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GLOBAL HOLDER SOLVABILITY OF SECOND ORDER
ELLIPTIC EQUATIONS WITH LOCALLY INTEGRABLE
LOWER-ORDER COEFFICIENTS

TAKANOBU HARA

ABSTRACT. We prove existence of globally Holder continuous solutions to el-
liptic partial differential equations with lower-order terms. Our result is ap-
plicable to coefficients controlled by a negative power of the distance from the
boundary.

1. INTRODUCTION
This paper deals with the global Holder solvability of the Dirichlet problem

{—diV(AVu) +b-Vu+pu=v in §,

1.1
(L.1) u=gq on Jf).

Here, 2 is a bounded domain in R™ (n > 2), A € L>=(Q)™*™ is a matrix valued
function satisfying the uniformly ellipticity condition

(1.2) €]? < A(@)E - € < LIEP* VEER”, Vo e Q

with a fixed constant 1 < L < oo, g is a Holder continuous function on the boundary
09 of ). Assumptions on other coefficients to be explained later. We temporarily
assume that b € L2 (Q)", u,v € M(2), where M(R2) is the set of all measures on
Q in the sense of Bourbaki. For €2, we further assume that

cap(B(§, R) \ ©, B(¢, 2R))
cap(B(¢, R), B(,2R))

where B(z,r) is a ball centered at z with radius r > 0, and cap(K, U) is the relative
capacity of an open set U C R™ and compact set K C U, which is defined by

(1.3) vy >0 >~ VR>0, V¢ €09

cap(K,U) := inf{/ |Vul> de: v e C(U), u> 1onK}.

There are many prior works for existence and regularity results of solutions to
(1) with various aspects. We treat (ILT]) using its divergence structure and refer to
[23, [15] for basics of weak solutions. Sharp interior regularity estimates for solutions
to ([LI) studied extensively, especially since the 1980s. We refer to [2, [10, [8] 25]
for overview. Local Holder estimates for equations with Morrey coefficients can be
found in e.g. [24] 11 29, 12]. For recent developments in interior regularity theory,
see also [28] [30] 16, [I7, 27]. There are not a few results on boundary regularity as
well, which will be discussed later.
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Let us recall known results for the global Holder regularity of weak solutions to

(1.4) {— div(AVu) =0 in
u=yg on 0f.

It is well known that (3] is sufficient for the desired boundary estimate, although
there is no explicit reference (see [20, p.130] for related work). The proof of it (see
e.g. [26] [14] [T, [20]) consists of three major steps. (i) Prove an interior regularity
estimate. (ii) Prove a regularity estimate at each boundary point by using (L3)
and the result of (i). (iii) If the result of (ii) holds at all boundary points, then the
desired global regularity follows. As a consequence, if (L3]) holds, then the operator

(1.5) CP(90) 3 g u € CP(Q)

is bounded for some 3y € (0,1). Conversely, [1, Theorem 3] (see also [3] Lemma 3])
showed that the boundedness of (LAl gives (L3) if Q has no irregular point.

For global regularity of solutions to (III), one approach is to directly repeat
the above three steps (e.g. [31), 14} 25, 05, 03] [6l 27]). However, this approach
has problems in local estimation at the boundary (ii). Indeed, the fact that the
condition (L3]) holds at all boundary points is not exploited. Also, since it requires
extending the equation out of the domain, this strategy cannot be applied to locally
integrable b, p and v.

Another popular approach to (1)) is to construct the Green function of (4]
and regard the lower-order terms as a perturbation. This approach is often used in
the context of potential theory (e.g. [9L [7) 4, 21l 22]). The problems in (ii) above
do not occur in this method because the Green function is a global concept. As a
results, under smoothness assumptions on 9€2, it is possible to deal with coefficients
that diverge by negative powers of §(x) := dist(z, 9Q), as in

(1.6) 3(2)' P Ib(x)| € L=(9),

(1.7) p=clx)ym and §(x)* Pe(zx) € L®(Q),

where 8 € (0,1) and m is the Lebesgue measure. Unfortunately, it is difficult to
give explicit estimates of Green functions for domains with complexity boundaries.
However, [3] treated such domains without giving explicit formulas for them. This
strategy seems good for obtaining Holder continuous solutions, but there is no
known literature dedicated to this direction.

We construct globally Holder continuous solutions to (LI]) using the Fredholm
alternative and a Holder estimate in [19]. The estimate is a refinement of results
in [3,[18]. We control b, i and v using a Morrey space and apply the the Fredholm
alternative to it. For the sake of simplicity, we use slightly different notation from

[19)].
Definition 1.1. For ¢ > 1, define

M4(Q) = {u e MQ): [l o < oo},
where

(L8) Il g = diam(@)/%  sup 1T | (B, ).

e
0<r<é(z)/2
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Also, for a function v on E C R™ and § € (0, 1], we define

(E)B sup |u($)_u(y)|

z,y€E |z — y|ﬁ
T#Y

lulles gy = sup lu| 4 diam

Our main result is as follows.
Theorem 1.2. Assume (L2) and [3). Suppose that
(1.9) b]2m e M/ (2=28)(q),

(1.10) e MR (Q),

where B € (0,1) and that u > 0. Then, for each v € M™2=8)(Q) and g € C*(09Q),
there exists a unique weak solution u € HL_(Q) N C(Q) to (I). Moreover, there
exists a positive constant By depending only on n, L, B and v such that

(1.11) lellesn @ < C (IWllyesy0 + lgllosom)
where C' is a positive constant independent of v and g.

Remark 1.3. The solution u in Theorem [[.2l may not have finite energy. Note that
we do not assume that v € H~1(2) or that g is the trace of an H'({2) function.

Remark 1.4. We give some remarks to the conditions on b and pu.

(1) Local Holder estimates under (L9) and (LI0) are well-known. We prove
(CII) under the same conditions.

(2) The conditions () and (7)) imply (C3) and (CI0), respectively. Similar
known result in [3] used weighted Lebesgue spaces, which are more general,
but still tighter than our results.

(3) There is no size restriction of }H|b|2mmn/(272ﬁ) o+ This existence result
holds even if the problem is not coercive in the sense of bilinear form on
HYQ).

We note here limitations of Theorem First, we have no information of
the optimal value of .. Second, we do not know sharp conditions for existence
of globally continuous solutions. Finally, cancellation of the coefficients or the
regularizing effect of the zeroth-order term pu are not used. These are topics for
future work.

Organization of the paper. In Section Bl we discuss properties of M%(€2). In
Section Bl we show compactness of lower-order perturbations and prove Theorem
for the homogeneous boundary data g = 0. In Section dl we complete the proof
of Theorem

Notation. Throughout below, @ C R™ is a bounded open set. We denote by d(z)
the distance from the boundary 2.

e (C.(Q) := the set of all continuous functions with compact support in €.

o () :=C(Q)NC>®(Q).
We denote by M(2) the set of all measures on € in the sense in [5]. Using the
Riesz representation theorem, we identify them with continuous linear functional
functionals on C.(€2). When the Lebesgue measure must be indicate clearly, we use
the letter m. For a function u on B, we use the notation f, udz := m(B)~" [, udx.
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For a function u, we define oscu := supu — inf u. The letter C' denotes various
constants.

2. MORREY SPACES AND ELLIPTIC REGULARITY

We first consider properties of the Morrey space M4(£2). Since € is bounded, for
any 1 < ¢1 < ga, we have [V, o <[V, o- In particular, for ¢ > n/2, we have
(2.1) |||’/|||n/2,sz < |||V|||q,sz-

If f € LYQ), then fm € M?(£2). On the other hand, this space is significantly
larger than L9(2) in the sense of boundary behavior. In fact, for a locally integrable
function ¢ in (7)), we have cm € M™ (2=8)(Q) (see [19, Proposition 6.1]).

Theorem 2.1. The space (I\/Iq(Q), |||'|||q,sz) is a Banach space.

Proof. We can check that |-, o is a norm on M?(€2). Let us prove the completeness
of it. For the sake of simplicity, we assume that diam(§2) = 1 without loss of
generality. Let {u;} be a Cauchy sequence in M?(€2). Then, for any € > 0, there
exists j. such that

|15 — pal (B) < ediam(B)" "/
whenever j,% > j. and 2B C . Then, we have

/ pd(p; — i)
Q
for all

(2.2) 0 € Ce(B), |lellze@ < 1.

If K C Q is compact, then, we can choose finitely many balls {By} such that
2B, C Q and K C |J,, Br. Using (22) and a partition of unity, we find that {u;}
is bounded in the sense of the dual of C.(€2). Therefore, there exists a subsequence
{1, } of {p;} and p € M(2) such that u;, converges to u vaguely.

Fix a ball B and ¢ satisfying (Z2]) again. Taking the limit ¢ — oo along the
above subsequence, we obtain

[ et = | < iy
Q

o
Q

It follows from assumption on ¢ that
6l (B) < (il + e)diam(B)"~"/,
Therefore, € M?(Q2). Using [23) again, we obtain

< ediam(B)" "/

(2.3)

and

< (Nuill .0 + €)diam(B)" /1.

s = all 0 < €

Consequently, p; — g in M?(Q2). The uniqueness of p and the convergence of the
whole sequence follows from the usual manner. O

We understand (L)) in the sense of distributions.
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Definition 2.2. Let b € L2 (Q), and let u,v € M(§). We say that a function

loc

u € HE (Q)NC(Q) is a weak solution to (L) if

/ AVu-Vo+b- Vucpd:t—i—/ up dp = / pdv
Q Q Q
for all ¢ € C°(Q).
The following weak Harnack inequality can be found in e.g. [25, Theorem 3.13].

Lemma 2.3. Suppose that (L2), (LI) and [LIO) hold for some B € (0,1). Let u
be a nonnegative weak supersolution to —div(AVu) +b-Vu+ pu =0 in Q. Then,

we have
][ udr < C inf u
B(xz,r) B(x,r)

whenever B(x,2r) C Q, where C is a constant depending only onn, L, 3, H| |b|2mH|
and [[pll,, ) 2—p).0-

Proposition 2.4. Suppose that [L2), (L3) and CIQ) hold for some B € (0,1).
Assume further that > 0. Let u € HL_(Q) N C(Q) be a weak solution to

—div(AVu) +b-Vu+pu=0 1in Q,
u=0 on 0f.

n/(2—2p6),Q

(2.4)

Then, u = 0.
Proof. This follows from the strong maximum principle. Let M = supgu > 0. We
note that

—div(AV(M —u)) +b- V(M —u) + (M —u) =Mp>0 in Q.

Assume that M > 0, and consider the set E := {x € Q: u(x) = M}. Take z € E
such that 6(z) = dist(E,98) > 0. By Lemma 23 we have

][ (M —u)de <C inf (M—u)=0.
B(z,6(x/2)) B(z,6(x)/2)

Since B(z,d(x)/2) C E, it follows from an elementary geometrical consideration
that dist(E,09Q) < 6(x)/2. This contradicts to the definition of x. Therefore,
M = 0. By the same way, infqu = 0. O

For b=0, 4 =0 and g = 0, we have the following existence theorem.

Lemma 2.5 ([I9] Theorem 1.3]). Assume that (L2) and [L3) hold. Suppose
that v € M4(Q) for some q > n/2. Then, there exists a unique weak solution
we HL . (Q)NCQ) to
(25) —div(AVu) =v in Q,

u=0 on 0N.

Moreover, there exist positive constants C1 and By depending only on n, L, q and
~ such that

(2.6) [ullesr @) < Crlllvlllg,o-
We use the following notation.

Definition 2.6. Let v € M?(€2) with ¢ > n/2. We denote by Gov the weak solution
ue HL . (Q)NC(Q) to @3).
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3. LOWER-ORDER TERMS
Let us recall the Fredholm alternative.

Lemma 3.1 ([I5] Theorem 5.3]). Let X be a normed space, and let T be a compact
linear operator from X into itself. Then, either (i) the homogeneous equation

r—Tr=0
has a nontrivial solution x € X, or (ii) for each y € X, the equation
r—Tr=y

has a unique solution x € X. Moreover, in case (ii), the operator (I —T)™1 exists
and is bounded.

We apply the above theorem to the operator
(3.1) T:-MYQ)ov—=Trv:=—(b-V+pu) Gor € MI(Q).

Lemma 3.2. Assume that [L9) and (LIQ) hold. Let ¢ = n/(2 — ). Then, the
operator T in B is a compact operator from M(Q) into itself. Moreover, we
have

1/2
32 ITvlq < Co (1P om0+ Ilye-p.a) 1,0
for all v € M1(Q).
Proof. Let uw = Gov. By (2.8), we have
(3.3) [ull @) < Cillvlllg,0-

Let B(z,7) be a ball such that B(z,4r) C Q. Take n € C°(B(x,2r)) such that
n=1on B(z,r) and |Vn| < C/r. Testing (ZH) with un?, we obtain

1
/ |Vul*dz < C —2/ |u|2d:10+/ [u]dlv| ] .
B(xz,r) 7 JB(z,2r) B(x,2r)

By (21)), we also get
(3.4) /B o |7l o <C (e + lalz=llvil,) 7.

The right-hand side is estimated by (B.3]). Meanwhile, by Holder’s inequality, we

have
1/2 1/2
/ b Vu| dv < (/ |b|2d:1c> (/ |Vu|2dx> :
B(z,r) B(z,r) B(z,r)

Combining these inequalities with (L9, we obtain

1/2 ne
(3.5) /B( ) b Vuldz < O[|bPml|],)_ss) ollvll, o>,
Meanwhile, by (LI0) and (B3), we have

/ ] < Ul e

By a simple covering argument, we find that ([32]) holds.
Let us prove the compactness of 7. Let {v;} be a bounded sequence in M?(2)
and assume that [[v;l], o < M < co. Set u; = Gov;. Since {u;} is bounded
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in CP0(€2), by the Ascoli-Arzela theorem, we can take a subsequence of {u;} and
u € C(Q) such that u; — u uniformly in Q. Meanwhile, by ([B.4]), we have

/ IV (uj — u;)|? do
B(xz,r)

< C (It = il ey + 2l = will ooy M) 7™

for all 7,7 > 1. It follows from (L9)) that {(b- Vu;)m} is a Cauchy sequence in
M?(Q2). By the same way, {pu,;} is a Cauchy sequence in M4(Q2). By Theorem 2.1]
T is compact. 0

Corollary 3.3. Assume that (L9) and (LIO) hold. Let g =n/(2—03). Then, either
(i) the homogeneous equation ZA) has a nontrivial solution u € HL () N C(Q),
or (ii) for each v € M1(Q), the equation

{—div(AVu) +b-Vut+pu=v inQ,

—2

3.6
(36) u=0 on 0.

has a unique solution u € HL _(Q) N CP1(Q). Moreover, in case (i), the operator
(3.7) Gr: MY(Q) 3 v Grv:=uc HE (Q) NnCH(Q)

exists and is bounded.

Proof. If there is a non-trivial solution o € M9(2) to

(3.8) o—To =0,

then, u := Goo € H} () N CP1(Q) is a non-trivial solution to (Z4). We prove the
converse statement. Assume the existence of a non-trivial solution u € H} () N
C(Q) to @4). Take a ball B(z,4r) C Q and € C2°(B(z,2r)) such that n = 1 on
B(z,r) and |Vn| < C/r. Testing Z4) with un?, we get

/ |Vul*n?de < —/ u? dx
B(x,2r) (z,27)

/ b - Vuun? dz + / u’n? dul .
B(z,2r) B(x,2r)

By the Young inequality ab < (¢/2)a® + (2¢)71b? (a,b,e > 0), we have

/ b - Vuun?®dr| < E/ |Vul*n? dz + —/ |b|*u?n? dx.
B(z,2r) 2 B(x,2r) (z,27)

Combining these inequalities with ([9)), (II0) and @2II), we obtain
[ vl o < Clulfi
B(z,r)

It follows from (L) that (b- Vu)m € M?(€2). Meanwhile, pu € M?(Q2) because u
is bounded and (II0) holds. Therefore, o := — div(AVu) belongs to M?(Q). Tt is
also a non-trivial solution to (B.8]).

Assume that there is no non-trivial solution to (88]). By Lemmas Bl and B2
for each v € M?(2), there exists a unique solution o € M4(Q) to 0 —T'o = v. Then,
u:= Goo € HL _(Q)NCP(Q) satisfies

—div(AVu) =v+To=v—(b-V+ pu.

+
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Let us prove the uniqueness of u. If there are two different solutions u; and us to

B9), then v = u; — uz is a non-trivial solution to 24)). Since o := — div(AVv)
belongs to M?(2), this contradicts to assumption. O
1/2

Remark 3.4. Assume further that H’|b|2mwn/(272ﬁ) ol emp).0 < (20103)71,

where C7 and Cs are constants in Lemmas and [3:2] respectively. Then, we can
get an explicit bound of [B.7) by the contractive mapping theorem.

4. INHOMOGENEOUS BOUNDARY DATA

Lemma 4.1. Let g € C?(0Q). Then, there exists a unique weak solution w €
HE (Q)NC(Q) to (LA). Moreover, there exists a positive constants C' and 0 <

loc

Bo < B such that

lwllcso ) < Cllgllesan)-
Assume further that (L9) and (LIQ) hold. Then, b- Vw + pw € M™ C=P)(Q) and
(4.1) 16 Vw + pwll,, gy 0 < Cllwl L= ()-

Proof. As mentioned in Section [Il the existence of w and its Holder estimate are
well-known (see e.g. [20, Theorem 6.44]). By the comparison principle, we have

oscw < 0scy.
Q o0

As the proof of ([B4]), we have

2
/ |Vw|*dz < C (oscw) P2
B(z,r) Q
whenever B(z,4r) C Q. By (L9) and (LI0), we obtain (1. O

Theorem 4.2. Suppose that (L2)), (3), (L) and [CIQ) hold. Assume further
that there is no non-trivial solution to @4). Then, for each v € M 2=8)(Q) and
g € CP(99), there exists a unique weak solution v € H (Q) N C(Q) to (TI).
Moreover, there exists a positive constant [y depending only on n, L, B and ~
satisfying (LI), where C' is a positive constant independent of v and g.

Proof. Let w be a weak solution in Lemma [£.1l Consider the problem

—div(AVv) +b-Vo+pupw=v—->b-Vw — pw in Q,
(4.2)
v=0 on 0f.

Since the right-hand side is in M?(2), this equation has a unique solution v €
HL (Q) N CP(Q). Then, u = v+ w € CP(Q) satisfies (LII), where B, =
min{ﬁl, Bo} ]

Proof of Theorem[L.4. Combine Theorem and Proposition [2.4]

O
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