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ABSTRACT

A novel single-frame quaternion estimator processing two vector observations is introduced. The
singular cases are examined, and appropriate rotational solutions are provided. Additionally, an
alternative method involving sequential rotation is introduced to manage these singularities. The
simplicity of the estimator enables clear physical insights and a closed-form expression for the bias
as a function of the quaternion error covariance matrix. The covariance could be approximated up
to second order with respect to the underlying measurement noise assuming arbitrary probability
distribution. The current note relaxes the second-order assumption and provides an expression
for the error covariance that is exact to the fourth order, under the assumption of Gaussian
distribution. A comprehensive derivation of the individual components of the quaternion additive
error covariance matrix is presented. This not only provides increased accuracy but also alleviates
issues related to singularity.
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1 Introduction

Attitude determination is critical to many aerospace missions and has several decades of history.
The quaternion of rotation [1, p. 758], a singularity-free minimal attitude representation, is known to
present excellent numerical and analytical properties and has become very popular for designing attitude
estimators. Quaternion attitude estimators may be classified as single-frame algorithms or filters. The
latter class typically stems from optimal stochastic filtering theory and allows tracking of time-varying
attitude parameters as well as other states like sensor errors. It operates via incremental changes and is
highly sensitive to a priori statistical knowledge of the noises. Single frame estimators, on the other hand,
born in the realm of constrained deterministic least-squares theory, lend themselves to batch algorithms,
and were extended to recursive versions, including time-varying attitude and additional parameters. An
appealing advantage of single-frame attitude estimators over filters is the lack of sensitivity to initial
conditions since they provide global rather than incremental estimates. Rooted in the Wahba problem [2],
the quaternion batch algorithm known as the g-method, early reported in [3], has given rise to sophisticated
versions aiming at providing closed-form solutions and reducing the computational burden, e.g. [4-6] to
cite a few. An error analysis of the g-method is revisited and extended to non-unit and noisy reference
vectors in [7]. Excellent surveys of algorithms and error analyses can be found in [8] and [9, Chap.
5]. The g-method and related algorithms involve the solution of symmetric eigenvalues problems in
dimension four, with computation burdens that naturally increase with the number of observations.
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While it seems efficient to process as many measurements as available, the insight in solutions for more
than two observations is lost, and the marginal increase in accuracy might not pay off. Furthermore,
there is a growing class of very small satellites, a.k.a. nanosatellites or CubeSats, that accommodate
two sensors only onboard, e.g. a magnetometer and a Sun sensor. Early works in this realm are still
used nowadays. The TRIAD estimator uses exactly two vector measurements and devises a virtual third
one via an orthogonalization process in order to estimate the attitude matrix [10]. A covariance analysis
of TRIAD for a multiplicative error in terms of the Euler vector is presented in [4]. A generalized
TRIAD algorithm is introduced in [11] via gain optimization. Ref. [12] presents an optimal attitude
matrix estimator from two vector measurements in the realm of the Wahba problem. In [4] a closed-form
expression of the QUEST algorithm is developed for the case of two observations. In [13] the EULER
2 estimator utilizes the Rodrigues formula for reconstructing the Euler axis/angle parameters and the
attitude matrix. It invokes optimization of Wahba’s loss function in the case of noisy measurements.
It exploits a coplanarity condition of the measured and predicted vectors towards the development of
analytical formulas. Ref. [14] introduces a quaternion parameterization given a single vector observation.
The degree of freedom is an angle around the observation. Several methods are devised for analytical
determination of the attitude quaternion given two observations. Interestingly, the quaternions were
manipulated as classes of equivalence where the elements are collinear but not necessarily unit-norm.
Motivated by the insight provided in [14], an optimization method on the degrees of freedom in the
quaternion parametrizations related to two observations is devised in [15]. Very efficient algorithms
emerged: an optimal one, more accurate and as fast as TRIAD, and a suboptimal one, faster and as
accurate as TRIAD.

The QUEST algorithm [4] requires solving for the maximum eigenvalue in a characteristic equation,
which is known to be less robust than more direct approaches in computing the associated eigenvector.
The related computation burden is greater than other similar quaternion estimators. The estimator in [13]
isn’t properly a quaternion estimator (neither are the TRIAD and related attitude matrix estimators), it
involves trigonometry, which burdens the computation load, and lacks singular cases mitigation. In [14],
the first method seeks a quaternion in the span of two base quaternions but no estimator is actually
devised. While the second method exploits geometrical insights for developing a quaternion estimate, it
breaks down in specific unaddressed singular cases. The work in [15] addresses the singularities, and
its analytical formulas for the quaternion help with the computation load, but the optimization still adds
to the calculations. More strikingly, none of the above-mentioned works feature some error analysis, in
particular for the bias and covariance of the estimation error. A covariance analysis of the g-method is
presented in [Chap. 5][9]. Under the typical assumptions of unbiasedness and first-order approximations
in the measurement noises, the estimation errors are unbiased. This raises the question of whether biases
and covariance could be analytically expressed, for additive or multiplicative quaternion errors, and of
whether better estimation accuracy could be obtained as a result.

This work is concerned with the development and analysis of a very fast quaternion estimator from
two vector observations. It thoroughly addresses the singularity cases and addresses them via sequential
rotations. A deterministic error analysis is performed that lends itself to analytical expressions for the
biases and covariances of the quaternion multiplicative and additive errors. Using results from [17, 18],
the quaternion is sought as the unique solution to a set of orthogonality conditions that involve simple
nonlinear expressions of the measurements. This approach fundamentally differs from [14, 15] because
the quaternion is not sought in the span of a particular basis, and from [5] because the orthogonality
conditions do not require solving for the optimal Wahba’s loss value. The proposed algorithm is
exceedingly simple, which dramatically simplifies the computations. This also enables a systematic
analysis and mitigation of singularity cases. It is carried out using sequential rotations, where, as
noted in [15], it is preferable to choose a single desirable rotation as early as possible in order to save
computations. The simplicity of the estimator also enables a thorough deterministic and random error
analysis. It sheds additional light on the various nonlinear effects in quaternion estimation, including



normalization. The analysis is carried out in four dimensions both for multiplicative and additive errors
and lends itself to second-order and fourth-order expressions for the biases and for the errors covariance
matrices, respectively, in terms of the measurement noises.

The remainder of the paper is organized as follows. Section 2 presents quaternion estimation using
two vector observations. Section 3 addresses the singularity cases. Section 4 is concerned with the error
analysis. Section 5 expressions accurate to the fourth order are developed in the case of Gaussian noise.
And the conclusions are drawn in Section 6.

2 Quaternion Estimation using Two Vector Observations

2.1 Preliminaries

This section follows Ref. [18]. Let b and r denote the projections of an ideal noise-free vector
measurement on a body coordinate frame and a reference coordinate frame, 8 and R, respectively. The
rotation quaternion from R to B, denoted by q, belongs to the null space of the following matrix:

|- Isx] d
where
s = %(b+ r) 2)
1
d= E(b_ r) (3)

and [sX] denotes the cross-product matrix built from the 3 X 1 vector s. The spectral decomposition of
the matrix H features a kernel, KerH, that is generated by the orthonormal basis {q,, q,} where
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In addition, the orthogonal complement plane to KerH, ( KerH)*, is generated by the orthonormal
basis {q,, q,} where

d

1
q = e (6)
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Both q, and q, are feasible candidates to represent the rotation from R to 8 since they both belong
to the null space of H. The quaternion q, is characterized by a rotation angle of 180 degrees while q,
features a minimum angle. One may seek the true quaternion as a linear combination of ¢, and q,. In
this work, however, we follow an orthogonal route.



2.2 Closed-form quaternion estimator

Given two ideal non-collinear vector observations associated with the same attitude, i.e., two pairs
of noise-free unit-norm column-vectors, (b,, r;) and (b,, r,), such that the angle between r, and r,
equals the angle between b, and b,, then the true quaternion q is expressed as follows:

_|d, xd, 1 8)
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where

1
si:E(bi+ri), i=1,2 )

1
d =5 (b-r) i=12 (10)

The proof follows. Let q; denote the j’ h basis element, Jj =1,2,3,4, constructed from the i’ h yector
measurement, i = 1,2. As noted in Section 2, the quaternion q belongs to the orthogonal complements
of the two planes generated by the pairs (q,,,q,,) and (q,, q,,), respectively. The sought quaternion can
thus be found along the intersection of these planes. Let x denote a feasible unnormalized quaternion
with vector part a and scalar part «, then the orthogonality relationships yield

d'a=0 (11)
dfa=0 (12)
(s, xd)a+|d|>a=0 (13)
(s, xd,)Ta+||d,|’a =0 (14)

Egs. (11)-(14) are linearly dependent otherwise q would be null. For simplicity, we will use
Egs. (11)-(13), only. Egs. (11)-(12) clearly show that a feasible choice for a is:

a=d, xd, (15)
so that, using Eq. (15) in Eq. (13), @ is determined as follows:

(s, xd)"(d, xd,) +||d,|[>’a=0
s" [d,x] [d,x] d, +|d,||?a =0
(s'd)d’d, - ||d,||’s"d, + ||, [Pa = 0
Id, [*(e —s'd,) =0

a= sle2

which, upon normalization of the quaternion, yields the sought result. Finally, notice that due to the

easily verifiable identity:

Tq — _T
s, d, =-s,d,

an identical expression for q is readily obtained by using Eq. (14) instead of Eq.(13).



3 Singular Cases

The proposed estimator is exceedingly simple but it sometimes yields singular expressions, i.e.
the quaternion can not be fully determined. This section reviews the singular cases, sheds light on the
geometry configurations, and provides the actual solution. A straightforward inspection of the estimator’s
Egs. (8) yields the following singularity cases, as summarized in Tab. 1.

Table 1 Singular cases and the associated rotations

Case Source Rotation type
A d=d,=0 Zero attitude
B d =0andd, #0 Rotation around first VM, Eq. (21)
C d #0andd, =0 Rotation around second VM, Eq. (23)
D d xd,=0andd, #0,d, #0 Rotation around u with angle «, Egs. (25),(26)
Case A

Case A is defined when both vectors d, and d, are zero, which means that the body and reference
vectors are identical, i.e.

b =r, (16)

1
b, =r, (17)

2

This is satisfied if and only if the frames B and R coincide, i.e. when the attitude is identity.

Case B

This case stems from the cancellation of d, only. We deduce from Eq. (16) that the first vector
measurement (VM 1) is invariant. This provides the unit vector of the rotation axis, here r,. Notice that
the difference vector d, is necessarily perpendicular to the rotation axis, as illustrated in Fig. 1.

A

r

Fig.1 Case B. Rotation around VM 1.

This is true for an arbitrary rotation angle . The latter can be determined unless both measurements
are collinear. Assume for simplicity that they are perpendicular. The quaternion of rotation that brings
b, to r, via a rotation around r, is the minimum angle rotation, as shown by inspecting Fig. 2. The



drawing on the left-hand side depicts the rotation from above and the drawing on the right-hand side
focuses on the right-angle triangle whose sides are the vectors s, and d,, with hypotenuse of length || b, ||,

i.e. equals 1.

Fig. 2 Case B. Rotation around VM 1. View from above.

’

Inspection of the right-angle triangle yields the following identities:

e

sma =||d, || (13)
a

cos 5 = s, (19)

Recalling that the quaternion of rotation is defined as follows:

q- lrl sin %] 20)

a
Cos 5

and substituting Egs. (18)- (19) into Eq. (20) yields the following quaternion:

21

If the VMs are not perpendicular, then we first create a pseudo-measurement as the cross-product
of the two VMs, substitute it to the second VM, and proceed identically to the above. In addition, it is
straightforward to show that the following identity holds:

d, xs,
Is, I

where the right-hand side is identical to the vector part of the minimal-angle quaternion built from a
single VM (see Eq. (5)). To conclude, this singular case corresponds to a rotation around the first vector
measurement with a minimum angle. In the particular case of a 180-degree rotation, the Eq. (5) breaks
down while Eq. (21) remains valid.

r,lld,| = (22)

Case C

Case C is defined when the difference vector d, cancels out. By symmetry with case B one concludes
that the rotation is around the second vector measurement. If the measurements are perpendicular, the



quaternion is determined as

r,|d
_|ria o3
s, I
Otherwise, the first VM is replaced by the normalized cross-product of the two VMs.
Case D
This case is characterized by the identity
d xd, =0 (24)

that happens when the vector differences d, and d, are parallel. Consider the plan spanned by the pair
(b,, b,). A general rotation of this plane around a fixed point O can be decomposed into two axial
rotations: the first one around (b, X b,) and the other around an axis lying in the plane (b,, b,). An
interesting feature of the latter rotation is that it creates vector differences (d,, d,) that remain parallel to
each other, see Fig. 3. The former rotation on the other hand necessarily breaks the parallelism between
d, and d,, see Fig. 4. The left-hand side in Fig. 3 illustrates the case of a rotation axis along (b, + b,):
d, and d, are equal and opposite in direction. The right-hand side pictures the case of a rotation along
(b, = b,): d, and d, are identical. The general case is a composition of these two.

Fig.4 Rotation where d, and d, are not parallel.

Bringing the triangle (O, b,, b,) onto the triangle (O, r,, r,) may be accomplished by a rotation
around the line intersection of both planes. The rotation quaternion can be uniquely expressed as a



function of the pair (u, @), the eigenaxis and angle, respectively, that are expressed as follows:

b, X r, 25)

u=—-

b, % x|
cos = blr, (26)

where a € [0°, 180°] and

b = b, X b, 27)

> Ib, X b,
.- rXr, 28)

ol x|l

To conclude, this singular case corresponds to a rotation that can be unambiguously determined from
the single pseudo-vector measurement formed by the cross-product of the two original measurements.
There is no contradiction with the fact that two vector measurements are required for three-dimensional
attitude determination. In the present case, the ambiguity due to an unknown rotation around the single
VM does not exist owing to the parallelism constraint.

3.1 Sequential rotations

In practice singularity seldom happens because the noise in the data often prevents perfect cancel-
lations of the vector differences or their parallelism. Yet, when the noises are very low, the estimator’s
formula may be badly conditioned. This difficulty can be circumvented by the method of sequential
rotations [9, p. 192]. The general approach is explained as follows and the particular sequences are
proposed next. Assuming that the true attitude from R to B yields one of the singular cases, then a new
reference frame C is sought such that the rotation from C to 8 yields well-behaved estimation ﬁ% Once
the quaternion ii% is estimated, the quaternion from R to 8 may be retrieved by a simple composition with
the quaternion from R to C. Typically, the transformation from R to C and rotations of 7 radians about
one of the standard axes are as follows: ﬁgR(x Y= (94, —q3, g2, —q1]", ﬁgmy Y= (93, 94, —q1, —q2]7,

ﬁgm = [=g2, g1, g4, —q3]", where R( X, 7) means rotate 7 along with the x axis and g4 and g1.3 are
scalar and vector part of the quaternion. Tab. 2 summarizes these validation conditions.

Table 2 Validation criteria for simple rotations

Singular Case Validation Criteria
R(x, ) invalid IF b, || x-axis OR b, || x-axis OR [0, r1y,71] || [0, 72y, 2]
Ad =d,=0 R(y, ) invalid IF b, || y-axis OR b, || y-axis OR [riy, 0, 71;] || [r2x, 0, 72]

R(z, ) invalid IF b, || z-axis OR b, || z-axis OR [riy, 71y, 0] || [rox, 72y, 0]

R(x,n) invalid IF b, || x-axis AND (b, + ray)r1; = k(ba; +ra;)r1,
Bd, =0&d, #0 R(y,n) invalid IF b, || y-axis AND (boy + roy)ri; = k(ba; + ro;)rix
R(z, ) invalid IF b, || z-axis AND (bay + ray)riy = k(bax +1r2,)r1y

R(x,n) invalid IF b, || x-axis AND (b1, + r1y)r2; = k(b1 + 1)1y
Cd, #0&d,=0 R(y, m) invalid IF b, || y-axis AND (b1, + rix)r2; = k(b1; + F1z)rax
R(z, ) invalid IF b, || z-axis AND (b1y +r1y)ro = k(b1x +r1x)72y

R(x,n)invalid IFd, + [0, 71y, 71.] || d, + [0, 2y, 2]
Dd xd,=0&d, #0,d, #0 R(y,n) invalid IF d, + [r1,,0,71,] || d, + [r2x, 0, 72;]
R(z,n) invalid IF d, + [riy, 71y, 0] || d, + [r2x, 12y, 0]




The development of simple validation criteria for each permutation is presented as follows:

Case A: d, =d, = 0 Assume a rotation of n radians about the x-axis:

b] = r] = [rIXarly,rlZ]T

b =r= [r2xar2yar2z]T

r€ = [rie, 11y, —r12]”
rZC = [r2x,_r2y,_r2z]T
d€ = [0, 71y, 712"

T
g [O r2y, rZZ]

b, || x-axis or b, || x-axis or [0, 7y, ri]7 |l [0, 2y, r2.]7, then the vector differences d?, dzc are
in one of the singular cases. Similar conclusions are readily obtained for rotations around the other two
axes by 7 radians.

Case B: d, = 0 & d, # 0 Assume a rotation of r radians about the x-axis:

b, =r = [rlx,rly,rlz]T

r, = [ro0, 2y, 722) "

b, = [bax, bay, ba,]"

1€ = [riy, 11y, —112)"

1€ = [rac, —ray, —r2:]"

d€ = [0, 71y, 712"

d¢ = % [box = rax, bay + 12y, by + 72"

If b, || x-axis and (bay + ra2y)r1; = k(b2 +1r2;)r1y, Where k is an arbitrary constant, then the vector
differences d]C and d2C are in one of the singular cases. Similar conclusions are readily obtained for
rotations around the other two axes by 7 radians.

Case C: d, # 0 & d, = 0 Assume a rotation of 7 radians about the x-axis:

r = [le,ﬁy,mz]T
1 b])Ca bly,blz]

b
T
bz r,= [r2.)C7 2y, r2Z]

1€ = [riy, 11y, —112)"

1€ = [ror, —12y, —12:)"

d¢ = 3 [b1x = Fix, b1y + 71y, b1z +712] "
d€ = [0, 72y, 72:]"

If b, || x-axis and (b1, + r1y)r2; = k(b1 +r1;)r2y, where k is an arbitrary constant, then the vector
differences dlc, dzc are in one of the singular cases. Similar conclusions are readily obtained for rotations
around the other two axes by x radians.



CaseD:d, xd, =0&d, #0,d, # 0 Assume a rotation of n radians about the x-axis:

r, = [Fio iy, i)t
r, = [rae, 2y, 122) "
b, = [bir, b1y, bi]”
, = [bax, bay, ba,]"

=3

c_ T
r-= [rIXa —TIly, _rlz]
c T
vy = [rox, =12y, 2]
1
c T
d” = = [b1x —7ix, b1y + 71y, b1z + 1]

! 2

1
d¢ = 3 [bax — Fax, bay + 12y, bog +12,]"

Ifd, + [0, r1y, 711" |l d, + [0, 2y, r2.]”, then the vector differences d<, d¢ are in one of the singular
cases. Similar conclusions are readily obtained for rotations around the other two axes by r radians.

4 Development of the Bias and covariance matrix

In this section, an approximation to the second-order estimation error in measurement noise is first
presented. Closed-form expressions for the error bias and covariance matrices are then developed, and
the covariance matrix is relaxed to a fourth-order approximation to achieve more accurate results.

4.1 Definitions and notations

Let Ab;, Ar; denote additive errors in the body frame and reference frame vectors, respectively:

b, = b + Ab;, (29)

L

r = rf_ + Ar;, (30)

4

for i = 1,2, where the superscript ’ denotes the true value of the underlying variable. Let q, @', , and
q be defined as follows

d xd,
= (31
s'd,
. q
S (32)
17 Ta]
4=~ (33)
|ql

where q denotes an unnormalized quaternion estimate, { a scaled quaternion estimate,  a normalized
quaternion estimate, and @’ the true value of q. The corresponding estimation errors are defined as

10



follows:

AG=q - q (34)
. AQ

Ad = — 35
=13 53
A=q-q (36)
&q=q'*q (37)

where q, *, and q~! denote the true quaternion, the quaternion composition, and the quaternion inverse.
The definition of * is provided next for the sake of completeness: given two quaternions q; with vector
and scalar parts e; and ¢;, i = 1, 2, respectively, then

giex+qgre + e X e

r (38)
€ € —4q192

qi *q2 =

4.2 Deterministic analysis

4.2.1 Exact formulas

An exact formula for the error Aq is provided as a function of Ab and Ar. Using (34) yields the
following expression for Aq:

[dix]Ad, + [-d!x]Ad, — A, x Ad,

q = (39)
—d' s, —s'"Ad, - 8s,"Ad,
where
1
As; = 5 (Ab; + Ar;), (40)
1
Ad; = 5 (Ab; — Ar;) , (41)

for i = 1,2. Next, we obtain exact expressions for the various errors as a function of Aq. Let v denote
the ratio between the norms of q and q’, i.e.

~!
y =12l “2)

|4l

Then the following identities are satisfied:
T A

v =(1-2q"Aq+|AqP) 43)
A =vAq+(1-v)q (44)
& = 14+ MAG (45)

11



where 14 and M are defined as follows:

[0
1= 1] (46)

M= [ ex] —qu3 e]

(47)
and e and g denote the vector and scalar parts of q, respectively. Equations (39)-(47) are a set of exact
formulas relating all errors to the underlying measurement errors, and are a useful preliminary to the
development of approximations.

The development of Eqs. (43)- (45) are as follows:

Eq. (43) is developed by considering the squared norm of q first.

|al* = 1q" - Aql?
=1q'1* -2q" - Aq +|Aql

Dividing by | §’|? yields

|2

_ —f A_ A_ 2

()

lq'| lq'| |q' \lq|
=1-2q- A4+ |Ag)?

Eq. (44) is follows using the definitions of q, Aq, and v, the developed as follows:

M=q-q

q _a

lq’| |ql

qd q-Aq

lq’| | q

AG 1 1
:—_q+(Tt—T)(_lt

lql \lq'l| |q|

a'l Ad a! q!
—@T(ZI'F(I_@ %

lql |q'| lql ) |q]

Eq. (45) can be get by using the definition of &q = (q) ! * q yields

aq=(q " *q
= (q)7" * (q - AQ)
= (@' xq- (@7 +Aq
= lq_ (q)_l *Aﬁ
= lq—q_1 *Afi

12



4.2.2 Approximation formulas

We aim here at presenting approximate error expressions that are accurate to second-order in Aq, or
equivalently in Aq. Notice that the expression for the multiplicative error 6q is linear in Aq. Hence we
first study v then Aq. The results are summarized in the following identities:

v=1+q'Aq - % AGTOAq (48)
A= (1, - aa’] Ad+ [AGAG" + 5 AT QAGL | g “9)

where
Q=1-3qq (50)

Obtaining an approximate expression for &q is straightforward since &q is linear in Aq, see (45). Notice
the first-order term in (49): it is the projection of A{ onto the orthogonal complement to the true
quaternion and thus lies in the plane tangent to the unit sphere. This is a well-known effect of quaternion
normalization. The second-order term however breaks this property by adding two factors: the first one
is along the vector Aq and the second along the true quaternion. To conclude, the current results provide
handy formulas for studying the estimation errors as a function of Aq. Notice that these formulas are
general, i.e. their scope is not bound to the present estimator. Nevertheless, using (39) to express Aq
yields the sought formulas of Aq and &q for the proposed estimator.

The development of Eqs. (48)- (49) are as follows:

From Eq. (43), the ratio v is expressed as follows:
v=(1+ e)_%
where

e = -2¢"Aq +|AG

A power series expansion to the second order in € yields Eq. (43):

3
v=1- 5 € + gez
1 3
= 1+q'Ad - SAG'AG+ SAG qq' AG

Inserting Eq. (48) into Eq. (44), keeping the second order terms in Aq and rearranging yields Eq. (49).

4.3 Random analysis

The deterministic error analysis lends itself to a random analysis under fairly general assumptions
on the underlying vector measurement errors. In particular, we will provide simple expressions for the
biases and the covariance matrices that are accurate to the second order and to the fourth order in Ab and
Ar, respectively.

4.3.1 Biases

Assume that the errors Ab; and Ar; are unbiased and mutually uncorrelated random vectors. The
unbiasedness assumption holds when the vector measurements are not normalized or when their standard

13



deviations are very small [9, p. 204], and is a common assumption given that biases in sensors are
typically evaluated and compensated via calibration. Then the unnormalized errors Aq and Aq are
unbiased and the following identities hold:

Elvh=1- 3 t(QR) 51)
£0) = [+ S uR) 1] q (52
E{6q} =1q+M |R, + % tr(OR,) 14] q (53)

where B, denotes the covariance matrix of Aq, ie. R, = E {AGAG"}. These results shed light on
the impact of quaternion normalization. The normalized estimation errors Aq and &q are biased, and
their biases are functions of the covariance matrix IZ(], which will be expressed in the next section.
Furthermore, (52) shows that the bias lies close to the true quaternion. This fact is similar to previous
findings on unit vector measurements [9, 5.5.2], whose bias lies opposite the true vector direction. Yet
it is here unclear whether the bias points inward or outward to the unit sphere since the matrix Q is
indefinite. Furthermore, the contribution of the term R, q to the bias is not necessarily zero although
it is generally small. The proposed estimator is biased, and closed-form expressions for the biases of
the additive and multiplicative errors are available. This paves the way for the development of the error
covariance matrices.

The development of Eqs. (51)- (53) are as follows:
Eq. (51) is obtained as follows:

1
E{v} = E{1+q"A4+ 5 A4 (3aq" - 1) AQ)
1
= 1+q"E(AQ) + 5 BT (3ad” - 1,) A@)
1
=1+ [(3qu - 14) E{chAqT}]
Eq. (52) is obtained in a similar manner:

E{Aq} = E{[I,—aq" | Aq +

. I .
AGAG" + 3 Ag" (14 — 3qu) A4 14] q}

. . 1 . .

=1, - qq" | E{Aq} + |E{AqAq" } + 3 E{A§" (14 — 3qu) Ag} 14] q
1 T

=Rt Etr[(14—3qq )&,] I q

Finally using Eq. (52) in Eq. (45) yields Eq. (53).
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4.3.2 The covariance matrix R,

The derivation of R, the covariance matrix of Aq, is straightforward thanks to the simplicity of the
estimator. Recalling the expression of Aq from (39) and retaining the linear terms only yields:

0ns E F||™
G O3 H
MZ
where
— t
F=[-dX] (56)
_ INT
G =(-d) 57)
_ T
=) (58)
Hence the covariance matrix qu is expressed as follows
T
O3 E F f;l IZSIA"] [A)S]Mz O3 G
“T| G Ons H B, Ba Baw, || BT Osa (59)
X
PZSIMZ %1M2 %2 FT HT

where R, , R, R, ,E . , R, . denotecovariance and cross-covariance matrices that can easily be derived
1 1 2 171 172

as functions of the measurement errors covariance and cross-covariance matrices R, , R, K, . Using the
usual assumptions that the errors from the two VMs are uncorrelated and that (Ab,, Ar,) are uncorrelated

yields a simplified expression for R, as follows:

)[d! x

Ar2

IZ;-Z ) [di X]T (dé)T(gbl + Pirl )d; + (si)T(}Zb2 + Krz )Si
(60)

[dx](B, + B, )dx] +[d)x](B,
(~d)T (B, +B.)[dX]" + (s (B,

) +B,)[d/x]" [dX](B,, +B,)(s))
AG Z "

2( I,— rrl) can be easily analyzed using (60).
Assuming for simplicity that the errors Ab; and Ar; have the same standard deviation and their covariance
matrix is diagonal yields the following expression:

The classical case where B, = 077( 1,— bb") and B, = o7

o2 T P —-di (@) dlxs!
g’ - 5 2 2 (61)
T2 (d xsh)T 2| + st

15



The particular R, is developed as follows:

I I. 0 0 GT
0_2 03><3 E F 3 3 3x3 3>;3
Piq =5 13 13 O3><3 E 03)(1
2 G O]><3 H T T
0353 O3x3 I, F H
_o*|EET+FFT  FHT
2 HFT GGT + HHT
_ o P L -di @) dxs]

t NT 12 12
2 » (d} xs") |d.|* + |s! |

4.3.3 The other covariance matrices

Let Ry, E,, £ denote the covariance matrices of Aq, Aq, and &q, respectively. We present results on
these covariance matrices for a generic Ry which are summarized next:
1
a | (—lt|2 szl (62)
T
B, = (14 - qu) R, (14 - qu) +Nqq'NT (63)
_ T
P =MEM (64)
where
1
N=R, + 3 tr(QR,) 1, (65)

and M and Q are defined in (47) and (50), respectively.

5 Gaussian Noise
From Eq. (49) and Eq. (52), the deviation is expressed as:

o~ . 1 1
A - E{AGQ} = [ 1, - qq"] Ad+ ([AGAG" + S AG'OAG L] - [R, + 5 w(QR,) L.])a

The covariance matrix of the normalized quaternion additive error is thus expressed as follows:
P = E{(Aq - E{Aq})(Aq — E{Aq})"}
. 1 y g
= (1,-9qq")R,(1, - aq")" - E{R,aq" AGAQ"} - SE{R,qq" [AQ' QAGLs])
- lE{tr(QP YLAG qq" Aq} - 1E{t (OP) IAG qtr(QAGAG") 1,}
3 ) LA 4G Ady — L B Ch,) LAG qUiEAGAqT) L,
. . 1 . .
+ E{AGAG' qq" AGAG' } + SE{AGAG qq r(QAGAG") 1.}

1 o o o o
+ S EA tr(QA4AG") 1,qq" AGAG" } + 7 E1 tr(QAGAG") 1,qq" tr(QAGAG") 1}

16



Focus on the fourth-order terms of Rﬁ, which can be expressed as follows:

. . 1 . .
Boyn = E1AGAG" qq" AGAG"} + SE{AGAG' qq” tr(QAGAG") 1,}
1 o 1 o o
+ S EA tr(QAGAG") I,qaq" AGAG" } + 1 E1 tr(QA4AG") 1,qq" tr(QAGAG") 1}
“ 2.0 04y “ « “ « v v
= E{(AG" @) AGAG"} - 3E{(Aq" q)’Adqq" } + E{(A4d" A@)AGAG" qq" }

1 o T 3 T 2T 9 T 4
+7E {(Aq"AQ)%qq"} - SE {(Aq"q)"(Aq"AQ)qq" } + 1E {(Aq"q) qq"}

Let q = [q1, 92, q3,q4]" denote the true quaternion, let Aq = [xi,x2,x3,x4]7 denote the scaled
quaternion additive error, and let o}, 0y; denote the standard deviation of x; and the correlation factor of
x; and x;, respectively. Let’s assume that {x1, x2, X3, x4 } are zero-mean jointly Gaussian random variables,

then the following fourth moments [16] can be analytically expressed as a function of the second-order
deviations:

E{XiXjXiXm} = 01j0km + Oik Tjm + Tim T jk
2 2

E{x;xjxi} = 070 + 200
202y _ 22 2

E{x;jx7} = of 0o +20};
3 2

E{xx;} =307 0y

E{x}} =307

In the following, we derive analytical expressions for each term of the fourth-order £, The results
are summarized in Term #1 - Term #6.

Term #1: E{(Aq" q)’A4qAq"}

24, 222
q1X1 T 47X1%;

+ 2q1q2xfx2 + q%x%x%
+24193X1x3 + 2q2G3x] %23
+ qix%xi + 2q1q4x?X4
+2¢2qaxixaxs + 2q3qax1x3x4
q%xlxg + 2q1q2x%x§
+ q%x%xz + q%)qxzx%
+2q2q3X1X3X3 + 291935 x013
+ qixlxzxi + 2q2q4x1x%X4
+241qaxTX2X4 + 243 4X1X2X3X4
q%xlxg + 2q1q3x%x§
+ 2q2q3x1x2x§ + q%x?m
+ q%xlxg)q + 2q1q2xfoX3
+ qixlxyci + 2q3q4x1x§X4
+24194X7X3%4 + 22G4X1X2X3X4
qixlxi + 2(]1c]4x%x31
+2¢2q4x1X2X5 + 2q3G4X1X3X]
+ q%x‘?m + q%)ﬂx%)&;

2 2.2
+2q1q2X7X0X4 + q3X1X3X4

2
+2q193x7X3%4 + 242G3X1X2X3X4

E{(A4d"q)*AqAq" } =

43X1%3 + 241G2X1X3
+ q%x?xz + q%xlxzxg
+2q2q3X1X3X3 + 2919351 x5
+ qixlxgxi + 2q2q4x1x%x4
+241qaxTX2X4 + 234X 1X2X3X4
43%3 +2q1G2x1X3
+qixing + a3
+2¢2q3%3%3 + 241G3X1X5X3
+ qix%xi + 2q2q4x§)C4
+24194X1X5%4 + 243q4X3X3X4
q%xzxg + 2q2q3x§x§
+ 2q1q3x1x2x% + q%xgm
+ 2q1q2x1x§X3 + q%x%xzm
+ qixzxyci + 2q3q4x2x§x4
+24294X5X3%4 + 2q1G4X1X2X3X4
qixzxi + 2q2q4x§x§
+241qax1X2X7 + 2q3qax2X3%]
+ q%x%m + 2q1q2x1x§X4
+ q%x%x2x4 + q%x2x§x4

2
+2¢2q3x5X3%4 + 24 1G3X1X2X3X4
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q%xlxg + 2q1q3xfx§

+ 2q2q3x1x2x§ + q%x?)@

+ q%xlxgm + ququ%xzxg

+ qixlmxi + 2q3q4x1x§m
+241qaxTX3X4 + 242X 1 X2X3X4
q%xzxg + 2q2q3x§x§

+ 2q1q3x1x2x% + q%x§x3

+ 2q1q2x1x§X3 + q%x%xzm

+ qixp@xi + 2q3q4x2x§m
+242q4x3X3X4 + 2q1q4X1X2X3X4
43X +2q193x1X3

+ 2q2q3x2x§ + q%x%x%

+ q%x%x% + 2q1q2x1xzx§

+ qix%xi + 2q3q4x§’X4
+24194X1X3%4 + 242G4X2X3X4
qix.;xi + 2q3q4x§xi
+241qax1X3X3 + 2q2qax2x3x]
+ q§x§x4 + 2q1q3x1x§X4

+ 2q2q3x2x§X4 + q%x%xyu

2.2
+ q5X5X3%4 + 2q1G2X1X2X3X4

qixle1 + 2q1q4x%xi
+2¢2qax1X2X3 + 2q3q4x1 X35
+ q%x?m + q§x1x§x4

+ 2q1q2x%x2X4 + q%xlxgm
+2q193X1x3X8 + 292931 X2X3%4
qugxg + 2q2q3x§x§

+ 2q1q3x1x2x§ + q%x%xg

+ 2q1q2x1x§x3 + q%x%x2x3

+ qixz)gxi + 2q3q4x2x§X4
+2q2qax3x3xs + 24 194X 1X2X3%4
qix_gxz + 2q3q4x§xi

+241qax1X3X3 + 2q2qax2x3x]
+ q§x§x4 + 24 q3x1x§X4

+ 2q2q3x2x§x4 + q%x%xyu

+ q3X3X3X4 + 2q1qoX1X2X3X4
43Xy +2q194x1x;

+2¢2qax2x] +2q3qax3x]

+ @it + g3l

2, 222
+2q1g2x1X2x3 + q3X3X;

2 2
+2q193x1X3%4 +2q2q3%2X3%)



Bq%(rf + q%(o-lzo'z2 + 20'122)

+ 6q1q20'120']2 + q%(of%z + 20'123)
+6q1q307 013 + 6419407 014

+ qi(a’lzof + 20'124)
+2¢2q3(0f023 +2012013)
+2g2q4(0F o2 +20120714)
+2q3q4(0F 034 + 2013014)

3q%0'120'12 + Sq%(rzz(rlz
+ 2q1q2(0'12(722 + 20'122)
+ @3 (Fony + 201303)
+2q193(0f 023 + 207120713)
+2¢293(03 013 + 2071203)
+q2 (02012 +2071404)
+2q194(0F 02 + 20120714)
+242q4(05 014 + 20712024)
—| +293q4(012034 + 013024 + 0140723)
3q%a'120'13 + 3q§0'320'13
+q5(03013 +2012023)
+2q1g2(0F 023 + 20120713)
+ 2q1q3(0'120'32 + 20'123)
+2¢2q3(01207 + 20713023)
+qH(0Fo13 + 20140734)
+2q194(07 034 + 207130714
+2q394(03014 + 207130714)
+242q4(012034 + 0130724 + 0140723)
3q%0'120'14 + 3qﬁa§a’14
+ @3 (TFo1s + 201204)
+2q1q2(0 7024 + 20712014)
+ 2q1q4(0']2(rf + 20',24)
+2¢2q4(01207 + 2014024)
+q3(0301a +2013034)
+2q193(0 7034 + 20713014)
+2q3q4(TE023 + 20040734)

+242q3(012034 + 013024 + 0140723)

3q%0'121712 + 3q30'220'12

+ 2q1q2(0'120'22 + 20'122)

+q3 (03012 +201303)

+2q193(07023 + 20120713)

+2¢2q3(03 0713 + 20712073)

+q3 (02012 +20714024)

+2q194(0 7024 + 20712014)

+2q2q4(TE014 + 2012024)

+2q3q4(012034 + 013024 + 014023)
3):]%()';1 + q%((rlza'z2 + 20'122)
+6419205012 + 6424403024
+ q_%(o'zzo'S2 + 20'223)
+6429303023
+2q1q3(03 013 + 2012023)
+ qﬁ((rzza'} + 20'224)
+2q1q4(03 014 + 2012024)

+2q394(03 034 +2023004)

g (ofoas +20120713)

+ 3q%0’220'23 + 3q§a'320'32
+2q192(030713 + 2012023)
+2q193(05 012 + 2071303)
+ 2q2q3(0'220'32 + 2(7223)

+q3 (07023 +2024034)
+242q4(03 034 + 2023024)
+2q3q4(03024 + 2023034)

+2q1q4(012034 + 013024 + T140723)
2 2
q1 (o024 +2012014)

+ 3q§0'220'23 + 3qio-fa'z4
+2q192(03 014 + 207120724)
+2q1q4(02012 + 20714024)
+ 2q2q4(0'220'§ + 20'224)
+q3(03024 +20230734)
+2¢2q3(05 0734 + 2023024)
+2q3q4(TE023 + 20040734)

+2q193(012034 + 014023 + T13024)
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3q%0'120'13 + 3q§0'320'13
+q3(03013 +2012023)
+2q192(0 023 +20120713)
+ 2q1q3(a'120'32 + 20'123)
+2¢2q3(0120% +207130723)
+q3 (07013 +2014034)
+2q194(0F 03 +207130714)
+2q3q4(03014 + 207130714)

+2q2q4(012034 + 013024 + T140723)
2,2
q1 (o703 +2012013)

+ 3q%0220'23 + 3q§0'32(r32
+2q1g2(030713 + 2012023)
+2q1q3(03012 +20713023)
+ 2q2q3(0'220'32 + 20'223)

+q2 (02003 + 2024034)
+242q4(03 034 + 2023024)
+2q3q4(03 024 +20230734)

+2q194(012034 + 013024 + T140723)

3q30% +6g2g303 023

+ q%(()'zzo'}2 + 20'223)

+ q%(o‘lz(r}z + 20'123)
+6q143030713 + 63G405 T34
+2q194(05 014 + 20713034)

+ qi(a’%o‘f + 20'324)
+242q4(05 024 + 2023034)
+2q192(05 012 + 20713023)

(oo +2013014)

+ 3q§0'320'34 + Sqio;fmg
+2q193(03 014 +207130734)
+242q3(05 042 +20230734)

+ 2q3q4(0'320'f + 20'324)

+ @3 (2030 + 200304)
+2G2q4(07 023 +20240734)
+2q1q4(Tio3 + 20140734)
+24q192(012034 + 014023 + T13024)

31]%0'120'14 + 3q30'f(r14

+q5 (03014 + 2012004)
+241q2(07 024 + 20120714)
+2q194(0fo] +207,)
+2¢2q4(01207 +20714024)
+q3(03014 +2013034)
+2q193(07 034 + 207130714)
+2q3q4(0F 023 + 2024034)

+2q2q3(012034 + 013024 + 0140723)
2, 2
q1 (07024 +2012014)

+ 3‘1%0’220'23 + 3%%"'}@4
+2q192(03 014 +201204)
+2q1q2(02012 + 2071404)
+2q2qa(03o} +20%,)

+ 45(0'320'24 +2093034)
+242q3(05 034 +2023024)
+2q3q4(T3023 + 20040734)

+2q1q3(012034 + 014023 + T130724)
2 2
q1 (o[ 034 + 207130714)

+ 3q§O'320'34 + 3qio-ffr43
+2q1q3(03014 +2013034)
+2¢2q3(05 042 +2023034)

+ 2q3q4(0'320'f + 20'324)

+ g3 (T35 + 2003004)
+2¢2qa(02 023 + 2024034)
+2q1q4(0F013 + 2014034)
+2q1q2(012034 + 014023 + T130724)

3q304 +642q407 024

+ q%(o’zzo;% + 20’224)

+ q%(a'lzof + 20'124)
+6q1q103 014 + 693940203
+2q192(05 012 + 20714024)
+q3(ckal +203)
+242q3(05 023 + 2024034)

+ 2‘11‘13(0'30'13 +207140%34)




Term #2: E{(Aq" q)°Aqq’}

-3E

q?xf + ‘Ilqulxg + 3q%q§x%x§
+3q3qox3xs + q1g3xix
+3q1q5x1%3 +3919243x100%3
+3q3q3x1x3 + 3q143q3%13x3
+64242q3x3x0%3 + q1g3x 1)
+3q1q3x3x] + 3q1q2q3x1x02]
+3q193q7x 13335 + 37 qax3x4
+ 3(I1£I§Q4x1x§x4 + ﬁq%qzq4xfx2x4
+3¢193q4%103%4 + 64793q4xTx3x4
+64192434X1X2X3%4
q1q2x] + @3x153 + 3q1g3x 13
+3q143X0%2 + qagix1x;
301020338 + e
+ 31/%‘/2143x%x3 + 31];6]3)(51)6%)63
+6414543X1X2%3 + q2q3X1X,
+ 34192033733 + 3q343x1003]
+ 342‘1343)61)63)62 + Sqfqzq4xfx4
+ 3ng4x 1X%X4 + 6q1q§q4xfx2x4
+3424394X153%4 + 6414243qax7X3%4
+6430394X1X2X3%4
@q3x} + @3q3x1 +3q195q3x3x3
+3qq2q3x3x2 + qx1 03
+3q143 %3 + 3q243%1 %203
+3¢3¢2x0 + 3¢3¢%nix3xs
+6419243xx0x3 + g3q3x1X]
+3414343X755 + 34293035105
+3g3q5x1x3%5 + 39793947 x4
+3434394X1X5%4 + 6142q3qax1X2%4
+3q3qaX1X3%4 + 641 34X X3%4
+6424394%1X2x3%4
q1qaxt + @3qax1x3 +3q145qax3x3
+3479244x71%2 + 43q4x153
+3q143q4x1X3 + 3q2q3qa4x1%2%3
+3¢3q3qax3x3 + 3¢3q3qax165%3
+ 6‘11‘]2‘]3(]4X%X2X3 + qixlxi
+3q1q3x1x; + 3q243x100%,
+3q3q3x103%] + 3¢ g xy
+ 3q§qA21x1X§X4 + 6q1q2q§xfx2x4
+3q35013%4 + 641G33X7 X3%4

2
+ 6924393 X1X2X3X4

—-3E{(Aq" q)’Ad4q"}

Tx] + gaxix3 + 3q143x1 03
+ Sq%qu?xz + qzqulxg
+ 3q1q2q§xfx§ + 3q§q§x1xzx§
+3¢3q2q3x7x3 + 33q3x153%3
+6143q3X3x2X5 + Q2 x1 X
+ 3q1q2q§xfx§ + 3q§q§x1xzx‘2‘
+ 3tI243q§X|X3X§ + 3qfq2q4xfx4
+3q3q4x105%4 + 64143q4xTX2%4
+3¢2q394%13%x4 + 64192039431 X334
+6¢3934x1X2X3X4
qug + 3q1q§x1xg + 3q%q§x%x§
+ Q?qzx‘fxz + qzq%m)@
+ 3q%q§x%x§ + 3q|q2q§x1x2x§
+ 34393333 + 64143q3X1 33
+3¢2 4293323203 + Q2003
+3q3q3x3x7 + 3q1q2q5x1x2%]
+3¢2q3q%x0x3%% + 3¢3q43%4
+6q193qax1x3x4 + 3q3q2qaxIx2xs
+342G394%203%4 + 6453G4x3x3x4
+60419293q4x1X2X3X4
434355 + 3018543315 + 3q19243%1%3
+ q?qufxz + qugx;
+ 3q2q§x§x§ + 3q1q§x1x2x§
+3¢3q3:5x3 + 6q1G2q%x1x3%3
+ 3q%q§x%x2x3 + q_gqixzxi
+3q2q3q3x3x] + 3q14393x1%2%]
+ 3q§qﬁxpcyci + 3q%ng4x;X4
+6419243aX153%4 + 347q3q4x 1 x2%4
+ 34342234 + 642G39433 X334
+6414394%1X2x3%4
43494%5 + 3010543153 + 3q1244x1%3
+ fﬁquffxz + qiqu;
+34243q4x3X3 + 3q143q4%1 %223
+3¢34394%3%3 + 64192q394%1X3x3
+ 3q%q3q4x%xz,V3 + qixzxi
+ 3q2qix%xf + 3q1qix1x2xi
+3q3q3x033%] + 3g5q7x3xs
+ 6q1q2qﬁx1x§x4 + 3q%q§x%x2x4
+3¢3q5x0x3x4 + 64293 3x3x3x4
+6414393X1X2%3%4
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7193x} + Bgax1x3 + 3q14393x7%3
+347q2q3x71%2 + g5x1x3
+3q q%x%x% + 3q2q§x1xzx§
+ 3q%q§x?x3 + 3q%q§x1x§x3
+64192g3x3x0X3 + G3q3x1%)
+ 3q1q3qix%x§ + 3q2q3q§x1x2x3
+ 3q§qﬁxIX3x2 + 3qfq3q4x?X4
+3¢3q3qax133x4 + 641G293q4X3x2x4
+3¢3q4x1X3x4 + 641 95qaxTxsxy
+642q394%1X2x3%4
439353 + 30193933153 + 3q7q2q3x7%3
+ q?q;x?xz + q§x2x§
+ 3q2q§x§x§ + 3q1q§x1xzx§
+3¢3¢3x3x3 + 69192g5x153%3
+ 3q%q§x%xzx_g + ngixzxi
+ 3q2q3qix§xi + 3q1q3q3x1xzx§
+ Bq§q§XZX3xi + 3q§q3q4x§m
+641G243qaX1X3%4 + 341q3ax %234
+3¢3quxax3x4 + 642454334
+6414394%1X2x3%4
a3t +3q143%13 + 3q2q3x0x3
+ Sq%qu]zxg + 3q§q§x§x§
+6q192g2x 10202 + @3 g3
+q3g3%3%3 + 3q143q3%1%3%3
+34342q353 5003 + g3q3x3)
+ 3q§q§x§x§ + 3(11!]3(13)61)63)6%
+3¢293q3x0x3%5 +33q433%4
+6q145q4x1X5x4 + 64245q4x2x3x4
+3¢34394x7x3x4 + 3G33G4x3x3%4
+6¢1929394X1X2X3X4
39473 + 39103943153 + 3q2q3q4x273
+341q3q4%7%3 + 3439394X3%3
+64192q3q4X120X3 + 4]¢4x}x3
+q394X3X3 + 391430431 X3X3
+ 3q%q2q4x%xzx3 + qimxi
+ 3q3qix§x§ + 3q1qix1X3x§
+ 3q2qixzxyci + 3q§q§x§m
+6414393%133%4 + 6G2q3G3X2X3x4
+ Sq%qix%xyu + 3q§q§x§X3x4

2
+6419293X1X2X3%4

7194x} + Bqax1x3 + 3q19394x7%3
+3qq2q4x71%2 + @3 q4x1 03
+3¢1459431%3 + 392q3qax 12023
+3¢3q3qaxixs + 3¢3q3qax1x3x3
+64192439aX 10X + g1x1x]
+ 3q1qixfxf + 3qzqix1x2xi
+3q3q3x1303%] + 3¢ q i xy
+ 339501054 + 6410243X1X2%4
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6 Conclusion

This paper introduced a single-frame quaternion estimator processing two vector observations. The

exceedingly simple structure of the estimator was instrumental in obtaining analytical expressions and
clear geometrical insights. The singular cases are analyzed and the corresponding valid rotation solutions
are given, another sequential rotation method is also introduced to address the singularity. An in-depth
study yielded analytical expressions for the biases and covariance matrices of the estimation error.
The formulas are second-order approximations to the measurement noises. In particular, fourth-order
approximation formulas were developed for the Gaussian case. It not only provides increased accuracy
but also alleviates issues related to singularity. All developments were performed in the four-dimensional
quaternion algebra rather than in three dimensions.
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