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Abstract

We present an asymptotic expansion formula of an estimator for the drift coefficient of the fractional
Ornstein-Uhlenbeck process. As the machinery, we apply the general expansion scheme for Wiener
functionals recently developed by the authors [27]. The central limit theorem in the principal part
of the expansion has the classical scaling T"/2. However, the asymptotic expansion formula is a
complex in that the order of the correction term becomes the classical T-'/2 for H € (1/2,5/8),
but T47=3 for H € [5/8,3/4).
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1 Asymptotic expansion of an estimator for a fractional Ornstein-
Uhlenbeck process

We consider the Langevin equation

{dXt = —0Xydt+odB;, t>0, (1.1)

Xo = o,

where x( is a constant and (By, ¢t > 0) is a fractional Brownian motion with Hurst index H € (1/2,1).
Suppose that the parameter space O is a bounded open set in R satisfying © C (0,00), and that the
true value of 6 is in ©. In what follows, the true value is also denoted by 6 for notational simplicity.
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From (1),
¢
X; = e_'%xo—f—/ e_e(t_s)ast, (1.2)
0

where the stochastic integral is regarded as a Wiener integral, i.e., an divergence integral with respect
to the fractional Brownian motion B. B
Hu and Nualart [8] investigated the estimator 67 defined by

Or = (erHFEIMj/oTXE)_Q}{' (1.3)

In the inferential theory, the estimator gT is regarded as an M-estimator for the estimating equation

T
/ XZdt —vp(¥) = 0 (1.4)
0
for
vr(®) = p()T with p(9) = o?HD(2H)92H. (1.5)

We remark that §T is an approximately moment estimator but not the exact moment estimator
since vp(0) == E| fOT X7dt] is decomposed as 7p(6) = Up(0) + by (6) and by(0) does not vanish though
it is of order of O(1) as T' — oo, according to Lemma Since it is common to use a bias-corrected
estimator in the higher-order inference, we will consider the estimator

0. = 6Or— T_%_q(H)B(gT),

where 8 = By € CF(0), i.e., f is smooth on © and all its derivatives are bounded on ©, and q = q(H)
is a number define by || The value of 07 can exceed the boundary of ©, not necessarily due to the
B term, therefore the estimator #7 we will consider is more precisely defined as

R 05, if 67 € © and 6%, € ©,
Or = (1.6)
0, otherwise,

where 6, is a prescribed value in ©. The choice of the value 6, will not affect asymptotically in any
order of expansion.
Hu and Nualart [8] proved that, for H € (%, %),

\/T(@T — 9) —)d N(O, Co)

as T — oo, with ¢y defined as (4.2)). On the other hand, Hu et al. showed in [5] that the estimator (1.6)
converges to a non-Gaussian distribution (a Rosenblatt random variable), when H € (3/4,1). Other
estimators for the drift parameter of the fractional Ornstein-Uhlenbeck process have been analyzed,
among others, in Brouste and Kleptsyna [3], Chen and Li [5], Cheng and Zhou [6], and El Onsy,
Es-Sebaiy and Viens [7].

In this paper, we will give an asymptotic expansion for the distribution of v/T' (5T — 9). The order
q of the expansion is defined as

(1.7)



The k-th Hermite polynomial Hy(z;0, o) is defined by

—1,2 2

Hi(z;0,c0) = ¢ 7 (=g)fe %™ (2 €R).
We consider the approximate density function
pur(z) = ¢(z;0,c0) (1 + 1{H6[%7%)}2—102H2(x; 0, CO)T4H—3

1
2

+01H1(x;0,co)T_q(H)>, (1.8)

where the constants cy,...,c3 depending on H and 6 will be specified later at (4.2) and (6.4). For
a,b > 0, we denote by £(a,b) the set of measurable functions g : R — R such that |g(x)| < a(1 + |z|%)
for all x € R. The main theorem of this paper is here.

Theorem 1.1. Suppose that H € (1/2,3/4). Then

sup EMTW%mﬂAﬂmHﬂ@M = o(T9M) (1.9)

g€&(a,d)

as T — oo, for every a,b > 0.

The function [ set so as to satisfy ¢; = 0 corrects the second-order bias. In Section [7], the real
performance of the formula py 7 will be investigated in several cases by simulations.

We will treat mainly the asymptotic expansion formula with the threshold 5/8 changing the
shape of the formula by the indicator functions. The expansion formula is still valid even if we remove
the indicator functions and keep all terms because the exponents of T automatically count the order
of terms and the smaller terms, even if they remain in the formula, do not affect the error bound for
a given value of H. More precisely,

Theorem 1.2. Suppose that H € (1/2,3/4). Then there exist constants co,cfl,cfz,c%c;; such that
for

pET(x) = ¢(x;0,¢9) (1 + 27 o Ho (20, c0) T =3 + 37 Les Hy (3 0, Co)T_%
—I-clel(x; 0, CO)T_% + CIQHl (x;0, Co)T_q(H)>, (1.10)
1t holds that

E[g(T"*(0r — 0))] —/g(x)pE,T(ﬂf)dw = o(T™9) (1.11)

R

sup
g€&(a,d)

as T — oo, for every a,b > 0.

The constants cg, c2, c3 are the same as those of py 7. The constants cil and CILQ are given in
(65).

In asymptotic expansions in general, such a “redundant” formula may give in practice a better
approximation to the distribution though there is no theoretical explanation except for an intuition
that such a primitive formula has more information than the slimmed formulas obtained by further
neglecting smaller terms.



Concluding this section, here are several comments. Hu, Nualart and Zhou [9] presented limit
theorems for general Hurst parameter. The Berry-Esseen bound for the parameter estimation is
discussed, among others, in Kim and Park [I3], Chen, Kuang and Li [4], and Chen and Li [5].

For estimation of the Hurst coefficient, we refer the reader to Istas and Lang [12], Kubilius and
Mishura [14], Kubilius, Mishura and Ralchenko [15] and Berzin, Latour and Leén [I]. Asymptotic ex-
pansions are discussed in Mishura, Yamagishi and Yoshida [I§]. A related expansion for the quadratic
form for a stochastic differential equation driven by a fractional Brownian motion (in particular for
the estimator for a constant volatility parameter) is in Yamagishi and Yoshida [28, 29]. Tudor and
Yoshida [26] gave asymptotic expansion of the quadratic variation of a mixed fractional Brownian
motion.

In this article, we consider an asymptotic expansion for a fractional process, while this problem
has been studied well for diffusion processes: Mykland [19], Yoshida [30} 31], Kusuoka and Yoshida
[16], Sakamoto and Yoshida [22, 23] 24] and Kutoyants and Yoshida [17], just to mention a few.

The general expansion formula by Tudor and Yoshida [27] was applied in this article. A different
formulation using a limit theorem to specify the correction term is in Tudor and Yoshida [25].

The following sections are devoted to the proof of Theorem The asymptotic expansion formula
is specified with the Gamma factors defined in Section [2| Since the stochastic expansion of the error
of the estimator will be expressed with certain basic variables, we derive expansions for their Gamma
factors in Section [3] From these expansions, Section [4] gives an asymptotic expansion of the sum Sy
of the basic variables (Proposition . In Section [5) we obtain a stochastic expansion of the error
of the estimator by using Sy (Equation (5.21))), and in Section |§|, it will be used to prove Theorem
with the aid of the perturbation method. Theorem is proved by a minor change of that of
Theorem [T.1]

2 Gamma factors and their representations

To get the asymptotic expansion of the estimator §T of , we will use the method developed in
Tudor and Yoshida [27], which is based on the analysis of its gamma factors. Therefore, we introduce
below these random variables and then we study their asymptotic behavior in the later sections for
the functionals associated with the stochastic expansion of 6.

To accommodate a fractional Brownian motion, prepare the set £ of step functions on Ry = [0, 00),
and introduce an inner product on £ such that

1
(Lo Yoo = Rul(t,s) = 5(752}] + 2 — |t — o)

for t,s € R4. Define the Hilbert space H as the closure of £ with respect to || - ||y = (-, )%2 In the

case H € (1/2,1), the space H has a subspace |H| of all measurable functions h : R — R satisfying

/ / Ih|lhslt — 5|2 2dsdt < o,
0 0

For elements h, g € |H],
(e 9] o0
hen = on / / higalt — s 2dsdt, ay = H(2H —1).
o Jo
We consider an isonormal Gaussian process W = (W(h))h ey On the Hilbert space H. Then,

By = W(1jpy) (t € Ry) form a fractional Brownian motion with the Hurst coefficient H. We will
apply the Malliavin calculus associated with W. We denote the Malliavin derivative by D, and the



Malliavin operator by L. See Nualart [2I], Nourdin and Peccati [20] and Ikeda and Watanabe [11] for
the concepts of the Malliavin calculus.
For F = (Fi)i=1...4 € D12% the gamma factors T (F;,, ..., F; ) for (i1, ...,im) € {1,...,d}™ are
defined as
rO(F,) = TY(F) = Fi— B[R,

11

rm(F,,,..F; ) = 1™ o (F) = (D(=L)'T(Fy,, . Fi ), DFy),,  (m>2).

01eeey

The map (Fy,, ..., Fi,,) — T (F;,,...,F;, ) is multi-linear. Tudor and Yoshida [27] used the notation
rim . (F) for L™ (Fy,,...,Fi ). The second gamma factor T'®(F;,,F;,) is in general different from

D1 yeensl

the carré du champ I'(F;,, Fi,) = (Fiy, Fiy)n.
Suppose that a d-dimensional random variable F = (F;);=1, 4 has the representation

Fi=I(fi) +c (2.1)
for some f; € H®? and ¢; € R. In this special case, the gamma factors have the following expressions:
F(l)(Fil) = Fil — Ciy,
F(2)(Fi17 Fiz) 2<Il (fi1)7 Il(fi2)>7'l = 212(1:2'1 ®1 fi2) + 2<fi17fi2>7-l®2

IO (F;,, Fip, Fiy) = 22(L(F, ®1fiy), I (fiy))
= 2212 (le X1 fl‘2 ®1 fz3) + 22<fi1 & fi27 fi3 >H®2'

Generally,
F(m)(FiU ey Fim) — 2m*1[2 (fi1 ®1 - @1 fim) + 2m71<fi1 X1 /\_(51 fim—17fim>']_[®2 (2.2)

for (i1,...,im) € {1,...,d}™ and F; of (2.1)), where ~ means the symmetrization.

3 Estimates of the gamma factors of the basic variables

3.1 Basic variables

Let
~1/2_—6]s—t| : 9>H
’LLT(S,t) = KUT € ].[07T]2(8,t) with KU = _W(Z_PI)’
1/2_—0(T—s)—60(T—1) °1
’UT(S, t) = KVT (& 1[0,T]2(S’t) with KV = WQI{),
wr(t) = KyT Y2(e % — e 204001 1 (t) with Ky = fﬂ
W .71 W 20H2T(2H)"
We will treat the multiple integrals
Ur = Iy(ur), Vr=I(vr) and Wp = I1(wr). (3.1)

These variables will play an important role in this article to derlve the asymptotic expansion. In fact,
the estimator 9T will be related with the sum of them in



3.2 Gamma factors of Ur and V7

Since Ur and Vp have the form of (3.1]), the formula (2.2]) gives

T (Fp, .. Fr) = 2" ' L(fr@1 - @1fr) + 2" W fr @1 @1 f1, 1) 2 00 (3.2)
~———— ~—————

m m—1
for m > 2 and Fp = Ix(fr) = Ur and Vp with fp = up and vy, respectively.
3.3 Estimates for E[I'" (U, ...,Ur)]
Let
a(zy, 0, x3) = e Imol|gy — gq?H2 (3.3)

for x1,x2, 23 € R, and
a(x) = / e Uz — zPH 24,
R
for x € R. Then
a(x) =a(|z|) and a(r—y) = / a(x, z,y)dz > / a(x, z,y)dz (3.4)
R A

for any z,y € R and any one-dimensional Borel set A. The functions a(x1, z2,x3) and a(x) depend on
6 and H.

Lemma 3.1. There exists a positive constant C' depending on (0, H), such that
a(r) <CAAP?H=2) (vr>0). (3.5)

Proof. Notice that 2|z| > 1 for |z — 1| < 1/2. For r > 0, we have

a(r) = r2 / refgr‘zl\z — 112724
R
< p2H=2 (22—2H/ T€—9r|z|dz +/ sup (2‘Z/| re—9T|z")|z . 1|2H—2dz>
{z:]z—1|>1/2} {z:]2—1|<1/2} 2’€R
< 257209t (1 4 (2H — 1) e )2 since H > 1/2,
besides, a(r) < f{zzlzfrlzl} e ldz + f{Z:‘Zﬂqu} |z —r[?H=2dz < 2071 + 2(2H — 1)7! < o0. O
Here is a common estimate for a multiple integral.
Lemma 3.2. Let m > 2 and H € (%, 7’5—;1) Suppose that functions o; : R — Ry (i =1,...,m) satisfy
ai(z) < CAAzP"72) (zeR) (3.6)

for some positive constant C. Then

/ . ar(zr)az(zr — 22) - m—1(Tm—2 — Tm—1)om(Tm—1)dz1 - - - dTp_1 < 00.
Rm—



Proof. By Young’s inequality and Holder’s inequality, we obtain

/ ! (x1)az(r1 —22) - 1 (Tm—2 — Tm—1)m (Tm—1)dx1 - - - dTpy—1
Rm—

m
= H(a’l*"‘*am—l) XamHLl(R) < l_Il”az”LmAI (37)
1=
Since H < ™l we have (2H —2)-- < —1, and hence Hozi||L% < oo from the inequality |D O
Let
Cy(m,H,0) = meKﬁag/ a(0, z2, x3)a(rs, x4, x5) - -
(0700)2777,71

- a(Tom—3, Tam—2, Tam—1)0(T2m—1, T2m, 0) dxg - - - dxop,.

According to Hu and Nualart [§],

/ CL(O,$2>x3)a($3>x470)dl'2d$3d$4 = 9_4H+1dH
(0,00)3

for
I'(2H —1)? T(2H —1)I'(3 —4H)T'(4H —2)
= (4H -1 .
A ( ){ 2 * T(2 - 2H)
Therefore,
O(4H — 1) (3 — AH)T(4H — 1)
2,H,0) = 1 .
Cu(2, H,6) (2H)? { T e @ — 2 (38)
Lemma 3.3. Let m > 2. Assume H € (%, ";—:;1) Then Cy(m, H,0) is finite and
E[T™(Up,...Up)] = 2" N ur @1 -+ ®1 ur, ur ),
m—1
= T30y (m, H,0) + o(T~2("2) (3.9)
as T — oo.
Proof. Let
Ir = /[ . a(zy, x2, x3)a(xs, x4, x5) . .. a(Tam—1, Tam, T1)dx1 - - - dTom (3.10)
O,T m
and
Ic,)o = 2m a(0a$2ax3)a($37x47x5) o ‘a($2m73,l‘2m72,CL'mel)a(LL‘mel,fom,O) de o 'dem-
(0700)2777,71

From (3.4), we obtain

(2m) L < / A(1)a(ar — 22) A — )y drn, (31)
Rm—



and I, < co by using the estimate (3.5) of Lemma [3.1} and Lemma
By L’Hopital’s rule,

. _ dlp
o T Toseo dT

= 2m lim a(T, xo, x3)a(xs, 4, T5) - - - a(Tom—1, Tom, T)dzs...dxoy,
T—o00 [0,7]2m—1

= 2m lim a(0, x9, x3)a(xs, T4, T5) - - - a(T2m—1, Tam, 0)dza...dxom,
T—o00 [0,7]2m—1

= I, (3.12)

where we changed variables as z;, =T — x; for i = 2,...,m.
From (3.2)) and the expression of the scalar product in H®2,

E[F(m)(UT, WU = 2" N up @ - @1 up, UT>H®2
m—1
= oMIKPTTM 200 Iy (3.13)
for m > 2. Now we obtain (3.9) from (3.12) and (3.13) since Cyy(m, H,0) = 2" 1 KPR I, . O

Lemma 3.4. Let m > 2. Suppose that H = ”;—;1 Then, for any € > 0,
E[F(m)(UT, - Ur)] = 2m71< ur ®1 -+ @1 ur, UT>H®2 = O(Tié(md)ﬂ) (3.14)
—_——
as T — 0.
Proof. Recall that the functions ar(x, z,y), a(z) are associated with H = m‘H . By (3 and 1 ,
Ir < / a(xy — xe)a(we — x3) - - a(Tym—1 — x1)dx1 - - - dTpy. (3.15)
[0, 7]

For any €; > 0, Lemma [3.1] yields

ar) < COAAr*2) = Cc(1ar*I27a(r/T) T
< a1 (Yre(0,7); T>1), (3.16)

where a(z) = C(1 A |z[*#7274) for # € R. Let

Ir = /[ " (l’l - xg) ($2 — .Tg) a(-'fm 2~ Tm— 1) (wm 1— :Ul)d'xl dTp,. (317)
0,7

Then
lim @ = m lim a(T — xzo)a(xe — x3) -+ - a(x Tm—1)a(x —T)dzy---dx
T dT - Toeo [07T]mfl 2 2 3 m—2 — 4dm—1 m—1 2 m
= m lim a(ze)a(re — z3) - a(Tm—2 — Tim—1)a(Tm—1)dxe - - - day, (z; T — ;)
T—o0 [0,T]m™—1
= m eyt a(ze)a(re — x3) - - a(Tm—2 — Tm—1)a(Tm—1)dxs - - - dXy, =: féo (3.18)
0,00)™m—



The limit I’_ is finite by Lemma applied to a;(z) = a(z) = C(1 A |z 727,
Set € = ¢/m for a given € > 0. Now, (3.15) and (3.16) give Iy < T™ I. Therefore, from (3.13),

0 < T2 D= (U, .., Up)] = 2" ' KRT "ol T~ Iy
< 2IRPT 2O T e 2VTVKPT 20T < oo
by L’Hopital’s rule. This completes the proof. O

For p1,...,pm € R, define B,,(p1,p2, ..., Pm) by

B (P1,P2, ooy Dm) = /[ ] |x1 — xo|PHxg — 23|P? - - - |Xm—1 — T |P™ 2 — 21|P™dxy .. d2yy € 10, 00].
0,1]m

Define ap(z,y) by

T T
ar(z,y) = /0 a(:c,z,y)dz:/o e 2=zl — g 24z (z,y €R). (3.19)

Lemma 3.5. Let m > 2. Suppose that H € (%t 1). Then B, (2H —2,...,2H — 2) < 00 and

lim T_(QH_I)m/ ap(z1, z2)ar(xe, z3) . .. ap(Tm, x1)dx] .. .dXy,
T—00 [0, 7)™

= 2M9""B,,(2H — 2,...,2H — 2).
Proof. We have
ap(z,y) = 272 A0(T 2, T™Yy), (3.20)

where

T

1
Ar(ey) = 5 [T P2,
0

By (3.4) and Lemma for some constant C, ar(x,y) < Clz — y|?"=2 for z,y € R, in particular,
Ap(x,y) = 271721200 (T2, Ty) < 2717 2H12G(|Tx — Ty|) < 271C)z — y|*H 2 (3.21)

for z,y € R. Furthermore, by using the convergence of the Laplace distribution to the delta-measure,
it is not difficult to show

Ar(z,y) — 07—y (T — o) (3.22)

for (x,) € (0,1)2,  # y. Lebesgue’s theorem with (3.21)) and (3.22)) ensures
T_(2H_1)m/ ap(z1, z2)arp(re, z3) . .. ap(Tm, x1)dr]...dXy,
[0, 7)™

= Qm/[ | Ap(x1,x0)Ap(x9,23) . .. Ap (T, 1)d2y ... dTp,
0,1]™
— 2M07"B,,(2H — 2,...,.2H —2) (T — )

if B,,(2H — 2,...,2H — 2) < co. However, we know B,,(2H — 2,...,2H — 2) < oo when H > "5—;1 See
Lemma [3.6] below. O



Lemma 3.6. Let m € Z>y. Suppose that the numbers p,...,pm > —1 satisfy > iy pi + m—1> 0.
Then By, (p1, P2, ey Pm) < 00.

Proof. The variance gamma distribution VG(A, a, B, 1) is a probability distribution on R with the
density function

_ 1 o — [ \*"2
W = gl - (5 R

where A\, € (0,00), f € R (a > |B]|) and p € R are parameters, and K, is the Bessel function of the
third kind with index v. See e.g. lacus and Yoshida [10] for the variance gamma distribution and the
related variance gamma process. Here we will use the variance gamma distribution VG(A, 1,0,0) for
A > 0. Denote the density of VG(A,1,0,0) by p(x; \).

The following facts are known:

(i) Kv(z) = Ku(2)
(i) K,(2) ~27T'(v)(2/2)7" as z — 0 when Re(v) > 0, and Ky(z) ~ —log 2.

(alz — pl)exp(B(z — p))  (z €R),

_1
2

(iii) As z — oo under |argz| < 3w/2 — e with € > 0,

K,(z) ~ —e

where
(42 —1)(4v? — 32) - (42 — (2k — 1)?)
8k k! '

ar(v) =

Around z = 0, the density function p(z; \) has the singularity |2|>*~! when 2\ —1 < 0, — log || when
2\ — 1 = 0, and no singularity when 2\ — 1 > 0. Moreover, the function p(z; A) rapidly decays when
|z| = oco. Thus, we have the estimate

2P Mgy £ Caplzs)) (z€R) (3.23)

for some constant C depending on A > 0.
The family of variance gamma distributions is closed under convolution. In fact, in our case, the
characteristic function of VG(A,1,0,0) is

evapa00(®) = (1+ Uz)_/\ (u €R)
and hence
VG(\,1,0,0) * VG(X2,1,0,0) = VG(\ + A2, 1,0,0) (3.24)
for Ay, A1 > 0.
Suppose that p; > —1 for i =1,....,m. Let A\; = (p; +1)/2 > 0 for i = 1,...,m. Then

/ |z1 — xaPtxg — xg|P™ - |1 — T [P 2, — 21 [Py dXy,
[0,1]™

S /R Lo (w1)p(z1 — w23 M)p(w2 — 35 A2) -+ P(Tim—1 — T Am—1)P(Tm — 15 A )d1..doy,  ((3.23

= /2 Lo (@)p(z1 — T AL+ -+ + A1) p(Tm — 215 A )domdzy - ((3.24))
R

= / 1[0’1} (xl)p(o; )\1 +---+ )\m)dﬂfl ( 3.24 )
R
= pO; AL 4+ Ap).

10




On the other hand, p(0; A\ + --- + A;,) < oo since the density function p(x; A1 + --- + Ap,) has no

singularity at the origin due to

QM+ FAn) =1 =) pitm—1>0
=1

by assumption.

O]

Under the assumption of Lemma obviously Lemma ensures B,,(2H — 2,...,2H — 2) < o©

since 2H —2> —1by H > 1/2, and m(2H —2)+m—1=2mH —m —1 > 0.

Lemma 3.7. Let m > 2 and Cj;(m, H,0) = 2" 1 K"aM0~™B,,(2H — 2,...,2H — 2). Suppose that

H e (2t 1). Then CJ;(m, H,0) < 0o and

2m

T(%72H)mE [F(m)(UT, ey UT)] = 2m71< ur @1 - @1 ur, uT>H®2T(%f2H)m
—_—————
m—1

— C{](m,H,G)
as T — 0.

Proof. From (2.2)) and (3.20]), we obtain
E[T™) (Ur,...,Ur)]
2m_1<uT ®1 -+ &1 ur, uT>H®2

_ 2m—1K(7}1agT—m/2 /[ } GT(M, $2)QT($27 x3) .. aT(ajm, Sﬂl)dl‘ldIEm
0, T|m

Now the convergence (3.25|) follows from Lemma

3.4 Expansion of E[I'®(Ur, Ur)]
Let

(2H — 1) 2
 2H2%(3—4H)[(2H)?’

Ci(2,H,0) =

Lemma 3.8. Suppose that H € (1/2,3/4). Then

E[T®(Ur,Ur)] = 2(ur,ur), e
= Cu(2,H,0) + Cfy(2, H,0)T* =% 4 o(T*?)

as T — 0.

Proof. From (3.13),

E[r® Uy, Ur)] = 2(ur, ur)pyer = QKIQJOZ%JT_II;Q)v
where
I:(FQ) = / a(zy, 2, x3)a(xs, x4, x1)dr] - - - dy.
(0,77
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(3.25)

(3.26)

(3.27)

(3.28)



In Lemma [3.3| and its proof, we already know

ar'?
ﬁ 4/[ ]3CL(O,.%‘Q,.%’g)CL(.%’Q,,.%'4,0)d.%'2d$3d334
0,7
and
i 1 _
12 = Jim T = lim = = (2Kjaf) 'ou(2, H,0). (3.29)

In the following equalities of (3.30]), =*** is obvious, and =** is verified by L’Hopital’s rule with
(2)
the aid of di—% — ng)/ — 0 as T — oo. As will be seen, the limit on the right-hand side of =*** is

(2)
non-zero. Therefore, I}Q) I — fOT (% — Ic(g),) dt — oo since [t ~3dt = co. With this fact,

L’Hopital’s rule applies to the equalities =*. In this way, we obtain

. -17(2) 2 4H-3 : (2) 2 AH—2
Th_{%o (171 —12")/T = 71320 (1) = TI12") /T
=* lim (dfé’z) — I /((4H — 2)T*=3)
T—oo ~ dT o
d2—7;2) AH—4
= Tlgréo 773 (4H —2)(4H — 3)T*"™%)
=+ lim 4(4H —2)7 (40 - 3) 7 T (12D 4 12 4 129,
(3.30)
where
2 a(0,T, z3)a(z 0)dxsd
T T, x3)a(xs, x4, 0)dxsdry,
(0,772
¥ = a(0, 22, T)a(T
T - s L2y a( ,$4,0)d$2d$4
[0,7]?
and
I = T,0)daod
T a(0, z, x3)a(xs, T, 0)dzodrs.
(0,772
For 1;2@') (i =1,2,3), we have the following estimates:
11(12,1) — / 679T|T _ I3’2H72679|137‘T4||I4‘2H72d$3dl‘4 S 670T/27 (331)
[0,7]?
17(1272) _ / €—0|m2|‘l,2 N T|2H_2€_6|T_z4||$4|2H_2dl'2d$4
[0,7]?
- T2 / e—Gng |Tl’2 _ T|2H—26—6|T—Tx4| ’T$4|2H_2d$2d1‘4
[0,
_ T4H—2/ e O0Tw2 |3y | 2H=20=0T1=aal| 1 2H=2 0 1
[0,1]2
_  pAH—4p=2 9T e 0Tw2|g, — 1|2H-2 9T6—0T|1—;r4||$4’2H—2d$2dz4
[0,1]2
~ TH1p72 (3.32)
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and

2,3 _ —2 _flzs— _
I§ ) _ / e 9z2|$2_1,3|2H 2,—0les—T|p2H 2dzodas
(0,77
_ TQH/ e—eTg;Q‘TxQ _ Tl,3|2H—26—6\Tz3—T\dx2dx3
(0,12

_ T4H—2/ e—eTm‘m _ x3|2H—26—0T|1—m3|dl,2dx3
[0,1]2

— T4H_49_2 eTe—QTm2|:E2 _ $3|2H—2 9T€_0T|1_x3|d172d$3
[0,1]2
~ TiH-4p2 (3.33)
as T — oo.
Thus, we obtain
. —17(2) _ y@)r\ p4H-3  _ gy—1 _o\—14—4H (7(2,1) (2,2) (2,3)
Jim (717 —12") )T 7;51304(41{ 2)"1(4H - 3)7'T (I + L7 + 1)
= 8(4H —2)7'(4H —3)"'92 (3.34)

as T — oo, from 330 , (3:31)), ( 32)and
From and1334)

E[F<2)(UT,UT)] = 2KZa%T ' 1
= Cy(2,H,0) +Cl(2,H,0)TH=3 4 o(TH=3)

as T' — oo. This completes the proof. O

3.5 Estimate of Ur, Vr and Wy

The (s,p)-Sobolev norm of functional F is defined as ||F||s, = ||(1 — L)*/?F||, for s € R and p > 1.
Let Dy = msER,p>1Ds,p-

Lemma 3.9. Ur =Op_ (1), i.e., ||Ur|lsp = O(1) as T — oo for every s € R and p > 1.

Proof. E[U2] = 2{ur, ur)ge2 = E[T®(Ur,Ur)] = O(1) thanks to Lemma Hypercontractivity
and a fix chaos give the result. O

Lemma 3.10. Vp = Op_ (T~'/?).
Proof. We have

E[V:,%] = 2<’UT,UT>5®2

0,77+

S T*l / e—H(T—tl) ’T _ t3’2H72€79(T7t3) |T . tl ‘2H72dt1dt3
0,77
(Use (3.4) and (3.5)) for the integrals with respect to t2 and ¢4)

2
< T‘1</ e—@tt2H—2dt> _ (T—1/291—2HF(2H_1))2
[0,00)

13



for all T > 0. Then we obtain the results by hypercontractivity. ]

Lemma 3.11. Wy = Op_ (T~1/?).

Proof. 1t is sufficient to observe that

E[W'Z%] = <U)T, wT>.FJ
— TlK‘%VO[H/ (efet _ 6729T+9t)|t _ 8|2H72(6703 - 6726’T+93)dtd8
[0,7]?
< TlK‘%VaH/ e Ot — 5|25t ds
(0,772
( 0< 6797& - 6729T+9t — 67925(1 - 6729(T7t)) < 67015)
< 717! / e O2H2qr  ([B4) and (377))
(0,77
< T7'9'7?A1r(2H -1)
for all T' > 0. O

3.6 Cross-gamma factors
Lemma 3.12. E[F(Q)(UT, V)] = E[F(2)(VT, Ur)] =O0(T1) as T — .
Proof. We have

E[I®(Ur,Vr)] = E[I®(Vr,Ur)] = 27 E[(DUr, DVr)]
= 2<UT,UT>5§®2 = C(Q,H)Tﬁle,

where C(0, H) is a constant and
Jr = / 679”1781”81 — 82 2H72679‘T782|79‘T7t2| ’tg — t1|2H72d81d82dt1dt2.
[0,T]*
Then we have
Jr = 0O(1) (3.35)
as T — oo. Indeed, by using (3.4)), and (3.5 of Lemma we obtain
Jr ,S / (1 VAN |t1 — SQ‘QH_Q)G_Q(T_SQ) (1 VAN |T — tl‘QH_2)d82dt1
0,772
S / (LA T — 12 PH=2) (LA [T — 1 P2)dy
[0,7]
< / (LAIT =t dty < / (LAt hat < o
[0,7]

[0,00)

due to 4H —4 < —1 when H < 3/4. O
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Lemma 3.13. Let m > 3. Then
B[ (Fy, ..., Fp)] = O(T_%)I{He(%y%)} + O(T—%+)1{H:%1
+O(T_%(3_4H))1{He(’g—j:,l)}
as T — oo, for any (F1,...,Fn) € {Up, Vp}™, if #{i € {1,....om}; F, = Vp} =1.
Proof. Suppose that m > 3 and #{i € {1,...,m}; F; = Vp} = 1. Then we have
E[LU)(Fy, . F)] = 27 Yur @1 - @1 up,vr)per = C(m, 0, H)T™™21%,  (3.36)

where C(m, 0, H) is a constant and

J:j[l: — / e—9|t1—81‘ |81 _ tQ‘QH—2e—9|t2—SQ| ‘82 _ t3‘2H—2
[07T]2m
. e—@\tm_l—sm_ﬂ |Sm—1 _ tm’2H_2€_0|T_tm|_9|T_Sm| ‘Sm _ t1|2H_2d81dt2 . dsmdtl.

1) Case H € (%, %> By using 1’ and |D of Lemma we obtain

J;ﬂ 5 / (1 A ‘tl _ t2|2H_2) (1 A |t2 _ t3|2H_2) L. (1 A |tm72 _ 75m71|2H—2)
[0,T)m+1
S (LA [tmot — t[22)e 0T tml =0T —sml| g 4| 2H =201, .t ds,,
S [ A= BT A~ P (LA s~ )
0,71
X (LA [tme1 — T2 (LA T — 612 72)dty - dti
= / (1 A ‘tl _ tQ’QH_2) (1 A ’tQ _ t3|2H_2) . (1 A |tm_2 _ tm_1’2H_2)
0,7+
(LAY (LAT2)dty - - dty. (3.37)

We will estimate the right-hand side of (3.37)). By the same reasoning as the proof of I’ < oo around
1) by Young’s inequality and Holder’s inequality. we see J. = O(1). Hence E [F(m)(Fl, cey Fm)] =
O(T—™/?).

2) Case H = ”;—;;1 For an estimation of the right-hand side of 1) we can follow the proof of T I <00
around lb with a discounted function a. Therefore we obtain F [F(m)(Fl, ey Fm)] = O(T_%*').

3) Case H € (L 1). Since |T — to| + [T — sm| > |tm — Sm|, we have
2m
J;i < / e—G\tl—sl\’$1 o t2|2H—26—9\t2—32\’82 - t3‘2H_2
[0,T]2m
oo Oltm—1—sm| |Sm—1 — tm\zH_Qe_eltm_s’"Hsm — t1|2H_2d81dt2 oo dsp,dty
- /[> } (lT(tl,tQ)aT(tQ,t:}) ' "&T(tm,tl)dtl : dtm,
0,7]m

where the function ap is defined in l’ Now Lemma gives the estimate J5. = O(T m(ZH-1)) "and
hence E[F(m)(Fl, o Fm)] = O(T™2H=3/2)) from 1) This completes the proof of Lemma O
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Lemma 3.14. Let H € (1/2,3/4). Suppose that m > 2 and 1 < k <m. Then
E[L™(Fy,...Fn)] = O(T7)

as T — oo, for any (F1,...,Fn) € {Up, Vp}™, if #{i € {1,....m}; F, = Vp} = k.

Proof. We obtain these estimates from Lemmas and if hypercontractivity and Lemma 3.1 of
Tudor and Yoshida [27]. O

Lemma 3.15. (a) ||[Wr|sp = O(T'/?) as T — oo for s €R and p > 1.

(b) Let m > 2. Then E[T®(Fy,....,F,)] = 0 for any (Fi,....Fn) € {Ur, Vi, Wr}™, if #{i €
{1,....m}; F;=Wr}=1.

(c) Let m > 2 and k < m. Then E[F(m)(Fl,...,Fm)] = O(ng) as T — oo, for any (F1,...,Fn) €
{Ur, Vo, W™, if #{i € {1,...,m}; F; = Wr} = k.

Proof. (a) is nothing but Lemma (b) follows from the fact that E[F(k)(Fl, ..., Fm)] is the expec-
tation of an element of the first chaos. (a) implies (c). O

4 Gamma factors and asymptotic expansion of the sum of the basic

variables
Define Sy by
Sr = Ur+Vr+Wr, (4.1)
and ¢y and co by
co = Cy(2,H,0) and c3 = C[(2,H,0), (4.2)

respectively. See (3.8)) and ([3.27)) for these constants.

Lemma 4.1. Let H € (3,3). Then
E[F(Q) (Sr,Sr)] = co+ T3 4 o(THH3)

as T — 0.

Proof. From (4.1) and Lemmas [3.12} |3.14] and [3.15} we see

E®(sy,Sr)] = E[I(Ur,Ur)] +0(T7)
as T — oo. We obtain the result from Lemma [3.8 O
Let
& = Cy(3,H,0). (4.3)

N[
S—

Lemma 4.2. (a) For H € (4, 2), E[F(3)(ST,ST,ST)] = ch*% +o(T~

(b) For H =3, E[I®)(Sr.Sr.Sr)] = O(T7#").
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(c) For H e (2,1), E[T®)(Sy,Sr,S7)] = O(T 3641,
Proof. By using Lemmas [3.13] [3.14] and [3.15] we obtain

E [F(3) (STa ST7 ST)] = E[F(3) (UT’ UT’ UT)]
_3 -3
O 2) pes, 2y + 0T 2y
—|—O(T—%(3—4H))1{He(%?1)} +0(T™h

as T'— oo. Then the desired estimates follow from Lemmas and O

The centered T'?) is denoted by I'(®). Let

l7 = TG)(Sy,Sr,S7) = I'®(Sr, S7,S1) — E[T®(S7, ST, S7)] .-

Lemma 4.3. As T — oo,

Il = Tipe l)}ODoo(T_l)+1{H=%}0DOO(T_1+)

%7 12
3 _
+1{He(%,1)}0Doo(T2(4H o).

Proof. (I) Estimation of the centered third-order gamma factors involving Ur and Vp. It holds that

E[(l:@(UT, Ur, UT))2] = 2'B[L(ur ® ur @1 ur)?] = 2°(ur ®1 -+ @1 ur, ur)ne2
—_—_———
5
= E[rOUr,..,Ur)]

- - 3(4H-3

12

(4.4)
from Lemmas [3.3] 3.4 and 3.7} These estimates are enhanced to Do, that is,
re)(Ur,Ur,Ur) = 1{He(%,1—72)}ODoo(T_l) + 1{H=1—72}ODoo (T_1+)
3(AH—
ez Opa (T2, (4.5)

For a mixed centered third-order Gamma, factor of Up and Vi, we have

A 2
E[(T®)(Up,Ur, V1))~
= 24E[I2 (ur @1 ur ®1 UT)2] (tensor symmtrized)
~  {vr @1 ur ®1 - @1UT, VT)ge2 + -+ + (ur @1 UT ®1 + - @1 VT, UT) g2

5 5

T_3 / b a(tl, S1, tg)a(tz, S92, tg) s a(t5, S5, tﬁ)a(t(), 56, tl)dtl cee dt6d81 R d86.
[0,T]

A

Here we used |T' — z| 4+ |T' — y| > |z — y| for one vy to alter it into the function a. Since

B[O, U, V)?] S E[LOU;,....Ur)]
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by and , 3)(UT, Ur, V1) admits the same estimate as , and hence t/lrig estimate .

On the other hand, Lemmas and [3.10| give T3 (Vp, Vi, Vi) = Op (T*3/2) and T'G)(Vp, Vi, Ur) =
& (Vp, Up, V) = TG (Up, Vi, Vi) = Op_ (T~1). In conclusion,

L& U, U7, Ur) = Lge, 2300 (T + 11— 7,0p, (T7'F)

Hlre(0100w (T30H=), (4.6)

for U7, UY, UY € {Ur, Vr}.
(II) Estimation of the centered third-order gamma factors involving at least one Wr. We consider
re L@ (UL, U, Wr) for Ujp, Uf. € {Ur, Vr}. In order to estimate E[(T re WU, UL, W) ], it suffices to
show
(wr @1 up ®1 -+ @1 ur, wr Q1 ur @1 -~ Rrur)y = O(T?) (4.7)

-~

k 6—k

for k=0,1,...,5. Here we used the domination of the kernel of vy by that of ur, once again. We also
notice that e=207+0* < ¢=9 for t € [0, T]. Therefore, it is sufficient to use the following estimates:

Jro= T_S/[ ]ga(tasl,tl)a(tl732,t2)"'a(tk—laskatk)e_etk
0,7

Xa(t, skp1s tey1)a(thg, Skros thia) -+ alts, s, ta)e” "
Xdty - dtydsy -+ - dsadt

S L e R (P iy
xdridraodrs (4.8)

S A T e e L e R (L e
>£C7i7"}1d7’2d7"3, (4.9)

where Hy = H — (1+¢€)/8, ¢ > —1, and T > 1. The last inequality of (4.9) is verified by the estimate
TOREARPIE) < A (TR = e

for r € [— TT]\{O}andT>1

When H € (5, 3), take € = to have Hy € (3,3). We apply Lemmato ai(x) = 1A |z|>P1=2 in
the case m = 4 and H; for H under ¢ = 0, to verify the integral on the right-hand side of (4.9) is
finite. Hence J}* =0(T72).

When H = , it is possible to show that the integral on the right-hand side of is finite for
any € € (—1 oo) Therefore, J3* = O(T—3T).

When H € (3,2), we directly apply Lemma to a;(z) = 1 A |z|>=2 in the case m = 4 and H,
and see integral on the right-hand side of (4.8) is finite, therefore, J5* = O(T —3).

Consequently, for any H € (3,3), Ji* = O(T*Q), which implies I'®) (UL, U%, Wr) = Op, (T71)
as T — oo, for Uy, UY € {Ur,Vr}. In the same fashion, it is possible to show I'G) (UL, W, U¥) =
Op. (T71) and T'®) (W, UL, UY) = Op_ (T71) for UL, U{p’ € {Ur, Vr}.

Moreover, Lemmas 3.11 show T'G)(Wp, Wy, U%), T re )(Wr, Uj, Wr) and I‘(3)(UT,WT, Wr) are
of order Op_(T~1) for UL, € {Ur, Vr}. Similarly, T®)(Wp, Wy, Wr) = Op__(T~3/?).
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After all that,
IO}, UL UY) = Op (T (4.10)

for UT’ E {UT, VT, WT} if 1{U' =Wr} + 1{U” =Wr} +1 U/// Wr}t > 1.
(ITT) The proof of Lemma is Completed by merging and - O

The estimated exponents of T" and the ranks of the terms appearing in the asymptotic expansion
are summarized in Table [1} together with the estimates for the centered third-order gamma factors.
It should be remarked that the change of the second dominant terms is seamless at H = 5/8. In
the asymptotic expansion, the classical order —1/2 becomes the exponent of the first-order correction
term for H € (1/2,5/8), while 4H — 3 does for H € (5/8,3/4), and both do at H = 5/8.

Table 1: Estimated exponents of 7" and [Rank]s

sequence interval (2, g) (g, L) (35 %) (%, 3)
Oth-order term of E[I'® (U, Ur)] 0[1] 0[1] 0 1] 0[1]
Ist-order term of E[T®)(Ur,Ur)] 4H —3(3] 4H —3[2] 4H —3[2] 4H — 3 [2]
ET®(Sr,Sr,Sr)] -3 5B 3B SUH-3)[3]
ET®)(Ur, Ur, Ur)] -1 ~1 3(4H —-3)  3(4H - 3)
E[®) (Ur, Ur, V)] -1 -1 J(H-3)  5(4H -3)
E[LG) (UL, Uk, Wr)] -1 -1 -1 —1

We shall derive an asymptotic expansion of Sp. Define the density function p*HvT(x) as

Pur(®) = ¢($;0760)<1+1{He[g,3)}2_102H2($;O,CO)T4H_3
1337y Hy (30, ¢0) T %>. (4.11)

The exponent q = q(H) is given in ((1.7)).
Proposition 4.4. Suppose that H € (1/2,3/4). Then

sup | Elg(Sr) — [ go)pinr(@ds| = o) (1.12)
g€e&(a,b) R
as T — oo.
Proof. Prepare the following parameters:
2 1
d=1 p=2 k=1, qoH) = gq(H), &H) = §q(H), { =11, ¢ = 5.

qo(H)(k+1) >q(H), &(H)(—d) > q(H),
(>0 >p+1+d, qo(H) < q(H)—38(H).

Therefore, Condition [B] of Tudor and Yoshida [27] is satisfied for each H € (1/2,3/4), thanks to
Lemmas M.1] and .21
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From (3.2), the formula (2.2)) gives
I3 (Ur,Ur) = 20 (ur @1 ur) + 2(ur, UT ) 02
Lemma [3.8 shows
2<UT7 UT>7-[®2 = Cy(2,H,0)+ O(T4H_3)-

From (4.13]) and (4.14)),
P(Q)(UT, UT) —Ccy = 2[2 (UT X1 uT) + O(T4H_3)

Furthermore,

E[L(ur ®: uT)z] = 2(ur @1 ur, ur @1 ur)ge?

2(ur @1 ur ®1 UT, UT) HE2

— 1{He(%,%}O(T’1) - 1{H:%}O(T*1+) n 1{HE(%%)}O(T2(4H73)).

(4.13)

(4.14)

by Lemmas and Therefore, in any case of H € (1/2,3/4), we can find a positive constant

a(H) such that
r®(Up, Ur) —cg = Op_(T2UD)

as T — oo. With the help of Lemmas[3.10]and [B.11] this verifies [A1] (ii) of Tudor and Yoshida [27] for
I'®(Sy,Sr). Lemmas [3.9§3.11| imply Sy = Op_ (1), and [A1] (i) is checked. Thus, [A1] of Tudor and
Yoshida [27] holds. Besides, Condition [A2%] of Tudor and Yoshida [27] has been ensured by Lemma

We apply Theorem 5.2 of Tudor and Yoshida [27] to conclude (4.12)).

5 Smooth stochastic expansion of the estimator

Let Qr = J; X2dt. Define G(0) by

G = /01 (0 + u(¥ — 6))du (9 € (0,00)).

In particular,

G(0) = Opu(h) = —20°HT(2H)92H -1,
Lemma 5.1.

Qr = TY?G(0)(Ur + Vp + Wr) +op(6).
Proof. By the representation
X, = e Ppo+14 (Je_e(t_')l[o,t](-)),

we have

X} = el 4 2e M aol (0e 10 ()

+1o (Uzee(t')l[o,t](') ®e My (‘)) + 0% (e (), e (),

_ e—29tx(2) + 2 00, (ae_e(t_')l[o,t](')) + 1, <026_9(t_')1[0,t](') ® e_e(t_')l[o,t]('))

+02aH/ e_e(t_sl)e_e(t_52)|sl - 52|2H_2d51d52.
[0,2]?

20
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Moreover,

T
/ o2e0t=s1) I[QJ] (sl)e_e(t_s2) 1[07,5} (sg)dt
0

T
—20t+6
_ / 52— 200+ (51+52)dt1{51,326[0,T}}
s1Vso

_ 02(29)71(679|81782| _ 69(72T+81+52))1{81:826[0”1_'}}

T1/202(29KU)_1UT(81, 82) — T1/202(29Kv)_11)T(81, 82), (5.5)
and
T
/ 2roore P pndt = woof (e — e TN 1 Loy
0
= TY%2000 'K wr(s). (5.6)
Therefore, (5.4)), (5.5) and (5.6]) gives (5.3]). O

Lemma 5.2. For every e >0 and L > 0, P[|§T —0l>€e] =0(T") as T — .

Proof. Take a sufficiently small positive number r such that U(0,r) = {¢#' € R;|¢/ — 0] < r} C ©.
Suppose that 0 < 2e¢ < r. By definition of 67, we have

{167 — 6] >2¢} < {|or — 0] >} U{T7Blo0 > €}

c Qo) = pt @) - wo fU{T B> )

T0:0—0]>€

since T~*Qr = p(fr). Then

Pllor—0>¢ < E[|T7'Qr-T"'5r(0)|*] = o)

as T — oo (recall vp(0) = E[fOT X2dt]) since T~Y2(Qr — 7r(0)) = Ope (1) as T — oo, ie., all

LP-norms are bounded, from the representation of Q7 and Lemmas [3.943.11 O
Let
beo(0) = —0'2aHT(2H)9’2H*1—%U%HFQH — 1)o7y %J;%
= —%UQQH(ZIH —DI(2H — 1)g~ 281 4 %x% 538)

Lemma 5.3. vp(0) = v7(0) + br(0) and br(0) — beo(6) as T — oo.

Proof. We see
T
vr(d) = E[/ thdt]
0

T T

= 2U2aH(29)1/ eett2H2dtT—2a2aH(29)1/ te 0224t
0 0

1— e—QGT )

—0’2041-[/ (20)_16_0(81+82)|81 - SQ\QH_2d81d52 + xg
[O,TP 29

= or(0) +br(0).
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Remark that

T
204H(29)_1/ e—GttQH—th — H(QH—1)F(2H—1)9_2H+O(e—9T/2)

0
= HU(2H)0 1 4 0(e7/?)

as T — oo. Therefore,

o0
lim br(f) = —202ag(20)7! / te O 2H 244
T—o0 0
1
02aH/ (20)_16_0(81+82)|81 - 52\2H_2d51d52 + —1:(2)
[0,00)2 29
1 1
= —0204HF(2H)0_2H_1—§J2aHF(2H — 12 4 %x%

The proof is completed.

The effect of the initial value zg may appear in the asymptotic expansion possi
correction term. In this sense, we can say the moment estimator is fairly skewed.
When 67 € U(0,r) and 6% € U(9,r),
St = T_I/Q(QT — ()
T_1/2 (ﬁT(GT) — UT<6))
= G(O7) TV*0r — 0) — T~Y?br(6)

and

Sy = G(O)TY?(0r — 6) + T 2C(07) T(0p — 6)*> — T /%b1(8),

where G(9) is defined by (5.1) and

Cc) = /01(1 —w)d5u(0 + u(¥ — 0))du.
By definition, G(0) = —202H2T(2H)0~2H~" (see (5.2)) and
C(H) = o?H*(2H + 1)I'(2H)9 212 = 27162 HT(2H + 2)9~ 212,
Since inf g |G(J)] > 0, we have
TV2(0p —0) = G(Or)"'Sr + T 2G(07) 'br(0)
from , besides

TY?(0r —0) = G(0)~'Sp —T-2G(0)"'C(07) T (7 — 6)?
+T72G(0) " br(9)

from 1} Substitute the expression of |i for T(gT —0)? of 1' to obtain

TY?(0p —0) = G(0)'Sp — T 2G(0)3C(0)S%
+T2G(6) 'br(6) + RY,
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where

R}, = —T7'°G(6)7*(C(br) - C(0))S7
~T7Y2G ()7 C(0r) {257 R + (R5)?} (5.14)
with R} given by
R;-0) = (G(Or)™t —G(O))Sr + T~ V2G(0r) br(6). (5.15)

Finally, from ,
T2 —0) = G(6)~'Sr— T 2G(6)3C(6)5%
+T12G(0) b (6) — T2 9 3(6) + RE, (5.16)
where
RL = RL-T7Y2(8(6r) - B(9)). (5.17)
Recall St = G(#)~'Sr has the representation
Sr = Ur+Vr+Wr.

From .
T'2Or —0) = Sp+T Y23+ 1779 dp + R, (5.18)
where
dp = T2 T9HG(0) " by (6) — B(6)
and

A= —GO)'CH) = 271 2H+1)67 L (5.19)
Take a smooth function ¥ : R — [0,1] such that ¢)(x) = 1 when |z| < 1/2 and ¢ (z) = 0 when

|z| > 1. Let
PG = (G T Qr — T ' (0) ). (5.20)

In view of (5.7), we can say there exist numbers T; and C; such that 67 € U(6,r) and 6 € U(6,r)
whenever 17 > 0 and 7' > Ty. In what follows, we will only consider 7" such that 7" > T7. Then the
functional Fg L= wngl/ 2(01 — 0) is well defined on the whole probability space and it is possible to

show fg ' = Op,_ (1). In this way, we have reached the stochastic expansion

FX = 2TV —0) = Sp+T V2682 + T dr + Ry, (5.21)
where
Rr = ¢2"RE — (1— 929 (Sp + 172682 + 779H)dy). (5.22)

Lemma 5.4. Ry € Do, and Ry = Op_(T71) as T — oo.

Proof. It is easy to show that LZ)%CI € Dy, and LZ)%CI —1=0p_(T™F) for every L > 0. As for the
term w%cl R% in 1’ it is observed that, on the event {w%cl > 0}, the terms appearing in the
representation of R7. consist of some functionals of the form f(fr) for a f € CF(U(H,r)). Since

%Cl RF%F has the factor ¢%Cl, we can replace f (gT) by f(0 +T-1 ZﬁTC ). The latter is well defined on
the whole probability space and indeed it is in Dy,. Along (5.17)), (5.14]) and (5.15)), we can verify that
Ry € Do and Ry = Op_ (T7Y) as T — oo. O
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6 Proof of Theorems 1.1l and 1.2

6.1 Proof of Theorem [1.1]

The asymptotic expansion pHT for St has already been obtained in Proposition We will deal
with the last three terms on the right-hand side of (5.21)) by the perturbation method of Sakamoto
and Yoshida [22]. The stochastic expansion |) of FTC1 reads F%Cl = Sp 4+ T9HY, with the

perturbation term Y = Tq(H)_%IQS% +dp + 79 Ry, From Proposition in particular,
(Sr.Yr) =% (Seo, 1{H€(%7§]}HS§O + 1{H€(%,%}}G(9)‘lbm(9) — B(9))

as T' — oo, where Sy, is a random variable distributed as Soo ~ N(0,¢) and b (6) is given in (5.8]).
We can apply Theorem 2.1 of Sakamoto and Yoshida [22] because asymptotic non-degeneracy of Sy

is obvious. The asymptotic expansion for F%Cl is now given by the density function
prr(z) = pire)+ T g(e), (6.1)
where
g(z) = —0:{(k2® +7)¢(x;0,c0)}
with
= K(H,0) = Ly sy and 7 = 7(H,0) = 1{H€(%’31}G(9)_1bo@(9)—5(0). (6.2)

Recall that the constant A is defined in (5.19). More precisely,

g(x) = ¢(x;0, CO){ — 2kx + (/<a:L‘2 + 7)H;(x, co)}

= ¢(x;0, CO){(T — 2kco)Hy (2, co) + ka?Hy (x ,CO)}

= (20, c0){(1 — 2rco) H1(x, co) + kcgHs(x, co) + 3kcoHi (2, co) }

= ¢(x;0,c0){ (T + Kco)H(z, co) + ke Hz(z, co )} (6.3)
Remark that Hs(x,cy) = 6631'3 — 30521‘ and

22Hy(z,c0) = c2Hs(x;0,c0) + 3coHy(x;0,cp).
With 7 and & of (6.2) and ¢ of (4.3), set
¢ = T+kreg and 3 = ¢+ 3. (6.4)

Remark that 15 157363 = Lepre( 13 ]}(cf3 + 3kcd). Then the resulting asymptotic expansion formula

for F%Cl is given by pg r of 1’
Since the estimator 7 takes values in the bounded set © and as already mentioned w%cl —1=
Op.. (T~F) for every L > 0, it is easy to show

sup [Elg(T*0r =0)] = Elg(FE™)]] = OT™) (T o)

for every L > 0. Thus, we obtain the asymptotic expansion and its error bound for 7"/2 (1/9\T —-6). O
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6.2 Proof of Theorem [1.2]

Define cfl and Cl+,2 as
cil = G(0) 'boo(#) + Ao and CIQ = —5(6). (6.5)

Then, by the definition 1D of IPET and the argument in Section ﬂ, we see

sup / 9(x) (prr(r) - pJI}’T(x))dx = o(T9(H)
ge€(a,b) R
as T — oo, for every a,b > 0. Therefore, (1.11)) follows from ((1.9)) of Theorem [I.1 ]

7 Simulation study

The performance of the asymptotic expansion formula pg 7 of will be investigated by simulations.
We consider the parameter values § = 2 and H € {0.55,0.625,0.7}. The number of replications in
each Monte Carlo simulation is 105. The YUIMA package (cf. [2, [10]) is used for the study.

Figure (1| shows the asymptotic expansion formula pg 55 50 captures the skewness of the distribution
of the estimation error in the time horizon 7' = 50. On the other hand, the normal approximation
improves for T'= 100 as in Figure

H=0.55, T=50 H=0.55, T= 100

—— normal —— normal

Figure 1: N (0, co) and po.55,50 Figure 2: N (0, cp) and pg.55,100

The value H = 5/8 = 0.625 is the threshold of T’s exponents —1/2 and 4H — 3 of the first-order
correction term of the asymptotic expansion. Figures [3| and [4] show that the asymptotic expansion
formulas have caught the skewness of the distribution. The correction becomes smaller for the larger
T. Since the first-order correction by the asymptotic expansion consists of the two terms, it is a bit
unexpected that the difference between the histogram and the normal distribution is rather small.
However, it is natural in a sense because the relative effect of the skewness decreases down toward 5/8
on (1/2,5/8], and the relative effect of the gap between the real variance and ¢y goes down toward
5/8 on [5/8,3/4).
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H=0.625, T=50

—— normal

scaled rror

Figure 3: N (0, co) and po.625,50

H=0.625, T= 100

—— normal

scald enor

Figure 4: N (0, cp) and pg 625,100

In the case H = 0.7, Figure [5| shows the asymptotic expansion fairly improves the normal approxi-
mation. However, some discrepancy remains yet between the asymptotic expansion and the histogram,
even for T" = 100, for which the normal approximations performed better when H = 0.55 and 0.625,
as observed above. The value H = 0.7 is near to the upper bound of the interval (1/2,3/4) (more
generally (0,3/4)) of H for the valid normal approximation with the scaling T'/2. Hu et al. [9] showed

that the limit becomes a normal distribution for H

— 3/4 with the rate of convergence T'/2/\/log T,

and a Rosenblatt distribution if H exceeds 3/4 with the rate 7272, This fact explains the relatively
large discrepancy between the histogram and the normal approximation under rate 7%/2. The asymp-
totic expansion is trying to approximate the histogram, while it still has a gap since the first-order
asymptotic expansion pg.7,100 does not incorporate the effect of the kurtosis nor the higher-order mo-
ments of the variable. The approximations by the asymptotic expansion and normal distribution are
improved when 7' = 400 as Figure [6] though the error of the normal approximation is not small yet.

H=0.7, T= 100

— ! — normal
TN

7

— P

,,,,,,,,,,

Figure 5: N (0, co) and po.7,100

26

H=0.7, T= 400

| —— normal
N

TNy

— P

,,,,,,,,,,,

Figure 6: N (0, cp) and po.7,400
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