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Abstract

In this paper we consider and generalize a model, recently proposed and analytically in-
vestigated in its quasi-stationary approximation by the authors, for visco-elasticity with large
deformations and conditional compatibility, where the independent variables are the stretch
and the rotation tensors. The model takes the form of a system of integro-differential coupled
equations. Here, its derivation is generalized to consider mixed boundary conditions, which
may represent a wider range of physical applications then the case with Dirichlet boundary
conditions considered in our previous contribution. This also introduces nontrivial technical
difficulties in the theoretical framework, related to the definition and the regularity of the
solutions of elliptic operators with mixed boundary conditions. As a novel contribution,
we develop the analysis of the fully non-stationary version of the system where we consider
inertia. In this context, we prove the existence of a local in time weak solution in three
space dimensions, employing techniques from PDEs and convex analysis.
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1 Introduction

In this paper we consider and generalize a model for visco-elasticity with large deformations,
formulated in terms of the stretch and rotation tensors, recently introduced in [2]. In this
model, the stretch tensor satisfies a conditional compatibility condition, with occurrence of
defects depending on the magnitude k of an internal force. When defect occurs, the kinematic
relation between the stretch tensor W, the rotation tensor R, the displacement vector « and
the defect tensor Z is the following:

RW — I =gradu+curlZ, divZ =0, (1)
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where I is the identity tensor.

The model was derived in [2] in the situation of a visco-elastic body fixed at its boundary, em-
ploying dissipative principles and starting from a non-standard form of the principle of virtual
powers, where the virtual velocities satisfy an internal constraint similar to (II) depending on
the solutions of the problem. In particular, thanks to a Helmholtz—Hodge decomposition for
second order tensors, the virtual velocities associated to the displacement vector and the defect
tensors were defined to satisfy elliptic problems with homogeneous Dirichlet boundary condi-
tions and with data given in terms of the stretch and rotation tensors and of their associated
virtual velocities. Using the technique of Green functions, we inverted the internal constraints
and reduced the set of independent virtual velocities to the ones associated to the stretch and
rotation tensors, obtaining a system of integro-differential coupled equations in the stretch and
rotation variables only. Once the model is solved, the displacement vector and the defect tensor
are constructed by solving back the elliptic problems associated to the Helmholtz decomposition
of RW — I'in (IJ). In [2] we developed the analysis for the quasi-stationary approximation of the
full system, i.e. neglecting inertia, obtaining the existence of a global in time strong solution in
three space dimensions, with uniqueness and continuous dependence from data in the limit of
full incompatibility in the system.

In the present contribution, we extend the model proposed in [2] by considering the more phys-
ically appropriate situation of a visco-elastic body which is fixed only on a part of its boundary,
and which is free to move on the other part. This generalization is not straightforward, since
it requires specific mathematical developments to fit the theoretical framework to the present
case, in particular the Helmholtz—Hodge decomposition and the definition of Green functions,
associated to mixed boundary conditions. Also, we develop the analysis for the actual basic
mechanical problem, which is the full non-stationary problem, i.e. considering inertia. As in
[2], the inertia of the system is expressed by a virtual power of acceleration forces containing
second-order interaction terms in space, which allows us to obtain sufficient regularity of weak
solutions to be able to represent the physical situation of a contact at a point with inertia,
for instance, punctual force and torque applied to the head of a nail hammered in a wall. We
also impose the positive definiteness of the stretch matrix as an internal constraint in the free
energy of the system, which implies that the material is not flattening or crushing. In the case
with inertia, we will find existence of a weak solution in three space dimensions only locally in
time, as long as the solution remains continuously in the interior of the proper domain of the
indicator function associated to the positivity constraint, preceding the possible realization of
external and internal collisions. Hence, this result complies with the mechanical situations of a
visco-elastic solid possibly undergoing collisions.

The main technical difficulties in this study are that we need to require non standard mixed
boundary conditions for RW in () if the displacement and the defect variables are solutions
of elliptic problems with mixed boundary conditions, and further that no elliptic regularity
tools are available in general for elliptic problems with mixed boundary conditions. The latter
tools were heavily employed in the analysis of the quasi-stationary problem with homogeneous
Dirichlet boundary conditions studied in [2]. Also, the presence of inertia terms complicate the
analysis, since they contain higher order time derivatives of the variables nonlinearily coupled
with lower order terms, hence hardening the proof of the existence of a solution even at the
discrete level. Finally, the inertia terms prevent the uniform control of the subdifferential of the
indicator function associated to the positivity constraint in some L? space, which lead to global
in time existence in the quasi-stationary case, while in the present situation we only obtain local
in time existence.

The limit with full incompatibility in the system, i.e., the case the threshold k for defects to
appear is null, will be addressed in a forthcoming paper, together with the possible presence of



collisions in the dynamics.

In mechanical parlance, our parti pris is to describe the motion with stretch matrix W and
rotation matrix R. If they are known displacement  should be given by polar decomposition

RW — I =gradu.

But there is no fundamental reason for RW to be a gradient. Difficulty is overcome by me-
chanics which experiments defects, and by mathematics which proves with convenient boundary
conditions, that for any matrix RW there exist matrix Z accounting for the defects and dis-
placement % which satisfy [l These quantities are given by Green functions. For their part,
matrices W and R are given by linear and angular equations of motion resulting from the
principle of virtual power and constitutive laws, one of them reporting the experimental result
that there are no defects if some stress is not too large.

The paper is organized as follows. In Section[2lwe introduce the necessary notation and some
preliminary results, which let us extend the theoretical framework introduced in [2] to the case
with mixed boundary conditions. In Section [l we derive the full model with inertia and mixed
boundary conditions. In Section @ we study the existence problem for the full non-stationary
problem. We conclude with some observations and future perspectives in Section

2 Notations and preliminaries

In this section we introduce the notation and the preliminary results about the functional setting
which will be necessary for the model derivation.

2.1 Geometrical and functional setting

Let D, C R? be an open bounded and simply connected domain with Lipschitz boundary
I'y := 0D,, with associated unit normal 7, and let [0,7] be a finite time interval, with 7" > 0.
We introduce the notation D,r := D, x [0,T]. We remark that the assumption of a simply
connected domain is made only to maintain the theoretical framework as simple as possible, in
particular for what concerns the characterization of the kernels of the curl and the div operators,
which will be used later. The theoretical framework could be extended in a standard manner
to consider a connected but not simply connected domain, as it will be further detailed in the
forthcoming sections (see Remark [2.2]).

We indicate as M (R3*3) the linear space of square matrices, endowed with the Frobenius
inner product

3
A:B= Z Aisz'j,
ij=1
for any A, B € M(R3*3). Tensors are indicated with capital boldface letters, while vectors are
indicated by lowercase letters with an arrow superscript. We also indicate with the notation
:: the Frobenius inner product in M (R3*3*3) and with the notation ::: the Frobenius inner
product in M (R3*3X3%3) " The orthogonal subspaces of symmetric and antisymmetric matrices
are denoted by Sym(R3*3) c M (R?**3) and Skew(R3*3) C M (R3*3), respectively. We indicate
the set of special orthogonal matrices as SO(R3*3) and the set of positive definite symmetric
matrices as SymT(R3*3). We recall that for any R € SO(R3*3) there exists a unique A €
Skew(R3*3) such that R = e®, where the exponential of a matrix must be intended as e® =

% AL For a generic subset K C M(R3*3), let Ix : M(R3>3) — {0,400} denote the

n=0 n!



indicator function of K, which is defined, for any A € M(R3*3), by I(A) = 0 if A € K,
In(A) =4+ if A K.

We introduce the space of vector fields V := (R3)PT whose elements are functions from
Dar to R3. We further introduce the spaces of tensor fields M := (M (R3*3))Per SO :=
(SO(R3*3))Pat | S .= (Sym(R3*3))PaT and A := (Skew(R3*3))PeT | with M = S @ A. Given a
tensor A € M, we denote by Sym(A) := A+TAT its symmetric part and by Skew(A) := A72AT
its antisymmetric part. We also need to introduce the space of tensor fields Mg;, 1= {A €
M|div A = 0}, where the divergence of a second order tensor is defined row wise. In the
following, we will operate also with the curl of second order tensors, which is defined row wise.

We denote by LP(D,, K) and W"P(D,, K) the standard Lebesgue and Sobolev spaces of
functions defined on D, with values in a set K, where K may be R or a multiple power of R,
and by LP(0,¢; V') the Bochner space of functions defined on (0,¢) with values in the functional
space V, with 1 < p < oco. If K = R, we simply write LP(D,) and W"P(D,,). For a normed space
X, the associated norm is denoted by ||-||x. In the case p = 2, we use the notations H” := W2,
and we denote by (-,-) and || - || the L? scalar product and induced norm between functions
with scalar, vectorial or tensorial values. Moreover, we denote by Ck(Da;K ) the spaces of
continuously differentiable functions up to order k£ defined on D, with values in a set K; by
Ck([0,t]; V'), k > 0, the spaces of continuously differentiable functions up to order & from [0, ¢]
to the space V. The dual space of a Banach space Y is denoted by Y’, and their dual product
is indicated as ., <-,- >y. We denote by W{*(D,; K), r > %,p > 1, the space of functions in
W"P(D,; K) with zero trace on a Lipschitz continuous subset ¥ of I';, with positive measure
|X| > 0. As before, when p = 2 we will indicate the latter functional space as H{(Dg; K). We
will also need the space H2(D,, K) := {f € H?(D,, K)|f = 0, gradf = 0 on X}. The traces
of functions H"(Dg; K) on ¥ belong to the space H""V/2(S; K), for r > L (see e.g. [11]). We
moreover introduce the space Hjy(X,K) = {v € L*(3,K) : © € H"([y, K)}, for r > 1/2,
where ¥ is the extension by zero of v to the set I', \ 2.

We also need to introduce the spaces

L2, (Do, K) = (G € OF(Dy, K) - diva = 0in Dy 172 (Pai),
H(div; Dy, K) := {i € L*(Dy, K) : divi € L*(D,, K)},
H(curl; Dy, K) := {ii € L*(Dy, K) : curlii € L*(D,, K)},

H, giy(Da, K) := {ii € Hy(Do, K) : divii = 0in Dy},

where in the second definition K = R? or K = R%? and K = R or K = R? respectively. The
!
normal traces of functions H(div;D,, K) on ¥ belong in general to the space (Hééz(z)) , with

H~'/2(%) continuously embedded in (HO%Q(E)), (see e.g. [II]). The duality pairing between
Hf 410 (Do; K) and (HE 4 (Do K))' s still denoted by < -, - >.

Tn the following, C' "denotes a generic positive constant independent of the unknown vari-
ables, the discretization and the physical parameters, the value of which might change from line
to line; C'1,Cs, ... indicate generic positive constants whose particular value must be tracked
through the calculations; C(a,b,...) denotes a constant depending on the nonnegative param-
eters a,b,....

2.2 Green functions with mixed boundary conditions

We endow the space Hs(D,; K) with the inner product (4, B) iy (p,; k) = (grad A, grad B), for
all A, B € HL(D,; K), and we introduce the Riesz isomorphism R : HE(Dy; K) — (Hy(Da; K))/,



defined by
< RA,B >= (A7B)H§(’Da;K)’ VA, B € Hé(/Da;K)-

The operator R = —A is the negative weak Laplace operator with homogeneous Dirichlet
boundary conditions on ¥ and homogeneous Neumann boundary conditions on I', \ ¥, which
is positive definite and self adjoint. As a consequence of the Lax—Milgram theorem and the
Poincaré inequality, the inverse operator (—A)~!: (HL(Dy; K))/ — HL(Dy; K) is well defined,
and we set A := (=A)"'F = Gy« F, for F € (HL(Dy; K))', where Gy, is the Green function
associated to the Laplace operator with mixed boundary conditions and * denotes the convo-
lution operation, if —AA = F' in D, in the weak sense, and A = 0 on X in the sense of traces.
The following Lax—Milgram estimate is valid

1Al i) < CUFN 13ty &)
Remark 2.1 In the case with a smooth boundary T'y and reqular F, e.qg. Ty of class C™1?
and F € W™P(Dy; K), 1 < p < oo, m € N, the solution A € H%G(DG;K) of the elliptic
problem —AA = F with homogeneous Dirichlet boundary conditions over 'y satisfies the elliptic
regularity property that A € W™m2P(D,; K) and —AA = F a.e. in D, [11, Chapter 9]. In
the case with mized Dirichlet and Neumann boundary conditions, elliptic regqularity s locally
preserved in the neighborhoods of interior points of ¥ and T,\X, but globally A ¢ W™2P(Dy; K)
[12]. For instance, in the case of mixed homogeneous boundary conditions A € W*P(Dy; K),
with s < 1/2 + 2/p, even in presence of smooth data (see e.g. [f, Chapter 3, Remark 3.3],
[13] and the references therein). Elliptic reqularity with mized boundary conditions is globally
valid only in particular cases, for instance when ¥ N (I'y \ X) = 0, e.g. when the solid has the
form of a three dimensional annulus with mized boundary conditions applied separately to the
internal and external connected components of the boundary, or in some situations when the
solid has a convex shape or is a polyedron [9, Chapter 8. Since we want to describe the most
general case, in our treatment we will not have at our disposal elliptic regqularity instruments.
This is a severe technical limitation with respect to the study developed in [Z], where we treated
the quasi-stationary problem with homogeneous Dirichlet boundary conditions over the whole
domain.

/
Similarly, we can introduce the Riesz isomorphism Rgiy : Hﬁll,div(,Da; K) — (Hﬁl],div(,Da; K )) ,
defined by
< RawA, B >= (grad A,grad B), VA, B € Hy, 4;,(Da; K).

The operator Raiy = —PrA, where Py, : L?(Dy; K) — Lgﬁv(Da; K) denotes the Leray projector,
is the negative projected Laplace operator with homogeneous Dirichlet boundary conditions on
¥ and homogeneous Neumann boundary conditions on T', \ X, which is positive definite and
self adjoint. As a consequence of the Lax—Milgram theorem and the Poincaré inequality, the

inverse operator (—PpA)~! : (Hé,div(DG;K)), — Hidiv(Da;K) is well defined, and we set

A= (=P A)IF = Graiv ¥ F, for F € (HidiV(Da;K)),, where Gy, giv is the Green function
associated to the projected Laplace operator with mixed boundary conditions, if —PpAA = F
in D, in the weak sense, and A = 0 on X in the sense of traces. We again note that, if
Ae Hé,div(DmK) solves —PLAA = F for some F' € W™P(D,; K) N L3, (D4, K), 1 < p < o0,
m € N, and I, is of class C™"2, in general A ¢ W™2P(Dy; K) N L, (D, K).



2.3 Helmholtz—Hodge decomposition for vector fields with mixed boundary
conditions.

We now give specific forms of the Helmholtz—Hodge decomposition with mixed boundary condi-
tions which will be useful in the forthcoming sections. Similar decompositions were introduced
in [6] and proved by topological arguments. Here, we report the proof of such decompositions
obtained through a constructive procedure by means of the solution of elliptic problems, fol-
lowing similar arguments introduced in [5, Chapter IX] for the case of standard (i.e. Dirichlet
or Neumann) boundary conditions. The aforementioned elliptic problems will be crucial in the
model derivation to define the kinematic constraints between the model variables.

Theorem 2.1 Let D, C R? be an open bounded and simply connected domain with Lipschitz
boundary I'y := 9D,. Let us assume that I'y = I'p U 'y, where I'p,I'y are connected and
Lipschitz continuous subsets of Ty with positive measures and such that |I'p NT' x| = 0. Let us
introduce the spaces

gradHcer = {wW € L*(D,,R?) : Ip € HY(Q) such that & = grad p, p|r, = c},

curlH%Ndw = {W € L*(D,,R?) : 35 € HY(D,y,R?) such that @ = curl ¥, divi'=0, o|p, =0},
Hry giv i= {0 € L*(Do,R%) : divi = 0, ¥ - fi|r,, = 0},

Hrpy curt i= {0 € L*(Dg,R3) : curls' = 0, ¥ Adi|r,, = 0},

where ¢ € R is a constant. For any Ee L2(DG,R3), there exist unique p € H%D and 7 € Hry dgiv
such that

—

E=gradp+7, (3)

i.e. the following decomposition is valid
LZ(DG,R?’) = gI‘ad HOlID b HFN,div- (4)

Moreover, there exist a ¥ € grad Hcer, defined for any ¢, with ¥ = gradu, and a q €

curl H}: with q = curl @, such that

N div?
E: grad u + curl @, (5)
i.e. the following decomposition is valid
L*(Dy,R?) = grad Hlp @ curl H g, (6)
where u and @ satisfy the elliptic problems with mixed boundary conditions
Au = div{, —Ad = curlg, diva =0,
ulr, = ¢, curl @ A iilp, = EAilp,, (7)
gradu - filpy, = € - iy, dlry =0.

Remark 2.2 The hypotheses that D, is simply connected and that I'p, 'y are connected are
made to simplify the presentation of the results. The theorem could be extended in a standard
manner to a (not simply) connected domain D, with boundary subsets I'p,T' N constituted by
a finite number of connected components I'p;,I'n;, i+ = 1,...,N, j = 1,..., M, introducing
a finite number of cuts ¥y, | = 1,...,L, in the domain constituted by connected orientable
Lipschitz submanifolds, glued topologically to the boundary of connected elements of I'p,I'n,
and reducing the analysis to the simply connected subdomain D, \ UlL:1 Y (see e.g. [3, 16]).
Anyhow, the situation in which the initial form of the body is topologically simply connected
until it develops cuts or holes is mechanically meaningfull.



Proof. We start by introducing the following preliminary Green formulas:

/a(dlvu)v = —/au-gradv—{— (HI/Q(FN))/<u-n,v >H(%2(FN)’

00

Vi € H(div; Do, R?), v € HE (D,), (8)

/a curld - 0 = /Da « - curl v — (HééQ(FD,RS))I<ﬁ/\ m, v > 1Y (0 p B9
Vi € H(curl; Do, R?), 7 € Hf (D, R?). (9)

We then prove that grad H&,FD L Hry i in L*(Dy,R?). Indeed, for any @ € gradH&FD,
U € Hr div, we have from (8]) that

w-v= gradp - v = (<UL, p > 10 —/ pdive = 0.
Da Da (H;f(FN)) U T Hy"(Tw) Jp,

We now introduce the following elliptic problems,

Ap2 = 0’
p2|FD — Oa (10)

{ Ap; = divg,
gradps - Ailry = (€ — gradp1) - filr

pilr, =0,

!
which may be intended in H~!(D,) and (H %D (Da)) respectively. There exists a unique solution

p1 € Hf, (Q) of the first problem in (I0). Since € — grad p; is an element of L2(D,, R?) and has
/

zero divergence, it has a normal trace in the space (H(%?(F N)) . Then, there exists a unique
solution py € H%D(Q), which is an harmonic function. See e.g. [II] for the latter existence
results. Defining p := p1 +ps € H%D (Q) and 7:= £ — grad p, we have that 7 € Hr aiv and (@)
is valid. We observe that the decomposition (@) is unique. Indeed, given two decompositions
¢ = grad p, + 7, = grad py + 7, taking the scalar product in L?(Dg, R?) between their difference
and 7, — 7, and integrating over the domain, we obtain that

|70 — f’bH2 + /D (grad p, — grad py) « (7 — ™) = 0,

and also, using () and the facts that p,,pp € H%D and 7,7, € Hry i, that

da_ d '_‘a__‘ — ’ _‘a__‘ '_), a —
[ (exaddp, — gxadpy) - (7~ ) () <0 B>
- /D (Pa — pp)div(Fa —75) = 0.

Hence, 7, = 7}, in Hp ¢ and the decomposition is unique.

We now rewrite () in a form which will be usefull in the sequel, since it will let us associate
an elliptic problem also to the component in Hr 4, in the decomposition, after having properly
characterized the kernels of the curl and div operators in presence of mixed boundary conditions.
First of all we note that

grad H&FD C HFD,curla



with both sets being closed in L?(D,, R3). This is due to the facts that curl gradp = 0 for any
p € HY(D,) and that, if p|r, = 0 in H/?(I'p), the tangential derivatives of the trace are null,

o /
i.e. gradpAfilp, = 0in (Héé2(FD)) and gradp € Hr, curi- The closedness of the sets is proved
in [6, Propositions 6.1-6.2]. Then, thanks to (@), we have that

HFD,curl = grad H&FD @ HFN,diU N HFD,curl . (11)
=H

Note that, if « € H, then @ = grad p, where p is an harmonic function satisfying the system

Ap =0,

p‘FD = C,

gradp - 7i|r, =0,
i.e. pis a constant. Hence,
Hrp, curi = grad H&,FD @ H = grad H;FD.

Since H is finite-dimensional and hence closed, we may write Hry 4, = H @ HL, whence we
rewrite () as

L*(Dy,R®) = grad Hyp, ® H® H* = Hr ) oy @ H- = grad H ) ® H*. (12)
Finally, since Hr, ¢y is closed in L?(D,,R3), we may write the decomposition

LQ(Da,Rg) = HFD,curl 2] (}IFD,cu?"l)L .

The orthogonal complement of Hr, ¢y in L?(D,) is the set curl HILN. Indeed, taking u €
Hr, cury and 7 € H%N, from (@) we have that

z‘[-curlz‘;’z/ curl i -7+ I <UNTL,T >, 172 =0.
/a “ (H(}gQ(FD,R?))) 77 T Hyy"(Pp,R3)

Hence we identify H+ = curl Hi, and rewrite (I2) as
L*(D,,R3) = grad Hcl,FD @ CurlHllN, (13)

i.e. for any € € L?(D,,R?) there exist a ¥ € grad Hcl,FD’ with ¥ = gradu, and a @ € H%N, such
that
¢ = grad u + curla. (14)

Using (@) to express @ in () and the fact that curlgradp = 0 for any p € H'(D,), we
equivalently may express ([4) with the requirement that & € H%de, hence () and (@) are
verified.

As a consequence of [I0) and ([IZ) we may construct the component u in () as a solution
of the elliptic problem with mixed boundary conditions

Au = divg,
ulry, = ¢, (15)

gradu - filpy = E iy,



Taking the curl of (Bl and considering that divé = 0, we may obtain & as the solution of the
elliptic problem B
—Ad = curl§, diva =0,
curl @ A 7ilr,, =&A filr (16)
dlry =0.
We observe that setting d = curld — E, we get from (I6]) that curld = 0 and d A filr, = 0 in
(H&éQ(FD))I, hence d € Hr, cur = grad HCIID and (Bl is again obtained. The mixed boundary
conditions in (IH) and (I6]) are then complementary with respect to the decomposition ([@). O

2.4 Functional inequalities

We recall the Gagliardo-Nirenberg inequality (see e.g. [7) 14} [10]).

Lemma 2.1 Let D C R3 be a bounded domain with Lipschitz boundary and f € W™ N L9,
qg>1,r < oo, where f can be a function with scalar, vectorial or tensorial values. For any
integer 5 with 0 < j < m, suppose there is a € R such that

3 een (). e

Then, there exists a positive constant C depending on D, m, j, q, v, and « such that

1D? e < Ol ISy mr I Il (17)

IN

1.

We also state the Agmon type inequality in three space dimensions (see e.g. [1]).

Lemma 2.2 Let D C R? be a bounded domain with Lipschitz boundary and f € H?(SQ), where
f can be a function with scalar, vectorial or tensorial values. Then, there exists a positive
constant C depending on D such that

1 1
1 lzoe@) < Ol 111 22 e, (18)

3 Model derivation and main result

In this section we report the main steps of the model derivation which we introduced in [2],
generalizing the theoretical framework to consider the case of a visco-elastic body which is fixed
only on a part of its boundary, and is free to move on the other part.

Let I'p,I'y € I';, be smooth subsets with positive measure of the domain boundary such
that Ty, =Tp Uy, I'p NI x| = 0. We consider the motion of a deformable elastic solid in D,
which is fixed on I'p, which is immobile, while no traction is applied to the remaining part of
the boundary I'y . On this part I'y the defect matrix Z remains constant and keeps its initial
value because the external forces being null do not modify the defects. On part I'p, an external
action can modify the defects. We assume there is no interaction with the exterior related to
the defects which are free to evolve. In the time interval (0,7"), the motion is described by the
displacement map

(@t) — d+idt) € R® (dt) € Dar,

with initial condition
i(d@,0) =0 for @ € D,



and Dirichlet boundary condition
i(@,t) =0, for (d,t)eTp x(0,T).

We assume that the motion is not compatible, i.e., there exists a defect tensor Z € Mgy;, with
Z(d,0) =0 for d € D, and Z(d,t) = 0 for (d,t) € 'y x (0,T"), such that

gradi = (RW —I) — curl Z, (19)

where R € SO is the rotation tensor and W € § is the stretch tensor associated to the
deformation gradient tensor, with RW(a@,0) =1 for @ € D,, R(d,t) = W(a,t) =1 for (a@,t) €
I'p x (0,T). Since the grad,div, curl operators are applied to second order tensors row-wise,
we observe that the existence of the decomposition (I9) is a consequence of the application of
Theorem 2], in particular of formula (), to the row vectors of the involved tensors. Given
R and W, the components @ and Z in the decomposition (I9) may be obtained as in (), i.e.
solving elliptic problems with mixed boundary conditions derived by applying the divergence
and the curl operators to (I9), ending with the kinematic relations:

At = div(RW),

endowed with the boundary conditions #(@,t) = 0 for (@,t) € I'p x (0,T), grad@(a,t)ii =
(RW —1I)7i for (a,t) € 'y x (0,7, and

—AZ = curl (RW), divZ =0, (21)

—~

20)

endowed with the boundary condition Z(@,t) = 0 for (d,t) € T'y x (0,T), curlZ A 7i = 0 for
(@,t) € I'p x (0,T). Here, the notation curlZ A7 represents the second order tensor whose rows

are given by the vector product of the curl of a row vector of Z with 7, i.e. for a row index 4,
(curlZ A 77); = 2Skew(grad Z);7i.

Remark 3.1 The elliptic problem (20) has mized Dirichlet—-Neumann boundary conditions
which are not standard, representing the situation of zero displacement on the Dirichlet boundary
and displacement normal derivative in agreement with Z(d,t) =0 on the Neumann boundary.
A more standard mized homogeneous Dirichlet—-Neumann boundary condition, with i(d,t) = 0
for (@,t) € Tp x (0,T), gradii(a,t)ii = 0 for (@,t) € T'y x (0,T), would correspond to the
situation in which R(d,t)7 = 7i and W(a,t)i = 7 for (d,t) € Ty x (0,T). The latter slip
boundary conditions for the tensors R, W over the Neumann boundary would represent the
physical situation in which the solid is in contact with a device which forbids normal defor-
mation, for instance a rigid plate on which the structure slides. We highlight the fact that
our theoretical framework could be easily adapted to consider the case with mized homogeneous
Dirichlet—Neumann boundary conditions for the displacement vector.

The model equations are derived from the principle of virtual powers. We make constitutive
assumptions for the internal force tensors, in terms of the kinematic variables, in order for the
system to satisfy the Clausius—Duhem dissipative equality. Given R € SO, W € §, we define,
for any t € (0,7), the set C of virtual velocities as

o~ A

= {(U,W,Q,Z) eV, S, A Maiy) VAV|FD = (AZ|FD =0, gradVAV|pD = gradﬁ|pD =0,

AT = div (RW + QRW) : —P.AZ = curl (RW + ﬁRW) ,
7=0 onl'p, Z=0 onI'y,
(grad v)i = (RVAV + QRW) n only, cwrlZA7=0 onlp.

10



Remark 3.2 In the following model derivation, we assume that the virtual velocities are suffi-
ciently smooth to give a meaning to the formal variational formulation expressed by the principle
of virtual powers. In the existence Theorem [Z1] the arguments will be made rigorous and we
will explicitly state the reqularity classes associated to the test functions of the weak formulation
of the problem.

The virtual velocities then satisfy the following constraint, which, similarly to (I9), is a
consequence of (Bl) applied row-wise:

grad ¥ = RW + QRW — curl Z. (23)

We observe that the set C of virtual velocities is defined in terms of the variables R and W,
and hence depend on the solutions of the equations of motion. We can formally write

7= ~Gp +div(RW + QRW) + G #,  (RW + QRW) 7, (24)

—

where we used the notation G, *|. - fi= Jry GL(T = 9) f(4)dS(y), and

Z = Gpr.aiy * curl (RW i ﬁRW) . (25)
The principle of virtual powers takes the form
Pacc (Dav C) = Pint (Dm C) + Pext (Dm C) VC e C, (26)

where pin(Dg, C) is the virtual power of internal forces, pext(Da,C) is the virtual power of
external forces and p,ec(Dg, C) is the virtual power of acceleration forces, defined in terms of
D, and of an element C' € C. The virtual power of internal forces is defined as

Pint(Da, C) = —/ (H cgrad 7+ X : grad W + Y ::: grad grad VAV)
Da

—{—1 (M:ﬁ—A::gradﬁ—C:::gradgradﬁ)+/ T:curlZ,

2 Jpa Da
where IT is the Piola—Kirchhoff-Boussinesq stress tensor, M represents the momentum, A the
momentum flux and C the flux of the momentum flux. The quantities X, Y, T are new internal
force tensors associated to the kinematic variables W and Z. In particular, I" is an internal
force accounting for the evolution of the defects. We impose the following boundary conditions

for the internal forces:
(IT+T)A7=0 for (a,t)eT'p x(0,T). (27)

Using ([23]), we rewrite the virtual power of internal forces as

Pint(Dq, C) = —/ (RTH ‘W + X grad W + Y ::: grad gradW)

a

1 _ . .
+3 ((M —oIIWRT) : 0 — A :: grad © — C ::: grad grad Q)
Da,
+/ (T'+1I) : curl Z, (28)
D,

11



We integrate by parts the last term in the previous equation, using (28] and employing the
boundary conditions on Z, W, € and (21), obtaining that

/(r+n):cur12: crl(T+I):Z— | (D+I):ZAR
a Da 'y
=0
+ [ @+MmAG:Z= | curl(T+T0): Gpap + curl (RW + QRW)
T'p Da
=0

= / curl (Gp, giv * curl(I" 4 IT)) = (RW + (AZRW)
Da

- Gr.aiv * curl(T"' +1IT) : (RW + QRW) AT
I'p
=0
+ (Gr.div ¥ curl(T + II)) A7 : (RW + QRW) .
'y
=0

Hence, equation (28] becomes

Pint(Dq, C) 1= —/ (RTH ‘W + X grad W + Y ::: grad gradW)

1 _ . .
+3 ((M —oIIWRT) : 0 — A :: grad © — C ::: grad grad Q)
D,
+ / curl (Gr, giy * curl(T + IT)) (RW + QRW) , (29)
D,

The virtual power of external forces is defined as

-~

pext(Daa C) = / -/T::ext : 17‘{'/ Wext : W + Qext : Q, (30)
Da Dq Da
where Weyt and ey are external forces, possibly depending on W and R, which perform
work by stretching and rotating the system, respectively, while fext is an external volume force
depending only on time and position, which may account e.g. for gravitation. Finally, the
virtual power of acceleration forces is defined as

Pace(Dq, C) := / - U+ <\.7\./' :W + grad\.ﬁ./' :: grad W + grad gradw o gradgradW)
a Da

—|—/ (S.Z Q4+ gradf.l :: grad Q + grad gradf.l :: grad grad ﬁ) , (31)

where

R = OR. (32)

As discussed in [2], higher order terms in the virtual power of acceleration forces are introduced
to be able to represent a situation of a contact at a point with inertia, which requires regularity
in space and time of the angular velocity and acceleration variables. The first term on the right
hand side of (B1l), and similarly for the first term on the right hand side of ([B0), can be rewritten
using (24)), integrating by parts and employing the boundary conditions for W, Q, obtaining

12



that

/Da'ﬁ'-a:—/a'é-gL*div(RW+ﬁRw)+/a°é-gL*FN (RW + QRW) 7

:/ grad<gL*°u°) (RW+QRW)— A gL*ﬁ:<RW+ﬁRW)ﬁ

+/ @-GL RW+§Rw)ﬁ:/ grad (gL*'zi):(RW+ﬁRW)

— | go«u- (RW+§Rw)ﬁ— Gp + 1 : (RW+QRW)ﬁ
I'p

=0
+/ @ GL (RW+§Rw)ﬁ:/ grad (gL*Zi) : (RW + QRW)
—/Dau GL ¥, (RW—I—QRW)ﬁ-i-/Da.T_;"gL*FN (RW + QRW) 77
:/ grad (gL * .z_[.) : (RW—F QRW) , (33)
Da

/Daﬁext-a: —/ Foxt - Gr + div (RW + QRW) +/Dafext -G %, (RW + QRW ) 7

a

_ /D grad (01 % Foxr) - (RW + QRW) . (34)

Remark 3.3 We observe that [B3) and [B4]) are such that the virtual power of the acceleration
forces and the virtual power of the external forces depends only on virtual velocities W and €).
It results the principle of virtual power ([28)) is no longer given in terms of C but only in terms
of (W,Q).

Finally, the principle of virtual powers (26) takes the following form:

/ (RTgrad (gL * <;1.’—femt)> +{7{7) :W+/ gradw : gradVAV
Da, D,

+/ grad grad\.i/' . grad grad W — / (RT curl (Gr, giv * curl(T" + IT)) + RTH) ' W
Dq, Da
—|—/ X::gradW+/ Y gradgradW:/ Wt : W,

Da Da

/ (grad <QL * <.ﬁ. — fext)) WRT + Q> -0 —|—/ grad(ol : gradﬁ
Da Da
+/ grad grad  ::: grad grad  — / curl (Gr giy * curl(T + IT)) WRT Q
D

a

1 ~ 1 ! ~ 1 ~ _
—/ §(M—2HWRT):Q+§/ A::gradﬂ—i—g/D C:::gradgradﬂ:/p Qeyt - O,

(35)
valid for all choices of W € S, Q € A, with W|r, = Q|r, = 0, grad W|r, = grad Q|r,, = 0,
with boundary conditions
W=I grad W=0 onIpx(0,7),
Q=0,grad2=0 onTpx(0,7). (36)
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System (B5) must be coupled with the kinematic relations (20) and (2II), expressed in a varia-
tional form as

/ grad u: grad@':/ (RW —1) : grad,
Da

a

(37)
/ gradZ :: grad Z = / (RW —1): curlZ,
valid for all choices of 7 € V and Z € M ;,, with Ulr, = 2| = 0, with boundary conditions
@=0 onTpx(0,T),
Z=0 onIyx(0,T). (38)

Systems (B0)-(B37) is endowed with the initial conditions
W(@,0) =1, W(@,0) =0, R(G,0) = I, Q(@,0) =0, Z(@,0) =0 fordeD,.  (39)
Remark 3.4 We observe that in [B7); the Neumann boundary conditions
(grad )i = (RW —I)7i on 'y x (0,T)

are enforced weakly within the variational formulation, obtained formally from testing ([20) with
a test function U and integrating by parts.

Starting from the variational formulations (35]) and (B7) and integrating by parts in the first and
second gradient terms, it is possible, upon assigning proper Neumann boundary conditions for
the internal forces and the acceleration forces, to derive a strong form of the principle of virtual
powers (see e.g. [§]). In order to proceed in this sense, we report the following integration by
parts formula, involving generic third order tensor A and fourth order tensor B:

/ (A :: grad W + B ::: grad grad W) = / [A— (divB)]7: W+ | Bii:grad W
a a Fa
+ (divdivB — divA) : W. (40)
Da

The quantities W and grad W in the right hand side of (40]) are not independent on the surface.
To get a relationship with independent virtual velocities, recalling the following identity (see
e.g. [8, Appendix]), valid for a given tensor field T of any order and for a sufficiently smooth
surface S,

/S divT = /S (26T + [(grad T)7)7),

where k is the mean curvature of the surface, we may write

/[ — (divB)] 7 /Bn grad W = / — (divB)]7i: W

+ [ div(BioW ) - / div(Bi): W= [ Wy(A,B): W+ [ Kn(B): (grad W)
Ty a I'n I'n
(41)

where in the last step we employed the boundary conditions on W, with (Bﬁ@W) =
Z?,j,l:l BijmWij, for k=1,...,3, and

e

Wn(A,B) := 2k(B@)i + [[(grad(Bn))|7]7 — div(B#i) + [A — (divB)] i, Ky(B) := (Bi)7n.
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Remark 3.5 We observe that, in the case with reqularity W € ]:I%D (Da, Sym (R3*3)), A €
L?3(D,,R¥3%3) B € L?(D,,R3>*3*3%3)  the boundary terms in ([d2) should be interpreted as

proper dual products and the corresponding Neumann boundary conditions would be valid in the
! /
trace spaces Kn(B) € (H(%Q(PN7R3><3><3)) , Wy(A,B) € (HS’({Q(FN,R?’X?’)) _

Given the integration by parts formula ([@Il), the principle of virtual powers (B8] results in a
linear function of W and (grad W) 77 on 'y to be null for any W and (grad W) 7 on 'y,
which gives two surface equations to be satisfied as Neumann boundary conditions over I'j.
Then, the principle of virtual powers (26) implies the following equations, valid in D7, which
are coupled to the kinematic relations (20)) and (2I)):

Sym (RT grad (gL * <ﬂ’ - femt)>) + \.7{7 - A\‘i7 + divAgrad\X/’
—Sym (RT curl (G, giv * curl(T" + IT)) + RTH) —divX +divdivY = Wy,

W=I grad W=0 onIpx(0,7),
Wn(X,Y) + Wy(grad {i’,grad grad \.7\‘/') =0, Kn(Y)+ Kn(gradgrad \.7\‘/') =0 onT'y x (0,7),

Skew (grad <gL * (5’ - fext>) WRT) + f.l - A(‘Z +divA gradf.l

1
—%w(wﬂ@mm*mmr+H»WRT—?MAQHWRB)—TMA+§&WMC:QM,

Q=0,grad2=0 onIp x(0,7),

A L] L] L]
W <5, g) + Wy (grad ©, grad grad Q) = 0, Ky <g) + Kn(gradgrad Q) =0 on I'y x (0,7,
R = OR,

Ai=div(RW), @=0 onlpx(0,T7), (grada)i=RW —I)i onI'y x (0,T),

—PLAZ =curl(RW), Z=0 onlI'yx(0,T7), curlZA7i=0o0nTp x (0,7).
(43)

Remark 3.6 We observe that the PDE system ([3]), which represents the strong form of the
variational equations [BB)-BT) associated to the principle of virtual powers (26l), is comple-
mented by an involved set of mized boundary conditions. The boundary conditions required in
the variational formulation of the problem, i.e. (B6)-(38)), are more simple and specified in the
definition of the virtual velocities [22)). In reality the dynamics is described by the principle of
virtual powers in its variational formulation and by dissipative and non dissipative laws, where
the forces, even intricate and sophistigated, may be experimented with their powers. For this
reason, in the following we will work with the variational forms [B3)-B1), which will be directly
linked to the weak formulation of the problem expressed in Theorem [l
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We now assign general constitutive assumptions for II, M, X, Y, A, C,T in order for (@3] to
satisfy the Clausius—Duhem dissipative equality in isothermal situations, which has the form

(‘”.’ (©), é) = —pine(Da, ©), (44)
dC

dy
= T

where é’ = (V.V, Q) is the actual velocity, v is the free energy of the system and D is the
dissipation potential. We assume the following form for the free energy of the system:

1 ~ 1 1
YW, R, Z) = S ||W ~ I + (W) + 5| grad W/|? + 5 llerad R|?

1 1
+/ Klewrl Z| + o curl ZIJ° + 5| grad grad W2, (45)
D,

where k£ > 0 is a material parameter, representing a threshold for the norm of the reaction term
T’ 4+ IT below which there is compatibility in the system, and

W) = [ Ispn, (W), (46)
where Igpp,, is the indicator function of the set
SPD,, := {W & Sym(R3>*3) : detW > o, tr(cof W) > 302, trW > 3a}, (47)

which is closed and convex for any o > 0 [I3]. If o > 0 the elements of SPD, are positive
definite matrices, with all their eigenvalues being not smaller than « at the same time. The
functional (46]) may be written also as

JW) = [ 15w+ /D Ie, (W), (48)

where Ig is the indicator function of the set of symmetric matrices and Ic, is the indicator
function of the set

Co := {W € M(R3*3) : detW > 03, tr(cof W) > 302, trW > 3a} (49)

for a« > 0. We observe that the function Ig(W) + I, (W) is a convex and ls.c. function [13].
In the case W € S, we have that

o~

DW) = v, (W)= [ T, (W),
Let us introduce for future convenience the notation

1
Yp(A) = /D FIA+ SIAJ2 forall A € L2(DyR¥?). (50)

Moreover, we assume the following form for the dissipation potential of the system, containing
viscous contributions:

. 1, . 1 1 .
DW, Q) = S| WP + 3| grad 9 + 3 | grad W

1 . 1
+ 5” grad grad W% + §H grad grad 9|2, (51)
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Using (29)), {@3) and (&) in @), and observing from (ZI)) that
Z = Gp, qi * curl (Rv'v n QRW) ,

we obtain the following general constitutive assumptions

RIII=W -I+x,+W, (52)
where x,, € 9Y(W);
M = 2ITWRT; (53)
1Z
2L cwlZ it |curl Z| # 0,
3 := —(T+II) € 9¢Yp(curl Z) = | curl Z|
any Mp, with ’MD‘ <k, Mp /\ﬁ’FD =0, if ’CllI‘lZ’ = 0;
(54)
X = grad W + grad W;,
Y = grad grad W + grad grad V.V; (55)

A = (grad R)RT + grad Q;
C = grad ((grad R)RT) + grad grad Q.

We observe that the constitutive assumption (54)) with boundary conditions of (43]) satisfies (271)).
We remark that the constitutive assumptions (B2)—(G5]) comply with the principle of objectivity
(see [2] for details). We now introduce the variable @(a,t) := [y Q(d, s)ds, (@,t) € D, x (0,T),

and observe that, given € € A, the differential equation f{ = QR, with the initial condition
R(a@,0) =1 in (8Y), uniquely define a rotation tensor
R(d,t) = e®@)  for (@,t) € D, x (0,7).
Since R : R = e®(@e=©@1) . T = 3, we have that
R € L®(Dyr, R¥*3). (56)

With the latter change of variables, inserting (52)—(53) in (35]) we finally obtain the variational

17



formulation

.

/ eggrad(gL*(g—fext) W+ (‘X]‘FW‘FW_I"FXO()W
a Dq

+/ e~ curl (G giy * (curl 2)) : W + / grad (\.7{7 FW 4 W) :: grad W
Da Da

+/ grad grad <\.7\./' + W + W) :: grad gradVAV = / Wext : W,
/ (grad (QL * (.1_;’ - fezt)> We © + é) Q-+ / curl (Gr, giv * (curl 33)) We ©:Q
Dq Da
oo 1 e 1 ~ oo 1 e 1 ~
+/ grad <(~)—{——(~)+—@) ::gradﬂ—}—/ grad grad <®+—®+—®> ::: grad grad
Da 2 2 Dy 2 2
= / Qext ﬁa

a

Xo € OP(W), X € dp(curl Z),

/ grad i: gradf)':/ (eG)W—I): grad U,
Dq a

/ grad Z :: gradz :/ (eG)W — I) : curlz,
Dq Da
(57)

valid for all choices of W € S, Q € A, ¥ € V and Z € My, with W|r, = Q|p, = 0,
grad Wp, =grad Q|r, =0, U|r, = 0, Z|r, = 0, with boundary conditions

W=I 0=0,grad W=grad® =0 onI'p x (0,7),

=0, onlpx(0,T),

Z=0, onlyx(0,T), (58)
and initial conditions

W(@,0) =1, W(@,0)=0, ©=0 =0, fordec D,. (59)

We observe that an initial condition for Z could be also defined by assuming that (57))5 is valid
for t =0, i.e.,
Z(a,0) = (Gr aiv * curl W(a,0)) for @ € D,. (60)

In the case W(@,0) = I, then we have Z(@,0) = 0 forad € D,. A similar argument can be

applied to obtain the initial conditions for @ and .
We state now the main theorem of the present paper. We start by introducing the following
assumptions on the data:

Al: D, Cc R? is an open bounded and simply connected domain with Lipschitz boundary
I'y := 0D,. Moreover, I'; = I'p UT'y, where I'p, 'y are connected Lipschitz subsets of
I', with positive measures and such that [I'p NT' x| = 0;

A2: The initial data are Wg = 1, V.VO =0, ) = é(] =0, iUy = 2:[0 =0, Zo = 0. Note that

the initial data for @ and Z are given as the solutions of the elliptic problems (&1)4, (57)5
with right hand sides written at time t = 0;
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A3: The forcing term Wy : H2(Dgy; Sym(R3*3))x (0,T) — L?(Dy; Sym(R3*3)) is measurable
in t € (0,T) and continuous in W € H?(D,; Sym(R3*3)), and it satisfies

[Wext (W, D) L2(Dy5ym(r3xsy) < L (HWHH2(Da;sym(R3x3)) + 1) ;
for a.e. t € (0,7T), for all W € H?(Dg; Sym(R3*3)) and for some L € R. Similarly, the

forcing term Qe : H2(Dy; Skew(R3*3)) x (0,T) — L?(Dy; Skew(R3*3)) is measurable in
t € (0,7) and continuous in ® € H?(D,; Skew(R3*3)), and it satisfies

[Q2ext (O, )| L2(D, s Skew®s*sy) < G (||@||H2(Da;5kew(R3x3)) + 1) :

for a.e. t € (0,7T), for all ® € H?(D,; Skew(R3*3)) and for some G € R.

/
Finally, Fop € L™ (o,T; (H}D (Da,R?’)) )

Theorem 3.1 Let assumptions A1-A8 be satisfied. Then, there exist a T, with 0 < T < T,
and a quintuplet (W, 0,3, 4, Z), with
W e Whee 0 H2(0,T; HE (Do, Sym(R¥?))), (61)

and W (d,t) € SPD,, for all (d,t) € D4,

© € W (0,1 AR (D, Skew(R¥))), (62)
S € L0, 11 L(Di R9)), (63)
Z € W 0 H*(0,T; Hp, (Do, R?) N Maiy), (65)
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which solve the following weak formulation associated to (B1):
/ Sym(e_ggrad (QL*.{'Z)) : W+ W: W
a Da
+ / grad W gradVAV + / grad grad W : grad gradVAV
Da

a

=+ / Sym (e_® curl (G, qiv * curl 2)) . W
Da

dis . . . N
+/ <W—I+ C;/’Vf;(W)JrW);WJr grad (W + W) :: grad W
a Da

+/ grad grad (W + V.V) grad grad W = / W (W, 1): W

a a

+ /Da Sym (efe grad (QL * femt)) : W,

/ Skew (grad (QL * .22.') Wee) Qo+ é: Q

Dq Da

+ / grad © :: grad Q-+ / grad grad o grad grad Q (66)
Da

a
-~

+ / Skew ((curl (Gr.div * curl X0) Wefe)) 1 Q
1
5 / grad (© + (—)) grad Q + = / grad grad (© + @) grad grad

/ (0, 1): Q+/ Skew(grad (QL*}"ext) We™ ):ﬁ,

\

curlZ—curlZ E—i—/ Yp(curl Z) / Up curlZ)

Ql

/

/ grad Z :: gradz :/ (eG)W—I) . curl Z,
Dq Da

: gradf}':/ (eQW—I): grad U,

for a.e. t € [O,T 1, where_zﬁca is a proper regularization of Y, which will be introduced later,
for afl\l choices of W € H%D(Da,Sym(R?’X?’)), Qe H%D(Da,Sk:ew(R?’X?’)), v e H%D(DQ,R?’)
and Z € HllN (Do, R3*3) N Myip, and with initial conditions
W(,0)=L W(,0)=0, ©(,0)=0(,0)=0 in Dy, a(,0)=1(.0)=0 ae inD,.
(67)

4 Proof of the main result

In this section we prove Theorem B.Il The strategy of the proof is the following: since the
higher order time derivatives are nonlinearly coupled with lower order terms in the inertia,
we need to introduce a time regularization in the system in order to be able to prove the
existence of a solution. Also, we introduce proper regularizations to deal with subdifferentials.
Further, a Faedo—Galerkin discretization of the regularized system is introduced, which leads
to the proof of existence of a solution and to the derivation of a-priori estimates, uniform in the
regularization and discretization parameters, which let us identify a solution in the continuum
and unregularized limit.
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4.1 Regularization

In order to proceed, we introduce the three following level of regularizations for specific com-
ponents of system (57)).

e We introduce a decreasing non negative smooth approximation —fCa of the indicator func-
tion I¢, from the interior of its effective domain. For instance, we may introduce the
function

(B - m)+

ff(m) =< 4 ifz >0, (68)

+oo, ifx <0,

e~

for a given 8 > 0, where (8 — x), is a smooth regularization of the positive part function
(1)+ :=max(0,-), and define

Ic, (W) = IN}F_O‘S (detW — o) + I?’L_?’OF (tr(cofW) — 3a%) 4+ I3 3 (trW — 3a).  (69)

‘We observe that .
Ic,(I) = 0. (70)

Then, we define ¢, (W) := In, Ic,, (W), and Yo(W) = %(W).

e We replace the convex function ¥p and its subdifferential diyp by their Moreau—Yosida
approximations 1/)?‘) and 81/)?‘), depending on a regularization parameter A > 0. We refer
to, e.g., [3, pp. 28 and 39]) for definitions and properties of these approximations, recall-
ing simply that if f : L?(Dy;R3*3) — [0, +0o0] is a proper convex lower semicontinuous
function and Jf denotes its subdifferential, then

I—(I+X0f)""
A )

of* = A€ (0,1),

where I here denotes the identity operator. In particular, Of* is a monotone and %—
Lipschitz continuous function. Moreover, due the special form of ¥p defined in (B0), we
have that the following bounds are valid uniformly in A:

1

5HAH? < CH9p(A), forall A€ L3(Dy;R¥3), (71)

[0YD (A2 < C()(A) +1), forall A € L*(Dy; R¥3). (72)

e We add a time regularization term —Au, with A the same regularization parameter used
to define the Moreau—Yosida approximations z/)i‘), to the left hand side of (B57))4.
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Given A\ > 0, we then introduce the following regularized version of problem (B
_e o_: = ) ~ Y} ° dTZ)Ca ] —~
e Cgrad (G * | U — Fext | | : W+ WH+W+W-1I+—2W)|: W
Da D, dW
+ e~ curl (G giy * (curl 2)) : W + / grad (\.7{7 TW 4 W) :: grad W
Dq Da
+/ grad grad <W + W + W) :: grad gradVAV = / Wext : W,
Da

a

/ (grad (gL * (sz’ - F )) We © + é) 0 +/ curl (G, giv * (curl X)) We ©:Q
Da D,

ext
1 e 1 ~ oo 1 e 1 ~
+/ grad <(~) + -0 + —(—)) :: grad Q2 +/ grad grad (@ + -0 + —®> ::: grad grad 2
Da 2 2 Da 2 2

= / Qexs ﬁa

a

3 € Oy (curl Z),

A 11[-17—{—/ grad u: gradf)':/ (eG)W—I): grad v,
Da Da a

/ grad Z :: gradz :/ (eG)W—I) : curlz,
Da Da

(73)
valid for all choices of W € S, @ € A, ¢ € V and Z € My;,, with W\FD = ﬁ]pD = 0,
grad W|pD = grad ﬁ|pD =0,9r, = 0, 2|pN = 0, with the same boundary and initial conditions
as (B8) and (B9). For ease of notation, we have not explicitly indicated the dependence of the
solutions from the regularization parameters A and A.

4.2 Faedo—Galerkin approximation

Let us introduce the finite dimensional spaces which will be used to formulate the Galerkin
ansatz to approximate the solutions of the system ([73]). As a first step, we introduce the following

fourth order elliptic problem with mixed boundary conditions, associated to the operator T :=
div A grad — A,

—

T =divAgradv — Av = f in D,,
7=0, grad7=0 on T'p, (74)
Wy (grad @, grad grad 7) = 0, Ky(gradgrad@) =0 on Iy,

for a given f € L*(D,,R3). Taking the L? scalar product of the previous partial differential
equation with test functions W € H%D (D4, R3), using similar integration by parts formula as
(HQ)- (@T)) we obtain the following weak formulation associated to (74]):

(grad grad 7, grad grad @) + (grad @, grad @) = (f, @), for any @ € ]:I%D. (75)

Thanks to the Lax—Milgram Lemma and the Poincaré inequality, there exists a unique weak
solution v € H%D to (7)), which also satisfies the Lax—Milgram estimate

10| 2D r3) < ClIfllL2(Dg %)
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Hence, the inverse operator Y~! : L?(D,,R3) — L?(D,,R?) is well defined, and since @ =
Y-lf € H?*(D,,R?) cC L?(D,,R?), it is compact. It is also self-adjoint. Indeed, given f,g €
L?(Dy,R3), with i = Y~1f, @ = Y71, we have that

(Y7'f.9) = (@,§) = (grad grad @, grad grad @) + (grad @, grad &) = (4, f) = (f, T™"9).
Hence, Y~! admits a countable set of eigenvectors {é}ieNl ie. T*Ié = uié, which is an
orthonormal basis of L?(D,,R?) and an orthogonal basis in H%D (Dq,R3). Setting ; = ,ui_l, we

then define the eigenfunctions {é}iEN of the elliptic operator with mixed boundary conditions
diVAgradf_; — Aé = fy,é in Dy,
é =0, gradé =0 on I'p,
WN(gradf;,grad grad f_;) =0, Ky(grad gradf;) =0 on Ty,

with 0 < v <1 < -+ <9 — 00. We observe that each eigenvalue has geometric multiplicity
3, ie. Y3 = Y3ptr1 = Y3k+o for any k € N. We then introduce the numbers n; := ¢ mod 3,
hi :={0if n; =0, 1if n; > 0}, and the functions {S;;n, }ienji<j<it+2—n, defined by

Sivjrn, =& +E R,

whith ¢+ € N;4 < 7 <74 2 —n;. We observe that, given ¢ € N with n; = 0, the elements
(S, Sit1,Sit2,Si+3,Sit4,Sit5) span the 6-th dimensional linear eigenspace of symmetric ten-
sors associated to the eigenvalue ;. We also introduce the projection operator

PSy, : H (Da, R**?) — span{So,S1, ..., Sem+s}-
We then introduce the functions {A,, ;1 }ienicj<it2—n; defined by
Apyj1:= £® 5_; - f_; ® &,

whith ¢ € N;7 < 5 < i+ 2 —n;. We observe that, given ¢ € N with n; = 0, the elements
(A;;Ajt1,A12) span the 3-th dimensional linear eigenspace of anti-symmetric tensors associ-
ated to the eigenvalue \;. We then introduce the projection operator

PAy, : HE (Da, RP®) — span{Ag, A1, ..., S3mi2}.

We finally introduce the eigenfunctions {6;};en of the Laplace operator with mixed boundary
conditions, i.e.,

—AbO; =pi; inD,, 0;=0 onlp, gradfd-n=0 only,

with 0 < pg < p1 < -++ < ppy, = 0. The sequence {0;};cn can be chosen as an orthonor-
mal basis in L?(D,) and an orthogonal basis in H%D (D). We then introduce the functions
{U3k+i}kensizo,... 2 defined by

Usri = Oe;,
where {ei}i:07,,,72 is the canonical basis of R3. We observe that, given k € N, the elements Vs,
span the 3-th dimensional linear eigenspace of vector fields associated to the eigenvalue p,. We
then introduce the projection operator

PV, o Hp (Dg; R¥3) — span{ty, 01, . . . , Usmi2}-
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We make the Galerkin ansatz

6m+5 3m~+2
Wo(@t) =1+ Y el (0Si(@), On(@t = 3 y"(HA(a). (76)
=0 =0

for (@,t) € D, x (0,T), with
S; € SN HE, (Do, R¥?),
A; € AN HE (Dy, R?),

to approximate the solutions W, ©® of the system (73]). Moreover, we approximate the solution
@ in ([3)4 as
Im+-2
im(@,t) = Y 2" (6)5(a), (77)
with
¥, € Hp (Dg; R?).

Given (7)), we define

S = 0, (curl (Z,,)), (78)

{ —PLAZ,, = curl (e®»W,,),

79
Z, =0 onlyx(0,7), curlZ,, A\i=0 onTp x (0,7). (79)
Given the elliptic problem in (79) with approximated right hand sides, we then have

Z(@,t) = G aiy * curl (e@mwm) (@,t) for (d,t) € Dy x (0,T), Zy € HE (Da, R¥?) N Mgy
(80)

Taking in (Z3) W =S;, @ = A;, 7 = @, with i = 0,...,6m + 5, j,l = 0,...,3m + 2, and
considering the time derivative of (73])4, we obtain the following Galerkin approximation of
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System (73):

fDa e Om grad (QL * 5m) 0 S, + fDa {i]m: S;

+ fDa grad \.7\./',” mgradS; + fDa grad grad {i’m: grad grad S;

+ Ip, e ©m curl (gLvdiV * curl {81@‘) (curl (G, giv * curl (eeme)))D . S;

+ I, (Wm ~ I+ Bea (W) + v'vm) S+ [p, grad (W, + W) : grad S

-+ fDa grad grad (W, + V\}m): gradgrad S; = fDa Wt (Wi, t): S
+ f’Da e Om grad (gL * ﬁext) : S,

fDa grad (QL * ;l.’m) W,,e ©m. A; (81)
+ Ip, ém: Aj+ [p, grad ém wgrad Aj + [ grad grad ém: grad grad A ;

+ Jp, (curl (QLdiV * curl [31/1%) (curl (G, qiv * curl (eeme)))D Wmefem) DA,

+ % Jp, grad (©,, + (:)m) :grad Aj + %fDa grad grad (© + (:)m) grad grad A ;

- fDa Qext (O, 1)1 Aj + fDa grad (QL * femt) W,,e”©m . A,

fDa U, - U] + %fDa grad i, : gradv; = %fDa <(~)me®me + eG)me> : grad 7y,

—PLAZ,, = curl (e®»W,,) ,

in [0, ¢], with 0 < ¢ < T, with boundary conditions as in (B8) and with initial conditions

Wo(@,0) =1, Wp(d,0) = ©,(7,0) = On(@,0) =0, @n(d0)=in(d@0) =0, acD,.

(2)
We observe from (BI)4 that
@ (t) = 1 i T+ 1 Z (/ <(':) @ W, + ®@nW ) : gradz‘;}) U (83)
m A\ l A l D, m m m | - .

l
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Substituting (83]) in (81]); and (§Tl)2, we obtain that system (8II) defines the following collection
of initial value problems for a system of coupled second order ODEs,

) . d~
(1+7) (x;ﬁ +am +x;n) g +/ (_ Ve, (1 + Zx;ﬂsl) + W (I+ Zx}“sl,t)) S,
D.\ dWn 1 1

+ PS,, {e Do vl A grad (QL * ﬁext)] 1S, —
Dq

Ps,, [e 20V AL url (ghdiv*
Da
curl {Bwi‘) (curl (gLvdiV * curl (ezr yrtAr (I + Z xZ”SO)))} )] S,
k
m 1 o 1 ° m
— PS,, {e v A grad<gL * {—— Zplzl U+ = Z</ <Z ylmArezr urAr (T 4 ngﬁss
Da A5 A TNIDL\G s
+ezlylmAl ZxZ”Sr> : gradﬁ)ffl]ﬂ 1 S,

(L +7)yj" == <§yj + 3y > + /D Qext O y"A)): A
a 1

+ / PA,, [grad (gL % ﬁem) (I + Zmlmsl> e y;nAr] LA

Da 7
— PA,, [curl (QL,diV * curl {31/1%) (curl (QL7diV>k

Dq

curl(ezr ur' Ar (I + Zx?SQ)))D (I + Zx?Sk>e_ 2 y;’nA”} CA;
k k
— _l o l ;n Z yﬁ"Ar m
PA,, |grad| Gr, * Pz U+ Z Yy Apelar I—}—sz S,
Dq )\ )\ 1 Da 1 s
_l’_

l

TLed YA inber) : gradﬁ)ﬁl]) (I lemSl> e yl”Ar] DA,
r l

X . 1 . m m .
P —%zlm + 3 /D PV, lz y,TAkezr yrtAr <I + Zx?Ss> 4 ek VA ZxTST] : grad 7y,

om oM oem
z;*(0) = z; (0) =0, y*(0) =y; (0) =0, 2"(0) =2 (0) =0,
(84)
fori=0,...,6m+5, 41=0,...,3m+ 2. We conclude that (84)) is of the form
.X. = f (X7 y7 Z7 i’ 5/’727‘[;) 7
..: X? 7Z7).(7.7i7t )
y 9( y y ) (85)

z=nh (x,y,z,;(,gf,i,t) )
x(0) = x(0) = y(0) = y(0) = 2(0) = 2(0) = 0.
Remark 4.1 We observe that
W,, €C, < xmeég“,
where Cgl C R3™%5 s an open neighborhood of x™ = 0.

Due to Assumptions A3, to the smoothness of @CQ, to the Lipschitz continuity of 81#%) and
to the regularity in space of the functions S;, A;, 7}, the system (8H) is a coupled system of
second-order ODEs in the variables z}", y}”, 2", with a right hand side which is measurable in
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time and continuous in the independent variables. In particular, let us observe, thanks to (83])
and the regularity of fext, to the fact that the elements of the images of G, and Gy, qiv have H 1
regularity and thanks to the regularity in space of the functions S;, A;,7j, that all integrands
in the nonlinearly coupled terms in the right hand side of (8I) are integrable. Then, we can
apply the Carathéodory’s existence theorem to infer that there exist a sufficiently small T},, with
0 < T, <T and a local solution (zj",yj", z/") of &4, fori =0,...,6m+5, j,l =0,...,3m+2,
such that
X", y™, 2" € W2([0,T},]), and x™ e C™.

Once we have a solution to (8H]), dealing with the elliptic problems with regular right-hand sides
in (8I) leads to the elements Z,, solving (&T)4.

Next, thanks to some uniform estimates, we will extend these solutions by continuity to the
interval [0, T], with 7 independent on the discretization and regularization parameters, and we
will study the limit as m — oo and A — 0.

4.3 A priori estimates

We now deduce a priori estimates, uniform in the discretization parameter m and in the reg-
ularization parameters A, for the solutions of system (BIl), which can be rewritten, combining
the equations over i =0,...,6m+5, 7=0,....,.3m+2and [ =0,...,3m + 2, as

fDa e~ O grad (gL * .ﬂ.'m) : W,

+ Ip, \X/'m: W,, + Jp, grad \X/'m . grad W, + Jp, grad grad \.7{7m: grad grad W,
+ fDa e~ ©m curl (Gr aiv * curl Xy, - W,,

+ fp, (Wm — T+ K& (W) + Wm> : Wi + [p, grad (W, + Wy, 12 grad W,
+ fDa grad grad (W,,, + W,,,): grad grad W,, = fDa Wext (Wi, t) W,,
+ f’Da e Om grad (gL * -fe:vt) : Wma

fDa grad <gL * ;L:’m) W, e ©n. Q.

+ fDa ém: Q,, + fDa grad ém . grad Q, + fDa grad grad ém: grad grad Q. (86)
+ Ip, (curl (G, aiv * curl B,,) W,,e~©m) Q.

+3 Jp, grad (©,, + (:)m) . grad Q,, + i Jp, grad grad (© + (':)m) grad grad Q,,,

- fDa Qext(@ma t): f\lm + fDa grad (gL * ﬁext) Wmeiem : ﬁnw

3, = 0 (curl Zyy,),

AJp, zzjm < U, + [p, grad iy, : grad U, = [ (e®"W,,, — 1) : grad @y,

—PLAZ,, = curl (e®»W,,),

for a.e. ¢t € [0,7},] and all W,, € span{So,S1,...,Semis}, Qm € span{Ag, A1, ..., Agpmial,
Up € span {0y, U1, . .., Usm42} and with initial conditions defined in (82I).

27



4.3.1 First a priori estimate

The first a-priori estimate is obtained by taking W,, = V.V in (B'ﬁl)l and ,, = (—)m in (86)s.

Moreover, we take the time derivative of (86)4 and v, = G, * um We further take the time
derivative of (86)5, multiply it by Gr, giv * (curl 3,,) and integrate over D,. Finally, we sum all
the contributions.

We observe from (B6l)5 and from the regularity in space of the functions S;, A; that Z,, €
HY(Dy; R?**3), for any t € [0,7;,]. Hence, from (86)3 and the Lipschitz continuity of 9¢7, we
obtain that X,, € L?(Dy;R3*?) for any t € [0,7},], and as a consequence the dual product
of equation (86)s with the element Gp giv * (curl X,,) € H'(D,; R3*3) is well defined for any
t € [0,T,,]. We observe that

1 d
H%D(DG,RC*)) 2dt

oA

)\/ Uy - gL*um+/ grad%im: gradgL*.{;’m:)\HgmH(
Da

Also, the contribution from (865, after integration by parts and considering the boundary
conditions and (27]), gives that

V< = AZr, Graie * (curl ) > .
(H%‘N(DayRaxa)) " L7 ' ( m) I_IF]V(/DGJRa 3)

= (< curl X ,i > x
(H%N(DQ,RSXS)) m m H%‘N(DUARS 3)
:/ curl Zm: oY (curl Zyy,).

We then obtain that
d /1, . 9 1 . 9 1 . 5 1 9 =
E §||Wm|| +§||gradwm|| +§||gradgradWm|| +§||Wm_1|| +¢Ca(wm)

1 9 1 - 2, L 52

+ 5l arad W2 + 2 grad grad Won2 + 2|6 + 3 | grad & + 5 | arad grad &,
1 1 1 1,

+ 7100+l grad @ + { | grad grad @0, + 5 i + ¥ (cusl Z,))

. . . 1 . 1 .
+ [|[Wo|I? + || grad W, || + || grad grad W,,,||? + —|| grad ©,,||* + —|| grad grad ©,, |?
+)‘||Em||2 / Wext Wma ) W +/ Qext Gm, m"‘ / @
(H%‘D(DG7R3))

/ e ®m grad (QL * fext) : (:)m + / grad (QL * fe$t) W,.e " 0,, (87)
Da Da

where we added 4dt||®m||2 to the left and 1 I, @ : ©,, to the right hand side. We now
observe that, thanks to Assumption A3, we have that

grad (G * Fear) € L (0, Ton; LA(D4, R™) ), (88)
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and, using a trilinear Holder inequality, (IT), the Cauchy—Schwarz and the Young inequalities,
that

/Da:rm grad (QL * fem) Wme_e)'”: (':)m

T .
< [ Nevad (o5 Fose) 1 IWonll oo, sy e~

1/2 he
< [ AWl AWl sy 1Om i, sty

™| Lo (D 83%3) |Om| L6 (D, Skew (®3x3))

<0 [ (Wl + 10 + lgrad Wil + 172 &) ()
0

Using in (B7) the results (B8], (89), Assumptions A2 and A3, integrating in time over the
interval [0,7,,], we obtain that

° 1 [ 1 hd 1 ~
SIWl? 5 ewad W2 4 flarad grad Wol[2 + S[W,, — TP + i, (W)
1 1 1, ¢ 1 . 1 .
F 2 larad Woll2 4 3 flarad grad Wl £ 2 [64]% + 1| grad &, + 1| erad grad O,

1 1 1,
+ 118wl + 71l srad €, + 71l grad grad ©,u> + [l > + ¥ (curl Z,,)

Tm . . . 1 . 1 .
b [ (W2 grad Wi+ grad grad Wil + 5 grad &, + ] grad grad &,
TP Tm (1 o 1 2 1 2
+ M| || /) < C+C'/ <—||Wm—I|| + = grad Wy, ||* + = || grad grad W, ||
(b, (Do) 0 \2 2 2

1. 1 1 1, 1 .
+ 3 IWall + €02 + | rad @, + § | grad grad @, + 5160 + 5] zrad &),

(90)

Thanks to the Gronwall lemma, we thus have that
52, L o2, L 5oz, L 2,7
SIW 2+ 5 rad W 2+ | rad grad W + £ [ W — T2 + i, (W)
1 1 1, ¢ 1 .
45 lmad Wi 4 2| arad grad Wi + £ [, + 5| erad &,
1 . 1 1 1,°
+ 5 llarad grad ]2 + | | grad @, + 4| rad grad @[> + L i |* + v (curl Z,,)

Tm 3 3 3 1 L] 1 L
—i—/o (HWmH2 + | gradWmH2 + || gradgradWmH2 + §H grad @mH2 + §H grad grad ('-)mH2

T2 ) <c (91)
(H%‘D (DG7R3))

where the constant in the right hand side of ([@I]) depends only on the initial data, on the domain

D, and not on the discretization parameter m and on the regularization parameter \. As a
consequence of (@]]), we obtain that

W, is wb. in Wh(0,Tp,; HE  (Da, Sym(R**?))) C CO(Dar,, , Sym(R**?),
O, is wb. in WH(0,T,,; HE  (Da, Skew(R**?))) CC C(Dar,, , Skew(R**?),

(92)
(
iy is wb. in WH(0,T),; L*(Da, R?)) and A—bounded in H? (O T; (HFD DG,RB’ >
(

93)

94)
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where "u.b.” stands form "uniformly bounded” and "A—bounded” means that the bound de-
pends on A. We now integrate (87]) in time over the interval [0, t], for any ¢ € [0, T},], considering
Assumption A2, A3, the property () and the fact that 13, (curl Zg) = 0, obtaining in partic-
ular that

W, —I||* + || grad W, ||> + || grad grad W,,,||? < / Wt (Wi, t): W,
. 1 .
+ Qext (O, t): Oy + = 0,,:0,, —|—/ —Om grad gL * ]:emt) 10,
Dat 2 Dat

+ grad (QL * femt) Wme_(am : (:)m < Ct,
Dat

where in the last inequality we employed ([@2]) and ([@3]). Hence, the inequality (I8]) implies that
1 1
|Wm(t) - I|C°(Da,Sym(R3X3) < C||Wm(t)||[2{1(Da7sym([@3x3)||Wm(t)||12{2(pa7sym([@3x3) < C\/E’
(95)
for any t € [0,7,,]. Hence, since W,,, € C,, in the time interval [0,7},], the derivative of the

invariants of W, with respect to W,, are uniformly bounded in D,7,,, and as a consequence
we deduce that

|det (Wi (1)) — det(T)|cogp,) < ClWin(t) = Icop,, sym@s<s) < CV, (
T (Won(8)) = Te(D)|cop,) < CIWin(t) = Llcop, sym@s=) < OV, (97)
(

IT(W,, (£)) = TI()|co(p,) < CIWn(t) = Tlcop, symms=s) < CV,

which together imply that, for each invariant I'(W,,(t)) € {I(W,(t)), I1(W,,(t)), II(W,,,(2))},
there exists a positive constant C independent on m such that

Aararr — CVEST (Wi () < A+ CVE,
where A7 rr.rrr = {3,6,1}. Hence, there exists a T independent on m such that
x™ e C™ for t €[0,T).

We observe that the estimate (1) may be extended by continuity to the interval [0,7).
Using (7)) and (@I]) we have that

sup ||(curl Zm)(t)H2 <C. (99)
te(0,1)

Moreover, in view of (72]), from (86l)3 and (@7 it follows that

sup || Zn (1) < C. (100)
te(0,7)

We now multiply the equality X, = ¢ (curlZ,,) in ®8)3 by curl (Graiv * (curl £,,)) €
H'(D,;R3*3) and integrate over D,. Employing multiple integration by parts, the Cauchy—
Schwarz and Young inequalities and (72]), we obtain that

/ 3, curl (Grgiv * (curl 3,,)) = / curl 3y, : Gp iy * (curl 3,,,)
Da,

a

= || curl (Gp aiv * (curl ,,)) = curl (Gr, giv * (curl 3,,,)) H2
= / oYy (curl Zy,) = curl (Gr giy * (curl 2,,))
Da

1
< Cyplewr Zy) + C + o cwrl (Graiv + (cwrl Bn)) = curl (G aiy # (url Zn)) ||,
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Hence, given the estimate (@1]), we have that

T'p,div

sup || curl 3,,,()|)? , < C, (101)
107 (1 s (PR

and, from a Lax—Milgram estimate associated to the operator —Pr A,

sup | (Gr.aiv * (curl £,n)) (8) 171

: (Da,R3%3) <C. (102)
te(0,7)

D, div

4.3.2 Second a priori estimate

The second a-priori estimate is obtained by taking W,, = W,, in ([B6)); and Q,, =0,,in ([Ba)2.

Moreover, we take the second time derivative of (86)4 and @, = G, * @,,. Finally, we sum all
the contributions and integrate over D,. We obtain, collecting and rearranging some terms,
that

d (1. 1 . 1 . 1 . 1 .
(Gl + 5 rad W 2+ 5 grad grad W[ + 5 rad &1, 2 + | rad grad 6,

A .: L L] o0 o0 1 L L]
w gttt ))/)+||wm||2+||gradwm||2+||gradgradwm||2+§||@mn2
I'p as

1 L L] 1 L L] .: 7
+ §|| grad ©,,||* + §|| grad grad ©,, ||* + || @m|* = _/D e ®m curl (Gr aiy * curl ,,) : W,

— / W,, -1+ Vea (W) | : \X/'m — grad (W,,) :: grad \.7{7m
a dwm a

— / grad grad (W,,) :: grad grad \.7{7m +/ Wt (Wi, t): \.7{7m
a Da

+ e ®m grad (QL * fext) : \X’m — (curl (Graiv * curl X)) Wme_gm) 1 9,,
Da Da

1 (1] 1 (1] (1]
~5 / grad ®,, :: grad ®,,, — 3 / grad grad © : grad grad ©,,, + / Qext (O, t): Oy
Da

a a

. Y] o2 o0
- / grad (G1 * Feut) Wy ®7: O + | 0,67 W,,,: grad (gL * ﬁm)
Da Dq
+ 2/ (:)mee)'”V.Vm: grad (QL * .f:’m) (103)
D,

Thanks to the Lax—Milgram estimate ([2]) and to ([@2) and (@3]), the last to terms on the right
hand side of (I03]) can be controlled as

L] 2 (1] [ ] [ ] (1]
0, "W, : grad (gL * ﬁm) +2 [ 0,,e°"W,,: grad (gL * ﬁm)
D,

L] 2 L] L] o0
< € (16,62 W1, 2509 + (1Ome® Wil o, o) grad (915 o ) |
1, e
< O+ Sllamll.
The remaining terms on the right hand side of (I03]) can be controlled in a similar way us-

ing Assumption A3, (@), @2), @3), (I02). Finally, using the Cauchy-Schwarz and Young
inequalities, integrating in time over the interval [0,7'] and using Assumption A2, we obtain
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that

1, . 1 . 1 . 1 . 1 .
§HWmH2 + §H grad W, [|? + 5” grad grad W,,,||? + §H grad ©,, ||> + §H grad grad ©,, ||?

A oo 9 T oo 9 oo 9 oo 9 1 e 9
+ 5l /+/ [Winll” + || grad Wi, [|” + || grad grad Wi, [|* 4 5 || O |

(Hg (DG,R?’)) 0 2
D

1 oo 2 1 ping 2 ._.; 2

+ ol grad S, + 3| grad grad &, + [
1 T oo 9 oo 9 oo 9 1 e 9

<5 [ (Il + fgrad W2 + | grad grad W, 2+ 518,01

1 o0 1 (1] o0
+ 5 lead 8l + 3 grad grad &, + [ (104)

Thanks to ([I04]), we obtain that
W, is wb. in W N H2(0,T; HE (D,, Sym(R¥*3))), (105)
©,, isub. in W N H2(0,T; H (D4, Skew(R>?))), (106)
iy is wb. in H2(0,T; L*(D,,R?)) and A—bounded in W2 <O,T; (H%D(DQ,RB’))/) ,
(107)

4.3.3 Higher order estimates for the displacement and the defect variables

As a consequence of (I05) and ([I06) we have that

0@ Wy, +¢®" W, is wb. in L (D, R¥P)

and also that

o 2 . oo N
©me®" W, + 0,697 W, + 20,62 Wy, + ¢® W, is wb. in L2 (0,7, L% (Dy, R¥F)).

Hence, taking the time derivative of (86])4 and ,, = i,, we obtain that

| grad im||? < C| grad tip|| — )\/D T 1

C? ¢ . Ao €A .
< =+ 5l grad @ |* + S|l /4 — (14 Cp)| grad i@,
2 2 2¢ ( )) 2

1 3
H}_(DaR

where Cp is the Poincaré constant and e > 0. Choosing e sufficiently small and using (I04]) we
thus conclude that
iy, is wh. in WH(0, T HE (Dg, RY)). (108)

Moreover, taking the second time derivative of (864 and ¥, = ,,, integrating in time over the
interval [0,7], we obtain that

Ao 17T e 5
Slitnll+5 [ lgraditn)? < C.
2 2 Jo

from which we conclude that

Ty is wh. in H*(0,T; HE (Dy, R?)) and A~bounded in W2 (0,7; L%(D,, %)) . (109)
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Flnally, taking the L? scalar product of the first and second time derivative of (88)5 with Z

and Zm respectively, we obtain that

Zy, is wb. in WH(0,75 HE (Do, R¥*%) N Mgz) N H2(0,T; Hp (Do, R¥3) 0 Mgzp).  (110)

4.3.4 Passing to the limit

Collecting the bounds ([@2), (@3), (I00), (I02), (I03), ([I06), (I08F), (I09) and ([II0) which are

uniform in m and A, from the Banach—Alaoglu, the Aubin—Lions and the Arzela—Ascoli lemmas,
we finally obtain the convergence properties, up to subsequences, which we still label by the
index m (without reporting the index \), as follows:

W, 2 W in Wh(0,7; HE (Da; Sym(R¥?))), (111)
W,, =W in H?*0,T; Hf (Da; Sym(R*?))), (112)
W,, = W in CY[0,T]); W"P(Dy; Sym(R**%))), pe[1,6), and a.e. in D s (113)
W, =W in C'([0,7]; C°(Dy; Sym(R>?))), (114)

©, 2O in W'X(0,T; HE (Da; Skew(®R¥?))), (115)
©, —~© in HX0,T;HE (Da; Skew(R**?))), (116)
0, =0 in CY0,T];W'P(D,; Skew(R>*?))), pe[1,6), and a.e. in D, (117)
0, —»© in CY[0,T]; C°(Dy; Skew(R¥3))), (118)

(119)

etOm 5 @ uniformly in D -,
al

G =@ in WY(0,T; HE (Da; R?)), (120)
G —@ in H*0,T; Ht (Da; R)), (121)
iy — @ in CH[0,T]; LP(Da; R?)), p€[1,6), and ae. in D4, (122)
Zp > Z in W'(0,T; HE (Do, R¥3) 0 Masy), (123)
Zpm —Z in H*0,T;HE (Dg, R¥®) N Mgy), (124)
Z —Z in CY[0,T]; LP(Dy; R**3)), pe[1,6), and a.e. in D i (125)

2, 2% in L%(0,T; L*(Dy; R¥3)), (126)

Gr.div(curl 3,,) —*\QL,diV(curlE) in  L*(0,T; Hl(Da;R?’X?’)), (127)

as m — oo and A — 0. We note that (II4]) follows from (II3]) and the compact embedding
WP (D,; Sym(R*?)) € C(D,; Sym(R¥?)),
holding for p > 3. Moreover, as
H*(Dg; Skew(R3*3)) is compactly embedded into C°(Dy; Skew(R3*3)),

the convergence (II6]) implies a strong convergence in C*([0, T]; C°(Dy; Skew(R3*3))), whence
([I19)) is easily deduced, thanks to the continuity of the exponential operator as well.
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With the convergence results (I1I)—(I27)), we can pass to the limit in the system (86 in a first
step as m — oo. Let’s take W,,, = PS;,(W), Qy, = PAp(2), vy, = PV;, (), with arbitrary
W e H%D(Da,Sym(]R?’X?’)), Q € Hr,(D,, Skew(R3*3)), v € H%D(DQ,R?’). Let’s also rewrite
(B6)3 using the convexity of ¥} and the definition of the subdifferential, and moreover let us
take the L? scalar product of (88)s with a function Z € H%N (Do, R33) N Mgz,. We then

multiply the equations by w € C2°([0,77]) and integrate over the time interval [0,7]. This gives

oo ~ T o0
/ / Sym( G)mgrad(gL*ﬁm)):W / w/ W,
+ / w / gradW gradW + / / grad grad Wm grad gradW
0 JD,

T A~
+/ w/ Sym e_em curl (Grdiv *curlEm)) : W,

7 ° R T ° ~
/ / ( - . (Wm)+Wm> :Wm+/ w/ grad (Wi + Wiy,) 2 grad Wiy,
Y dW 0 D

. T
+/ w/ grad grad (W, + Wm): grad grad W,,, = / w/ Wt (Wi, t): W,
0 JDa 0 Da

T - ~
+ / w/ Sym (e_gm grad (QL * femt)) : W,
0 D
T (Y] —~ T Lid o~
/ w Skew (grad (QL * ﬁ'm) Wme_e)’”) :Q +/ w/ O, Qn,
o Jo, ) 0 o

T o0 o~ T L4 o~
+ / w/ grad ©,, :: grad 2,,, + / w/ grad grad ©,,, : grad grad €2,
a 0 Da

+/ Skew (curl (Gr,aiv * curl 3, Wmefgm)) Q)
N 1 /T . ~
2 / / grad (© G) m) o grad Q,, + —/ w/ grad grad (© + ©,,): grad grad Q,,

/ / Qext myt): Ly + / / Skew (grad (gL * femt) m€ ®m) : ﬁma
/ / (curl Z — curl Zy,) : By, + / v (curl Z,y,) / / ¥ (curl Z),
a Da
T . T T
)\/ w/ ﬁm-@'m—k/ w grad i, : grad v, :/ w/ (eeme—I) : grad Uy,
0 o 0 Da 0 a
T N T N
/ w/ grad Z,, :: grad Z = / w/ (eg’"Wm — I) : curl Z.
0 Da 0 a

We observe that

(128)

PSy(W) =W in HE (Dy; Sym(R**3)),
PAL(Q) »Q in HE (Dg; Skew(R3)), (129)
PV (0n) = ¥ in HE_(Da; R?),
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as m — oo. Thanks to (m)a (m)a (IIZQ)I and M)Q, we have that
we®mW,, — we®W in CO([O,T];HQ(DG,IR{3X3)),
w,e®"W,, — wQe®W  in CO([O,T];HZ(DG,Rgxg))_

Hence, using (I2I)) and ([I27)), by the product of weak-strong convergence we can pass to the
limit in the nonlinear coupling terms in (IZ8) and obtain that

T (1] o~
/ w/ Sym (egm grad (gL * Em)> W,
0 a
T oo ~
:/ w/ grad <gL * ﬁm> @ W,
0 Da
T oo Y
—>/ w/ Sym (e_Qgrad (QL*{[>) : W,
0 a
as m — oo, and
T A~
/ w/ Sym (efem curl (G, qiv * (curl Em))) W,
0 a
T -~
— / w/ curl (Gr,giv * (curl 3,,)) - OmW,,
0 a
T A
— / w/ Sym (ef(9 curl (G, aiv * (curl E))) : W,
0 o
as m — oo. Similarly,
T oo o~
/ w Skew <grad (gL * Em> Wme®m> : Q.
0

Dq
T ) ~
:/ w/ grad (gL * Em) : Qmegmw’”
0 a

T oo o~
— / w/ Skew (grad (QL * ﬁ') We_e) 0
0 Da

as m — oo, and

-~

/OT w Skew ((curl (Gr.aiy * curl 2,,) Wme—em)) L Q,,

Da
T ~
/ w/ (curl (Gr, div * curl 3,,,)) Q,,e®"W,,
0 a

-~

— /OTw/1>a Skew ((Curl (GrL.div * curl ) Wefe)) .0

Similar calculations may be employed to calculate the limit of the last terms on the right hand
sides of (I28)); and (I28))2, those depending on the external force F.,, considering Assumption
A3. The limit of all the other terms in (I28]); and ([I28)2 can be obtained straightforwardly,
employing the weak and strong convergence results (III)-(II9), the smoothness of 9, , As-
sumption A3 and the Lebesgue convergence theorem to deal with the nonlinear terms.

Thanks to (IT4)) and (II9]) we have that
" W,, = we®W in C°([0,7]; C%(D,, R**?)), (130)
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and using this result, together with (I20) and ([I23)), it is straightforward to pass to the limit
as m — oo in (I28)4 and [I28))5. We obtain the following limit system, as m — oo, in terms of
the limit functions (restoring the index \) W*, @, ¥ @}, Z*:

/ Sym (e_eA grad (QL * 1:[:\)) : W+ b V.V.'A: \"Y

+ grad V.\;)‘ gradW + / grad grad VV:A grad gradW
s (O cun (Gp g+t 22)) - W

* D, <WA_I+ f\%)‘
+ / grad grad (W —i—W)‘) grad grad W = / W (WA 1): W

+/ Sym -e* grad (gL *fext)) W,

(W) + W)‘> : W+ A grad (W» + W?) :: grad W

| Skew <grad (gL * 00 )vvA B > Q| e*: O (131)
+ /D grad G))‘ : grad Q-+ /D grad grad ('-))‘ grad grad Q

+ / Skew ((curl (QL div * curl 2)‘) Whe 7®k)) :Q

+ 3 /Da grad (@ + @A) :: grad Q + 3 /Da grad grad (@™ + ('-).A): grad grad

— / Qext(G)/\, t): Q-+ Skew (grad (QL * fem) WAe_G)A) : ﬁ,

Da Da

A ﬁ>‘-27—|—/ grad @ gradf}':/ (eG)AW)‘—I) : grad U,
Da a a

grad VAT gradz = (egAW)‘ — I) . curl Z,
Da Da

for a.e. t € [0,7], for all choices of W & FI%D(DG,Sym(R?’X?’)), Q € Hy,(D,, Skew(R3*3)),
v E H%D (Dy,R?) and Z H%N (D, R3*3)N M gy, and with initial conditions (cf. the assumption
A2 and (82)

WA(,0)=1, ©*-,00=0 in D,, #(,0)=0 ae. inD,. (132)
In the system (I31]) we have restored the index A, to indicate the dependence of the solutions
from the regularization parameter \.

In order to deal with the limit of the inequality (I28])3, we need to obtain a strong convergence
result for curl Z,. Let us take the L? scalar product of (885 with Z,,, obtaining that

| curl Z),||> = /D eel\mWf‘n: curl Z,,
Thanks to the convergence properties (I30) and (I23]), we have that

|| curl Z) |2 —>/ W curl
Da
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a m — oo, and as a consequence of the weak formulation (I3I]) we conclude that
| curl Z),||* = || curl Z*||2. (133)
This result, together with the weak convergence (I23]), implies that
curl Z) — curl Z»  in L(0,T; L*(Dy, R¥*3) N Mysy). (134)

Then, given the convergence results (I26) and (I34]) we have that

/ / curlZ — curl Z)‘ —>/ / curl Z — curl Z)‘) >

as m — o0o. Moreover, using Fatou’s lemma and the weak lower semicontinuity of ¢i‘), implied
by its convexity and continuity, using also (I23]), we have that

/ / ¥ (curl Z*) < / / ¥ (curl Z))).

Then, in the limit as m — oo the following inequality is valid:

/ (curl Z — curl ZY) : A + /D Y (curl Z2) < /D Y (curl Z), (135)
for all Z € HL (Dq, R¥3) N Mg, and ace. t € [0,7].

We observe, without reporting all the details, that the estimates (@II), (@9), (I00), (I02), ([I04),
(I08)), (I09), (I1I0) and ([I34) are preserved in the limit as m — oo, i.e., they are valid for the
solutions of the system (I31]). This allows us to pass to the limit as A\ — 0, up to subsequences
of A, in the system (I31]), with similar calculations as the ones employed for the study of the
limit problem as m — co. On the other hand, thanks to the weak convergence

@ = d in Wh(0,T; HE (Do R?)),

which is uniform in the parameter A, we obtain that

Da

as A — 0. We finally obtain that the limit as A — 0 of system (I31]) satisfies the system (G6),
and the proof of Theorem [B.1]is completed.

5 Conclusions

In this work we derived a model for large deformations and conditional compatibility, expressed
in terms of the stretch and the rotation tensors as independent variables, which describes a
viscoelastic solid subject to mixed boundary conditions, i.e. which is fixed only on a part of
its boundary and which is free to move on the other part. This model is a generalization of
the model introduced in [2] for a viscoelastic solid subject to homogeneous Dirichlet boundary
conditions and analytically studied in its quasi-stationary approximation.

After the derivation of some technical results regarding Helmholtz-Hodge decomposition ex-
pressed in terms of elliptic problems and Green functions for elliptic operators with mixed
boundary conditions, we derived the model from a generalized form of the principle of virtual
powers, where the virtual velocities depend on the state variables as a consequence of internal
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kinematic constraints associated to the compatibility condition. The virtual velocities associ-
ated to the deformation and the defect variables were expressed through Green functions in
terms of the virtual velocities associated to the stretch and the rotation tensors, thus reducing
the set of independent virtual velocities and eliminating their internal constraints, obtaining a
system of integro-differential coupled equations. The positive definiteness of the stretch matrix
was imposed by adding to the free energy the indicator function of a closed and convex set
whose elements are positive definite symmetric matrices with eigenvalues which are not smaller
than a given positive constant at the same time. The internal forces in the system were chosen
in compliance with the Clausius—Duhem dissipative inequality.

We developed the analysis of the full model with inertia. The inertia terms involve nonlinear
couplings between the second order time derivative of the variables, which is the highest time
derivative order in the equations, thus imposing challenges in the existence proof of a solu-
tion. Our strategy was to regularize the system, adding a time regularization in the kinematic
constraints and employing the Moreau—Yosida regularization of the subdifferential of the free
energy for the defects associated to the threshold activation for the compatibility condition.
These regularizations were both expressed in terms of a unique regularization parameter. Ex-
ploiting then a Faedo—Galerkin approximation of the regularized system and substituting the
indicator function associated to the positive definiteness constraint for the stretch tensor with
a smooth approximation from the interior of its proper domain, we proved the existence of a
local in time weak solution in three space dimensions, studying the limit as the discretization
parameter tends to zero and further as the regularization parameter tends to zero. The weak
solution exists only locally in time, as long as the solution remains continuously in the interior
of the proper domain of the indicator function associated to the positivity constraint, preceding
the possible realization of external and internal collisions. This result is different from the one
obtained in [2] in the quasi-stationary approximation of the model, i.e. neglecting inertia, where
we obtained the global existence of strong solutions.

Further developments of the present work will be the study of the model with full incompati-
bility and with the possible presence of collisions in the dynamics, investigating the uniqueness
and continuous dependence on data in these situations.
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