),
subject to the relations (37) and Z(u) = 1. Here we still use the series (33).
Explicit formulas for Z(u) in terms of these series are given by (53) and (54).
The Zs-grading on Y (py) is still defined by setting deg Ti(jr) =17 +7 for every r.

Due Propositions 4 and 7, the Hopf algebra structure descends from X(py)
to the quotient Y (py). Due to Proposition 5, the antipodal map on Y (py) is
involutive. In terms of the series (32), this map is still defined by (41).

By (52) the antipodal map on Y(py) coincides with the composition of the
two commuting maps on Y (py) defined by (40) and (44). These two maps on
Y (py) commute by Proposition 2. The map (40) on X(py) clearly descends to
the quotient Y (py), whereas (44) descends to Y(py) due to Proposition 6.

Consider the universal enveloping algebra U(py) of the Lie superalgebra py .
This is an associative algebra generated by the elements f;; € pn, see (6). The
algebra U(py) is Zo-graded so that deg f;; =7 + 7 . The defining relations are

foj—i=—fig (=177,
[fig s fra) = S5 fir = 81 g (=) T FDEHD)
~ O foga (F) T = 8 i (D
see (5). But now the square brackets stand for the supercommutator in U(py) .

On the other hand, by setting Z(u) = 1 in (50) and taking the coefficients at

u~! we obtain the relations in the algebra Y (py)

n 17+7
Multiplying (37) by u? — v? and then taking the coefficients at u v~ yields
(75 T3 ) = (81 T =0 Ty ) (-1 R HTEHEE
— 6 T8 (1) g T (-1

By comparing the last two displays with the above relations in U(py) , we deduce
that a homomorphism U(py) — Y(pn) can be defined by mapping

—fii ()7 — Ti(jl)' (57)

Our Theorem 2 will imply that this homomorphism is an embedding. Moreover
it is an embedding of Hopf algebras, because for X(py) by our definitions

ATV TV e1v1er, etV w0, STV —T.

1y
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11. For any formal power series c¢(u) in u~! with coefficients from C and leading
term 1, the automorphism (38) of the associative algebra X(py) maps Z(u) to

c(u)e(—u) Z(u) .

So (38) descends to Y (py) if and only if ¢(u) ¢(—u) = 1. The special Yangian of
pn is the fixed point subalgebra of Y (py) relative to all these automorphisms.
We will denote this subalgebra of Y (px) by Z(pn) . It will not be confused with
the subalgebra of U(py) consisting of all elements invariant relative to the adoint
action of py , since the latter subalgebra is just C by [25, Proposition 3].

The special Yangian Z(py) is moreover a Hopf subalgebra of Y (py) . Indeed,
the anipodal map on Y (py) preserves the subalgebra Z(py) by the definition of
this subalgebra. Now let ¢(u) by any formal power series in v ~! with coefficients
from C and leading term 1, satisfying the condition c¢(u) ¢(—u) = 1. By (55) the
comultiplication on Y (py) maps

C(U>Tz(u) — Z(c(u> Tzk(u)) ®Tkj(u> (_1>(T+E)(j+]}) _
k

3" Tolw) @ (e(u) Tiy(w)) (~1) T HITTR),
k

Hence the comultiplication intertwines the action of the automorphism (38) on
Y (py) with its action on any one of the two tensor factors of Y(pn) @Y (pn) - It
follows that the image of the subalgebra Z(py) of Y(pn) under comultiplication
is contained in both Z(py) ® Y(pn) and Y(px) ® Z(pn) . Therefore this image
is contained in Z(py) ® Z(pn) as needed.

We will conclude this section with an important observation. For any ¢t € C
consider the representation p; of X(py) defined at the end of Section 6. By using
the formula (49) and the relations (12),(14) this representation maps Z(u) to

o
(ut1)2"
So the composition of p; with the automorphism (38) of X(pn) maps Z(u) to

c(u) ¢(—u) (1 _ ﬁ)

which may be equal to 1 for some c¢(u) if and only if £ = 0. So the composition
of p; with (38) may factor to a representation of Y(py) if and only if ¢ = 0. The
choice of ¢(u) for that purpose is not unique then. For example, we can choose

(rm®id)(R(u,t)) R(—u,t) = R(u,—t) R(—u,t)=1—

u u
c(u) = or c(u)=

(=" or ew)
However, the composition of the tensor product p; ® p_; of representations
of X(pyn) with an automorphism (38) may factor to a representation of Y (py)
for any t € C. This is because due to (56), the latter composition maps Z(u) to

B | ()

The choice of ¢(u) for p; ® p_; is still not unique. For example, we can choose

(utt)? (u—1)

c(u) = -1 or c(u)= w_1Z-1

u—1"
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12. There is a natural ascending Z-filtration on the associative algebra Y (py) .
It is defined by setting the degree of Ti(jr) to r for each » > 1 and all indices 7, j .

Let grY(py) be the Z-graded algebra corresponding to this filtration. Denote
by Xi(jT) the image of the generator Ti(jr) in the degree r component of grY(py) .
(r)

The Zo-grading on Y (px) descends to gr Y (pny) so that deg X,;” =7+ 7 . For

any r, s > 1 by taking the coefficients at v ~"v~* in (37) we immediately obtain
the supercommutation relation in the Zs-graded algebra grY(py)

For any indices i, j introduce the series with coefficients in the algebra gr Y (px)
Xij(u) =65 -1+ X,L-(jl)u_1 + Xi(jz)u_2 +....
Then the relations (50) with Z(u) = 1 imply that for all 7, j we have

S X ki (w) Xy (—u) (~1)7F T =65 (58)
k

The numerator in the first line of the defining relation (37) of X(px) vanishes
at v = u. Further, if we multiply by u + v the expressions in the second and in
the third line of (37) and then set v = —u, we will get

_ 5-@',]4: 6]"—[ Z('LL) (—1)75 and 5j,—l 5—i,k Z('LL) (_1)il_—|—i

by using (50) and (51) respectively. The latter two expressions cancel each other.
So by using (50) and (51) the defining relation (37) can be rewritten is an equality
of formal power series in u=!,v~! with coefficients in X(py) .

13. We will also employ another ascending Z-filtration on Y (py). It is defined
by setting the degree of Ti(jr) tor—1 for any r > 1. The corresponding Z-graded
algebra will be denoted by gr’ Y(py) . Let Y,L-g-r) be the image of T, i(jT) in the degree
r — 1 component of gr’ Y (pn) .

The Zo-grading on Y (py) descends to gr’ Y(py) so that deg Yiy) =7+7.

For any r > 1 by equating to ¢;; the left hand side of (50) and then taking the
coefficients at u~" we obtain the relation in the algebra gr’ Y(py)

(rn  _ (r) T+ +r
VY o ==Y, (-1) : (59)
For r,s > 1 by taking coefficients at «~"v~* in (37) we obtain the relation

YY) = (g Y0 =8 ) (R TRETR
S_in Y_(’;;S_l) (—1) tl+gl+a+r _ 51 Yk(j“:ris—l) (_1)11 +idr (60)

T,)y—S

Here we used the equality to 1 of the coefficient at v ~"v ™% in the expansion of
v l—r—s __ ul—r—s
u—v

as a polynomial in u =1, v~!. We also used the relation (59) obtained just above.
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The structure of Zs-graded Hopf algebra on Y(py) descends to gr’ Y (pn) -
Due to the definition (55) the comultiplication, the counit homomorphism and
the antipodal antiautomorphism for gr’ Y (py) are defined respectively by

(r) (r) (r) (r) (r) (r)
14. Now consider the twisted polynomial current Lie superalgebra g as defined

in Section 1. This subalgebra of gl ~|u] is spanned by the elements

()

9ij" = €ij u +wle)(—u)" =ej;u” — e_j’_iu’r(_l)fj—kj—kr

Wherer:O,l,Q,...andi,j:jzl,...,j:N.Heregg-)):fij by (6). Forr,s > 0

o= gy .
1980 0] = 855 g5+ — 6 g7 (1) (THDEHD)
— ik g (D) gy g ) (R (63)

The universal enveloping algebra U(g) is generated by the elements gi(;) as an

associative algebra. It is Zs-graded so that the degrees of these generators are
equal to 7 + 7 respectively. The defining relations for these generators are (62)
and (63) where the square brackets now denote the supercommutator.

By comparing (62),(63) with (59),(60) above we deduce that the mapping

—g57) (=17 =YY (64)

for r > 0 defines a homomorphism U(g) — gr’ Y(py) of Zs-graded associative
algebras. Moreover, this is a Hopf algebra homomorphism by the definitions (61).
Note that for any ¢t € C the image of T’ i(jH—l) € Y(pn) under the representation
p+ coincides with the image of the left hand side of (64) under the evaluation
representation U(gly y[u]) — End CNIN defined by mapping eiju’ = Eij;th.

Theorem 2. The mapping (64) defines an isomorphism U(g) — gr’ Y (pn) of
Zo-graded Hopf algebras.

Proof. The homomorphism U(g) — gr’ Y(py) defined by (64) above is clearly
surjective. We have to prove that this homomorphism is injective as well.

Let Z be the set of all triples (¢, j,r) with » > 0. Choose any total ordering <
on this set. Also choose any subset J C Z such that for ¢« # —j it contains only
one of the triples (i, j,r) and (—j,—i,r), while for i = —j it contains (i, j, r) if
and only if 7 + r is odd. Due to (62) the left hand sides of (64) corresponding
to the triples (7, j,r) € J form a basis of the vector space g.

Let T be the set of all products of Ti(jrﬂ) corresponding to (i, ,7) € J taken
in non-decreasing orders, such that two adjacent triples can be the same (i, j, )
only if 7 +7 =0 in Zy . We will prove that 7 is linearly independent in Y(py) .
This is equivalent to the linear independence in gr’ Y(py) of the set of products
obtained from 7 by replacing every factor T i(jT_H) by the corresponding Yigrﬂ) .
Hence we will prove the injectivity of the homomorphism defined by (64).
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Let S be the set of all products of the generators Ti(jTH) of the algebra Y(pn) .
Let us call a pair of triples (¢, j,r) and (k,l, s) misordered if (i,j,7) > (k,l,s),
or (i,j,7) = (k,l,s) and 7 +7 = 1 in Zy . For any product A € S let u(A) be
the number of pairs of factors of A corresponding to misordered pairs of triples.
The pairs of factors of A counted by p(A) need not to be adjacent. Let v(A) be
the number of factors of A corresponding to the triples which are not in J .

Let A and B be any two products from the set S. Let a and b be the numbers
of their factors respectively. Let ¢ and d be respectively the sums of the degrees
of their factors relative to the Z-filtration on Y (py) from Section 13. We will
write A< Bifc<d,orc=dbuta<b,orc=dand a=0>bbut v(4) <v(B),
or A is a permutation of factors of B and u(A) < u(B). The relation denoted
by < is a partial ordering on the set S, with every descending chain terminating.
Notice that the condition A < B implies that XAY < XBY forany X,Y € S.

Let S(u) be the element of the algebra (End CNV)®Y (py) [[u~!]] inverse to
T*(—u) . When determining the inverse element here we do not use any relations
in Y(pn) . The relation (49) with Z(u) = 1 can be now written as S(u) = T'(u) .
For any i, j define a formal power series 9;;(u) in u™! with coefficients in Y(py),

S(U) = Z Eij ® Sm(u) .

Define the elements S‘(‘l) S@ ... € Y(pn) as the coefficients of the series S;;(u)

17 2 Mig 0
at u=',u~2, ... respectively. For any r > 0
Syt =Tl (- (65)

where C'is a linear combination of products of two or more generators of Y (py)
with the sums of the degrees of factors by the Z-filtration from Section 13 being
less than r. These products occur in the linear combination C only if » > 0.
Take any (i,7,7) ¢ J.1lf i # —j, then (—j, —i,r) € J. In this case we will
replace any factor Ti(;«+1) of B by the right hand side of (65). But if i = —j and

7+ is even, then we will replace T ,L-(;H) by C'/2. We will call either replacement
a reduction of B. It does not change the value of B € Y(py) and is compatible
with < on &, so that its result is a linear combination of products A < B.

For any triples (i, j,7) and (k, [, s) the relation (37) gives an equality in Y (px)

r+1 s+1 s+1 r+1 T+7 )0 (k+1

where D is a linear combination of single generators of Y(py) of degree r + s by
the Z-filtration from Section 13, and of products of two generators with the sums
of the degrees of factors being equal to r + s — 1. Here we use the expansions

1 1
=u ' +u%v+ ... and
uU—v U+ v

:u_l—u_2v+...

then equate the coefficients at u=""tv=5~! of the series at the two sides of (37).

If (i, 7,7) > (k,l, s) then we will replace any product of the corresponding two
adjacent factors of B by the right hand side of (66). But if (i, j,r) = (k, [, s) and
7 +7 = 1in Zs then we will replace the product of the two factors of B by D/2.
The value of B € Y(py) will not change then. Either replacement will be called
a reduction of B too. It is compatible with the ordering < on § as well.
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When proving linear the independence of the set 7 in Y (py) , we may assume

that (1,1,7) ¢ J for every r > 0. The collection of relations Sﬁﬂ) = Tl(IH)
can be written as the equality S11(u) = T11(u) . Using only the relation (49) in
(End CVNV) @ Y(pn)[[u~]], this equality gives Z(u) = 1. But the relation (49)
follows from (36), see Section 8. So the relation Z(u) = 1 follows from (36) and

from the relations SSH) = THH) for every r > 0. Under our assumption on
the choice of J, the latter relations are used to define reductions via (65).

Let now us multiply each side of the relation (36) by P ® 1 on the left and
on the right. Also exchange the variables u and v. The result is the relation

(R(—u,—v)®1) To(v) Th(u) = T1(u) To(v) (R(—u,—v) ®@ 1) (67)

since by (11
vy PRv,u)®1)P =R(—u,—v). (68)

But (67) can also be obtained by multiplying each side of (36) on the left and on
the right by R(—u,—v) ® 1 and then using (14). Inductively, this remark shows
that the relations (66) with (¢, ,7) > (k,[,s) imply all other relations (66). In
the induction argument, we use the Z-filtration on Y(py) from Section 12.

If (i,j) = (k,l) and 7 +7 = 0 in Zy, then the relation (37) simply means that
the coefficients of the series T;;(u) pairwise commute. Indeed, in this case the
expressions in the second and the third lines of (37) vanish. Then (37) becomes

Ty () Tiy(0) = Ty (0) Tyg(w)

u—7v

Tij(u) Ty (v) = Tij(v) Tij(u) =

Equivalently,
Tij(u) Tij(v) = Tij(v) Tij(u) -

In particular, we can eliminate from the definition of Y (py) the relations (66)
with (4, 7,7) = (k,l,s) and 747 = 0 in Z2 as tautological relations. But to define
reductions via (66), we used (66) only when (i, j,7) > (k,l,s) or (¢,4,7) = (k, [, s)
and 7 +)7 = 1in Z, . The above arguments show that the used relations imply all
other relations (66). Thus our reductions involve all defining relations of Y (pn) .

Let us now examine the inclusion ambiguities of our set of reductions. They
correspond to misordered pairs of triples where one or both triples are not in 7.
Let us show that they are resolvable relative to < in the sense of [6, Section 1].
Take any product TJH) T,SZSH) where the pair of triples (4, j, ) and (k,, s) is
misordered. Suppose that (i,j,7) ¢ J but (k,l,s) € J. Then we can apply to
the above product the reduction via (65) in the first factor, or alternatively the
reduction via (66). The two results coincide by comparing (36) to the equality

(R(u,v)®1) S1(u) Te(v) = Ta(v) S1(u) (R(u,v) ®@1). (69)

Note that to prove the coincidence here we use equalities of linear combinations
of products from S which precede Ti(jrﬂ) T éfﬂ) relative to the partial ordering.

To get the equality (69) we apply the map 77 ® id ® id to both sides of (36)
and then use (12). This yields the equality

T (u) (R(u,—v) @ 1) To(v) = To(v) (R(u, —v) @ 1) T)"(u) .

By multiplying both sides of this equality by T}*(u) ™! on the left and on the right,
changing u to —u and then using (14) we indeed get (69).
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The case when (i,7,7) € J but (k,l,s) ¢ J can be treated in a similar way,
but using instead of (69) the equality

(R(u,v)®1) Ty (u) Se(v) = Se(v) Th (u) (R(u,v) @ 1). (70)

To get this equality multiply each side of (36) by R(—wu,—v)®1 on the left and
on the right, and then use (14). Apply the map id ® 7 7 ® id to both sides of the
resulting equality and then use (13). In this way we obtain the equality

Ty (u) (R(u,—v)® 1) Ty (v) =T, (v) (R(u,—v)®@1) Ty (u) .

Multiplying its both sides of this equality on the left and on the right by T5*(v) ™1
and then changing v to —v yields (70).

The case when (i,j,r) ¢ J and (k,l,s) ¢ J can also be treated in a similar
way, but using instead of (69) the equality

(R(u,v)®1)S1(u) Sa(v) = S2(v) S1(u) (R(u,v) ®1).

To get this equality, multiply both sides of (45) on the left and on the right first
by Ty*(u)~! and then by Ty*(v)~!. Then change u,v to —u, — v respectively.

Finally, let us examine the overlap ambiguities of our set of reductions. They
correspond to the sequences of triples of length three, such that the pair of first
two triples and the pair of the last two triples in the sequence are misordered. Let
us show that they are also resolvable relative to < in the sense of [6, Section 1].

Take any product Tijr“) Tk(jﬂ) Tézﬂ) such that the pair of triples (i, j, ) and
(k,l,s) is misordered, and so is the pair of triples (k,[, s) and (g, h,t). We can
apply to the product the reduction via (66) in the first two factors. Alternatively,
in the last two factors we can apply the reduction via the equality obtained by
replacing (7, j,r) and (k,[,s) in (66) respectively by (k,,s) and (g, h,t).

To see that the results of two reductions coincide, we can continue using (66).
Thus for the first reduction we will use the equality

(Rgg(v ,U)) R13<U ,w) R12<U ,’U) X 1) T1<U) TQ(’U) Tg(w) =
Tg(’w) TQ(U) T1<U) <R23<’U ,U)) ng(u,w) ng(u,v) &® 1)

in the notation (35) with n = 3. Here w is another formal variable. In the same
notation, for the second reduction we will use the equality

(ng(u,v) ng(u,w) Rgg(v ,U)) &® 1) T1<U) TQ(’U) Tg(w) =
Tg(’w) TQ(U) Tl(u) <R12<U ,’U) R13<U ,w) R23<’U ,U)) & 1) .

The two results will coincide due to (15). Note that to prove the coincidence here
we will use equalities of linear combinations of products from S which precede
Ti(jT‘H) T,SH) T;ZH) relative to the partial ordering.

So both the inclusion and the overlap ambiguities of our set of reductions are
resolvable. But the elements of the set 7 cannot be changed by the reductions.

The linear independence of 7 in Y(py) is now ensured by [6, Theorem 1.2]. O

Corollary 1. The elements of grY(pn) corresponding to TZ-(J-TH) with the triples
(i,7,7) € J are free generators of this supercommutative algebra.
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Our proof of Theorem 2 also implies the Poincaré-Birkhoff-Witt Theorem for
the algebra U(g) , see [17, Theorem 5.15]. Going back to our Section 10 we obtain

Corollary 2. The homomorphism U(py) — Y(pn) defined by the mapping (57)
is an embedding of Zs-graded Hopf algebras.

Let us link Y (pn) to the Yangian Y (gl ) of the general linear Lie algebra gl 5 .
The latter Yangian is a deformation of the universal enveloping algebra of the
polynomial current Lie algebra gl [u] in the class of Hopf algebras. Comparing
(37) with the relations in Y(gly) as given in [23, Section 1] immediately yields

Corollary 3. The associative subalgebra of Y (pn) generated by elements TZ.(J-T)
with i ,j > 0 is isomorphic to the algebra Y (gly) -

Note that the associative subalgebra of Y (py) appearing in Corollary 3 is not
a Hopf subalgebra, see the definition (55). Thus the isomorphism of Corollary 3
is not an isomorphism of Hopf algebras.

15. In this section we will explicitly describe the centre of the Yangian Y (py) .
An element of an Zs-graded associative algebra is central if its supercommutator
with every element of the algebra is zero.

First consider the subalgebra of the extended Yangian X(py) generated by the

elements Ti(jr) with i, j > 0. This subalgebra of X(py) is isomorphic to Y(gly) -
Similarly to Corollary 3 this isomorphism property follows from Theorem 2 by
(37). Consider the formal power series in u~! with coefficients in this subalgebra

Aw) = (=17 Ty o)1) Tap@y(u+1) ... Tyooy(u+ N—1)  (71)

o

where o ranges over the symmetric group &y permuting the indices 1, ..., N.
The power series in (u+1)"1, ..., (u+ N —1)~! should be reexpanded in u~*!.
The series A(u) has the leading term 1. The coefficients of A(u) at u=1,u=2, ...
are free generators of the centre of that subalgebra of X(py), see [18, Section 2].
All these coefficients have Zs-degree zero, hence the supercommutator with any

of them in the algebra X(py) is the usual commutator. By [18, Proposition 2.7]

A(u) = Z (—].)CTTU(l)’l(U + N — ]_) . TJ(N—I),N—I(U + ].) TJ(N),N(U> .

Now take the series in u~! with coefficients in X(py) and the leading term 1
A(u)A(1— N —u). (72)
Theorem 3. The coefficients of the series (72) belong to the centre of X(py) .

We will prove this theorem in the next nine sections. We will now employ it
to describe the centre of the algebra Y(py). Let B, B®) . be the images in
Y (pn) of the coefficients of the series (72) at =1, u™2, ... respectively. These
images are central in Y(py) by Theorem 3. They all are of Zs-degree zero.

Corollary 4. The coefficients B2, B4 . freely generate the centre of Y(py) .
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Proof. The elements B, B . of Y(py) are central by Theorem 3. It suffices
to prove now that the images of these elements in the graded algebra gr’ Y (pn)
are free generators of its centre. For r > 1 the image of B(?") in gr’ Y (pn) equals

2V, 2+ poviA) (73)

By Theorem 2 the algebra gr’ Y (py) is isomorphic to the universal enveloping
algebra U(g) via (64). Under this isomorphism the element (73) of gr’ Y (py) with
any r > 1 corresponds to the element of U(g)

—Qggr_l) — .= 291(\?]1\}_1) =—2(e;; + e_1,-1+...+tenn+ e—N,—N) u?rt

from our Section 14. The latter elements freely generate of the centre of U(g).
Indeed, they are algebraically independent due to the Poincaré-Birkhoff-Witt
Theorem for U(g) , see [17, Theorem 5.15]. To show that they generate the centre
of U(g) consider the quotient of U(g) by the ideal they generate. This quotient
is isomorphic to the universal enveloping algebra U(h) of the Lie superalgebra

b={h(u) €afu] : w(h(u)) =h(-u)}
where a is the quotient of Lie superalgebra gl |y by the span of a central element
ennt+e-1,—-1+...+eNy+e-nN -_nN-.

The automorphism w of gl maps this element to its negative and therefore
descends to the quotient a. But the centre of the Lie superalgebra a is trivial.
Hence the centre of U(b) is also trivial by [22, Proposition 3.6]. O

To finish this section let us consider the images of the elements B(Y), B?) ... of
Y (py) in the supercommutative algebra gr Y (py) . In the notation of Section 12
let X (u) the 2N x 2N matrix whose ij entry is the series

Xij(u) (1) 77

We index the rows and columns of X (u) by the numbers 1,..., N, —1,...,—N.
The matrix X (u) is invertible. Let X/, (u) be the ij entry of the inverse matrix.
Then the relations (58) imply that for any indices ¢ and j

Xij(—u) :X/ . (U)

_]7_i
Therefore by using the definition (71), the image in gr Y (px)|[[u"1]] of the series
Bu)=1+BWy 4+ B@y=2 4

can be written as the product of the sum

> (D)7 Xy () - X (u)

o

by the sum
Z (=1)° Lg(1),—1(u) e LJ(N),—N(U) .

This product is just the Berezinian or the superdeterminant of the matrix X (u) .
Hence the series B(u) is an analogue for Y(py) of the quantum Berezinian [20]
for the Yangian of the general linear Lie superalgebra gl , see [24] for details.
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16. We will now begin our proof of Theorem 3. We will be use the same method
as in the proof of Proposition 3. However, the calculations will be more involved.
Fix any n > 1 and take the rational function of u with values in (End CNIV)®n

H(u) = H Rys(u+n—p,u+n—q)
1<p<gsn

where the factors are arranged from left to right by ordering their pairs of indices
(p, q) lexicographically. The ordering of factors can be altered by employing (15),
without affecting the function. By using (36) repeatedly we get the equality

(Hu)@1)Ti(u+n—1) ... Tp(u) =Tp(u) ... Thi(u+n—1) (H(u) ®1)
of formal power series in ™! with coefficients in (End CVV)®" @ X(py) .
Lemma 1. For any 1 < p < q¢ < n we have the equalities in (End CNIV)®7 ()
P,yH(u)=—H(u) and QpqH(u)=0.

Proof. For n =1 we have nothing to prove. In particular, in this case H(u) = 1.
Consider the case of n = 2. Then H(u) = R(u+ 1,u) while

Q ):P—l Q

—R(u+1,u)

P l,u)=P(1-P - -
Rlut1,u) ( "ot 2u+ 1

by the equality P2 = 1 and by the first equality in (11). By the second and third
equalities in (11) we also have

0

Q _
2u+1_0

2u+1

QR(u+1,u):Q<1—P—|— ):Q—Q—

Now for any n > 2 and for any given index p < n let ¢ = p+ 1. By (15) we
can rearrange the factors of H(u) so that R, py1(u+n—p,u+n—p—1)is
the leftmost factor. Then the above calculations for n = 2 imply the equalities
of our lemma for any n. Hence our lemma holds whenever ¢ =p+ 1.

In turn, this implies the required equalities for every ¢ > p. Indeed, the set of
all elements Py, and Q,, with p < ¢ is generated in the algebra (End CNIN yen
by those elements where ¢ =p+1. O

It follows from Lemma 1 that every value of the normalized function H(u)/n!
is idempotent in the algebra (End CN!™V)®” Indeed, by using the lemma we get

Hw Hu) =[] (”1%(1) CH(u) = n! H(u).

Elements of (End CVIV)®™ act on (CNIV)®” by (1) and (2). Take any vector
ei, ®...RXe;, with only positive indices i1, ..., i, . Then all elements @) ,, with
1 < p < ¢ < n annihilate this vector. So the image H(u)(e;, ® ... ® e; ) equals

P o
H (1_‘_%)_(ei1®.“®ein):Z(—1) eio(l)®...®eia(n)
1<p<gsn b= 7

where o ranges over the group G,, . The last equality is well known [18, Section 2].
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Lemma 2. For any 1 < p < n we have an equality in (End CNNV)®@n (y)
H(u) Qpp+1 = (2u+2n—2p—1)H(u) (14 Ppp41) -

Proof. For n = 1 we have nothing to prove. Let n = 2. Then H(u) = R(u+1,u)
while by the relation (14) we have

Ru+1l,u)R(—u—1,—u)=0.

Multiplying this equality by 2u + 1 and using the definition of the second factor
at the left hand side we get the equality

Ru+1,u)((2u+1)(1+P)—Q)=0.

This implies our lemma for n =2 and p=1. For any n > 2 and 1 < p < n by
using (15) we can rearrange the factors of the product H(u) so that the factor

Rypri(u+n—p,ut+n—p-1)

is the rightmost. Then the above calculation with u replaced by v +n —p —1
implies the lemma. O

17. Let us continue our proof of Theorem 3. For any n > 1 consider the rational
function of u, v with values in the algebra (End CVINV)®(n+1)

Fu,v)=Ript1(u+n—1,v) ... Rppt1(u,v).

By using (36) repeatedly we get the equality of formal power series in u=!, v~}

(Flu, )@ ) Ti(u+n—1) ... Th(u) Thy1(v) =
Thy1(v)Th(u+n—1)... T (u) (F(u,v)®1) (74)

which have their coefficients in the algebra (End CNIN)®(+1) & X(py) .

Lemma 3. For any n > 1 the rational function (H(u)®1) F(u,v) of u,v with
values in (End CNIN)®+1) s equal to

1_P1,n+1+'~'+Pn,n—|—1 +Q1,n+1+'~'+Qn,n+1
uU—v ut+v+n—1

) G 1)

plus terms divisible on the left by Qpq € (End CVNINY®MHD) yith 1 <p< g < n.

Proof. Using the relation (15) we can rewrite the product (H(u)®1) F(u,v) as
Ryn+i(u,v) ... Ripyi(u+n—1,0)(Hu)®1). (75)

We will prove by induction on n that the latter product is equal to the sum in

the lemma. If n = 1 then H(u) = 1 while F(u,v) = R(u,v). Then the required
equality is just the definition of R(u,v) as given in Section 5.
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Suppose that n > 1. By using the induction assumption and the definition
of H(u) for n — 1 instead of n, the product (75) is equal to

1_P2,n+1+---+Pn,n+l+Q2,n+1+---+@n,n—|—1 »
uU— u+v+n—2

) (H(u)®1)

1 B Pl,n—l—l + Ql,n—l—l
u—v+n—-—1 u+v+n-—1

plus terms divisible on the left by Q,, € (End CNIM)®(+D) with2 < p < g<n.
We also used the relations (15). The product of two sums in the brackets equals

1 P11 Q1,041
u—v+n—1 ut+v+n-—1

. P2,n—|—1 +---+Pn,n+1 + QQ,n—I—l +---+Qn,n—|—1

_|_
U— v u+v+n—2
(Pong1+ .+ Popt1) Pinsr (Qent1 4.+ Qung1) Prata
(u—v)(u—v+n—1) (u+v+n—2)(u—v+n-—1)

(Popt1+ oo+ Pont1) Qint1 . (Qony1+ .o+ Qnnt1) Q1nt1
(u—v)(u+v+n-—1) (u+v+n—-2)(u+v+n-—1)

Multiplying the first fraction in the third line by H(u) ® 1 on the right gives

(n—l)Pl,n 1
_(u—v)(u—v—i—;—l) (76)

times H(u) ® 1. Here we used the first equality from Lemma 1 and the relation
Pp,n+1 P17n_|_1 = Pl,n+1 Plp where P = 2, NI

Multiplying the second fraction in the third line by H(u) ® 1 on the right gives
just zero due to the second equality from Lemma 1 and to the relations

Qpnt1 Pint1=Pint1Qp1=—P1yy1Q1p where p=2,...,n.

The numerator of the first fraction in the fourth line can be written as the sum of

Ppnt1Qiny1 =QipPpnt1 over p=2,....,n.

These summands evidently have the divisibility property stated in the lemma.
Multiplying the second fraction in the fourth line by H(u) ® 1 on the right gives

QQ,n—I—l +...+ Qn,n—l—l

C(utv+n—-2)(utv+n—1) (77)

times H(u) ® 1. Here we used the first equality from Lemma 1 and the relation

Qp,n—l—lQl,n—i—l:Qp,n—i—lPlp Where p:27"'7n'

By adding to the first and the second lines the expressions (76) and (77) instead
of the third and the fourth lines and by collecting similar terms we get the sum
in brackets displayed in the lemma. Hence we make the induction step. O
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18. Set n = N . Thus the above introduced functions H(u) and F'(u,v) will now
take values in (End CNIV)®N and (End CNIV)®@WV+1D respectively. Elements of
the latter algebra act on vectors in (CNVIN)@(N+1) by the conventions (1) and (2).
From now on we will be denoting z = v — v and w = u + v + N — 1 for short.

Lemma 4. Applying (H(u) ® 1) F(u,v) to the vector e; ®...®en Qeq has the
same effect as applying H(u) ® 1 to the vector

z—1

e1®...0enReq. (78)

Proof. For 1 < p < ¢ < N+1 the elements Q,, € (End CNV)@N+1) annihilate
the vector e; ® ... ® ey ® e1 . Hence applying (H(u) ® 1) F(u,v) to this vector
has the same effect as applying

P P P
IT (1+=22 ) (1- LV Y ( QLR
pP—q u—v+N—1 uU—v

1<p<g<N

P, P ...+ P
H (1+ pq)_<1_ 1,N+1+U_Q—J|- N,N—i—l).

1<p<q<N p—4q

The last equality is well known, see for instance [18, Section 2.3]. The summands
Py nt1, ..., Py Ny of the last denominator do not contribute to the image of
the vector e; ® ... ® en ® e; by the remark made just before stating Lemma 2.
The summand P; y41 does not change this vector. Using the above mentioned
remark once again we complete the proof of the lemma. 0O

Lemma 5. Applying (H(u)®1) F(u,v) to the vector e1 ®...Qen ®e_q has the
same effect as applying H(u) ® 1 to the linear combination

w41
e1RX...0eny Ke_q
w
1 N
—- ) a®. Qe i®e 10 ®...Qey Ve
k=1

|
- Ze_k®62®...®€]v®ek'
k=1

Proof. Applying F'(u,v) to e; ® ... ® en ® e_1 has the same effect as applying

P P
Rinyi(u+N—1,v) (1— 2 ) (1—M).

u—v+N -2 uU—v

The remark made before stating Lemma 2 remains valid if n = N and one of the
indices i1, ..., %y is —1 while the other N —1 indices are 2, ..., N in any order.
Hence when applying (H (u)®1) F(u,v) to our vector we can replace F'(u,v) by

P +...+P
Rl,N+1(u+N—1,v)(1_ 2,N+1 e N,N+1)‘

Here we also use Lemma 2 and the above mentioned result from [18, Section 2.3].
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By simply opening the brackets the latter product equals

1 Pi Nt n Qint1  Ponyi+...+Pyni L
u—v+N—-1 wu+v+N-1 U —v

Pinyi(Poni1it ...+ Pyni1)  Quinai (Ponyit.- 4+ Pyny)
(u—v+N—1)(u—0) (u+v+N—1)(u—0) '

The last two denominators are respectively equal to the sums

PioPinyi+ ...+ PinPinsq1 and Pont1 Q2+ ...+ Pyny1@in-

The second of the two sums annihilates our vector. When applying the first sum
to our vector we can replace each of the factors Pis, ..., P1ny just by —1. Here
we again use Lemma 2. So when applying (H(u) ® 1) F'(u,v) to our vector we
can replace the function F'(u,v) by the sum

 Pinya Qint1  Ponyit+ ...+ Pyt
u—v+N-1 u+v+N-1 uU—v
(N —1)P1nt+1

(u—v+N-1)(u—v)

 Pinpi+Ponyi+ -+ PyNi n Q1,N+1
z w

1

Applying the expression in the last displayed line to e ®...® ey ®e_1 gives

N
1
e1®...Ben®@e 1~ - Y e1®.. @ep1@e 1 Dep1 ®...Qen D ey
k=1

N N
1 1
- — E e_pR®e®...0eyQep+ — g er®er®...0 enN ®e_g.
W= W=

By Lemma 2 applying H(u) ® 1 to the last sum over kK = 1, ..., N annihilates
all summands but one where £ = 1. This observation completes the proof. O

19. Introduce the rational function of u,v with values in (End CNIN)®@2N+1)
C(u,w)=F'(u,v) F"(1—u— N,v)
where F'(u,v) and F”'(u,v) are the images of F(u,v) by the two embeddings
(End C¥IN) @YD) (1nd ¢VIV)@@N+D

defined as t1® ... ® Ny R tony+1 and as L y41 Q... ® Loy ® Lan+1 respectively.
Using (74) twice we obtain that multiplying the formal power series in u=!, v~1

Tl(U+N— 1) TN(U)TN+1(—’LL> T2N(1 —N—U)T2N+1(’U)

by C(u,v)®1 on the left gives the same result as as multuplying by C(u,v)®1
on the right the series

TQN_H(U) Tl(u + N — 1) . TN(U) TN+1(—U) . T2N(1 — N — u) .
Both series have their coefficients in the algebra (End CNIM)®CN+L & X(py) .
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For any index j = +1,..., £ N denote

fj:61®...®6N®61®...®6N®€j. (79)

Observe that replacing u by 1 — N —umaps z=u—vtol—N—-u—v=—w.
Therefore by using Lemma 4 with that replacement of the variable u and then in
the original formulation we immeditaly get the following corollary to this lemma.

Corollary 5. Applying (H(u) @ H(1— N —u)® 1) C(u,v) to the vector f1 has
the same effect as applying H(u) ® H(1 — N —u) ® 1 to the vector

(z—1)(w+1)

fi. (80)
Below is the counterpart of Corollary 5 for our Lemma 5 instead of Lemma 4.

Corollary 6. Applying (H(u) @ H(1 =N —u)®1) C(u,v) to f_1 has the same
effect as applying H(u) @ H(1 — N —u) ® 1 to the linear combination

(z—1)(w+1)
fa
Zw
z—1 N
T ) ea®...00 1010 B, .QenBe ... Qey ey
k=1
z—1 N
S ) ek®a®.. . Qen®e®.. ®ey®ext
z—1 N =
— Y e®..Qen@e1®... Qep1De_1®epp1®...Q ey Deg +
k=1
z—1 N
> Y e1®.. . Qey@epQea®...QenyDe,.  (81)
k=1

Proof. By Lemma 5 with the variable u replaced by 1 — N — v we immediately
obtain that applying (1@ H(1—- N —u)®1) F"(1—u— N ,v) to the vector f_;
has the same effect as applying 1 ® H(1 — N —u) ® 1 to the linear combination

z—1
fo1+
z
1 N
- Y e®..Qen®e1®... Dep1 e 1Repp1 ®...0 ey Dep+
k=1 . N
;Zel®...®eN®e_k®eg®...®ejv®ek. (82)
k=1

Further, by the original Lemma 5 applying (H (u)®1®1) F’(u,v) to the first
of three lines (82) has the same effect as applying H(u) ® 1 ® 1 to the sum of
first three lines in (81). Further, applying (H(u) ® 1®1) F’(u,v) to the second
and to the third lines of (82) has the same effect as applying the product

Piont1 Pnoni1
H 1®1 1-— ! ool 1= —-.
(Huwele )< u—v+N -1 u—v
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Applying the last displayed product to the second and third lines of (82) gives
the same result as applying the product

(83)

(Hw)o1e1) (1- Piant1+ ...+ Pnant
u—v '

Here we used Lemma 2 like in the beginning of our proof of Lemma 5. Let us now
use the remark made just before stating Lemma 2. When applying (83) to the
summands with the index & in the second and third lines of (82), all summands
of the numerator in (83) vanish except for Py 2n+1 . The latter does not change
the summands with the index k in the second and third lines of (82). So applying
(Hu)®1®1)F'(u,v) to the second and the third lines of (82) gives the same
as applying H (u) ® 1®1 respectively to the fourth and the fifth lines of (81). O

20. So far we used the equality in Lemma 2 only in the cases when both sides of
the equality annihilate a given vector. In the next section we will use that equality
in more general cases. We will employ the following corollary to Lemma 2. Denote

dp=€1®...0€e-1 Q€41 ®...Qeny for k=1,...,N.

Corollary 7. For any k > 1 applying H(u) to the vector e_; Q@ ea ® ... R en
has the same effect as applying H(u) to the linear combination

a(u)dy @e_1 (DN —b(u)dy @ e_j (-1)
where 5 ot N — 1
u —
= d b(u)= —-——.
o= wver ™ =N
Similarly, for any index k > 1 applying H(1 — N — u) to the vector

e1®..0ep1R¥e_1RQep1X...Q0eN
has the same effect as applying H(1 — N — u) to the linear combination
a(u)e_r @dy —b(u)e_, @dy (—1)".
Proof. For any index ¢ denote by x;(u) the result of applying H (u) to the vector
€r®...0€k_1Re11R...0eNRe; Re_j. (84)

By Lemma 2 applying H(u) to the vector e_j ® e2 ® ... ® ey gives the vector
(—=1)* x_1(u) . Let us apply both sides of the equality in Lemma 2 with n = N
and p = N — 1 to the vectors (84) with i =1, ..., N. We obtain the equations

zi(u)—z_q(u)+...+xnyw) —z_n(u) = 2u+1) (z;(u) + z_;(u)). (85)

Butfori=2,...,k—1,k+1,..., N we have z;(u) = 0 by Lemma 2. So by (85)
the vectors x _;(u) withi =2,...,k—1,k+1,..., N are equal to each other.
Using these two observations, it is easy to deduce from the equations (85) that

T_p(u) =a(u)zy(u) — b(u) zk(u).

By using Lemma 2 again we now obtain the first statement of our corollary.
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Changing the notation, let x;(u) be the result of applying H(1 — N — u) to
e Qe RPes®... Qe 1Qep1®...QeN . (86)

By Lemma 2 applying H(1—- N —u)toe;1 ®... Qe 1 Qe_1 Q€11 Q...Qen
gives the vector (—1)*z_1(u). Let us replace u by 1 — N — u in the equality in
Lemma 2 and apply both sides of the resulting equality with n = N and p =1
to the vectors (86) with i = 1, ..., N . In this way we obtain the same equations
(85) although for the changed vectors. Fori =2, ..., k—1,k+1,..., N we still
have z;(u) = 0 by Lemma 2. So the equations (85) easily imply that

x_1(u) = a(u) xg(u) —b(u) z1(u) .

By using Lemma 2 again we now get the second statement of the corollary. O

21. Let us relate two vectors in (CNIN)®EN+1)(y 4) by the symbol ~ to each
other if their difference vanishes under the action of H(u) @ H(1 - N —u)® 1,
or lies in the image of the action of Q y ny+1 . Extend the relation ~ transitively.
Recall the notations z = u — v and w = u + v+ N — 1 adopted in Section 18.

Proposition 8. For any inder j = +1, ..., £ N we have the relation

(z—1)(w+1)

C(u,v) fj ~ fi-

Proof. Proposition 8 follows from its particular cases of j =1, —1. Indeed, the
sums in (7) and (9) are invariant under any permutation of the indices 1, ..., N
with the corresponding permutation of —1,...,—N at the same time. So H (u)
and C(u,v) are also invariant under any such permutation. While the vector

e1R..0eyRe1Q...0eN (87)

changes under the permutation, its image by the action of H(u) @ H(1 — N — u)
does not change due to Lemma 2. Finally, note that the product of C(u,v) by
H(u)® H(1— N —u)®1 on the left is also divisible by this factor on the right.
This remark follows by setting n = N in the beginning of the proof of Lemma 3.
For j = 1 our proposition immediately follows from Corollary 5. For j = —1
we will derive the proposition from Corollary 6. We will show that the summands
with the index k in the second and fifth lines of (81) cancel each other by ~ and
so do the summands with the index k in the third and fourth lines of (81).
Consider the second and the fifth lines of (81). For k =1, ..., N by Lemma 2

—61®...®€k_1®6_1®6k+1®...®€]\]®61®...®€N®6k+
e1RX...0enNRe_ 1 ReaR®...0enNy Qe ~
—dpy®e 1@ @di Qe ()N L dp@er®ep@di Qep (—1)VTF ~

dr @ ®d; e (—1)N+k

where z is the vector (10). So the last displayed line lies in the image of Q N n+1 -
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Consider the third and the fourth lines of (81). For their summands with the
index £ =1 by Lemma 2 we get the relations

—e_10e®..0enyR®e1®...0ey e+
e1®..0ey®e_1®¥e2®...0enyQep ~
—d1®e_1®e; ®d; ®ey (—1)N+1+d1®61®6—1®d1®€1(—1)N+1 ~

di@r®@d; ®@e (—1)NT!

where z is as above. Thus the last displayed line lies in the image of Qn N1 -
So far in the proof of our proposition we used the equality in Lemma 2 only in
the cases when both sides of the equality annihilate a given vector. Now we will
also use Corollary 7 that stands outside of these cases. Consider the summands
in the third and fourth lines of (81) with any index k > 1. We get the relations

—€_ Ve R...0eyRVReEIRV...RKeny Ker +
e1®¥..0en®¥eIR.. Q€ 1Q0e_1®0€ep1QX...0eny e ~
—a(w)dpy®e_1®e1®...0eny Dep (—1)NTF £
bu)d, ®e_r®e1®...0eny e (—1)V +
a(u)e1®...Qen Ve ®d; ® ey
—bu)e1®...Qen®e1 @dy®ep (—1)F ~
—a(u)dp®e_1Qe; @dy @ ey (—1)NTE
—b(u)dy @e_p Der @dy @ep (—1)VTFL
a(u)dy@er@e_p @d; ey (—1)VTF 4
b(u)di ® ey ®e_y @ dy @ ep (~1)VTF ~

a(u)dy @z @d, @ep (DN £ b(w)di @z @dp @ ey (—1)VTE

where z is still as above. So the last displayed line lies in the image of Qn n+1 -
Note that Corollary 7 remains valid for £ = 1. In this particular case the two
linear combinations in the corollary are equal to (—1)V*1d; ®e_; and e_; ®d;
respectively, because a(u) + b(u) = 1. The arguments used the last paragraph
here also remain valid for £ = 1, but simplify as in the paragraph before. O

22. Let us employ Proposition 8 in the proof of Theorem 3. Consider the algebra
(End CNIM)®CNTY o X(py) . (88)

Elements of this algebra can be applied to vectors of (CNIN)@CN+D) vig 9N 41
tensor factors End (CVIV) . Equip the vector space (CNVIV)@2N+1) with the basis
of tensor products of the vectors e; € CNIV | This basis includes the vectors (79).
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We have an equality of formal power series in u =1, v~! with coefficients in (88)
(Hu)@H(1-N-u)®1®1)(C(u,v)®1) x
Ti(u+N—=1) ... Tny(uw) Tny1(—u) ... Ton(1 = N —u)Tony1(v) =
(Hu)@ H1—-N—-u)®1®1)Ton4+1(v) X
Ti(u+N—=1) ... Tn(u) Tnyi1(—u) ... Ton(1 =N —u) (C(u,v)®1),

see the beginning of Section 19. For any indices 7, j apply the right hand side of
this equality to the basis vector f; and take the coefficient of the result at the
basis vector f;. By Proposition 8 and by the second formula for A(u) as given
in Section 15 this coefficient is equal to

(z—1)(w+1)

Indeed, due to (36) the product

Ti;j(v) A(u) A(1— N —u). (89)

Ti(u+N—=1) ... Tny(u) Tny1(—u) ... Ton(1 = N —u)

by H(u) @ H(1— N —u)®1®1 on the left is divisible by the same factor on the
right, see the beginning of Section 16. Due to (46) the product of

Tn(u) Tnt1(—u) (QN N+1® 1)

is divisible by @ n,n+1 ®1 on the left. We use the relation Q@ n41,v = — Q@ N, N+1
which follows from (11). But the coefficient at f; of any vector from the image
of the action of (H(u) @ H(1 - N —u)®1)Qn ny1 on (CNINYBCNF) g zero.

Next we shall prove that by applying the left hand side of the above displayed
equality to the vector f; and then taking the coefficient of the result at f; we get

(z—1)(w+1)

A(u) A(1 = N —u) Ty;(v). (90)

Thus the product (89) equals (90). These equalities for all 7, 7 imply Theorem 3.
Considering the left hand side of the above displayed equality will be easier than
the right hand side, thanks to the obvious advantages of Lemma 1 over Lemma 2.

23. Let us now use the right action of the Zy-graded algebra End (CNIY) on the
Zo-graded vector space CVIV instead of the left action which we used before. For
the matrix units F;; € End CNIN we have ey, E;; = 0 ¢ . For for any positive
integer n we can then define the right action of the algebra (End CNIM)®n on
the vector space (CVIV)®" by the conventions similar to (1) and (2).

Notice that the right action of the element P € (End CNIV)®2 defined by (7)
still maps e; @ ¢j — e; ® e; (—1)*? . The image of the right action on (CNIV)®?2
of the element @ in (9) is still one-dimensional, but is spanned by the vector

Z€j®e_j. (91)

By using Lemmas 1 and 3 with n = N we immediately get the next two lemmas.
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Lemma 6. Applying (H(u)®1) F(u,v) toe1 ®...®en ®ey from the right has
the same effect as applying H(u) ® 1 from the right to the vector (78).

Lemma 7. Applying (H(u) ® 1) F(u,v) to e1 ® ... R ey ® e_1 from the right
has the same effect as applying H(u)®1 from the right to the linear combination

w—+1
w

e1RX...0eny Ke_q

N|}—‘
Mz

Qe 1 Qe 1Q€p11 Q... QenNy ek +

>
Il

1 N
—Ze LR®eEaR...0eny Qeg.

g

By using Lemma 6 first in its original formulation and then with the variable
u replaced by 1 — N —u we immeditaly get the following corollary to this lemma.

Corollary 8. Applying (H(u)@ H(1— N —u)®1)C(u,v) to f1 from the right
has the same effect as applying H(u) @ H(1 — N —u)® 1 from the right to (80).

Below is the counterpart of Corollary 8 for our Lemma 7 instead of Lemma 6.

Corollary 9. Applying (H(u) @ H(1—N—u)®1)C(u,v) to f_1 from the right
has the same effect as applying H(u) ® H(1 — N —u) ® 1 from the right to

z—1)(w+1
C-Dw+),
ZWw
w-|-1 N
Zel L. Ren®eIR... Qe 10e_1RQ¥ep1 ®...0enN K eg

w—+1
— Z61®...®6N®e_k®62®...®61\]®ek
Z W

w

Tl
Zel®...®ek_1®e_1®ek+1®...®61\;®el®...®eN®ek+
W 1

w+1 N

.RQen®erR...8eny Qe . (92)
Proof. Using Lemma 7 we obtain that applying (H(u) ® 1® 1) F/(u,v) to f_1
from the right has the same effect as applying H(u) ® 1 ® 1 from the right to

w+ 1
w
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By Lemma 7 with the variable u replaced by 1 — N —u , applying the product
(1H(1-N—-u)®1)F"(1—N —u,v) to the first of three lines (93) from the
right has the same effect as applying 1® H(1 — N —u) ® 1 from the right to the
sum of first three lines in (92).

Applying (1@ H(1-= N —-u)®1) F”"(1 - N —u,v) to the second and to the
third lines of (93) from the right has the same effect as applying from the right

P P
14 2N, 2N+1 o1 DAEL2NAL (1@H(1-N-u)®1),
utv+N—1 utv

see the beginning of the proof of Lemma 3 for n = N . By Lemma 1 applying the
last displayed product to the second and the third lines of (93) from the right
gives the same result as applying to them from the right the product

Pniiony1 + ...+ Panaonyt
1 ! ! 1 H(1 — N — 1). 4
( + wto+r N1 (T H( u)@1) (94)

When applying (94) to the summands with the index k in the second and third
lines of (93), all summands of the numerator in (94) vanish except Pnik 2N+1 -
The latter does not change the summands with the index k£ in the second and
third lines of (93). Hence applying (1@ H(1-N —u)®1) F"(1—-N —u,v) to
the second and the third lines of (93) from the right gives the same as applying
1® H(1 — N —u) ® 1 respectively to the fourth and the fifth lines of (92). O

24. Changing the notation of Section 21 let us now relate by the symbol ~ two
vectors in (CNIV)Y®CN+1) (4 ) to each other if either their difference vanishes
under the right action of H(u) ® H(1 — N —u)®1, or it lies in the image of the
right action of @) 1,2 . Extend the new relation ~ transitively. Denote

D(u,v) =Rnan+1(u,v) ... Riany1(u+ N —1,0) X
Ronong1(1—u—N,v) ... Rnjiansi(—u,v) .
By choosing n = N in the beginning of the proof Lemma 3 we obtain the equality

(Hu)@ H1—N—-u)®1) C(u,v) =

Du,w)(Hu)@ H1—-N—-u)®1). (95)
Proposition 9. For i =+1,..., + N and for the right action on the vector f;
z—1)(w+1
£D(uw) ~ EZDWED
zZw

Proof. Proposition 9 follows from its particular cases of © = 1, —1 by the same
remark as already used in the beginning of the proof of Proposition 8. For i = 1
our proposition follows from Corollary 8, see the equality (95) above. For i = —1
we will derive Proposition 9 from Corollary 9. We will prove that the summands
with the index k in the second and fifth lines of (92) cancel each other by ~ and
that so do the summands with the index k in the third and fourth lines of (92).
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Consider the second and the fifth lines of (92). For k =1, ..., N by Lemma 1

e1®¥..0en®¥eIR.. Qe 180e_1R¥ep1®...80eny e+
1 ReEe2®...0enRVe1R...0enNy Qe ~
e10d@dp@e_p Qe (DN fe L @d @dp @ep Qe (1)VTE ~

dej@di@di®e_;j @ep (—1)NTF

J

So the last displayed line lies in the image of the right action of Q) ; o . Here we
use the notation introduced just before stating Corollary 7.
Now consider the third and fourth lines of (81). For k =1, ..., N by Lemma 1

e1®..8en®e_Rea®...0eny eg+
e1®.. Qe 1Q0e_10€,4+1R®..0eyReIR...0eN Qe ~
er®d,@di®e_pRep ()" re 1 @dr0di®e; @ey (~1)VTF ~

Y oejedi@di®e_;j@ep (—1)NTF
J

So the last displayed line also lies in the image of the right action of Q1 on. O

The vector space (CNIN)®2 has a basis of the vectors e; ® e; . Applying any

X € (End CNIN)®2 t0 a basis vector from the left and taking the coefficient of
the result at another basis vector is not always the same as applying X to the
latter vector from the right and taking the coefficient of the result at the former
vector. But these two coefficients will be the same for X = P and for X = Q.
Indeed, both actions of P map e; ® e; — e; ® e; (—1)"’. Further, applying
@ to the vector e; ® e _; from the left yields the sum (10). Applying @ to the
vector e; ® e _; in (10) from the right yields the sum (91) multiplied by (—1)".
It follows that applying the product (H(u) ® H(1 - N —u)® 1) C(u,v) to
any basis vector of (CNIV)®EN+1) from the left and taking the coefficient of the
result at another basis vector is the same as applying this product to the latter
vector from the right and taking the coefficient of the result at the former vector.
Let us now consider the product at the left hand side of the displayed equality
in Section 22. To complete our proof Theorem 3 we have to show that for any
indices ¢, j applying this product to the basis vector f; and taking the coefficient
of the result at f; gives (90). But this follows from Proposition 9 due to the above
remark about the left and right actions on the basis vectors of (CNIN)®EN+1)
Here we use second formula for A(u) in Section 15 and the equality (95). We
also use the equality displayed just before stating Lemma 1 with n = N. And
we also use the following observation. Due to (46) the product

(Q1,2N® 1)T1(’LL+N— 1>T2N(1 —N—u)

by is divisible by Q1,2n ® 1 on the right. But the coefficient at f; of any vector
from the image of the right action of Q1 on (H(u) ® H(1 = N —u) ® 1) on
(CNINY®E2N+D) i5 zero. Our proof of Theorem 3 is now complete.
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25. In this section we will provide an interpretation of Proposition 8. We will
employ the usual left action of the algebra End CNV on the vector space CNIN .
Proposition 9 admits a similar interpretation. But then one has to use the right
action of the algebra End CNI™ on the vector space CVIV instead of left action.
For any t € C consider the representation p; ® p_; of the algebra X(py).
Using the comultiplication (55) this representatioin is determined by mapping

(End CV™) @ X(pn)[[u™Y]] = (End CVIN)@3 [y
T(u) — ng(u s t) ng(u , — t) .

See the end of our Section 6 for the definition of the representation p; of X(pn).
Multiplying the relation (15) by v + w and then setting v = —w =t yields

Rio(u,t) Riz(u, —1) Qo3 = Q23 Riz(u, —t) Ria2(u,t).

The latter relation shows that that under the representation p;® p _; the action
of the algebra X(py) preserves the subspace im @ C (CNIV)®2

Suppose that —2¢t #1,2,...,2N — 3 if N > 1. Then the rational functions
H(u) and H(1— N —u) have no poles at u =¢. For N =1 we get H(u) = 1 and
the complex number ¢ is still arbitrary. For any N > 1 let W € ( End CNIV)®2N
be the value of the function H(u) @ H(1 — N —u) at u =t¢.

Now consider the representation of X(py) on the vector space (CNVIN)®2N

P=P1-N-tQ...0p 1 Qpt®...Q0P¢t4N-1-
For this particular choice of the representation p we have
id®p: (End CVV) @ X(pn)[[v™"]] = (End CYIM)&2NH[[p=1]]
T(—v)— Riys(—v,1=N—1t) ... Ry n+1(—v,—1t) X
Ringa2(—v,t) ... Rionti(—v,t+ N —-1) =
Piy ... Panont+1 Rong11(—v,1 =N —1t) ... Roysin(—v,—1) X
Rontint1(—v,t) ... Ronyian(—v,t + N —1)Ponont1 ... P12 =
Py ... Panaont+1 C(t,v) Panonyt -.. Pia.

The last equality is obtained by using (68). The equality (95) now shows that the
action of the algebra X(py) by p preserves the subspace ker W C (CNIN)@2N

This action also preserves the subspace im Q n, nv4+1 C (cN [N )®2N by the above
remark. Proposition 8 implies that this action preserves the subspace spanned by
ker W, im @ n, n+1 and the vector (87). Moreover under the action of the algebra

X(py) on the one-dimensional subquotient of (CNIV)®2N spanned by (87)
(t—v—1)(t+v+N)
(t—v)(t+v+N—-1)"

Ti ‘(— U) — (Sij

Let us choose ¢(u) in (38) so that ¢(— v) is the reciprocal of the last displayed
fraction. Then c(u) T;;(u) acts on our one-dimensional subquotient just as d;; .
For this ¢(u) the composition of the representation p with the automorphism (38)
of X(py) maps Z(u) — 1, see Section 11. Hence the composite representation

of X(px) on (CNINY®2N factors through Y(py) .



Yangian of the periplectic Lie superalgebra 35

26. There is a natural Z-grading on the associative algebra Y (py) . It is defined

by setting the degree of the generator T’ i(jr) to 0 if the indices i, j are of the same
sign, to 1 if ¢ > 0 > j and to —1 if ¢« < 0 < j. Therefore twice the Z-degree of

T i(jT) is the eigenvalue of the element F;; € End CV [N under the adjoint action of
E=F 1 —-F_ 1 1+...+Enxyn—E_N_N.

The elements (7) and (9) of the algebra (End CNIV)®2 hoth commute with the
element £ ® 1+ 1® E. Hence the defining relations of the algebra Y(py) are
homogeneous, see (37) and (53) with Z(u) = 1. So our Z-grading is well defined.
We will use this grading to prove that under the antipodal map (41) on Y (py)

B(u) = B(u)™t. (96)

Let I be the subspace of Y(py) consisting of all elements of Z-degree 0. This
subspace is a subalgebra. Using the relations (37) each element of Y (py) can be

written as a linear combination of monomials in the generators TL-S-T) where all
factors of degree 1 are on the left and all factors of degree —1 are on the right.
If such a monomial belongs to I\ {0} and has a factor of degree 1, it also has a
factor of degree —1. So the monomials from I\ {0} span a two-sided ideal of I.

Denote this ideal by J. Take any monomial in the generators Ti(jr) of degree 0.
By using the relations (37) and (53) with Z(u) = 1, this monomial can be written
as a linear combination of monomials in the generators T,L-g-r) with 7,5 > 0 only
and of some monomials from J. So the quotient algebra 1/J can be identified
with the subalgebra of Y (py) in Corollary 3. Let A be the latter subalgebra and
a : I — A be the canonical homomorphism coming from this identification.

The homomorphism a maps the series B(u) to itself, because all coefficients
of this series belong to A . Thus o maps the series B(u)~! to itself too. Consider
the image of the series B(u) by the antipodal map (41) on Y(py). This image
is a formal power series in u~! with coefficients in the centre of Y (py). We will
show that by applying « to this image we get the series B(u)~! as well. Due to
Corollary 4 this fact will imply the correspondence (96) under the map (41).

Let G(u) the 2N x 2N matrix whose ij entry is the series

Gij(u) = Tij(u) (=1)"7 77

We index the rows and columns of G (u) by the numbers 1,..., N,—1,...,—N.
The matrix G (u) is invertible. Let G//;(u) be the ij entry of the inverse matrix.
Then by the definition (39) for any indices i and j we have the equality
_ 1t
Gij(u) = Tij(u) (=1)7 7.
The matrix G (u) splits to four blocks of size N x N corresponding to different

signs of the indices 7 and j . By using for instance [5, Lemma 3.2] we obtain that
for i,j > 0 the homorphism o maps G;(u) to the ij entry of the inverse of the
block of G(u) corresponding to the positive matrix indices. But for 7,5 > 0 we
have Gj(u) = T;j(u) and Gj;(u) = T} (u) . Therefore by the definition (71) the
homomorphism « maps the image of B(u) by (41) to B(u)~! as needed. Here we
use [18, Proposition 2.19] and our Corollary 3, also see the end of our Section 9.
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