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Recent observations of contradictory impurity effect in the heavy-fermion superconductor
CeCu2Si2 at ambient pressure have hindered the identification of its pairing symmetry. Here we
perform theoretical analyses with both intraband and interband impurity scatterings for the node-
less s±-wave pairing, and report an anomalous nonmonotonic variation of its Tc suppression with
the scattering strength. Our results reproduce the prominent reduction of Tc in good agreement
with earlier experiments by atomic substitution and explains as well its robustness against electron
irradiation. We ascribe the latter to the screening of the interband impurity potential in the strong
scattering or unitary region. This resolves the seeming contradiction in different experimental probes
and provides an important support to the nodeless s±-wave scenario in CeCu2Si2 at ambient pres-
sure. Our theory may be extended to other narrow band systems such as twisted bilayer graphene
and the recently discovered bilayer or trilayer nickelate superconductors, and provide a useful way
to distinguish different paring candidates thereof.

PACS numbers: 74.70.Tx, 74.20.Pq, 74.62.En

Identifying the pairing symmetry is a central yet ex-
tremely challenging issue for unconventional supercon-
ductors. One notable example is CeCu2Si2 [1], which
was discovered in 1979 as the first unconventional super-
conductor [2] and, for over 30 years, had been widely
believed to be of d-wave pairing mediated by antifer-
romagnetic spin-fluctuations [3–7]. However, in 2014,
more elaborate measurements of the specific heat and
magnetization on high quality samples down to 40 mK
found surprising thermodynamic evidences for two node-
less gaps [8] and thus questioned the hitherto prevailing
d-wave scenario. This unexpected observation was subse-
quently confirmed by a series of refined experiments such
as scanning tunneling microscopy (STM) down to 20 mK
[9], angle-dependent specific heat [10], London penetra-
tion depth [11–13], thermal conductivity [13], and angle-
resolved photoemission spectroscopy (ARPES) [14]. A
multiband picture was soon developed based on first-
principles electronic band structure calculations, claim-
ing the importance of both electron and hole Fermi sur-
faces [15, 16]. Different pairing candidates have since
been proposed including the sign reversal s±-wave due
to strong interband pairing interaction [16], the sign pre-
serving s++-wave [13], and the ’d+d’ mixed-pairing mo-
tivated by the study of iron-pnictide superconductors
[11, 17]. While all these proposals seem to fit well ex-
isting data of the specific heat [8, 10, 13] and the London
penetration depth [11, 13], direct experimental probe of
the gap structures is lacking due to the limited energy
resolution. As a result, the exact gap structures of su-
perconducting CeCu2Si2 at ambient pressure still remain
undecided.

It is therefore crucial to look for smoking gun evidences
that may distinguish these different scenarios. Among
all possible probes, the impurity effect provides signif-
icant phase information on the pairing symmetry for
both conventional and unconventional superconductors
[18]. Actually, such experiments have been carried out
on CeCu2Si2 shortly after its discovery and found that
replacing Cu by merely about 1% Rh, Pd, or Mn [19]
can completely destroy the superconductivity. On the
other hand, for substitution of the Ce sites, the suppres-
sion of Tc relies heavily on the dopant, with the critical
concentration being 0.5% for Sc, 6% for Y, 10% for La,
and 20% for Th [19, 20]. These earlier measurements on
the pair breaking effects caused by impurities were be-
lieved to provide strong support for nodal d-wave pairing
in CeCu2Si2. But recent electron irradiation experiments
reported surprising robustness of the superconductivity,
thus hinting a fully gapped s++-wave pairing in contrast
to similar measurements on cuprate and iron-pnictide su-
perconductors with sign changing d- or s±-wave gaps [13].
On the other hand, the s±-wave pairing has been used to
explain the neutron spin resonance mode below Tc [6], the
absence of the Hebel-Slichter peak, and the 1/T1 ∝ T 3

scaling of the spin-lattice relaxation rate [21, 22].

In this work, we investigate the impurity effect in su-
perconductor CeCu2Si2 and show that the above contro-
versy may be resolved based on the fully gapped sign
reversal s±-wave pairing state [16]. By using the Eliash-
berg gap functions and the T -matrix approach for a real-
istic two-band hybridization model, we present detailed
theoretical studies on the suppression of Tc and the den-
sity of states (DOS) with the intraband impurity scat-
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FIG. 1: (a) Electronic band structures of our effective two-
band hybridization model from DFT+U for CeCu2Si2 at am-
bient pressure. (b) Density of states of the α and β bands in
the normal state. Nα(0) and Nβ(0) refer to the DOS of α and
β bands at the Fermi energy. (c) A typical mapping of the
two-dimensional Fermi surfaces with the hole Fermi surface β
and the heavy-electron Fermi surface α.

tering strength u and the interband scattering strength
v. We find a critical intraband scattering strength Uc

controlled by the ratio r = v/u and the DOS at the
Fermi energy, below which Tc is quickly suppressed with
increasing impurity concentration, while beyond which
the superconductivity gradually revives with increasing
u and remains robust against impurities in the unitary
limit. Such unexpected anomalous features reconcile the
seeming discrepancy of the impurity effect induced by
atomic substitution and electron irradiation, and hence
provide an important support for the fully gapped s±

pairing in the heavy-fermion superconductor CeCu2Si2
at ambient pressure.

Our effective two-band hybridization model [23, 24]
is constructed based on density functional theory calcu-
lations (DFT+U), where only two hybridization bands
cross the Fermi energy and dominate the low-energy
physics of CeCu2Si2 [16]. The electronic band structures
are plotted in Fig. 1(a). A sharp peak is clearly seen
in the DOS in Fig. 1(b), reflecting the extremely flat
heavy electron band (α) of typical f -character due to
the many-body Kondo effect. At the Fermi energy, the
DOS of the α band Nα(0) is about six times larger than
that of the β band Nβ(0). For strong interband pairing
interaction [16], this predicts a gap ratio | ∆β/∆α |≈
(Nα(0)/Nβ(0))

1/2 ≈ 2.4, in good agreement with experi-
mental estimates [8–11]. A typical two-dimensional map-
ping in Fig. 1(c) shows multiple Fermi surfaces, which
fit well the recent ARPES measurement [14].

Without impurities, the linearized Eliashberg equation
is written as [26]:

∆i(iωn) = −πT
∑

j=α,β

gijNj

∑
m

′ ∆j(iωm)

|ωm|
, (1)

where i, j denote the band indices, Nj refers to the DOS
of band j at the Fermi energy, ωn/m is the fermionic Mat-

subara frequency, and
∑′

m ≡
∑

m θ(ωc − |ωm|), where

ωc is the cutoff. Clearly, the s±-wave pairing is fa-
vored for a sufficiently large interband pairing interac-
tion gαβ = g > 0. To focus on the impurity effect, we
have neglected for simplicity the mass enhancement and
quasiparticle damping induced by electron-electron inter-
action.
The effect of impurities can be well captured by the T -

matrix approach as long as the concentration nimp ≪ 1.
The normal and anomalous self-energies are then given
respectively by∑A

i (iωn) = nimp

∑
j=α,β

Tij(iωn)fj(iωn)Tij(−iωn),

∑N
i (iωn) = nimpTii(iωn), (2)

where fj(iωn) = πNj∆
j(iωn)/|ωn| represents the lo-

cal anomalous Green’s function, Tij(iωn) = Uij +∑
l=α,β Uilgl(iωn)Tlj(iωn) is the T -matrix element for

the nonmagnetic impurity scattering Uij = uδij + v(1 −
δij), and gl(iωn) = −iπNlsgn(ωn) is the local normal
Green’s function [26]. Taking into account these impu-
rity effect, the linearized gap equation becomes [26]

Zi(iωn)∆
i(iωn) = −πT

∑
j=α,β

gijNj

∑
m

′ ∆j(iωm)

|ωm|

+
∑A

i (iωn), (3)

with the renormalization function

Zi(iωn) = 1−
∑N

i (iωn)−
∑N

i (−iωn)

2iωn
. (4)

When only the interband pairing interaction is consid-
ered for the case of dominant s±-wave pairing, we obtain
the following equation for Tc [26]:

g2NαNβ(X −B)(X − C)− 2gNαNβ

Nα +Nβ
(C −B) = 1, (5)

with

X = ψ

(
ωc

2πTc
+ 1

)
B = ψ

(
1

2

)
C = ψ

(
1

2
+ (Nα +Nβ)

nimpv
2

2TcD

)
, (6)

where D = 1 + π4N2
αN

2
β(u

2 − v2)2 + π2u2(N2
α + N2

β) +

2π2v2NαNβ and ψ(x) is the digamma function. For
nimp ≪ 1, the above equation may be approximately
solved and gives

ln
Tc0
Tc

≈ γ

[
ψ

(
1

2
+

(Nα +Nβ)nimpv
2

2TcD

)
− ψ

(
1

2

)]
,

(7)
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FIG. 2: (a) The calculated Tc/Tc0 as a function of the im-
purity concentration nimp for weak intraband impurity scat-
tering u at a fixed ratio v/u = 0.8. (b) Variation of Tc of
CeCu2Si2 with Cu substitutions in experiment, adapted from
Ref. 19. (c) Impurity induced DOS for different values of u
at nimp = 0.005 and v/u = 0.8.

where Tc0 ∼ 0.6 K is the superconducting transi-
tion temperature without impurities and γ = 1/2 +√
NαNβ/(Nα +Nβ). This expression is similar to previ-

ous results [26–28] where Tc may be solved iteratively.
For comparison with experiments, we plot in Fig. 2(a)

the variation of Tc/Tc0 as a function of the impurity con-
centration nimp for a typical ratio v/u = 0.8 in the Born
or weak impurity scattering region (small u). As ex-
pected, Tc drops quickly with nimp and the overall sup-
pression is enhanced as the scattering potential u in-
creases. This provides a potential explanation of ear-
lier doping experiments reproduced in Fig. 2(b) [19],
where the superconductivity is destroyed in similar man-
ners for 1% of Rh, Pd, or Mn replacement of Cu. Besides
the suppression of Tc, the impurities also induce in-gap
states. Figure 2(c) plots the DOS in the superconduct-
ing state derived from the imaginary part of the local
Green’s function for nimp = 0.005. In contrast to two
intra-gap resonance peaks for a single nonmagnetic im-
purity [23, 24, 29], an impurity band appears so that the
original nearly U-shaped DOS (u = 0) turns into a V-
shape at u = 0.03 and is almost filled in beyond u = 0.08.
This DOS variation might explain the power-law behav-
ior in 1/T1 in earlier NMR measurement and the larger
full gap and smaller nodal gap in tunneling spectra [9].

So far it looks normal, but surprises come from the sub-
stitution or removal of Ce sites. Since Ce 4f -electrons
dominate the superconductivity in CeCu2Si2, one may
naively assume stronger impurity effect than those of Cu
replacement. We have therefore perform further calcu-
lations for strong impurity scattering (large u). The re-

FIG. 3: (a) The calculated Tc/Tc0 as a function of the impu-
rity concentrations nimp for strong intraband impurity scat-
tering u at a fixed ratio v/u = 0.8. (b) Impurity induced DOS
for different values of u at nimp = 0.02 and v/u = 0.8. (c)
Variation of Tc of CeCu2Si2 with Ce substitutions adapted
from Ref. 19. (d) Comparison of electron irradiation mea-
surements on Tc/Tc0 in CeCu2Si2 and other superconductors
adapted from Ref. 13

.

sulting Tc/Tc0 is plotted in Fig. 3(a) as a function of
nimp for the same ratio v/u = 0.8. Quite remarkably,
instead of further suppressing Tc as in Fig. 2(a), the su-
perconductivity seems to gradually revive with increas-
ing u and is robust against the impurities in the unitary
limit (u = 10). This suggests that very strong scatter-
ing potential (large u) has actually a weaker effect on Tc.
Indeed, the critical concentrations for replacing Ce are
0.5% Sc, 6% Y, 10% La, or 20% Th in experiment as
reproduced in Fig. 3(c) [19, 20]. In particular, removing
some Ce ions by electron irradiation is expected to bring
much stronger scattering than atomic substitution [13].
But as shown in Fig. 3(d) adapted from Ref. 13, its sup-
pression on Tc is much slower than those in cuprate and
iron-pnicide superconductors, but similar to conventional
s-wave superconductors. Thus, the consistency between
our theory and the experiments provides a potential ex-
planation to the puzzling observation in the doping and
electron irradiation experiments in CeCu2Si2, and con-
sequently supports the nodeless s±-wave pairing of its
superconductivity. With increasing u, as shown in Fig.
3(b) for nimp = 0.02, the DOS recovers from V-shape at
u = 0.8 to U-shape at u = 10, reflecting the robustness
of superconductivity even in the unitary limit. It should
be noted that the exact strength of the scattering poten-
tial for each type of impurity is not known in CeCu2Si2.
It will be important if future materials calculations or
refined experiments could clarify this aspect in order to
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FIG. 4: (a) The Hook function of the standard form, f(x) =

ax+ b/x, with a crossing point at (
√

b/a, 2
√
ab). (b) Tc/Tc0

as a function of the impurity concentration nimp with varying
ratio v/u at u = 0.1. (c) Tc/Tc0 as a function of nimp with
varying intraband impurity scattering strength u at v/u = 1.

fully establish the above scenario.

The anomalous behavior of Tc suppression may be un-
derstood analytically from Eq. (7), where the differ-
ence of two digamma functions is fully determined by
the magnitude of (Nα + Nβ)nimpv

2/2TcD. This quan-
tity increases linearly with nimp, causing the mono-
tonic suppression of Tc with increasing impurity con-
centration. On the other hand, its evolution with the
impurity scattering potential is more complicated be-
cause D also depends on u and v. To see its effect
more clearly, we first fix the ratio r ≡ v/u and obtain
(v2/D)−1 = π4N2

αN
2
β(1/r − r)2u2 + 1/r2u2 + π2(N2

α +

N2
β)/r

2 + 2π2NαNβ , which is a typical Hook function of

u2 of the standard form f(x) = ax+b/x up to a constant
offset. As shown in Fig. 4(a), the Hook function contains
a crossing point (

√
b/a, 2

√
ab). We have thus a critical

impurity scattering strength U2
c = 1/π2NαNβ(1−r2) for

r < 1 (v < u), which is controlled by the DOS at the
Fermi energy of both bands as well as the ratio r be-
tween interband and intraband impurity scattering po-
tentials. As a result, Tc behaves opposite across Uc. For
u < Uc, it is more strongly suppressed as u increases,
but for u > Uc, the superconductivity gradually revives
and is robust against impurities in the unitary region.
Physically, v2/D may be regarded as the renormalized
effective interband scattering, whose nonmonotonic de-
pendence with the bare v reflects the screening of inter-
band scattering for sufficiently large v.

To have a complete understanding of the interband im-
purity scattering effect, we plot in Fig. 4(b) the Tc/Tc0
as a function of nimp with varying r = v/u at fixed
u = 0.1. It is seen that Tc/Tc0 drops very quickly
with increasing r, indicating that the interband scatter-

ing plays a key role in destroying the superconductivity
for the nodeless s±-wave pairing. However, no anoma-
lous behavior is seen with increasing r up to r = 1.
This can also be understood from the Hook function
by rewriting (v2/D)−1 = π4N2

αN
2
βu

2r2 + [π4N2
αN

2
βu

2 +

π2(N2
α +N2

β) + u−2]/r2 − 2π4N2
αN

2
βu

2 +2π2NαNβ . Fix-

ing the impurity scattering u, we obtain a critical r2c =√
1 + (N2

α +N2
β)/π

2u2N2
αN

2
β + 1/π4u4N2

αN
2
β , which is

always larger than unity and explains the absence of su-
perconductivity revival in Fig. 4(b).

We note that there are two special cases: v = 0 and
v = u. In the first case, we always have v2/D = 0 and no
suppression of Tc occurs for any value of u. This implies
that pure intraband impurity scattering cannot suppress
the nodeless s±-wave pairing, a result in good accordance
with Anderson’s famous theorem [30]. The case v = u has
been used to study the impurity effects in iron-pnicide
and other multiband superconductors [31, 32], but not
suitable for CeCu2Si2. Figure 4(c) shows the results for
v/u = 1. We see that Tc is always suppressed and drops
quickly for large impurity scattering. This can be natu-
rally understood from (v2/D)−1 = 1/v2 + π2(Nα +Nβ)

2

at r = 1, which decreases monotonically with increasing
v and approaches a constant in the unitary limit.

Given the general feature of the Hook function, one
may wonder if the above anomalous property should
be quite generally observed in all superconductors with
nodeless s±-wave pairing. This is, however, not the
case. In fact, as shown already in Fig. 3(d) for
Ba(Fe0.76Ru0.24)2As2, iron-pnictide superconductors also
exhibit similar s±-wave pairing but show more rapid
Tc suppression in electron irradiation experiment than
CeCu2Si2 (though much weaker than cuprates). To un-
derstand this, we note that the critical Uc derived above
is strongly influenced by the magnitude of (NαNβ)

−1/2.
Since the density of states Ni is inversely proportional to
the quasiparticle effective bandwidth, Uc is tentatively
given by the geometric average of two effective band-
widths, which is typically the order of ∼ 0.1 eV in heavy
fermion systems but much higher in other multiband su-
perconductors. For iron-pnictides, first-principles calcu-
lations yield a total DOS per Fe of about 1.3 eV−1 per
spin. The critical impurity scattering strength Uc may
then be estimated to be of the order of 1 eV at r = 0.8,
which is similar to the impurity potential 1.52 eV from Co
substitution [33, 34]. Thus, while its Tc suppression may
be weaker than d-wave superconductors, it is not yet fully
in a region for the observation of the anomalous revival
of Tc as in CeCu2Si2. On the other hand, we speculate
that this effect should be quite generally present in nar-
row band systems with nodeless s±-wave pairing, which
might be a potential way to distinguish different pairing
symmetries in, e.g., twisted bilayer graphene [35] or the
recently discovered bilayer or trilayer Ni-based supercon-
ductors [36–38].
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To summarize, by analyzing the Eliashberg equations
for a realistic two-band hybridization model and applying
the T -matrix approach for its impurity effect, we reveal
a critical scattering strength Uc in the presence of inter-
band impurity scattering and nodeless s±-wave pairing.
When the intraband impurity scattering u < Uc, super-
conductivity is quickly suppressed as a function of the
impurity concentration, while above Uc, superconductiv-
ity revives and is found to be robust against impurities.
This reconciles the controversy between doping and elec-
tron irradiation experiments, and provides an important
support for the fully-gapped s±-wave pairing in super-
conducting CeCu2Si2 at ambient pressure.
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