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Numerical studies demonstrate that magneto-chiral (MCh) metasurfaces consisting of double Z-
type gammadions with perpendicularly magnetized substrate exhibit bianisotropy for microwaves.
Effective polarizability tensors of the metasurfaces, extracted from the reflection and transmission
coefficients, have components corresponding to non-reciprocal moving-type bianisotropy as well as
reciprocal chiral-type bianisotropy and non-reciprocal magneto-optical effects. The combination of
the metasurfaces and contraposition MCh metasurfaces cancels the chiral-type bianisotropy and
magneto-optical effect, leading to pure moving electromagnetic media. Achieved perfect transmis-
sion with phase difference of π realizes an ideal gyrator for arbitrary spatial and polarization modes.

INTRODUCTION

Symmetries relate to physical laws. Noether’s theo-
rem says that a system with a continuous symmetry has
a conserved quantity, for example, the momentum con-
servation for spatially uniform systems and the energy
conservation for the time-independent systems. Another
kind of symmetries is a discrete one, such as spatial inver-
sion and time-reversal symmetry. These symmetries and
laws impose restrictions on physical phenomena, and play
an essential role in basic and applied physics. Therefore,
symmetry breaking would result in emergence of a vast
variety of phenomena [1]. In electromagnetism, a break-
ing of space-inversion and/or time-reversal symmetry al-
lows bianisotropy [2, 3], which represents cross-correlated
electromagnetic inductions among electric polarizability,
magnetization, and electromagnetic fields in constitu-
tive equations, i.e., magnetoelectric coupling. The bian-
isotropy is classified into the four categories associated
with reciprocity and polarization dependence as follows
[4]: a reciprocal chiral-type with polarization plane ro-
tation, a reciprocal omega-type without polarization ro-
tation, a non-reciprocal Tellegen-type with polarization
rotation, and a non-reciprocal moving-type without po-
larization rotation.

While the control of the bianisotropy is a challenge in
natural materials with broken symmetry such as multifer-
roic materials [5–7], man-made structured materials, re-
ferred to as metamaterials, are suitable for investigation
and control in application of bianisotropy [8–12]. In par-
ticular, metasurfaces with two-dimensional planar struc-
tures are good playgrounds to embody complex bian-
isotropic media [13–16]. Here we focus on magnetochi-
ral (MCh) metasurfaces to realize the fourth type of the
bianisotropy classified above, namely the non-reciprocal
moving type. The MCh metasurfaces are composed
of both chiral meta-atoms with broken space-inversion
symmetry and magnetic meta-atoms with broken time-

reversal symmetry. The optical MCh effect is manifested
in a transmission coefficient difference, which is depen-
dent on propagation direction but independent of polar-
ization, referred to as directional birefringence [17–33].
The directional birefringence corresponds to the moving-
type bianisotropy.

In this work, we numerically calculate transmission
and reflection coefficient spectra at microwave frequen-
cies to evaluate effective polarizability tensor [34–36] of
MCh metasurfaces. The effective polarizability tensor,
extracted from the transmission and reflection coeffi-
cients at normal incidence, clearly show optical activ-
ity, magneto-optical effect, and electromagnetic moving-
medium effect. Furthermore, a composite metasurface
consisting of the ordinary and contraposition MCh meta-
surcfaces realizes pure moving electromagnetic media
without optical activity and magneto-optical effect. The
pure moving media demonstrate the perfect transmission
with a phase difference of π depending on propagation di-
rection, bringing about an ideal gyrator [37].

The pure moving electromagnetic media are of great
interest in terms of development of functional metasur-
faces. A similar story can be found in the development
of the well-known negative refractive index metamateri-
als consisting of double split-ring resonators (SRRs). A
single C-shaped SRR shows the omega-type bianisotropy
due to electromagnetic interaction in addition to mag-
netic permeability [38, 39]. This brings about electro-
magnetic responses not only to magnetic field but also
to electric field. An inverse-C-shaped SRR is thus in-
corporated in the inner circle of the C-shaped SRR, re-
sulting in vanishment of the omega-type electromagnetic
interaction but remaining permeability component. In
this way, the double SRRs construct pure negative mag-
netic permeability media, leading to negative refractive
index metamaterials. Similarly, the pure moving medium
obtained in this study is a key to realize an ideal gyra-
tor for arbitrary spatial and polarization modes. Appli-
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cations of the ideal gyrator include an isolater, circula-
tor, non-reciprocal holography [40], two-wavelength las-
ing [28], and artificial gauge field for light [41]. The pure
moving electromagnetic medium is also relevant in basic
physics in an analogy with a hypothetical particle called
dyon [42], and from the view point of interplay between
physics and algebraic geometry in Fresnel-Kummer sur-
faces [43, 44].
This paper is organized in eight sections. Section II

describes the theoretical background of effective polar-
izability tensor, and explains bianisotropy in four cate-
gories. Section III details numerical calculation setup.
Section IV devotes to calculation results of microwave
transmission and reflection coefficient spectra of uniax-
ial bianisotropic MCh metasurfaces consisting of double
Z-type gammadion [45] with perpendicularly magnetized
substrate. The extracted effective polarizability tensors
of chiral and MCh metasurfaces are illustrated in Sec-
tions V and VI, respectively. Section VII presents pure
moving electromagnetic medium by introducing contra-
position MCh metasurfaces with the inverse chirality and
converse magnetization of the ordinary MCh metasur-
faces. The pure moving medium brings about perfect
transmission and phase difference of π. Section VIII con-
cludes the paper.

THEORETICAL BACKGROUND

Effective polarizability tensor

The electromagnetic properties of a metasurface,
which interacts with normally incident plane waves prop-
agating in the +z direction, can be fully characterized by
a following effective polarizability tensor α̂ij defined as
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, (1)

where the superscript e and m in α̂ij are assigned to elec-
tric and magnetic stimulus/responses, respectively. The
subscript i = x, y (j = x, y) in α̂ represents the polariza-
tion direction of the output (input) waves. The i com-
ponents (i = x, y) of induced electric moment per a unit
area, induced magnetic moment per a unit area, incident
electric field, and incident magnetic field, are represented
respectively by Pi, Mi, E

inc
i , and H inc

i [3]. In this way,
α̂em
xy , for example, represents an effective polarizability

tensor element, where a magnetic field in the y direc-
tion induces an electric dipole moment in the x direction.
General metasurfaces with anisotropic magneto-electric
interactions are refereed to as bianisotropic metasurfaces.
Here we write the plane waves to be, E,H ∝

ej(−
~k·~r+ωt), where j =

√
−1 is an imaginary unit. In

this notation, the effective polarizability tensor compo-
nents can be expressed in a non-dimensional manner to
be

αee
xxωZ0 =

j

2
(t+xx + t−xx + r+xx + r−xx − 2), (2)

αmm
yy ωZ−1

0 =
j

2
(t+xx + t−xx − r+xx − r−xx − 2), (3)

αem
xy ω =

j

2
(t+xx − t−xx + r+xx − r−xx), (4)

αme
yxω =

j

2
(t+xx − t−xx − r+xx + r−xx), (5)

αee
yxωZ0 =

j

2
(t+yx + t−yx + r+yx + r−yx), (6)

αmm
xy ωZ−1

0 = − j

2
(t+yx + t−yx − r+yx − r−yx), (7)

αem
yy ω =

j

2
(t+yx − t−yx + r+yx − r−yx), (8)

αme
xxω = − j

2
(t+yx − t−yx − r+yx + r−yx), (9)

with transmission coefficients t±ij and reflection coeffi-

cients r±ij , where the superscript± represents the sign of z
component of the wavevector [36]. A wave impedance of a
vacuum is represented by Z0. The above components are
derived from the transmission and reflection coefficients
for x-polarized incident waves, i.e. t±ix, r

±
ix(i = x, y). The

effective polarizabilities given by Eqs. (2) to (5) are re-
lated to polarization-maintaining interaction, while those
given by Eqs. (6) to (9) are related to interaction involv-
ing polarization conversion from x-polarized waves to y-
polarized waves. The remaining components can be cal-
culated from the transmission and reflection coefficients
for the y-polarized incident waves, i.e. t±iy, r

±
iy(i = x, y).

Suppose a uniaxial metasurface with z-axis rotational
symmetry. The following relations hold: t±xx = t±yy,
r±xx = r±yy, t±xy = −t±yx, r±xy = −r±yx, which yield
α̂ee
xx = α̂ee

yy, α̂
mm
xx = α̂mm

yy , α̂em
xy = −α̂em

yx , α̂
me
yx = −α̂me

xy ,
α̂ee
yx = −α̂ee

xy, α̂
mm
xy = −α̂mm

yx , α̂em
yy = α̂em

xx , α̂
me
xx = α̂me

yy . As
a result, the uniaxial metasurface is fully characterized
by the components of the effective polarizability tensor
given by Eq. (2) to Eq. (9). In this paper, we evalu-
ate these effective polarizabilities using transmission and
reflection coefficients from numerically calculated S pa-
rameters of the MCh metasurfaces.

Classification of bianisotropic metasurfaces

Reciprocity in the bianisotropic metasurfaces would re-
quire the following relations[3]:

α̂em
xx = −α̂me

xx , α̂
em
yy = −α̂me

yy , α̂
em
xy = −α̂me

yx , α̂
em
yx = −α̂me

xy .

(10)
Uniaxial metasurfaces with magneto-electric interactions
can be classified into four categories in terms of non-
reciprocity and polarization rotation as shown in Table
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TABLE I. Classification of bianisotropic metasurfaces

Reciprocal Non-
reciprocal

With polarization
rotation

Chiral with
t̃
+
yx 6= t̃

−
yx

Tellegen with
r̃
+
yx 6= r̃

−
yx

Without polarization
rotation

Omega with
r̃
+
xx 6= r̃

−
xx

Moving with
t̃
+
xx 6= t̃

−
xx

I[4]. In the following, we briefly explain each category.
A reciprocal metasurface with polarization rotation is

referred to as a chiral metasurface. In the chiral meta-
surface, the uniaxial structure and the reciprocity require
transmission coefficients t̃±yx to be

t̃+yx − t̃−yx = −jω(α̂em
yy − α̂me

xx ) = −jω(α̂em
yy − α̂me

yy ) 6= 0.
(11)

Equation (11) implies an optical activity, in which the
transmission coefficients depend on propagation direc-
tion, and the polarization rotation is reversed for oppo-
site propagating waves. Note that magnetized media or
media under magnetic fields could show similar polar-
ization rotation in transmission, known as the Faraday
effects, with t̃+yx ∝ α̂ee

yx or t̃+yx ∝ α̂mm
yx . However, these

non-reciprocal magneto-optical effects do not show prop-
agation direction dependence with respect to polarization
rotation direction.
The reflection coefficients with polarization rotation,

r̃±yx, lead to

r̃+yx − r̃−yx = −jω(α̂em
yy + α̂me

xx ) = −jω(α̂em
yy + α̂me

yy ). (12)

Equation (12) becomes zero for the reciprocal chiral
metasurfaces due to α̂em

yy = −α̂me
yy as in Eq. (10), but

could be non-zero for non-reciprocal ones. When we
compare reflection coefficients between x-polarized and
y-polarized waves propagating in +z direction without
mangeto-optical effects, we obtain r̃+yx = −jω(α̂em

yy +
α̂me
xx ) = −r̃+xy. The non-reciprocal metasurface with po-

larization rotation in reflection is referred to as a Telle-
gen metasurface, named after Bernard Tellegen [46]. The
Tellegen metasurface shows polarization rotation in the
same direction independent of polarization directions [4].
Because this is a non-reciprocal phenomenon with bro-
ken time-reversal symmetry, Tellegen metasurface seems
to be similar to magneto-optical media mentioned in the
above. However, the Tellegen metasurface does not show
any polarization rotations in the transmission.
The reflection coefficients without polarization rota-

tion have the following relation,

r̃+xx − r̃−xx = −jω(α̂em
xy − α̂me

yx ). (13)

Equation (13) could become non-zero even in reciprocal
metasurfaces due to α̂em

xy = −α̂me
yx as in Eq. (10). In this

case, reflection coefficients without polarization rotation
depend on incident direction [12], and the metasurface

l: 5.5 mm

a: 6.0 mm

w: 0.9 mm

s: 0.5 mm

x
y

E field

z

m

FIG. 1. A unit cell of calculated MCh metasurface consisting
of 5.5 mm × 5.5 mm Z-type gammadions on the both sides
of a 0.5 mm-thick substrate. The substrate is magnetized in
the +z direction. Electric field of the incident microwave is
polarized along x direction.

with r̃+xx 6= r̃−xx is referred to as an omega metasurface,
which is typically observed with omega-shaped metallic
structures, such as SRRs.
The transmission coefficients without polarization ro-

tation have the following relation,

t̃+xx − t̃−xx = −jω(α̂em
xy + α̂me

yx ), (14)

which is always zero for reciprocal metasurfaces owing
to α̂em

xy = −α̂me
yx as in Eq. (10), and could be non-

zero for non-reciprocal metasurfaces. The symmetric
off-diagonal parts in magneto-electric interactions, i.e.,
α̂em
xy = α̂me

yx 6= 0 causes directional-dependent transmis-
sion coefficients, which correspond to the MCh effect.
The metasurface with t̃+xx 6= t̃−xx is called a moving meta-
surface, which shows electromagnetic responses similar
to that of a medium in move with a constant velocity.

NUMERICAL SIMULATION SETUP

Figure 1 illustrates a unit cell of the uniaxial metasur-
face in this study. The metasurface consists of Z-type
gammadions with l = 5.5 mm on the both sides of a sub-
strate with s = 0.5 mm. The double Z-type gammadions
are identical to those studied in Ref. [45]. The gamma-
dions are made of perfect electric conductor with w =
0.9 mm, and in the unit cell with a = 6.0 mm, which is
repeated in the x and y directions by a periodic bound-
ary condition. The substrate is magnetized in the +z

direction. The relative electric permittivity of the sub-
strate is constant (εr = 3.3), while the relative magnetic
permeability expressed by a tensor µr is varied. The per-
meability tensor µr for lossless media is described by

µr =





1 jm 0
−jm 1 0
0 0 1



 , (15)
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where a parameter denoted by m is related to magneti-
zation of the substrate. The substrate is non-magnetic
when m = 0. On the other hand, m > 0 correspond to
magnetic substrates magnetized in the +z direction indi-
cated as a navy arrow in Fig. 1. Non-zero m causes non-
zero off-diagonal components in µr, resulting in magneto-
optical effects.

The S-parameters for microwave transmission and re-
flection are numerically calculated using RF module of
COMSOL Multiphysics. The metasurface in the x-y
plane is placed at z = 0 in a vacuum ranging from z = +
15 mm to z = − 15 mm. Ports 1 and 3 are set at
z = + 15 mm, while ports 2 and 4 are set at z = −
15 mm. The calculation space is terminated by 15 mm-
long perfect matching layers at the both ends of the vac-
uum. The microwaves in a frequency range between 4
and 16 GHz propagate in −z direction from the port 1
to the metasurface. Incident microwave is linearly polar-
ized along x-direction as indicated by a green arrow in
Fig. 1. We numerically calculate S11 detected by the port
1 corresponding to reflection with x-polarization, S21 de-
tected by the port 2 corresponding to transmission with
x-polarization, S31 detected by the port 3 corresponding
to reflection with y-polarization, and S41 detected by the
port 4 corresponding to transmission with y-polarization.

The S-parameters S11, S21, S31, and S41 are con-
verted to reflection and transmission coefficients of the
metasurface by using r−xx = S11e

jk0d, t−xx = S21e
jk0d,

r−yx = S31e
jk0d, and t−yx = S41e

jk0d, where k0 is the
wavenumber in a vacuum. In the same fashion, reflection
and transmission coefficients for incident waves propagat-
ing in the +z direction can be calculated. By using these
coefficients, we obtain each component of the effective
polarizability tensor.

TRANSMISSION AND REFLECTION SPECTRA

OF CHIRAL AND MAGNETOCHIRAL

METASURFACES

Figure 2(a) shows calculated transmission and reflec-
tion amplitude spectra of |r−xx| (black), |t−xx| (red), |r−yx|
(blue), and |t−yx| (green) between 4 to 16 GHz for a chi-
ral metasurface with m = 0. Note that |r−yx| is almost
zero at this frequency region. In |r−xx| spectrum, a sharp
dip appears at 7.5 GHz, while a broad dip appears at
13.1 GHz. At each frequency, |t−xx| spectrum exhibits
dispersion-type features. These are caused by resonances
by the double Z-type gammadions. The resonance in the
gammadion structures results in polarization rotation of
linearly polarized microwave, i.e., optical activity. In-
deed, in Fig. 2(a), |t−yx| spectrum shows a sharp peak at
7.5 GHz, and a broad peak at 13.1 GHz, demonstrating
the optical activity by the double Z-type gammadions
[45].

Figure 2(b) shows calculated spectra of |r−xx| (black),

(a)
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FIG. 2. Calculated spectra of |r−xx| (black), |t
−
xx| (red), |r

−
yx|

(blue), and |t−yx| (green) between 4 to 16 GHz with (a) m = 0
and (b) m = 0.3.

|t−xx| (red), |r−yx| (blue), and |t−yx| (green) between 4 to 16
GHz for an MCh metasurface with m = 0.3. In contrast
to Fig. 2(a), |r−yx| in Fig. 2(b) shows peaks at approx-
imately 7.5 and 13.1 GHz. In all spectra, the resonant
mode around 7.5 GHz is split into two at 7.3 and 7.8 GHz.
By introducing perpendicular magnetization in the sub-
strate, MCh effects is induced. To verify MCh effects, we
observe transmission phase spectra.

Figure 3(a) shows phase spectra of the chiral metasur-
face with m = 0. The phase spectrum (arg t−xx)/π (black
solid) corresponds to a transmission phase spectrum of
−z direction propagation while (arg t+xx)/π (red dashed)
to that of +z direction propagation. In Fig. 3(a), al-
though the phase shift is observed at 7.5 GHz and 13.1
GHz corresponding to resonance in the gammadion struc-
tures, (arg t−xx)/π and (arg t+xx)/π are identical. However,
by introducing magnetization with m = 0.3, a phase dif-
ference appears as in Fig. 3(b). In Fig. 3(b), (arg t−xx)/π
(black solid) is different from (arg t+xx)/π (red dashed) in
regions from 7 to 8 GHz and from 10 to 13 GHz. Figure
3(c) represents directional phase difference spectra (arg
t−xx − arg t+xx)/π for m = 0 (black) and m = 0.3 (red).
While no phase difference is observed with m = 0, a sig-
nificant phase difference is observed with m = 0.3. The
phase difference clearly indicates that the MCh effect is
induced in the double Z-type gammadions with perpen-
dicular magnetization.
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FIG. 3. Calculated spectra of (arg t
−
xx)/π (black solid) and

(arg t
+
xx)/π (red dashed) for (a) m = 0 and (b) m = 0.3

between 4 to 16 GHz. (c) (arg t
−
xx − arg t

+
xx)/π spectra for

m = 0 (black) and m = 0.3 (red).

EFFECTIVE POLARIZABILITY TENSOR OF

CHIRAL METASURFACES

Figure 4 shows frequency spectra of extracted effective
polarizabilities of the chiral metasurface with m = 0.
Solid and dotted lines correspond to the real and imagi-
nary parts, respectively. In Fig. 4(a), αee

xxωZ0 (red) cor-
responds to the diagonal part of electric susceptibility
while αmm

yy ωZ−1
0 (blue) corresponds to the diagonal part

of magnetic susceptibility. The αee
xxωZ0 spectrum repre-

senting electric dipole oscillation exhibits a sharp reso-
nance feature at 7.5 GHz and broad feature at 13 GHz.
The αmm

yy ωZ−1
0 spectrum representing magnetic dipole

oscillation exhibits a sharp resonance at 7.5 GHz and
very broad feature at 13 GHz. Figure 4(a) highlights
that, although electric dipole and magnetic dipole coex-
ist both at 7.5 and 13 GHz, electric dipole oscillation is
dominant at 13 GHz.
Figure 4(b) represents the off-diagonal part of elec-

tric susceptibility, αee
yxωZ0 (black), and the off-diagonal

part of magnetic susceptibility, αmm
xy ωZ−1

0 (pink). Figure
4(b) indicates that magneto-optical effects does not exist
in the double Z-type gammadion with a non-magnetic

(a)

(b)

(c)

(d)

e
e

x
x
·

Z
0
, 

m
m

y
y
·

Z
1

0

e
e

y
x
·

Z
0
, 

 
m

m
x
y
·

Z
1

0

m
e

x
x
·

, 
e
m

y
y
·

e
m

x
y
·

, 
m

e
y
x
·

FIG. 4. Effective polarizabilities of chiral metasurfaces with
m = 0 evaluated from numerical simulation. Frequency ver-
sus extracted (a) α

ee
xxωZ0 (red) and α

mm
yy ωZ

−1

0 (blue), (b)

α
ee
yxωZ0 (black) and α

mm
xy ωZ

−1

0 (pink), (c) α
me
xxω (gold) and

α
em
yy ω (cyan), (d) αem

xy ω (green) and α
me
yxω (purple). Solid and

dotted lines correspond to real and imaginary parts, respec-
tively.

substrate. In Fig. 4(d), αem
xy ω (green) and αme

yxω (pur-
ple) correspond to omega or moving components. Figure
4(d) demonstrates that moving and omega components
are absent.

In Fig. 4(c), αme
xxω (gold) and αem

yy ω (cyan) correspond
to chiral or Tellegen components. The effective polariz-
abilities αme

xxω and αem
yy ω show resonant features at 7.5

and 13 GHz. We notice here αme
xx = −αem

yy . Given
αem
yy = αem

xx due to the rotational symmetry, αme
xx = −αem

xx

is satisfied as Eq. (10); this is the hallmark of the re-
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ciprocal chiral-type bianisotropy. In this way, Fig. 4(c)
demonstrates that the double Z-type gammadion with
the non-magnetic substrate shows polarization rotation
by reciprocal chiral-type bianisotropy. This is consistent
with the fact that |r−yx| ∼ 0 is observed in Fig. 2(a).

EFFECTIVE POLARIZABILITY TENSOR OF

MAGNETOCHIRAL METASURFACE

Figure 5 shows extracted effective polarizabilities of
the MCh metasurface with m = 0.3. Solid and dot-
ted lines correspond respectively to real and imaginary
parts. Figure 5(a) shows that the resonant mode orig-
inally at 7.5 GHz with m = 0 is split into two modes
at 7.3 and 7.8 GHz with m = 0.3. Figure 5(c) repre-
sents that the double Z-type gammadion with perpen-
dicularly magnetized substrate exhibits reciprocal chiral-
type bianisotropy, i.e., optical activity at 7.3, 7.8 and 13
GHz, which is similar to Fig. 4(c).

Contrastingly, by introducing perpendicular magneti-
zation in the substrate, Figs. 5(b) and 5(d) are much
different from Fig. 4(b) and Fig. 4(d). In Fig. 5(b),
the off-diagonal part of electric susceptibility αee

yxωZ0

(black) and the off-diagonal part of magnetic suscepti-
bility αmm

xy ωZ−1
0 (pink) show resonant features at ap-

proximately 7.5 and 13 GHz, indicating that magneto-
optical effects emerge due to the time-reversal symme-
try breaking. Moreover, Fig. 5(d) shows non-zero αem

xy ω

(green) and αme
yxω (purple), which correspond to moving

or omega-type bianisotropy. Given that αem
xy ω = αme

yxω

is satisfied in Fig. 5(d), Eq. (10) indicates that the res-
onant features at 7.5 and 13 GHz are originated from
the non-reciprocal moving-type bianisotropy. Effective
polarizability tensor analysis shown in Fig. 5 reveals
that the double Z-type gammadion with the perpen-
dicularly magnetized substrate exhibits non-reciprocal
moving-type bianisotropy without polarization rotation
as well as optical activity and magneto-optical effect in-
volving polarization rotation. Note here that the non-
reciprocal moving-type bianisotropy observed in Fig. 5(d)
includes cascaded MCh effect [27], which is a combina-
tion between optical activity and magneto-optical effect.

PURE MOVING MEDIUM WITH COMPOSITE

MAGNETOCHIRAL METASURFACE

To obtain pure moving metasurface, we propose a
composite metasurface that combines the ordinary MCh
metasurfaces studied in the above with contraposition
MCh metasurfaces. Figure 6(a) shows a unit cell of the
combined metasurfaces consisting of ordinary MCh meta-
surfaces and contraposition MCh metasurfaces, which
have double inverse-Z-type gammadions and oppositely
magnetized substrates. Optical activity is cancelled by
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FIG. 5. Effective polarizabilities of magnetochiral metasur-
faces with m = 0.3 evaluated from numerical simulation.
Frequency versus extracted (a) αee

xxωZ0 (red) and α
mm
yy ωZ

−1

0

(blue), (b) α
ee
yxωZ0 (black) and α

mm
xy ωZ

−1

0 (pink), (c) α
me
xxω

(gold) and α
em
yy ω (cyan), (d) αem

xy ω (green) and α
me
yxω (purple)

. Solid and dotted lines correspond to real and imaginary
parts, respectively.

double inverse-Z-type gammadion with inverse chirality,
similar to racemate of chiral chemical compounds. Addi-
tionally, as shown in Fig. 6(a), the contraposition meta-
surfaces have inverse magnetization in the −z direction
while the ordinary metasurfaces have magnetization in
the +z direction. Therefore magneto-optical effect van-
ishes due to anti-parallel magnetization, similar to anti-
ferromagnet. Nevertheless, because MCh effect is an
odd function of chirality and magnetization direction,
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x
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z

m

-m

m
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FIG. 6. A unit cell including ordinary and contraposition
MCh metasurfaces. Electric field of the incident microwave is
polarized along the x direction.

the contraposition metasurfaces consisting of the double
inverse-Z-type gammadions with the converse magneti-
zation in the −z direction has the identical sign of MCh
effect with the ordinary metasurfaces consisting of dou-
ble Z-type gammadions with magnetization in the +z

direction. In this way, combination between ordinary
and contraposition MCh metasurfaces is anticipated to
exhibit only moving bianisotropy.

Figure 7(a) highlights calculated spectra of |r−xx|
(black), |t−xx| (red), |r−yx| (blue), and |t−yx| (green) in a
frequency range between 4 to 16 GHz of the compos-
ite MCh metasurface with m = ±0.3. In Fig. 7(a),
|r−xx| (black) and |t−xx| (red) show resonant features at
7.2, 7.8, 12.0, and 13.2 GHz. Moreover, |r−yx| (blue) and
|t−yx| (green) accompanied by polarization rotation are
almost zero, indicating that chiral-type bianisotropy and
magneto-optical effect with polarization rotation are no
longer functioning in the composite metasurface. How-
ever, the moving-type bianisotropy is expected to be sur-
vived as shown in Figs. 7(b) and 7(c). Figure 7(b) shows
transmission phase spectra of (arg t−xx)/π (black solid)
and (arg t+xx)/π (red dashed) of the composite metasur-
faces. Phase differences are observed at approximately
7.5 GHz and 12 GHz. The directional phase difference
spectrum, (arg t−xx − arg t+xx)/π, plotted in Fig. 7(c)
clearly shows the MCh effect with the moving-type bian-
isotropy at approximately 7.5 GHz and 12 GHz.
Figure 8 shows extracted (a) αee

xxωZ0 (red) and
αmm
yy ωZ−1

0 (blue), (b) αee
yxωZ0 (black) and αmm

xy ωZ−1
0

(pink), (c) αme
xxω (gold) and αem

yy ω (cyan), (d) αem
xy ω

(green) and αme
yxω (purple) of the composite MCh meta-

surface with m = ±0.3. Magnetic dipole represented by
αmm
yy ωZ−1

0 in Fig. 8(a) shows a sharp resonant feature
at 12 GHz compared to the ordinary MCh metasurfaces
shown in Figs. 5(a). It can be clearly confirmed that
magneto-optical effect is eliminated as in Fig. 8(b) and
optical activity is cancelled as in Fig. 8(c). Contrastingly
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FIG. 7. (a) Calculated spectra of |r−xx| (black), |t
−
xx| (red),

|r−yx| (blue), and |t−yx| (green) between 4 to 16 GHz of com-
posite MCh metasurface of ordinary MCh metasurfaces with
m = +0.3 and contraposition MCh metasurfaces with m =
−0.3. (b) Calculated spectra of (arg t

−
xx)/π (black solid) and

(arg t
+
xx)/π (red dashed) , and (c) (arg t

−
xx - arg t

+
xx)/π be-

tween 4 to 16 GHz for composite MCh metasurface.

and most strikingly, Fig. 8(d) demonstrates that moving
bianisotropy survives. Moving bianisotropy at 12 GHz is
much more enhanced than that at 7.5 GHz.
In Fig. 8(a), we notice at 12 GHz that Re[αee

xxωZ0]
= Re[αmm

yy ωZ−1
0 ] and Im[αee

xxωZ0] = Im[αmm
yy ωZ−1

0 ], cor-
responding to the Kerker condition [47]. This results
in impedance matching, giving rise to perfect transmis-
sion and no reflection. Indeed in transmission and re-
flection amplitude spectra shown in Fig. 7(a), perfect
transmission and no reflection are achieved at 12 GHz.
In Fig. 8(d), we observe that |αem

xy ω| is maximized, i.e.,
|αem

xy ω| = 1, at 12 GHz. The maximized |αem
xy ω| = 1 de-

rives automatically both perfect transparency and phase
difference of π as proved in the following. In the moving
medium, i.e., α̂em

xy = α̂me
yx , Eq. (14) is written as

t̃+xx − t̃−xx = −2jωα̂em
xy . (16)

Absolute value of Eq. (16) is

2|ωα̂em
xy | = |t̃+xx − t̃−xx| ≤ |t̃+xx|+ |t̃−xx| ≤ 2. (17)

Equation (17) demonstrates that the maximum value
|αem

xy ω| = 1 is achieved when t̃+xx = −t̃−xx and |t̃±xx| = 1.
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FIG. 8. Effective polarizabilities of composite MCh metasur-
faces evaluated from numerical simulation. Frequency ver-
sus extracted (a) α

ee
xxωZ0 (red) and α

mm
yy ωZ

−1

0 (blue), (b)

α
ee
yxωZ0 (black) and α
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xy ωZ

−1

0 (pink), (c) α
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xxω (gold) and

α
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yy ω (cyan), (d) αem

xy ω (green) and α
me
yxω (purple) of the com-

posite metasurfaces consisting of ordinary MCh metasurfaces
with m = +0.3 and contraposition MCh metasurfaces with
m = −0.3. Solid and dotted lines correspond to real and
imaginary parts, respectively.

Indeed, Fig. 7(c) shows (arg t−xx − arg t+xx) /π = 1 at 12
GHz.
The effective polarizability tensor |αem

xy ω|, transmis-
sion coefficient |t−xx|, and phase difference (arg t−xx − arg
t+xx)/π at 12.0 GHz are calculated and evaluated with an
increase in parameter m related to magnetization from
m = 0 to 0.5. Figure 9 highlights |αem

xy ω| (blue, left
axis), |t−xx| (red, left axis), and (arg t−xx − arg t+xx)/π
(black, right axis) at 12.0 GHz plotted as a function of

1.0

0.8

0.6

0.4

0.2

0.0

0.50.40.30.20.10.0

m

-1.0

-0.5

0.0

0.5

1.0

FIG. 9. |αem
xy ω| (blue, left axis), |t

−
xx| (red, left axis), and (arg

t
−
xx − arg t

+
xx)/π (black, right axis) at 12.0 GHz are plotted

as a function of m from 0 to 0.5.

m. In Fig. 9, m = 0.31 brings about maximum value
of |αem

xy ω| = 0.975, which is accompanied by (arg t−xx
− arg t+xx)/π = 1.0 and |t−xx| = 1.0. In this way, the
ideal gyrator for arbitrary polarizations is realized using
composite metasurface with ordinary and contraposition
MCh metasurfaces.

CONCLUSION

Effective polarizability tensor is numerically evaluated
to study bianisotropy in MCh metasurfaces. Ordinary
MCh metasurface consisting of the double Z-type gam-
madions for chirality with perpendicularly magnetized
substrate shows the non-reciprocal moving-type bian-
isotropy as well as reciprocal chiral-type bianisotropy and
non-reciprocal magneto-optical effect. The chiral-type
bianisotropy and magneto-optical effect are eliminated
by the combination of ordinary MCh metasurfaces and
contraposition MCh metasurfaces having inverse-Z-type
gammadion and oppositely magnetized substrates, lead-
ing to realization of pure-moving electromagnetic me-
dia. The pure moving electromagnetic media demon-
strate perfect transmission with phase difference of π,
which is a key to embody an ideal gyrator for arbi-
trary spatial and polarization modes for isolator, circula-
tor, non-reciprocal holography, and two-wavelength las-
ing. Furthermore, the pure moving media is relevant in
an analogy with a hypothetical particle called dyon and
in interplay between physics and algebraic geometry in
Fresnel-Kummer surfaces.
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Principle of parameter retrieving

In this Appendix, we provide physical insights into the
parameter retrieving given by Eqs. (2) to (9). For sake of
simplicity, we consider the case without polarization rota-
tion t±xy = t±yx = r±xy = r±yx = 0. Moreover, we simplify as
t± = t±xxandr

± = r±xx. Figures 10(a) and 10(b) illustrate
electromagnetic responses by incident waves propagating
in the positive and negative direction, respectively. Elec-
tromagnetic waves in Figs. 10(a) and 10(b) can be re-
garded as superpositions of incident waves and scattered
waves S±

l (l = f, b) radiated by electric and/or magnetic
responses of the metasurface as shown in Figs. 10(c) and
10(d). The superscript, ±, represents the direction of the
incident waves, and S±

f (S±
b ) represents the scattered

waves propagating forward (backward) with respect to
the incident waves. Comparing Figs. 10(a) (b) and (c)
(d), we obtain

t± = 1+ S±
f , (18)

r± = S±
b . (19)

On the metasurface, electric and magnetic fields co-
exist for one-way propagating waves. Nevertheless, ei-
ther the electric fields or magnetic fields can be zero by

destructive interference between plane waves with oppo-
site propagation directions, which form standing waves.
For example, when electromagnetic waves with in-phase
electric fields propagating in opposite directions are in-
cident on the metasurface, the electric fields are con-
structively interfered, and the magnetic fields are com-
pletely suppressed. As a result, only electric fields induce
electric dipole moment P and magnetic dipole moment
M on the metasurfaces, resulting in P = α̂eeEinc and
M = α̂meEinc. Total scattered waves can be obtained by
adding the scattered waves in Figs. 10(c) and 10(d):

S↑ = S+
f + S−

b = t+ + r− − 1, (20)

S↓ = S+
b + S−

f = t− + r+ − 1, (21)

where S↑ (S↓) represents the scattered waves propagat-
ing in upward (downward) direction. The electric dipole
moment P excited on the metasurface radiates in-phase
electric fields whereas the magnetic dipole moment M ra-
diates out-of-phase electric fields (or in-phase magnetic
fields). In other words, a symmetric component of S↑

and S↓ gives electric dipole radiation, while an anti-
symmetric component of S↑ and S↓ gives magnetic dipole
radiation. Therefore, we obtain

α̂ee ∝ S↑ + S↓ = t+ + t− + r+ + r− − 2, (22)

α̂me ∝ S↑ − S↓ = t+ − t− − r+ + r−. (23)

Equation (22) corresponds to Eq. (2) while Eq. (23) cor-
responds to Eq. (5).
Contrastingly, magnetic response P = α̂emH inc and

M = α̂mmH inc can be obtained by incident electromag-
netic waves propagating in opposite directions with out-
of-phase electric fields. In this case, total scattered waves
can be derived by subtracting the field in Fig. 10(d) from
that in Fig. 10(c):

S↑ = S+
f − S−

b = t+ − r− − 1, (24)

S↓ = S+
b − S−

f = −t− + r+ + 1. (25)

A symmetric component of Eqs. (24) and (25) gives elec-
tric dipole radiation, whereas an anti-symmetric compo-
nent gives magnetic dipole radiation. Therefore, we ac-
quire

α̂em ∝ S↑ + S↓ = t+ − t− + r+ − r−, (26)

α̂mm ∝ S↑ − S↓ = t+ + t− − r+ − r− − 2. (27)

Equation (26) corresponds to Eq. (4) whereas Eq. (27)
correspond to Eq. (3).
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