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Abstract

In this paper, we study the sharp constants in fractional Sobolev inequalities associated with
the regional fractional Laplacian in domains.

1 Introduction

Letn > 1, 0 € (0,1) (with the additional assumption that o < 1/2if n = 1), and Q C R" be an
open set. Consider the sharp constant of the fractional Sobolev inequality

Yy o(Q) := inf {ImmRn[u] cu e 050(9),/ u| 72 do = 1} ,
Q

u(y))?
Inore| dzd (D
* //R"XR" |!17 - y|n+2o Y

is the fractional Sobolev semi-norm of . Using the dilation and translation invariance of Y;, ,(R"),
it is not difficult to see that Y}, ,(Q2) = Y}, ,(R"™). Moreover, Lieb [13] classifies all the minimizers
for Y, »(R™) and shows that they do not vanish anywhere on R"™. Therefore, the infimum Y, ,(2) is
not attained unless {2 = R".

Together with Xiong, the first two authors in [9] considered the sharp constant of the fractional
Sobolev inequality on the domain §2:

where

S, (£2) := inf {[moﬂ[u] T € CCOO(Q),/ ]u\% dz = 1} , 2)
Q

where

u(y))?
ncr dxd 3
alu //ng |x—y|”+2" Y ©)
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is another fractional Sobolev semi-norm for u. In probability, I, , o defined in (3) is called the
Dirichlet form of the censored 2o-stable process [2] in (2. Its generator

o, ol u(z) — u(y)

(=& =2l {yes ly—al>e} |7 —y|"+27 dy @
is usually called the regional fractional Laplacian [11, 12]. Therefore, in this paper, we call (3) as
the regional fractional Sobolev semi-norm of u. When S, ,(€2) > 0, we call (2) the sharp constant
of the regional fractional Sobolev inequality in Q. It follows from [6] that if n > 2 and 0 > 1/2,
then S, ,(©2) > 0. If o < 1/2 and  is of finite measure with sufficiently regular boundary, then
Lemma 16 in [9] shows that S, ,(€2) = 0. If ¢ < 1/2 and Q is the complement of the closure of a
bounded Lipschitz domain or a domain above the graph of a Lipschitz function, then it follows from
the fractional Sobolev inequality on R™ and the Hardy inequality in [5] that .S, ,(€2) > 0.

It was discovered in [9] that the minimization problem for \S,, ,(£2) behaves differently from that
forY,, »(€2). Unlike Y}, ,(£2), which always equals to Y}, ,(R™) and is never achieved unless {2 = R",
the constant S, ,(€2) depends on the domain (2, and can be achieved in many cases assuming that
n > 4o:

* If the complement Q¢ has an interior point, then S,, ,(2) < S, ,(R™).
* If 0 # 1/2, then S,, »(R’}) is achieved (see also Musina-Nazarov[15]).

« If 0 > 1/2, Q is a bounded domain such that B C © C R” for some £ > 0, then S, »(©2) <
Sn,o (R’ ). Moreover, if 92 is smooth then .S, ,(2) is achieved.

Here, we used the notations that R! = {z = (2/,2,) € R" : z, > 0}, B, = {z € R" : [z| <}
and Bf = B, NR’.

Recently, Fall-Temgoua [8] proved that if 2 is a bounded C'' domain and o > 1/2 is very close
to 1/2, then S, +(©2) < S, (R’ ), and consequently, S, ,(€2) is achieved, by showing the upper
semicontinuity of Sy, »(€2) on o € [1/2,1) and using the fact that S, ; /5(£2) = 0.

As explained in [9], the discrepancy between the S,, ,(€2) and Y}, ,(€2) problems can be explained
as a Brézis-Nirenberg [3] effect :

1
Inoalul = I ore|u —2/ u?(x dx/ ———dy
[ ] Q (@) re\Q | — Y[ T2

()
~ Dol — g [

Therefore, the S, »(£2) problem is the Y}, ,(€2) problem with an additional negative term, and it is
this term that for n > 40 lowers the value of the infimum and produces a minimizer. This fact was
first observed by Brézis-Nirenberg [3]. The difference between the S, ,(€2) and Y, ,(£2) problems
is also related to the difference between the regional fractional Laplacian and the “full” fractional
Laplacian on R"”, and in turn by the nonlocal Hardy-type term’s dependence on {2.

As mentioned earlier, it was proved in [9] that if n > 40, 1/2 < 0 < 1, and  is a smooth
bounded domain such that Bf C @ C R% for some ¢ > 0, then S, () < S, (R"}), and
consequently, S, »(£2) is achieved. The assumption that B" C € means that the boundary of €2 near
the origin is flat. In this paper, we would like explore the strict inequality .S, »(£2) < S, »(R’.) for
non-flat domains.

dz Vue C(Q).



Theorem 1.1. Let n > 4, % < o < land Q C R™ be an open set. Suppose there exists a point

a € 0 such that O is C near the point a. Then there exist two positive constants ¢ and C, both of
which depend only on n, o and ), such that

CF(]H((I)

—20
\ +CA

Sn,o(Q) § Sn,cr(R:L_) -

for all large \, where H (a) is the mean curvature of 992 at a, and

RiXRi

’5 _ C‘n+2cr+2

with © being a minimizer of Sy »(R"}) that is radially symmetric in the first n — 1 variables. In
particular, Sy, 5(2) < Sy, o (R}).

We do not know what the sign of I'y is or whether it is zero, and we leave it as an open question.
We do not have an explicit form of ©. Some of its estimates are given in Proposition 2.2.

Since S, ,(12) is preserved under reflections, rotations, translations and dilations, we can assume
that a is the origin 0. The smoothness condition assumed in Theorem 1.1 indicates that if the principal
curvatures of 0€2 at 0 are denoted as «; (1 = 1,2,...,n — 1), then the boundary 0f) near the origin
can be represented (up to rotating coordinates if necessary) by

n—1
1
r, = h(2') = 3 g i 4 g(z')|2'|?, (6)
i=1

where g is a bounded Lipschitz continuous function of the 2’ variables defined in a small ball in
R™~! such that g(0) = 0. To prove Theorem 1.1, we first flatten the boundary near the point a, and
then we use a cut-off of a rescaled minimizer of .S, ,(R'}) as a test function.

To prove the strict inequality .S, »(£2) < Sy, »(R’') without knowing the sign of Iy, we need a
global smallness condition, that is, we need to assume that part of the boundary 2 is represented by
the function in (6) with small «;, and {2 is above its graph.

Theorem 1.2. Let n > 4, % <o <1 a- - ,an_1 be real numbers, g be a locally Lipschitz
continuous function on R"~ such that g(0) = 0, h be defined as in (6), and

R = {x= (2, x,) €ER" : 2, > h(2)}.
Let Q C R™ be an open set such that for some 6y > 0 and Ry > 0,
(Bs, NZ) CQC {z eR": 2| < Ry} N Z).
Then there exists a positive constant £qg depending only on n, o, Ry and &g such that if
|Varg(2')| < eo forevery |2'| < Ry, and |o;| < g foreveryi=1,--- ,n—1,

then
Sn,U(Q) < Sn,U(R:L_).

An important intermediate step in the proof of Theorem 1.1 is that the minimizers of S, ,(R’})
are radially symmetric in the first n — 1 variables.



Theorem 1.3. Assume that n > 2, 1/2 < 0 < 1l and u € HU(RT}F) is a minimizer of Sy, »(R7).
Then w must be radially symmetric about some point in R~ for the first n — 1 variables.

In fact, this symmetry holds not only for the minimizers of S, »(R’! ), but also for the solutions
of its Euler-Lagrange equation.

Theorem 1.4. Assume thatn > 2,1/2 <o < landu € He (R?) is a nonnegative solution of

(—A)%iu — unte in R%, (7)

then u must be radially symmetric about some point in R" ™! for the first n — 1 variables.

To prove Theorem 1.4, we use the method of moving planes for the regional fractional Laplacian.
In this step, we adapt ideas in [4] for the full fractional Laplacian (—A)? to the regional fractional
Laplacian (—A)%i in our case. Although Theorem 1.3 follows from Theorem 1.4, we also provide
a proof using the rearrangement arguments, which are of independent interests.

This paper is organized as follows. In Section 2, we prove the radial symmetry in Theorem
1.3 and Theorem 1.4. In Section 3, we show the properties of the sharp constant S, ,({2) stated in
Theorems 1.1 and 1.2. In the Appendix A, we include the technical calculations for some quantitative
integrals of the minimizers © of S,, »(R’} ).

2 Radial symmetry

Let n > 2. If w is a function on R} and such that for a.e. z,, € Ry and every A > 0 one has
{2’ € R" ! : ju(a/, 2,)| > A}| < oo, where | - | denotes the Lebesgue measure, then we define its
rearrangement

W (@, ) = (-, xn) (1) .

Here * denotes symmetric decreasing rearrangement in R,
Proposition 2.1. Letn > 2 and o € (0,1). Then for any u € H 7(RY), one has
Ty [u] > Tn g [uf].
If the equality holds, then there is an o’ € R" ™1 such that either
w(a' x,) =uf(a' —d,x,)  forae (2 x,) € R™
or
w(@ xn) = —uf (@ —dx,)  forae (2,xy) € R% .

Proof of Theorem 1.3. By the equimeasurability property of symmetric decreasing rearrangment in
R"~! we have [, 1 (uf(2/,2,))P d2’ = [ [u(2/,x,)[P da’ for any p > 0. Thus, as a conse-
quence of Proposition 2.1, we infer that any minimizer u of S, ,(R"}) satisfies either u(z’, z,,) =
u*(z' —d,xy) forae. (¢/,2,) € R} or u(a’,z,) = —u*(2/ — d/,z,) forae. (2, x,) € RY, for
some a' € R L. O

For the proof of the inequality in Proposition 2.1, we use an argument due to Almgren-Lieb [1].
To characterize the cases of equality, we use a strengthening of this argument due to Frank-Seiringer
[10].



Proof of Proposition 2.1. We write

NJR // Sz, — yn[ u(s, ), uls yn)] d, dyy
Ry xR4

(f(=') = 9(¥))? o
dy’ .
Jr(fs 9] : //R et (2t Pt dz' dy

Note that when r > 0, the kernel (|2/|> + r?)~ " s integrable. Therefore, we can expand the
square (f(z') — f(y'))? and, in the “diagonal terms” perform one of the integrals, which leads to the
square of the L?-norms of f and g. Since these norms coincide with those of f* and ¢*, we obtain

. s f*x/g*y/—fx/gy/
JT’[fag]_JT’[fgg]:2// ( ) ( ) (@ )dx,dy/
Rn—1xRn—1 (‘.Z'/ _ y/‘2 + 742) 5
By the Riesz rearrangement inequality (see, e.g., Theorem 3.7 in Lieb—Loss [14]),
JT[f).g] - JT[f*7g*] 2 0

Inserting this with f = wu(-,x,) and ¢ = u(-,y,) into the above formula we obtain Inorn [u] >

with

In,g,m [u™], as claimed.

In the above argument, we use the square integrability of u(-, z,,) for a.e. x,, which is not a priori
clear. We can argue more carefully as follows. We first observe that (u(z) — u(y))? > (Ju(z)| —
u(y)|)?, so Inorn [u] = Inorn [[u]]. Now we apply the above argument to min{(|u[— e)+, M} with
two positive constants € and M, which belongs to L>° and has support on a set of finite measure,
so is in L2. So for this cut off function we have the claimed inequality and then we can remove the
cut-offs by applying the monotone convergence theorem.

Now assume that we have the equality In,cr,Ri [u] = n,o, R [u]. Then we also must have the
equality I, o7 [u] = I o,rn [|u[] and, by the above argument we easily see that either u(z) = |u(x)]
forae. x € RY or u(z) = —|u(z)| for a.e. z € R Next, the equality I, ok [[ul] = Inory [u?]
implies that for a.e. (z,,y,) € Ry x Ry,

J\xn—yn\ﬂu('7xn)‘7 ’u(ayn)u = J\xn—ynl[uﬁ('vwn)7uﬁ('ayn)] :

Thus, by Lieb’s theorem (see, e.g., Theorem 3.9 in Lieb-Loss [14]) for a.e. (z,,,yn) € Ry x Ry
there is an @/ (2, yn) € R™"~! such that

lu(z!, x,)| = uf(2’ — d'(@n, yn),2n)  and  |u(y,yn)| = v (Y — d' (@0, Yn)s Un)

for a.e. 2/, € R"~1. Since the left hand side in the first equation is independent of ,, and in the
second one of x,,, we deduce that a’(z,,y,) is independent of z;, and y,, that is, it is a constant
a’ € R"~!. This implies the assertion of the proposition. O

Next, we will prove Theorem 1.4 using the method of moving planes.

Proposition 2.2. Lern > 2and 1/2 < o < 1. Let 0 Z u € H ?(R™%.) be non-negative and satisfy
(7). Thenu € C77~ LR +)NC®(RY), and there are constants 0 < ¢ < C' < 400 (depending on )
such that

20’ 1 x%cr—l

< < :
O+ ’w‘)n+2a 7 Su(z) < C(l ¥ [2])n 202

®)



Furthermore, x}~*u(z) € CY(R'.) and there is a constant C > 0 (depending on ) such that

C

’V(xi_zau(x))’ < (1 + |a])n+2o-1"

©)

forx € RY.

Proof. The estimate (8) was proved in Proposition 1.5 in [9]. The estimate (9) for |z| < 1 follows
from (8) and the regularity that z}~>?u(z) € C'(R!;) proved in Fall-Ros-Oton [7]. Let

i(z) = || "y (#) .

Then 4 satisfies (7) as well. Thus, 7 satisfies (8) and |V (z1~2?@(x))| < C'in Ff for some C' > 0
(depending on w). Since
[T
) = ke (2

as well, we have

_ o 1—% T
y Pu(a) = [y a(y),  where y = [
The estimate (9) for [z| > 1 follows from that |y} =27 (y)| + |V (y2=27a(y))| < C in B; . O

Proof of Theorem 1.4. For A € R we define
Ty = {3: eRY a4 :)\}, =2\ — 2,20, ,2n)
uy(z) = u(z), wx(z) =uy(z) —u(x)
and

E)\:{:L'ERZ_:JJ1</\}, i)\:{l’)‘:iﬂéz)\}.

By Proposition 2.2, we have lim wx(z) = 0 for any fixed A. Hence, if w) is negative
|z| =00, mGRi

somewhere in X, then the minimum of wy in 3 would be attained in X. Let
Yy ={z e X w(r) <0}.

Then for z € X, we have

n+2o n+20
(—A)n wa(z) = ur(2) 755 — u(a) i

2 1 40
= Zi_2z </0 (tun(z) + (1 — t)u(x)) 27 dt) wy ()
n+ 20 _do
> — 2Uu(:n)n* swy(x).
That is
(—A)ﬁ'giw)\(w) +c(x)wr(z) >0 in X7, (10)

6



where

n + 20 4o
= n—2o
cfw) i= —Zu(z)
Also, by Proposition 2.2, we have
C
0| p———
x n—2o

and thus,

liminf  |z[*¢(x) = 0.
|z|—o00, z€RY

Let ¥ € X be such that w(z") = ming w < 0. Then

(-8 ur(a®) =2PV. [ ural) —way)

|20 — y|+2e
o { [ S [ )
=orv{ [ S [ B )
“opy {/EA ui;g _)yx|n+20 / u;;glﬂi)ytfﬁz(g) dy}

Moreover, if |zo| > |A| is sufficiently large, then

/ Ly / L4
0  Nntos Y = _ 0 ingos &Y
sy 20 = [+ {yeSn2lao|<ly—a0| <3lao| 170 — y["*?
S m
= |02
where m > 0 is a constant. Together with (10), we obtain
0< (—A)ﬁiu(wo) + (2 u(z?) < [# + c(xo)] u(2°) < 0, (12)

which is a contradiction.
This proves that if A is sufficiently negative, then

wy >0 in X).
Therefore, we can define
A=sup{A €R:w,(z) >0, VzeXIyu<A}.

If \ = +o0, then since u(x) — 0 as |z| — oo, we have that v = 0, which is a contradiction.
Hence, A < co. We will prove in the below that w5 = 0in Xj5.



We argue by contradiction that we suppose wy > 0 at some point, and thus in some open subset
of X 2\

Then wy > 0 in X5, since otherwise, if there exists z € 35 such that ws(z) = 0, then by the
equation of wy, it follows that

0= (~A)gy wy(2) = 2P.V./ wslz) = wsy) 4

R? ‘Z _ y’n+2o
—2PV. / 70_wi(+y2)ady+/~ 70_1”1%)0@
2y ’Z - y’ 2 ‘Z - y’
2P.V. wx(y) < ! ! ) dy
= V. A — —
5 ’Z _ y)\‘n—i-ZJ |Z _ y|n+2o

<0,

which is a contradiction. o
Now, from (12), we have that there exists Ry > 0 such that for every A € [\, A + 1],

W\ >0 inEA\BRO-

Since we just proved that wy > 0 in X5, by continuity, we have that for every ¢ > 0, there exists
0 > 0 such that

wy >0 in Bpy, NX5_. N{z, > e} forall A € [\, X + 4.
We are going to show that
wy >0 inXy forall A € [\, X+ 6] (13)

if we choose ¢ and § to be small enough. Suppose there exists Z satisfying z,, € (0,¢) or 1 €

(A — &, ) such that

wy(Z) = minwy, < 0.
2

Then from (10) and (11), we have

n _|_ 20’ _ 4o _ _ 2w>\(£)
p— 2Uu(x)nf2cr wy(T) < (—A)ﬁ‘mw,\(x) < 4/ZA |7 — yA[rt2e

That is,

1 d C do C 40(20271)
Ay < Cu@)"Em < i, 14

If z; € (A — ¢, \), then
1 C
——dy> ———— 300 ase+9J—0,
/ZA ’1‘ _ y)\‘n+2a (E + 5)20

contradicting to (14) since € Bg,.
If Z,, € (0,¢), then since T € Bpg,, we have

1
T = C,
/ZA |ZE _y)\|n+2o

8



contradicting to (14) if € is small.

This proves (13), which contradicts with the definition of \. Hence, we have proved that wy =0
in Xy, that is, u is symmetric about the plane 7% in R'}. Since the x; direction can be chosen
arbitrarily for the first » — 1 variables, we have actually shown that « is radially symmetric with
respect to some point in R’} in the first n — 1 variables. U

Proposition 2.3. Assume thatn > 4,1/2 < 0 < 1, A > 0, and v > 0 that v # 20. Let © be a
minimizer of Sy, »(R") that is radially symmetric in the first n — 1 variables. Then

/ / / _
// (€7 + 1) 2!@(26) G(C)lzdgdc < C(n,0,7)(1 + X172, (15)
BYxB?t ’5 - C’n+ 7

If v < 20, then

/ 12yv/ _
// (|£ |2 + |< |2)Fy 2|®(£) @(C)|2 dgdc < C(njo,))\’y—Zol (16)
(R™ xR™)\(BY xBY)

€=

The proof of this proposition is given in the Appendix A.

3 Sharp constants

Proof of Theorem 1.2. First of all, we observe that S, »(£2) is preserved under reflections, rotations,
translations and dilations. Hence, we can assume dy = 4.
Let ® : 2 — R" defined as

E=®(x) = (z1, ,Tn_1,2Tn — h(2")).

Let © be a minimizer of S, ,(R"}) that is radially symmetric in the first n — 1 variables. For every
A >0, we let

n—2o

@A(:L') =\ 2

O(Az).

Let 1) be a cut off function such that n € C*(R"), n = 1in By, 0 < 7 < 1in Bz and n = 0 in BS.
Let 0)(z) = (n©,)(z) and vy = 0) o ®(z). Then we have

lux(z) — va(y)|?
nUQ ’U)\ //QXQ |33‘ — |n+20 dxdy

_ // 102(8) — OO dedc (17)
DU (g = ¢+l + RE) — G ROP) T

where U = ©(£2). We would like to analyze the denominator

_ n+20

AE Q) = (1€ =P+ [+ 1) = G —BC)
= €= ¢7" 21+ B(€,¢) + C(&,¢) + D(,0)]™

7L+20'

(18)



where

1 n—1 n—1
B(£,¢) = W(ﬁn —(n) (Z @&} — Z%‘Cf) ;
i=1 i=1

o(e.0) = 2o =) (@) 12— g (¢) 1),

€ = ¢I?
(h(&) — h(¢"))?
D(E,¢) = :
0= e
We will show that each term in the above is sufficiently small so that we can have a Taylor expansion

for A(£,0).
For B(¢, (), since

n—1 1/2 n—1 1/2
< (Z i (& + Ci)2> (Z(&' - Cz‘)2>
i=1

1=1
< 2e0(I€']7 + 111 21E" = ¢,

where we used |o;| < gp forevery i =1,--- ,n — 1, then we have

IB(£,C)| < eo|€')? + |12 (19)

n—1
> ail& - ¢)
i=1

For C'(¢,¢) and D(&, ¢), since
|9 (&) 167 =g (¢) 1P|
<|g(&)IEP =g () IEP]+ g () IEP =g () ICP]
< eol€’ = ClIE + ol (1€ +1¢1) - (1€ = 1¢"1)
< [eol€'” + eol¢/|(1€'1 + 1SD] €' = <]

12 12

where we used g(0) = 0 and |V, g(z')| < €0, then we have

3eo(|€'7 +[¢")

C(€,0)| < ] (20)
and
(A(&) — h(C))?
2
235005 (i — aic®)) " 2 (g(€) €2 = 9(C) [C'2)?
é 2 + 2
€] €=¢]
712 712 2
(P +1¢P) (il a?) ¢ = ¢p 2 (2elElHEBer )
é 2 + 2
€] €=
2
< (n— (€ +1C2) + S0 + P2 @

2

10



Hence, for every (£,¢) € U x U, which satisfies |¢'| < Ry and |('| < Ry, there holds
B(£,¢) + C(€,¢) + D(£,¢) < 2Roeo + 3Rieo + 2(n — 1) Reg + 18R]

Thus, if we choose ¢¢ to be sufficiently small, each of B(&, (), C(,¢) and D(&, () is small, so that
we can have the Taylor expansion of A(&, (). To be more explicitly, first we can choose a proper
go such that [B(&, Q)| + |C(&,¢)| + [D(&,¢)| < 5 forall (£,¢) € U x U. Then we can choose a
constant A; > 0 such that when |a| < 1/2,

7L+20' <1_TL+2O’

(1+a)” a+ Aya®

Therefore, if we denote E(&, () := B(&,¢) + C(§,¢) + D(&, (), then we have

A& Qe —¢|m

n+ 20) n+2a n+ 2o

<1- 2 pie ¢ - (.0 -

n—1 1
<1- %(gn —Cn) (% Zalflz 9 ZQZC22> + (& Q) @2)
=1 i=1

D(&,¢) + A1E(€,¢)?

where

P&, =" 20 0+ T

Therefore, it follows from (17), (18) and (22) that

In,U,QH [U)\]

:// 167(8) — OO _dedc
vy (w — P+ (G + hul€) = G — (D)) T

10x(€) — 01(¢)[?
//Uw |£ (e e

+2 En — Go) (05 i = 215 aal? ) 10,(6) — OA(Q) 2
N (n U) //UXU ( |£ — <|n+20+2 ) dfdc

(£,0)]0:(6) — 0x(Q)?
//Uw G )

We are going to estimate each term in the right hand side of (23).
We start with estimating the third term there. By using (19), (20) and (21), there exists a positive
constant C' which depends only on n, o and Ry such that

F(&,¢) < Ceo(I€]” +IC')
forall (£,{) e U x U C BEO X BEO. Therefore,

(&,0)[0:() — 0:(Q)?
/L.~ G

11

D(£,¢) + A E(£,¢)%.




< Ceo (€12 + <P (A8 E) —n(A Qe
//B,\R XB,\R

=% € e
2 CRITA90(O) — 11O P
dedc.
//B . £ cpres e

By the Cauchy-Schwarz inequality, we have

In(AT1O(8) — n(A QO
< 2lp(ATOPIO(8) — OO + 2In(A 1) — n(ATI QPP
<2(0(£) = O(Q)> + 2In(A ') — n(AT QPO (). (24)

Since for every ¢ € R,

/ In(A~1E) — (A1 d
R

" |£ C|n+2a

4

dé + / —d¢

/ e—clany M€ — C\””” 2 (e—ciz>ny € — ([ T2e
C
T

IN

| A

we obtain

CPRATE) ~ nOT PO
[/ € - e e

ARy XBr,

"2 2 In(A71E) —n(A1Q)
sc/% 18] /]Ri e

<c [ e

<O+ XN
<C,

where we used Proposition 2.2 and n > 3. Then by using (15), we obtain that

F(£,0)10A(€) — 0(O)2 Ceo
//UxU G v @5)

Next, we estimate the second term in the right hand side of (23). Forevery 7 =1, - - -
have

,n—1,we

(6 = Go) (015 i? = X1 @) 100(6) = 02(Q)
//U><U

‘é‘ C’n+20+2 d§d<
(6 — G (Ti5 @ = S5 @ic?) 10a(8) = OO
f 8
B xBf | = ¢[rr2ot
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(& — Gn) (Z?:_f @il = i) ai<i2> 102(€) — Ox()F
ded
i //(UxU)\(B* «BH) € — C[nr2o+2 £d¢

(§n = Go) (15 i€? = XI5 02 ) 1O(6) — OA(O)2
- / / — dedc
R? xR” |§ — (|nt20t

// (5 Cn) (Z azg2 2?2_11 a2<12> ’@)\(5) o @)\(C)P e
N (R™ xR™)\(B] xB7") |£ — <|TL+20+2 §d¢

gn_gn i= 252 ?1 ZC 9 é _9 < 2
o (6 = Go) (15" @i€? = XI5 @i?) 102(6) = 0a(C) e oo
(UxU)\(BY xB7h)

|£ _ <’|n+2cr+2

Using Theorem 1.4, we have

// (6n = Go) (07 a2 = 0 a2 ) 1OA(€) — OA(O)I2

déd
RixR |€ ¢|nt2o+2 sde
D1 % P ) (IE'77 = I¢'1?) 1©(8) — Ox(Q)
1 //R e E= (e dede
HT
= =
where I'g is given in (5), and
n—1
H = - i 7 ZZ:; «; 1is the mean curvature.
Since
€= P = Ble — (e
we have
(6 — Go) (Ti5 € = T aic?) 104(6) — OO
A déd
// n Y RP\(BF x B |€ = (|nt2o+2 £d¢
Uy (6 -6 (S et - S ) 0O - 0O |
e xrr\(BF xBY) | — |nt2o+2
n—1
€0 (&) + 1)) 18(€) = e(Q)I?
— déd
= 2 ; //(szRi)\(Bijj) € —¢|nt2o sde
< CegA' ™%, (28)

where we used (16) in the last inequality, and

(& —Cn) (Z?:_ll ;&2 — S 11 a;C; ) 10,(€) — 01(C) |
A déd
//UxU B xBtH ‘§_<’n+20+2 f C
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g0 (€] + 16D In(A T OOE) = n(A 1))
Z// " XRE\(BY xBY ) € —(|n+2e déde

€0 Gilln(A1E)B(E) —n(A 1B )?

&0 déd

2 ;//( n xR%)\(BY x BY) € —¢|nt2o e
n—1

o 2/Gille) —e))?

= Z// " XRE\(BY x B} ) € —¢|nt2e dede

£o 2[G IO n(AE) —n(A~1Q)?
dédg, 29
+ 5 Z//(Rn <R?\(B} x BY) & —¢|nt2e £d¢ (29)

where we used (24) in the last inequality. Since

-1 2
Rn

" \5 cw%
-1 2

_ Hepdc [ OO —n0OR
/Bg\ G100 </ e

1002 d d
+/¢\4A'<” 0 </ = C\”””é
conmmaon [ e
SC}\3—n—2o
SC)\l_207

and

1 1 2
[ wae@rac [ ,f) e

1 1 2
/ Gle©rdc [ " |;) <|"(+20 O ¢

<on [ jalepra

<ON2(14 27T
< C>\1—2U’

we obtain from (29) that

(6 = G) (0 a2 = 015 i) 100(6) = OA(C)P
A déd
//UXU B xBt ‘é‘_C’n+2U+2 f C

< CegA ™20, (30)
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Therefore, it follows from (26), (27), (28) and (30) that we obtain the estimate for the second term in
the right hand side of (23):

/ [ (6 = Ca) (15 @i€? = 005 i) 105(6) = OA(Q)P seac T
UxU | — ¢|nt2o+2 A
< Ceg\ ™. (31)
Combining (23), (25) and (31), we have
161(8) — O\ (Q)? (n+20)HTy  Ceg
I, . 2
ol < [ e g acac - PR 4 O (2
From the proof of Theorem 1.3 in [9], we have
2
// ‘9)\ i(f)‘ dde < Sn,cr(Ri) . C)\—Zo + C)\—n—20+2 (33)
uxu 1§ — ¢t
_2n _2n _ n(n+20-2)
I N S e (34
By

where ¢ and C are positive constants depending only on n and o. Hence, we have from (32), (33)
and (34) that

In,a,Q [U)\]
n—=2o

(Jo loal5da)

n(n+20—2) 2 HF
< <1 LoaTEE > - (5,%0(11%1) _nH20)HT0 o oea CA—“—%“)

2\
< Spo(RY) — % —(c—Ceg)A™2  CXx L, (35)
Without knowing the sign of I'y, we use the crude estimate that | H| < &(. Therefore,
I”";’f[“*] < S,y — (2000 Zi)rogo (e Ce)A¥ oA
(fg ,mmdw> b
By choosing A large and then choosing ¢( small, we obtain S, () < S, »(R"}). O

Proof of Theorem 1.1. As mentioned earlier, we can assume a = 0 and there exists dg > 0 such that
082 N Bs, can be represented by (6) after a necessary coordinate rotation. Since the sharp constant
Sh,o(§2) does not change under dilations, we can have a dilation of €2 with a sufficiently large number
. The domain after dilation is denoted as

Q= {px:xecQ}.
Then the boundary 02, N B,,5, is presented by

n—1

1 1 1
=h nN.— 2 = - /2'
Ty = hy(2') = 2 E Ty + ,ug <'u3: ||



Choose 4 large so that (Bg N %Z,,) C Q,, where Z,, := {x € R" : z,, > hy,(2)}.
Let ®, : Q, — R" defined as { = ®,(x) = (z1, - ,Tpn—1,2n — hyu(2)). Let O(z) be a
minimizer of S, ,(R’}) that is radially symmetric in the first n — 1 variables as before, and © ) (z) =

A" 20@()\1‘) for A > 0. Let 7 be a cut off function such that n € C1(R"),n = 1in By,0 <n <1
in B3 and ) = 0in BS. Let 0 (z) = (n©,)(x) and vy = ) o ®,(x). Then we have

[oa(z) — ()
nUQ 2})\ dl’dy
//Q xQp ’w_y’n+2a
_ 2
:// A (@) Zi(zyﬂ dzdy
(QuNBs)x(Q.NBs) 1T — Y[

d
+2/ |v>\(3:)|2/ S
Q,,NBs Q,,\Bs |z — y

d
/ |UA(33)|2/ 7yn+20 dx
Q,NBs Q,\Bs [T =Yl

d
2 P [
QMOB4 QM\Bs "T - y‘
C(n,o
<S8 [ o)
+

- C(n,o)
— A2O- )

Since

where we used Proposition 2.2 in the last inequality, it follows from (32) and (33) that

(n+20)'yH

A2,
2N +C

In,U,QH [U)\] < Sn,U(R?’_) —

This together with (34) shows that

(n+ 20)ToH

—20
O

Sn,o(Q) § Sn,o(R:L_) -

A Proof of Proposition 2.3

We first prove (15).

Proof of (15). We suppose A > 100 is very large. Note that

(€1 + I Mo - €710 — O(O)?
//B;w; €= e dgdg”//mw E—cper e

First, it is clear that

2 2
fylerae [, Betracsw [| | S gt <oe a0
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Secondly, using the Cauchy-Schwarz inequality, we have

; 1©(£) — 6(Q)?
7d ) = P 4
/+\B+ < 5/{cek?*wg—szu € — ¢[nt2e ‘

<o, 1ere d5+/ Iél”d/

B{\B

20(¢)

d 37
(¢ceBf:|c—g>1y 1€ — 1€ = ¢t ¢

We have

2 2 1y
[, gera S acse [ K
Bf \B; (ceBt:|c—€1>1, [¢1<lel/2} 1€ — ¢ BA\B;, [€]
<C(1+ A7),

and

20(¢)? Iy
/ eac [ 20 4e<c ¢/ ST g
BY\Bf, (ceB} (-1, [¢2lel/2y 1€ — ¢ B \Bj, [¢]
< C(1+X7%),

where we used (8) and n > 4 > 2 + 20. Hence, it follows from (37) that

, 9(6) =) —20
7d —=l 20 4 < C(14+ N7, 38
/Bi\fg+ <! §/{<eB+-< R t ) e

Finally, if we denote ©(¢) = ©(£)£1727, then

/ 9(8) — 0
7d LA’ ha s VAN
/Bi\Bro < 5/{463; c-gl<1y 1€ —¢m ‘

: ©(8)&2 1 — B(Q)¢2 1P
— 7d d
/Bi\Bl*o d g/{CGB; c—€l<1} € =2 ‘

|£20’—1 _ <20—1 |2

< JCOR) i S
/B;\Bro" © ISV A S

/ 6(6) — OPG
td dc¢. 39
i /B,J\F\BIB <l gACEB;L:C—gKl} |€ — ¢[nt2o ¢ (39)

Note that if &, > 3/2, then

|£20 1 _ U—1|2

/{CEB; c-gl<1y 1€ =R
Now let us consider &, < 3/2. Then

dC < 0520 2 < C.

|£20’—1 _ <20—1 |2
n

/{CGB;K—&S%"} |§ — ¢Jmt2e

’620 1 _ 20’ 1’2 oo , , 2
d¢ < C&7 26,27 = &
/{4631 S <IC—€I<1, Gu<26n) €= ¢Jries noon

d< < 0520' 2

|£20’ 1 <20—1|2 40 2 ) )
n_ac<c d¢ < Cg22,
/{46sz b jcogl<t, Guzagay 1§ =GP0 (CEBFCI<1, CazEn) |C|”+2”
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Therefore,

~ |£20’—1 _ C2a—1|2 "
[ ereera v Lacso [ jereraer i
BH\BY, (ceBf:|c—g<1y 1§ =] B \BY,

<C(1+ A7),
where we used (8) and n > 4 in the last inequality. Furthermore, using (9), we have
(:) do—2
[, lera Q) - COPG™ s <o [ jeptia
B\Bj, {ceB}:[c—¢|<1} € — (] B\Bj, |f|
< C(1+N7%),

Hence, it follows from (39) that

/ 0 —OQ)? N
d —= 2 A< C(1+ N '
/Bi\BfO <! (ceBy:lc-gl<1y 1€ = ¢ Csc+ )

This, together with (36) and (38), proves (15). O
Next, we prove (16).
Proof of (16). We suppose A > 100 is very large. Note that
1y 17y ) e 2
/] (1 + IO ~ OO 4
(R? xR2)\(BY x B ) € — ([ t2o
17y _ 2
(R \B})xR™ € —¢|nt2e
Again, using the Cauchy-Schwarz inequality, we have
0(&) — ()2
RI\B} (cern: c—e>1} 1€ =]
20(¢)?
<c [ lereracs [ jepa [ 0 TR
R7\BY Rr\BY {CeRn:[¢—¢|>1} 1€ — (]
Since v < 20, we have
2 ak
[ gerae 200 4e<c ST e < ox2,
B7\B} {cery: [c—¢l>1, [cI<[él/2y 1€ — €] 2B} [€]
and
9 2 1y
/ €17 dg ®(<n)+2o dc=0C |é¢|z 5 dE < ON™ >,
R7\B {Cern:[c—€21, [¢|2¢l/2) 1€ — €] rr\By €]
where we used (8) and n > 4 > 2 + 20. Hence, it follows from (41) that
2
/ /'yd / (g) - ( )| d< < CA’y—QO" (42)
R™ \B* (cern: [c—g>1} 1§ — ¢ -
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Finally, if we denote ©(¢) = ©(£)£1727, then

/ 9(8) — (P
7d (A4S V=S VA
/Ri\B; <l g/{cemwc—sq} e
, B — B¢
- 7d d
/Ri\Bj <l g/{cem: c—€[<1) € — ¢t ‘
|£20’ 1 nga_1|2

< JCORY) ¢
/[M\Bj’ "6(e) (cern:|c—gl<1y €=

/ 9(6) — Q)¢ 2
d dc.
B /Ri\Bj\r ’6 ‘ 5/{(@1@1: |c—¢|<1} ’5 C’n+2a C (43)

Note that if {,, > 3/2, then

‘620 1 _ 20 1‘2 ) )
d¢ < 22 < .
/{cew c—€l<1} €= cpe

Now let us consider &, < 3/2. Then

’620 1 _ 20’ 1’2 909
d¢ < C&777,
/{ceR1:|c—s<fn} €

|£20’ 1 C2a—1|2 o ) ) 2
o d¢ < Cglo=2 . ¢-20 — Og2o-
/{CERii o clcogl<1, Gue2en) 1€ CMT n n

|£20’—1 _ <20—1|2 C40 2 S
n n_gc<c dc < Ce2o=2.
/{cem:%<|c—ss1,<nzzsn} € = ¢ln+2e [CER[CI<1, Cuzgn) 1CI7F27
Therefore,
. |£20’ 1 <’20’—1|2 .
[ ereeras w Pac<e [ jeper—2ea
R7A\B} (cern: c—¢ej<1y 1§ —C| R2\ B}
< CO\NV™ 207

where we used (8) and n > 4 > 40 in the last inequality. Furthermore, using (9), we have

/ € de / 0O —O©QPG2 | P ae < oxre
R7\B} {CeRn: [¢—€]<1} |§ — (2o ~ Jre\Bf \5’2"

Hence, it follows from (43) that

¢ (&) -6 —20
|7 d¢ —d C\—=7,
/n /CGR e—el<1y 1€ — ¢t =

This, together with (40) and (42), proves (15). ]
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