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High-dimensional quantum entanglement characterizes the entanglement of quantum systems within a larger Hilbert
space, introducing more intricate and complex correlations among the entangled particles’ states. The high-dimensional
Greenberger-Horne-Zeilinger (GHZ) state, symbolic of this type of entanglement, is of significant importance in various
quantum information processing applications. This study proposes integrating a neutral atom platform with quantum
reservoir engineering to generate a high-dimensional GHZ state deterministically. Leveraging the advantages of neutral
atoms in a modified unconventional Rydberg pumping mechanism, combined with controlled dissipation, we achieve
a three-dimensional GHZ state with a fidelity surpassing 99% through multiple pump and dissipation cycles. This
innovative approach paves the way for experimentally feasible, deterministic preparation of high-dimensional GHZ
states in Rydberg atom systems, thereby advancing the capabilities of quantum information processing.

Entanglement within higher-dimensional quantum systems
introduces more intricate and complex correlations among
the states of the entangled particles.' They can prove ben-
eficial for quantum computation and simulation,'®!3 en-
hance security in quantum key distribution protocols,'+-16
provide increased capacity and noise resistance in quan-
tum communications,!’”-?? and produce stronger violations of
Bell-type inequalities.”>?* These remarkable advantages of
high-dimensional quantum entanglement underscore its sig-
nificance as a valuable resource for quantum information pro-
cessing, which has led researchers to actively explore meth-
ods for preparing high-dimensional entangled states in various
physical systems.>> 34

The high-dimensional GHZ state is defined by the expres-
sion [GHZ(N,d)) = Y.{-} |k)®¥ /V/d, involving N particles,
with each particle encoding a qudit of dimension d. This
state is of notable significance in various applications, such as
quantum key distribution®-¢ and programmable qudit-based
quantum processors.>’ In the realm of linear optics, only a
limited number of theoretical and experimental strategies have
been proposed to create high-dimensional GHZ states. These
strategies take advantage of various degrees of freedom of
photons as primary carriers of information.’**> One such
scheme suggests superposition of photon pairs with different
crystals and alignment of photon paths to engineer multipho-
ton GHZ states in higher dimensions®® with an efficiency of
E =d/[(N-d)/2]N/?. Subsequently, the same group, draw-
ing inspiration from the computer algorithm MELVIN,*® de-
velops a novel multiport design to generate a genuine three-
dimensional GHZ state. This approach requires two pairs of
three-dimensionally entangled photon pairs as the entangle-
ment resource.*’ Another theoretical approach is proposed,
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addressed:

employing a Fourier transform matrix within a linear opti-
cal circuit in a photonic system to generate high-dimensional
states.*?> While this successfully addresses the scalability is-
sue present in postselected schemes,®4? the success proba-
bility diminishes exponentially with an increase in dimension
and photon number. For example, the success probability for
generating the [GHZ(3,3)) state is merely 10~'°. Even with
optimization efforts, it can only be enhanced to 1074,

The characteristics of the linear optical system determine
that all the schemes based on it are nondeterministic. There-
fore, to prepare a deterministic high-dimensional GHZ state
suitable for quantum information processing, it is necessary
to leverage the coupling of light and matter*> or explore
the development of alternative matter qubits. An experi-
mental demonstration and certification of a three-dimensional
GHZ state with superconducting transmon qutrits was re-
cently reported.*” This scheme is also grounded in the quan-
tum circuit employed in MELVIN,* and the experiment is
executed using IBMQ quantum processors. Nevertheless,
due to the inevitable interaction between the superconducting
quantum processor and its surroundings, various decoherence
channels emerge, particularly qubit crosstalk, a common oc-
currence in superconducting transmon devices. This results in
a fidelity of approximately 76% for the final prepared quan-
tum entangled state.

In this Letter, our objective is to deterministically prepare
a high-dimensional GHZ state by integrating quantum reser-
voir engineering into a neutral-atom platform which provides
a controlled manner for trapping, cooling, and manipulating
atoms.*®>! This approach converts the decoherence factors,
such as atomic spontaneous emission, of the quantum sys-
tem into valuable resources and operates independently of
the preparation of the initial state, which represents a funda-
mentally distinct scenario from previous preparations of high-
dimensional GHZ states in linear optical systems and super-
conducting systems.

The neutral atom exhibits a plethora of stable hyperfine
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FIG. 1. Schematic for a potential experimental setup. (a) The atoms are confined using optical tweezers and arranged in an equilateral triangle
within the x—y plane. The use of counterpropagating circularly polarized light beams with various wavelengths significantly reduces the
influence of the Doppler effect during atomic excitation from the ground state to the Rydberg state. Simultaneously, co-propagating circularly
polarized light beams with the same wavelength prevents the creation of unpredictable relative phases between ground states. (b) Depiction of
pertinent levels in 8Rb and the laser-atom interaction model illustrate the implementation of the modified unconventional Rydberg pumping.

ground states, with examples including 8 for Rubidium and
16 for Cesium. Leveraging these states proves effective in ex-
panding the dimensionality of a qudit.’> By engineering pair-
wise additive interactions between excited Rydberg states, en-
tangling operations can be facilitated, potentially simplifying
the scaling of quantum systems.’*~7? By incorporating the in-
herent advantages of neutral atoms into the modified uncon-
ventional Rydberg pumping, as outlined in the supplemen-
tary material, we can effectively stabilize the system within
a high-dimensional GHZ state throughout multiple pump and
dissipation cycles. To elucidate the mechanism of the cur-
rent scheme more comprehensively, this work predominantly
focuses on a detailed discussion of the preparation of three-
dimensional GHZ states. Concerning GHZ states with higher
dimensions, their extension can be readily achieved, in princi-
ple.

The requisite experimental configuration for our proposed
scheme is illustrated in Fig. 1. We envision three 3’Rb atoms
confined using optical tweezers and arranged in an equilat-
eral triangle within the x—y plane, where the interatomic dis-
tance ensures effective operation of the van der Waals (vdW)
regime. Each qutrit is encoded into three hyperfine ground
states:  |0) = [5S15,F = 2,mp = —1), |1) = |58, F =
I,mp = 0), and |2) = |58} )5, F = 2,mp = 1). Simultaneously,
we introduce the degenerate subspace {[r=) = [80S) 5,m; =
+1/2)} of the highly excited Rydberg state to modulate the
interaction between the atoms. The incorporation of an ad-
ditional s-orbital Rydberg sublevel alters the original Hamil-
tonian of the system, rendering it time-independent.”! This
adjustment facilitates the implementation of rigorous and ef-
ficient numerical simulations. In the two-photon process me-
diated by the 5Py, states, the Rabi frequencies and the red
(blue) detuning for the transition from the ground states |0),
[1), and |2) to |rT) are indicated by 4+, and Ay, respectively.
Similarly, the Rabi frequencies and red (blue) detuning for the
transition from ground states to |~ ) are denoted as +Q, and

Ay (Ay + A). Furthermore, coupling between the 5P/, state
and the two Rydberg states is achieved through distinct polar-
ized light sources, thus minimizing the influence of light with
varying frequencies and intensities. For simplification pur-
poses, we temporarily overlook the influence of atomic posi-
tion on the relative phase between individual atoms, reserving
this discussion for the supplementary material.

Aligned with the laser cooling approach, our methodology
comprises repetitive cycles of pumping and dissipation, as
shown in Fig. 2. Within each cycle, we systematically per-
form six distinct coherent operations, each succeeded by a
consistent dissipative operation. Significantly, at each stage,
the utilized laser serves the purpose of collectively exciting
three atoms, obviating the need for individual addressing.

In the interaction picture, the corresponding Hamiltonian of
the coherent operation at step i can be described by (h=1)
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where we have obtained the effective single-photon transition
with Rabi frequencies Q) = Q2(2A; +A)/[4Az(Ay +A)] and
Q, = Q7 /(2A,) between ground states and Rydberg states af-
ter adiabatically eliminating the intermediate state |5P; /2> in
Fig. 1(b). The state |a§.> represents the laser-driven normal-

ized ground state of the jth atom, with a;: serving as the asso-
ciated collective enhancement factor. It should be noted that
in the first three steps, the parameter Oc} is set to 1, while for
subsequent steps it is adjusted to /2. Additionally, the dis-

persion coefficients Cs and Cy for the high-lying s state of
Rydberg atoms demonstrate isotropy with respect to the polar
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FIG. 2. The flowchart illustrates the step-by-step process for the
preparation of the target state |GHZ(3,3)). The light green shading in
B or C indicates the excitation of some of these states. In the middle
section, lasers are applied to different ground states at each step. The
lower part of this section details the timing of the driving in each step,
denoted as 7r/Q, or 7/(/2,). The light pink segment portrays the
dissipation occurring in each step, and its lower portion specifies the
dissipation time 7.

angle, representing the orientation of the interatomic connec-
tion to the quantization axis. Specifically, for n = 80, their val-
ues are G /(27) = —4160 GHz (um)® and Cj / (27) = —4213
GHz (um)®. Consequently, the interaction strength between
Rydberg atoms can be tuned by altering the atomic spacing
R. In the scenario of Cg /R6 = —A, and under the limit of
A > Q> Q,, an effective Hamiltonian can be derived as
(see the supplementary material for details)
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where P™ and P" represent the projection operators onto two
distinct bases that are orthogonal to the state |a’) within the
atomic ground state. Following Eq. (2), the system allows
only a single excitation process associated with the ground
state, allowing the ground state |a’) to undergo excitation to
the Rydberg state |r") at intervals of 7/, during the initial
three steps, and with a period of 7/(1/2Q,) during the subse-
quent steps. The jump operators that characterize each atomic
spontaneous emission, taking into account the decay rate, are
defined as follows:

P=y\[F et 1=0.1,2). 3)

Here, the effective decay rate I'j can be significantly increased
beyond the natural linewidth of [80S /) for ®Rb atoms using
controlled dissipation techniques.”>’# This enhancement fa-
cilitates the acceleration of the atomic relaxation process to
the desired ground state.
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FIG. 3. The temporal evolutions of fidelity and purity of the tar-
get state |GHZ(3,3)) are illustrated against time (number of cycles)
starting from an arbitrary initial state. The selected parameters are
Q) =2x x4 MHz, Q; = 21 x 0.04 MHz, A = 27 x 200 MHz,
I't =27 x0.23 MHz, and 7 = 3.19 us. The time required for 30
cycles is approximately 2.49 ms. The inset provides a detailed view
of the fidelity in the first circle for each step.

To elaborate on the details of the scheme, we parti-
tion the ground state space of three atoms into three dis-
tinct subspaces. Subspace A is represented by {(]000) +
|111) + |222))/+/3}, which corresponds to the target state
|GHZ(3,3)).  The subspace B = {(2]|222) — |000) —
|111))/+/6,(]000) —[111))/+/2} consists of states that are or-
thogonal to the target state. Together, subspace A and sub-
space B form a complete set of subspace {|000),|111),|222)}.
Lastly, subspace C encompasses the remaining 24 orthogo-
nal basis states. Under the action of Eq. (2), the initial three
steps illustrated in Fig. 2 allow one of the three atoms in
the ground state to be excited to the Rydberg state |r) if
and only if the pumped atom is initialized in the |a’). Af-
ter controlled dissipation, the distribution of each component
of the atomic ground state is adjusted. We find that under
the assumption of considering the first three steps in gen-
eral, the stability of subspace C is destroyed and the sys-
tem will be stabilized to a mixed state composed of states
in subspaces A and B. The operational steps in IV, V, and
VI are analogous to the initial three steps. The impact of
these lasers becomes more apparent when we express the
bare ground states of all atoms in terms of the dressed states,
as deduced in the supplementary material. Let us consider
step IV as an example. The state |a!V) = (|0) —[1))/v/2
can be pumped to |r) after a period m/(v/29,), and then
|rt) decays towards |0), |1), and |2) independently. This
process decreases the population of |a!V) and improves the
population of |a/’) = (|0) +|1))/v/2. Consequently, within
the subspaces of A and B, all mixed states with compo-
nents like (|000) — |111)) /v2 = (|a"VaVa!) +|a o'V aV) +

laValVa'V) + |aValV alV))/2 are selectively pumped out.



In contrast, components containing (|000) + |111))/v/2 =
(|a1fa1fallv>+ |a1Va1Va1lV>+ |a1v ValVy 4 |a1lVaIVa1V>)/
the mixed states persistently i 1ncrease

Similarly, in steps V and VI, the components of (|000) +
|222))/4/2 and (|111) +]222))/+/2 also experience an in-
crease. Hence, it becomes evident that after an evolution-
ary period, only the population of the target state |GHZ(3,3))
remains unaffected by laser pumping, gradually increasing
through controlled spontaneous emission. This is illustrated
by the light blue shading in the inset of Fig. 3. After multiple
cycles, the initial population in any state will be transferred to
the target state. To underscore the robustness of the scheme
against variations in the initial state, we intentionally choose
a completely mixed state, p(0) = Y ; x—o,12 |ijk)(ijk|/27,
as the initial condition. The fidelity, defined by the popu-
lation .# = (GHZ(3,3)|p(t)|GHZ(3,3)), of the target state
|GHZ(3,3)), and the purity & = Tr[p()?] are then plotted
against time (number of cycles) in Fig. 3, providing insight
into the performance of the scheme. The corresponding pa-
rameters, Q) =27 x4 MHz, A = 50Q and Q, = 0.01Q, are
chosen to satisfy the conditions of unconventional Rydberg
pumping. After 30 cycles, the fidelity of |GHZ(3,3)) reaches
99.1%, and the entire process is completed in approximately
2.49 ms, showcasing the efficacy of the chosen parameters
within the specified temporal constraints.

In the context of Rydberg atom platform experiments, vari-
ous imperfections are inherent, encompassing factors such as
the random thermal motion of atoms within the optical tweez-
ers, spontaneous emission from the intermediate state, laser
phase noise, and the Doppler effect.”>"7 These imperfections
significantly impact the coherence between the ground state
and the excited state of Rydberg atoms. Addressing these fac-
tors is essential for overcoming challenges and realizing effi-
cient quantum information processing in the Rydberg atomic
system. In our proposed scheme, the spontaneous emission
of atoms has been transformed into a valuable resource, and
the remaining factors can be attributed to the influence of fi-
nite temperature. Specifically, the dephasing effect induced by
laser phase noise can be equivalently regarded as the Doppler
effect.

Given the atomic arrangement illustrated in Fig.1(a), for
atoms at a temperature 7,, the time-averaged variances of
position and momentum are approximated as (x?) = (y?) =
kpT,/(@*m) and (vi) = (vi) = kpT,/m. Here, kg represents
the Boltzmann constant, ® = @, ) is the oscillation frequency
of the trap, and m is the atomic mass. Longitudinal position
fluctuations combine in quadrature, making a lesser contribu-
tion to distance fluctuations.”® Therefore, the deviation of the
interatomic distance is expressed as 6 = /2kgT,/(®*m). For
a typical trap frequency of @ = 27 x 90 kHz,”® an atomic tem-
perature of 10 uK results in ¢ = 77.37 nm. The lower atomic
temperatures experimentally obtained, 7, = 5.2 uK and 7, =
1 uK, lead to reduced position fluctuations of 6 = 55.79 nm
and 6 = 24.47 nm, respectively.3®3! In a recent experiment, a
higher trap frequency with (@, ®,) = 27 x (147,117) kHz®?
can be used to further suppress fluctuation of the atomic spac-
ing.

To assess the resilience of our approach to variations in
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FIG. 4. The influence of distance and timing errors is showcased
in two distinct scenarios. In (a), a rectangular pulse with a Rabi
frequency of Q, =27 x 0.04 MHz is considered, whereas in (b), the
analysis entails a rectangular pulse with a reduced Rabi frequency of
Q, =27 x 0.02 MHz, achieving a more robust effect.

atomic spacing R around the target value of Ry = 5.255 um
and to account for timing errors 8¢ during coherent operations,
we illustrate a contour plot of the target state population after
30 cycles as a function of SR and &t in Fig. 4(a). The tar-
get state population remains consistently above 90% within
the SR range of [—50,50] nm. The impact of timing errors
ot /t; € [—0.2,0.2] with #; corresponding to the timing for each
step in Fig. 2, denoted as 7/, or 1/(1/2Q,) in the popula-
tion is nonmonotonic, manifesting itself as oscillations. In
the supplementary material, we present evidence demonstrat-
ing that selecting a smaller Rabi frequency for the (effective
single-photon) resonant laser enhances the resilience of the
target state population against variations in atomic spacing, as
illustrated in Fig. 4(b). While this improvement is attained
by extending the duration of the coherent operations and may
be accompanied by potential influences of various unknown
decoherence factors, it nonetheless stands as a viable option
to effectively tackle challenges arising from fluctuations in
atomic spacing.

In our setup, where linearly polarized light and circularly
polarized light are employed, the effective wave vector for
the two-photon excitation from the ground state to the excited
state of the Rydberg atom is conservatively estimated to be
kegr =~ 1.54 x 10" m~! at maximum (orthogonal beams). As a
result, the atom is subjected to an extra detuning of the exci-
tation laser, which is represented as a random variable with a
Gaussian probability distribution centered around zero and a
standard deviation of kefry/kpT,/m =~ 21 x (76,55,24) kHz.
This effect, however, has no effect on the two-photon off-
resonance pathway from the ground state to the Rydberg state
|F~). The higher Rabi frequency Q; associated with this pro-
cess is attributed to this,’® and the frequency detuning induced
by the Doppler effect is negligible compared to the detun-
ing of A in our scheme. On the other hand, for the reso-
nant Rydberg atomic transition, the counterpropagating 474-
nm and 795-nm wavelengths yield a small effective wave vec-
tor of ket ~ 5.35 x 10 m~!. This implies a corresponding

kefin/kpT,/m =~ 21 x (26,19,8.3) kHz. Applying this factor
to the resonant Rydberg atomic transition using standard ran-
dom sampling and average processing is unquestionably time-
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FIG. 5. The influence of Doppler eftect. The driving field with Rabi
frequency Q, have an extra detuning of 27 x (8.3,19,26) kHz.

consuming. Within this particular framework, we simplify the
procedure by replacing the detuning frequency with the stan-
dard deviation previously mentioned and qualitatively deter-
mine the influence of the Doppler effect on our scheme. In
Fig. 5, we track the progression of target state fidelity as influ-
enced by these three parameters over multiple cycles, respec-
tively. We permit some populations to remain in the ground
state under each coherent control due to the periodic pumping
and dissipation of the scheme itself, these residual populations
can be progressively transferred to the target entangled state
of the atom in the subsequent cyclic operation. Consequently,
we observe that it is still possible to attain a greater population
of the target state by increasing the number of cycles.

In conclusion, we have presented a scheme for the deter-
ministic preparation of high-dimensional GHZ states, lever-
aging periodic pumping and dissipation in a neutral atom sys-
tem. This method remains independent of the initial state
preparation and exhibits resilience to fluctuations in atomic
spacing and timing errors. Moreover, it proves advantageous
in mitigating the impact of the Doppler effect, as a higher
fidelity target state can still be achieved by increasing the
number of cycles. While extending our approach to a high-
dimensional GHZ state is straightforward, it necessitates addi-
tional coherent manipulations and evolutionary cycles. How-
ever, the spatial arrangement structure limitations between
Rydberg atoms pose a challenge, rendering the current ex-
perimental parameters insufficient to guarantee the robust cre-
ation of a high-dimensional GHZ state with more than three
particles. We anticipate that ongoing developments in atomic
manipulation technology and advancements in atomic cooling
technology will pave the way for the realistic preparation of a
high-dimensional multi-particle GHZ state in the future.

See the supplementary material for a detailed description of
the effective two-level system, the effective Hamiltonian, the
controlled spontaneous emission of Rydberg states, the rela-
tive phases of atoms induced by wave vectors, and the exten-

sion of three-dimensional GHZ states into higher dimensions.
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