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Amplitude modulations and resonant decay of excited oscillons
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We show that the decay of strongly excited oscillons in a single vacuum model reveals a chaotic,
fractal-like pattern very much like one found in kink-antikink collision in the ¢* model. This
structure can be attributed to the resonant energy transfer mechanism triggered by the modulations
of amplitudes of constituent oscillons which form the excited oscillon. We also find evidence that
such modulations arise as a motion of two quasi-breathers inside the constituent oscillon.

I. MOTIVATION

Oscillons [1] are localized, quasi-periodic field excita-
tions with a surprisingly long lifetime [2-5]. They have
a broad range of applications, especially in astrophysical
and cosmological contexts [6-9], where they are expected
to be a reminiscence of phase transitions in the inflation
field [10-12]. They also exist in the standard model of
particle physics [13].

On the contrary to other non-perturbative solutions,
there are no obvious arguments explaining their exis-
tence. There are no topological or nontopological rea-
sons (conserved charged) that would prevent them from
decay. In fact, despite a lot of work, e.g. [1, 14], oscillons
are still rather mysterious objects, whose origin, as well
as properties, are awaiting a full explanation. See e.g.,
surprising discovery of oscillons in massless models [15].

Even as basic feature as the identification of degrees
of freedom (DoF), which could explain a characteristic
double-frequency behavior (modulations of the ampli-
tude), is still a challenge. Recently, an intriguing so-
lution to this problem has been proposed, in which the
dynamics of an oscillon, and in particular its double os-
cillations, were captured by modes of a sphaleron from
which the oscillon is created [16]. Although this picture
worked well for the analyzed ¢> oscillon, it does not seem
to be a general mechanism of the modulations. There are
models with amplitude-modulated oscillons that emerge
from sphalerons with too few internal modes or where
sphaleron simply does not exist [17].

In the present paper, we show that decay of strongly
excited oscillon reveals a practically identical fractal
structure as the one observed in kink-antikink collisions,
e.g. in the ¢* model [18-20]. This happens even though
the theory does not support any static, particle-like ob-
jects like kinks or sphalerons. The oscillons are the only
localized excitations. Thus, the chaotic structure, usu-
ally associated with the resonant transfer phenomenon
involving kinetic and internal degrees of freedom (DoF)
of kinks or sphalerons, must originate entirely from os-
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FIG. 1. The potential U(¢) (black) which interpolates be-
tween two quadratic potentials: ’"TQQSQ (dotted) and %qﬁz +1—
m ™2 (dashed). Here m = 5.

cillons themselves.

The identification of the pertinent, oscillon-based DoF
entering the resonant energy transfer is based on the
observation that strongly excited oscillons are, in fact,
multi-oscillon states, where constituent, weakly excited
(with modulations) oscillons perform several bounces
forming an oscillating quasi-bound state. In such a bound
state kinetic motion of the constituent oscillons can be
compensated by an attractive interaction arising from the
amplitude modulation.

Importantly, this composite picture reaches even
deeper. Namely, the constituent oscillons can also
be viewed as bound states of two fundamental (non-
modulated, i.e. single frequency) oscillons identified with
sine-Gordon breathers. Their mutual motion gives rise to
the modulation of the amplitude.

II. QUASI-QUADRATIC THEORY

To study the dynamics of oscillons we use a real
scalar field theory with a simple single vacuum potential



U(¢) which interpolates between two quadratic regimes.
Specifically,

p= [T g -get-ve|e o
where

U9) = ym*#9(0) + 571 —g(6) ()
and

o0 = (1+m%) @

is a function interpolating between 1 and 0 when ¢
changes from the vacuum value, ¢ = 0, to infinity. m
is a mass of infinitesimally small perturbations over the
vacuum. We take m = 5 throughout.

In this simple theory, there are no kinks or sphalerons
and oscillons are the only localized excitations. As a
consequence, the dynamics of oscillons is not obscured by
complicated interactions with other localized (solitonic)
degrees of freedom.

III. RESONANT DECAY OF OSCILLONS

In our numerical experiments, we investigated oscillons
produced from a Gaussian initial data

d(z,0) = Age" /7, (4)

where Ay and o are an amplitude and a size (squared)
of the perturbation. Depending on the value of these
parameters we find more or less excited oscillon which
reveals various scenarios of evolution. We identify unez-
cited oscillon with a single frequency object.

In Fig. 2 we plot the time dependence of the field at the
origin, ¢(0,t) as a function of the initial amplitude Ajg.
We chose 0 = 10. A detailed analysis of the evolution
of different initial data is discussed in the supplementary
materials. Amazingly, we find an almost identical fractal
pattern as in the final state formation in kink-antikink
collisions, e.g. in ¢* model [18, 19]. In this case, such
a structure is triggered by the famous resonant energy
transfer between kinetic and internal degrees of freedom
of the colliding solitons [18-20]. Here, however, there are
no solitonic solutions, and therefore the resonant energy
transfer must arise from DoF provided exclusively by the
oscillons.

To better understand this plot and identify DoF re-
sponsible for the fractal structure we show the field evo-
lution in the full space for particular values of the ampli-
tude Ap, see Fig. 3. In the upper panel, we show exam-
ples of dynamics where the initial data forms an excited
oscillon which decays to a pair of two smaller, constituent
oscillons performing two-bounces. This means that they
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FIG. 2. Time evolution of the value of the field at the origin
¢(0,t) for different initial amplitude Ag. Here, o = 10.

collide two times at the intermediate stage of the evolu-
tion before they receive enough kinetic energy to separate
to infinity. In Fig. 2 such solutions correspond to Ag for
which ¢(0,t) passes through two dark lines.

Importantly, in each example, the constituent oscil-
lons perform a certain number of amplitude modulations.
These modulations provide a mechanism that explains
the chaotic pattern. Namely, if the amplitude decreases
the width of the constituent oscillon increases. This is
visible as the emergence of augmentation of modulations
at the origin, see Fig. 3, lower panel. As a consequence,
this allows to reveal an attractive interaction between the
constituent oscillons. Once, the amplitude of the oscillon
increases, its width decreases and the oscillon’s interac-
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FIG. 3. 2-bounces of two oscillons with increasing number of modulations of the amplitude. Here Ay = 0.13, 0.134, 0.13694.

Upper: ¢(z,t). Lower ¢(0,t).

tion weakens, which eventually may lead to free oscillons
escaping to infinities.

In Fig. 4 we plot the time between the first two, long-
lasting bounces for A € [0.13710, 0.13744] as a function of
a number n of the amplitude modulations. After fitting
a linear expression

2w
Wmod

we find wy,oq = 0.6674 +0.0017. Hence, the modulations
take over the role of the shape mode of a kink [19] (or a
sphaleron [21]) in triggering the 2-bounce windows. This
is confirmed in Fig. 5, blue curve, which shows the power
spectrum of a very long-lasting 2-bounce solution that
performs 36 full modulations. Here Ag = 0.13745031.
We identify two main frequencies, wy =~ 4.30, which is the
frequency of the fundamental oscillations of the oscillon,
and wo =~ 4.97, which is almost on the mass threshold.
Their difference gives the modulations with wy,o4-

To summarize, the excited oscillon can be viewed as
a bound state of two constituent oscillons with modu-
lations. Following that, the resonant energy transfer is
triggered by two purely oscillon’s DoFs. They are the
kinetic motion of each constituent oscillon and internal
energy stored in the amplitude modulations which play
the role of the shape mode in the multi-kink collisions.
Therefore, amplitude modulation is not only an interest-
ing characteristic of oscillons but it is a very important
factor determining their interactions.

We also identified the solutions exhibiting three or
more number of bounces. In Fig. 2, they correspond
to Ag for which ¢(0,t) goes through a bigger number of
dark lines. A particular case with three bounces is shown
in Fig. 6.

Finally, we found a solution where the oscillons per-
form a large number of bounces which eventually lead to

At =

n (5)
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n

FIG. 4. Time At between the first two bounces as a function
of the number of modulations. The red line denotes the fit of
the linear formula (5).

FIG. 5. Power spectrum. Blue: ¢(0,t) for a long 2-bounce
solution. Here Ao = 0.13745031 and for ¢ € [20,465]. Orange:
¢(2,t) for single oscillon generated from a squeezed breather.

a formation of one oscillon at the origin, see Fig. 7. Here
the attractive force due to the enlargement of the size of
the oscillons is never overcome by the kinetic motion of
the constituent oscillons. Therefore they never separate.
This resembles bion chimneys in kink-antikink collisions.

This simple picture on n-bounce windows and “bion”
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FIG. 6. An example of 3-bounce of two-oscillon solutions.
Here Ao = 0.13356.
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FIG. 7. An example of the 2-oscillon bion. Here Ay = 0.12.

chimneys is in reality more complicated. Namely, in the
decay process, three or more oscillons can be produced.
This is not surprising as it is easy to create oscillons with
rather small energy (for a bound on the energy see [3]).
In Fig. 2 such multi-oscillon solutions are regions with a
very dense sequence of horizontal dark lines. For exam-
ple, we found two satellite, constituent oscillons bounc-
ing around a central one, see the supplementary material.
Again, the modulations of the amplitudes provide attrac-
tive interaction that can balance the kinetic motion of the
satellite oscillons.

IV. ORIGIN OF MODULATIONS

To analyze the constituent oscillons that form the two-
oscillon bound states, responsible for the n-bounce win-
dows and bions, and understand the origin of the modu-
lations, it is useful to observe that for small values of the
field our potential (2) is very well approximated by the
sine-Gordon potential

m2
Usa(6) = ooz —y (1= cos(V/6(m2 =1)a)) . (6)

The difference appears only at O(¢°) order. Following
that, the sine-Gordon breathers can be used as a good
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FIG. 8. Comparison of the evolution of the two-breather so-
lution in sine-Gordon (orange) and our model (blue). Here
o =10 and Ag = 0.04 (upper panel), Ao = 0.07 (lower panel).

approximation for the fundamental i.e., unexcited, single
frequency (small amplitude) oscillons

4 o1 [V m? — w? cos(wt) 7
6(m2 —1) wecosh(vm?2 —w?z) |

A weakly excited, constituent oscillon is obtained by a
soft squeezing of the breather. Specifically, we assumed
its parameters that the oscillon’s fundamental (breather)
frequency is w; = 4.30. However, in the effect of the
excitement another frequency shows up below the mass
threshold, see Fig. 5 orange curve, where we plot the
power spectrum of this field at x = 2. It begins from the
mass threshold and then, as the perturbation grows, it
slightly decreases to wy ~ 4.97. The amplitude mod-
ulations are the effect of the interaction of these two
frequencies. Again, the frequency of the modulations is
Wimod = Wo — w1 ~ 0.667. These modulations enter the
resonant energy transfer.

Importantly, the appearance of the second frequency
suggests that the constituent oscillon with modulations
can be viewed as a state of two quasi-breathers. In Fig.
8 we compare the evolution of the exact two-breather
solution in the sine-Gordon theory and in our model.
Specifically, the initial configuration is the two-breather
¢pp(x,t) parameterized by w; 2 such that the Taylor se-

¢p =

ries of ¢pp(x,0) matches Taylor series of Aoefmz/” up
tp the second order. This allows to express the parame-
ters Ap, o of Gaussian profile with w; 2. For amplitudes
smaller than Ag =~ 0.1 we observe a spectacular agree-
ment. As the amplitude grows (while o is kept fixed) the
second oscillon gets excited and the two-breather picture
is a bit less accurate. Nonetheless, there is no doubt that
the modulations of the amplitude can be attributed to
the motion of two quasi-breathers.

V. SUMMARY

In the current work, we have shown that excited,
finite-size oscillons can be viewed as multi-quasi-breather



states. Specifically, weakly excited, constituent oscillons
are solutions composed of two fundamental oscillons iden-
tified with breathers. This immediately results in the
appearance of modulations of the amplitude - a crucial
oscillon observable whose origin has been extensively in-
vestigated, see e.g., [16, 22].

Next, largely excited oscillons can be treated as four
(or even more complicated) quasi-breather states, with
two pairs of quasi-breathers forming two constituent os-
cillons. This leads to the appearance of a fractal pat-
tern in the decay of strongly excited oscillons, which can
be explained by the resonant energy transfer mechanism
involving the kinetic motion of the constituent, weakly
excited oscillons, and their amplitude modulations. A
net effect of these two DoF's leads to chaotic behavior in
the final state formation which resembles the famous frac-
tal structure in kink-antikink collisions in non-intergrable
models. Importantly, all DoF's are provided only by the
oscillons themselves as there are no other topological or
non-topological solutions that could be a source of inter-
nal vibrations.

We underline that even though we used a specific
potential similar fractal patterns should exist in other
models, e.g., [5]. This is based on the observation
that bounces of oscillons have previously been reported
[23, 24], although never appreciated or studied properly.
Of course, the existence of localized static solutions like
kinks or sphalerons may add new DoF to the decay pro-
cess [25].

It would be interesting to investigate any possible rela-
tion between a multi-quasi-breather picture of excited os-
cillons and their decomposition into Derrick modes [22].

It is also tempting to conjecture that bounces of (1+1)-
dimensional oscillons may be related to an observation
that decay of (3+41)-dimensional oscillons is preceded
by a regime of more pronounced amplitude modulations
[26, 27]. Furthermore, probably multipolar structures ob-
served in an excited oscillon may also be associated with
the motion of unexcited oscillons [28].
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SUPPLEMENTARY MATERIAL
A. Evolution of various initial data

It is instructive to analyze the evolution of the initial
Gaussian profile for a large set of parameters. Specifi-
cally, we considered o € [4,11] and Ay € [0.1,0.2]. The
fractal structure of interchanging multi-bounce windows
and bion-like chimneys is a genuine effect existing for any
0.

In Fig. 9 we present a scan displaying the value of the
field at the origin at T' = 200, divided by the initial am-
plitude, i.e. ¢(0,7)/Ay. We find a complicated structure
where white regions (no oscillon at the origin at 7' = 200)
are chaotically immersed between very thin multi-color
regions (oscillons at the origin at T = 200). If two oscil-
lons are produced, these regimes may be identified with
bounce windows and ”bion” chimneys. However, the ex-
istence of multi-oscillon solutions makes this simple iden-
tification more involved. For example, we found solutions
where two oscillons are bouncing around a third one,
which remains localized at the origin. This obviously
amounts to a multi-color region in the scan.

We see that as o and Ay get smaller the initial config-
uration produces mainly a weakly excited oscillon seen
as wider multi-color regions.

B. Multi oscillon states

As we remarked before, an initial Gaussian profile can
easily lead to more than two oscillon states. This is be-
cause there is no topological bound on the energy of the
oscillon. Therefore, they are quite light quasi-particle ob-
jects. Of course, such multi-oscillon configurations usu-
ally appear for bigger initial amplitude Ay. However, we
observed some deviations from this naive expectation.
Indeed, increasing the energy of the initial pulse (ini-
tial amplitude) may lead to the appearance of a smaller
number of oscillons. A detailed study of this issue goes
beyond the scope of the current work.

In Fig. 10 we present examples of a solution involving
three oscillons. In the left panel, we show a bion-type
case where the constituent oscillon at the origin is ac-
companied by two satellite oscillons. In the upper right
panel, we have a bounce-type solution where in the final
state we find three oscillons escaping from each other.

If the initial amplitude grows even more complicated
solutions can be obtained.

C. Two breather solution

Here we give an exact expression for the two-breather
solution in the sine-Gordon model



0.3

0.2

-0.1

0.100 0.125 0.150 0.175 0.200
AO

FIG. 9. The value of the field at the origin normalized to the initial pulse amplitude Ao, ¢(0,T)/Ao, at large time T' = 200.
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FIG. 10. Examples of three-oscillon solutions. ¢(z,t) for o = 10, Ag = 0.13312 (left panel) and Ag = 0.136933 (right panel).
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