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Abstract

We study the space-time nonlinear fractional stochastic heat equation driven by a
space-time white noise,

lu(t,x) = —(—A) ?u(t,z) + 1} a(u(t,m))W(t,x)}, t>0, zeR,

where o : R — R is a globally Lipschitz function and the initial condition is a measure
on R. Under some growth conditions on o, we derive two important properties about
the moments of the solution: (i) For p > 2, the p'* absolute moment of the solution to
the equation above grows exponentially with time. (ii) Moreover, the distances to the
origin of the farthest high peaks of these moments grow exactly exponentially with time.
Our results provide an extension of the work of Chen and Dalang [0] to a time-fractional
setting. We also show that condition (i) holds when we study the same equation for
r € R4
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1 Introduction

Since their introduction in the 17" century by Isaac Newton and Gottfried Leibniz, differen-
tial equations have been used to model various phenomena. However, differential equations
of integer order have shown some limitations in the modeling of more complex phenomena.
Recently, fractional differential equations have gained popularity since they can handle such
problems. Their applications include modelling contamination of groundwater flow, the elec-
trical dynamics of the heart and the design of new materials, viscoelasticity [141]. Stochastic
partial differential equations (SPDESs) incorporate randomness in the system [13]. They gen-
eralize partial differential equations (PDEs).

In this paper, we study the space-time fractional nonlinear stochastic equation (see for a
motivation to study these type of equations, and the physical derivation of these equations in
[3] and [15])

{aﬁ ut,r) = —(=A)*2u(t,x) + I} [o(u(t,2)W (t,2)], t >0, z € R,
(1.1)
0,) = ),
with a € (0,2], o is a globally Lipschitz function defined on R, W denotes the space-time
white noise, —(—A)a/ 2 is the fractional Laplacian. The initial datum p is a measure satisfying
some conditions (to be specified later). af is the Caputo fractional differential operator for

B € (0,1), defined by: ")
8 B 1 ! S
10 = =g ), oo

and [, is the Riemann-Liouville fractional integral of order v > 0, defined by

L'f(t) = ﬁ/o (t—s)7"Lf(s)ds, fort >0,

with the convention that I = Id, the identity operator.
Following Walsh [19], we interpret (1.1) in the mild sense, i.e

u(t,z) =Jo(t,x) + Z(t, z), where
(1:2) o(t, ) /G (t,x —y)p(dy) and Z(t,z) = // G(t — s,z —y)o(u(s,y))W(ds,dy),
0 R

where G(+,-) is the "heat kernel". It is known that this kernel satisfies the following bounds
for ac € (0,2):

th th
-B -B
(1.3) “l <t o |x|1+a> SGt) <o (t o |x|1+a>’
for positive constants ¢; and ¢ and where the upper bound is only valid for 1 < «, see for
example |11, Lemma 2.1] and the references therein.
Using a measured-valued initial data allows us to consider a wide range of initial data
including functions with rough paths like the delta Dirac function. Let M(R) be the set of



signed Borel measures on R. Recall that by the Jordan decomposition, @ = puy — p—, where
[+, fi— are two nonnegative Borel measures with disjoint support. Then |u| = pq + p—. It
follows that the admissible set for the initial data is

1
Y

We will also use the notation M, 1 (R) := {,u e My(R) : pis nonnegative}.

Eq. (1.1) is of particular interest since it is an extension of equation (1.1) in [5, 6].

When studying Eq. (1.1), the second feature of interest, after the existence and uniqueness
of the solution, is the asymptotic properties of the solution since it displays intermittency.
Intermittency has been studied by many authors recently |5, 6, 7, 10, 12].

To describe mathematically this physical property, we define the pth upper and lower
Lyapunov exponents of the random field u := {u(t, z) }+>0, zer at xo, respectively as:

1
¥p(wo) :=limsup n log E|u(t, o) P

t—o00

(1.4) and

1
— liminf = P
lp(:vo) .—htmloglf . log E|u(t, zo)|P.

It is known that when the initial datum is constant, the two moments defined in (1.4) do not
depend on (. In this case, Bertini and Cancrini [3| defined the solution u to be intermittent

if
(1.5) Yo Up = Y for all p € N and p — Ip is strictly increasing.
- p

Carmona and Molchanov [1] defined the notion of asymptotic and full intermittency as
follows: let p* = inf{n : v, > 0}. If p* < oo, then the solution w is said to exhibit (asymptotic)
intermittency of order p*. If p* = 2, it is said to exhibit full intermittency. It was also shown
that full intermittency implies the intermittency defined by Bertini and Cancrini in (1.5).
Also, following [6], the solution is said to be weakly intermittent of type I if Y, >0 and weakly
intermittent of type I1if 75 > 0. Clearly, the weak intermittency of type I is stronger than the
weak intermittency of type II but weaker (expectedly!) than the full intermittency. Chen et
al. [7] and Mijena and Nane [16] showed the weak intermittency of type I for the solution of
(1.1).

This mathematical definition of intermittency is related to the property that the solutions
are close to zero in vast regions of space-time but develop high peaks on some small "islands"
[5]. In order to properly characterize the speed of propagation of these "high peaks", we recall
the upper and lower growth indices of linear type, respectively, see [5, 9] for example for more
details about these "moments".

1
(1.6) (p) := inf {a >0: tlim — sup logE|u(t,z)P < 0},

70U |z|>at



and

1
(1.7) v(p) := sup {a >0: tlim — sup logE|u(t,z)|P > 0}.

o U z|>at

These quantities are of interest since they provide information about the possible locations
of "high peaks", and how they propagate away from the origin. In fact, if y(p) =75(p) := v(p),
then there will be high peaks at time ¢ inside {— ~v(p)t, 'y(p)t}, but no peaks outside of

this interval [5, 16]. It is not hard to check directly that 0 < y(p) < F(p) < co. When
0 <v(p) <7(p) < o0, it follows that:

(i) The solution to Eq. (1.1) has very high peaks as t — oo, i.e weak intermittency;
(ii) The distances between the origin and the farthest high peaks grow exactly linearly in t.

Conus and Koshnevisan [9] studied Eq. (1.1) with 8 = 1 and proved that 0 < y(p) <
J(p) < oo if the initial function ug is a nonnegative, lower semicontinuous function with
compact support of positive Lebesgue measure. In particular, the authors showed that % <
7(2) €7(2) < % if in addition v = 2 and o(u) = &u (Parabolic Anderson Model) in Eq.

1.1).
( ()]hen and Dalang [5], improved the existence result in [9] by working under a much weaker
condition on the initial datum, namely by letting u be any signed Borel measure over R
such that [ e~ |pu|(dz) < oo for all a > 0. The authors also showed that for the Parabolic
R

Anderson Model in this case, {(2) = £(2).

Chen and Dalang [6] considered Eq. (1.1) with 8 = 1 and allowed the operator —(—A)®/?
to have some positive skewness §. The authors defined the following growth indices of expo-
nential type:

- 1
(1.8) &(p) = inf{a >0: lim — sup logE|u(t,z)P < 0},
t=00 b g >exp (at)
and
1
(1.9) &(p) := sup {a >0: tlim - sup logEl|u(t,z)P > O}.
- — 00

|z[>exp (at)

In this case, the authors showed that for the quantities in (1.8) and (1.9), 0 < &(p) <

&(p) < oo if the initial datum has sufficiently rapid decay at +oo.

In this paper, we assume that « € (1,2) in Eq. (1.1), i.e the underlying process has both
positive and negative jumps. We show that for all p > 2, £(p) < oo if the initial datum has
sufficiently rapid decay at +oo, see Corollary 2.2. On the other hand, we also prove that if
p € Mg (R), p# 0 then {(p) > 0 for all p > 2 and provided that the growth condition
(1.10) (specified below) is satisfied, see Theorem 2.3. Our results provide an extension of the
results in [6]( with 6 = 0).

Next, we assume that the function o : R — R is globally Lipschitz with Lipschitz constant
Lip, > 0. As aforementioned, the following growth conditions are needed in our calculations:
assume there are some constants l,, L,,s and § such that
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(1.10) o(z)? > 12(s2 4 2?), for all z € R.
and
(1.11) o(z)? < L2 + %), for all z € R.

Note that these growth conditions are direct consequences of the Lipschitz continuity of the
function o.

The rest of the article is structured as follows: we state our main results in section 2.In
section 3 we state and prove some technical results needed for the proofs of our main results.
We then prove our main results in section 4. In section 5, we state and prove extension of
our results to higher spatial dimensions (d > 1). The article concludes with an appendix in
section 6 where some useful results from other authors are compiled. Throughout this paper,
the letter ¢ in upper or lower case, with or without a subscript or superscript is a constant
whose exact value may not be of great importance for our results. Also, ” x” represents the
convolution in both the time and space variables, while ” x” represents the convolution in a
single variable, for example the space (or time) variable.

2 Main Results

The following Theorems and corollary extend [6, Theorem 3.6] with 6 = 0 to the corresponding
space-time fractional stochastic heat equation. All these results are proven in section 4.

Theorem 2.1. Suppose 1 < a < 2 and o satisfies Eq. (1.11) with ¢ =0. If

2.) [ @+l < oo
R

for some n > 0, then there are positive constants C < oo and b = min(n, 2) such that for all
(t,z) € [1,00) x R,

(2.2) [ Jo(t )] < |Jays(t,2)] < C(1+7) (1 + |2])~°,
where Jo g := Gapg* i and Go g is defined in (3.5).

Corollary 2.2. Assume the conditions of Theorem 2.1 hold, then

(2.3) &(p) < %2 < o0.

for some positive constant co.

Theorem 2.3. Suppose that o € (1,2] and o satisfy the growth condition (1.10). For all
€ Mo+ (R), 1 #0 and for allp > 2, if ¢ = 0, then

U
(2-4) §(p) = m

where W is constant depending on o, 3, and .
For these i, if ¢ = 0 and p(dz) = f(z)dzr with f(z) > ¢ for allz € R or if ¢ # 0, then
&£(p) = &(p) = +oo. In particular, y(p) = 7(p) = +oo.

> 0,
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3 Preliminaries

Let W = {Wy(A) : A € By(R),t > 0} be a space-time white noise defined on a complete
probability space (2, F, P), where B,(R) is the collection of Borel sets with finite Lebesgue

measure. Let F; = 0<WS(A) :0<s<t,Ae Bb(R)> VN, t > 0, be the natural filtration

augmented by the o-field generated by all P-null sets in F. Then W is martingale measure,

and the integral [[ X(s,y)W(ds,dy) is well-defined in the Walsh sense [19] for a suitable
[0,t] xR

class of random fields {X(s,y), (s,y) € Ry x R}. We will also use the notation || - |, for the

LP(Q))—norm for p > 1.

The following definition provides an interpretation of the solution to our main problem.

Definition 3.1. Following [0/, a random filed u = {u(t,z)}i>0, zer is called a solution of
(1.1) if the following conditions hold:

1. u is adapted, i.e, for all (t,z) € Ry x R, u(t,x) € Fy;
2. w is jointly measurable with respect to B(R% x R) x F;
3. for all (t,xz) € R% x R, the following space-time convolution is finite:

(2% llo(@)3) (t,2) = [ ds [ dy G(t = 5,2 — y) o (u(s, ) 3 < oo.
0 R

4. the function T: R% x R — L%(2) is continuous;

5. u satisfies (1.2) for all (t,x) € RY x R.

The existencee and uniqueness of such solution are all proved in |7, Theorem 3.2|, therefore
we do not replicate these results here. Instead we focus on proving that the inequality,
0 < &(p) < &(p) < 00, holds. To this aim, we need to introduce some kernel functions. For all
(t,x)_e R*% x R,n € N and A € R, define,

ﬁo(t,l’) = GQ(t7.%'),
(3.1) Ln(t,x):= (Lo*--xLy)(t,z), forn > 1,

n factors of Lo

and,

(3.2) Ktz M) =Y NOTL (¢, 2).
n=0

The following variations of the kernel functions K will also be used.

=

(t,z) := K(t,z; \) K(t,z) := K(t,z; L,),

t,
3.3 .
(3:3) (t,x) = K(t,x;1,) K(t,xz) == K(t,z;4y/pLs), for p > 2.

I
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The moment bounds of the solution of Eq. (1.1), see [7, (3.3) and (3.4)], depend heavily
on the kernels defined above in (3.3). To use them, we need good estimates on the kernel
function K. Due to the fractional time-derivative, the "heat kernel" G lacks several important
properties including the Chapman-Kolmogorov identity (semigroup property). We therefore
introduce additional kernel functions that display the semi-group property or at least some
restrictive form of it (like sub-semigroup property or sup-semigroup property). Define the
reference kernel functions:

ot”
(3.4) G, p5tx) = L, - for a € (0,2) and § € (0,1)
’ (tQB/a +1’2)T
and,
— Oyt
(3.5) Gap(t,x) = Ty for a € (0,2) and S € (0,1),

where C , and (' are understood to be normalizing constants.

For example,
 T(a/2+1/2) — 1
(36) Cl,a = F(a/2)F 1/2) and Cl = 7'("

It is easy to verify directly that, for 1 < «,

(3.7) G(t,x) <G

a,ﬁ(t7x) < —71 gaﬁ(t7x)'

The proofs of our main results require some technical results and will be provided in
Section 4. The next four results are needed to prove Theorem 2.3.

Lemma 3.2. Forallz € R andt > 0,

(3.8) G(t,z) > CQQ’B(t,x)

for some positive constant C.
Proof. Using the scaling property of G and G g We have

G(te) _ ¢ GOw)

inf = nfg 0w

(t,0)eR?, xRd La,5(52)

Recall from (1.3) that G(t,z) > &1 <t_5/0‘ A d%) for some positive constant ¢;. We
consider two cases.
Case 1: |y| > 1. In this case,

G(1, L (L) -
L) o QDT o
7. ,(Ly) vl
G(1, ~ o
Case 2: |y| < 1. Then % > a1+ yP) 2 = é.
It follows that in both cases, we have inlf& gG(l(’f)y) > (0 and this concludes the proof. U
yeR Za,p\ ™’
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The next Lemma provides some lower bound estimates on the reference kernel function
g, 5 They will be used in the proof of our second main result.

)

Lemma 3.3. 1. Forallt>0,G, 4tz —y) > 2_(1+°‘)Ciolétﬁ/o‘gaﬁ(t,x)gaﬂ(t,y).

2. Fort >0 and z € R, f[g2 (t,- ](z

) > Cla at1/2t” Ba exp(—tﬁ/o‘|z|) where Co 112
is the constant defined in Lemma 6.1.

3. Forallt > s >0 and x € R, we have

2

c? _c?
<Qi,3(t —85,) x Qi,g(sa )) (z) 2 W(Sﬂ_ﬁ/“(t - S)B/agi,g(t —s,1).
4. Fort>r>1t/2>0, we have G, 4(r,x) > 2-B+1/a) (t/r)ﬁ/agaﬁ(t,x).

Proof. 1. Note that for all a,b € R, 1+ (a —b)? < 14 2a%+ 2% < (1 +2a?)(1 +2b?). Thus

C1 ot?
tx—y) = ,
Qa,ﬁ( z—y) [t26/a (- y)2] (14a)/2
B Cl,at_ﬁ/a
o (1+a)/2
(1+ [/ —)*)
- Cl’atfﬁ/a
- (1+a)/
e~
=Crat?°G, 5t V20)G,, 5(t.V2y).
Now
C at—ﬁ/a
ga,ﬁ(t’ \/5'1") = 1+a . (1+a)/2
2% 271 4 (1-P/oa)?|
1+a
2 2_T ga7ﬁ(t? x)
Therefore,

G, st —y) = CLA27 oG (t,2)G, 4(t,y).

2. Apply Lemma 6.1 with v = o 4+ 1/2 and b = t%/<.

3. By part 1. of this Lemma, we have

<Qi,5(t —8,) * Qi,ﬁ(sa )> (z) = 01_,22_2(1+a) (t— S)QB/aQig(t —5,) /Qiﬁ(t - S, y)gi,g(sa y)dy.

R



Now using Plancherel’s identity and part 2. of this Lemma, we have,

CfaCo% —B/a
/Q aﬁ(s y)dy TH/Q/ [s(t—s)} exp [— ((t—s)ﬁ/a—i-sﬁ/a)]z\]dz
R
2
:C Ca+1/2[ (t_s)]—ﬁ/a 2
2 (t— 8)5/0‘ + gB/e

Cl CVC; 1/2 —B/a, —

>T+/[ (t—s)] B/ =B/

4. For t = r >t/2 > 0, we have

2 (1+a)/
_ —B/a
Qa,ﬁ(r’x) _CLQT (1 + T2B/a>

Oy ar—Plagh+1/e) e
> T <(t/2) / ”)

_ﬁ/atﬁ/aga 6(t7 1_)

~(1+a)/2

1
2 Ty
This concludes the proof.

Lemma 3.4. Suppose a € (1,2] and p € My +(R), p#0. Then for all € > 0, there exists a
positive constant Cy = Cy(c, B) such that for allt > 0 and x € R,

(3.9) Jolt @) = (G(t2) % 1) (@) > Cyplisg Gy 5t ).

Proof. Combining Lemma 3.2 and Lemma 3.3 (1), we get

/ G4t )u(dy)

SGu5leg () / G 5(t.y)uldy)

) y2 —(14+a)/2

R

Note that the integrand above is non-decreasing with respect with ¢. Therefore,

) 2 —(1+a)/2
Jo(t, ) 2031 ()G, 4(t, ) (1 + GZﬁ/a> w(dy)

R

Zé4l{t>e} (t)eﬁ/aga,g (t,x) / Qaﬂ(e, y)u(dy).
R




Since the function y — G 6(6, y) is strictly positive and by the choice of p, it is clear that the
integral above is positive. Thus, the relation (5.12) follows by taking

Cpi=Cac®l™ [ G, (e.ptdy)
R

Proposition 3.5. Let o € (1,2]. Then for allt >0 and x € R,
_B
(3.10) K(t,z) > C*Qiﬂ(t,x)El_gvl_g[\ptl a],
where ¥ := ¥(a, B, A) >0
In particular, for allt > 0 and z € R,
(3.11) (1% K)(t,x) > Cs 1*§E17§,27§ [\ml*%]

Here, C,, and C, are all positive constants depending on o and f.

Proof. Denote the n—fold convolution product

(Qiﬁ)*n(t,x) — (giﬂ*...*giﬁ)(t,m.

2
n factors of G7 5

By the definition of K and the estimate (3.8),

(3.12) Kt \) = i (A2G2>*("“)(t,x) > i (AZ(??ggﬂ)*("“)(t,m).

)“’””(t, 2).

We now find a lower bound for the term <)\2Qi 8

Claim:

)*(n+1) Egﬁ)\2(n+1)p(1 _ /B/a)nJrl n(1=5/a)

T((n+1)(1 - B/a))

~2(atp(141/a)+2) 7r_1C127aCi+1/2 is a positive constant.

(3.13) ()\QQiﬁ (t,x) > G2 lt,x)  foralln >0,

where 2, g := 2

We proceed by induction. The case n = 0 is straightforward. So consider n > 1 and
assume by induction that (3.13) holds for n — 1. Combining the induction hypothesis with
Lemma 3.3 (3), we get

w(n+1) =n- 1)\2(n+1 1 o 5/(}[ t
(vg2,) ) = ST /) / (DA (G2 (1= s,) 5 G2 4(5.) ) (2)ds
0

—B/a
> Tt 8 /gi gt —s,2)(t - s)(n=1(1=B/a)+25/a {s(t - s)} / ds,

10



where

En g AT (1= Ba) CFCF

T o ‘ atl/2
VST T )

Now, if 0 < s < t/2, then t — s > t/2. Thus, we can apply Lemma 3.3 (4) to see that

t/2
(AQQi ﬁ)*("“)(t, x) > T2 P OPlag (¢ o) / (t — 5)=D1-5/) [s(t - s)] s,

0

Since t — s > s for 0 < s < /2, we get

t/2

*(n+1 8/a
<AQQZ,5) ( )(t,:v) > 1,2 200 Bleg? (1, x) / s(n=1)(1-8/a) [S(t_s)] /o

Thus,

t
<)\292 5>*(n+1)(t x) 2 Tn2” 2o tﬁ/ag2 /3 n-1)(1- Wa (t — 8)} _ﬁ/ads.
_a,
0
Finally, applying the definition of Fuler’s Beta integral, see Eq. (6.5), proves the claim.

Therefore,

- o (Z0,5C2N\20(1 — B/a)t!—Ple "
K(t,@30) = CNT(1 = Bla)Gg, ot 7) Y ( ﬁr(<n Y1) - fla)) )
n=0

> CONTT (1= B/a)G2 5(62)E, s s (SashCOT(L = Bla)t =P/,

@

Thus the estimate (3.10) follows by setting
(3.14) U= Z,5C%NT(1 — B/a) and C, := NT(1 - f/a)C?

As for (3.11), using (3.10), we get

t
(1*/6 //Ksydyds
0 R

t
>C/E1 5 ) ﬁj 1_ﬁ/a)/giﬂ(s,y)dyds.
0 R
Now,
G% (s,y)dy = C} s Plag ;dz
ZLa, B\ 1, (1 _|_Z2)(1+a)
R 0

- 027a8_ﬁ/a.
Finally, using Eq. (6.3), we conclude the proof.
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The next lemma is crucial in the proof of Corollary 2.2.

Lemma 3.6. Suppose 1 < a <2 and p € M(R). Then
1. Jo(t,z) = (G(t, ) % M) (z) € C°(R,* x R).
2. For all compact sets K CR.* xR and v € R,

(3.15) sup <[V2 + Jg] *IC) (t,x) < o0.
(t,x)eK

In fact, for all (t,x) € Ry* x R,
(3.16) (Jg X ;c) (t,2) < C(tV 1)PEBI[Blo g e2t] |, o(t, @)

where Jo g = ?aﬁ x pand for some positive constants C and cs.

Proof. Part 1. and (3.15) follow from [7]. So we only provide the proof of of the estimate
(3.16).
Recall from |7, Theorem 3.4 (1)] that

K(t,250) < C1Gap(t, 2) (t*ﬁ/“ + ec2t>,
and from [7, P. 5103| that
(3.17) Jo(s,y) < Cas P21 v 1)P, for s € (0,1].
It follows that

t
(Jg X ic) (t,z) <03/ ds [(t _ ) Ble 662“—8)] /dy Gaplt —s,2—y)
0

x sl (1 v )P

/ u(d=)Gs,y — 2)
R

Now, integrating over dy, combining the estimate (3.7) with the sub-semigroup property of
Ga,p, see the relation (5.14) in [7] for example, and at last integrating over u(dy), we get:

(Jg X /c) (t,2) <Ca(tV 1)2|Ju 5(t, 7)) / s/ [(t _ o) Blo g QCQ(H>] ds
0

)

<Os(t Vv 1)Pi=B/a (t’ﬁ/o‘ + ecQt) o s(t, )

where C5 is a positive constant depending on « and 3. O
With all the necessary tools at our disposal, we are now ready to prove our main results.
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4 Proofs of the main results

Proof of Theorem 2.1. The proof follows similar ideas from [6]. Assume (2.1) holds for some
n > 0. We consider two cases here.

Case 1: 0 <1 < 2.

Using (3.5), we have

C1(1 + t9/%)
< - @@ 7
agttn) < [ SEEE Dy

-
<Cy(1 4 t7/%) sup [(1 + D+ |z — yl)m] :
yeR
Note that v = 2/p > 1 and (1 + |z —y[")(1 + |y|) = 1 + | — y|” + |y|. Thus, using Lemma

6.2, it follows that

[Jap(t )] < Ca(1 + 7).

Case 2: 1 > 2.
Observe that

Gapltiz—y)(1+ |z —yl?)
| Ja,5(t, )| </ Erar— lul(dy).

R

Next, it is not hard to see from Eq. (3.5) that
Gaslt,z —y)(1+ |z —y[?) < Ct9/o,

Now, set w =n/2 > 1. Note that
(14 12— ) (1+ [y>) % (14 2=y + y*)
e <1 + o =yl + Iylz)
>C,, <1 - W)
for some constant C, > 0. It follows that for all ¢ > 1 and = € R,

L4 fyl?)
<O, 48/ (

gt <Ol [ Dy
R

“c 1B/
X 5(1 + |x|2)(1+o¢)/2

/ (1 -+ ") 11 (dy)
R

1 4 4B/
< 6%-
(1+ |z)
This concludes the proof.
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Proof of Corollary 2.2. Pick p > 2. Using Lemma 3.6 with ¢ > 1 yields
<J§ * lC) (t,z) < CtiFPU-1/a) <t*5/“ + e02t> | Ja,5(t, )]
For a,b > 0 and using (2.2), we have

1 1 .
lim = sup logllu(t,z)|?=lim — sup log <Jg *IC) (t,x)

p
%0 L |g|>explat) =0t |g|>exp(at)

<cg — ab.

Now, ¢y —ab < 0 if and only if a > . Thus,

_ 1
(4.1) &(p) := inf {a >0: lim - sup logE|u(t,x)‘p < O} < — < o0.

2

100 1 |o[>exp(at) b
]

Proof of Theorem 2.5. Since {(p) > £(2) for all p > 2, it is enough to consider only the case

p=2.
To this aim, fix € € (0,t/2) and choose a positive constant Cy as in Lemma 3.4 such that

Jo(t,x) > C'#l{t%}ga’ﬁ(t,x) = I (t, ).

By [7, (3.4)],
lutt, )1 > Bt,2) + (J *K) (t,2) > (12 K) (¢, 2).

Now, applying Proposition 3.5 and Lemma 3.3 (3), we get

t—e
<Ie2 *&) (t,.%') P él / ds El_é 1_§(\I/‘917B/a) /dy Qiﬁ(t - 5T —= y)giﬁ(‘%y)
0

[e3 [e3 R
t—e
> Cyt =Pl / E 5,8 (\I/sl_ﬁ/a)s_ﬁ/o‘(t — s)ﬁ/o‘giﬂ(t — s, x)ds.
0

Since G, 5(t — s,2) > (t_TS)ﬁQa 5(t, @), it follows that

t—e
(12 %K) (t,2) > Gt P0G (1) / Bz, oz (Us'700) st — ) BN ds
0
t—e
> Gyt~ PEHIG2 (¢, D), s s (\Il(t - 26)1*5/‘“) / st — 5)BH1/) g
t—2e
B2+1/a)

> Cst PG (La)B, 5 o (W(t— 2077

’ «

-2 (t —e)B/a

= CaPENN (= PG (1B 5 o (W(E— 20 7).
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Clearly, the function z — G B(t,x) is even and decreasing for x > 0. It follows that for all
a >0,

o )Hu(t,x)ug > CG 5 (texp (@) — B, s (Wt -2 7)
x|>exp (at o a

Since a, 8 > 0, there exists some ty > 0 such that for all ¢ > to, t7/* < e, so

C, %8

2
Qa,ﬁ (t,exp (at)) 2 m

Finally, the asymptotic expansion of the Mittag-Leffler function in Lemma 6.3 shows that

1 1
(4.2) lim — sup log|lu(t,z||3 > T8/ — 2a(a + 1).

=00t |z|>exp (at)

Therefore,

1
£(2) =sup {a clim - sup log ||u(t, z|j3 > 0}

- =00 £ |z|>exp (at)
1
= sup {a >0:Ui-p/e —2a(a+1) > O}

\I}lf,}'}/a
C2(a+ 1)

As for the second part of the Theorem, suppose that ¢ = 0 and that there is ¢ > 0 such that
Jo = ¢, or that ¢ # 0. In this case, by |7, (3.4)] and Proposition 3.5, we have

Ju(t, z)|3 > max(c?,*) (1% K)(t,x) > Ct'PIOB,_5 , 5 (Wt'7F/2).

a’ o

Note that the lower bound above is independent of x, thus by Lemma 6.3,
1 9 1
(4.3) lim —  sup log ||u(t,z|} > WT=37=.
t=oo t |z|=exp (at)

Thus, £(2) = +oo. This concludes the proof.

We now extend our results to higher spatial dimensions.

5 Higher Dimension

In this section, we consider the following equation

5
(5.1) {8t u(

toa)= —(=A)%u(t,z) + I} P [o(ut,z)W (t, )], t >0, z € RY,
(0’ )

= nl)

15



with everything else defined as in Eq.(1.1).
Mijena and Nane in [15] studied this equation and showed that a necessary and sufficient
condition for the existence and uniqueness of the solution is

(5.2) d < amin{g~!,2}.

Note that this condition implies that for some values of o and § the equation has a unique
solution in dimensions d = 1,2 and 3, see [15].

Moreover, intermittency and intermittency fronts (when « = 2) properties were studied
by Asogwa and Nane in 1], Foondun and Nane in |11], and Mijena and Nane [16].

For the higher spatial dimension, we need to update the admissible set for the initial datum

as
1
Ma7d(Rd) = {/j/ € M(Rd) : Sll[é)d /Rd W\M(dm) < OO}, for a € (1,2]
S
We again interpret (5.1) in the mild sense, i.e
(5.3)

u(t,z) =Jo(t,x) + Zy(t,x), where
t

Jo(t, x) :/Gd(t,x —y)u(dy) and Zy(t,x) = // Ga(t — 5,2 — y)o(u(s,y)) W (ds, dy).
R4 0 Rd

The "heat kernel" Gy4(+,-) now satisfies an updated version of (1.3), i.e for o € (0, 2):

th th
—Bd —Bd
(5.4) e (#7540 I:cld+“> < Ga(t,) < e (£79 A |x|d+a),

for positive constants ¢; and co and where again the upper bound is only valid for d =1 < «,
see for example |11, Lemma 2.1] and the references therein.

Similar to the case d = 1, we also provide a definition of the solution to our problem, Eq
(5.1).

Definition 5.1. Following [0], a random filed u = {u(t,x)};~¢, rera 5 called a solution of
(5.1) if the following conditions hold:

1. u is adapted, i.e, for all (t,x) € RY x Re u(t,z) € Fi;
2. w is jointly measurable with respect to B(R% x RY) x F;
3. for all (t,z) € R% x R?, the following space-time convolution is finite:

(G o) (t2) = [ ds [ dy G = s, = o (u(s.) I3 < o

4. the function Iy : RY% x R? — L%() is continuous;

5. u satisfies (5.3) for all (t,z) € R} x R4

16



Define the following reference kernel

. T and xr W1 :
d a,B ) (t2 / | |2)(d a)/27 ) d,a

I'(d/2+ «/2)
72T (a)2)

Here, |z — y| = /(21 — y1)% + (32 — y2)% + - + (¥4 — ya)? represents the Euclidean dis-
tance between two points =,y € R%. We will also use the differential dz := dzidzs - - - dzg.

Note that for all ¢ > 0 and 2 € R, we have
L4+ 22 < (T+ (Cla)?) (T4 (Chan)?) - (14 (¢ Hea)?).

Therefore,
Cd atiﬁd/a
ga t,x) = :
9o p(t; ) (1 N t_zﬁ/a’x‘z)(d+a)/2
d
+—B/a
Z Cd,a
e
d B
ta(d—l)—f—ﬁ
(5.6) = Caa ||

k=1 (t25/a + xz)(d+a)/2

Lemma 5.2. The following lower bound estimates hold for all z, and y € R%:
1. For allt >0, ¢Gap(t,x—y) = 2_(d+o‘)t%dgaﬁ(2€,x)dga,ﬁ(t,y).
2. Forallt > s >0,
c2 C2d _gd

(492 5t = 5.2) % 462 5(5.9)) (@) > s (st)

8. Forallt>=r>1/2>0, 4G p(r,z) > 27°0+d/) (t/r)%dgaﬁ(t,x).

(t— s)%dgiﬂ(t —s,x).

Proof. The proof follows similar ideas from the one dimensional case in Lemma 3.3. We
provide the outlines below.

1. Observe that for all a,b € R% 1+ |a —b|? < 1+ 2|al? +2|b]? < (1 +2]al?)(1 + 2[b|?).

Therefore,
Cyat?
dYap(t,x —y) = :
“ (£26/0 4 o — y|2) 4+
1,84
>Cd,;t * 4Ya,p (t, \/ix)dga,ﬁ (t, \/iy)
Now,

_dta
1G5t V22) 22757 G 4(t, ).
It follows that,

dgoz,ﬁ(ta €T — y) Z 27(d+a)cdilt%dga,ﬁ(t’ x)dga,ﬁ(ta y)

,Q
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2. By part 1. of this Lemma, we have

28d
t—8) o
(492500 = 5206255 @) 2 2o = .2) [ G2 50 = 500402 5(s.0)
d,«x

R

Now, using (5.6), we have

/dgi,g(t — 5,9)aG0 5(s,y)dy

Rd
d é _ d B(qg— 2
(t —s) o [d=1)+8 gald=1)+8
= / (Cd a H d Cd « H dy
+a)/2 ) d+0{ 2
J t _g)2B/a 4 ]( )/ Pt (S2B/a _,_yz)( )/
23‘1 d—1)+28d 1
- Cd o (t - ( / dyk
[ H (t— s) 25/a ](d+a) (S2B/a + yz)(d+a)
264 (4—1)+28d 4’— —2d—20+1) Bla 4 Bla
> d®a,6 [S(t—s)] o [S(t— ) a H exp S) + s >|Z]g|]d2k
k=1%
d
_pd 2
= dga,ﬁ [S(t - S)] <(t _ S)ﬁ/a i sﬁ/a)
_sd
> 4Oap [S(t —s)| “ta
C4 C2d
Here, 40,5 := do (26?)3‘71/ 2 and we have used Plancherel identity and Lemma 6.1 to get

the second inequality with v = (d + «) — 1/2.

3. Fort >r >t/2> 0, we have

Bd || Sl
dGa,5(rx) =Ciar™ = (1 + rzﬁ/a>

Bd
Cyar™ o tP+d/) 28/a 2
>t (/2% + af?)

>9—A(1+d/a) (t/r)%dgi,g(t, z).

—(d+a)/2

This concludes the proof.

The proof of the next Lemma is similar to that of Lemma 3.2, so we skip it.

Lemma 5.3. For allz € R and t > 0,
(5.7) Galt,x) = CaG, 4 4(t, )

for some positive constant é’d.



Proposition 5.4. Let o € (1,2]. Then for allt >0 and z € R,

(5.8) Ka(t, ) > 4Cs aG2 5(t,2)E,_sa | pa [q,dtl—%],
In particular, for allt >0 and x € RY,
(5.9) (1%Ka) (t,2) > 4Co 170 E,_sa 5 _s4 [\pdtlf%},

Here, 4C, 4Cs and Vg are all positive constants depending on d,« and (.

Proof. The proof is similar to that of Proposition 3.5. We provide highlights below.
Denote the convolution product

(inB)*n(t’x) = (dggﬁ*'”*dgé@)(?ﬁ,x)

n factors of dgi P

By the definition of Iy and the estimate (5.7),

(5.10) Kalt, 3 \) = i <)\2G§)*(n+l)(t,x) > i <O§A2dg§,ﬁ>*(n+l)(t,x).

n=0 n=0
*(n+1)
The next step is bound from below the term <,\2dg§ B) (t,x). To this aim, we make the
following claim:
Claim:
n+1
)\2(n+1)d5n P( _ @)
’ 7ﬂ
il : (-5 )dggﬁ(t,x) for all n > 0,

r((n+1)(1-2))

(3d+2a+25(1+d/a)+1)ﬂ_—d03 2 y
,Q +a—

(t,x) >

(5.11) <>\2d9375) R

where 42,5 := 2" 5 18 a positive constant.
Again, the case n = 0 is straightforward. So we consider n > 1 and assume by induction
that (5.11) holds for n — 1. Combining the induction hypothesis with Lemma 5.2 (2), we get

t

*(n+1) _8d n_1)(1_ B84y 26d -
(A%Qiﬁ) (t,z) = gYpt™ = / dgiﬁ(t — s, @) (t — s)P DO+ [s(t — s)] ds,
0
where . 84 s
_aSn g Nrr - ) CaaClay
a¥n = T (n(1 — 22)) 2203 1d
Observe that ¢ — s > t/2 whenever 0 < s < t/2. Thus, Lemma 5.2 (3) implies that
(n+1) i —&d
<)‘2dgi,6> (t,.%') > dTnz—Zﬁ(l-i-d/a)t%dgiﬂ(t’1-) /(t _ S)(n—l)(l—%) [S(t _ 8)} * ds.
0
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Also, t —s > s for 0 < s < t/2, so

t/2
*(n+1)  pd
(2ag25)" ) = a2 IO GE (ra) [ DO s 9] s
0
It follows that
t
(n+1)  pd
<)\2dgi,5>* (t,x) > dTnZ*%(l*d/o‘)*lt%dQQ /8 1 Bd (t B S)] s
0

Finally, applying the definition of Euler’s Beta integral, see Eq. (6.5), proves the claim.

Therefore,

. o (4Z05C2020 (1 — £4)1=3)"
ot st
= C’CQI)\Q (1 — @)dgaﬁ(t x)El_%7 | 5d <dEaﬁ)‘2é§P(1 _ %)tl%>.

Thus (5.8) follows by setting

W, = dEa,Bég)\QI’(l — @> and 4C, := \°T (1 — @)Cd

«

The bound (5.9) easily follows from (5.8) as follows:

(1*/Cd) (t,x) :/t/lCd(s,y)dyds

0 Rd
t

_Bd
2(/\1/]31,6’117 17ﬂ<\1]d81 a ) /dg§7ﬁ(5,y)dyd5

0 Rd
Next,
_8d 1
/dgaﬁ(s y)dy = Cda o /Wdz
Rd Rd
= dCaS_% .
Finally, using Eq. (6.3), we conclude the proof. O

Lemma 5.5. Suppose o € (1,2] and p € My 4(RY), pu# 0. Then for all € > 0, there exists
a constant C such that for allt >0 and x € R,

(5.12) Jo(t2) = (Galt, ) 1) (@) > aCLs>cpaGap(t @),

where ¢Cy is a positive constant depending on d, o and f3.
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Proof. The proof is very similar to the proof of Lemma 3.4 so we omit it. O

We can now state our main result in this section.

Theorem 5.6. Suppose that o € (1,2) and o satisfy the growth condition (1.10). For all
€ Meaa+(RY, uw+#0 and for all p > 2, if s = 0, then

1

plo
(5.13) £(p) > m >0,

where Vg is as defined in Proposition 5./.
For these i, if ¢ = 0 and p(dz) = f(z)dz with f(x) = c for all x € Re or if ¢ # 0, then
£(p) = &(p) = +o0. In particular, y(p) = 7(p) = +oc.

Proof. The proof is also similar to the proof of Theorem 2.3, so we only provide sketches here.
Again it is enough to only consider the case p = 2 since {(p) > £(2) for all p > 2. To this aim,
fix e € (0,t/2) and choose a positive constant 4Cy as in Lemma 5.5 such that

Jo(t, ) = 4CplyseyaGa 5t ) i= ale(t,z).

By an extension of |7, Eq. (3.4)] we can show that,
Jutt, 2)I13 > (a2 % K4) (t,2),

Now, applying Proposition 5.4 and Lemma 5.2 (2), we get

t—e
<dI€2 *&) (t,x) > oyt / E, 8d | gd (\Ildslf%)s*F(t - s)%dgiﬁ(t —s,x)ds.
0

d

(dlz * &) (t,x) > 02t75(2+d/a)dggﬁ(t7 x) / El_Bd 1 Bd (\I/dslf%)sf% (t — 8)6(2+d/a)d8
0
t—e
> Cat PO (G2 (4,2)B, sa | sa(Walt =207 ) / sl (t - 5) B g

t—2¢

B(2+d/a)
> Cyt P 4G2 S(8, )y _pa | (\Pd(t - 26)17%) S

a o (t _ E)E
Bd 9

= CaTPEN (= 7T G2 (00, _pa o (Walt — 261 7F )

€

Again, the function x — 4G 5(t, ) is even and decreasing for |z| > 0. It follows that for all
a >0,

_9pB_Bd _Bd _Bd
sup  |ju(t,z)|3 > C. dgi,ﬁ (t,exp (at))t 26— (t—€) By pa | pa (\I’d(t —2¢)17 )
|z|>exp (at) a’ a
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Since a, 8 > 0, there exists some ty > 0 such that for all ¢ > to, t7/* < e, so

Cyat®

2
a9a,s(t,exp (at)) > e

Finally, the asymptotic expansion of the Mittag-Leffler function in Lemma 6.3 shows that

1

?[g]

1 1
lim — sup log|lu(t,z)|3 > ¥
1500 t |3 exp (at) 2

— 2a(a + d).

Therefore,
.1 2
£(2) =sup {a: lim —  sup log|lu(t,z)|5 > 0}
- t—00

|z[>exp (at)
1

_Bd
2sup{a>0:\I/; “ —2a(a+d)>0}

1
Bd
a

1—
— \I/d

2(a+d)’

This concludes the first part of the Theorem. As for the second part, suppose that ¢ = 0 and

that there is ¢ > 0 such that Jy > ¢, or that ¢ # 0. In this case, by |7, (3.4)] and Proposition
5.4, we have

~,1— B4 _Bd
[u(t, z)||3 > max(c®,¢*) (1% Ky)(t,z) = Ct' ™ E\_se 5 4 (Tt o).
Again, since the lower bound above is independent of z, by Lemma 6.3, it follows that

1
Bd
a

1 ,
lim = sup log|lu(t,z||3 > \Ifall
t—oo t |z|=exp (at)

Thus, £(2) = +oo and this concludes the proof.
O

Remark 5.7. We were not able to prove the inequality &(p) < oo for d > 1 at this moment.
When d > 1, the heat kernel does not have a uniform upper bound, see for example [2, Page

7], making calculations extremely challenging. We leave this as an open problem for a future
project.
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6 Appendix

Lemma 6.1. [0, Lemma 5.2] Let fy,(x) := f(z) = (b? +22)7V"Y2 with b > 0 and v > 1/2.
Then

(6.1) FUIE) = [ dve= () > G e
R

for all b >0 and z € R, where C,, = %, v>=1/2.

Lemma 6.2. [0, Lemma 5.5] Suppose v > 1. For all x € R,

. ljﬁ—i—H:d—yﬁ if |x|>uﬁ,
min (|z — y|¥ + >
yER (2= 1" + Iy { |x|” otherwise
The (two-parameter) Mittag-Leffler function is defined as
o0
6.2 f >0, v>0.
(6.2) Zr Gy o w>0v

k=0
It has the following asymptotic expansion:

Lemma 6.3. [17, Theorem 1.8 If 0 < p < 2, v is an arbitrary complex number and v is an
arbitrary real number such that mp/2 < v < w A (wp), then for any arbitrary integer p > 1,
the following expression holds:

1, - e
E,.(2) :;z(l )/uexp 1/u ZP O(|z| 1 p)’

as |z| = oo with |arg(z)| < v.

The following integration formula about the Mittag-Leffler function can also be found in
[17, (1.99) on P.24]

(6.3) / Eog(NM) P~ dt = 2P B, 511 (M2%), B> 0.

The Euler’s Beta function is defined as

t

(6.4) /s“l(t — )7 lds = %ta”’l, Re(a) > 0,Re(b) > 0.
0

Following |18, 5.12.3, p.142|, it can also be defined as:

o0

ot ~ T(a)l'(b)
(65) / (1+ t)a+bdt - T(a+b)

0
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