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Abstract

Space debris mitigation guidelines represent the most effective method to pre-
serve the circumterrestrial environment. Among them, end-of-life disposal solutions
play a key role. In this regard, effective strategies should be conceived not only on
the basis of novel technologies, but also following an advanced theoretical under-
standing. A growing effort is devoted to exploit natural perturbations to lead the
satellites towards an atmospheric reentry, reducing the disposal cost, also if depart-
ing from high-altitude regions. In the case of the Medium Earth Orbit region, home
of the navigation satellites (like GPS and Galileo), the main driver is the gravita-
tional perturbation due to the Moon, that can increase the eccentricity in the long
term. In this way, the pericenter altitude can get into the atmospheric drag domain
and the satellite can eventually reenter.

In this work, we show how an Arnold diffusion mechanism can trigger the eccen-
tricity growth. Focusing on the case of Galileo, we consider a hierarchy of Hamilto-
nian models, assuming that the main perturbations on the motion of the spacecraft
are the oblateness of the Earth and the gravitational attraction of the Moon. First,
the Moon is assumed to lay on the ecliptic plane and periodic orbits and associated
stable and unstable invariant manifolds are computed for various energy levels, in
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the neighborhood of a given resonance. Along each invariant manifold, the eccen-
tricity increases naturally, achieving its maximum at the first intersection between
them. This growth is, however, not sufficient to achieve reentry. By moving to a
more realistic model, where the inclination of the Moon is taken into account, the
problem becomes non-autonomous and the satellite is able to move along different
energy levels. Under the ansatz of transversality of the stable and unstable man-
ifolds in the autonomous case, checked numerically, Poincaré-Melnikov techniques
are applied to show how the Arnold diffusion can be attained, by constructing a
sequence of homoclinic orbits that connect invariant tori at different energy levels
on the normally hyperbolic invariant manifold.
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1 Introduction

One of the key actions to mitigate the space debris problem and ensure a sustainable
exploitation of the circumterrestrial environment is to implement effectively end-of-life
procedures. While for the Low Earth Orbit and the Geosynchronous protected regions,
there exist well-defined guidelines [35], for the Medium Earth Orbit (MEO) region still
a discussion is ongoing. This is due to the fact that the MEO region is very broad (in
principle, it goes from an altitude of 2000 km up to the geostationary altitude) and not
yet critical in terms of population density.

The MEO region is mostly known because it is where the satellites of the Global Nav-
igation Satellite Systems (GNSS) orbit, namely, GPS, Galileo, GLONASS and Beidou-M
[3]. They cover a range of semi-major axis between about 25500 km (GLONASS) and
29600 km (Galileo) and their nominal inclination is 55°4+2° (GPS and Beidou-M), 56° +2°
(Galileo), 65° + 2° (GLONASS) (see, e.g., [50, 2] and references herein). In the recent
ESA’s zero debris policy [20], the GNSS orbits are defined as “valuable orbits” and the
possibility of extending the protection to this region is introduced. Given the high al-
titude, so far at the end of life the GNSS satellites were either left in the operational
orbit or re-orbited by a given amount [3]. The accumulation of non-operational satel-
lites in a limited region eventually will lead to a critical situation in terms of potential
collisions and thus fragmentation. For this reason, Jenkin and Gick [36] proposed to
dilute the collision probability by increasing the orbital eccentricity of the satellites at
the end of life. Indeed, the GNSS inclination and altitude are such that in the long term
the third-body perturbation, that is, the gravitational perturbation exerted by Sun and
Moon, could lead to a natural eccentricity growth up to reentry, if a suitable initial or-
bital orientation is chosen. This mechanism was proven numerically by several authors
(see, e.g., [0, 48, 2, 4, 32, 44, 415]), but an exhaustive theoretical explanation of the
underlying mechanism is still missing. In particular, the singular resonance hypothesis,
that is, an integrable model, cannot explain the maximum value of eccentricity that can
be observed by considering a full dynamical model, nor the Saros periodicity detected.

More precisely, following [39] the disturbing function corresponding to the gravita-
tional perturbation due to a third body can be written as a series expansion depending
on semi-major axis, eccentricity, inclination of both the satellite and the third body, and
a periodic term involving the longitude of the ascending node, the argument of perigee
and the mean anomaly of both the satellite and the third body. By doubly-averaging
the periodic terms (over the orbital period of the satellite and the orbital period of the
Moon), and considering only the first-order effect, we define the secular Hamiltonian.'

A possible way to deal with the secular Hamiltonian is to assume that only one
periodic term is dominant at a time, in particular, when its argument is resonant. Most
of the past works? focus on such “isolated resonance hypothesis” and on the eccentricity

Tn what follows, this step will be omitted because it can be found in several past works (see references
above).

2It is beyond the scope of this work to provide a review of all the past investigations on the subject.
Here, we recall only the works that are relevant to our contribution.



growth associated with an inclination-dependent resonance, involving the argument of
the pericenter w and the longitude of the ascending node of the satellite €2. For quasi-
circular orbits at MEO altitudes, and assuming the Galileo inclination (& 56°), the
dominant resonance is 2w + € ~ 0°. As a first approximation, w and € change in time
because of the Earth’s oblateness, but the third body perturbation has also an effect.

The authors in [19, 12] assumed the isolated resonance hypothesis and brought for-
ward the concept that the eccentricity growth that ensures a reentry is due to a chaotic
behavior, that occurs when two or more resonances overlap. The Chirikov criterion is
mainly proven by detailed Fast Lyapunov Indicators (FLI) maps that show the location
of the chaotic regions. The phase space associated with each possible resonance of the
secular dynamics was investigated also in [12], but in this case, the authors remarked the
role of the Laplace plane. More recently, the authors in [31, 11, 41] proposed the idea
that the high eccentricity growth is due, not to the chaos generated by overlapping res-
onances, rather to the normally hyperbolic invariant manifold (NHIM) associated with
the given resonance and through an Arnold diffusion mechanism. They showed, with
refined FLI maps and an ad hoc Hamiltonian derived for circular orbits in the neighbor-
hood of the resonance, that what triggers the phenomenon is the variation of a given
integral of motion. They also emphasized the role of the Laplace plane for the motion on
the invariant tori. Some of the invariant objects “necessary” to achieve Arnold diffusion
were already identified in [11, 411]. These papers also showed, numerically, hyperbolicity
and unstable motions along the resonance.

The goal of the present paper is to explain the mechanism that creates the drift and
how to construct drifting orbits across the neighborhood of an isolated resonance. In
particular, we focus our study on the resonance 2w + €2 with the Galileo satellites values.
Nonetheless, our approach is fairly general and can be adapted for other resonances and
values. In other words, we follow the idea that it is the NHIM the cause that we have to
investigate, and we will show how it is possible to construct homoclinic connections that
“connect” different energy levels on the NHIM associated with the 2w + ) resonance.
Moreover, we will show how to construct orbits that shadow (follow closely) this sequence
of homoclinic orbits. These shadowing orbits achieve a drift in eccentricty large enough
so that the satellite renters the Earth’s atmosphere.

We will focus only on the third-body effect exerted by the Moon, thus neglecting the
Sun, and we will apply a perturbative approach with respect to the inclination of the
Moon on the ecliptic plane iy (which has a real value of iyy = 5.15°). More details on
this will be given in the next subsection. Notice that the model we consider is a rather
simplified version of the initial problem. However, we expect that the outcome of this
work will pave the way for the analysis of a more realistic model, that can be used to
define effective end-of-life solutions.

The paper is structured as follows. In Section 2 we define the secular Hamiltonian
and provide formulas for it. Then, we state the main result of this paper. In Section 3
we introduce a “good” system of coordinates which captures the timescales of the model.
In Section 4, relying on what we call hierarchy of models, we explain how the Arnold

3For GLONASS the inclination is ~ 63° and thus the dominant resonance is 2.



diffusion mechanism takes place in the secular Hamiltonian. Finally, we also provide
definitions for the main tools we use: a normally hyperbolic invariant manifold and the
associated scattering maps. In Section 5 we analyze the dynamics for the coplanar model
(that is, taking iy = 0). We use this analysis to describe, in Section 6, the dynamics for
the full secular Hamiltonian with i)y > 0 small enough.

1.1 An Arnold diffusion mechanism

V. Arnold in 1964 (see [5]) showed, in a cleverly chosen model, that actions can vary
drastically in nearly integrable Hamiltonian systems (of at least 2 and a half degrees
of freedom, that is a phase space of at least dimension 5). Then, he conjectured that
such behavior, nowadays called Arnold diffusion, should be typical. In (nearly integrable)
physical models, it is expected that Arnold diffusion is a fundamental mechanism leading
to transport in phase space. Such transport is achieved by drifting along resonances.

The understanding of Arnold diffusion mechanisms has had outstanding progress in
the last decades, relying on a wide variety of techniques: the original geometric approach
by Arnold, which has been deeply developed in [7, 13, 14, 15, 18, 26, 19, 27], variational
methods [9, 8], topological tools [29, 10], the so-called separatrix map [53, 54] or a
combination of different approaches [6, 37].

As stated before, the goal of this paper is to explain how an Arnold diffusion mech-
anism can enhance drift in eccentricity along the 2w + €2 resonance. The mechanism we
propose relies on geometric tools in the spirit of the seminal work by Arnold. They are
explained in detail in Section 4.2.

Let us mention here just the main ingredients. We show that, along the resonance,
there exists a normally hyperbolic invariant cylinder (see Definition 4.3 below). The
stable and unstable manifolds of this cylinder intersect transversally. Thus, we can con-
struct trajectories that, following closely a sequence of homoclinic orbits to the cylinder,
achieve a considerable drift in eccentricity. Such drift allows the satellite, by flattening
its osculating ellipse, to enter the Earth’s atmosphere.

To perform such analysis, we assume that the inclination of the Moon iy; with respect
to the ecliptic plane is small enough. This allows us to use perturbative arguments to
construct the “highways” that lead to the drift. Note that it is fundamental that iy > 0,
because in the coplanar case, namely, when i) = 0, there are not enough dimensions to
achieve Arnold diffusion.

Even if our tools rely on the fact that iy > 0 is small enough, we expect that the
same mechanism takes place for a realistic value of i), because, indeed, it is expected
that transport phenomena are even stronger and more robust in far from integrable
Hamiltonians. Nevertheless, in that setting, one cannot combine analytical and numer-
ical techniques to describe the cylinder and its invariant manifolds, as we do in the
present paper. Instead, one has to describe them fully numerically. In this work, nu-
merical simulations are done for a lower dimensional model (what we call the coplanar
Hamiltonian) and can be kept “simple”. Otherwise, it would require to compute numer-
ically high dimensional objects in the 5-dimensional phase space. Moreover, when iy



increases other resonances could come to play also an important role and an resonance
overlapping could take place.

Finally, note that, for applications, it is fundamental to know the speed of such
transport mechanisms. For arbitrarily small iy > 0 the mechanism is rather slow (the
drifting time is T ~ 1/in). However, for a realistic value of iy it is expected to be faster.
Moreover, one may expect that combining Arnold diffusion mechanism with maneuvers
could speed up considerably the drifting.
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2 The secular Hamiltonian system and the main result

Let us consider a spacecraft that is affected by the gravitational attraction of the Earth,
the perturbation due to the Earth’s oblateness and the lunar gravitational perturbation.
In the geocentric equatorial reference system, the motion of the spacecraft takes place on
an ellipse, that is described by the orbital elements semi-major axis a, eccentricity e, in-
clination ¢, longitude of the ascending node {2 and argument of pericenter w. The ellipse
changes in time due to the perturbations. The orbit of the Moon is defined in the geocen-
tric ecliptic reference system by the corresponding orbital elements (anr, en, inm, M, Wi ),
where ay; = 384400 km, ey = 0.0549006, iy = 5.15°, while the longitude of the ascend-
ing node of the Moon with respect to the ecliptic plane varies approximately linearly
with time in a period Tg,, of 1 Saros (about 6585.321347 days [51, 46]) due to the solar



gravitational perturbation, namely,
Oum(t) = QM70 + noy,t, nQy = 271'/7E)M, (2.1)

where (o is the longitude of ascending node of the Moon at a given epoch.

Since we consider the secular model (the system averaged over the mean anomalies
of both the satellite and the moon), the semi-major axis a is a constant of motion which,
in the case of Galileo, corresponds to a = 29600 km. Let us define

a = afay,

which characterizes the Earth-satellite distance with respect to the Earth-Moon distance.
Then, in Delaunay action-angle variables?, the secular dynamics is described by the
Hamiltonian [12]

H(L,G, H,g,h,Q;in) = He(L) + Ho(L, G, H) + o*Hy (L, G, H, g, h, Oy in),  (2.3)
where

1 p?
212
is the constant term associated with the Earth’s monopole, being 1 = 398600.44 km3 /s?
the mass parameter of the Earth, and

Hk(L) =

1 £0 G2 —3H 2
413 Gb

is the perturbative term associated with the Earth’s oblateness, averaged over the orbital
period of the spacecraft, being pg = p*JoR?, with Jo = 1.08 x 1072 the coefficient of
the second zonal harmonic in the geopotential and R = 6378.14 km the mean equatorial
radius of the Earth. The secular perturbative term due to the Moon is instead

Ho(L,G,H) = (2.4)

ﬁl(L7 G7H7gvh7 Q1\/[7,51\/[)

% | U576 05 (Gmps(g: b 1) ) + UF(€) €08 (o9, ) )|

The function Uy " (¢) corresponds to the Giacaglia function with e = 23.44° (see Table 2
in Appendix A.1) being the obliquity of the ecliptic with respect to the equatorial plane.
Also, one has that

Dpp(L, G, H) = Fp, (G, H)X,(L,G), (2.5)
4Recall that in celestial mechanics, these are the classical canonical variables, defined as
L = ./pa, =M,
G =ILV1—e2, g=w, (2.2)
H = G cosi, h = Q.



where Fy, (G, H) is a function of the Kaula’s inclination functions Fy (i), see [38],
and X, (L, Q) is a function of the zero-order Hansen coefficient X§’2_2p(e)6 , see [34],

and
T

r&m,p,a(.% h, QM) = 2<1 - p)g +mh+o (QM - 5) - Y|U\7T7 (26)

where ¢ = +s defines the relative orientation satellite-Moon. In addition, the other
variables are constants defined as

_ LM . |1 ifn=0
T gy " T2 ifnz0 o
eme = (—1)lm/2 EmEs (2 —9)! _f 0 ifsiseven ‘
e 2 (2+m) Yisl T 1/2 ifsisodd
where gy = 4902.87 km?/s? is the mass parameter of the Moon.
Remark 2.1. By Kaula’s inclination functions (see [35]), one obtains that
—%—F%sin%’M if s=0,
Fogi(im) = —3siniycosiv if s =1, (2.8)
3 siniy if s =2.

We remark that when iy = 0, the inclination function F; 41(0) = 0 for all s, except for
s = 0 which is F201(0) = —1/2. In other words, assuming that the Moon lies on the eclip-
tic plane, the Hamiltonian H in (2.3) is autonomous, because the angle ¥ p.<(g, h, )
does not depend on Qyp for s = 0.

Remark 2.2. In the numerical computations that will be presented throughout the text,
all the variables will be taken in non-dimensional units defined in such a way that the
semi-major azis a of the orbit of the Gallileo satellites (equal to 29600 km) is the unit
of distance and the corresponding orbital period is 2m.

The main result of the paper is the following. It assumes several ansétze that are
stated below and are verified numerically.

Theorem 2.3. Consider the secular Hamiltonian H in (2.3) with the parameters just
fized, take
a = 0.077 (2.9)

and assume that the Ansdtze 5.1, 5.6 and 6.6 are satisfied.
Then, for iy > 0 small enough, there exist a time T > 0 and a trajectory z(t) =
(L(t)7 G(t)a H(t)a g(t)v h(t)v Y (t)) such that

H(2(0)) = 1.7-107%  and  H(2(T)) =1.3-107°,

5Since H = G cosi, one has that F, (G, H) = Fa,m ,(arccos ).

bSince G = L/1 — €2, one has that X,(L,G) = X3°~?P (1 /1— %2>

8



Moreover, along the energy increase the osculating eccentricity and inclination satisfy
e(0)=0 and e(T) = 0.78,

and
i(t) € [56.06°, 58.09°] for te[0,T1].

Note that such evolution would not be possible if i)y = 0 since in that case the Hamil-
tonian is autonomous and therefore the energy is a first integral (recall Remark 2.1).

Concerning the evolution of the eccentricity, we note that it is already oscillating
when 4y = 0. However, the size of this oscillations depends on the energy value. Indeed,
the orbit that we obtain in Theorem 2.3 is such that at the initial time, assuming
i = 56.06° the eccentricity is oscillating (approximately) between 0 and 0.35, whereas
at the final time T is oscillating between 0 and 0.78. Therefore, at the initial time the
satellite is far from the Earth’s atmosphere whereas at the final time the satellite is
reentering.

Theorem 2.3 does not provide any estimate on the time 7" > 0 needed to achieve
the drift in eccentricity. As mentioned before, more quantitative shadowing arguments
compared to those used in the present paper (see, for instance [52, 17]) should lead to
estimates for T' = T'(iy) of the form

IT| < Q
M
for some constant C' > 0 independent of ip; > 0 (see Remark 4.5 below).
Finally, in what follows, we will omit the Keplerian term of the Hamiltonian Hy,
since it does not contribute to the variation of the orbital elements. As well, we omit
the dependence of the Hamiltonian on the variable L since it is a constant of motion.

3 A good system of coordinates

Let us start by focusing on the region of the phase space where an orbit satisfies the
“2g + h resonance” in the unperturbed problem, defined by the Hamiltonian Hy in (2.4)
(i.e., @ = 0), which is integrable.

The resonance is the set of points in action space where the condition z = 0 holds,
where x = 2¢g + h is the resonant angle. This is satisfied if the orbital inclination is equal
to iy ~ 56.06° in the prograde case or to i, ~ 110.99° in the retrograde case. Indeed,
according to the equations of motion, the resonance occurs when

5H? —G* — HG =0,
that is, for all G # 0 (i.e. e < 1) and H = G cosi, (see (2.2)) that satisfy
5X2-1-X =0, X = cosi,.

Hence, we can distinguish two situations:



e the prograde case for i, = arccos <1+1\éﬁ> ~ 56.06°,

e the retrograde case for i, = arccos (1_1‘éﬁ> ~ 110.99°.

In what follows, i, will be mentioned as the inclination of the (exact) 2g+ h-resonance
and we will focus on the prograde case.

The unperturbed Hamiltonian highlights that x is constant for ¢ = 4., while it circu-
lates for |i — i.| > 0. Moreover, in a small enough neighborhood of the (exact) resonance
the angular variables evolve at different rates: g and h are “fast” angles compared to x
which undergoes a “slow” rotation of O(i — i.).

3.1 Slow-fast coordinates (y,x)

Instead of using the Delaunay action-angle variables, in order to take advantage of
the timescales separation, we introduce the transformation (G, H, g, h) = TP (y,T', z, h)

given by
G G

and the symplectic form dz A dy + dh A dI.

Notice that several symplectic transformations are possible, however we prefer the
one such that the resonant action y does not depend on the inclination”. Hence, the
action-angle variables (y,x) are associated with the variation in eccentricity.

In slow-fast variables, the Hamiltonian of the full problem can be written as

H(y7rv xz, h> QM7 ZM) = HO(yv F) + O;)Hl(ya F7$7 h7 QM7ZM)

where
Ho(y. T) = (y o Y0¥l (y, 1) = £0¥° = OyL =317
o\Y, 0 Y, 128 L3y5
and
Hi(y, T, @, h, Qg in) = (Hy o YPN) (y, T, 2, b, Qg i) (3.2)

See Appendix A.l and, in particular, equation (A.1) for a detailed expansion of the
functions involved in the expression of the Hamiltonian H;.

Notice that, in the unperturbed problem (a = 0), I' and y are first integrals of the
problem, because the Hamiltonian does not depend on the angles A and z, while in the
full problem (a > 0), the phase space is no more integrable. Moreover, in the integrable
case once fixed a and e, the dynamics can be catalogued as a function of the inclination.

"Even if we focus our analysis on the 2g 4+ h resonance, our approach is fairly general. A similar
change of coordinates can be considered for a different resonance. What is important is to choose the
angle = as the one corresponding to the slow dynamics. The other changes of variables are chosen so
that the transformation is symplectic.

10



In the coordinates just defined, the 2g + h-resonance becomes the xz-resonance. In
the unperturbed problem, the action space associated with the resonance is defined by

the condition
i oHo(y, ') i&5F2+8yF—y2 B

oy 12813 Yy
In other words, the resonance can take place on the two lines

—4 421
L

0.

r=

and I' = yﬂ, (3.3)

)
with (y,I") # (0,0), that are associated with prograde and retrograde orbits, respectively.

3.2 Poincaré coordinates (7,¢)

The next step is to study the dynamics in the neighborhood of a circular orbit, that
is for small values of e > 0. However, the slow-fast variables derived from the De-
launay variables (as happens with the original Delaunay variables) are singular at e =
0. In order to overcome this difficulty, we introduce the set of Poincaré coordinates
(y,I',z,h) = TP (n, T, &, h) where

&= \/MCOS <g> , n= \/MSin (g) , (3.4)

which are symplectic. Notice that £ and 71 are respectively equivalent to e cos(z/2) and
esin(z/2) for quasi-circular orbits, that is when e ~ 0.
In this set of coordinates, the Hamiltonian of the full problem can be written as

H(n,T,& b, Qi) = Ho(n, T, &) + o> Ha(n, T, &, by Qs i) (3.5)
where )
Ho(n, T, &) = (Ho o TT) (0, T, )
po (2L — €2 — n2)2 — 24(2L — €2 — )T’ — 487> (3.6)
2 D@L - =P
and

Hi(n, T, & h, Qusim) = (Hy o YO (0, T, €, by Qi im).- (3.7)

See Appendix A.2 and, in particular, equation (A.2) for a detailed expansion of the
functions involved in the expression of Hamiltonian H;.

4 The hierarchy of models and dynamical systems tools

We devote this section to explain the geometric framework that will lead to the drifting
orbits. To this end, it is convenient to autonomize the Hamiltonian. Let us recall
equation (2.1) for the time variation of Q) € T, namely,

QM(t) = QM,D + noy,t.

11



We introduce 2\ as a variable and define its symplectic conjugate variable J. Then, we
define the 3-degree-of-freedom Hamiltonian

IC(ThF? Jaé?haﬂMn'M) = ’H("%Fafa ha QM7ZM) + TLQMJ, (41)

where # is the Hamiltonian introduced in (3.5).

We analyze this Hamiltonian in two steps, relying on the smallness of iy;. In Sec-
tion 4.1, we explain the strategy of this analysis. In this section, we also introduce the
h-averaged Hamiltonian. We will not rely on it to construct our diffusion mechanism.
However, we introduce it since it has been widely studied numerically in literature (see,
e.g., [11]). and is a convenient simplified model to use as a first step in certain numerical
studies of the full problem. In the paper [1], we perform a detailed analytic study of the
h—averaged Hamiltonian, and we describe its equilibrium points and their stability.

In Section 4.2, we introduce the two main tools that will create the “highway” of
unstable orbits: a normally hyperbolic invariant cylinder and the associated scattering
maps.

4.1 The hierarchy of models

To construct the intermediate models, we rely on the fact that the model depends on
two parameters: the inclination of the Moon with respect to the ecliptic plane iy and
the ratio between the semi-major axis of the satellite and the one of the Moon «.

In our analysis, we consider iy; arbitrarily small - the perturbative parameter - and
a realistic value for « (see Theorem 2.3). Still, the smallness of « creates different
timescales that may be taken into account.

Main reduction: the Coplanar Model Since we are assuming that the inclination

of the Moon is small, the main reduction that one can do to have an intermediate model

is to take iy = 0. We refer to this model as the Coplanar Model since it corresponds to

assuming that the orbit of the Moon is coplanar to that of the Earth. When doing this

reduction, the Hamiltonian C in (4.1) becomes )y independent, see Remark 2.1.
Starting from (4.1), we define

KCP(n7F7 J>§7 h) = ’C(Tl>ra§7 h: QM? 0) = H(na Fagv h7 QM7 0) + TLQMJ, (42)

where the subscript CP stands for coplanar. Since Kcp is Qy-independent, J is a first
integral. In fact, one can work in the reduced phase space and consider the 2-degree-of-
freedom Hamiltonian

’HCP(U,R&h) = H(narvfah) QMvo) (43)
This Hamiltonian can be written as

HCP(U’ Fa 57 h) = HO(T]? 1—‘7 6) + QSHCP,I(na Fa 57 h)a
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where H is the Hamiltonian introduced in (3.6) and Hcp,1 is the Hamiltonian #; in (3.7)
with iy = 0, that is,

HCP,l(na F7 57 h) = H1(777 Fa 57 h‘7 QM7 0)

See Appendix A.2 and, in particular (A.3), for the explicit expression of Hcp ;.

A possible further reduction: the h-averaged problem The departing point of
our analysis is the coplanar Hamiltonian in (4.3) above. However, in literature exten-
sive investigations have been based on the h-averaged coplanar model. The reduction
to the h-averaged model is based on the fact that, if o is a small parameter, the au-
tonomous Hamiltonian Hcp has a timescale separation between the slow and fast angles,
respectively x and h. Indeed,

é,ﬁ ~a? whereas h~ 1.

A classical way to exploit this feature is to simplify the Hamiltonian Hcp by another
one in which the fast oscillations have been removed by averaging over the longitude of
the ascending node h. That is,

1 2

Hav(n,I,€) = 5| Hee(n. 1€ h)dh.
T Jo

We refer to this Hamiltonian as the h-averaged Hamiltonian. Note that since the Hamil-

tonian Hy in (3.6) is h-independent, Hay can be written as

a3 2m
%AV(nﬂrag) = HO(narag) =+ g HCP,I(nvFagvh)dh‘
0
Notice that Hav is a 1-degree-of-freedom Hamiltonian provided that I' is a first integral
of the h-averaged system.

4.1.1 Theoretical results for the coplanar and h-averaged system

The mechanism we use to show the existence of drifting orbits is the Arnold diffusion
mechanism (see Section 4.2 and 4.3 below). A key point in the analysis is to study the
relative position between the invariant manifolds of the hyperbolic periodic orbits of the
coplanar model.

In this work, we use circular periodic orbits, that is, the periodic orbits located at
(n,€) = (0,0) (see (3.4)). Indeed, let us recall that Hcp(n,I',&, h) is a 2-degrees-of-
freedom autonomous Hamiltonian that can be expressed as Hcp = Ho + a?’?-[cp,l with
Ho as given in (3.6) and Hcp, in (A.3). From the explicit expression of the Hamiltonian
obtained in Appendix A.2, one can easily see that it does not have linear terms with
respect to (n,€) = (0,0). This implies that (n,&) = (0,0) is invariant. Then, to analyze
the circular periodic orbits, it is enough to look for periodic solutions of the 1-degree-
of-freedom Hamiltonian Hcp(0,T,0,h). In Appendix A.2 we provide formulas for this
Hamiltonian (see Lemma A.1).
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In [1], we prove the existence of periodic orbits at {n = { = 0} when the semi-major
axis a € [amin, Amax| With

Amax = 30000 km, Amin = 6378.14km (to avoid collision).

We also introduce Lminmax = +/H0min,max-
Theorem 4.1. For any L € [ Lyin, Lmax|, we define

EI(L) = HCP(070'49L7077T)7 EQ(L) = HCP(O7O7O7O)'

Then, for any energy level E € [E1(L), Eo(L)], there exists a periodic orbit of the form
Pe(t) = (0,T5(t),0,hp(t)) such that, hp(0) = 0 and, for t > 0, hp(t) # 0, Tp(t) €
[0,0.49L] and

Hep(0,T'e(1),0,he(t) = E.

In addition, for the case of Galileo, namely L = 1 in non-dimensional units (which
corresponds to a = 29600 km see Remark 2.2), one has that

Ei(1) = —2.515161379204321 - 10°,  Ey(1) = 2.477266122798186 - 105,

This result ensures the existence of periodic orbits but does not give information
about the character of them. A first theoretical approach for solving this problem is to
study the character of the equilibrium point (1, &) = (0,0) for the h-averaged system and
to consider the coplanar Hamiltonian as a perturbation with respect to o of Hay. Since
in this work we deal with a realistic value of o = 0.077 (see (2.9)), this perturbative
approach is not useful in our case. However it gives an insight about the scenario we
can encounter. In [1], the following result about Hay is proven.

Theorem 4.2. There exist two functions I'1,Te : [Lmin, Lmax] — (O7 %) such that, for
Le [Lmina Lmax] N

o If either T' € (0,T1(L)) or T e (T'2(L), %), then (0,0) is a center of Hay .
o [fT' e (I't(L),T'2(L)), then (0,0) is a saddle of Hav .
o [fT' =T1(L) or T =Ty(L), the origin is a degenerated equilibrium point of Hay .

In addition, L7'T1(L) € (0,%) and L™'Ty(L) € (Z,3), with m := _A‘J’T‘/ﬁ (i.e. the
slope of the prograde resonance line in (3.3)).

For a given L, the values of I'1 » can be numerically computed (as the zeroes of some
appropriate function). For instance, for the case of Galileo (i.e., L = 1),

I'1(1) = 0.029613649805289, I'y(1) = 0.084971418151141,
and the corresponding energy levels (for the h-averaged system) are

E}V(1) = 2.072230388690642 - 10°,  and  E4V(2) = —3.473759155836634 - 1077,
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respectively. Therefore, for L = 1 and E € (E4V(1),EfV(1)), as a consequence of
Theorem 4.2, the origin is a saddle point of the h-averaged system.

Applying perturbation techniques, it can be seen (see [1]) that if a3 is small enough,
the circular periodic orbits for the coplanar Hamiltonian, Hcp, stated in Theorem 4.1, are
of saddle type if they belong to certain energy levels close enough to those of Hayv (0, T, 0)
with T' € (I'1(L),T'2(L)). However, as expected, there is no quantitative information
about the maximum value of « such that this result can be applied. For this reason,
we have decided to consider the coplanar (non-averaged) model to build the Arnold
diffusion mechanism. This is important to have a more realistic numerical computation
of the hyperbolic periodic orbits and the corresponding manifolds (see Section 5.1).

4.2 Normally hyperbolic invariant manifolds and scattering maps

We devote this section to explain the main tools that we use to construct the “instability
paths” along which the eccentricity of the satellite drifts. These are normally hyperbolic
invariant manifolds, the homoclinic intersections of their invariant manifolds and the
associated scattering maps.

Such objects can be defined for maps or flows. We will use them both for maps and
flows in Sections 5 and 6 below. Here we provide the definitions for flows. The ones for
maps are analogous.

In this section we denote by M a C" smooth manifold, by X € C"(M,TM) a vector
field on M and by ¢! : M — M the associated smooth flow. Let A = M be a compact
p!-invariant submanifold, possibly with boundary. By ¢f-invariant we mean that X is
tangent to A, but that orbits can escape through the boundary (a concept sometimes
referred to as local or weak invariance).

Definition 4.3. We call A a normally hyperbolic invariant manifold for ¢! if there is
0 <v < 97L, a positive constant C and an invariant splitting of the tangent bundle

Ta\M =TA® E°® E"

with TA = U ({P} x TpA), B> = U ({P} x ER") such that, for all P € A,
PeA PeA

|De!(P)v]| < COl for all t e R,v e TpM,
| De' (P)v]
| D! (Pyo] < Cv™" for allt <0,ve E}.

N

covt forallt>0,ve Ep,

Moreover, A is called an r-normally hyperbolic invariant manifold if it is C" smooth
and
O<v<d <1 for r=1. (4.4)

Fenichel Theory [23, 24, 25] ensures that normally hyperbolic invariant manifolds
are persistent under perturbations. Moreover, they possess stable and unstable invari-
ant manifolds W*"(A) < M defined as follows. The local stable manifold W} .(A) is the
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set of points in a small neighbourhood of A whose forward orbits never leave the neigh-
bourhood, and tend with exponential rate to A. The local unstable manifold W}3_(A) is
the set of points in the neighbourhood whose backward orbits stay in the neighbourhood
and tend exponentially to A. We then define the stable and unstable manifold of A as

W) = e M), W) = [ e' Wi(n).
t=0 t=0

The stable and unstable manifolds of A are foliated by what is usually called the strong
stable and strong unstable foliations, the leaves of which we denote by W5"(P) for P € A.
For each P € A, the leaf W*(P) (resp. W"(P)) of the strong stable foliation is tangent
at P to E5 (resp. E}). Moreover, the foliations satisfy that ¢ (W*(P)) = W* (*(P))
and ¢’ (WU (P)) = W" (¢'(P)) for each P € A and t € R.

Then, one can define the usually called wave maps 75" : W"(A) — A to be projec-
tions along leaves of the strong stable and strong unstable foliations. That is to say, if
Q € W*(A) then there is a unique @1 € A such that Q € W5(Q+), and so 7°(Q) = Q.
Similarly, if @ € W"(A) then there is a unique @— € A such that @ € W"(Q-), in which
case ™(Q) = @Q—. The points Q4+ satisfy that

Jim dist(¢'(Q4), (@) = 0.

Now, suppose that @ € (W*(A)hW"(A))\A is a transverse homoclinic point such that
Q € W3 (Q4+) n WH(Q-). We say that the homoclinic intersection at @ is strongly
transverse if

ToW*(Q+) @ T (W3(A) n WH(A)) = ToW*(A),

TQWU(Q—) () TQ (WS(A) ) WU(A>) — TQWu(A), (4.5)

In this case, in a small enough neighborhood = of @ in WS5(A) n W"(A), (4.5) holds at
each point of =, and the restrictions to = of the holonomy maps, 75", are bijections onto
their images. We call = a homoclinic channel. In such domain, following [16], we define
the scattering map as follows.

Definition 4.4. Let Q_ € 7" (2), let Q = (7"=) " (Q), and let Q4 = 75(Q). The
scattering map S : 7%(2) — 7°(2) is defined by

S=rmo(@) Q. — Q.

Assume that both M (the manifold) and X (the vector field) are C" with r > 2
and that (4.4) is satisfied, so that A is also C". Then, the scattering map S is C"*
(see [16]). Moreover, if the vector field has a C"-dependence on some parameters, then
the scattering map depends on a C"~! on them.

In general, the scattering map is only locally defined, as the transverse homoclinic
intersection of stable and unstable manifolds can be very complicated. In the present
paper, we are able to describe quite precisely the domains of the scattering maps that
we consider.
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4.3 The Arnold diffusion instability mechanism

Once we have introduced the hierarchy of models in Section 4.1 and the dynamical
systems tools in Section 4.2, we are ready to explain the instability mechanism that
we consider to achieve drift in the eccentricity of the satellite. Such mechanism fits
into what are usually called a priory chaotic Hamiltonian systems in Arnold diffusion
literature [13, 17, 22].

Consider first the coplanar Hamiltonian Hcp in (4.3), namely, iy = 0. Since Hcep
is autonomous, its energy is a first integral, and therefore the coordinate J as well for
the Hamiltonian Ccp in (4.2) (in the extended phase space). In Section 5 we will see
that at each energy level (in a certain interval), the Hamiltonian Hcp has a periodic
orbit at the 2g + h-resonance. In Poincaré variables, this periodic orbit is located at
{n = & = 0}. Moreover, in the considered energy interval, these periodic orbits are
hyperbolic and, thus, they have stable and unstable invariant manifolds. In addition,
we check numerically that they intersect transversally within each energy level. The
obtained homoclinic orbit has a range of eccentricity between e = 0 (the periodic orbit)
and certain e = emayx which depends on the energy level®. For energy levels realistic
for Galileo emax ~ 0.35 (in particular, its orbit does not enter the Earth’s atmosphere)
whereas for higher energies epax reaches 0.78 (which implies that the osculating ellipse
of the satellite hits the Earth atmosphere) or higher.

— homoclinic

. channel
IT\(A()) /

W (Ao)

i =0 i >0

Figure 1: The normally hyperbolic invariant cylinder and its invariant manifolds. In the left
figure iy = 0 and therefore J is a first integral. The cylinder is foliated by invariant tori
whose invariant manifolds intersect transversally within J = constant giving rise to a homoclinic
channel. In the right figure, iny > 0 (small enough). Then, J is not a first integral anymore
and one can construct heteroclinic connections between different tori in the cylinder (diamond
intersections in the picture). See Corollary 5.2 and Theorem 6.1, respectively, for a detailed
description of the notation.

In the extended phase space (i.e., adding the pair (J, Q2y) and considering the Hamil-
tonian Kcp in (4.2)) these periodic orbits become 2-dimensional tori. If one considers
the union of such tori for an energy interval, one has a normally hyperbolic invariant
cylinder (see Definition 4.3). Analogously, the union of the stable and unstable manifolds
of the periodic orbits (now tori) constitute the invariant manifolds of the cylinder and

8By energy level we mean with respect to the coplanar secular Hamiltonian Hcp.
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their transverse intersections give rise to homoclinic channels (see Figure 1-left). This
allows to define scattering maps (in suitable domains, detailed in Section 5).

The fact that J is constant when 4); = 0, implies that solutions close to the invariant
manifolds of the cylinder have a constrained drift in eccentricity: it ranges from e =
0 (close to the cylinder) to close to the already mentioned ey (close to the “first”
homoclinic point), which depends on J.

When iy > 0 but still small enough the dynamics changes drastically. Indeed, in
Section 6, we construct solutions of the full Hamiltonian /C in (4.1) such that the action
J undergoes big changes. Equivalently, we construct solutions of the Hamiltonian H
in (3.5) with energy drift. These solutions travel along the resonance (3.3) and therefore,
while increasing energy along the resonance, they perform larger homoclinic excursions
which lead to larger oscillations in eccentricity.

The achievement of this drift is given by an Arnold diffusion mechanism, which relies
on the normally hyperbolic invariant manifold and the associated invariant manifolds and
scattering maps (see Section 4.2). Indeed, classical Fenichel Theory (see [23]) implies that
the normally hyperbolic invariant cylinder of the Hamiltonian Hcp in (4.3) persists for
im small enough and the same happens for the associated stable and unstable invariant
manifolds (see Figure 1-right). Moreover, all the objects are regular with respect to
ip. This implies that the transverse intersections present in the case iy = 0 are also
persistent and the associated scattering maps are also smooth with respect to 4.

We use the scattering maps to construct what is usually called a pseudo-orbit. That
is, a sequence of concatenated “pieces of orbits”. More precisely, this pseudo-orbit is
formed by pieces of orbits in the cylinder (that is, pieces of orbits of what is usually
called the inner dynamics) which are connected by heteroclinic orbits (see Figure 2-
left). Recall that a point in the cylinder )_ is mapped to a point @)1 by the scattering
map if there is a heteroclinic orbit of the Hamiltonian (4.1) between them. Thus, to
construct a pseudo-orbit one has to understand how to “combine” the inner dynamics
(the flow restricted to the cylinder) and the scattering map (in occasions also called
outer map) to achieve drift in J.

Shadowing orbit

Figure 2: The pseudo-orbit (left) and the shadowing orbit (right): The blue orbit shadows
(follows closely) the pseudo-orbit formed by heteroclinic orbits connecting different points in the
cylinder and pieces of cylinder orbits.

Both the inner and scattering maps are computed numerically relying on perturba-
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tive methods (for iy; > 0 small enough). Thanks to the particular form of the Hamilto-
nian (4.1), these maps have a rather simple form. Indeed, note that one can reduce the
dimension of the model by considering a Poincaré map associated to the section {h = 0}
and by eliminating the variable I" through energy conservation. Then, the cylinder be-
comes two dimensional and a good system of coordinates for it is (J, ). In these
coordinates, the inner map is of the form

Fin . ( J ) = (J+z'M (Af (J)e™ + AT (J)e ") + O(i@)) | (4.6)

™

Onm Ot + nay To(J) + Olin)

and one can define two scattering maps (denoted as primary and secondary) of the form

ot < J > = <J +in(BY ()€™ BYT(J)e ) + O(iﬁﬂ)) (4.7)
™ T\ Qg QM+nQMC*(J)+O(iM) ’ ’

for = € {pri, sec}, associated to two different homoclinic channels. We compute numeri-
cally the functions appearing in the first orders of these maps. Those of the scattering
maps, ffh:[lt’*, are given by Melnikov-like integrals (similar so those in [13, 21]).

Note that the scattering maps are not globally defined since the invariant manifolds
of the cylinder may have tangencies. This is the reason why we must use two scattering
maps: the union of domains of the two scattering maps contain the whole region of the
cylinder we are interested in.

Then, we construct a drifting pseudo-orbit. Note that we cannot use now the clas-
sical results [43, 40], which ensure that such pseudo-orbits exist provided the inner and
scattering maps dynamics share no common invariant curves, since they require glob-
ally defined maps (which is not the case for the scattering maps in the present paper).
Instead, we construct it from a “generalized transition chain”, that is, a sequence of
invariant quasi-periodic tori of either the inner map or one of the scattering maps, which
are connected by an iteration of the other map. This is done in Section 6.

Once the pseudo-orbit is constructed, the final step is to show that there is a true
orbit of the Hamiltonian (4.1) which “shadows” (i.e. follows closely) the pseudo-orbit
(see Figure 2-right). For this last step we rely on shadowing results developed in [30].
These results are rather flexible and can be easily applied to our setting. Unfortunately,
they do not provide time estimates.

Remark 4.5. Instead of [30], we could have relied on more quantitative shadowing ar-
guments (see for instance [52, /7, 29, 10]) which could provide time estimates. Howeuver,
they require a more precise knowledge of the inner dynamics and, therefore, to keep the
proof simple, we do not use them. Still, they should be applicable also to our setting and
should lead to instability times T = T'(in) satisfying
€
™M

for some constant C' > 0 independent of ing > 0.
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5 The coplanar secular Hamiltonian

In this section, we analyze the dynamics of the Hamiltonian Hcp (see (4.3)). That is,
we consider the secular Hamiltonian with no inclination of the Moon with respect to the
ecliptic plane (i.e., iyy = 0). In particular, we analyze certain features of its dynamics
and then we “translate” them to the Hamiltonian Kcp (see (4.2)) in the extended phase
space.

Since we consider o = 0.077 as a fixed parameter? (see (2.9)), the application of
perturbative techniques to analyze Hcp is not possible. Instead, in the following sections,
we assume certain ansétze on the Hamiltonian and verify them numerically.

5.1 Periodic orbits and their invariant manifolds

Concerning the secular coplanar Hamiltonian in (4.3) we assume the following ansatz. It
concerns the existence of hyperbolic periodic orbits at circular motions and the transverse
intersections of their stable and unstable invariant manifolds.

As we claimed in Section 4.1.1, the plane {n = { = 0} is invariant by the coplanar
Hamiltonian. The ansatz is related to the (circular) periodic orbits lying on {n = £ = 0}.

Ansatz 5.1. The Hamiltonian Hcp(n, T, &, h) given in (4.3) satisfies the following state-
ments.

1. In every energy level E € [Emin, Emax] = [—2.12-1077,1.36 - 107%], the periodic
orbit Pg(t) = (0,T'g(t),0,hg(t)) provided in Theorem 4.1 is hyperbolic. Denoting
T (Pg) its period, we have that

noy T (PE) € [3.97,4.157], Hep(Pe(t)) = E.

Both the periodic orbit and the period depend smoothly on E. In addition, T (Pg)
is a strictly increasing function with respect to E.

2. For each E € [Ewin, Emax], the invariant manifolds W*(Pg) and W*(Pg) intersect
transversally. Let Qp(t) be any of these homoclinic orbits.

3. For E € [Ewin, Emax], the periodic orbit Pg(t) and the homoclinic orbit xg(t)
satisfy
i(Qp(t)),i(Pr(t)) € [55.70°, 58.18°], for all teR,

and

max e(Qp(t)) = 0.795,
teR

where i(-) and e(-) denote the osculating inclination and eccentricity respectively.

Note that this ansatz assumes the existence of transverse homoclinic orbits to the
periodic orbits but does not provide information on how these homoclinic orbits depend
on FE. In fact, we will have to consider the intersections between different branches of
the invariant manifolds depending on the energy levels to avoid homoclinic tangencies.

We devote the next section to verify numerically this ansatz.

9nstead of taking it “small enough”.
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5.1.1 Numerical verification of Ansatz 5.1

As we claimed in Section 4.1.1, the existence of the circular periodic orbits located at
{n = ¢ = 0} is guaranteed by Theorem 4.1. Considering non-dimensional units (see
Remark 2.2), some examples of these periodic orbits computed for the system given by
Hcp are shown in Figure 3. Note that Galileo corresponds to Hcp = 1.7-10~8 (assuming
i = 56.06°).

0.12 ; ; ; ; ; 2.5x10¢
2x106
01 : B
£ ; 15x10°
c
; 0.08 7 N\ -
[ 1x10
S
€ 006 F < sx107
£
S ; - 0
S 004 |- ; -
= / -5x107
0.02 - .
-1x10°®
0 | | | | | | 71.5)(10-6
0 1 2 3 4 5 6
h (rad)

Figure 3: Examples of periodic orbits for ij; = 0, non-dimensional units. The colorbar reports
the value of Hcop. Here it is shown the behavior of a range of energies larger than the one we
are interested in.

Concerning the stability, the eigenvalues of the monodromy matrix of a given periodic
orbit are of the type {1, 1,eT?, 677’)‘}, with 7 the period of the given orbit, in case of
orbits with hyperbolic nature, or {1, 1, v, —il/} in case of orbits with elliptic nature. We
will consider only the former case. In Figure 4, we show the behavior of the eigenvalue
greater than 1 for the hyperbolic periodic orbits, as a function of Hcp.

In Figure 5, we show the period of the hyperbolic periodic orbits and the value of
na, T as a function of Hcep. Recall that Qn(t) = Qo + noy,t (see (2.1)), therefore the
value ng,,7 indicates the ratio between the periods of the variables h and €. Notice
that at Hep ~ 4.4472 - 1077 € [Ewmin, Fmax] (non-dimensional units), the period is such
that nq,, 7 = 47 which corresponds to the resonance 2h — Qy (that is, 7 = 27q,,). This
double resonance was already observed in [11] and will be commented further at the end
of the paper.

Next, we analyze the dynamics of the stable and the unstable manifolds of the circular
periodic orbits and we look for transverse intersections between them at each energy level
(Item 2 in the ansatz). Note that the Hamiltonian Hcp is reversible with respect to the
involutions

(I)h(narvéah) = (_nvr’fa_h) and ‘I)V(Uarvfah) = (n)ra _57_h)7
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Figure 4: The value of the eigenvalue greater than 1, A, as a function of the Hcp for the
hyperbolic periodic orbits.
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Figure 5: The period (left) 7 of the hyperbolic periodic orbits as a function of Hcep. On the
right, NngarosT (Where ngaros = ng,,) as a function of Hep.

where h and v stand for horizontal and vertical respectively, referring to the projection
of the symmetry axis onto the (£,7) plane, which are {n =0, h =0}, {n =0, h = 7} and
{€ =0,h =0}, {{ =0, h =7} respectively. These symmetries simplify the numerical
verification of the ansatz since one can easily see that the intersections between W"(Pg)
and W*(Pg) have points at these symmetry axes in all the considered energy levels.
However, these intersections may not be transverse. Indeed, the angles between the
invariant manifolds at the symmetry axes depend analytically on the energy and they
may vanish for a discrete set of values of the energy.

In Figure 6, on the left, we show the behavior of the unstable invariant manifolds
associated with the periodic orbit on the Poincaré section {h = 0}, together with the
corresponding eccentricity growth (colorbar). Each curve corresponds to a different
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energy levels. In the same figure on the right, we show the behavior of the invariant
manifolds on the Poincaré section {h = 0} (purple) and {h = 7} (green), for a same
value of energy.
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Figure 6: Left: the unstable manifolds on the Poincaré section {h = 0} for different energy
levels. The colorbar depicts the evolution of the eccentricity along these unstable manifolds.
Right: the behavior of the unstable manifolds computed assuming as Poincaré map {h = 0}
(purple) and {h = 7} (green), for a given energy level.

All the computations of the hyperbolic manifolds have been performed following the
procedure explained in [22]. The first intersection between the stable and the unstable
manifolds takes place at n = 0 (£ # 0), after about 30 iterations on the Poincaré map
of the fundamental domain assuming an initial displacement of 10~ in non-dimensional
units from the periodic orbit along the eigendirections. This choice corresponds to an
error of 107! following [22].

To verify Item 2 in the ansatz we must show that, at every energy level, the circular
periodic orbit has a transverse homoclinic. We first consider the homoclinic point at
{n =0, h =0} with £ > 0. The corresponding value of { and the maximum eccentricity
growth achieved are shown in Figure 7. The invariant manifolds are transverse at these
points for all energies within the considered energy range except for 6 values. (These
values will be showed later in the first column of Table 1, see also Figure 8).

For these 6 energy levels we must look for other homoclinic points and check the
corresponding transversality. Note that one cannot consider the homoclinic points at
{n =0, h = 0} with £ < 0 (see Figure 6) since they have the same tangencies as the
first branch considered as they are ®V-symmetric. The first choice is to look for the
homoclinic points at the symmetry axis {n = 0, h = 7} (with either £ > 0 or £ < 0, since
they are ®V-symmetric). However, the energy values for which these homoclinic points
develop tangencies are very close to those of the other branch considered. This is shown
in Table 1 and Figure 8, where we show the splitting angle computed at the first point
of intersection between the negative branch of the stable and the unstable manifolds at
{n=0,h =0} and {n =0, h = 7} as a function of the given energy level. One should
expect that even if they look to be very close, the tangency energy values of the two
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Figure 7: Left: first point of intersection &, between negative branch of the stable and the
unstable manifolds of a given periodic orbit at the crossing with the {n = 0, h = 0} axis, as
a function of Hcp (non-dimensional units). Right: the corresponding maximum eccentricity
achievable along the hyperbolic manifolds as a function of Hcp (non-dimensional units).

Hep AHcp  AHcp/Hep )
1.34294¢e-6 || 1.2e-11 8.9¢-6 0.788
1.23642¢-6 || 1.5e-10 1.2e-4 0.997
1.09175e-6 || 6.1e-12 5.6e-6 1.183
8.9030e-7 6.6e-12 7.4e-6 1.276
6.0662e-7 2.5e-11 4.1e-5 1.554
2.1005e-7 7.5e-11 3.5e-4 1.935

Table 1: The value of Hcp corresponding to a non-transverse intersection at {n = 0, h = 0}
and the absolute and relative difference with respect to the value of Hcp corresponding to a
non-transverse intersection at { = 0, h = 7}. On the last column, the splitting angle ¢ (rad)
computed at {£ = 0, h = 0} at the same energy level.

branches are disjoint. However, to check this would require a numerical analysis with a
much higher precision.

Instead, to keep the numerical analysis “simple”, we consider a different branch: we
look for homoclinic points at the symmetry axis {¢ = 0, h = 0}. We refer to these
homoclinic points as secondary since their orbits approach twice the saddle, in contrast
to the first branch, which we denote by primary. The corresponding splitting angle ¢ is
shown in Table 1 (last column) and an example of such intersection is given in Figure 9.

Once we have computed the periodic orbits and the associated transverse homoclin-
ics, Item 3 of the ansatz can be easily verified by integrating numerically the flow of the
coplanar system.

24



4x10°°

3x10°°
2x10°°

1x103

-1x105

splitting angle (rad)

-2x105
-3x10°°

-4x10°8

-5x105

Figure 8: Splitting angle between the negative branch of the stable and the unstable manifolds
computed at {n = 0, h = 0} (purple) and {n = 0, h = 7} axis (green), as a function of Hcp (non-
dimensional units). The tangencies of both branches are very close to each other and beyond
the numerical accuracy that we consider.

1x107° : : :

5x106

-5x1076

-1x10°®

Figure 9: Homoclinic intersection (green point) computed at {{ = 0, h = 0} for Hep =
2.1005 - 107 (non-dimensional units). In red the negative branch of the unstable manifold, in
blue the negative branch of the stable manifold.

5.2 The invariant cylinder and their invariant manifolds

In this section we analyze how the periodic orbits provided by Ansatz 5.1 (Item 1) give
rise to a normally hyperbolic invariant cylinder and, by means of Item 2 of Ansatz 5.1,
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we analyze the associated stable and unstable invariant manifolds and their intersec-
tions. Then, we study the inner dynamics (dynamics restricted to the cylinder) and the
scattering maps of the coplanar secular model (see Section 4.2).

Our aim is to study the complete problem as a perturbation of the coplanar one.
To this end, we consider the Hamiltonian Ccp (see (4.2)) defined in the extended phase
space (n,T, J,& h, Q). In other words, we keep the conjugated variables (J, Q) even
if Oy is a cyclic variable (see (2.1)). As a result, the periodic orbits considered in
Ansatz 5.1 become 2-dimensional invariant tori. Indeed, we first notice that the energy
level Kcp = 0 in the extended phase space corresponds to Hep = E with E = —ng,,J.
In addition, since hg(t) # 0, t = hy'(h). Then, from functions hy'(t) and T'p(t), we
can obtain a parametrization of these tori in terms of (h,Qyp) of the form

<O,F§Xt(h), 7,0, h, QM) for (h, ) € T2,

for

Emax Ernin
Je [Jminvjmax] = |:_ - :| )

LY, ’ Oy

with Fnax, Fmin as given in Ansatz 5.1. Therefore, the union of these 2-dimensional
invariant tori form a normally hyperbolic invariant 3-dimensional manifold Ag, diffeo-
morphic to a cylinder T? x [Jmin, Jmax]- Applying the implicit function theorem with
respect to the energy J, one can see that the cylinder is analytic (by Ansatz 5.1, the
periodic orbits are hyperbolic, thus non-degenerate). We summarize this fact in the
following lemma, which is a direct consequence of Ansatz 5.1 (see also Figure 1-left).

Corollary 5.2. Assume Ansatz 5.1. Then, the Hamiltonian Kcp (see (4.2)) has an
analytic normally hyperbolic invariant 3-dimensional cylinder Ay, which is foliated by 2-
dimensional invariant tori on the constant invariant hyperplanes J = Jo € [Jmin, Jmax] -

Moreover, the cylinder Ao has 4-dimensional invariant manifolds, denoted by W"(Ag)
and WS(Ao), which, for every J € [Jmin, Jmax|, intersect transversally either at the
symmetry axis {n = 0,h = 0} with { >0 or at {{ = 0,h = 0} with n > 0.

From now on, we will call primary homoclinic orbits (and denote them with a su-
perindex pri) those which intersect the symmetry axis {n = 0,h = 0} with £ > 0 and
we will call secondary homoclinic orbits (and denote them with a superindex sec) those
which intersect the symmetry axis {£ = 0,h = 0} with > 0. Indeed, the first ones only
get close to the periodic orbit once while the second ones approach it twice.

To analyze the dynamics on the cylinder and the scattering map associated with
the transverse intersections of its invariant manifolds it is more convenient to consider
a Poincaré map. Therefore, we define a global Poincaré section and work with maps to
reduce the dimension by one.

There are two natural choices of section, {h = 0} or {2\ = 0}, since both variables
satisfy h # 0 (see Theorem 4.1) and Oy = ng, 7 0. It would seem more natural to
choose the section {Qy = 0}, however since we aim to prove drift on the energy J, it is
more convenient to consider the section

> = {h =0}
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and the induced Poincaré map
IIy: X —> X% (5.1)

Notice that this Poincaré section was already used in the numerical study in Section 5.1.
In addition, we denote the intersection of the cylinder Ay with the section X as

KoonﬁE.

Notice that Ag is a 2-dimensional normally hyperbolic manifold for the Poincaré map
Iy with 3-dimensional stable and unstable manifolds, which we denote WY(Ao) and
WS(T\O) for 7 = 1,2. They intersect at transverse homoclinic orbits which are just the
those analyzed in Corollary 5.2 intersected with the section .

To fix notation, we denote by D, with = € {pri,sec}, the subset of [Jmin, Jmax]| for
which there exist primary/secondary homoclinic orbits to the corresponding invariant
torus in the cylinder. By Corollary 5.2, Dg“ U DF*¢ = [Jmin, Jmax]-

Corollary 5.3. Assume Ansatz 5.1. The Poincaré map 1y defined in (5.1) and in-
duced by Hamiltonian Kcp (see (4.2)) has a normally hyperbolic 2-dimensional cylin-

der ./N\o foliated by invariant curves. In addition, there exists an analytic function Gy :
[Jmina Jmax] xT — Rg X Tg;

gO(Ja QM) = (07g(1;(<])7 J707O>QM)7
that parametrizes [N\o,
Ko = {Go(J, ) : (J,) € [min, Jmax] x T}.

Moreover, for « € {pri,sec}, within the hypersurface J = Jy with Jy € D, the invari-
ant manifolds WU(KO) and WS(ZN\O) intersect transversally at the symmetry axis of the
involutions ® (for * = pri) and ® (for * = sec).

Let = denote these transverse intersections on the symmetry axes. Then, there
exists an analytic function C§ : D§ x T — R3 x T3, such that

CE (7, ) = (0,57 (1), J, €57 (), 0,0,

C(J, ) = (CF*°° (1), € " (), 1,0,0, )
that parametrizes =§. That is,

=5 = (G () ¢ (J, 1) € [imins Jia] x T}

The subscript 0 in the previous structures and parameterizations indicates that we
are dealing with the coplanar case, i.e., ipy = 0.

Notice that Corollary 5.2 gives global coordinates for the cylinder Ao. Moreover, these
coordinates are symplectic with respect to the canonical symplectic form d{2y A dJ.
Indeed, Corollary 5.3 implies that at the cylinder /~X0 one has n = £ = h = 0 and
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I' = G§'(J). Then, the pullback of the canonical form d¢ A dn + dh A dI’ + d\ A dJ to
Ao is just dQyv A dJ.

Next, we consider the inner and the two scattering maps (for the primary and sec-
ondary homoclinic channels). The inner map is defined in the whole cylinder /NXO whereas
the scattering maps are defined in open domains of the cylinder where the associated
homoclinic channels are transverse. Since J is conserved by the inner and scattering
maps, these maps are integrable and the variables (J, Q) are action-angle coordinates.
In these variables, it will be easier to later understand the effect of the inclination i)y on
the inner and scattering maps.

5.2.1 The coplanar inner map

In this section we study the inner map, as introduced in (4.6), restricted to the normally
hyperbolic manifold Ao. In particular, the inner map JFi" : Ao — Ao is defined as the
Poincaré map Ilj in (5.1) restricted to the symplectic invariant manifold Ko. We express
.7-"5“ using the global coordinates (J, ) of /NXO. Since J is an integral of motion and
Ou = nq,,, the inner map has the form of

; J J

A — 2

()~ (o) 62
where To(J) is the period of the periodic orbit obtained in Ansatz 5.1 on the correspond-
ing energy surface £ = —ngq,,J.

The following lemma is a direct consequence of Ansatz 5.1 (see Figure 5).

Lemma 5.4. Assume Ansatz 5.1. The analytic symplectic inner map Fi defined
in (5.2) is twist, that is

05To(J) <0  for J € [Jmin, Jmax]-
In addition, there exists a unique Jyes € [Jmin, Jmax] Such that
nQM%(Jres) = 4.

Moreover,
noy To(J) ¢ 2nZ for all  J € [Jmin, Jmax|\{Jres}-

This lemma is crucial to later, in Section 6.3, construct the heteroclinic connections
between different tori of the perturbed cylinder (with iy > 0).
5.2.2 The coplanar scattering maps

In this section we study the scattering maps, as introduced in (4.7), associated to the

Poincaré map Ily which sends 7\0 to itself by means of the homoclinic channels Egri and

=3¢ (see Corollary 5.3). For each homoclinic channel, we denote

tpri . ¥ 0y t,s 0y 0y
FOUPt . Ry — Ko, FOUC: Ry — A
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Notice the abuse of notation since the scattering maps are only defined provided J € Dgri
or J € Di*°, respectively, and not in the whole cylinder KO.

The scattering map is always exact symplectic, see [16]. So, since J is preserved, the
scattering maps must be of the form

out,* | J J '
J—"O . <QM> (QM + nQMC*(J)> , for =¢€ {pl"l, sec},

The functions ¢* are usually called phase shift. Indeed the homoclinic orbits in =f are
homoclinic to a periodic orbit. However, they are asymptotic to different trajectories
(that is, different phases) in the periodic orbit.

To compute the phase shifts ¢*, it is convenient to deal with a flow instead of the
associated Poincaré map, because then one can rely on Melnikov Theory. However, the
outer map induced by the flow associated to the Hamiltonian (4.2) does not preserve the
section {h = 0} and, therefore, one cannot deduce the outer map associated with the
Poincaré map Ily from that of the flow. Then, we reparameterize the flow so that its
scattering maps preserve this section. This reparameterization corresponds to identifying
the variable h with time ¢ and is given by

(5.3)

% _ &WHCP(U7Fa€7 h) @ _ _ 5£HCP(777F)§7 h)
ds aFHCP (na Fa 67 h) ’ ds aF%CP(Th Fv §7 h) ’
@ _ 17 d£ _ _ahHCP(TLFag? h)’ (54)
ds ds orHcp(n,T',€,h)
Sy Ny, dJ

ds - a1"f7LlCP (77, Fa 57 h) ’

ds

Note that the right hand side of the system of equations (5.4) does not depend on Q. Let
ocpis, (n, T, J,& h, Q) } be the flow associated to equation (5.4) and ¢cp{s, (7,1',&, h)}
be the flow associated with its (n,T',£, h) components. Componentwise, for the reduced
and extended phase space, it can be written as

pcpfs, (n,0,& h)} = (¢"{s,(n,T,&,h)}, o {s, (n, T, €, h)},
s, (0, 7,6, h)}, b+ s),
pepls, (0,1, 1.6, h, )} = (9"{s, (0,1, €, h)}, 0" {s, (0, T, €, h)}, J,
s, (0, 1,6, 0L b+ 5,0 + ™ s, (0,T,€,h)}).

In addition, we denote the trajectories departing from points either in the normally
hyperbolic cylinder or in one of the homoclinic channels, respectively, as

PVJ(S) = SOCP{S7 (07 gg(‘])v 07 0)}7 Xgri(s) = SOCP{Sa (07 C(l;’pri(‘])a C(g)’pri(‘])a 0)}7
XFE(s) = pop{s, (CP5°(J),Cy ™ (J),0,0)}.

Lemma 5.5. Assume Ansatz 5.1. The functions (*(J) involved in the definition of the
outer maps in (5.3) are given by

() = () = ).

(5.5)

(5.6)
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Figure 10: As a function of Hcp = —ngq,,J, we show on the left 1ng,0sCP"(J). Here ngaros =

na,,- Note that at Hcep = 4.4472 x 10~7 corresponding to the existence of a secondary resonance
(see Fig. 5 on the right), ngaosCP(J)/m ~ 5.61. On the right, ngar0s(*¢(J)/2m for the non-
transverse values (see Table 1). The integral of Lemma 5.5 has been computed by means of the
function qags of the quadpack Fortran package.

where

N
—+00 =0

N-1 27 (l+1) ds
Y(J)=—=C*(J)= lim J ——To(J) | -
() = —=¢(J) > R R TR (/)

In Figure 10-left, we plot the function ¢P"(.J) for the case under study. This figure
prompts us to assume the following ansatz, which will be used in Section 6.3. Roughly
speaking it will ensure that the inner and outer maps do not have simultaneous reso-
nances at their first orders in 7.

Ansatz 5.6. For J = Jy, the value introduced in Lemma 5.4, the function (P satisfies
that . .
P (Jres) ¢ 7Z and  05CP" (Jres) # 0,

Note that in Figure 10-left we only depict the horizontal lines at (P" = 27k instead
of ( = wk to have a clear picture. In Figure 10-right, we plot the functions (*¢(.J) for
the values of J € [Jmin, Jmax] Where the primary homoclinic channel is not transverse
(see Table 1).

Proof of Lemma 5.5. Since the flow component ($cp)™ is of the form Qyp + ™M with
o™ independent of Qyy, its behavior is given by

JS ds

0 6FHCP o SOCP{Su (7): F7 57 h)} '

First, we obtain an integral expression for the period 7o(J) given in (5.2). Indeed, since
the inner map is just the 27-time map of the flow @cp for the components (J, ), by
Corollary 5.3 one has that,

76(‘]) = (PQM{27[-7 (07 gg(‘”? 0, O)}

QDQM{& (777 r, 57 h)} = NOm

(5.7)
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and, by (5.6) and (5.7),
27 ds
o OrHcpos(s)

Let us now consider the primary scattering map. One has the homoclinic point

Co™ (7, ar) = (0,65 ™" (7), J.C5P (1), 0, ) € W (o) n W™ (Ag)  {h = 0},

To(J) = (5.8)

(see Corollaries 5.2 and 5.3). Since the (n,I',&,h) components are independent of Qyp,
this point is forward asymptotic (in the reparametrized time) to a point

QJr = (Oa gg(*])a ']7 07 07 QM + nQMCE—ri(J))v
and backward asymptotic to a point
Q- = (0,65 (), J,0,0, 0 + 10y ¢ ().

The scattering map corresponds to the application @ — @ (see Definition 4.4). Then,
by the expression of the map Fg""P" in (5.3), one has that

¢Pi(T) = () — ¢,

By the definition of C_Iiri(J ), using definitions (5.6) of Xgri,v s and applying (5.7), one
obtains

D) = i (6™, (0,67, CETL0)) - 6™ (s, (0,65 (7),0,0) (5.9

nQM §—>+00

lim s do B do
5=+ Jo 5F'HCPOXLp]ri(O') orHcpovs(o) )

Since system (5.4) is 27-periodic in s, due to the identification of s with h, it is more
convenient to write these integrals as

2N
Eri(ef) = lim J ds — ds )
N—too Jg orHep o xi(s)  OrHep o v.(s)

and, taking into account (5.8), one has that

pri(J) ) 1\121 f27r(l+1) ds o)
= 11m n — .
* N—+oo & Jory orHep o X (s)

Let us recall that Hcp is reversible with respect to ®*(n,T,¢,h) = (—n,T,&, —h)
(see (5.1.1)). Therefore, the flow satisfies pcp{s, (0,T,&,0)} = ®"opep{—s, (0,T,£,0)}.
Then, one can see that ™ {s, (0,T,£,0)} = —p™{—5,(0,T,£,0)}. As a result,

() = —— i (690, (0,65 (1),C5™,0)) — 6™ (s, (0,65 (),0,0)}) (5.10)

= —¢2()).

We proceed analogously for the secondary scattering map. O
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6 Dynamics of the system with 7y > 0

In this section, we consider the Hamiltonian K in (4.1) and assume 0 < iy < 1. Since
we want to compare its dynamics with that of cp (see also (4.2)), we write K as

,C(777F7 J,é-, ha QMa ZM) = H(na Faéa h7 QM,ZM) + nQMJ

, . (6.1)
= %CP (777 Pu 57 h) + aglMR(nﬂ F7 67 h7 QM) ZM) + NOM J7

where Hcp has been introduced in (4.3). See Appendix A.2 for the whole expression of
R.

6.1 Perturbative analysis of the inner and scattering maps

The first step is to compute perturbatively the inner and outer maps. To this end, we
apply Poincaré-Melnikov techniques. As done in the previous section (see (5.4)), we
reparameterize the flow so that the variable h becomes “time”. Namely,

% _ anH(U7P7§7h7QMJM) @ = _aﬁH(,’,”F’g’]% QM,ZM)

ds — orH(n,T,& h, Qi) ds orH(n, T, & h, Qs im)’

ds ’ ds orH(n, T, & hy Qnsing)’ )
Ay _ Oy dJ _ _agiMGQMR(n,F,f,h, Qni; i)
ds  orH(n,T,&h, Osiv) - ds orHm, T, & h, Oasing)

This system is O(in)-close to (5.4). Analogously, we consider the Poincaré map associ-
ated with this system,

I, :S— %, X={h=0} (6.3)

M

which is a O(iy)-perturbation of the map Iy given in (5.1).

We study the system given by Hamiltonian C (see (6.1)) as a perturbation of the one
given by Kcp (see (4.2)). By classical Fenichel Theory (see [23]) and Corollary 5.2, one
has that the flow associated to the Hamiltonian K has a normally hyperbolic invariant 3-
dimensional cylinder which is éyr-close to the cylinder Ag. Analogously, by Corollary 5.3,
the Poincaré map II;;, has a normally hyperbolic invariant 2-dimensional cylinder at
section X.

Recall that, also by Corollary 5.3, the cylinder /~X0 possesses two homoclinic channels
which we denote by pri and sec, which are defined for J € D§ < [Jmin, Jmax| for * €
{pri,sec}. Moreover, the sets Df satisfy that Dgri U DEC = [Jmin, Jmax]-

For the full model, with iy > 0 small enough, we still have transverse homoclinic
connections but in slightly smaller domains. In order to characterize them, we define

D5 = {J e Dj : dist(J,dD;) > 6}, for = € {pri,sec}. (6.4)
Analogously, we also define

Ds = [Junin + 6, Jmax — 0.
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Next theorem, which is a direct consequence of the classical Fenichel theory and Corol-
lary 5.3, summarizes the perturbative context.

Theorem 6.1. Assume Ansatz 5.1. For any § > 0 and r = 4, there exists ig/l > 0 such
that, for any i € (0,4;), the map I,,, introduced in (6.3) has the following properties.

1. It has a C" normally hyperbolic invariant manifold Kim,é’ which is ini-close in the
Cl-topology to Ag. In addition, there exists a function G, : Ds x T — R3 x T3 of
the form

giM (']7 QM) = (g?M (']7 QM)’ gZI;{ (J, QM), J7 ng (J7 QM)) 07 QM)7
which parameterizes the cylinder INXZ‘Mﬁ as a graph, that is
Kivs = {Ging(J, 1) ¢ (J, Q1) € D5 x T}

2. There exists a nonvanishing C"~% function, a;,, such that the pull back of the
canonical form d& A dn+dh A dl'+dSh A dJ onto the cylinder Ay, s is of the form

CLZ‘M(J, QM)dQM AddJ. (65)

3. The homoclinic channels obtained in Corollary 5.3 are persistent. That is, there
exist C" functions C : Dy x T — R3 x T3,

Ci*M(J’ QM) = <CT7’*(J’ QM) CF,*(Jv QM)? J C&*(Ja QM)a Oa QM) )

iM P YN » MM

with = € {pri,sec}, such that the manifolds

E’?‘Mﬁ = {CZ*M(J, QM) : (J, QM) € D:;k X T},

~

belong to the transverse intersections between the invariant manifolds W™ (Asy, s)

and W*(Aiy 5). Moreover, the functions Cf are C" reqular with respect to iy and
are O(in) to the function C§ obtained in Corollary 5.3.

We can define the inner and scattering maps in the invariant cylinder KiM76 given in
Theorem 6.1 as we have done in Lemmas 5.4 and 5.5, respectively, for the coplanar case
(im = 0). We also compute for them first order expansions. To this end, we consider
the following definition.

Definition 6.2. Let f be a 2m-periodic function in Oy and denote by fIF! its k-th
Fourier coefficient. Then, we define the set

Noy(f) = f{keZ : f" 0}
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Let us recall that H = Hcep + a®imqR (see (6.1)) and that H,.,, the coplanar Hamil-
tonian, is independent of ;. However, the remainder R has the following harmonic
structure

R(Tlv F? 5) hv QM, ZM) = Rl (777 F, 67 h’a QM) + ZMRZ(% F) 57 h’a QM) + O(Z%/I)?
with
Nay (R1) = {£1} and Nay (Re) = {0, £2}.
This is a consequence of the particular formulas of R in Appendix A.2 (see equa-

tions (A.4) and (A.5)). To fix notation, we write R as

Ri(n, T, &, h, Q) = MRS (n,T,€,h) + e ™R (1, T, &, h).

Note that R| = Rif We analyze the harmonic structure of all the objects involved in
the definition of the inner and scattering maps. The first step is to study the asymptotic
expansion with respect to iy of the flow associated to the vector field (6.2).

Lemma 6.3. Let v"™{s, (n,T,J, & h, )} be the flow associated with the vector field
in (6.2) induced by the Hamiltonian K in (6.1). Then, for ing > 0 small enough, it has
an erpansion

wiM{Sv (777 I, J.& h, QM)} = @CP{Sa (U,F, J, &, h, QM)} + iM¢1{sa (777Fa J, &, h, QM>}
+iypbads, (0,1, €, h, )} + O(iy),

where @cp has been introduced in (5.5) and the remaining functions satisfy that

NQM(djl{Sa (nvr’J7§7h79M)}) = {il}a
NQM(wQ{Sa (%F,Ja&?h,QM)}) = {07 i2}'

The proof of this lemma is analogous to that of Lemma 3.6 in [22], and relies on
classical perturbation theory jointly with the special form of (6.2).

Lemma 6.4. Assume Ansatz 5.1. Let G\, aiy, and Cf , for = € {pri,sec}, be as given

in Theorem 6.1. Then, for ing > 0 small enough, they have an asymptotic expansion of
the form

Gin (1, 1) = Go(J, ) + inaG1 (J, Q) + i51G2(J, Q) + O(i3y),

iy (J, 1) = 1+ invar (J, Q) + i3a2(J, Q) + O(iy),

C:M(J, QM) = Cak(J, QM) + Z'MCT(J, QM) + Z%/[C;(J, QM) + O(Zi’/{),

where Gy and C§ have been introduced in Corollary 5.3 and the remaining functions
satisfy that

NQM(gl) = {il}v NQM(QQ) = {07 i2}7
NQM(al) = {il}v NQM(G“Q) = {07 iQ},
NQM(CT) = il}v NQM(Cék) = {07 iQ},
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and that, fori1=1,2,

Gi(J. ) = (G7(J, ), G (. ), 0, G5 (J, ), 0,0).,
CH(J, ) = (CP*(J, ), CL* (T, Qm), 0,C5* (J, ), 0,0).
Lemmas 6.3 and 6.4 allow to compute asymptotic expansions in 7,y > 0 for the
inner and scattering maps of the inclined model. First, we introduce notation (see (5.6))

for the evolution of the coplanar flow for points on the normally hyperbolic invariant
cylinder Ay and on the homoclinic channels Zf (see Corollary 5.3):

FYJ(S) = @CP{S, (03 gg(J)v 0, 0)}7 Xgri(s) = SDCP{Sv (O CF prl( ) Cg prl(‘])v 0)}’
XFC(s) = wepls, (CP5°(J),Cy " (]),0,0)},
Fa(s) = ™5, (0,G5 (1),0,0)}, X57(s) = ™ {s, (0,Cy P (J),C§P" (), 0)},
re(s) = o™{s, (CP™°(J), Cy *°(]),0,0)},

(6.6)

where pcp and @™ have been introduced in (5.5).

Theorem 6.5. Assume Ansatz 5.1. Fiz § > 0 and iv > 0 small enough. The normally
hyperbolic manifold A;,; 5 given in Theorem 6.1 of the map 11, (see (6.3)) has associated
inner and outer maps which are C" (also with respect to i) and are of the following
form.

o The inner map is of the form

( J > _ ( J +ivmAL (], Q) + i3 A2(J, Q) + O(3)) )

P\ ) = \Qur + nay, £7500) + int T, an) + 2, Ta(J, ) + O3}

™

where (J,C) € Ds x T, the function To has been introduced in (5.2) and the
functions Ay, As, T1 and Ty satisfy that

Nay (A1), Noy (Th) = {£1}, Nay, (A2), Nay, (T2) = {0, +2}.
Moreover, Ay is of the form
An(7. ) = AT (D)™ 4 A7 (T)e ",
where

2 RE((5) e
AT () = Fid? AN o EiFa(s) g,
1 () o aHer(s())

e [or = € {pri,sec}, the scattering map is of the form

M Qs Qun + NOMm {C* + ’LMDl (J QM) + ’LMD*(J QM) + O( )}
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where (J,) € Df x T, the function ¢*(J) = (3 (J) — (*(J) has been introduced
in Lemma 5.5 and the functions B, B5, DY and D5 satisfy that

NQM(BT)’NQM(DT) = {*1}, NQM(B;)’NQM(‘D;) = {0, £2}.
Moreover, the functions BY are of the form

Bi(J, Q) = BPT(J)ef ™M 4 BT (J)e

: *RIOG() i 5
BY%(J) = +ia® lim T XINT)) iR (o) +nay CE(D) g
) so=0 | Jo orHor(xj(0)) 7
S t
P Ri(w0) 40y,
o orHep(7s(0))

. S REXG(0) e *

—: 3 7 M RJANT )T i(XE (o) +nay, CF ()

Fia® lim e\ Mo+ do
s—+00 [ 0 aFHCP(Xy(U))

T REOO)  tiGio) e ) gy |
o orHcr(vs(0))

Proof. First, we focus on the inner map. Its regularity is a consequence of the regularity
of the original flow and the regularity of the invariant cylinder (which is a consequence of
Fenichel Theory). Notice that, since it is the dynamics of the Poincaré map II;, (defined

~

in (6.3)) restricted to A;,, s, it satisfies the following homological equation

ILy, © Giyg = Ging © Fi2 (6.7)

YR

where G;,, has been introduced in Theorem 6.1. Notice that II;, is defined by

1_['L‘M (777 I_\7 J7 §7 07 QM) = wiM{Qﬂ-ﬂ (?77 Fv J7 €7 07 QM)}a

where ™ is the flow associated to the vector field (6.2). Therefore, by Lemma 6.3, one
can consider the following expansion

Hz‘M = Iy + imIL; + i12\/[H2 + O(Zl%/[),
where,

HO(U»R J,g,O,QM) = @CP{27T, (nvrv JagaoaﬂM)}v
Hk(nvra Jvé-aOaQM) = ZZ)k{27T, (nal—‘a ng’()? QM)}a k= 172

Let us consider the following expansions of the inner map

Fin

™

= Fib iy Fin 4 2 F 4 033).
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By (6.7) and Lemma 6.4, the map Fi* is as given in (5.2). Moreover,

I1; o Go + (DI 0 Go)Gi = G1 o Fi* + (DG o FiM)Fim.

and
Iy 0 Gy + (DII; 0 Go)Gi + = (D Iy 0 Go)G¥* + (DTl 0 Gy)Ga .
= Gy 0 Fi" + (DGy o FM)Fi™ + §(D Go o Fah) + (DGy o Fim) Fin, 05
Then, by Corollary 5.3 and Lemma 6.4,
T A Fi"} = mo{Tl; 0 Go + (DI 0 Go)Ga}}, o= J, O, (6.9)

where 7; and 7g,, denote the projections onto the coordinates J and 2y, respectively.
Since Nay, (G1),Nay (1) = {1} one has that Ng,, (Fi") = {£1}. Moreover, using
analogous arguments and equation (6.8), one can obtain that N, (Fi*) = {0, +2}.

Now it only remains to compute the formula for A;(J,Qy). Indeed, by (6.9) and
taking into account that ;11 = (0,0,1,0,0,0), we have that

A1 (1,90) = m{F(J, QM) } = 75{IT1 0 Go} = 7y ¥1{2m, Go(J, Q)

Since ™ is the flow associated to the vector field (6.2), we can apply the fundamental
theorem of calculus and the expression of R in (A.2) to obtain

27 1 .

im 3. Oop R(Y™{s, Go(J, )} im
T p™{27m,Go(J, )} = —« zML S H (O (5. Go(J )] int)
— By *T 0y Ra(@cp{s, Go(J, )}
o OrHep(ecr{s,Go(J, m)})

Then, by the expression of Ry in (A.4) and of functions (6.6), one has that

)ds

ds + O(i%)).

2 R (vs(s))e W(Qu+7(s))
A(J,Q —iad ds
10 ) = arHcpwJ( )

R i +3(5))
f 1 ds.
8pHcp (vs(s))

Next, we compute the scattering maps for a fixed * = {pri, sec} (see Definition 4.4).
Its regularity is proven in [17] (for regular vector fields with regular normally hyperbolic
invariant manifolds).

Let us consider points G;,, (J 1, Q). Giy, (J 7, Q) € KiM,é and C;“M(JO,Q?VI) €5l 5
(see Theorem 6.1) such that the unstable fiber of G;,, (J ™, §y;) intersects the stable fiber
of Gi\, (JT, Q) at the point C¥ (J°,QY)) in the homoclinic channel = .6+ This implies

that

™M

hm yd; {s,Gin (J5, Q) — 0™ {s,CL (0, Q0)}| =0, (6.10)
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where 1™ is the flow associated to the vector field (6.2). In other words, the scattering
map satisfies that (J*, Q) = fil\zt’*(J_, Q)

The analysis of the harmonic structure can be done as for the inner map. We show
now how to compute the first order of the J-component. Recall that 7;G;, (J, Q) =
mjCE (J,Qnm) = J. By the fundamental theorem of calculus and using (6.10), one has

™M

that

s—+o0

0
P 7t - tm [ [ moawsto.cg, 0,08 jao

s

0
_ J 0™ (0, Ga, (JE %)}da] .
Then, by (6.2),

JO — g% = adiy lim
s—+00

5 aQMR(d}iM {07 C:;\/I (J07 Ql?/[}v ZM)
o OrH(Y{o,CE (IO, Q%)) i)
o JS 6QMR(¢iM{av g’LM(Ji7Qi\_i_/[)}a zM)dO’
o OrH(vM{o, Gy, (JE, Q) im)

and, by Lemmas 6.3, 6.4 and the expression of R in (A.2), we obtain
* 0y Ra(Bop{, G (I R
o orHcp(Pep{o, C5(J0, Q)})

_[* %ouRa(@epio, GolTE, )}
0 orHcr(Popio, Go(JE, Qp)})

Finally, by the expression of R; in (A.4), of $cp in (5.5) and of the functions (6.6)

JO— Jt = adiy lim
s—+00

da) + O(i3y).

JY— Jt =iadiy lim

s—+00
fs Rf(xf}o (U))emgﬁiﬁo(a) — Ry (% (0))6—1'91(34—1')??0 (o) ]
o
0 orHcp(XGo(0))
"R (g (0)) et — R (1 () M () 2
0 orHep(v+(0))
Notice that, by Lemma 5.5, (5.9) and (5.10), one has that

O = Oy + noyu L) + Oin),
with (* = —(*. Therefore, since J* = J% + O(iy), one has that

O = Q5 + oy C(J7) + Olina),
Oy = O + 20, ¢ () + Ofin)
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Figure 11: The components of A] as a function of Hcp (non-dimensional units).

and, as a consequence,
Jr =+ -J) = =T
=J +iy (ny*(r)ei% + va‘(r)e*i%) + 0(i}y),

with Bi" + are the functions defined in the statement of the result. O

6.2 Existence of diffusing orbits

Once we have computed the first orders in iy; of both the inner and the scattering maps
(see Theorem 6.5), the next step is to construct a “drifting pseudo-orbit”. By a pseudo-
orbit, we mean a sequence of points in the cylinder obtained by applying successively
iterations of the inner map 7" and the scattering maps f;’h'it’p“ and ]-fl\‘it’sec. By drifting,
we mean that we look for a pseudo-orbit such that its initial condition is close to the
bottom of the cylinder, i.e J ~ Jnin, and that eventually it hits a neighborhood of its
top, i.e., J ~ Jmax.

To construct this pseudo-orbit we rely on the following ansatz, which we verify nu-
merically. See Figures 11, 12 and 13.

Ansatz 6.6. For any § > 0 and = € {pri,sec}, the following functions of J
fJ_i(J) _ (eiinQM%(J) o 1) BT,i(J) - <€J_rinQMC*(J) o 1) AI_r(J)7

do not vanish in the domain D:’;.

The following theorem ensures the existence of a pseudo-orbit. Its proof is deferred
to Section 6.3.
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Figure 12: For = € {pri,sec}, we plot the real functions Bf . = By + By and Bfj, =

i(Bf — By) as a function of Hcp (non-dimensional units). Left, the = = pri case. Right, the
* = sec case for the non-transverse values (see Table 1).
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Figure 13: As a function of Hcp = —J, we show the norm of f2(J) in Ansatz 6.6 on the left.
The minimum value computed is 0.0014295 and corresponds to Hcp = 4.81143 x 10~7. On the
right, the same norm computed for the non-transverse cases (see Table 1). The corresponding
integrals have been computed by means of the function gags of the quadpack Fortran package.

Theorem 6.7. Assume Ansdtze 5.1, 5.0, 6.6. Fixv >0 and 0 > 0. Then, if iy > 0
is small enough, there exist zy € Ny, 5, N € N and 1, € {pri,sec}, jm,km € N for
m =1...N such that the sequence

. im m N\ Km
o = (FR) o T e (R (o)
satisfies zm, € jw\iMﬁ for allm =1...N and the initial and final points zg and zn satisfy

|20 — Jmin|] < v and |mizn — Jmax| <V,

where m; denotes the projection onto the J component.
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Moreover, in the regions
Jmin = (Jminy Jmin + V) X T7 jmax = (Jmax -V, Jma.x) X T;

the inner map ]-';1‘\1/I has invariant tori which are a graph over h and whose dynamics are
conjugated to rigid quasi-periodic rotation.

Once we have a pseudo-orbit, the final step to prove Theorem 2.3 is to construct a
true orbit of the Poincaré map II;, which shadows the pseudo-orbit, that is, which visits
small neighborhoods of the points z,, of the pseudo-orbit given by Theorem 6.7. This
shadowing will rely on the following theorem by M. Gidea, R. de la Llave and T. M.
Seara in [30)].

Theorem 6.8 (Lemma 3.2 in [30]). Assume that f: M — M is a C" map with r > 4,
A c M is a normally hyperbolic invariant manifold, I';, j = 1...N are homoclinic
channels and o7 D{ — D% are the associated scattering maps, where D{Q < A are open
sets. Assume that A and I'j are compact manifolds (possibly with boundary).

Then, for every v > 0, there exist functions nf : N — N and functions m} :
N2t x NIt — N such that for every pseudo-orbit {y;},=0 in A of the form

Yir1 = fM oo™ o fhi(y;),

with n; = nf(ao,...,0i-1), m; = mi(ng,...,n;,mo,....Mi—1,00,...,0;) and o; €
{1,..., N}, there exists an orbit {z;}i>0 of f in M such that, for alli >0,

zigr = [T(z)  and  d(zi,y) < v
Theorem 2.3 is a direct consequence of the following lemma.

Lemma 6.9. Assume Ansdtze 5.1, 5.6, 6.6 and fir v > 0 small. Then, for iy > 0 small
enough, there ezist a point pg € ¥ (see (6.3)) and ki ...ky such that the iterates

k.
pj =11, (po)

satisfy that

where {2} is the pseudo-orbit obtained in Theorem 6.7 and Gi,, is the parameteriza-
tion of the cyilinder given in Lemma 6.1.
Moreover,

’TerO - Jmin’ < 2v and |7TJpN — Jma.x| < 2v.

Proof. To prove Lemma, 6.9 we have to apply Theorem 6.8. To this end, we denote by A
a domain of the cylinder A;,, s delimited by one of the “‘top” and “bottom” invariant tori
given by Theorem 6.7. This makes A compact and invariant. Note that the projection

onto J of the homoclinic channels E;"M 5 obtained in Theorem 6.1 covers the whole interval
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[Jmin + 9, Jmax — ] and that one can choose compact sets inside the homoclinic channels
that still cover the same interval.

Then, to apply Theorem 6.8, it only remains to ensure that the amount of iterates
of the inner maps is large enough to fit the hypotheses of the theorem. We follow ideas
developed in [30].

Since A is compact and invariant by II;,, and ]-';;1/[ is an area preserving map, we can
use the Poincaré Recurrence Theorem to construct a pseudo-orbit which is arbitrarily
close to that of Theorem 6.7 and satisfies the hypotheses of Theorem 6.8. Indeed,
the Poincaré Recurrence Theorem assures that there exists Zp and k1 big enough such

that Qg := (.7-71“)]61 (20) is as close as necessary to Qo : (]—"};)kl(zo). Since ]:-c’l\ldlt’im

M %

is continuous, also Q1 := .Ffl\‘;t’im (Qo) and Qy := ]-"f;t’im (Qo) are as close as necessary.

Then, applying again the Poincaré Recurrence Theorem, there exists 71 such that z; =
(]:2111\’4)]1(621) and z; = (}';;14)]1(@1) are close enough. We can repeat this procedure
N-times to obtain the result.

~

O

Lemma 6.9 completes the proof of Theorem 2.3. Indeed the trajectory of the secular
Hamiltonian H in (2.3) with initial condition py achieves the drift of energy stated in the
theorem. It only remains to prove the statements on eccentricity and inclination stated
in the theorem. To this end, it is enough to recall the estimates on the inclination and
eccentricity on the periodic and homoclinic orbits of the coplanar Hamiltonian given in
Ansatz 5.1. Then, since taking iy small enough, the shadowing orbits can be taken
arbitrarily close to these periodic and homoclinic orbits, we obtain the statements in the
theorem.

6.3 Proof of Theorem 6.7

To construct the pseudo-orbit, the first step is to compare the inner and the scattering
map obtained in Theorem 6.5. In order to do so, we apply two steps of averaging either
to the inner map or to one of the scattering maps (in some domains). These changes
of coordinates straighten the J component of one of the maps up to order O(i3;) and
therefore it becomes straightforward to compare the “vertical jumps” of the inner and
outer maps.

Since we want to construct symplectic transformations, it is convenient to straighten
first the symplectic form given in (6.5).

Lemma 6.10. Assume Ansatz 5.1. There exists an iy-close to the identity change of
coordinates Y : Doy x T — Dy x T, (J, Q) = Tv(j, SVZMZ, which transforms the symplectic
form a(J, Qn)d A dJ - given in (6.5) into dQy A dJ.

In these new coordinates,

e The inner map is of the form

( j) - ( J +in AL (T, Q) + i3 Ao (T, Q) + O(3)) )

Firl s = L E Y S N E Y .
St +noy, {To(0) + inFi () + 3,37, ) + OG0 }

™M

QM
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where (j, (vliM) € Dog x T, the function Tq is the one given for the coplanar inner
map (see (5.2)), the function A is given in Theorem 6.5 and the functions Aa, Ty
and To satisfy that

Noy(A2) = {0,£2},  Nay(T) = {£1},  Nay(T2) = {0, %2}
e For = = {pri,sec}, the scattering maps are of the form

Foun (T T inBE (T, ) + B3 (], ) + O,
e\ Oy Ot + nay, {(*( J) + i DF(J, Q) + 2, D5 (J,

where (J, SVLM) € Di; x T, the functions (*(J) and B} are given in Lemma 5.5
and (6.5) respectively and the functions By, DY and D5 satisfy that

NQM(B;) = {Oa i2}v NQM(bik) = {i1}7 NQM(D;) = {O’i2}'

The proof of this lemma is analogous to that of [22, Lemma 4.1].

Now we perform an averaging procedure. The inner map has a resonance (see
Lemma 5.4) in whose neigborhood one cannot perform averaging. Then, we perform
two steps of averaging to the inner map in a domain away from the resonance. On
the contrary, in a neighborhood of the resonance we perform two steps of averaging to
straighten the primary outer map (this is possible thanks to Ansatz 5.6 which ensures
the absence of low order resonances). Taking this into account, we consider the new
domains

Dos = {J € Dgs : dist(J, Jres) > 20}, Rss = (Jres — 0, Jres + 59),

where J.s is the constant introduced in Lemma 5.4. Note that the two domains are
chosen so that they overlap (and they will still overlap after applying the averaging
changes of coordinates). Note that one can define analogously the domains 6;5 (see
(6.4)), for * € {pri, sec}.

Lemma 6.11. Fiz § > 0 and assume Ansatz 5.1. There exists a symplectic change of
variables iyi-close to the identity Y : D3s X T — Dog x T, (J, Q) = Y(J, Q1 ), such that,
in these new coordinates,

o The inner map is transformed into

where (j, (NZiM) € Das x T and Ty is the function introduced in (5.2).
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e For x € {pri,sec}, the scattering maps are transformed to

Foun T\ T+iuBi(J,0u) + Oy
e\ ) T\t nay {C(0) + 0G0} )

where (J,{,,) € D% xT, ¢* is given in Lemma 5.5 and B (J,0n) = BT’JF(JN)eiﬁM—i-
BE(J)e ™ with

(]

eianMC*(j) -1

eiinQM%(j) _ 1.

Lemma 6.12. Fiz § > 0. Assume Ansdtze 5.1 and 5.6. There exists a symplectic
change of variables iyi-close to the identity T : Rys X T — Rss x T, (J, QM) = Y(J, Qm),
such that, in these new coordinates,

o The primary scattering map is transformed to

ﬁput,pri ,\j N 'j::"_ O(Zi/[/\) o
s\ Q) T\ Qui o+ nay, {¢R) + D5 + 0 } )

where (j, QiM) € ﬁ45 x T and (P is given in Lemma 5.5.

o The inner map is transformed to

fm j J + ZMAl j QM) + O(ZM)
QM QM+TLQM{ (J +O ZM)} ’
where (J, < u) € Rus x T, T is given in (5.2) and /Ah(j, Om) = A\T(A)e"ﬁM +
A\l_(e]) —i qyith

N ~ eJ_erM%(f) -1

AL = AT () = BYYE()

eJ—”nQM Cpri(j) B 1 .

The proofs of these two lemmas are analogous to that of [22, Lemma 3.9].
Now we analyze the KAM curves that these maps possess in each of the regions. We
rely on a version of the KAM Theorem from [13] (see also [33]).

Theorem 6.13. Let f: [0,1] x T — R x T be an exact symplectic C* map with £ > 4.
Assume that f = fo + efi where fo(I,4) = (I,¢ + A(I)), A is C*, |0;A(I)] > M
and || fice < 1. Then, if e2M~" = p is sufficiently small, for a set of Diophantine
numbers w with exponent § = 5/4, we can find 1-dimensional invariant tori which are
graph of C*=3 functions u,,, the motion on them is C'™ conjugate to the rotation by

w, |[uy|lce—s < €% and these tori cover the whole annulus [0,1] x T except for a set of
measure of order M~1el/2.

44



Lemmas 6.11 and 6.12 and Theorem 6.13 imply the following lemma.
Lemma 6.14. Fiz § > 0 small. Then, for iyt > 0 small enough the following is satisfied.

o There exists a sequence of tori {TLk}i\gl c ./N\Z'M’(; which are invariant by the map

]:ii;vll and whose dynamics are conjugated to a quasi-periodic rigid rotation such that

f?“t’*(TLk)m']Tl,kH, k=1...Ny—1,

in
for either = = pri or = = sec and
T171 C [Jmin, Jmin + 25] and TLNl (e [Jres — 5(5, Jres — 2(5] (6.11)

o There exists a sequence of tori {Tzk}ng c INXiM,(; which are invariant by the map

FOUPr 00 d whose dynamics are conjugated to a quasi-periodic Tigid rotation such

M
that .
Ell\ld (T27k)mT2,k+lv k=1... N2 —1
and
T2,1 c [Jres - 5(5, Jres - 25] and T27N2 C [Jres + 2(57 Jres + 55]
Moreover,

Tl,]\hmTQ,l- (6.12)

o There exists a sequence of tori {T37k}iv':31 c KiM,é which are invariant by the map

]:;I{‘A and whose dynamics are conjugated to a quasi-periodic rigid rotation such that

ffitv*m&k)mr&kﬂ, k=1...N3—1,
fOT either x = prl or * = sec and
TSvl < [JYGS + 20, Jres + 55] and TB,Ns e [Jmax — 20, Jmax].

Moreover,
T2’N2 (ﬁTgJ.

Proof. Since the proofs of the three statements follow exactly the same lines, we only
prove the first one. We prove the statement in the coordinates provided by Lemma 6.11.
Since they are O(iy)-close to the original coordinates, one can easily deduce the state-
ment for the original coordinates from that of the averaging coordinates.

By Lemma 6.11, the inner map .7?;1‘\14 is O(i3;)-close to integrable. Moreover, by
Lemma 5.4 the map is twist and the twist has a lower bound independent of i);. Then,
Theorem 6.13 implies that there is a sequence of invariant tori {’Tflk}iv:ll c /NXZ-M#; with
quasi-periodic dynamics which satisfy (6.11) and

dist (?rl,k,ﬁ‘l,m) <CP? k=1, N -1 (6.13)
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for some C' > 0.

Let u; be such that ﬁl,k can be expressed as graph as J = wug(Qy). From the
expression of ]-3‘; in Lemma 6.11, u,(Qy) = J* + O(i3;) with J* a constant. Then
ffit’*(’ﬁ‘lyk) is the graph of

Wity () = J* + i Bi (7, Oar = nay () + O@y).
Therefore the intersection ff;t*(ﬁ‘lk) N 'TFMH is defined by the points satisfying
JE v B (%, Qu — nay CF(ITF)) = T+ 0.
This condition, since by (6.13), |J* — Jk*1| < C’iif, is equivalent to
B (J*, i — noy ¢F(JF) = OGiy)-

Now, by Ansatz 6.6, the functions Ef * introduced in Lemma 6.11 do not vanish for
J € Dj and B has just harmonics +1. Therefore one can easily show that

Bi(J,Qm) = [BPH ()| cos(Qu +9(J)), o = arg(BH(J))

and to conclude that ]?f;;t*(ﬁ‘lk) and Tl,kﬂa for k=1,..., N7 — 1, intersects transver-
sally.
Finally, doing analogous arguments as the previous one, the transversality in (6.12)
is a direct consequence of Ansatz 6.6.
O

Then, the pseudo-orbit given in Theorem 6.7 can be easily obtained from the sequence
of tori given by Lemma 6.14. Indeed, note that the fact the tori are quasi-periodic imply
the following. Take points

Pye FU (T p-1)ATie and  Pre Foot™*(Tyx) Ty
Then, for any v > 0 arbitrarily small, there exists K such that

(FRYE(P) — Py < .

Therefore, to construct the pseudo-orbit it is enough to use that both the inner and
outer maps are regular with respect to the parameter iy;.

7 Conclusions

In this work, we have shown how to model the eccentricity growth for the Galileo con-
stellation by an Arnold diffusion mechanism. To this end, we have considered the full
quadrupolar expansion of the lunar gravitational perturbation, coupled with the Earth’s
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oblateness. By assuming that the Moon lies on the ecliptic plane, the dynamical sys-
tem is autonomous and we can compute numerically the normally hyperbolic invariant
manifold stemming from the 2g + h resonance and the associated stable and unstable
manifolds. Then, we are able to describe the full dynamics under the assumption that
the inclination of the Moon is small enough. Indeed, in this regime, the cylinder, its
dynamics and its invariant manifolds are close to those of the coplanar one. In other
words, the inner map describing the cylinder dynamics and the outer map describing the
homoclinic connections to the cylinder are first derived for the coplanar case, and then
extended to the full system by means of a perturbative approach, assuming the lunar
inclination as a small parameter. Thanks to the existence of the homoclinic connections,
we are able to concatenate invariant objects along which the eccentricity increases, on
different energy levels. There exist orbits that shadow the sequence of homoclinic orbits.
Along these orbits, for a = 29600 km, the eccentricity can transition from 0 to 0.78 and
higher, eventually to achieve a re-entry.

The work is based on the idea that the chaotic behavior associated with the homo-
clinic connection can be exploited to jump from one energy level to the other. Although
already proposed in very recent works [11, 41], the Arnold diffusion is handled here in
a semi-analytical way, considering the full model. Possible resonance overlapings, al-
though detected in the numerical computation, are not considered as the main trigger
to get to the atmospheric reentry. As a matter of fact, in the normally hyperbolic in-
variant cylinder the resonance 2h — Qyp plays a role. This was already mentioned in [11],
where they see that, when a = 29600 km, both 2g + h and 2h — )1 resonances interact.
However, under the assumption that 7y > 0 is small, the second resonance is weak and,
in particular, it does not break up the invariant cylinder that exists along the 2g + h
resonance. Therefore, one can apply an Arnold-like mechanism to drift along the 2g + h
resonance even in the presence of a crossing weak resonance.

The procedure developed is general and can be applied to other resonances (e.g., for
GLONASS) and other values of semi-major axis, for instance to show where to locate
initially the satellites to facilitate eventually the end-of-life phase. The same argument
can be applied also to design very stable graveyard solutions, by exploiting the dynamics
in such a way that the excursion in eccentricity along the stable and unstable manifolds
gets lower and lower (0 in the limit).

The analysis and the tools provided in the work lay the foundations to study the
problem with the actual value of iy;. In this regard, we expect that the mechanism will
persist and that the time of diffusion will reduce, but that the second resonance could
be significant!!.

ONote that at the resonances one can find stability zones associated to secondary tori and elliptic
periodic orbits. Their analysis is beyond the scope of this paper.
" See [37] for the analysis of Arnold diffusion along double (strong) resonances.
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s Uy (e) ~
0 1-—6C%+6C* 0.762646
-1 2087 (2C* - 3C% + 1) 0.364961

1 =205 (1-2C?) 0.364961

2 02572 (02—1)? 0.039558

2 C%5? 0.039558
0 —3CS™'(2C0*—3C?+1)  0.547442
572 (4C% —9C* +6C* —1)  0.116974

NN [\DMM)—‘}—‘}—‘}—‘P—‘OOOOOS
1
—_

1 C?(4C2 - 3) 0.800502
2 —Cs53(c?—1)° 0.008206
2 —C3S -0.190687

60252 (02 —1)* 0.237353
1 —40S73 (2 —1)° 0.032826
1 —4c3s1H(C?—1) 0.762750
2 g4 (er-1)! 0.001702
2 Ct 0.919179

Table 2: The Giacaglia function U;"*(¢) for the moon perturbation (see [28]) where C' = cos §
and S = sin § and its value for € = 23.44°.

A Expression of the Hamiltonian

This appendix is devoted to compute explicit computations for the perturbative term
of the Hamiltonians H; given in (3.2) and H; in (3.7). In Appendix A.1, we obtain
an expression for Hy in the slow-fast coordinates introduced in Section 3.1 and in Ap-
pendix A.2 an expression for H; in the Poincaré coordinates introduced in Section 3.2.

A.1 Hamiltonian in slow-fast coordinates (y, z)

In this section, we compute explicit expressions for the Hamiltonian H; given in (3.2).
Let us recall its expression here:

2 2 2
Hl (ya Fa z, h7 QM? ZM) = _% Z Z Dm,p(ya F) Z Cm15F2u5,1(iM)
m=0p=0 s=0

X [U;"’fs(e) cos <¢m7p,s(x,h, QM)) + U™ (€) cos <wm,p7,s(az,h,QM))],

where Dy,p = Dynp o TP and 4y, p =_z/~1m7p’s o TPel (see (2.5), (2.6) and (3.1) for the
change of coordinates). In addition, Uy "% () is the Giacaglia function given in Table 2.

Applying the corresponding change of coordinates, one obtains the expressions for
Dy, given in Table 3. Moreover,

n
¢m,P75($7 ha QM) = (1 —p)l’ - (1 —pP—- m)h’ + 5 (QM - 5) — Y|s|TT-
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m p Dm,p(% F) ¢m,p,0
0 0 —gLy)*(y—T)By+T)(L—2y) (L +2y) z—h
0 1  55(Ly)~%(y? —6I'y —3I'?) (5L2 — 12y?) 0

0 2 —B(ry)2y T8y + ) (L-2) (L +2) —r+h
1 0 BLy) 2/ y-T)By+TI) By +T)(L—2y)(L+2y) x

1 1 —5(Ly) 2y —D)By + )T +y) (5L — 124?) h

1 2 -8By 2/ y-T)By+D)(y-T)(L-2y)(L+2y) —x+2h
2 0  B(Ly)?By+TD)*(L-2y)(L+2y) z+h
2 1 (Ly)2(y-— I‘)(3y +7T) (5L? — 12y?) 2h

2 2 B(Ly)2(y- ) (L —2y) (L + 2y) —x +3h

Table 3: Computation of the functions (D p)m pef0,1,2) A0d (¥m,p,0)m,pefo,1,2; for the prograde
case.

with y|, as given in (2.7). Then,

Umpo(@,h) = (1 —p)z— (1 —p—m)h,
Ymp1(x, b, Q) = Ympolx, h) + Qv — T,
Vmp,~1(@, b, Q1) = Yipo(@, h) — O,
Ymp2(x, b, Q) = Ympolx, h) + 200 — T,
Ump,—2(2, h, 1) = Ympo(z, h) — 200 + 7

See Table 3 for the values of ¥, po(z, h). Moreover, notice that for s,m € {0, 1,2} the
constants ¢, s as defined in (2.7) do not depend on s. Therefore, we denote

1 _ 1
- 12°
Applying all these expressions, one can express the Hamiltonian Hy as a series in ;.
Indeed, considering the Kaula’s inclination functions in (2.8), one has that

—1+0@3)  ifs=0,
Pogi(ing) =3 —3im+0O(i3;) ifs=1,
O(i%)) if s = 2.
Therefore, the Hamiltonian Hy can be expressed as

Hl(ya F,.’L‘, h7 Ql\/[7151\/[) = HCP,I(yv F,.’B, h) + 7'MR(y7F7 z, ha QM7 ZM)v
R(y,F,x,h, QM7ZM) :Rl(yvr‘wxaha QM) (Al)
+ ZMRQ(ya F7 €, ha QM) + O(/L%/I)v
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where

2 2
Hepi(y, Tz, h) = % Z Z f2 Dy p(y,T) cos <wm7p,0(x,h)),

m=0p=0
Rl (y7 Fa z, ha QM) = COS(QM)RCOS,I(yv Fa z, h) + Sin(QM>RSiH71(ya F: €, h)a
3p1 2\ o cos
Reos,1(y, I, 2, h) = 22 Z Z fi>Dmp(y, T) cos (wm,p,o(w, h)),
m=0 p=0
300 & D
Rsin,l(ya F7 €, h) = @ Z Z f,s,;an,p(y, F) sin (¢m,p,0(xv h))a
m=0p=0

with
£ = enU, 1 = o (U5 — U, gt = (U U
In addition, the harmonics of Ry satisfy that (see Definition 6.2)

Na,, (Ra) = {0, +2}.

A.2 Hamiltonian in Poincaré coordinates (7),¢)

In this section, we compute explicit expressions for the Hamiltonian #; given in (3.7).
Let us recall that

Hi(0, 0,6, by Qs ing) = (Hy 0 T (0, T, €,y Qs in),
with YP°! as given in (3.4). Following the expression in (A.1), one has that

Hi(n, T, & b, Qs im) =Hepa(n,T,€ ) + imR(n, T, €, by Qs iv),
R0, T, & h, Qs iv) =Ra(n, T, € h, ) (A.2)
+imR2(n, T, &, b, Q) + O(i3y),
where Hcep,1 = Hop,1 © TPol Ry = Ry o TP and Ry = Ry o YPOI, Taking into account
that the Poincaré change of coordinates satisfy that
& —n
5

B 2L—§2—n2
= t 7

(L —2y)cosz = (L —2y)sinz = &n,

Y

one has that

P & —n’
Hra = B 33 [#5Pmotn T.0) (S5 cos (1)) + emsin (=) )
+ 2D (n,T,€) (8L2 +120(€% + %) — 3(€% + 772)2) cos(mh) (A.3)
§2 _ 772

+ f%Dm’g(n,F,g) < cos ((1 + m)h) + &nsin ((1 + m)h)) ],

2
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where the functions (Dip)m pefo,1,2) are given in Table 4. From this explicit expres-
sion, one can easily see that the coplanar Hamiltonian Hcp = Ho + a®Hcop 1 (see (3.6)
and (A.3)) is quadratic with respect to (n,£) = (0,0). This implies the following lemma.

Lemma A.1. The Hamiltonian system given by Hcep(n,T',&, h) in (4.3) has orbits of
the form (n,T,&,h) = (0,1'(¢),0,h(t)) satisfying that

h = orHo(0,T,0) + Oz351“/HCP,1(0, I,0,h), I = —0435;17-[01371(0, I,0,h),

where

3
orHo(0,T,0) = —rzg(L +20),
L2 —ALT — 41?2
cosh
v/(L —2T)(3L + 2TI)

— U2%(L + 2r) cos(2h)),

arHep,1(0,T,0,h) = —% <3U§’O(L 4 9r) 4 4U°

OnMopa(0,T,0,h) = 524 <2U21’0\/ (L —20)(3L + 20) (20 + L)sinh

+ UZ(L — 2T)(3L + 2T) sin(2h)>.

Analogously, one can proceed for R1, which can be written as

Ri(n, 1,6, h, Qu) = €“™MRY (1,1, 6, h) + e MRy (1, 1,6, h), (A.4)
where
301 & —n?
RI—F = 572 [f%Dm,o(n, r,¢) ( 5 cos ((1 — m)h) + &nsin ((1 — m)h)>
m=0
+ [ Dma (0, T, €) (BL? + 12L(* + 1%) — 3(€* + %)) cos(mh)
22

+ fni;Dm,g(n,F,f) <£ N cos ((1 + m)h) + &nsin ((1 + m)h)) ],

with

2= (aFau —axaup).
In addition, the harmonics of Ro satisfy that

NQM (R2) = {0, £2}. (A.5)
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D 7p(777 F7 5)

m p

0 0 —45L72(2L — M)2(2L — M — 4T)(6L — 3M + 4T')(4L — M)

0 1 L7220 — M)~2((2L — M)? — 24(2L — M)T — 48T2)

0 2 —£2L7%(2L— M)~ 2(2L M —4T)(6L — 3M + 4T')(4L — M)

1 0 BL22L— M) 2/L — M — 4T)(6L — 3M + 4T)*2(4L — M)

1 1 —ZL%@2L— M)=2/(2L — M — 4T)(6L — 3M + 4T)(2L — M + 4T)
1 2 —112(2L — M)=2(2L — M — AT)32\/6L — 3M + 4T (4L — M)

2 0 1BL-22L — M) (6L — 3M + AT)%(4L — M)

2 1  ZL22L—M)"2(2L — M —4T)(6L — 3M + 4T

2 2 BL2(2L— M)(2L — M — 4T)2(4L — M)

Table 4: Computation of the functions (D p)m,pefo,1,2y With M := £ +n2.
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