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SHARP BOUNDS FOR MAX-SLICED WASSERSTEIN DISTANCES
MARCH T. BOEDIHARDJO

ABSTRACT. We obtain essentially matching upper and lower bounds for the ex-
pected max-sliced 1-Wasserstein distance between a probability measure on a sep-
arable Hilbert space and its empirical distribution from n samples. By proving a
Banach space version of this result, we also obtain an upper bound, that is sharp up
to a log factor, for the expected max-sliced 2-Wasserstein distance between a sym-
metric probability measure g on a Euclidean space and its symmetrized empirical
distribution in terms of the operator norm of the covariance matrix of y and the
diameter of the support of u.

1. INTRODUCTION

Suppose that p is a probability measure on R with [5, [|z]|3 dz < oo, where || || is
the Euclidean norm on R?. Let Xi,..., X, be ii.d. samples of 4. How many samples

are needed so that the empirical distribution = >"" | 0, is “close” to u? Obviously the

answer depends on the notion of “close” we {Llse. If we want the covariance matrix of
% Y, dx, to be close, in the operator norm, to the covariance matrix of f, it is already
a very deep question of how many samples are needed, though by now, in some aspects,
this question has been settled after a series of work [32, 2, 3, 39, 33, 21, 15, 35, 44, 1].
In general, after certain rescaling, O(dlogd) samples suffice to accurately approximate
the covariance matrix of 1. On the other hand, if we want % >, dx, and p to be close
in the Wasserstein distance, we need n to be exponentially large in d (see, e.g., [12]).

To circumvent this curse of dimensionality issue, in recent years, the notions of sliced,
max sliced and projection robust Wasserstein distances have been introduced and used
in applications [31, 7, 9, 10, 13, 11, 14, 227 28 43 18, 23, 24]. They were further
studied in [26, 42, 19, 4, 25, 27]. The max sliced p-Wasserstein distance between two
probability measures 1, and po on R? is

(1.1) Woalpa, pe) = sup  Wylvgpiy, vgpa),
veERY  ||v]|2=1

where vgp,; is the pushforward probability measure of p; by the map (-,v), ie., if
i is the distribution of a random vector X; in R?, then vy is the distribution of
the random variable (X;,v). The quantity W,(vgup1, vaps) denotes the p-Wasserstein
distance between the measures vgp; and vy on R. The sliced Wasserstein distance
(which we do not study in this paper) is the notion where in (1.1), we replace the
supremum over v by the integral of W, (vaup1, vgpo)? over v on the unit sphere and
then take the pth root. The projection robust Wasserstein distance W), ; (which we also
study in this paper) is the notion where in (1.1), we take the p-Wasserstein distance
between the pushforward measures of p; and ps by a projection onto a subspace of a
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fixed dimension s and then take supremum over all such subspaces. When s = 1, this
is the max-sliced Wasserstein distance W, ;.

1.1. Max-sliced 1-Wasserstein distance. When p = 1, by the Kantorovich-Rubinstein

theorem, the max-sliced 1-Wasserstein distance between two probability measures f;
and o on R? coincides with the following quantity:

(12)  Wia(p )=  sup £l 0)) dpns / £l 0)) dpsa()]|

vERY, ||v|l2=1
f is 1-Lipschitz

R4

where the supremum is over all the v on the unit sphere and over all the 1-Lipschitz
functions f : R — R (ie., |f(z) — f(y)| < |z — y| for all z,y € R). Consider the
following problem:

Problem 1. Suppose that g is a probability measure on R?. Let X;,..., X, be
i.i.d. samples of p. Estimate EWy 1 (u, 2 37 dy,).

There are known estimates (some of which are sharp) of EWy (p, £ 3" | dy,) under
certain regularity assumptions on the measure pu, e.g., log-concavity of p [25, Theorem
1] and [1, Theorem 1.6], or p satisfying the spiked transport model and the transport
inequality [26, Theorem 1], or u satisfying the projection Bernstein tail condition or the
projection Poincaré inequality [19, Theorem 3.5 and Theorem 3.6], or 1 being isotropic
with its marginal distributions having uniformly bounded 4th moments [4, Proposition
4.1] (see also [1, Remark 4.2]).

As for the most general setting, under the only assumption of u being supported on
{z € R?: ||z]| < r}, it was shown in [25, Proposition 1] that EWy (u, = 37", 0x,) <
C- \’}dﬁ, where C' > 1 is a universal constant. In [27, Theorem 2], this was improved

to EWq 1 (p, % Yo dx,) <C- T’—\}g. In these two bounds, the rate of convergence % is
optimal in n, but both bounds involve the dimension d.
There is a dimension-free bound for EW; ;(u, £ - >, dx,) that holds with the same

generality. More precisely, if 11 is supported on {z € R? : ||z[|y < r}, then EWy (u, = 37, 6x,)

C-r-n~'/3 where C > 1 is a universal constant. This follows by taking k¥ = 1 and
optimizing the € > 0 in the term 7, in [12, Theorem 1]. This estimate is dimension-free
but comes at the cost of slower convergence rate in n.

In short, the literature concerning Problem 1 can be summarized as follows.

(1) If pis supported on {z € R? : ||z]|» < r}, then EWy 1 (p, 2 D77 dy,) < C(d)-=

where C(d) > 1 is a constant that depends only on d.

(2) If pis supported on {z € R*: |z||y < r}, then EWy 1 (p, =37 6x,) < C -1
n-1/3

\/_?

, where C' > 1 is a universal constant.

(3) If in addition 1 satisfies certain regularity assumptions, then EWy ;(p, £ 3% | dy,) <

C- f’ where C' > 1 is a universal constant.

These results together suggest the following question. Does the dimension-free bound
EW; 1 (p, }L Yo ox) < C- \;—, where C' > 1 is a universal constant, actually hold for

every u supported on {x € R?: ||z||y < r} even without any regularity assumptions?

In the first main result of this paper, we answer this question affirmatively. We obtain
essentially matching dimension-free upper and lower bounds for EWy;(p, £ >0 | 0x,)
in the most general setting. This essentially settles Problem 1.

<
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Theorem 1.1. Suppose that ju is a probability measure on R* with [, ||z]|2 du(z) < oo
and [poxdp(x) =0. Let Xy,..., X, be i.i.d. random vectors in R? sampled according
to . Then

1 244 =7
i o (2550) < e 3 i)

where C' > 1 is a universal constant.

We also obtain a version of Theorem 1.1 for probability measures on Banach spaces.
Beside being a result of intrinsic interest in the study of probability in Banach spaces
(see [17]), this result is essential for proving the second main result Theorem 1.4 of this
paper on the max-sliced 2-Wasserstein distance for probability measures on Euclidean
spaces. Indeed, in proving the latter result, we will take the Banach space E to be
the space of all d x d matrices equipped with the operator norm. In the Banach space
setting, to define the metric Wi 1, in (1.2), instead of taking supremum over v on the
unit sphere, we take supremum over all linear functionals v* € Bg«, where Bg- is the
unit ball of the dual space E* centered at the origin. See Section 1.3 for the precise
definition.

Theorem 1.2. Suppose that p is a probability measure on a Banach space (E, || ||) with
separable dual E* and that [ ||z|| dpu(x) < co and [, xdu(z) = 0. Let Xy,..., X, be
i.1.d. random elements of E sampled according to . Then

n 1 n
IE Xl < EW ,— Ox,
on ; = 1,1 (M n; X1>
1
C /1 n 2
< "R sup Z|U*(Xz)\2 ;
’U*GBE* i=1

where €y, ... ,€, are i.1.d. umform :|:1 random variables and gy, . .., g, are i.i.d. standard
Gaussian random variables that are independent from Xi,..., X, and C > 1 is a

universal constant.

1
Remark. If we fix X1, ..., X, the quantity in the last term sup .5 . (37 [v*(X;)[*)?
is exactly the Lipschitz constant of the function (g1,...,¢,) — || D1 ¢:X;|| with re-
spect to the Euclidean norm on R™. Moreover, by Khintchine’s inequality, if we take

the expectation E. on €q,...,¢€,, we have for v* € B,
2\ 2 . 1
2
~e(Swer)
i=1

Zn: EiXi Zn: EZ'U*(XZ‘)
i=1 i=1

where ¢ > 0 is a universal constant. So if we take supremum over v* € Bg- and then
take the full expectation, we obtain

E zn:eiX >c-E sup (Zn:lv*(Xi)IQ)
=1

U*EBE* i=1
Therefore, since E|| > | ¢:.X;|| < CvInn-E| Y7 | X [37, Exercise 7.1], the upper
and lower bounds in Theorem 1.2 differ by at most a vInn factor.

n

Z EZ'U* (Xz)

i=1

E. > E. >c | Ee

NI
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1.2. Max-sliced 2-Wasserstein distance. We now turn to the problem of estimat-
ing the expected max-sliced 2-Wasserstein distance EW5 1 (p, % Yo 0x,)-

Unlike in Theorem 1.1, for the max-sliced 2-Wasserstein distance, the convergence
rate is not always the same. Even in dimension one, for certain log-concave measures p
on R, for p > 1, the quantity EW,(p, = Y7, 0x,) is of order ﬁ [6]. However, if 14 is uni-
formly distributed on two points 1, —1 € R, one can easily see that EW,, (1, = Y7 | 0x,)
is of order n~'/(®) which is much slower than ﬁ when p > 1.

Similarly, for the max-sliced 2-Wasserstein distance, if we assume certain regularity

assumptions on p (e.g., p is log-concave [1, 25]), then EWy(p, £ 37" | 0x,) = O(%)

or O(IO%). (Let’s ignore the dimension factors for a short moment.) On the other
hand, even if y is isotropic and its marginal distributions have uniformly bounded 4th
moments, the quantity EWs(p, £ 3" | dy,) could already be as large as c - (d/n)7 for
some universal constant ¢ > 0 [, Example 3.3].

Thus, in the most general setting (i.e., no regularity assumptions on pu), the best

convergence rate in n for the max-sliced 2-Wasserstein distance we can hope for is
—1/4
n= /%

Corollary 1.3. Let r > 0. Suppose that u is a probability measure on {x € R? :
lzlle < r}. Let Xi,...,X, be i.i.d. random vectors in RY sampled according to pu.
Then for allp > 1,

1 n
EWp,l (M, E E 5Xz> S C ro. n_l/(2p)’
i=1

where C' > 1 is a universal constant.

Proof. For two probability measures pi, 1o on {z € R? : ||z]ls < r}, it is easy to see
that W, 1 (p1, p2)? < (2r)P~1- W11 (1, pr2). Thus by Theorem 1.1, the result follows. [

Corollary 1.3 removes the dimension factor in the estimate of EW,,; (1, = > dx,)
in [27, Theorem 2].

The upper bound C -7 - n~ ) in Corollary 1.3 is attained, up to the constant C,
when p = %5?;0 + %5y0 is uniformly distributed on two points 3o, —yo € R? with v, being
any vector with ||yol|2 = 7.

While the bound C -7 - n=/?) in Corollary 1.3 is sharp in n,r, p, if one also has
information on the covariance matrix of x4, then perhaps, one can obtain a better bound
that can depend on the covariance matrix of p. Before we go into further discussions
on this, we mention some simple connections between the max-sliced 2-Wasserstein
distance and sample covariance matrices. The literature on sample covariance matrices
gives us important intuition regarding the convergence in the max-sliced 2-Wasserstein
distance.

If 11 is a probability measure on R with [, [|z]|3 du(x) < oo, then the max-sliced
2-Wasserstein distance between p and dy (the probability measure with an atom of
mass 1 at the origin) is equal to

1
= (13,

NI

Wasli00) = sup (Rdux,vwdmx)f — sup (D0,0)

[oll2=1 lvlla=1
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where ¥ = [o, 22’ du(z) is a d x d matrix and || [|o, denotes the operator norm. Thus,
for Xi,..., X, in R?, we have

1< 1O
(1.3) Wo 1 (M’E;dx’) > Wiy (E;CSX“(%) — Wai(#, 00)

Lo . 3
E;X,-Xi

So in order for Wy, (,u, % Yo 5X1.) to be small, it is necessary that H% Yoy XiXiTHOp
cannot be too much larger than ||X||op.
1

Given that Wa (1, d0) = ||X]|3p, the quantity Wa(u, 2 37 | dy,) should be assessed
1

relative to [|22.

1
— [1Z][ép-

op

Problem 2. Suppose that p is a probability measure on R%. Let ¥ = [, za” du(z).
_1 ] —
How many i.i.d. samples X7, ..., X, of yr are needed to make || X||op’ - EWa (u, — Z 6Xi>
n
i=1
small?

In [1, Theorem 1.3], it was shown that if p is centered and isotropic (i.e., 3 = I)
(E[(X,v)[9)s < L where ¢ > 4, then with high probability,

()
+ | = 9
n

op

With Sup,ega, jojj,=1

1 < 1< .
(1.4) W, (M,E;dxz—) <C(q,L) "E ;XiXi -1

where C'(¢q, L) > 1 is a constant that depends only on ¢ and L. By [35], the sample

covariance error term H% S XX -1 pr is of order (%)% with high probability.
Thus, under the assumptions mentioned above, n = O(d) suffices in Problem 2.

The literature on sample covariance matrices (see e.g., [32, 38, 306]) suggests that
for a general isotropic probability measure p supported on {z € R? : |jz|l, < CVd}
but without the assumption sup,ega, j),=1 (E[(X, v)|q)% < L, the number of samples
n = O(dlogd) should suffice in Problem 2. More generally, if p is supported on
{x € RY: ||z|ly < r} but not necessarily isotropic, n = O(ﬁ log ﬁ) should suffice
in Problem 2.

In this paper, we show that these are indeed true for symmetric p and its symmetrized
empirical distribution. A probability measure u on R? is symmetric if u(A) = p(—A)
for all measurable A C R¢.

Theorem 1.4. Let r > 0. Suppose that p is a symmetric probability measure on RY
supported on {x € R : ||z|ly < r}. Let Xi,..., X, be i.i.d. random vectors sampled
according to p. Then

2
1 < r?lnn r2lnn
EWon (11 =S (0, +0x) | | <CISfop [ S o [ L2001}



6 MARCH T. BOEDIHARDJO

where ¥ = / za’ du(z) and C > 1 is a universal constant.
R4

The Inn factors in Theorem 1.4 cannot always be removed. Indeed, consider the
probability measure g uniformly distributed on the 2d points +v/des, ..., +Vdey,

where {e1, ..., eq} is the unit vector basis for R%. Then by (1.3), we have
3
1 < 1 < |
= (Ox, +o_x) | > =) XX — 2|z
LR S LR ) b oy e =
i= i= op
where ¥ = [, xa” du(z) = 1. If we view e, ..., eq as d bins and each X; X[ as a ball

into a bin, then é HZ?ZI X Xr H is the maximum number of balls in a bin after n balls
are thrown into d bins. So by [30, Theorem 1], when ﬁog@l) <n < dlogd,

1 1
1 & ’ d log d :
_ ZXZXZT 2 cl —- Oflo d )
[ op - log TES

where ¢ > 0 is a universal constant. Thus, in this example, the Inn factors in Theorem
1.4 cannot be removed.

The following lower bound result shows that the upper bound in Theorem 1.4 is
sharp for every covariance matrix X up to the Inn factor.

E

Proposition 1.5. Let ¥ be a d x d positive semidefinite matriz such that ||X]|op <
%TI(Z). Then there exists a symmetric probability measure 1 on RY supported on
{z eR?: ||z]|3 = Te(X)} such that [, xz” dpu(x) =2 and for every n € N,

n

2
1 1 Tr(X%) Tr(%)
— , . > —
E W271 (/v% m Z((SXZ + 6_X7~)> - 16H2H0p (nHEHop * n”EHop ’

i=1

where X1, ..., X, are i.i.d. random vectors sampled according to .

1.3. Some definitions. Throughout this paper, unless specified otherwise, we always
use the Euclidean metric || || on RY. If f : A — R is a bounded function, then || f||o :=
sup,ea | f(2)]. A function f : R® — R is 1-Lipschitz function if | f(z) — f(y)| < ||z —y|l2
for all z,y € R*. The operator norm (or equivalently the largest singular value) of a
matrix A is denoted by |[|Al|op

If (T, p) is a metric space and € > 0, then the covering number N(T p,¢) is the
smallest size of S C T for which every element of T has distance at most € from an
element of S. The packing number Npae (7, p, €) is the largest size of S C T for which
all elements of S have distance more than e away from each other. We always have
N<T7 Ps 6) S NPaCk(T7 P 6) S N(Tv Ps %)

If E'is a Banach space, then the unit ball {z € E': ||z|| < 1} of E is denoted by Bpg.
The dual space of all bounded linear functionals v* : £ — R is denoted by E*.

Pushforward measure: If i is a probability measure on a separable Banach space
E and @) : E — R® is a map, then Qxu is the pushforward measure of p by @, i.e., if
X is a random element of £ with distribution p, then Q(X) has distribution Q4p. In
particular, Q4 u is a probability measure on R®.
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Classical Wasserstein distance: If ;; and po are probability measures on £ and
p > 1, then the p-Wasserstein distance between p; and s is

Wi (p, pr2) = inf (/ |z — y||pd7(x,y)) ,
v ExE

where the infimum is over all distributions v on £ x E with p; and sy being its marginal
distributions for its first and second components.

Max-sliced and projection robust Wasserstein distances: If p and v are
probability measures on F and p > 1, s € N, then

Wh.s(pe1, pi2) = Sgp Wo(Quptr, Qupa),

where the supremum is over all @ : ' — R® of the form Qz = (v{(x),...,vi(z)), for
x € B, with o], ..., v} in the unit ball Bg+ of E*. Here we use the Euclidean distance
|| [|2 on R?® to define the Wasserstein distance W, on the right hand side.

When p = 1, we have

Wls(:ul ,Uz
sup /fvl 0t (@) dyn (o /fvl (@) du(z)
Ul, LU EBpx

f is 1-Lipschitz

where the supremum is over all vf,...,vi € Bp- and all the 1-Lipschitz functions
f:R* =R

1.4. Organization of this paper. In the rest of this paper, we prove the results
stated in this introduction section.

In Section 2, we prove Theorem 1.1 and Theorem 1.2. The upper bound parts
of Theorem 1.1 and Theorem 1.2 are contained in Corollary 2.8 and Corollary 2.9,
respectively. The lower bound parts of Theorem 1.1 and Theorem 1.2 are stated as
Corollary 2.11 and Proposition 2.10, respectively.

In Section 3, we prove Theorem 1.4 and Proposition 1.5. Theorem 1.4 is restated as
Theorem 3.3. Proposition 1.5 is restated as Proposition 3.4.

2. MAX-SLICED 1-WASSERSTEIN DISTANCE

In this section, we first derive a general upper bound result Theorem 2.7 (which we
obtain at a greater generality of W ;) for the expected max-sliced 1-Wasserstein dis-
tance between a probability measure on a Banach space and its empirical distribution.
From this result, Corollary 2.8 and Corollary 2.9 follow as consequences. These give
the upper bound parts of Theorem 1.1 and 1.2, respectively. Lower bound results are
proved at the end of this section.

To prove Theorem 2.7, we use Gaussian symmetrization to reduce the problem of
bounding the expected max-sliced 1-Wasserstein distance to bounding the expected
supremum of a Gaussian process. To bound this expected supremum, we use Tala-
grand’s majorizing measure theorem. We bound the metric induced by the Gaussian
process by the product metric of (1) a metric on some function space (which is locally
an || ||~ metric) and (2) a Hilbert space metric. Since Talagrand’s 7, quantity of the
product metric space is bounded by 3 times the sum of the 7, for each metric space,
it suffices to bound the v, for each of these two metric spaces. To bound the v, for
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the first metric space, we use the Dudley’s entropy integral. As for the second metric
space, since it is a Hilbert space metric, the v, for that metric space is equivalent to
the supremum of some Gaussian process which, in fact, coincides with the norm of a
Gaussian sum.

Throughout this section,

22" >
N, = ’ k—l.
1, k=0

The following notion was introduced by Talagrand [34] (see also [10, Chapter 8] and
[37, Chapter 6]). For a given metric space (T, p), define

. > k
(21) Vz(T’ p) - admissigtho,Tl,... ig$ ;22p(t’Tk)’
where admissible means that T, 7h,... C T with |T;| < Ny for all £ > 0. Also

p(tv Tk) = inftkETk p(t7 tk)
Talagrand’s majorizing measure theorem states that if (X;)er is a mean zero Gauss-

ian process, then letting p(t, s) = (E|X; — X,|?)2, we have
(2.2) (T, p) < Esu}p) X < Cy(T, p),
te

where C, ¢ > 0 are universal constants.

Lemma 2.1. Let (T, pr) and (Z, pz) be metric spaces. Define the metric pr X pz on
T x Z by
(pr % pz)((t1; 21), (t2, 22)) = pr(ty, t2) + pz(21, 22).
Then
Yo(T' % Z, pr X pz) < 37T, pr) + 37(Z, pz).

Proof. Fix e > 0. Let T, 11, ... C T be an admissible sequence that almost attains the
infimum in (2.1), i.e

supZ%pT (t,Ty) < v(T,pr)+e€
teT
Similarly, let Zy, Z1,... C Z be an admissible sequence such that
"k
sup Y 27 pz (2, Zi) < 72(Z, pz) + €.
z2€Z =0
For notational convenience, let T_1 =Ty and Z_1 = Z,.
Observe that the sequence (T3 X Zg_1)k>0 is admissible. For all ¢t € T" and z € Z,

we have
o0

3 > k
(pr % pz)((t:2), Toct X Zim1) = Y22 [pr(t, Thor) + pz(2, Ziy)]

(\]
[Nk

k=0 k=0
k+1 = k+1
= Z 22 pT(t,Tk) + Z 22 pZ(z, Zk)
k=-—1 k=-—1

< 3Z2§pT(t7Tk) +3 Z 22 p4(2, Z1)

k=0 k=—1
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< 3T, pr) + €+ 3a(Z, pz) + €|
So
(T, 2), pr x pz) < 37(T, pr) + 372(Z, pz) + Ge.
Since this holds for all € > 0, the result follows. O

Lemma 2.2 ([31], page 12-13). Let (T, pr) be a metric space. Then

Y2 (T7 pT) < C/ \/lOg N(T7 Pr, 6) d€7
0

where C' > 1 is a universal constant.

Next we bound the covering number of a set of 1-Lipschitz functions with respect
to a certain norm (see Lemma 2.4 below). This will be needed when we apply Lemma
2.2 to bound the v, quantity for that metric space of 1-Lipschitz functions. Before we
do that, we need a basic result.

In the sequel, the readers who are interested in the max-sliced Wasserstein distances
but not the general projection robust Wasserstein distances may take s = 1 in the
rest of this paper. This will be enough to prove the main results mentioned in the
introduction section.

Lemma 2.3. Let a > 0. Let
D ={h:[—a,a)® — R| h is 1-Lipschitz and h(0) = 0}.

N(D, | s €) < exp ((C*f)) |

€

Then

for all e > 0, where C' > 1 is a universal constant.

Proof. The map h — (x — h(ax)) defines an isometry from the metric space (D, || ||o0)
to the metric space (D, || || ), where

D = {h:[=1,1)° = R| h is a-Lipschitz and h(0) = 0}.
N(D, || llos€) = N(D, | lloe: ©)-

DcCD:={h:[-1,1]° = R :h(0) = 0 and
h(x) = h(y)| < av/s max |v; — y;| Va,y € [-1,1]"}

and it is well known (see, e.g., [11, page 129]) that N(D, || ||sc, €) < exp((caT*/g)s), it

follows that
~ ~ € Cay/s\"
V(D) < N s §) < e ( (C22))).

So the result follows. O
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Lemma 2.4. Let T be the set of all 1-Lipschitz functions f : RS — R with f(0) =
For 0 < 0 <1, define the norm || ||sy on T by

/()]
2.3 _
( ) ||f||(5) SU.p ” ||1+6+1
Then
Cyvs\°1
g M o) < (CX) 5.

foralle >0 and 0 < 0 <1, where C' > 1 is a universal constant.
Proof. Set Qg = {z € R*: ||z]|s < 1}, and for j € N, set

Q;={x eR*: 2771 < ||z||» < 27} U {0}.
Let

A; ={h:Q; = R|his 1-Lipschitz and h(0) = 0}.
Define the following norm || ||(5); on A;:
Pl ), = ::.IZ H‘thg% for h € Aj.

For every f € T, observe that the restriction flo, € A; and

1l = i‘g Hf|QjH(5)j

Thus, (7. ||¢s)) can be identified as a metric subspace of the product metric space
[T 0( i |l ls))- So the e-covering number of T" is bounded by the §-covering number

of [[;en Aj- So

(e ¢}

€

(2.4) N(T, oy, €) < TT N (A5 o 5):

=0
Note that for all 7 > 1+ %log2 = and h € Aj, we have

()| 1] 5 31
17][(6),; = sup < sup < sup |z;° <2707 <€
O Cea, ol +1 ceanioy |Z570 +1 7 seapvgop
So N(A;j, | |lj.€) =1 forall j > 1+ 3log, <
For 7 >0, let

(2.5) D; = {h:[-27,27]* — R| h is 1-Lipschitz and h(0) = 0}.

Note that €; C [-27,2]*. Every function h € A; can be extended to a function
7(h) € D; (by Kirszbraun extension), where

[r(W(z) = inf (h(y) +llz = ylla) forz € [-2, 2],
(Note that 7(0) is not the zero function, but [7(h)](0) = 0.) For all hy, hy € A; with
J =20,

hi(x) — ho(x
s — ha(z) = a(a)

sup

|h1 —
sy |zl +1
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|7 () — ha()]

< 20700 qup |[r(h)](x) — [7(he)](z)]

xE€[—27,27]5

27 (hy) = 7(ha)l|oc,

where ||h|c = sup |h(x)| for h € D;. So for all j > 0,
we[-2i 2]

N(A; [ l).50€)

Npack (A [ )5 €)
Npack (Dj, || ||oo, 207 De)

C-215 \° N
eXp((Q(j—1>(1+a>e)):eXp(< ) e,

where the last inequality follows from Lemma 2.3. Therefore, by (2.4),

¢ o
IOgN(T, || H(6)76> < \/7) 9 (146— J5)
=0

j=

[VARVA

IN

But
o s(14+5 2s 2s
D st - 220+ <X oo
: 1—2-% —1—-2"0— 5’
7=0
since 0 < 0 < 1. So the result follows. OJ

The following result is the main lemma of this section. We bound the expected
supremum of the Gaussian process that arises when we use Gaussian symmetrization to
prove Theorem 2.7. The key ingredient in proving this lemma is Talagrand’s majorizing
measure theorem.

Lemma 2.5. Let 0 < 0 < 1. Suppose that E is a Banach space with separable dual E*
and x1,...,x, € E. Let g1,...,g, be i.i.d. standard Gaussian random variables. Let
T be the set of all 1-Lipschitz functions f : R® — R with f(0) = 0. Then

E SupB - Z gif(vik(xl)v ) U: (IZ))‘
V],V EBpx —
rer i=1
n (6n)"2, s=1
M 1
_%E Zgixi CMYs (ln(én +2))-(dn)"2, s=2,
, vn 1
=1 (on)~+, s>3

where

%
(2.6) M = \/_<n+sl+5 sup Z|v T \2+25> :

UEBE*Z' 1

and B~ = {v* € E*: ||v*]| < 1}.
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Proof. Let Z = {(v],...,vY) : of,...,v} € Bp«}. Define the Gaussian process

’ s

(X4.2)(f,2)erxz as follows. If f € T and z = (vy,...,v) € Z, then

Zgz vy (x;), ..., vi(xy)).

Recall that || ||(s) is defined in (2.3). For f,h € T and (v}, ...,v}) € Z, we have
(2.7) {f (i (i), - - 05 (@) hcicn — {R(07(23), - - aU:(Ii))}1§i§n||2

(Z |[f(i(z), - o5 (@) — h(vi*(ffz),---,v;k(xz))|2>

N

<117 ~ hlly (Z [+ . 0 ) 3] )

2

<IIf = hlle) <Z2 [1+ [l (vi (@), - - (:cl>>y|2+26]>

1
n 2

<If = hllov2 (Z [+ 8(Jof () P12 + .+ |v:<xi>\2+25>]>

i=1

1
2
§Hf—h]|(5)\/§ (n—i—sH‘; sup E |v* (x; |2+25>

v*eBpx ]

=M||f = hlle

where M > 0 is defined in (2.6).

Fix b > 0. Let T® C T be a b-covering of T with respect to || ||(s) that has the
smallest size, i.e., |T®| = N(T, || ||s),b). For every f € T, there exists h € T® such
that || f — h||s) < bso by (2.7),

{f (i), - vi(@)) hi<icn — LRV (25), - ., 05 (23)) bicicnll2 < DM,
for all vf,...,v! € Bg~. So

. 1
sup Zgz Ui, o v3(@) + (g, )l - B

So since T'= —T', we have

(2.8) sup Zgz fui(:), ..., v5(2:))

vi‘ ..... viEBE*
fET

=E  sup Zg, foy(z), ... vi(x;))

VY,V EBE*
fET
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. 1
<E  sup Zgz U)o 0 (@) + E= (g1, o)l - bM

VY U EBE*
heT“’)

bM
<E sup gih v xl () + ——=
e Z 1 (7)) NG
heT“’)
bM

1
=K sup X+ —=,
N (hz)eT® xZ Vn

where Xj, , is defined at the beginning of this proof.
For fh e T and z; = (v],...,v}) € Z, zp = (wi, ..., wk) € Z, we have

=

(2.9) (B[ Xz — Xnzl?)
=[H{f (@), - vg (@) hi<icn — {R(wi (@), - - o wi(@i)) hi<izall2
SIS (i), - vs(@a) hcign — {R(07 (@2), - - -5 v (@) bi<izall2
+ A1 (@), - vs (@) hi<icn — {R(WT(@5), - . w5 (@) bi<icnll2

<M|f = hlle + (Zlh (01 (i), - - (Iz))—h(wf(xi),--->WZ($i))|2>

1

SMHf_hH(é (ZZ|U (3) 2)|2> )

i=1 j=1

where the second inequality follows from (2.7) and the last inequality follows from h
being 1-Lipschitz. Recall that M > 0 is defined in (2.6) and || ||(s) is defined in (2.3).
Consider the metric pr(f, h) = M|/ f — h|/s) on T. Also, define the metric p; on Z by

pZ((UTV"aU:)a(w; (ZZ|U ZL’, Z)|> :

=1 j=1
Then by (2.9), we have

(E|Xf721 - Xh722|2)§ < pT(fa h) + PZ(Zl, 22)7
for all (f,z1),(h,22) € T x Z. So by (2 2) and Lemma 2.1,

(210) E  sup  Xj. < Cy(T" X Z,pr x pz) < Cn(T, pr) + Cra(Z, pz).
(f,2)eET® xZ

Let’s bound each of these two terms. For the first term, by Lemma 2.2,

(2.11) Y (T®, pr)

< / Vg N(T®, pr, €) de
0

00 €
:O/ \/logN(T(”),II ||(6)>M)d€
_CM/ \/logN ) sy, €) de
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<CM / log N(T'®), €) de + by/log |T'® )

> <b \/ g ( H H( g| ‘

<CM / \/lo N(1 de+b log | T® )
(b g N(T. || lls) \/ g|T®)|

gCMﬁ V108 N(T, || {5, €) de
2

where the second last inequality follows from T®) C T and the last inequality follows
from |T®| = N(T, || |/(5),b) (by definition of T®) and b =2 [; 1 de.
2
We now bound the other term in (2.10). Let (gi;)1<i<n,1<j<s be i.i.d. standard

Gaussian random variables. Then for (vf,...,v}), (w},...,w}) € Z, we have
n S n S 2 % %
B2 o) =22 gui(e) | = ( > ) — us »P)
i=1 j=1 i=1 j=1 i=1 j=1
= pz((v],...,00), (wi,...,w}))).
So by (2.2),

v (Z,pz) < C-E ZZng x;)

(U1 ..... v¥) 21]1

= (. EZ sup ngv ;)

— ”EBE*il

j=1 | i=1 1=1

So we have bounded the second term in (2.10). Together with the bound (2.11) for the
first term, we obtain the following from (2.10).

E sup Xf,ngM/ \/logN(T, | l5),€) de +Cs - E
(f,2)eT® xZ z

Z 9ii | -

Combining this with (2.8), we obtain

E sup |3 gl (0], 0)(@)
Vi yeeey vs€BE i=1
feT
bM M Cs . |Ix
<c;)r>lg( / VI N (T [ lsy-e)d )+7E 29
, bM M C’\/_
< - — J— ..
<o, (a5 [ (F) o)+ o S

by Lemma 2.4
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Cs a CM . C'f
—7E ;gzxz -+ % 'Ogl}il <b+ —/ )

n (6n)"z, s=1
C CcM 1
<°F Zgizi +— - (In(édn+2))-(on)"2z, s=2,
no |4 Vn 1
\/g ) (571) o 523
O) S = ]_
where we take b = ¢ min( 2,1), s =2 O

1

(6n)~
min(Cy/s - (6n)~5, 1), s> 3

In the sequel, we define

(on)~2, s=1
(2.12) ®(n,5,0) = { (In(6n+2)) - (bn)"2, s=2.
(on)~s, s>3

Next we adjust the scale in Lemma 2.5.

Lemma 2.6. Let 0 < 0 < 1. Suppose that E is a Banach space with separable dual E*

and xy,...,x, € E. Let g1,...,g, be i.i.d. standard Gaussian random variables. Let
T be the set of all 1-Lipschitz functions f : R®* — R with f(0) =0. Then

Zgl vy (), .., vi(x;))

2:%%

Proof. Observe that if f € T and a > 0, then the map y — = f(ay) from R* to R is also

2+26
+Cs- (— sup Z\v T |2+25> - ®(n,s,9).

N v*€Bpg« i1

in T. Thus, without loss of generality, by rescaling x4, ..., z,, we may assume that
n
sup Z 0" (2;)|27% = n . 5719,
’U*EBE* i=1

Then in Lemma 2.5,

M < V2 \/ﬁ+817+6<sup Z\v x; \2”5) = 2v/2 - /n.

’UEBE i=1

So by Lemma 2.5,

1< .
E sup - Z gif(vl (x2>7 7Us (m2>)‘
Vi yeees UgeBE =1
feT

+Cys-®(n,s,0)

= QE Zn: 9iT;
i=1
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2+26
+Cs- <— sup Z|v (x; |2+26) - ®(n, s,0),

i L
n v EBE i=1
n
since we assume that sup E 0¥ (2;)|*7% = n - 57149 So the result follows. O
U*EBE*

i=1

Theorem 2.7. Let 0 < 0 < 1. Suppose that i is a probability measure on a Banach
space E with separable dual E* and [, ||z|| du(z) < co. Let X1,..., X, be i.i.d. random
elements of E sampled according to . Then

EWl,S <,u> % Z 5XZ)
1=1
i=1

where g1, ...,9, are i.i.d. standard Gaussian random variables that are independent
from Xy,..., X, and ®(n,s,0) is defined in (2.12).

Proof. By the definition of W 5 in Section 1.3,

Wl,s (:U’a % i 5Xz>
LS X 206 = [ Fi () i) da)

where the supremum is over all vj, ..., v} € B« and all 1-Lipschitz functions f : R® —
R with f(0) = 0. By symmetrization,

1 n
EW,, (u, 526&.) <C-E  sup

—1
¢ f is 1- Llpschltz

So by Lemma 2.6, the result follows. O

nUEBE i=1

1
7%
+Cs-E (— sup Z|v |2+2‘5> - ®(n,s,0),

= sup
’U{ 7777 U: GBE*
f is 1-Lipschitz

Zgl vi(Xy), .. vi (X))

Corollary 2.8. Let 0 < § < 1. Suppose that p is a probability measure on a separable
Hilbert space E with [, ||z| du(z) < co. Let Xi,..., X, be i.i.d. random elements of
E sampled according to . Then

1< 7%
i=1 E

where ®(n, s,9) is defined in (2.12).
Proof. In Theorem 2.7,

D=

2

- <ZEX> —va([ ||x||2du(w))%
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We also have

1 n 7w Lo e
E ~ sup v* Xz 2426 E - XZ 2420
(2 o S LS

1=1
1
2420
< (Lo an)) ™
E

Since ﬁ < ®(s,0,n), by Theorem 2.7, the result follows. O

IN

Corollary 2.9. Suppose that 1 is a probability measure on a Banach space E with
separable dual E* and [, ||z|| du(z) < oo. Let Xi,..., X, be i.i.d. random elements of

E sampled according to . Then
1 & C - CVlInn - :
EWI,I (u, E Z 5X1> < gE Z ngz —+ - B Squ (Z |U (XZ)P)
i=1 =1 v*E€Bpx i=1

where g1, ...,9, are i.i.d. standard Gaussian random variables that are independent
from Xq,..., X,.

Proof. By Theorem 2.7 with s = 1,

)

<Yk i Xl +C it LE[[L s iw(x-)\%% o
— n gl (A < n U*EBI:)E* — 7

ol C 1 - :
1
<—E Xill + — - inf —E |n =% (X)) P
R, ;g + - oi%gl 5 n <U*seu31;*;|v (X3 )
Take 6 = 1/[Inn]|. Then n T < % The result follows. O

In the rest of this section, we prove some lower bound results. These results are
quite standard.

Proposition 2.10. Suppose that p is a probability measure on a Banach space E with
separable dual E* and that [ ||z|| du(x) < co and [,xdu(x) = 0. Let Xy,..., X, be
i.i.d. random elements of E sampled according to p. Then

1 & 1
EWi. (:U’a o 25)(1-) > %E
=1

where €1, ...,€, are i.i.d. uniform +1 random variables that are independent from
Xi,...,X,.

n

Z EiXi

i=1

)

Proof. For fixed x,...,x, € E, by considering the 1-Lipschitz function f(t) = t, we

have
1 n
W, — Oy | >
1,1 (M, n ; 1> Z Sup

n

[ v @ dua) = 30 (@)

1=1

n

U*EBE*
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EW,, (u, > 5X,L-> >E|2Y X,
=1 1=1

Let Y7,...,Y, be ii.d. random elements of E sampled according to p that are inde-
pendent from Xi,..., X, and €,...,¢,. Then

i=1 1=1

where the last inequality follows from Jensen’s inequality and taking expectation on
Y1, ..., Y,. The result follows. [

n

> (X - V)

i=1

n

Z Gi(Xz‘ - Yz’)

i=1

E EEE :lE EEE
2 2 2

Y

Corollary 2.11. Suppose that p is a probability measure on a separable Hilbert space E
with [, ||z||du(z) < oo and [,xdu(x) = 0. Let Xy,..., X, be i.i.d. random elements
of E sampled according to . Then

1 & 1
EW; 4 (M,EZ@Q) > W[EWHCW(@-
=1

Proof. By Proposition 2.10, it suffices to show that

" n
> _.E 5( X
_\/g H 1”

Z EiXi
i=1

If we first take expectation on €,...,¢€,, then by the Kahane-Khintchine inequality
[16], we have

n
E €Xi
i=1

E

1
2\ 2

1
1 n 2 1 n
E. =— Xl ) > —= ) I1Xil.

1 < n
> 75 S BN = 5B

3. MAX-SLICED 2-WASSERSTEIN DISTANCE

n
E €.Xi
i=1

1
> _— | R,
T V2
So
E

n
E €.X;
i=1

The following lemma is known. See e.g., [32].

Lemma 3.1. Let r > 0. Suppose that ji is a probability measure on R supported on
{z e R x|y <7}, Let Xy, ..., X, be i.i.d. random vectors in R? sampled according

to p. Let g1,...,g, be i.i.d. standard Gaussian random variables that are independent
from Xy,...,X,. Then

E < 2n||EX, X{ ||op + Cr?Inn,

Zn: X xr
i=1

op
and

1
E <Crvnlnn |EX; X2 + Crilnn.

i 9:XiXi'
i=1

op
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Proof. Fix x1,...,x, € R? with ||z;||2 < r for all i. By the noncommutative Khintchine
inequality (see [20, 29, 8]), for p € N,

Tr <Zglxzz;f) < (C\/ﬁ)szr (Z(:le;ff) ]

1=1

= (O Tr (aniuzxix?) ]

p
< (CypPn <Zux2n2xz )
op
n p
< (Cryp)*n szxf ,
i=1 op

where the second last inequality follows from the fact that Y i | ||a;||3 z;2] has rank
at most n. Taking p = [Inn], we obtain

xal|| < Crvinn Z zx]
op op
Now we randomize x1,...,z,. We get
3
(3.1) X XTI < orvinn
op
By symmetrization,
< InEX X lop +C-E Y g: XX
op =1 op

IA

n||EX, XT||op + CrvInn

op

< 2n||EX, X{ ||op + Cr*Inn.

E zn: X xr
i=1 op

This proves the first inequality. Combining this with (3.1), we obtain the second
inequality. U

Lemma 3.2. Suppose that jiy, po are symmetric probability measures on (RY, || ||2) sup-
ported on {x € R : ||z||s < r}. Consider the map n(x) := za™ from the Hilbert space
(R4, || ||l2) to the Banach space (R || |lop). Let mapy and nyps be the pushforward
measures of py and pg by n, respectively. Then

Wai (p1, p2)? < Wiy (i, mgptn).
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Proof. Define abs : R — R and sq : R — R by abs(t) = |t| and sq(t) = t2. Observe
that if 4 and v, are symmetric probability measures on the interval [—r, 7], then

Wg(l/l, 1/2)2 = Wg(abS#l/l, abS#l/g)2

= inf/ it — s|?dy(t, s)
7 J0,r]x[0,r]

< inf/ 2 — 52| dvy(t 5)
[0,r] % [0,r]

y
Wi(sqguabsyry, squabsyrs)
= Wl(sq#yl7sq#y2)7
where the infimum is over all coupling 7 of the pushforward measures absyv; and
absyvy on [0, 7].

For u € R? with ||ull; = 1, let ugpu; be the pushforward measure of j; by the map
(-,u). Taking v; = ugp, in the above, we obtain

W2,1(,U1> M2)2 = sup Wz(u#ﬂl, U#M2)2

u€RY, |Jull2=1

< sup  Wi(Sdgutippin, SAytyfa)
u€RY, |Jull2=1

Observe that sqyuxp; is the pushforward measure of ; by the map

x> (z,u)? = Tr(uu’z2”) = Tr(uu’n(z)).

Moreover, since the trace class norm of uu? is equal to 1, we can identify uu’ as an
element in the unit ball of the dual of the Banach space (R% || |lop). Thus the result

follows. O

Below we restate and prove Theorem 1.4.

Theorem 3.3. Let r > 0. Suppose that p is a symmetric probability measure on RY
supported on {x € R : ||z|ly < r}. Let Xy,..., X, be i.i.d. random vectors sampled
according to p. Then

2
1 < r?lnn r2lnn
E (Wi (1S 0 +6x) ) | <ClUSp | o ] ,
" (Iu’ 2n i:l( Xt Xl)) N || || P <nHEHOp * nHEHop)

where Y = / xx’ du(z).
R4

Proof. Since p and % Sor(0x, + 0_x,) are symmetric, by Lemma 3.2,

n

(3:2) Wa @%Z(é&mm) < W <n#u, o [% S (o, +5_Xi>])

i=1 i=1

1 n
= Wi (77##, - 25’7%)) :
i=1
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Note that n(X;) = X; X/ are i.i.d. random matrices with distribution ngp. Taking
E = (R™ || ||l,p) in Corollary 2.9, we obtain

1 n
EWi, (77#/% - ngn(xi))
=1

1
2
n VeBE

=1

Since Bp- coincides with the convex hull of {+vvT : v € R4, ||Jv|y < 1},

1

sup (Z % (XiXZ-T)|2> = sup (Z |Tr(vaXiXiT)|2>

V*e€Bpx \ ;=1 vERY, [lvfl2<1 \ ;54

1
n 2
= sup > (X0
vERY, ||v]]2<1 (i:l

1

D=

< r sup Z(Xl,v =r ZXXT
veRY, [Jv]l2=1 \ ;= op
Therefore,
1 — C’r lnn
EW1, (U#Ma " Z%(xi)) < — -XZ-XZ-T
i=1 op
So by Lemma 3.1,
1 n
EW: 1 ngn, n Zan(Xi)
i=1
CrvInn Cr’lnn  CrvInn Cr?lnn
_THEXlXTHop T JEX XT3 +
Crvlnn L Cr’lnn
THEHOp —.
So by (3.2), the result follows. O

Below we restate and prove Proposition 1.5.

Proposition 3.4. Let ¥ be a d x d positive semidefinite matriz such that ||X]|op <
1Tr(2). Then there exists a symmetric probability measure i on RY supported on
{z eR?: ||z|3 = Tx(2)} such that [y, xa” du(x) = X and for every n € N,

2
1 & 1 Tr(X) Tr(¥)
3) E oo +ox, 6=
(3.3) Waa (M, o Z(‘SXZ +9 X)> 6” lop <n||2||op - n||Ellop )

i=1

where X1, ..., X, are i.i.d. random vectors sampled according to p.
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Proof. Without loss of generality, we may assume that ¥ is a diagonal matrix with
diagonal entries A\; > ... > \; > 0. We may also assume that Tr(X) = A\j+...+X g = 1.
Let {e1,...,eq} be the unit vector basis for R?. Take

pl{e)) = n({—e}) = gA forj=1,..d

Then p is symmetric.

We need to show that the left hand side of (3.3) is at least each of the two terms on the
right hand side. So the proof has two parts. The first part of the proof is similar to the
proofs of Proposition 2.10 and Corollary 2.11. Let R = {(vy,...,vq) : v1,...,04 > 0}.
By considering the 1-Lipschitz function f(¢) = |t|, we have

1 n
Wia (M, o Z((SXi + 5-)@-))
i=1

> sw /Rdux,vndu(x)—%Z<|<Xi,v>|+|<—xi,v>|>‘

vGR‘fr, [Jv]|2=1

d n
= sup Z)\Z'UZ - %Z |<X27'U>|

veR?, [lull2=1 | §

n

= sup Z Aiv; — — Z abs(X;), v)

vGR‘fr,HUHz:l i=1

)

where abs(X;) is the vector for which we take absolute value on each entry of X;. (Since

X; is distributed according to p, the vector X; actually has only one nonzero entry.)
So

n

diag(X) — % Z abs(X;)

i=1

)

2

1 — 1
Wi (Ma o 2(5)(1- + 5—X1~)> > 3

i=1

where diag(3) = (A, ..., \q) € R%.
Since X7, ..., X, areii.d. with distribution p, the random vectors abs(X), ..., abs(X,,)
are i.i.d. with the following distribution

absgu({e;}) =A; forj=1,...,d.

In particular, E[abs(X)] Z Aje; = diag(X). So

n

2
1 1
E (Wi, (M, o Z(éxi + 5—)@-)) > ZE

=1

2
1 .
= - [Ellabs(X0)[ — [|diag(%) 2]

1
= R(l—(/\§+...+A§)).
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Since by assumption ||X[jop < 3Tr(X) = 1, we have \; < L forall j. So M +...+ 3 <
%()\1+--~+)\d): % So

2
1
(3.4) EWM< Z}xwr> >

This proves that the left hand side of (3.3) is at least twice the first term on the right
hand side. We now move to the second part of the proof. The second term on the
right hand side of (3.3) is larger than the first term precisely when —0 &) <1, or

nl|E|op

equivalently, 2 ~ < A1. So we may assume this in the rest of the proof.
Consider the pushforward measure (e1)gu of p by the map (-, e;). Note that

(a1 = gh (epn({1}) = gh, (e)gn({0)) =1 A1

We have

1< 1 <
(3.5)Wa, (M, o > 6x, + 5—)@)) > W ((61)#M> o D (0o + 5_<Xi,61>)>

i=1 i=1

1 n
= W2 (abs#(el)#,u, 5250(2‘761”) ’
i=1

where absg(eq)xu({1}) = A and absy(e1)#1({0}) = 1 — Ay. (See the beginning of the
proof of Lemma 3.2.) Moreover, the random variables |(X;, e;)|, for i = 1,...,d, are
i.i.d. with this distribution. Thus, the probability measure % > i1 01(x;,e1)| 18 supported
on only two points 0 and 1 with the mass at 1 being % times a binom(n, A1) random
variable, which we denote by Y. So we have

1

2
Wg <abs# €1 #/J,, 25| (X;ie1)] ) = g

As explained above, we may assume that % < A1. Also by assumption, [|X]]o, < 3Tr(X)
so N < % <1-— % Therefore, % <)\ <1- % With A; in this range, by [5, Theorem
1

1],
1
>L ElZ 2 2: n>\11—)\1 (1—>\1 >\1
V2 n — _2\/

This proves that the left hand side of (3.3) is at least twice the second term on the
right hand side. Together with (3.4), this completes the proof. U

Y — M.

1

E|-Y — )\ Y-\
n
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