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ABSTRACT

A novel single-frame quaternion estimator processing two vector observations is introduced. The
singular cases are examined, and appropriate rotational solutions are provided. Additionally, an
alternative method involving sequential rotation is introduced to manage these singularities. The
simplicity of the estimator enables clear physical insights and a closed-form expression for the bias
as a function of the quaternion error covariance matrix. The covariance could be approximated up
to second order with respect to the underlying measurement noise assuming arbitrary probability
distribution. The current note relaxes the second-order assumption and provides an expression
for the error covariance that is exact to the fourth order, under the assumption of Gaussian
distribution. A comprehensive derivation of the individual components of the quaternion additive
error covariance matrix is presented. This not only provides increased accuracy but also alleviates
issues related to singularity.

Keywords: Attitude quaternion, sequential rotations, Bias, Covariance, multivariate Gaussian distribution

1 Introduction
Attitude determination is critical to many aerospace missions and has several decades of history.

The quaternion of rotation [1, p. 758], a singularity-free minimal attitude representation, is known to
present excellent numerical and analytical properties and has become very popular for designing attitude
estimators. Quaternion attitude estimators may be classified as single-frame algorithms or filters. The
latter class typically stems from optimal stochastic filtering theory and allows tracking of time-varying
attitude parameters as well as other states like sensor errors. It operates via incremental changes and is
highly sensitive to a priori statistical knowledge of the noises. Single frame estimators, on the other hand,
born in the realm of constrained deterministic least-squares theory, lend themselves to batch algorithms,
and were extended to recursive versions, including time-varying attitude and additional parameters. An
appealing advantage of single-frame attitude estimators over filters is the lack of sensitivity to initial
conditions since they provide global rather than incremental estimates. Rooted in the Wahba problem [2],
the quaternion batch algorithm known as the q-method, early reported in [3], has given rise to sophisticated
versions aiming at providing closed-form solutions and reducing the computational burden, e.g. [4–6] to
cite a few. An error analysis of the q-method is revisited and extended to non-unit and noisy reference
vectors in [7]. Excellent surveys of algorithms and error analyses can be found in [8] and [9, Chap.
5]. The q-method and related algorithms involve the solution of symmetric eigenvalues problems in
dimension four, with computation burdens that naturally increase with the number of observations.
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While it seems efficient to process as many measurements as available, the insight in solutions for more
than two observations is lost, and the marginal increase in accuracy might not pay off. Furthermore,
there is a growing class of very small satellites, a.k.a. nanosatellites or CubeSats, that accommodate
two sensors only onboard, e.g. a magnetometer and a Sun sensor. Early works in this realm are still
used nowadays. The TRIAD estimator uses exactly two vector measurements and devises a virtual third
one via an orthogonalization process in order to estimate the attitude matrix [10]. A covariance analysis
of TRIAD for a multiplicative error in terms of the Euler vector is presented in [4]. A generalized
TRIAD algorithm is introduced in [11] via gain optimization. Ref. [12] presents an optimal attitude
matrix estimator from two vector measurements in the realm of the Wahba problem. In [4] a closed-form
expression of the QUEST algorithm is developed for the case of two observations. In [13] the EULER
2 estimator utilizes the Rodrigues formula for reconstructing the Euler axis/angle parameters and the
attitude matrix. It invokes optimization of Wahba’s loss function in the case of noisy measurements.
It exploits a coplanarity condition of the measured and predicted vectors towards the development of
analytical formulas. Ref. [14] introduces a quaternion parameterization given a single vector observation.
The degree of freedom is an angle around the observation. Several methods are devised for analytical
determination of the attitude quaternion given two observations. Interestingly, the quaternions were
manipulated as classes of equivalence where the elements are collinear but not necessarily unit-norm.
Motivated by the insight provided in [14], an optimization method on the degrees of freedom in the
quaternion parametrizations related to two observations is devised in [15]. Very efficient algorithms
emerged: an optimal one, more accurate and as fast as TRIAD, and a suboptimal one, faster and as
accurate as TRIAD.

The QUEST algorithm [4] requires solving for the maximum eigenvalue in a characteristic equation,
which is known to be less robust than more direct approaches in computing the associated eigenvector.
The related computation burden is greater than other similar quaternion estimators. The estimator in [13]
isn’t properly a quaternion estimator (neither are the TRIAD and related attitude matrix estimators), it
involves trigonometry, which burdens the computation load, and lacks singular cases mitigation. In [14],
the first method seeks a quaternion in the span of two base quaternions but no estimator is actually
devised. While the second method exploits geometrical insights for developing a quaternion estimate, it
breaks down in specific unaddressed singular cases. The work in [15] addresses the singularities, and
its analytical formulas for the quaternion help with the computation load, but the optimization still adds
to the calculations. More strikingly, none of the above-mentioned works feature some error analysis, in
particular for the bias and covariance of the estimation error. A covariance analysis of the q-method is
presented in [Chap. 5][9]. Under the typical assumptions of unbiasedness and first-order approximations
in the measurement noises, the estimation errors are unbiased. This raises the question of whether biases
and covariance could be analytically expressed, for additive or multiplicative quaternion errors, and of
whether better estimation accuracy could be obtained as a result.

This work is concerned with the development and analysis of a very fast quaternion estimator from
two vector observations. It thoroughly addresses the singularity cases and addresses them via sequential
rotations. A deterministic error analysis is performed that lends itself to analytical expressions for the
biases and covariances of the quaternion multiplicative and additive errors. Using results from [17, 18],
the quaternion is sought as the unique solution to a set of orthogonality conditions that involve simple
nonlinear expressions of the measurements. This approach fundamentally differs from [14, 15] because
the quaternion is not sought in the span of a particular basis, and from [5] because the orthogonality
conditions do not require solving for the optimal Wahba’s loss value. The proposed algorithm is
exceedingly simple, which dramatically simplifies the computations. This also enables a systematic
analysis and mitigation of singularity cases. It is carried out using sequential rotations, where, as
noted in [15], it is preferable to choose a single desirable rotation as early as possible in order to save
computations. The simplicity of the estimator also enables a thorough deterministic and random error
analysis. It sheds additional light on the various nonlinear effects in quaternion estimation, including
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normalization. The analysis is carried out in four dimensions both for multiplicative and additive errors
and lends itself to second-order and fourth-order expressions for the biases and for the errors covariance
matrices, respectively, in terms of the measurement noises.

The remainder of the paper is organized as follows. Section 2 presents quaternion estimation using
two vector observations. Section 3 addresses the singularity cases. Section 4 is concerned with the error
analysis. Section 5 expressions accurate to the fourth order are developed in the case of Gaussian noise.
And the conclusions are drawn in Section 6.

2 Quaternion Estimation using Two Vector Observations

2.1 Preliminaries
This section follows Ref. [18]. Let b and r denote the projections of an ideal noise-free vector

measurement on a body coordinate frame and a reference coordinate frame, B and R, respectively. The
rotation quaternion from R to B, denoted by q, belongs to the null space of the following matrix:

𝐻 =

[
− [s×] d
−d𝑇 0

]
(1)

where

s =
1
2
( b + r) (2)

d =
1
2
( b − r) (3)

and [s×] denotes the cross-product matrix built from the 3 × 1 vector s. The spectral decomposition of
the matrix 𝐻 features a kernel, Ker𝐻, that is generated by the orthonormal basis {q1 , q2} where

q1 =

[
s
0

]
1
∥s∥ (4)

q2 =

[
−s × d
∥s∥2

]
1
∥s∥ (5)

In addition, the orthogonal complement plane to Ker𝐻, ( Ker𝐻)⊥, is generated by the orthonormal
basis {q3 , q4} where

q3 =

[
d
0

]
1
∥d∥ (6)

q4 =

[
s × d
∥d∥2

]
1
∥d∥ (7)

Both q1 and q2 are feasible candidates to represent the rotation from R to B since they both belong
to the null space of 𝐻. The quaternion q1 is characterized by a rotation angle of 180 degrees while q2

features a minimum angle. One may seek the true quaternion as a linear combination of q1 and q2 . In
this work, however, we follow an orthogonal route.
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2.2 Closed-form quaternion estimator
Given two ideal non-collinear vector observations associated with the same attitude, i.e., two pairs

of noise-free unit-norm column-vectors, ( b1 , r1) and ( b2 , r2), such that the angle between r1 and r2

equals the angle between b1 and b2 , then the true quaternion q is expressed as follows:

q =

[
d1 × d2

s𝑇1 d2

]
1√︃

∥d1 × d2 ∥2 + |s𝑇1 d2 |2
(8)

where

s
𝑖
=

1
2
( b

𝑖
+ r

𝑖
), 𝑖 = 1, 2 (9)

d
𝑖
=

1
2
( b

𝑖
− r

𝑖
), 𝑖 = 1, 2 (10)

The proof follows. Let q
𝑖 𝑗

denote the 𝑗 𝑡ℎ basis element, 𝑗 = 1, 2, 3, 4, constructed from the 𝑖𝑡ℎ vector
measurement, 𝑖 = 1, 2. As noted in Section 2, the quaternion q belongs to the orthogonal complements
of the two planes generated by the pairs (q13 , q14) and (q23 , q24), respectively. The sought quaternion can
thus be found along the intersection of these planes. Let x denote a feasible unnormalized quaternion
with vector part a and scalar part 𝛼, then the orthogonality relationships yield

d𝑇
1 a = 0 (11)

d𝑇
2 a = 0 (12)

(s1 × d1)𝑇a + ∥d1 ∥2𝛼 = 0 (13)
(s2 × d2)𝑇a + ∥d2 ∥2𝛼 = 0 (14)

Eqs. (11)-(14) are linearly dependent otherwise q would be null. For simplicity, we will use
Eqs. (11)-(13), only. Eqs. (11)-(12) clearly show that a feasible choice for a is:

a = d1 × d2 (15)

so that, using Eq. (15) in Eq. (13), 𝛼 is determined as follows:

(s1 × d1)𝑇 (d1 × d2) + ∥d1 ∥2𝛼 = 0
s𝑇1

[
d1×

] [
d1×

]
d2 + ∥d1 ∥2𝛼 = 0

(s𝑇1 d1)d𝑇
1 d2 − ∥d1 ∥2s𝑇1 d2 + ∥d1 ∥2𝛼 = 0

∥d1 ∥2(𝛼 − s𝑇1 d2) = 0
𝛼 = s𝑇1 d2

which, upon normalization of the quaternion, yields the sought result. Finally, notice that due to the
easily verifiable identity:

s𝑇1 d2 = −s𝑇2 d1

an identical expression for q is readily obtained by using Eq. (14) instead of Eq.(13).
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3 Singular Cases
The proposed estimator is exceedingly simple but it sometimes yields singular expressions, i.e.

the quaternion can not be fully determined. This section reviews the singular cases, sheds light on the
geometry configurations, and provides the actual solution. A straightforward inspection of the estimator’s
Eqs. (8) yields the following singularity cases, as summarized in Tab. 1.

Table 1 Singular cases and the associated rotations

Case Source Rotation type
A d1 = d2 = 0 Zero attitude
B d1 = 0 and d2 ≠ 0 Rotation around first VM, Eq. (21)
C d1 ≠ 0 and d2 = 0 Rotation around second VM, Eq. (23)
D d1 × d2 = 0 and d1 ≠ 0, d2 ≠ 0 Rotation around u with angle 𝛼, Eqs. (25),(26)

Case A
Case A is defined when both vectors d1 and d2 are zero, which means that the body and reference

vectors are identical, i.e.

b1 = r1 (16)
b2 = r2 (17)

This is satisfied if and only if the frames B and R coincide, i.e. when the attitude is identity.

Case B
This case stems from the cancellation of d1 only. We deduce from Eq. (16) that the first vector

measurement (VM 1) is invariant. This provides the unit vector of the rotation axis, here r1 . Notice that
the difference vector d2 is necessarily perpendicular to the rotation axis, as illustrated in Fig. 1.

Fig. 1 Case B. Rotation around VM 1.

This is true for an arbitrary rotation angle 𝛼. The latter can be determined unless both measurements
are collinear. Assume for simplicity that they are perpendicular. The quaternion of rotation that brings
b2 to r2 via a rotation around r1 is the minimum angle rotation, as shown by inspecting Fig. 2. The
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drawing on the left-hand side depicts the rotation from above and the drawing on the right-hand side
focuses on the right-angle triangle whose sides are the vectors s2 and d2 , with hypotenuse of length ∥ b2 ∥,
i.e. equals 1.

Fig. 2 Case B. Rotation around VM 1. View from above.

Inspection of the right-angle triangle yields the following identities:

sin
𝛼

2
= ∥d2 ∥ (18)

cos
𝛼

2
= ∥s2 ∥ (19)

Recalling that the quaternion of rotation is defined as follows:

q =

[
r1 sin 𝛼

2
cos 𝛼

2

]
(20)

and substituting Eqs. (18)- (19) into Eq. (20) yields the following quaternion:

q =

[
r1 ∥d2 ∥
∥s2 ∥

]
(21)

If the VMs are not perpendicular, then we first create a pseudo-measurement as the cross-product
of the two VMs, substitute it to the second VM, and proceed identically to the above. In addition, it is
straightforward to show that the following identity holds:

r1 ∥d2 ∥ =
d2 × s2

∥s2 ∥
(22)

where the right-hand side is identical to the vector part of the minimal-angle quaternion built from a
single VM (see Eq. (5)). To conclude, this singular case corresponds to a rotation around the first vector
measurement with a minimum angle. In the particular case of a 180-degree rotation, the Eq. (5) breaks
down while Eq. (21) remains valid.

Case C
Case C is defined when the difference vector d2 cancels out. By symmetry with case B one concludes

that the rotation is around the second vector measurement. If the measurements are perpendicular, the
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quaternion is determined as

q =

[
r2 ∥d1 ∥
∥s1 ∥

]
(23)

Otherwise, the first VM is replaced by the normalized cross-product of the two VMs.

Case D
This case is characterized by the identity

d1 × d2 = 0 (24)

that happens when the vector differences d1 and d2 are parallel. Consider the plan spanned by the pair
( b1 , b2). A general rotation of this plane around a fixed point 𝑂 can be decomposed into two axial
rotations: the first one around ( b1 × b2) and the other around an axis lying in the plane ( b1 , b2). An
interesting feature of the latter rotation is that it creates vector differences (d1 , d2) that remain parallel to
each other, see Fig. 3. The former rotation on the other hand necessarily breaks the parallelism between
d1 and d2 , see Fig. 4. The left-hand side in Fig. 3 illustrates the case of a rotation axis along ( b1 + b2):
d1 and d2 are equal and opposite in direction. The right-hand side pictures the case of a rotation along
( b1 − b2): d1 and d2 are identical. The general case is a composition of these two.

Fig. 3 Case D. Rotation that maintains d1 and d2 parallel.

Fig. 4 Rotation where d1 and d2 are not parallel.

Bringing the triangle (𝑂, b1 , b2) onto the triangle (𝑂, r1 , r2) may be accomplished by a rotation
around the line intersection of both planes. The rotation quaternion can be uniquely expressed as a
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function of the pair (u, 𝛼), the eigenaxis and angle, respectively, that are expressed as follows:

u =
b3 × r3

∥ b3 × r3 ∥
(25)

cos𝛼 = b𝑇
3 r3 (26)

where 𝛼 ∈ [0◦, 180◦] and

b3 =
b1 × b2

∥ b1 × b2 ∥
(27)

r3 =
r1 × r2

∥ r1 × r2 ∥
(28)

To conclude, this singular case corresponds to a rotation that can be unambiguously determined from
the single pseudo-vector measurement formed by the cross-product of the two original measurements.
There is no contradiction with the fact that two vector measurements are required for three-dimensional
attitude determination. In the present case, the ambiguity due to an unknown rotation around the single
VM does not exist owing to the parallelism constraint.

3.1 Sequential rotations
In practice singularity seldom happens because the noise in the data often prevents perfect cancel-

lations of the vector differences or their parallelism. Yet, when the noises are very low, the estimator’s
formula may be badly conditioned. This difficulty can be circumvented by the method of sequential
rotations [9, p. 192]. The general approach is explained as follows and the particular sequences are
proposed next. Assuming that the true attitude from R to B yields one of the singular cases, then a new
reference frame C is sought such that the rotation from C to B yields well-behaved estimation q̂C

B . Once
the quaternion q̂C

B is estimated, the quaternion from R to B may be retrieved by a simple composition with
the quaternion from R to C. Typically, the transformation from R to C and rotations of 𝜋 radians about
one of the standard axes are as follows: q̂R

B𝑅 ( x, 𝜋 )
= [𝑞4,−𝑞3, 𝑞2,−𝑞1]𝑇 , q̂R

B𝑅 (y, 𝜋 )
= [𝑞3, 𝑞4,−𝑞1,−𝑞2]𝑇 ,

q̂R
B𝑅 (z, 𝜋 )

= [−𝑞2, 𝑞1, 𝑞4,−𝑞3]𝑇 , where 𝑅( x, 𝜋) means rotate 𝜋 along with the x axis and 𝑞4 and 𝑞1:3 are
scalar and vector part of the quaternion. Tab. 2 summarizes these validation conditions.

Table 2 Validation criteria for simple rotations

Singular Case Validation Criteria
𝑅( x, 𝜋) invalid IF b1 ∥ x-axis OR b2 ∥ x-axis OR [0, 𝑟1𝑦, 𝑟1𝑧] ∥ [0, 𝑟2𝑦, 𝑟2𝑧]

A.d1 = d2 = 0 𝑅(y, 𝜋) invalid IF b1 ∥ y-axis OR b2 ∥ y-axis OR [𝑟1𝑥 , 0, 𝑟1𝑧] ∥ [𝑟2𝑥 , 0, 𝑟2𝑧]
𝑅(z, 𝜋) invalid IF b1 ∥ z-axis OR b2 ∥ z-axis OR [𝑟1𝑥 , 𝑟1𝑦, 0] ∥ [𝑟2𝑥 , 𝑟2𝑦, 0]
𝑅( x, 𝜋) invalid IF b1 ∥ x-axis AND (𝑏2𝑦 + 𝑟2𝑦)𝑟1𝑧 = 𝑘 (𝑏2𝑧 + 𝑟2𝑧)𝑟1𝑦

B.d1 = 0 & d2 ≠ 0 𝑅(y, 𝜋) invalid IF b1 ∥ y-axis AND (𝑏2𝑥 + 𝑟2𝑥)𝑟1𝑧 = 𝑘 (𝑏2𝑧 + 𝑟2𝑧)𝑟1𝑥

𝑅(z, 𝜋) invalid IF b1 ∥ z-axis AND (𝑏2𝑦 + 𝑟2𝑦)𝑟1𝑥 = 𝑘 (𝑏2𝑥 + 𝑟2𝑥)𝑟1𝑦

𝑅( x, 𝜋) invalid IF b2 ∥ x-axis AND (𝑏1𝑦 + 𝑟1𝑦)𝑟2𝑧 = 𝑘 (𝑏1𝑧 + 𝑟1𝑧)𝑟2𝑦

C.d1 ≠ 0 & d2 = 0 𝑅(y, 𝜋) invalid IF b2 ∥ y-axis AND (𝑏1𝑥 + 𝑟1𝑥)𝑟2𝑧 = 𝑘 (𝑏1𝑧 + 𝑟1𝑧)𝑟2𝑥

𝑅(z, 𝜋) invalid IF b2 ∥ z-axis AND (𝑏1𝑦 + 𝑟1𝑦)𝑟2𝑥 = 𝑘 (𝑏1𝑥 + 𝑟1𝑥)𝑟2𝑦

𝑅( x, 𝜋) invalid IF d1 + [0, 𝑟1𝑦, 𝑟1𝑧] ∥ d2 + [0, 𝑟2𝑦, 𝑟2𝑧]
D.d1 × d2 = 0 & d1 ≠ 0, d2 ≠ 0 𝑅(y, 𝜋) invalid IF d1 + [𝑟1𝑥 , 0, 𝑟1𝑧] ∥ d2 + [𝑟2𝑥 , 0, 𝑟2𝑧]

𝑅(z, 𝜋) invalid IF d1 + [𝑟1𝑥 , 𝑟1𝑦, 0] ∥ d2 + [𝑟2𝑥 , 𝑟2𝑦, 0]
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The development of simple validation criteria for each permutation is presented as follows:

Case A: d1 = d2 = 0 Assume a rotation of 𝜋 radians about the x-axis:

b1 = r1 = [𝑟1𝑥 , 𝑟1𝑦, 𝑟1𝑧]𝑇

b2 = r2 = [𝑟2𝑥 , 𝑟2𝑦, 𝑟2𝑧]𝑇

rC1 = [𝑟1𝑥 ,−𝑟1𝑦,−𝑟1𝑧]𝑇

rC2 = [𝑟2𝑥 ,−𝑟2𝑦,−𝑟2𝑧]𝑇

dC
1 = [0, 𝑟1𝑦, 𝑟1𝑧]𝑇

dC
2 = [0, 𝑟2𝑦, 𝑟2𝑧]𝑇

If b1 ∥ x-axis or b2 ∥ x-axis or [0, 𝑟1𝑦, 𝑟1𝑧]𝑇 ∥ [0, 𝑟2𝑦, 𝑟2𝑧]𝑇 , then the vector differences d𝐶
1 , d

𝐶
2 are

in one of the singular cases. Similar conclusions are readily obtained for rotations around the other two
axes by 𝜋 radians.

Case B: d1 = 0 & d2 ≠ 0 Assume a rotation of 𝜋 radians about the x-axis:

b1 = r1 = [𝑟1𝑥 , 𝑟1𝑦, 𝑟1𝑧]𝑇

r2 = [𝑟2𝑥 , 𝑟2𝑦, 𝑟2𝑧]𝑇

b2 = [𝑏2𝑥 , 𝑏2𝑦, 𝑏2𝑧]𝑇

rC1 = [𝑟1𝑥 ,−𝑟1𝑦,−𝑟1𝑧]𝑇

rC2 = [𝑟2𝑥 ,−𝑟2𝑦,−𝑟2𝑧]𝑇

dC
1 = [0, 𝑟1𝑦, 𝑟1𝑧]𝑇

dC
2 =

1
2
[𝑏2𝑥 − 𝑟2𝑥 , 𝑏2𝑦 + 𝑟2𝑦, 𝑏2𝑧 + 𝑟2𝑧]𝑇

If b1 ∥ x-axis and (𝑏2𝑦 + 𝑟2𝑦)𝑟1𝑧 = 𝑘 (𝑏2𝑧 + 𝑟2𝑧)𝑟1𝑦, where 𝑘 is an arbitrary constant, then the vector
differences d𝐶

1 and d𝐶
2 are in one of the singular cases. Similar conclusions are readily obtained for

rotations around the other two axes by 𝜋 radians.

Case C: d1 ≠ 0 & d2 = 0 Assume a rotation of 𝜋 radians about the x-axis:

r1 = [𝑟1𝑥 , 𝑟1𝑦, 𝑟1𝑧]𝑇

b1 = [𝑏1𝑥 , 𝑏1𝑦, 𝑏1𝑧]𝑇

b2 = r2 = [𝑟2𝑥 , 𝑟2𝑦, 𝑟2𝑧]𝑇

rC1 = [𝑟1𝑥 ,−𝑟1𝑦,−𝑟1𝑧]𝑇

rC2 = [𝑟2𝑥 ,−𝑟2𝑦,−𝑟2𝑧]𝑇

dC
1 =

1
2
[𝑏1𝑥 − 𝑟1𝑥 , 𝑏1𝑦 + 𝑟1𝑦, 𝑏1𝑧 + 𝑟1𝑧]𝑇

dC
2 = [0, 𝑟2𝑦, 𝑟2𝑧]𝑇

If b2 ∥ x-axis and (𝑏1𝑦 + 𝑟1𝑦)𝑟2𝑧 = 𝑘 (𝑏1𝑧 + 𝑟1𝑧)𝑟2𝑦, where 𝑘 is an arbitrary constant, then the vector
differences d𝐶

1 , d
𝐶
2 are in one of the singular cases. Similar conclusions are readily obtained for rotations

around the other two axes by 𝜋 radians.
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Case D: d1 × d2 = 0 & d1 ≠ 0, d2 ≠ 0 Assume a rotation of 𝜋 radians about the x-axis:

r1 = [𝑟1𝑥 , 𝑟1𝑦, 𝑟1𝑧]𝑇

r2 = [𝑟2𝑥 , 𝑟2𝑦, 𝑟2𝑧]𝑇

b1 = [𝑏1𝑥 , 𝑏1𝑦, 𝑏1𝑧]𝑇

b2 = [𝑏2𝑥 , 𝑏2𝑦, 𝑏2𝑧]𝑇

rC1 = [𝑟1𝑥 ,−𝑟1𝑦,−𝑟1𝑧]𝑇

rC2 = [𝑟2𝑥 ,−𝑟2𝑦,−𝑟2𝑧]𝑇

dC
1 =

1
2
[𝑏1𝑥 − 𝑟1𝑥 , 𝑏1𝑦 + 𝑟1𝑦, 𝑏1𝑧 + 𝑟1𝑧]𝑇

dC
2 =

1
2
[𝑏2𝑥 − 𝑟2𝑥 , 𝑏2𝑦 + 𝑟2𝑦, 𝑏2𝑧 + 𝑟2𝑧]𝑇

If d1 + [0, 𝑟1𝑦, 𝑟1𝑧]𝑇 ∥ d2 + [0, 𝑟2𝑦, 𝑟2𝑧]𝑇 , then the vector differences d𝐶
1 , d

𝐶
2 are in one of the singular

cases. Similar conclusions are readily obtained for rotations around the other two axes by 𝜋 radians.

4 Development of the Bias and covariance matrix
In this section, an approximation to the second-order estimation error in measurement noise is first

presented. Closed-form expressions for the error bias and covariance matrices are then developed, and
the covariance matrix is relaxed to a fourth-order approximation to achieve more accurate results.

4.1 Definitions and notations
Let 𝚫b𝑖,𝚫r𝑖 denote additive errors in the body frame and reference frame vectors, respectively:

b
𝑖
= b𝑡

𝑖
+ 𝚫b𝑖, (29)

r
𝑖
= r𝑡

𝑖
+ 𝚫r𝑖, (30)

for 𝑖 = 1, 2, where the superscript 𝑡 denotes the true value of the underlying variable. Let q̄, q̄𝑡 , q̌, and
q̂ be defined as follows

q̄ =

[
d1 × d2

s𝑇1 d2

]
(31)

q̌ =
q̄

| q̄𝑡 | (32)

q̂ =
q̄
| q̄| (33)

where q̄ denotes an unnormalized quaternion estimate, q̌ a scaled quaternion estimate, q̂ a normalized
quaternion estimate, and q̄𝑡 the true value of q̄. The corresponding estimation errors are defined as
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follows:

𝚫q̄ = q̄𝑡 − q̄ (34)

𝚫q̌ =
𝚫q̄
| q̄𝑡 | (35)

𝚫q = q − q̂ (36)
𝜹q = q−1 ∗ q̂ (37)

where q, ∗, and q−1 denote the true quaternion, the quaternion composition, and the quaternion inverse.
The definition of ∗ is provided next for the sake of completeness: given two quaternions q𝑖 with vector
and scalar parts e𝑖 and 𝑞𝑖, 𝑖 = 1, 2, respectively, then

q1 ∗ q2 =

[
𝑞1 e2 + 𝑞2 e1 + e1 × e2

e𝑇1 e2 − 𝑞1𝑞2

]
(38)

4.2 Deterministic analysis

4.2.1 Exact formulas
An exact formula for the error 𝚫q̄ is provided as a function of 𝚫b and 𝚫r. Using (34) yields the

following expression for 𝚫q̄:

𝚫q̄ =

[
[d𝑡

2×]𝚫d1 + [−d𝑡
1×]𝚫d2 − 𝚫d1 × 𝚫d2

−d𝑡
2
𝑇𝚫s1 − s𝑡1

𝑇𝚫d2 − 𝚫s1
𝑇𝚫d2

]
(39)

where

𝚫s𝑖 =
1
2
(𝚫b𝑖 + 𝚫r𝑖) , (40)

𝚫d𝑖 =
1
2
(𝚫b𝑖 − 𝚫r𝑖) , (41)

for 𝑖 = 1, 2. Next, we obtain exact expressions for the various errors as a function of 𝚫q̄. Let 𝜈 denote
the ratio between the norms of q̄ and q̄𝑡 , i.e.

𝜈 =
| q̄𝑡 |
| q̄| , (42)

Then the following identities are satisfied:

𝜈 =

(
1 − 2q𝑇𝚫q̌ + |𝚫q̌|2

)−1/2
(43)

𝚫q = 𝜈𝚫q̌ + (1 − 𝜈) q (44)
𝜹q = 1q + 𝑀𝚫q (45)
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where 1q and 𝑀 are defined as follows:

1q =

[
0
1

]
(46)

𝑀 =

[
[ e×] − 𝑞𝐼3 e

− e𝑇 −𝑞

]
(47)

and e and 𝑞 denote the vector and scalar parts of q, respectively. Equations (39)-(47) are a set of exact
formulas relating all errors to the underlying measurement errors, and are a useful preliminary to the
development of approximations.

The development of Eqs. (43)- (45) are as follows:

Eq. (43) is developed by considering the squared norm of q̄ first.

| q̄|2 = | q̄𝑡 − 𝚫q̄|2

= | q̄𝑡 |2 − 2 q̄𝑡 · 𝚫q̄ + |𝚫q̄|2

Dividing by | q̄𝑡 |2 yields

| q̄|2
| q̄𝑡 |2

= 1 − 2
q̄𝑡

| q̄𝑡 | ·
𝚫q̄
| q̄𝑡 | +

(
|𝚫q̄|
| q̄𝑡 |

)2

= 1 − 2q · 𝚫q̌ + |𝚫q̌|2

Eq. (44) is follows using the definitions of q, 𝚫q̌, and 𝜈, the developed as follows:

𝚫q = q − q̂

=
q̄𝑡

| q̄𝑡 | −
q̄
| q̄|

=
q̄𝑡

| q̄𝑡 | −
q̄𝑡 − 𝚫q̄
| q̄|

=
𝚫q̄
| q̄| +

(
1
| q̄𝑡 | −

1
| q̄|

)
q̄𝑡

=
| q̄𝑡 |
| q̄|

𝚫q̄
| q̄𝑡 | +

(
1 − | q̄𝑡 |

| q̄|

)
q̄𝑡

| q̄𝑡 |

Eq. (45) can be get by using the definition of 𝜹q = (q)−1 ∗ q̂ yields

𝜹q = (q)−1 ∗ q̂
= (q)−1 ∗ (q − 𝚫q)
= (q)−1 ∗ q − (q)−1 ∗ 𝚫q
= 1q − (q)−1 ∗ 𝚫q
= 1q − q−1 ∗ 𝚫q

12



4.2.2 Approximation formulas
We aim here at presenting approximate error expressions that are accurate to second-order in 𝚫q̄, or

equivalently in 𝚫q̌. Notice that the expression for the multiplicative error 𝜹q̄ is linear in 𝚫q̌. Hence we
first study 𝜈 then 𝚫q. The results are summarized in the following identities:

𝜈 = 1 + q𝑇𝚫q̌ − 1
2
𝚫q̌𝑇𝑄𝚫q̌ (48)

𝚫q =
[
𝐼4 − qq𝑇

]
𝚫q̌ +

[
𝚫q̌𝚫q̌𝑇 + 1

2
𝚫q̌𝑇𝑄𝚫q̌ 𝐼4

]
q (49)

where

𝑄 = 𝐼4 − 3qq𝑇 (50)

Obtaining an approximate expression for 𝜹q is straightforward since 𝜹q is linear in 𝚫q, see (45). Notice
the first-order term in (49): it is the projection of 𝚫q̌ onto the orthogonal complement to the true
quaternion and thus lies in the plane tangent to the unit sphere. This is a well-known effect of quaternion
normalization. The second-order term however breaks this property by adding two factors: the first one
is along the vector 𝚫q̌ and the second along the true quaternion. To conclude, the current results provide
handy formulas for studying the estimation errors as a function of 𝚫q̄. Notice that these formulas are
general, i.e. their scope is not bound to the present estimator. Nevertheless, using (39) to express 𝚫q̄
yields the sought formulas of 𝚫q and 𝜹q for the proposed estimator.

The development of Eqs. (48)- (49) are as follows:

From Eq. (43), the ratio 𝜈 is expressed as follows:

𝜈 = (1 + 𝜖)−
1
2

where

𝜖 = −2q𝑇𝚫q̌ + |𝚫q̌|2

A power series expansion to the second order in 𝜖 yields Eq. (43):

𝜈 = 1 − 1
2
𝜖 + 3

8
𝜖2

= 1 + q𝑇𝚫q̌ − 1
2
𝚫q̌𝑇𝚫q̌ + 3

2
𝚫q̌𝑇qq𝑇𝚫q̌

Inserting Eq. (48) into Eq. (44), keeping the second order terms in𝚫q̌ and rearranging yields Eq. (49).

4.3 Random analysis
The deterministic error analysis lends itself to a random analysis under fairly general assumptions

on the underlying vector measurement errors. In particular, we will provide simple expressions for the
biases and the covariance matrices that are accurate to the second order and to the fourth order in 𝚫b and
𝚫r, respectively.

4.3.1 Biases
Assume that the errors 𝚫b𝑖 and 𝚫r𝑖 are unbiased and mutually uncorrelated random vectors. The

unbiasedness assumption holds when the vector measurements are not normalized or when their standard
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deviations are very small [9, p. 204], and is a common assumption given that biases in sensors are
typically evaluated and compensated via calibration. Then the unnormalized errors 𝚫q̄ and 𝚫q̌ are
unbiased and the following identities hold:

𝐸{𝜈} = 1 − 1
2

tr(𝑄𝑃𝚫q̌) (51)

𝐸{𝚫q} =
[
𝑃𝚫q̌ +

1
2

tr(𝑄𝑃𝚫q̌) 𝐼4

]
q (52)

𝐸{𝜹q} = 1q + 𝑀

[
𝑃𝚫q̌ +

1
2

tr(𝑄𝑃𝚫q̌) 𝐼4

]
q (53)

where 𝑃𝚫q̌ denotes the covariance matrix of 𝚫q̌, i.e. 𝑃𝚫q̌ = 𝐸{𝚫q̌𝚫q̌𝑇 }. These results shed light on
the impact of quaternion normalization. The normalized estimation errors 𝚫q and 𝜹q are biased, and
their biases are functions of the covariance matrix 𝑃𝚫q̌ , which will be expressed in the next section.
Furthermore, (52) shows that the bias lies close to the true quaternion. This fact is similar to previous
findings on unit vector measurements [9, 5.5.2], whose bias lies opposite the true vector direction. Yet
it is here unclear whether the bias points inward or outward to the unit sphere since the matrix 𝑄 is
indefinite. Furthermore, the contribution of the term 𝑃𝚫q̌q to the bias is not necessarily zero although
it is generally small. The proposed estimator is biased, and closed-form expressions for the biases of
the additive and multiplicative errors are available. This paves the way for the development of the error
covariance matrices.

The development of Eqs. (51)- (53) are as follows:

Eq. (51) is obtained as follows:

𝐸{𝜈} = 𝐸{1 + q𝑇𝚫q̌ + 1
2
𝚫q̌𝑇

(
3qq𝑇 − 𝐼4

)
𝚫q̌}

= 1 + q𝑇𝐸{𝚫q̌} + 1
2
𝐸{𝚫q̌𝑇

(
3qq𝑇 − 𝐼4

)
𝚫q̌}

= 1 + 1
2

tr
[(

3qq𝑇 − 𝐼4

)
𝐸{𝚫q̌𝚫q̌𝑇 }

]
Eq. (52) is obtained in a similar manner:

𝐸{𝚫q} = 𝐸{
[
𝐼4 − qq𝑇

]
𝚫q̌ +

[
𝚫q̌𝚫q̌𝑇 + 1

2
𝚫q̌𝑇

(
𝐼4 − 3qq𝑇

)
𝚫q̌ 𝐼4

]
q}

=
[
𝐼4 − qq𝑇

]
𝐸{𝚫q̌} +

[
𝐸{𝚫q̌𝚫q̌𝑇 } + 1

2
𝐸{𝚫q̌𝑇

(
𝐼4 − 3qq𝑇

)
𝚫q̌} 𝐼4

]
q

=

{
𝑃𝚫q̌ +

1
2

tr
[(

𝐼4 − 3qq𝑇
)
𝑃𝚫q̌

]
𝐼4

}
q

Finally using Eq. (52) in Eq. (45) yields Eq. (53).
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4.3.2 The covariance matrix 𝑃𝚫q̄

The derivation of 𝑃𝚫q̄ , the covariance matrix of 𝚫q̄, is straightforward thanks to the simplicity of the
estimator. Recalling the expression of 𝚫q̄ from (39) and retaining the linear terms only yields:

𝚫q̄ =

[
03×3 𝐸 𝐹

𝐺 01×3 𝐻

] 
𝚫s1

𝚫d1

𝚫d2

 (54)

where

𝐸 = [d𝑡
2×] (55)

𝐹 = [−d𝑡
1×] (56)

𝐺 = (−d𝑡
2)
𝑇 (57)

𝐻 = (−s𝑡1)
𝑇 (58)

Hence the covariance matrix 𝑃𝚫q̄ is expressed as follows

𝑃𝚫q̄ =

[
03×3 𝐸 𝐹

𝐺 01×3 𝐻

] 
𝑃𝚫s1

𝑃𝚫s1𝚫d1
𝑃𝚫s1𝚫d2

𝑃𝚫s1𝚫d1
𝑃𝚫d1

𝑃𝚫d1𝚫d2

𝑃𝚫s1𝚫d2
𝑃𝚫d1𝚫d2

𝑃𝚫d2



03×3 𝐺𝑇

𝐸𝑇 03×1

𝐹𝑇 𝐻𝑇

 (59)

where 𝑃𝚫s1
, 𝑃𝚫d1

, 𝑃𝚫d2
, 𝑃𝚫s1𝚫d1

, 𝑃𝚫d1𝚫d2
denote covariance and cross-covariance matrices that can easily be derived

as functions of the measurement errors covariance and cross-covariance matrices 𝑃𝚫b , 𝑃𝚫r , 𝑃𝚫b𝚫r . Using the
usual assumptions that the errors from the two VMs are uncorrelated and that (𝚫b1 ,𝚫r1) are uncorrelated
yields a simplified expression for 𝑃𝚫q̄ as follows:

𝑃𝚫q̄ =
1
4

[
[d𝑡

2×](𝑃𝚫b1
+ 𝑃𝚫r1

) [d𝑡
2×]

𝑇 + [d𝑡
1×](𝑃𝚫b2

+ 𝑃𝚫r2
) [d𝑡

1×]
𝑇 [d𝑡

1×](𝑃𝚫b2
+ 𝑃𝚫r2

) (s𝑡1)
(−d𝑡

2)
𝑇 (𝑃𝚫b1

+ 𝑃𝚫r1
) [d𝑡

2×]
𝑇 + (s𝑡1)

𝑇 (𝑃𝚫b2
+ 𝑃𝚫r2

) [d𝑡
1×]

𝑇 (d𝑡
2)
𝑇 (𝑃𝚫b1

+ 𝑃𝚫r1
)d𝑡

2 + (s𝑡1)
𝑇 (𝑃𝚫b2

+ 𝑃𝚫r2
)s𝑡1

]
(60)

The classical case where 𝑃𝚫b = 𝜎2
𝑏
( 𝐼3− bb𝑇 ) and 𝑃𝚫r = 𝜎2

𝑟 ( 𝐼3− rr𝑇 ) can be easily analyzed using (60).
Assuming for simplicity that the errors 𝚫b𝑖 and 𝚫r𝑖 have the same standard deviation and their covariance
matrix is diagonal yields the following expression:

𝑃𝚫q̄ =
𝜎2

2

[∑2
𝑗=1 |d𝑡

𝑗
|2 𝐼3 − d𝑡

𝑗
(d𝑡

𝑗
)𝑇 d𝑡

1 × s𝑡1
(d𝑡

1 × s𝑡1)
𝑇 |d𝑡

2 |
2 + |s𝑡1 |

2

]
(61)
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The particular 𝑃𝚫q̄ is developed as follows:

𝑃𝚫q̄ =
𝜎2

2

[
03×3 𝐸 𝐹

𝐺 01×3 𝐻

] 
𝐼3 𝐼3 03×3

𝐼3 𝐼3 03×3

03×3 03×3 𝐼3



03×3 𝐺𝑇

𝐸𝑇 03×1

𝐹𝑇 𝐻𝑇


=
𝜎2

2

[
𝐸𝐸𝑇 + 𝐹𝐹𝑇 𝐹𝐻𝑇

𝐻𝐹𝑇 𝐺𝐺𝑇 + 𝐻𝐻𝑇

]
=
𝜎2

2

[∑2
𝑗=1 |d𝑡

𝑗
|2 𝐼3 − d𝑡

𝑗
(d𝑡

𝑗
)𝑇 d𝑡

1 × s𝑡1
(d𝑡

1 × s𝑡1)
𝑇 |d𝑡

2 |
2 + |s𝑡1 |

2

]

4.3.3 The other covariance matrices
Let 𝑃𝚫q̄ , 𝑃

𝚫q , 𝑃
𝜹q denote the covariance matrices of 𝚫q̄, 𝚫q, and 𝜹q, respectively. We present results on

these covariance matrices for a generic 𝑃𝚫q̄ , which are summarized next:

𝑃𝚫q̌ =
1

| q̄𝑡 |2
𝑃𝚫q̄ (62)

𝑃
𝚫q =

(
𝐼4 − qq𝑇

)
𝑃𝚫q̌

(
𝐼4 − qq𝑇

)𝑇
+ 𝑁qq𝑇𝑁𝑇 (63)

𝑃
𝜹q = 𝑀𝑃

𝚫q𝑀
𝑇 (64)

where

𝑁 = 𝑃𝚫q̌ +
1
2

tr(𝑄𝑃𝚫q̌) 𝐼4 (65)

and 𝑀 and 𝑄 are defined in (47) and (50), respectively.

5 Gaussian Noise
From Eq. (49) and Eq. (52), the deviation is expressed as:

𝚫q − 𝐸{𝚫q} =
[
𝐼4 − qq𝑇

]
𝚫q̌ + ([𝚫q̌𝚫q̌𝑇 + 1

2
𝚫q̌𝑇𝑄𝚫q̌ 𝐼4] − [𝑃𝚫q̌ +

1
2

tr(𝑄𝑃𝚫q̌) 𝐼4])q

The covariance matrix of the normalized quaternion additive error is thus expressed as follows:

𝑃
𝚫q = 𝐸{(𝚫q − 𝐸{𝚫q})(𝚫q − 𝐸{𝚫q})𝑇 }

= ( 𝐼4 − qq𝑇 )𝑃𝚫q̌ ( 𝐼4 − qq𝑇 )𝑇 − 𝐸{𝑃𝚫q̌qq𝑇𝚫q̌𝚫q̌𝑇 } − 1
2
𝐸{𝑃𝚫q̌qq𝑇 [𝚫q̌𝑇𝑄𝚫q̌𝐼4]}

− 1
2
𝐸{ tr(𝑄𝑃𝚫q̌) 𝐼4𝚫q̌𝑇qq𝑇𝚫q̌} − 1

4
𝐸{ tr(𝑄𝑃𝚫q̌) 𝐼4𝚫q̌𝑇q tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4}

+ 𝐸{𝚫q̌𝚫q̌𝑇qq𝑇𝚫q̌𝚫q̌𝑇 } + 1
2
𝐸{𝚫q̌𝚫q̌𝑇qq𝑇 tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4}

+ 1
2
𝐸{ tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4qq𝑇𝚫q̌𝚫q̌𝑇 } + 1

4
𝐸{ tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4qq𝑇 tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4}
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Focus on the fourth-order terms of 𝑃
𝚫q , which can be expressed as follows:

𝑃
𝚫q4𝑡ℎ = 𝐸{𝚫q̌𝚫q̌𝑇qq𝑇𝚫q̌𝚫q̌𝑇 } + 1

2
𝐸{𝚫q̌𝚫q̌𝑇qq𝑇 tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4}

+ 1
2
𝐸{ tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4qq𝑇𝚫q̌𝚫q̌𝑇 } + 1

4
𝐸{ tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4qq𝑇 tr(𝑄𝚫q̌𝚫q̌𝑇 ) 𝐼4}

= 𝐸{(𝚫q̌𝑇q)2
𝚫q̌𝚫q̌𝑇 } − 3𝐸{(𝚫q̌𝑇q)3𝚫q̌q𝑇 } + 𝐸{(𝚫q̌𝑇𝚫q̌)𝚫q̌𝚫q̌𝑇qq𝑇 }

+ 1
4
𝐸{(𝚫q̌𝑇𝚫q̌)2qq𝑇 } − 3

2
𝐸{(𝚫q̌𝑇q)2(𝚫q̌𝑇𝚫q̌)qq𝑇 } + 9

4
𝐸{(𝚫q̌𝑇q)4qq𝑇 }

Let q = [𝑞1, 𝑞2, 𝑞3, 𝑞4]𝑇 denote the true quaternion, let 𝚫q̌ = [𝑥1, 𝑥2, 𝑥3, 𝑥4]𝑇 denote the scaled
quaternion additive error, and let 𝜎𝑖, 𝜎𝑖 𝑗 denote the standard deviation of 𝑥𝑖 and the correlation factor of
𝑥𝑖 and 𝑥 𝑗 , respectively. Let’s assume that {𝑥1, 𝑥2, 𝑥3, 𝑥4} are zero-mean jointly Gaussian random variables,
then the following fourth moments [16] can be analytically expressed as a function of the second-order
deviations:

𝐸{𝑥𝑖𝑥 𝑗𝑥𝑘𝑥𝑚} = 𝜎𝑖 𝑗𝜎𝑘𝑚 + 𝜎𝑖𝑘𝜎𝑗𝑚 + 𝜎𝑖𝑚𝜎𝑗 𝑘

𝐸{𝑥2
𝑖 𝑥 𝑗𝑥𝑘 } = 𝜎2

𝑖 𝜎𝑗 𝑘 + 2𝜎𝑖 𝑗𝜎𝑖𝑘

𝐸{𝑥2
𝑖 𝑥

2
𝑗 } = 𝜎2

𝑖 𝜎
2
𝑗 + 2𝜎2

𝑖 𝑗

𝐸{𝑥3
𝑖 𝑥 𝑗 } = 3𝜎2

𝑖 𝜎𝑖 𝑗

𝐸{𝑥4
𝑖 } = 3𝜎4

𝑖

In the following, we derive analytical expressions for each term of the fourth-order 𝑃
𝚫q , The results

are summarized in Term #1 - Term #6.

Term #1: 𝐸{(𝚫q̌𝑇q)2𝚫q̌𝚫q̌𝑇 }

𝐸{(𝚫q̌𝑇q)2𝚫q̌𝚫q̌𝑇 } =

=E

©«

𝑞2
1𝑥

4
1 + 𝑞2

2𝑥
2
1𝑥

2
2

+ 2𝑞1𝑞2𝑥
3
1𝑥2 + 𝑞2

3𝑥
2
1𝑥

2
3

+ 2𝑞1𝑞3𝑥
3
1𝑥3 + 2𝑞2𝑞3𝑥

2
1𝑥2𝑥3

+ 𝑞2
4𝑥

2
1𝑥

2
4 + 2𝑞1𝑞4𝑥

3
1𝑥4

+ 2𝑞2𝑞4𝑥
2
1𝑥2𝑥4 + 2𝑞3𝑞4𝑥

2
1𝑥3𝑥4

𝑞2
2𝑥1𝑥

3
2 + 2𝑞1𝑞2𝑥

2
1𝑥

2
2

+ 𝑞2
1𝑥

3
1𝑥2 + 𝑞2

3𝑥1𝑥2𝑥
2
3

+ 2𝑞2𝑞3𝑥1𝑥
2
2𝑥3 + 2𝑞1𝑞3𝑥

2
1𝑥2𝑥3

+ 𝑞2
4𝑥1𝑥2𝑥

2
4 + 2𝑞2𝑞4𝑥1𝑥

2
2𝑥4

+ 2𝑞1𝑞4𝑥
2
1𝑥2𝑥4 + 2𝑞3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
3𝑥1𝑥

3
3 + 2𝑞1𝑞3𝑥

2
1𝑥

2
3

+ 2𝑞2𝑞3𝑥1𝑥2𝑥
2
3 + 𝑞2

1𝑥
3
1𝑥3

+ 𝑞2
2𝑥1𝑥

2
2𝑥3 + 2𝑞1𝑞2𝑥

2
1𝑥2𝑥3

+ 𝑞2
4𝑥1𝑥3𝑥

2
4 + 2𝑞3𝑞4𝑥1𝑥

2
3𝑥4

+ 2𝑞1𝑞4𝑥
2
1𝑥3𝑥4 + 2𝑞2𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
4𝑥1𝑥

3
4 + 2𝑞1𝑞4𝑥

2
1𝑥

2
4

+ 2𝑞2𝑞4𝑥1𝑥2𝑥
2
4 + 2𝑞3𝑞4𝑥1𝑥3𝑥

2
4

+ 𝑞2
1𝑥

3
1𝑥4 + 𝑞2

2𝑥1𝑥
2
2𝑥4

+ 2𝑞1𝑞2𝑥
2
1𝑥2𝑥4 + 𝑞2

3𝑥1𝑥
2
3𝑥4

+ 2𝑞1𝑞3𝑥
2
1𝑥3𝑥4 + 2𝑞2𝑞3𝑥1𝑥2𝑥3𝑥4

𝑞2
2𝑥1𝑥

3
2 + 2𝑞1𝑞2𝑥

2
1𝑥

2
2

+ 𝑞2
1𝑥

3
1𝑥2 + 𝑞2

3𝑥1𝑥2𝑥
2
3

+ 2𝑞2𝑞3𝑥1𝑥
2
2𝑥3 + 2𝑞1𝑞3𝑥

2
1𝑥2𝑥3

+ 𝑞2
4𝑥1𝑥2𝑥

2
4 + 2𝑞2𝑞4𝑥1𝑥

2
2𝑥4

+ 2𝑞1𝑞4𝑥
2
1𝑥2𝑥4 + 2𝑞3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
2𝑥

4
2 + 2𝑞1𝑞2𝑥1𝑥

3
2

+ 𝑞2
1𝑥

2
1𝑥

2
2 + 𝑞2

3𝑥
2
2𝑥

2
3

+ 2𝑞2𝑞3𝑥
3
2𝑥3 + 2𝑞1𝑞3𝑥1𝑥

2
2𝑥3

+ 𝑞2
4𝑥

2
2𝑥

2
4 + 2𝑞2𝑞4𝑥

3
2𝑥4

+ 2𝑞1𝑞4𝑥1𝑥
2
2𝑥4 + 2𝑞3𝑞4𝑥

2
2𝑥3𝑥4

𝑞2
3𝑥2𝑥

3
3 + 2𝑞2𝑞3𝑥

2
2𝑥

2
3

+ 2𝑞1𝑞3𝑥1𝑥2𝑥
2
3 + 𝑞2

2𝑥
3
2𝑥3

+ 2𝑞1𝑞2𝑥1𝑥
2
2𝑥3 + 𝑞2

1𝑥
2
1𝑥2𝑥3

+ 𝑞2
4𝑥2𝑥3𝑥

2
4 + 2𝑞3𝑞4𝑥2𝑥

2
3𝑥4

+ 2𝑞2𝑞4𝑥
2
2𝑥3𝑥4 + 2𝑞1𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
3𝑥2𝑥

3
3 + 2𝑞2𝑞3𝑥

2
2𝑥

2
3

+ 2𝑞1𝑞3𝑥1𝑥2𝑥
2
3 + 𝑞2

2𝑥
3
2𝑥3

+ 2𝑞1𝑞2𝑥1𝑥
2
2𝑥3 + 𝑞2

1𝑥
2
1𝑥2𝑥3

+ 𝑞2
4𝑥2𝑥3𝑥

2
4 + 2𝑞3𝑞4𝑥2𝑥

2
3𝑥4

+ 2𝑞2𝑞4𝑥
2
2𝑥3𝑥4 + 2𝑞1𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
3𝑥1𝑥

3
3 + 2𝑞1𝑞3𝑥

2
1𝑥

2
3

+ 2𝑞2𝑞3𝑥1𝑥2𝑥
2
3 + 𝑞2

1𝑥
3
1𝑥3

+ 𝑞2
2𝑥1𝑥

2
2𝑥3 + 2𝑞1𝑞2𝑥

2
1𝑥2𝑥3

+ 𝑞2
4𝑥1𝑥3𝑥

2
4 + 2𝑞3𝑞4𝑥1𝑥

2
3𝑥4

+ 2𝑞1𝑞4𝑥
2
1𝑥3𝑥4 + 2𝑞2𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
3𝑥2𝑥

3
3 + 2𝑞2𝑞3𝑥

2
2𝑥

2
3

+ 2𝑞1𝑞3𝑥1𝑥2𝑥
2
3 + 𝑞2

2𝑥
3
2𝑥3

+ 2𝑞1𝑞2𝑥1𝑥
2
2𝑥3 + 𝑞2

1𝑥
2
1𝑥2𝑥3

+ 𝑞2
4𝑥2𝑥3𝑥

2
4 + 2𝑞3𝑞4𝑥2𝑥

2
3𝑥4

+ 2𝑞2𝑞4𝑥
2
2𝑥3𝑥4 + 2𝑞1𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞2
3𝑥

4
3 + 2𝑞1𝑞3𝑥1𝑥

3
3

+ 2𝑞2𝑞3𝑥2𝑥
3
3 + 𝑞2

1𝑥
2
1𝑥

2
3

+ 𝑞2
2𝑥

2
2𝑥

2
3 + 2𝑞1𝑞2𝑥1𝑥2𝑥

2
3

+ 𝑞2
4𝑥

2
3𝑥

2
4 + 2𝑞3𝑞4𝑥

3
3𝑥4

+ 2𝑞1𝑞4𝑥1𝑥
2
3𝑥4 + 2𝑞2𝑞4𝑥2𝑥

2
3𝑥4

𝑞2
4𝑥3𝑥

3
4 + 2𝑞3𝑞4𝑥

2
3𝑥

2
4

+ 2𝑞1𝑞4𝑥1𝑥3𝑥
2
4 + 2𝑞2𝑞4𝑥2𝑥3𝑥

2
4

+ 𝑞2
3𝑥

3
3𝑥4 + 2𝑞1𝑞3𝑥1𝑥

2
3𝑥4

+ 2𝑞2𝑞3𝑥2𝑥
2
3𝑥4 + 𝑞2

1𝑥
2
1𝑥3𝑥4

+ 𝑞2
2𝑥

2
2𝑥3𝑥4 + 2𝑞1𝑞2𝑥1𝑥2𝑥3𝑥4

𝑞2
4𝑥1𝑥

3
4 + 2𝑞1𝑞4𝑥

2
1𝑥

2
4

+ 2𝑞2𝑞4𝑥1𝑥2𝑥
2
4 + 2𝑞3𝑞4𝑥1𝑥3𝑥

2
4

+ 𝑞2
1𝑥

3
1𝑥4 + 𝑞2

2𝑥1𝑥
2
2𝑥4

+ 2𝑞1𝑞2𝑥
2
1𝑥2𝑥4 + 𝑞2

3𝑥1𝑥
2
3𝑥4

+ 2𝑞1𝑞3𝑥
2
1𝑥3𝑥4 + 2𝑞2𝑞3𝑥1𝑥2𝑥3𝑥4

𝑞2
4𝑥2𝑥

3
4 + 2𝑞2𝑞4𝑥

2
2𝑥

2
4

+ 2𝑞1𝑞4𝑥1𝑥2𝑥
2
4 + 2𝑞3𝑞4𝑥2𝑥3𝑥

2
4

+ 𝑞2
2𝑥

3
2𝑥4 + 2𝑞1𝑞2𝑥1𝑥

2
2𝑥4

+ 𝑞2
1𝑥

2
1𝑥2𝑥4 + 𝑞2

3𝑥2𝑥
2
3𝑥4

+ 2𝑞2𝑞3𝑥
2
2𝑥3𝑥4 + 2𝑞1𝑞3𝑥1𝑥2𝑥3𝑥4

𝑞2
4𝑥3𝑥

3
4 + 2𝑞3𝑞4𝑥

2
3𝑥

2
4

+ 2𝑞1𝑞4𝑥1𝑥3𝑥
2
4 + 2𝑞2𝑞4𝑥2𝑥3𝑥

2
4

+ 𝑞2
3𝑥

3
3𝑥4 + 2𝑞1𝑞3𝑥1𝑥

2
3𝑥4

+ 2𝑞2𝑞3𝑥2𝑥
2
3𝑥4 + 𝑞2

1𝑥
2
1𝑥3𝑥4

+ 𝑞2
2𝑥

2
2𝑥3𝑥4 + 2𝑞1𝑞2𝑥1𝑥2𝑥3𝑥4

𝑞2
4𝑥

4
4 + 2𝑞1𝑞4𝑥1𝑥

3
4

+ 2𝑞2𝑞4𝑥2𝑥
3
4 + 2𝑞3𝑞4𝑥3𝑥

3
4

+ 𝑞2
1𝑥

2
1𝑥

2
4 + 𝑞2

2𝑥
2
2𝑥

2
4

+ 2𝑞1𝑞2𝑥1𝑥2𝑥
2
4 + 𝑞2

3𝑥
2
3𝑥

2
4

+ 2𝑞1𝑞3𝑥1𝑥3𝑥
2
4 + 2𝑞2𝑞3𝑥2𝑥3𝑥

2
4
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3𝑞2
1𝜎

4
1 + 𝑞2

2(𝜎
2
1𝜎

2
2 + 2𝜎2

12)
+ 6𝑞1𝑞2𝜎

2
1𝜎12 + 𝑞2

3(𝜎
2
1𝜎

2
3 + 2𝜎2

13)
+ 6𝑞1𝑞3𝜎

2
1𝜎13 + 6𝑞1𝑞4𝜎

2
1𝜎14

+ 𝑞2
4(𝜎

2
1𝜎

2
4 + 2𝜎2

14)
+ 2𝑞2𝑞3(𝜎2

1𝜎23 + 2𝜎12𝜎13)
+ 2𝑞2𝑞4(𝜎2

1𝜎24 + 2𝜎12𝜎14)
+ 2𝑞3𝑞4(𝜎2

1𝜎34 + 2𝜎13𝜎14)

3𝑞2
1𝜎

2
1𝜎12 + 3𝑞2

2𝜎
2
2𝜎12

+ 2𝑞1𝑞2(𝜎2
1𝜎

2
2 + 2𝜎2

12)
+ 𝑞2

3(𝜎
2
3𝜎12 + 2𝜎13𝜎23)

+ 2𝑞1𝑞3(𝜎2
1𝜎23 + 2𝜎12𝜎13)

+ 2𝑞2𝑞3(𝜎2
2𝜎13 + 2𝜎12𝜎23)

+ 𝑞2
4(𝜎

2
4𝜎12 + 2𝜎14𝜎24)

+ 2𝑞1𝑞4(𝜎2
1𝜎24 + 2𝜎12𝜎14)

+ 2𝑞2𝑞4(𝜎2
2𝜎14 + 2𝜎12𝜎24)

+ 2𝑞3𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

3𝑞2
1𝜎

2
1𝜎13 + 3𝑞2

3𝜎
2
3𝜎13

+ 𝑞2
2(𝜎

2
2𝜎13 + 2𝜎12𝜎23)

+ 2𝑞1𝑞2(𝜎2
1𝜎23 + 2𝜎12𝜎13)

+ 2𝑞1𝑞3(𝜎2
1𝜎

2
3 + 2𝜎2

13)
+ 2𝑞2𝑞3(𝜎12𝜎

2
3 + 2𝜎13𝜎23)

+ 𝑞2
4(𝜎

2
4𝜎13 + 2𝜎14𝜎34)

+ 2𝑞1𝑞4(𝜎2
1𝜎34 + 2𝜎13𝜎14)

+ 2𝑞3𝑞4(𝜎2
3𝜎14 + 2𝜎13𝜎14)

+ 2𝑞2𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

3𝑞2
1𝜎

2
1𝜎14 + 3𝑞2

4𝜎
2
4𝜎14

+ 𝑞2
2(𝜎

2
2𝜎14 + 2𝜎12𝜎24)

+ 2𝑞1𝑞2(𝜎2
1𝜎24 + 2𝜎12𝜎14)

+ 2𝑞1𝑞4(𝜎2
1𝜎

2
4 + 2𝜎2

14)
+ 2𝑞2𝑞4(𝜎12𝜎

2
4 + 2𝜎14𝜎24)

+ 𝑞2
3(𝜎

2
3𝜎14 + 2𝜎13𝜎34)

+ 2𝑞1𝑞3(𝜎2
1𝜎34 + 2𝜎13𝜎14)

+ 2𝑞3𝑞4(𝜎2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞2𝑞3(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)
3𝑞2

1𝜎
2
1𝜎12 + 3𝑞2

2𝜎
2
2𝜎12

+ 2𝑞1𝑞2(𝜎2
1𝜎

2
2 + 2𝜎2

12)
+ 𝑞2

3(𝜎
2
3𝜎12 + 2𝜎13𝜎23)

+ 2𝑞1𝑞3(𝜎2
1𝜎23 + 2𝜎12𝜎13)

+ 2𝑞2𝑞3(𝜎2
2𝜎13 + 2𝜎12𝜎23)

+ 𝑞2
4(𝜎

2
4𝜎12 + 2𝜎14𝜎24)

+ 2𝑞1𝑞4(𝜎2
1𝜎24 + 2𝜎12𝜎14)

+ 2𝑞2𝑞4(𝜎2
2𝜎14 + 2𝜎12𝜎24)

+ 2𝑞3𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

3𝑞2
2𝜎

4
2 + 𝑞2

1(𝜎
2
1𝜎

2
2 + 2𝜎2

12)
+ 6𝑞1𝑞2𝜎

2
2𝜎12 + 6𝑞2𝑞4𝜎

2
2𝜎24

+ 𝑞2
3(𝜎

2
2𝜎

2
3 + 2𝜎2

23)
+ 6𝑞2𝑞3𝜎

2
2𝜎23

+ 2𝑞1𝑞3(𝜎2
2𝜎13 + 2𝜎12𝜎23)

+ 𝑞2
4(𝜎

2
2𝜎

2
4 + 2𝜎2

24)
+ 2𝑞1𝑞4(𝜎2

2𝜎14 + 2𝜎12𝜎24)
+ 2𝑞3𝑞4(𝜎2

2𝜎34 + 2𝜎23𝜎24)

𝑞2
1(𝜎

2
1𝜎23 + 2𝜎12𝜎13)

+ 3𝑞2
2𝜎

2
2𝜎23 + 3𝑞2

3𝜎
2
3𝜎32

+ 2𝑞1𝑞2(𝜎2
2𝜎13 + 2𝜎12𝜎23)

+ 2𝑞1𝑞3(𝜎2
3𝜎12 + 2𝜎13𝜎23)

+ 2𝑞2𝑞3(𝜎2
2𝜎

2
3 + 2𝜎2

23)
+ 𝑞2

4(𝜎
2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞2𝑞4(𝜎2
2𝜎34 + 2𝜎23𝜎24)

+ 2𝑞3𝑞4(𝜎2
3𝜎24 + 2𝜎23𝜎34)

+ 2𝑞1𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

𝑞2
1(𝜎

2
1𝜎24 + 2𝜎12𝜎14)

+ 3𝑞2
2𝜎

2
2𝜎23 + 3𝑞2

4𝜎
2
4𝜎24

+ 2𝑞1𝑞2(𝜎2
2𝜎14 + 2𝜎12𝜎24)

+ 2𝑞1𝑞4(𝜎2
4𝜎12 + 2𝜎14𝜎24)

+ 2𝑞2𝑞4(𝜎2
2𝜎

2
4 + 2𝜎2

24)
+ 𝑞2

3(𝜎
2
3𝜎24 + 2𝜎23𝜎34)

+ 2𝑞2𝑞3(𝜎2
2𝜎34 + 2𝜎23𝜎24)

+ 2𝑞3𝑞4(𝜎2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞1𝑞3(𝜎12𝜎34 + 𝜎14𝜎23 + 𝜎13𝜎24)
3𝑞2

1𝜎
2
1𝜎13 + 3𝑞2

3𝜎
2
3𝜎13

+ 𝑞2
2(𝜎

2
2𝜎13 + 2𝜎12𝜎23)

+ 2𝑞1𝑞2(𝜎2
1𝜎23 + 2𝜎12𝜎13)

+ 2𝑞1𝑞3(𝜎2
1𝜎

2
3 + 2𝜎2

13)
+ 2𝑞2𝑞3(𝜎12𝜎

2
3 + 2𝜎13𝜎23)

+ 𝑞2
4(𝜎

2
4𝜎13 + 2𝜎14𝜎34)

+ 2𝑞1𝑞4(𝜎2
1𝜎34 + 2𝜎13𝜎14)

+ 2𝑞3𝑞4(𝜎2
3𝜎14 + 2𝜎13𝜎14)

+ 2𝑞2𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

𝑞2
1(𝜎

2
1𝜎23 + 2𝜎12𝜎13)

+ 3𝑞2
2𝜎

2
2𝜎23 + 3𝑞2

3𝜎
2
3𝜎32

+ 2𝑞1𝑞2(𝜎2
2𝜎13 + 2𝜎12𝜎23)

+ 2𝑞1𝑞3(𝜎2
3𝜎12 + 2𝜎13𝜎23)

+ 2𝑞2𝑞3(𝜎2
2𝜎

2
3 + 2𝜎2

23)
+ 𝑞2

4(𝜎
2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞2𝑞4(𝜎2
2𝜎34 + 2𝜎23𝜎24)

+ 2𝑞3𝑞4(𝜎2
3𝜎24 + 2𝜎23𝜎34)

+ 2𝑞1𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

3𝑞2
3𝜎

4
3 + 6𝑞2𝑞3𝜎

2
3𝜎23

+ 𝑞2
2(𝜎

2
2𝜎

2
3 + 2𝜎2

23)
+ 𝑞2

1(𝜎
2
1𝜎

2
3 + 2𝜎2

13)
+ 6𝑞1𝑞3𝜎

2
3𝜎13 + 6𝑞3𝑞4𝜎

2
3𝜎34

+ 2𝑞1𝑞4(𝜎2
3𝜎14 + 2𝜎13𝜎34)

+ 𝑞2
4(𝜎

2
3𝜎

2
4 + 2𝜎2

34)
+ 2𝑞2𝑞4(𝜎2

3𝜎24 + 2𝜎23𝜎34)
+ 2𝑞1𝑞2(𝜎2

3𝜎12 + 2𝜎13𝜎23)

𝑞2
1(𝜎

2
1𝜎34 + 2𝜎13𝜎14)

+ 3𝑞2
3𝜎

2
3𝜎34 + 3𝑞2

4𝜎
2
4𝜎43

+ 2𝑞1𝑞3(𝜎2
3𝜎14 + 2𝜎13𝜎34)

+ 2𝑞2𝑞3(𝜎2
3𝜎42 + 2𝜎23𝜎34)

+ 2𝑞3𝑞4(𝜎2
3𝜎

2
4 + 2𝜎2

34)
+ 𝑞2

2(𝜎
2
2𝜎34 + 2𝜎23𝜎24)

+ 2𝑞2𝑞4(𝜎2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞1𝑞4(𝜎2
4𝜎13 + 2𝜎14𝜎34)

+ 2𝑞1𝑞2(𝜎12𝜎34 + 𝜎14𝜎23 + 𝜎13𝜎24)
3𝑞2

1𝜎
2
1𝜎14 + 3𝑞2

4𝜎
2
4𝜎14

+ 𝑞2
2(𝜎

2
2𝜎14 + 2𝜎12𝜎24)

+ 2𝑞1𝑞2(𝜎2
1𝜎24 + 2𝜎12𝜎14)

+ 2𝑞1𝑞4(𝜎2
1𝜎

2
4 + 2𝜎2

14)
+ 2𝑞2𝑞4(𝜎12𝜎

2
4 + 2𝜎14𝜎24)

+ 𝑞2
3(𝜎

2
3𝜎14 + 2𝜎13𝜎34)

+ 2𝑞1𝑞3(𝜎2
1𝜎34 + 2𝜎13𝜎14)

+ 2𝑞3𝑞4(𝜎2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞2𝑞3(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎14𝜎23)

𝑞2
1(𝜎

2
1𝜎24 + 2𝜎12𝜎14)

+ 3𝑞2
2𝜎

2
2𝜎23 + 3𝑞2

4𝜎
2
4𝜎24

+ 2𝑞1𝑞2(𝜎2
2𝜎14 + 2𝜎12𝜎24)

+ 2𝑞1𝑞4(𝜎2
4𝜎12 + 2𝜎14𝜎24)

+ 2𝑞2𝑞4(𝜎2
2𝜎

2
4 + 2𝜎2

24)
+ 𝑞2

3(𝜎
2
3𝜎24 + 2𝜎23𝜎34)

+ 2𝑞2𝑞3(𝜎2
2𝜎34 + 2𝜎23𝜎24)

+ 2𝑞3𝑞4(𝜎2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞1𝑞3(𝜎12𝜎34 + 𝜎14𝜎23 + 𝜎13𝜎24)

𝑞2
1(𝜎

2
1𝜎34 + 2𝜎13𝜎14)

+ 3𝑞2
3𝜎

2
3𝜎34 + 3𝑞2

4𝜎
2
4𝜎43

+ 2𝑞1𝑞3(𝜎2
3𝜎14 + 2𝜎13𝜎34)

+ 2𝑞2𝑞3(𝜎2
3𝜎42 + 2𝜎23𝜎34)

+ 2𝑞3𝑞4(𝜎2
3𝜎

2
4 + 2𝜎2

34)
+ 𝑞2

2(𝜎
2
2𝜎34 + 2𝜎23𝜎24)

+ 2𝑞2𝑞4(𝜎2
4𝜎23 + 2𝜎24𝜎34)

+ 2𝑞1𝑞4(𝜎2
4𝜎13 + 2𝜎14𝜎34)

+ 2𝑞1𝑞2(𝜎12𝜎34 + 𝜎14𝜎23 + 𝜎13𝜎24)

3𝑞2
4𝜎

4
4 + 6𝑞2𝑞4𝜎

2
4𝜎24

+ 𝑞2
2(𝜎

2
2𝜎

2
4 + 2𝜎2

24)
+ 𝑞2

1(𝜎
2
1𝜎

2
4 + 2𝜎2

14)
+ 6𝑞1𝑞4𝜎

2
4𝜎14 + 6𝑞3𝑞4𝜎

2
4𝜎34

+ 2𝑞1𝑞2(𝜎2
4𝜎12 + 2𝜎14𝜎24)

+ 𝑞2
3(𝜎

2
3𝜎

2
4 + 2𝜎2

34)
+ 2𝑞2𝑞3(𝜎2

4𝜎23 + 2𝜎24𝜎34)
+ 2𝑞1𝑞3(𝜎2

4𝜎13 + 2𝜎14𝜎34)
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Term #2: 𝐸{(𝚫q̌𝑇q)3𝚫q̌q𝑇 }

−3𝐸{(𝚫q̌𝑇q)3𝚫q̌q𝑇 }

= −3𝐸

©«

𝑞4
1𝑥

4
1 + 𝑞1𝑞

3
2𝑥1𝑥

3
2 + 3𝑞2

1𝑞
2
2𝑥

2
1𝑥

2
2

+ 3𝑞3
1𝑞2𝑥

3
1𝑥2 + 𝑞1𝑞

3
3𝑥1𝑥

3
3

+ 3𝑞2
1𝑞

2
3𝑥

2
1𝑥

2
3 + 3𝑞1𝑞2𝑞

2
3𝑥1𝑥2𝑥

2
3

+ 3𝑞3
1𝑞3𝑥

3
1𝑥3 + 3𝑞1𝑞

2
2𝑞3𝑥1𝑥

2
2𝑥3

+ 6𝑞2
1𝑞2𝑞3𝑥

2
1𝑥2𝑥3 + 𝑞1𝑞

3
4𝑥1𝑥

3
4

+ 3𝑞2
1𝑞

2
4𝑥

2
1𝑥

2
4 + 3𝑞1𝑞2𝑞

2
4𝑥1𝑥2𝑥

2
4

+ 3𝑞1𝑞3𝑞
2
4𝑥1𝑥3𝑥

2
4 + 3𝑞3

1𝑞4𝑥
3
1𝑥4

+ 3𝑞1𝑞
2
2𝑞4𝑥1𝑥

2
2𝑥4 + 6𝑞2

1𝑞2𝑞4𝑥
2
1𝑥2𝑥4

+ 3𝑞1𝑞
2
3𝑞4𝑥1𝑥

2
3𝑥4 + 6𝑞2

1𝑞3𝑞4𝑥
2
1𝑥3𝑥4

+ 6𝑞1𝑞2𝑞3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞3
1𝑞2𝑥

4
1 + 𝑞4

2𝑥1𝑥
3
2 + 3𝑞1𝑞

3
2𝑥

2
1𝑥

2
2

+ 3𝑞2
1𝑞

2
2𝑥

3
1𝑥2 + 𝑞2𝑞

3
3𝑥1𝑥

3
3

+ 3𝑞1𝑞2𝑞
2
3𝑥

2
1𝑥

2
3 + 3𝑞2

2𝑞
2
3𝑥1𝑥2𝑥

2
3

+ 3𝑞2
1𝑞2𝑞3𝑥

3
1𝑥3 + 3𝑞3

2𝑞3𝑥1𝑥
2
2𝑥3

+ 6𝑞1𝑞
2
2𝑞3𝑥

2
1𝑥2𝑥3 + 𝑞2𝑞

3
4𝑥1𝑥

3
4

+ 3𝑞1𝑞2𝑞
2
4𝑥

2
1𝑥

2
4 + 3𝑞2

2𝑞
2
4𝑥1𝑥2𝑥

2
4

+ 3𝑞2𝑞3𝑞
2
4𝑥1𝑥3𝑥

2
4 + 3𝑞2

1𝑞2𝑞4𝑥
3
1𝑥4

+ 3𝑞3
2𝑞4𝑥1𝑥

2
2𝑥4 + 6𝑞1𝑞

2
2𝑞4𝑥

2
1𝑥2𝑥4

+ 3𝑞2𝑞
2
3𝑞4𝑥1𝑥

2
3𝑥4 + 6𝑞1𝑞2𝑞3𝑞4𝑥

2
1𝑥3𝑥4

+ 6𝑞2
2𝑞3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞3
1𝑞3𝑥

4
1 + 𝑞3

2𝑞3𝑥1𝑥
3
2 + 3𝑞1𝑞

2
2𝑞3𝑥

2
1𝑥

2
2

+ 3𝑞2
1𝑞2𝑞3𝑥

3
1𝑥2 + 𝑞4

3𝑥1𝑥
3
3

+ 3𝑞1𝑞
3
3𝑥

2
1𝑥

2
3 + 3𝑞2𝑞

3
3𝑥1𝑥2𝑥

2
3

+ 3𝑞2
1𝑞

2
3𝑥

3
1𝑥3 + 3𝑞2

2𝑞
2
3𝑥1𝑥

2
2𝑥3

+ 6𝑞1𝑞2𝑞
2
3𝑥

2
1𝑥2𝑥3 + 𝑞3𝑞

3
4𝑥1𝑥

3
4

+ 3𝑞1𝑞3𝑞
2
4𝑥

2
1𝑥

2
4 + 3𝑞2𝑞3𝑞

2
4𝑥1𝑥2𝑥

2
4

+ 3𝑞2
3𝑞

2
4𝑥1𝑥3𝑥

2
4 + 3𝑞2

1𝑞3𝑞4𝑥
3
1𝑥4

+ 3𝑞2
2𝑞3𝑞4𝑥1𝑥

2
2𝑥4 + 6𝑞1𝑞2𝑞3𝑞4𝑥

2
1𝑥2𝑥4

+ 3𝑞3
3𝑞4𝑥1𝑥

2
3𝑥4 + 6𝑞1𝑞

2
3𝑞4𝑥

2
1𝑥3𝑥4

+ 6𝑞2𝑞
2
3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞3
1𝑞4𝑥

4
1 + 𝑞3

2𝑞4𝑥1𝑥
3
2 + 3𝑞1𝑞

2
2𝑞4𝑥

2
1𝑥

2
2

+ 3𝑞2
1𝑞2𝑞4𝑥

3
1𝑥2 + 𝑞3

3𝑞4𝑥1𝑥
3
3

+ 3𝑞1𝑞
2
3𝑞4𝑥

2
1𝑥

2
3 + 3𝑞2𝑞

2
3𝑞4𝑥1𝑥2𝑥

2
3

+ 3𝑞2
1𝑞3𝑞4𝑥

3
1𝑥3 + 3𝑞2

2𝑞3𝑞4𝑥1𝑥
2
2𝑥3

+ 6𝑞1𝑞2𝑞3𝑞4𝑥
2
1𝑥2𝑥3 + 𝑞4

4𝑥1𝑥
3
4

+ 3𝑞1𝑞
3
4𝑥

2
1𝑥

2
4 + 3𝑞2𝑞

3
4𝑥1𝑥2𝑥

2
4

+ 3𝑞3𝑞
3
4𝑥1𝑥3𝑥

2
4 + 3𝑞2

1𝑞
2
4𝑥

3
1𝑥4

+ 3𝑞2
2𝑞

2
4𝑥1𝑥

2
2𝑥4 + 6𝑞1𝑞2𝑞

2
4𝑥

2
1𝑥2𝑥4

+ 3𝑞2
3𝑞

2
4𝑥1𝑥

2
3𝑥4 + 6𝑞1𝑞3𝑞

2
4𝑥

2
1𝑥3𝑥4

+ 6𝑞2𝑞3𝑞
2
4𝑥1𝑥2𝑥3𝑥4

𝑞3
1𝑞2𝑥

4
1 + 𝑞4

2𝑥1𝑥
3
2 + 3𝑞1𝑞

3
2𝑥

2
1𝑥

2
2

+ 3𝑞2
1𝑞

2
2𝑥

3
1𝑥2 + 𝑞2𝑞

3
3𝑥1𝑥

3
3

+ 3𝑞1𝑞2𝑞
2
3𝑥

2
1𝑥

2
3 + 3𝑞2

2𝑞
2
3𝑥1𝑥2𝑥

2
3

+ 3𝑞2
1𝑞2𝑞3𝑥

3
1𝑥3 + 3𝑞3

2𝑞3𝑥1𝑥
2
2𝑥3

+ 6𝑞1𝑞
2
2𝑞3𝑥

2
1𝑥2𝑥3 + 𝑞2𝑞

3
4𝑥1𝑥

3
4

+ 3𝑞1𝑞2𝑞
2
4𝑥

2
1𝑥

2
4 + 3𝑞2

2𝑞
2
4𝑥1𝑥2𝑥

2
4

+ 3𝑞2𝑞3𝑞
2
4𝑥1𝑥3𝑥

2
4 + 3𝑞2

1𝑞2𝑞4𝑥
3
1𝑥4

+ 3𝑞3
2𝑞4𝑥1𝑥

2
2𝑥4 + 6𝑞1𝑞

2
2𝑞4𝑥

2
1𝑥2𝑥4

+ 3𝑞2𝑞
2
3𝑞4𝑥1𝑥

2
3𝑥4 + 6𝑞1𝑞2𝑞3𝑞4𝑥

2
1𝑥3𝑥4

+ 6𝑞2
2𝑞3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞4
2𝑥

4
2 + 3𝑞1𝑞

3
2𝑥1𝑥

3
2 + 3𝑞2

1𝑞
2
2𝑥

2
1𝑥

2
2

+ 𝑞3
1𝑞2𝑥

3
1𝑥2 + 𝑞2𝑞

3
3𝑥2𝑥

3
3

+ 3𝑞2
2𝑞

2
3𝑥

2
2𝑥

2
3 + 3𝑞1𝑞2𝑞

2
3𝑥1𝑥2𝑥

2
3

+ 3𝑞3
2𝑞3𝑥

3
2𝑥3 + 6𝑞1𝑞

2
2𝑞3𝑥1𝑥

2
2𝑥3

+ 3𝑞2
1𝑞2𝑞3𝑥

2
1𝑥2𝑥3 + 𝑞2𝑞

3
4𝑥2𝑥

3
4

+ 3𝑞2
2𝑞

2
4𝑥

2
2𝑥

2
4 + 3𝑞1𝑞2𝑞

2
4𝑥1𝑥2𝑥

2
4

+ 3𝑞2𝑞3𝑞
2
4𝑥2𝑥3𝑥

2
4 + 3𝑞3

2𝑞4𝑥
3
2𝑥4

+ 6𝑞1𝑞
2
2𝑞4𝑥1𝑥

2
2𝑥4 + 3𝑞2

1𝑞2𝑞4𝑥
2
1𝑥2𝑥4

+ 3𝑞2𝑞
2
3𝑞4𝑥2𝑥

2
3𝑥4 + 6𝑞2

2𝑞3𝑞4𝑥
2
2𝑥3𝑥4

+ 6𝑞1𝑞2𝑞3𝑞4𝑥1𝑥2𝑥3𝑥4

𝑞3
2𝑞3𝑥

4
2 + 3𝑞1𝑞

2
2𝑞3𝑥1𝑥

3
2 + 3𝑞2

1𝑞2𝑞3𝑥
2
1𝑥

2
2

+ 𝑞3
1𝑞3𝑥

3
1𝑥2 + 𝑞4

3𝑥2𝑥
3
3

+ 3𝑞2𝑞
3
3𝑥

2
2𝑥

2
3 + 3𝑞1𝑞

3
3𝑥1𝑥2𝑥

2
3

+ 3𝑞2
2𝑞

2
3𝑥

3
2𝑥3 + 6𝑞1𝑞2𝑞

2
3𝑥1𝑥

2
2𝑥3

+ 3𝑞2
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4𝜎13 + 2𝜎14𝜎34)

+ 3𝑞2𝑞3𝑞
2
4(𝜎

2
4𝜎23 + 2𝜎24𝜎34)

+ 6𝑞1𝑞
2
3𝑞4(𝜎2

3𝜎14 + 2𝜎13𝜎34)
+ 3𝑞2

1𝑞3𝑞4(𝜎2
1𝜎34 + 2𝜎13𝜎14)

+ 3𝑞2
2𝑞3𝑞4(𝜎2

2𝜎34 + 2𝜎23𝜎24)
+ 6𝑞2𝑞

2
3𝑞4(𝜎2

3𝜎24 + 2𝜎23𝜎34)
+ 6𝑞1𝑞2𝑞3𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎12𝜎34)

3𝑞4
4𝜎

2
4𝜎34 + 3𝑞3

2𝑞4𝜎
2
2𝜎23 + 3𝑞3

3𝑞4𝜎
4
3

+ 3𝑞1𝑞
3
4(𝜎13𝜎

2
4 + 2𝜎14𝜎34)

+ 9𝑞2
3𝑞

2
4𝜎

2
3𝜎34 + 3𝑞3

1𝑞4𝜎
2
1𝜎13

+ 3𝑞2
1𝑞

2
4(𝜎

2
1𝜎34 + 2𝜎13𝜎14)

+ 3𝑞2
1𝑞3𝑞4(𝜎2

1𝜎
2
3 + 2𝜎2

13)
+ 3𝑞3𝑞

3
4(𝜎

2
4𝜎

2
3 + 2𝜎2

34)
+ 3𝑞2

2𝑞
2
4(𝜎

2
2𝜎34 + 2𝜎23𝜎24)

+ 9𝑞1𝑞
2
3𝑞4𝜎

2
3𝜎13 + 9𝑞2𝑞

2
3𝑞4𝜎

2
3𝜎23

+ 3𝑞2
1𝑞2𝑞4(𝜎2

1𝜎23 + 2𝜎12𝜎13)
+ 6𝑞1𝑞3𝑞

2
4(𝜎

2
3𝜎14 + 2𝜎13𝜎34)

+ 6𝑞2
2𝑞3𝑞4(𝜎2

2𝜎
2
3 + 2𝜎2

23)
+ 3𝑞2𝑞3𝑞

2
4(𝜎24𝜎

2
3 + 2𝜎23𝜎34)

+ 6𝑞1𝑞2𝑞3𝑞4(𝜎2
3𝜎12 + 2𝜎13𝜎23)

+ 3𝑞1𝑞
2
2𝑞4(𝜎2

2𝜎13 + 2𝜎12𝜎23)
+ 6𝑞1𝑞2𝑞

2
4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎12𝜎34)

+ 3𝑞2𝑞
3
4(𝜎23𝜎

2
4 + 2𝜎24𝜎34)

3𝑞4
4𝜎

2
4𝜎14 + 3𝑞1𝑞

3
4(𝜎

2
1𝜎

2
4 + 2𝜎2

14)
+ 9𝑞2

1𝑞
2
4𝜎

2
1𝜎14 + 9𝑞2

1𝑞3𝑞4𝜎
2
1𝜎13

+ 3𝑞3
1𝑞4𝜎

4
1 + 3𝑞3

2𝑞4𝜎
2
2𝜎12

+ 3𝑞2
2𝑞

2
4(𝜎

2
2𝜎14 + 2𝜎12𝜎24)

+ 3𝑞1𝑞
2
2𝑞4(𝜎2

1𝜎
2
2 + 2𝜎2

12)
+ 3𝑞3𝑞

3
4(𝜎

2
4𝜎13 + 2𝜎14𝜎34)

+ 6𝑞1𝑞2𝑞
2
4(𝜎

2
1𝜎24 + 2𝜎12𝜎14)

+ 9𝑞2
1𝑞2𝑞4𝜎

2
1𝜎12 + 3𝑞3

3𝑞4𝜎
2
3𝜎13

+ 3𝑞2
3𝑞

2
4(𝜎

2
3𝜎14 + 2𝜎13𝜎34)

+ 3𝑞1𝑞
2
3𝑞4(𝜎2

1𝜎
2
3 + 2𝜎2

13)
+ 3𝑞2𝑞

2
3𝑞4(𝜎2

3𝜎12 + 2𝜎13𝜎23)
+ 3𝑞2

2𝑞3𝑞4(𝜎2
2𝜎13 + 2𝜎12𝜎23)

+ 6𝑞1𝑞2𝑞3𝑞4(𝜎2
1𝜎23 + 2𝜎12𝜎13)

+ 6𝑞1𝑞3𝑞
2
4(𝜎

2
1𝜎34 + 2𝜎13𝜎14)

+ 6𝑞2𝑞3𝑞
2
4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎12𝜎34)

+ 3𝑞2𝑞
3
4(𝜎

2
4𝜎12 + 2𝜎14𝜎24)

3𝑞4
4𝜎

2
4𝜎24 + 9𝑞2

2𝑞3𝑞4𝜎
2
2𝜎23

+ 3𝑞1𝑞
3
4(𝜎12𝜎

2
4 + 2𝜎14𝜎24) + 3𝑞3

2𝑞4𝜎
4
2

+ 9𝑞2
2𝑞

2
4𝜎

2
2𝜎24 + 3𝑞3

1𝑞4𝜎
2
1𝜎12

+ 3𝑞2
3𝑞

2
4(𝜎24𝜎

2
3 + 2𝜎23𝜎34)

+ 3𝑞2
1𝑞2𝑞4(𝜎2

1𝜎
2
2 + 2𝜎2

12)
+ 3𝑞3𝑞

3
4(𝜎

2
4𝜎23 + 2𝜎24𝜎34)

+ 6𝑞1𝑞2𝑞
2
4(𝜎

2
2𝜎14 + 2𝜎12𝜎24)

+ 9𝑞1𝑞
2
2𝑞4𝜎

2
2𝜎12 + 3𝑞3

3𝑞4𝜎
2
3𝜎23

+ 3𝑞2
1𝑞

2
4(𝜎

2
1𝜎24 + 2𝜎12𝜎14)

+ 3𝑞2
1𝑞3𝑞4(𝜎2

1𝜎23 + 2𝜎12𝜎13)
+ 6𝑞2𝑞3𝑞

2
4(𝜎

2
2𝜎34 + 2𝜎23𝜎24)

+ 3𝑞2𝑞
2
3𝑞4(𝜎2

2𝜎
2
3 + 2𝜎2

23)
+ 6𝑞1𝑞2𝑞3𝑞4(𝜎2

2𝜎13 + 2𝜎12𝜎23)
+ 3𝑞2𝑞

3
4(𝜎

2
2𝜎

2
4 + 2𝜎2

24)
+ 3𝑞1𝑞

2
3𝑞4(𝜎2

3𝜎12 + 2𝜎13𝜎23)
+ 6𝑞1𝑞3𝑞

2
4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎12𝜎34)

3𝑞4
4𝜎

2
4𝜎34 + 3𝑞3

2𝑞4𝜎
2
2𝜎23 + 3𝑞3

3𝑞4𝜎
4
3

+ 3𝑞1𝑞
3
4(𝜎13𝜎

2
4 + 2𝜎14𝜎34)

+ 9𝑞2
3𝑞

2
4𝜎

2
3𝜎34 + 3𝑞3

1𝑞4𝜎
2
1𝜎13

+ 3𝑞2
1𝑞

2
4(𝜎

2
1𝜎34 + 2𝜎13𝜎14)

+ 3𝑞2
1𝑞3𝑞4(𝜎2

1𝜎
2
3 + 2𝜎2

13)
+ 3𝑞3𝑞

3
4(𝜎

2
4𝜎

2
3 + 2𝜎2

34)
+ 3𝑞2

2𝑞
2
4(𝜎

2
2𝜎34 + 2𝜎23𝜎24)

+ 9𝑞1𝑞
2
3𝑞4𝜎

2
3𝜎13 + 9𝑞2𝑞

2
3𝑞4𝜎

2
3𝜎23

+ 3𝑞2
1𝑞2𝑞4(𝜎2

1𝜎23 + 2𝜎12𝜎13)
+ 6𝑞1𝑞3𝑞

2
4(𝜎

2
3𝜎14 + 2𝜎13𝜎34)

+ 6𝑞2
2𝑞3𝑞4(𝜎2

2𝜎
2
3 + 2𝜎2

23)
+ 3𝑞2𝑞3𝑞

2
4(𝜎24𝜎

2
3 + 2𝜎23𝜎34)

+ 6𝑞1𝑞2𝑞3𝑞4(𝜎2
3𝜎12 + 2𝜎13𝜎23)

+ 3𝑞1𝑞
2
2𝑞4(𝜎2

2𝜎13 + 2𝜎12𝜎23)
+ 6𝑞1𝑞2𝑞

2
4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎12𝜎34)

+ 3𝑞2𝑞
3
4(𝜎23𝜎

2
4 + 2𝜎24𝜎34)

3𝑞4
4𝜎

4
4 + 9𝑞1𝑞

3
4𝜎

2
4𝜎14 + 3𝑞3

3𝑞4𝜎
2
3𝜎34

+ 9𝑞2𝑞
3
4𝜎

2
4𝜎24 + 9𝑞3𝑞

3
4𝜎

2
4𝜎34

+ 3𝑞2
1𝑞

2
4(𝜎

2
1𝜎

2
4 + 2𝜎2

14)
+ 3𝑞2

2𝑞
2
4(𝜎

2
2𝜎

2
4 + 2𝜎2

24)
+ 6𝑞1𝑞2𝑞

2
4(𝜎

2
4𝜎12 + 2𝜎14𝜎24)

+ 3𝑞2
3𝑞

2
4(𝜎

2
3𝜎

2
4 + 2𝜎2

34)
+ 6𝑞1𝑞3𝑞

2
4(𝜎

2
4𝜎13 + 2𝜎14𝜎34)

+ 6𝑞2𝑞3𝑞
2
4(𝜎

2
4𝜎23 + 2𝜎24𝜎34)

+ 3𝑞3
1𝑞4𝜎

2
1𝜎14 + 3𝑞3

2𝑞4𝜎
2
2𝜎24

+ 3𝑞1𝑞
2
2𝑞4(𝜎2

2𝜎14 + 2𝜎12𝜎24)
+ 3𝑞2

1𝑞2𝑞4(𝜎2
1𝜎24 + 2𝜎12𝜎14)

+ 3𝑞1𝑞
2
3𝑞4(𝜎2

3𝜎14 + 2𝜎13𝜎34)
+ 3𝑞2𝑞

2
3𝑞4(𝜎2

3𝜎24 + 2𝜎23𝜎34)
+ 3𝑞2

1𝑞3𝑞4(𝜎2
1𝜎34 + 2𝜎13𝜎14)

+ 3𝑞2
2𝑞3𝑞4(𝜎2

2𝜎34 + 2𝜎23𝜎24)
+ 6𝑞1𝑞2𝑞3𝑞4(𝜎12𝜎34 + 𝜎13𝜎24 + 𝜎12𝜎34)
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Term #3: 𝐸{(𝚫q̌𝑇𝚫q̌)𝚫q̌𝚫q̌𝑇qq𝑇 }

𝐸{(𝚫q̌𝑇𝚫q̌)𝚫q̌𝚫q̌𝑇qq𝑇 }

= 𝐸

©«

𝑥4
1 + 𝑥2

1𝑥
2
2

+ 𝑥2
1𝑥

2
3 + 𝑥2

1𝑥
2
4

𝑥1𝑥
3
2 + 𝑥3

1𝑥2

+ 𝑥1𝑥2𝑥
2
3 + 𝑥1𝑥2𝑥

2
4

𝑥1𝑥
3
3 + 𝑥3

1𝑥3

+ 𝑥1𝑥
2
2𝑥3 + 𝑥1𝑥3𝑥

2
4

𝑥1𝑥
3
4 + 𝑥3

1𝑥4

+ 𝑥1𝑥
2
2𝑥4 + 𝑥1𝑥

2
3𝑥4

𝑥1𝑥
3
2 + 𝑥3

1𝑥2

+ 𝑥1𝑥2𝑥
2
3 + 𝑥1𝑥2𝑥

2
4

𝑥4
2 + 𝑥2

1𝑥
2
2

+ 𝑥2
2𝑥

2
3 + 𝑥2

2𝑥
2
4

𝑥2𝑥
3
3 + 𝑥3

2𝑥3

+ 𝑥2
1𝑥2𝑥3 + 𝑥2𝑥3𝑥

2
4

𝑥2𝑥
3
4 + 𝑥3

2𝑥4

+ 𝑥2
1𝑥2𝑥4 + 𝑥2𝑥

2
3𝑥4

𝑥1𝑥
3
3 + 𝑥3

1𝑥3

+ 𝑥1𝑥
2
2𝑥3 + 𝑥1𝑥3𝑥

2
4

𝑥2𝑥
3
3 + 𝑥3

2𝑥3

+ 𝑥2
1𝑥2𝑥3 + 𝑥2𝑥3𝑥

2
4

𝑥4
3 + 𝑥2

1𝑥
2
3

+ 𝑥2
2𝑥

2
3 + 𝑥2

3𝑥
2
4

𝑥3𝑥
3
4 + 𝑥3

3𝑥4

+ 𝑥2
1𝑥3𝑥4 + 𝑥2

2𝑥3𝑥4
𝑥1𝑥

3
4 + 𝑥3

1𝑥4

+ 𝑥1𝑥
2
2𝑥4 + 𝑥1𝑥

2
3𝑥4

𝑥2𝑥
3
4 + 𝑥3

2𝑥4

+ 𝑥2
1𝑥2𝑥4 + 𝑥2𝑥

2
3𝑥4

𝑥3𝑥
3
4 + 𝑥3

3𝑥4

+ 𝑥2
1𝑥3𝑥4 + 𝑥2

2𝑥3𝑥4

𝑥4
4 + 𝑥2

1𝑥
2
4

+ 𝑥2
2𝑥

2
4 + 𝑥2

3𝑥
2
4

ª®®®®®®®®®®®®®®¬
qq𝑇

=

©«

3𝜎4
1 + 𝜎2

1𝜎
2
2 + 2𝜎2

12
+ 𝜎2

1𝜎
2
3 + 2𝜎2

13
+ 𝜎2

1𝜎
2
4 + 2𝜎2

14

3𝜎2
1𝜎12 + 3𝜎2

2𝜎12

+ 𝜎2
3𝜎12 + 2𝜎13𝜎23

+ 𝜎2
4𝜎12 + 2𝜎14𝜎24

3𝜎2
1𝜎13 + 3𝜎2

3𝜎13

+ 𝜎2
2𝜎13 + 2𝜎12𝜎23

+ 𝜎2
4𝜎13 + 2𝜎14𝜎34

3𝜎2
1𝜎14 + 3𝜎2

4𝜎14

+ 𝜎2
2𝜎14 + 2𝜎12𝜎24

+ 𝜎2
4𝜎13 + 2𝜎14𝜎34

3𝜎2
1𝜎12 + 3𝜎2

2𝜎12

+ 𝜎2
3𝜎12 + 2𝜎13𝜎23

+ 𝜎2
4𝜎12 + 2𝜎14𝜎24

𝜎2
1𝜎

2
2 + 2𝜎2

12 + 3𝜎4
2

+ 𝜎2
2𝜎

2
3 + 2𝜎2

23
+ 𝜎2

2𝜎
2
4 + 2𝜎2

24

𝜎2
1𝜎23 + 2𝜎12𝜎13

+ 3𝜎2
2𝜎23 + 3𝜎2

3𝜎23

+ 𝜎2
4𝜎23 + 2𝜎24𝜎34

𝜎2
1𝜎24 + 2𝜎12𝜎14

+ 3𝜎2
2𝜎24 + 3𝜎2

4𝜎24

+ 𝜎2
3𝜎24 + 2𝜎23𝜎34

3𝜎2
1𝜎13 + 3𝜎2

3𝜎13

+ 𝜎2
2𝜎13 + 2𝜎12𝜎23

+ 𝜎2
4𝜎13 + 2𝜎14𝜎34

𝜎2
1𝜎23 + 2𝜎12𝜎13

+ 3𝜎2
2𝜎23 + 3𝜎2

3𝜎23

+ 𝜎2
4𝜎23 + 2𝜎24𝜎34

𝜎2
1𝜎

2
3 + 2𝜎2

13 + 3𝜎4
3

+ 𝜎2
2𝜎

2
3 + 2𝜎2

23
+ 𝜎2

3𝜎
2
4 + 2𝜎2

34

𝜎2
1𝜎34 + 2𝜎13𝜎14

+ 𝜎2
2𝜎34 + 2𝜎23𝜎24

+ 3𝜎2
3𝜎34 + 3𝜎2

4𝜎34
3𝜎2

1𝜎14 + 3𝜎2
4𝜎14

+ 𝜎2
2𝜎14 + 2𝜎12𝜎24

+ 𝜎2
4𝜎13 + 2𝜎14𝜎34

𝜎2
1𝜎24 + 2𝜎12𝜎14

+ 3𝜎2
2𝜎24 + 3𝜎2

4𝜎24

+ 𝜎2
3𝜎24 + 2𝜎23𝜎34

𝜎2
1𝜎34 + 2𝜎13𝜎14

+ 𝜎2
2𝜎34 + 2𝜎23𝜎24

+ 3𝜎2
3𝜎34 + 3𝜎2

4𝜎34

𝜎2
1𝜎

2
4 + 2𝜎2

14 + 3𝜎4
4

+ 𝜎2
2𝜎

2
4 + 2𝜎2

24
+ 𝜎2

3𝜎
2
4 + 2𝜎2

34

ª®®®®®®®®®®®®®®®®®®®®®®®®¬

qq𝑇

Term #4: 𝐸{(𝚫q̌𝑇𝚫q̌)2qq𝑇 }

1
4
𝐸{(𝚫q̌𝑇𝚫q̌)2qq𝑇 }

=
1
4
𝐸{𝑥1

4 + 𝑥4
2 + 2𝑥2

1𝑥
2
2 + 𝑥4

3 + 2𝑥2
1𝑥

2
3 + 2𝑥2

2𝑥
2
3 + 𝑥4

4 + 2𝑥2
1𝑥

2
4 + 2𝑥2

2𝑥
2
4 + 2𝑥2

3𝑥
2
4}qq𝑇

=
1
4
[3(𝜎2

1 + 𝜎2
2 + 𝜎2

3 + 𝜎2
4 ) + 2(𝜎2

1𝜎
2
2 + 2𝜎2

12 + 𝜎2
1𝜎

2
3 + 2𝜎2

13 + 𝜎2
1𝜎

2
4 + 2𝜎2

14 + 𝜎2
3𝜎

2
2

+ 2𝜎2
32 + 𝜎2

4𝜎
2
2 + 2𝜎2

42 + 𝜎2
3𝜎

2
4 + 2𝜎2

34)]qq𝑇

Term #5: 𝐸{(𝚫q̌𝑇q)2(𝚫q̌𝑇𝚫q̌)qq𝑇 }
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6 Conclusion
This paper introduced a single-frame quaternion estimator processing two vector observations. The

exceedingly simple structure of the estimator was instrumental in obtaining analytical expressions and
clear geometrical insights. The singular cases are analyzed and the corresponding valid rotation solutions
are given, another sequential rotation method is also introduced to address the singularity. An in-depth
study yielded analytical expressions for the biases and covariance matrices of the estimation error.
The formulas are second-order approximations to the measurement noises. In particular, fourth-order
approximation formulas were developed for the Gaussian case. It not only provides increased accuracy
but also alleviates issues related to singularity. All developments were performed in the four-dimensional
quaternion algebra rather than in three dimensions.

References
[1] Wertz, J.R. (ed.), Spacecraft Attitude Determination and Control, D. Reidel, Dordrecht, The Netherlands,

1984.

[2] Wahba, G., “A Least Squares Estimate of Spacecraft Attitude," SIAM Review, Vol. 7, No. 3, 1965, p. 409.
https://doi.org/10.1137/1007077.

[3] Keat, J., “Analysis of Least Squares Attitude Determination Routine DOAOP," Computer Sciences Corp.,
CSC/TM-77/6034, Silver Spring, MD, Feb. 1977.

[4] Shuster, M.D., Oh, S.D., “Three-Axis Attitude Determination from Vector Observations," Journal of Guid-
ance, Control, and Dynamics, Vol. 4, No.1, 1981, pp. 70–77. https://doi.org/10.2514/3.19717.

[5] Mortari,D., “A Closed-form Solution to the Wahba Problem," Journal of Astronautical Sciences,, Vol. 45(2),
1997, pp. 195–205. https://doi.org/10.1007/BF03546376.

[6] Mortari, D., “Second Estimator of the Optimal Quaternion," Journal of Guidance, Control, and Dynamics,
Vol. 23, No. 5, Sept.-Oct. 2000, pp. 885–887. https://doi.org/10.2514/2.4618.

[7] Chang, G., Xu, T., Wang, Q., “Error Analysis of Davenport’s q Method," Automatica, Vol. 75, 2017, pp. 217–
220. https://doi.org/10.1016/j.automatica.2016.09.018.

[8] Crassidis, J., Markley, F.L., and Cheng, Y., “Nonlinear Attitude Filtering Methods," Journal of Guidance,
Control, and Dynamics, Vol. 30, No. 1, 2007, pp. 12–28. https://doi.org/10.2514/1.22452.

[9] Markley, F.L., Crassidis, J.L., Fundamentals of Spacecraft Attitude Determination and Control, Springer,
2014.

[10] Black, H.D., “A Passive System for Determining the Attitude of a Satellite," AIAA Journal, Vol.2, No.7, 1964,
pp. 1350–1351. https://doi.org/10.2514/3.2555.

[11] Bar-Itzhack, I. Y., Harman, R. R., “Optimized TRIAD Algorithm for Attitude Determination," Journal of
Guidance, Control, and Dynamics, Vol. 20, No. 1, 1997, https://doi.org/10.2514/2.4025.

[12] Markley, F.L., “Optimal Attitude Matrix from Two Vector Measurements," Journal of Guidance, Control,
and Dynamics, Vol. 31, No. 3, 2008, p. 765. https://doi.org/10.2514/1.35597.

[13] Daniele Mortari. “EULER-2 and EULER-n Algorithms for Attitude Determination from Vector Observa-
tions," Space Technology-Kedlington, 1996, 16 (5), pp. 317-322. https://doi.org/10.2514/1.22452.

[14] Reynolds, R.G., “Quaternion Parameterization and a Simple Algorithm for Global Attitude Estimation," Jour-
nal of Guidance, Control, and Dynamics, Vol. 21, No.4, 1998, pp. 669–674. https://doi.org/10.2514/2.4290.

23



[15] Markley, F.L., “Fast Quaternion Attitude Estimation from Two Vector Measurements," Journal of Guidance,
Control, and Dynamics, Vol. 25, No.2, 2002, pp. 411–414. https://doi.org/10.2514/2.4897.

[16] Janssen, Peter Hubertus Maria and Stoica, Petre, “On the expectation of the product of four matrix-valued
Gaussian random variables,” IEEE Transactions on Automatic Control, IEEE 1988, Vol. 33, No.9, pp. 867–
870.

[17] Choukroun, D., “Novel Results on Quaternion Modeling and Estimation from Vector Observations,” AIAA
Guidance Navigation and Control Conference, AIAA 2009-6315, Aug 2009. https://doi.org/10.2514/6.2009-
6315.

[18] Choukroun, D., “On Quaternion Modeling and Kalman Filtering from Vector Observations,” Journal of Guid-
ance, Control, and Dynamics, June 2023, pp. 1–10, Articles In Advance. https://doi.org/10.2514/1.G007338.

[19] Peng, C., Choukroun, D., “Error Analysis of a Simple Quaternion Estimator: the Gaussian Case,”
https://archive.org/details/gaussian-noise-case, July 2023.

[20] Hunger, R, “Floating Point Operations in Matrix-Vector Calculus," Technische Universität München, Associate
Institute for Signal Processing, Tech. Rep. v1.3, 2007.

24


	Introduction
	Quaternion Estimation using Two Vector Observations
	Preliminaries
	Closed-form quaternion estimator

	Singular Cases
	Sequential rotations

	Development of the Bias and covariance matrix
	Definitions and notations
	Deterministic analysis
	Exact formulas
	Approximation formulas

	Random analysis
	Biases
	The covariance matrix  P siunitxunit-deprecatedࡡ爠barbarq  
	The other covariance matrices


	Gaussian Noise
	Conclusion

