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Abstract

Any attracting, hyperbolic and proper node of a two-dimensional analytic vector-field has a
unique strong-stable manifold. This manifold is analytic. The corresponding weak-stable manifolds
are, on the other hand, not unique, but in the nonresonant case there is a unique weak-stable
manifold that is analytic. As the system approaches a saddle-node (under parameter variation), a
sequence of resonances (of increasing order) occur. In this paper, we give a detailed description of the
analytic weak-stable manifolds during this process. In particular, we relate a “flapping-mechanism”,
corresponding to a dramatic change of the position of the analytic weak-stable manifold as the
parameter passes through the infinitely many resonances, to the lack of analyticity of the center
manifold at the saddle-node. Our work is motivated and inspired by the work of Merle, Raphaél,
Rodnianski, and Szeftel, where this flapping mechanism is the crucial ingredient in the construction
of C*°-smooth self-similar solutions of the compressible Euler equations.
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1 Introduction

Consider an analytic and generic e-family of two-dimensional vector-fields unfolding a saddle-node bifur-
cation at € = 0. Then we can assume that the saddle-node singularity splits for € > 0 into an attracting
node and a saddle, both hyperbolic. Moreover, the following system

&= (x— e,

y = 7y(1 + aex) +96(5E,y),

(1)

where ¢¢(z,y) = O(22, 2%y, xy?), is by [13| Theorem 2.2] (see also Theorembelow) an analytic normal
form for this situation with ¢ > 0. The functions a¢ and ¢¢ depend continuously on € € [0,¢), ¢ > 0.
The saddle is at (¢,0) whereas the node is at the origin for any € € (0,¢p). It is well-known that the
saddle’s stable and unstable manifolds, W*® and W%, are analytic. The linearization of the node has
eigenvalues —e and —1. It is therefore resonant for e~! € N. When the node is nonresonant (¢! ¢ N) it
is known [6, Theorem 2.15] that the node can be linearized locally by an analytic change of coordinates
to the form

T = —ex,

Y=y
Here z = 0 is the strong-stable manifold W**  which is analytic. The invariant curves y = c|m\€_1,
¢ # 0, tangent to the weak eigendirection at x = 0, are all weak-stable invariant manifolds with finite

smoothness at z = 0. The set y = 0 is therefore the unique analytic weak-stable manifold W™?. At a
resonance ¢ ' = N € N, the node can be brought into the analytic normal form

& =-—-N"1g,

see [6, Theorem 2.15]. In the generic case b # 0, all weak-stable manifolds have finite smoothness at the
origin (due to logarithms). Specifically, there is no analytic weak-stable manifold in this case. Note that
this classification in the context of the normal form is (clearly) nonuniform with respect to € > 0.
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Figure 1: Phaseportrait of for € > 0, e ¢ N, with a hyperbolic saddle at (e,0) with stable and
unstable manifolds (W* and W* in blue and red, respectively) and a hyperbolic proper node at the
origin. The node always has a unique strong-stable manifold (W** in green) and in the nonresonant case
(e7! ¢ N) a unique analytic weak-stable manifold (W™* in magenta).

In the present paper, we provide a detailed description of the analytic weak-stable manifold W™*
of for all 0 < € < 1 (see our Assumptions [1] and [2[ below). Our overall strategy follows [10]. Here



the authors constructed C*°-smooth invariant manifolds (for a specific polynomial system) by matching
a global unstable manifold with an analytic weak-stable manifold close to a saddle-node ¢ — 0. These
invariant manifolds correspond to C*°-smooth self-similar solutions of the isentropic ideal compressible
Euler equations that were used in [11] to determine finite time energy blowup solutions of Navier-
Stokes equations (isentropic ideal compressible), see also [9] for applications to the defocusing nonlinear
Schrodinger equation.

In order to control the analytic weak-stable manifolds, the authors of [10] first apply a new approach
for the center manifold W€ at € = 0. In particular, they define a number SO, which depends on the
nonlinearity (in our case, it will depend on the full jet of ¢°), and show that if this quantity is nonzero
SY £ 0, then a “leading order term” of the analytic weak-stable manifold can be determined. The proof
of the main result of [10] is not based upon dynamical systems theory but rather on careful estimation and
boot-strapping arguments in order to bound the growth of the coefficients of certain series expansions. In
this paper, we consider a general case (1)), as opposed to a specific polynomial g¢ as in [10], and — being
inspired by the use of Nagumo-norms in e.g. [3H5] — set up fix-point equations for the series expansions
of the center manifold W*° and the analytic weak-stable manifold W™?. For the center manifold, we

solve the relevant fix-point equation using Banach’s fix-point theorem on a Banach space of formal series
0

> ope,mix® with the norm defined by supjs, % Here T is the gamma function. This approach

has the benefit that it provides the bound on the fix-point directly. We will consider a simplified setting,

where

ge(x’y) - ge(x,o) = O(M), (2)

with 0 < p < pp small enough, see further details below. Here g is independent of € > 0. We conjecture
that our results are true without this assumption (i.e. for any analytic and generic unfolding of a saddle-
node with a® > —2, see Assumption [I| below), but leave this to future work (see Section . We feel that
gives a suitable forum to present the phenomenon in an accessible way.

The condition S, # 0 will imply that the center manifold is nonanalytic, and a consequence of our
results is also that

SO A0=W""NW"=0 VO<e<l,e*¢N, (3)
see Fig. |1l This result is in line with the statement in |14, Example 3.1, p. 13], which says that
WegoY =W"NW* =0 V0o<e<le*¢N.
This is of course the generic situation. However, our results for S2 # 0 allow us to determine on what
side of W*" the analytic weak-stable manifold W™* lands.

1.1 Further background

A first glimpse of the phenomenon that we want to study, can be obtained from the following simple
example:
T = —ex,

(4)
with

o0
u(x) = Zukxk, lup| < Bp~*,
k=2

being analytic on the open disc |z| < p. Here x = 0 is the strong stable manifold W*¢ and for ¢! ¢ N
the analytic weak-stable manifold W™¢ exists and takes the graph form

= w
y=m(x), m(z)= Z 1 —kek‘xk VO <|Z| < p. (5)
k=2

This follows from a simple calculation. Notice that there are small divisors in the expression for m* for
€~ %, N € N (the resonances). Let

e'=N+a‘¢N, N:=l[e!], a°€(01),



and define

V(@) = N2 — (N4 )TN, (6)

Then the sum of the terms in with k = N and k = N€ + 1 takes the following form

N4l u u u +
k — Ne € — Ne+1 €+
E .’Ek =€ 1 7$N — € 1 7‘%1\[ 1
1 - €k af 1 —
k=N¢

(Ne +’LLNe) N°e ((Ne + l)UN€+1 N ’U,Ne+1> xNE—i—l
af 1—ac
=V

‘() + uyea™ +uney 2™V

It follows that B¢ := m¢ — V¢ is uniformly bounded with respect to a€ € [0,1), and for any v > 0 there
is a § > 0 such that

|BS(z)| <v VO0<|z| <4, af €(0,1). (7)

The function V¢, on the other hand, is not uniformly bounded if une # 0 or uyey1 # 0. Specifically, if
unetney1 7 0 then it follows that we can track W¥s : y = mé(z) throughy = V¢(z) forx #0, a® — 0T
and af — 17 (since V¢(z),  # 0, goes unbounded in these limits). Here by “track” we will mean that
the position of W™# can qualitatively be determined as follows:

Lemma 1.1. Fiz N¢ € N, K > 0, suppose that unye # 0 and define s = sign(uye). Let W¥* : y =
m&(x), 0 < |z| < p, denote the analytic weak-stable manifold of , et ¢ N. Then the following holds
true for all 0 < § < 1:

The position of W*™?* for all 0 < af < Ne%éw can be determined as follows:
1. Suppose that N€ is even. Then W™* intersects {y = %} for both =6 <z <0 and 0 < x < 4.

2. Suppose that N€ is odd. Then W™ intersects {y = f%} for =6 < x <0 and {y = %} for
0<ax<i.

Proof. For uyne # 0, we have

‘Nﬁ 5N‘>K V0 < af <N5|UIJ§€ SN

Then from @, we obtain that the following holds true for z = —§ and =z = é:

3K
V(@) = = v0<a5<N5‘K|6N 0<d<1.

Then by using m® = B¢ 4+ V¢ and with 0 < v < K for 0 < § < 1 the result follows. O
A similar result holds for 0 < 1 — o < 1 if une41 # 0, which we state without proof.

Lemma 1.2. Fiz N¢ € N, K > 0, suppose that unei1 # 0 and define s = sign(uyey1). Let W¥s : y =
m<(z), 0 < |z| < p, denote the analytic weak-stable manifold of (), e=* ¢ N. Then the following holds
forall0 <6 < 1:

The position of W for all0 <1 —a° < (N°+ 1)%6]\76"‘1 can be determined as follows:

1. Suppose that N€ is even. Then W™* intersects {y = £} for -6 < 2 < 0 and {y = —2£} for
0<a<i.
2. Suppose that N€ is odd. Then W™ intersects {y = ——} for both —§ <x <0 and 0 < x < 6.

By Lemma [I.I] and Lemma [T.2] we obtain a “fapping phenomenon” when uycune<i1 # 0, whereby
the position of W** (at least on one side of the node) changes dramatically as o transverses the interval
(0,1). We illustrate this flapping phenomena in Fig. [2| for uye > 0, une41 < 0 (which is relevant for
with 0 < € < 1, please compare with Fig. . It is essentially this flapping mechanism that (together with
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Figure 2: The “flapping mechanism” of the analytic weak-stable manifolds (WW*# in magenta and purple)
of for upne > 0,une41 < 0.

a basic continuity argument) allows the authors of [10] to connect their analytic weak-stable manifolds
with a global analytic manifold (that does not “flap”) and construct C*°-smooth self-similar solutions
close to resonances (and close to a saddle-node where the resonances accumulate).

For a general (fully nonlinear) analytic system, quantities corresponding to uye and uyey; for a
hyperbolic node can in principle be computed for any fixed N€ in terms of the jet of the nonlinearity
(through normal form computations [6, Chapter 2]). But in the context of , our results show that the
condition uy<uy<;1 # 0 can be related to the lack of analyticity of the center manifold y = m°(z) of
the origin for € = 0:

j?za:Q,

g=—y(1+ad"z)+¢°z,y). ®)

We therefore now review some basic facts about center manifolds. It is known that m is C*-smooth
in this planar context, see [6, Theorem 2.19]. It is also known that it is in general nonunique (see Fig. for
x < 0) and nonanalytic. As an example of a nonanalytic center manifold, consider a® = 0, ¢°(z,y) = 2>
for e = 0. As a first order system

dy
2 2
rr—=—-y+z,
dx Y
this y-linear case corresponds to Euler’s famous example written in the form of . Here one can easily
show that y = > 7=, m{z* leads to

my = (=1)*k—-1)! Vk>2.

Consequently, we have mYz* 4 0 as k — oo for any x # 0 and the center manifold is therefore
nonanalytic.

In general, it is known, see e.g. [3], that the expansion of the center manifold y = m®(x) for as a
formal series

o0
y=>_ mpa", 9)
k=2

is Gevrey-1:
|mY| < CD™*EK! Vk>2, (10)

for some C, D > 0. This formal series is 1-summable along any sector that is not centered along the
negative real axis, see [1, Chapter 3] and [3] for further details.

We will in this paper show (under the conditions of Assumption 1| (on a® > —2) and Assumption
(on the nonlinearity, see also (2)))) that the bound on m{ can be improved such that

ImY| < FT(k +a®) Vk>2, (11)



for some F' > 0 independent of k. Here I' is the gamma function, see Section below, and by Stirling’s
formula (see below):

T(k+a) = (1 + o(1))klk*’ 1, (12)

for k > 1. Therefore is Gevrey-1 (see (10]) for any D < 1, also D = 1 if a” < 1. The bound
agrees with |10, Lemma 5.4] on their specific nonlinearity.

To illustrate how the bound occur, consider the case ¢%(z,y) = f°(x) (where ¢° is independent
of y) in written in the equivalent form:

+y(l+ad°z) = fOz), )= f (13)

k=2

2 dy
. dxr

This differential equation for y = y(z) is linear in y and one can solve explicitly for the m{’s of the formal
series. Indeed, inserting the formal series @D into leads to

Z k +4a° mkxk'H + m%xk) = kamk,
k=2 =2

and therefore to the recursion relation:
mp+ (k—1+a")my_y = f Vk=2, (14)
with m{ = 0.

Lemma 1.3. Suppose that a® > —2 and define

JfO
1
Z I'(j+ad (15)
Then the solution of the recursion relation with m9 = 0 is
my = (—=1)*T'(k + a°) Sy. (16)

Proof. The result can easily be proven by induction using the base case m{ = 0 and the basic property
of the gamma function: I'(z + 1) = 2I'(2), see (L9), in the induction step. O

Seeing that f¥ is analytic, we have
/2] < Bp~*,

for some B > 0, p > 0, and the sum

V=1
5o kggosk ZI‘]—}—(LO

see ([15)), is therefore absolutely convergent for any a® > —2:
0 > |f0 > pfj
1551 < ; I'(j+a®) — ]; I'(j+a)

The property therefore follows from in the context of .
Notice that if S9, # 0, then by we have

m® = (=1)F0(k +a°)S? = (—1)*(1 + 0(1))S°.T(k + a°) = (=1)F(1 + 0(1))SL k" 1! (17)

for all £ > 1. This implies that the center manifold is nonanalytic. In the linear case , it is also
possible to go the other way. We collect this in the following lemma:



Lemma 1.4. Suppose that a® > —2. Then the center manifold of the linear system s analytic if
and only if SO, = 0.

Proof. =: From , we have that for any = # 0, m%xk # 0 for k — 0. Consequently, if S%. # 0 then
the center manifold is nonanalytic.
«: If S =0 then

|Sl(c)| = |Sgo *Sltc)| <B Z T L 0N
PR iE
and for any k > ko(a®), j € Np:

0

T(k + a°) (k— 1) N ko2 -
= 1+ opse() | —— ) <= |+—r— < 8(1+§)%k,
Fk+14j+a% (k+j)!( %000 (1)) k+1+75 kK \k+1+j <8(1+7)

with ko > 1, using Stirling’s formula (see below) and

<k+1+j>2 _ (%(1 +j)>24(1 +4)2

k - k
Then upon using >-72 277 (1 + j)* = 12 it follows that
im{| <8Bp~*1 Y (pk) (14 ) <96Bp~F T k> ko >2p7
=0
We conclude that > p, mz* converges absolutely for all 0 < |z| < p if S, = 0. O

A first important step of our approach is to carry the classification of the analyticity of the center
manifold for e = 0 over to the nonlinear case. For this, we will use a fix-point argument in an appropriate
Banach space of formal series. This leads to the definition of S for a nonlinearity ¢°, satisfying the
Assumptions [1] and [2] below. If S, # 0 then the center manifold will be nonanalytic.

Y

Figure 3: The saddle node for € = 0. The center manifold (W€ in magenta) is only unique on the positive
side of z = 0.

Subsequently, for ¢ > 0 and S # 0, we (essentially) expand the analytic weak-stable invariant
manifold y = m®(z) into the form

m¢ =B+ (—1)N' S0V, Ne= |,

on a subset x € I¢, where (in essence, see Theorem for details) only B¢ is uniformly bounded
with respect to o = e 1 — |e71] € (0,1). We will therefore track y = m<(z) for SO # 0 using
y = (—1D)N SO Ve(x) for a — 0t and o — 1~ as in the example () above. (It would be more accurate
to say that the tracking will first be done in scaled coordinates, see (36), and that V¢(z) = V(e 1),



see . Moreover, z > 0 and z < 0 will be treated slightly different, but we refer the reader to further
details and the precise statements below.) In this context, it is worth pointing out that S, # 0 essentially
ensures that a condition like uycune+1 # 0 holds true near all resonances el eNfor0<e<1, see
Theorem [2.5] and Corollary [2.6]

While the discovery of the phenomenon in a specific problem is due to |10], our treatment of the
underlying general mechanism is novel and more in the spirit of dynamical systems theory. We also
feel that our proof streamlines the approach of |10], used for their specific nonlinearity (rational with
numerator cubic, denominator quadratic, see |10, Eqgs. (1.9)—(1.10)]). Moreover, we will perform the
important estimates not by brute force calculations but by using appropriate fix-point arguments in
suitable normed spaces.

1.2 Basic properties of the gamma function

The gamma function z — I'(z), defined for Re(z) > 0 by

I'(z) = /000 t*~te tdt, (18)

will play a crucial role in the following. We therefore collect a few well-known facts (see e.g. |12, Chapter
5]) that will be used throughout the manuscript.
First, we recall that I'(n + 1) = n! for all n € Ny, which follows from I'(1) = 1 and the basic property

I'(z+1) =2I'(2) ¥ Re(z) > 0. (19)

The gamma function can be analytically extended to the whole complex plane except zero and the
negative integers (which are all simple poles); specifically,

lim 2T'(z) =T(1) =1, (20)

z—0

In this paper, we will use Stirling’s well-known formula:
D(a+1) = (1+0(1)V2rz (2, (21)

for £ — oo. In fact, we will often use it in the following form:

I'(x +b)

= (] SCb
Fy = (o) (22

for b € R and « — oo, which can be obtained directly from (21)). We will also use the reflection formula:

T'(z)I'(1-2) = N Z. 23
(M- 2)= " Va¢ (23
and the Euler integral of the first kind:
1
. I'()I'(y)
1—v)2 v ldy = =22 Vaz,y>0. 24
Ja-v S (24)

Finally, the digamma function ¢ is defined as the logarithmic derivative of the gamma function:

()

o(2) : T

(25)

It has a unique positive zero at z ~ 1.4616312... and ¢(z) is positive for all z-values larger than this
number. It will be particularly important to us that ¢ is an increasing function of z > 0:

¢'(2) > 0. (26)



2 Main results

We first state a general result (based upon [13, Theorem 2.2]) on saddle-nodes.

Theorem 2.1. For any analytic and generic family of two-dimensional vector-fields unfolding a saddle-
node, there exists a locally defined analytic change of coordinates, depending continously on a parameter
€ €[0,¢e0), 0 < €9 K 1, such that on the singularity-side (¢ > 0) of the bifurcation, the system takes the
following normal form:

z=(x— ez,

§ = —y(1+ aa) + g“(z.y), &)

where
g (z,y) = f(z) + u(z,y)

&S] 9] oo oo
fola) =) fiak ut(ay) =Y upaaty + )Y ug ety
k=2 k=2

k=11=2

(28)

In particular, the following holds regarding the absolutely convergent power series expansions of f€ and
u¢ for all p > 0 small enough: Let

Dy :=1[0,e0) x {0 < || <p},  Da:=[0,60) x {0 < [z] < p} x {0 <[y| < p},

and define
B:= sup |f(x)], wp:= sup |u(x,y)| (29)
(e,x)€D1 (€,z,y)E D>
Then
Ifel < Bp~*, |uz7l\ <pup "t and u[,i’l =0 VkleN eecl0e) (30)

The proof of Theorem (available in Appendix |A]) is obtained by applying three elementary trans-
formations to the normal form in [13, Theorem 2.2].
In the remainder of the paper, we will assume the following regarding and :

Assumption 1. The following inequality holds true:

a’ ;= lim a® > —2.
e—0

Assumption 2. B and p > 0 are fixed and p > 0 in is a parameter that is small enough (see
details below).

Following Assumption [2] we will henceforth write
u® = pht and wy,; = phy g,

so that g€ in becomes

9°(z,y) =: f(x) + ph(z,y), (31)
where
Fola) =Y fia®, h(w,y) =Y hiaafy+ 0 kgt (32)
k=2 k=2 k=11=2
with

fel <Bp*, |hg | <p" and K, =0 VkI€EN, €€ (0 e). (33)

The results below will be stated for (27) with ¢¢ given by for 0 < p < 1 (in accordance
with Assumption .

The reference [10] also assumes a condition like Assumption [1] (see [10, Eq. 5.3]) in the context of
their specific rational example of an analytic unfolding, see [10, Eqgs. (1.9)—(1.10)]. On the other hand, a
condition like Assumption which can also be viewed as , does not appear in [10]. We conjecture that
our results are true without Assumption (and therefore holds for any analytic and generic unfolding of
a saddle-node with a® > —2), but leave this extension to future work. We will discuss the matter further
in Section [Bl



Remark 1. Assumption[d is only an assumption on the nonlinearity in y. Indeed, by the last equality
mn and continuity with respect to €, we have hj ; = o(1) for e = 0 uniformly in k € N.

Remark 2. Obviously, from we have u = O(p3) as p — 0 in general (since g¢ starts with cubic
terms) and in this sense one can achieve p small by taking p > 0 small. But this will not be helpful
to us (and we do not expect it to be useful in general). This is in contrast to arguments based upon
Nagumo norms (see e.g. [5]]), where the size of the domain can be used as a small parameter to obtain
the appropriate contraction of a fix-point formulation of Gevrey-properties of formal series. At this
stage, our approach in the present paper requires B and p > 0 fized and p > 0 small enough, as stated
in Assumption [

Our first main result relates to the center manifold.

Theorem 2.2. Consider with g¢ given by fore=0:
& = a2,

Y= _y(l + an) + gO(x,y)’ (34)

and suppose that Assumptions and@ hold true. Let W¢: y =m°(z), m°(0) = 0, with m® defined in a
neighborhood of x = 0, denote the center manifold of (x,y) = (0,0). Then there is a po > 0 such that
for all 0 < p < g the following statements hold true:

1. There exists a number SO, which depends upon the full jet of g°, such that if SO, # 0 then the
following holds:

(a)

1 d" 0

k™ (0)| = (14 0k—>00(1))SecT(k +a”)  for k— oo.
(b) The center manifold W€ is nonanalytic.

2. 8% = SO(f9) is a C'-function with respect to f3 (as well as all other parameters of the system),
recall , satisfying

5%,

afy

1
0y _
The second statement shows that the center manifold being nonanalytic for (27)), under the Assump-

tions and 7 is a generic condition. We exemplify this as follows:

Corollary 2.3. Suppose that the conditions of Theorem [2.3 hold true, in particular 0 < u < 1 so that

%i%“ (f9) # 0, and suppose that the center manifold of s analytic. Then the center manifold of the
2

perturbed system

T = x2,
§=—y(l+a’) +¢"(z,y) + qz*,
is nonanalytic for all ¢ # 0 small enough.
Proof. This should be clear enough. O

Remark 3. The generic property of the nonanalyticity of the center manifold could also be stated (more
abstractly) in terms of S = 0 being the zero set of an analytic function of the parameters.

Our next result relates to the analytic weak-stable invariant manifold W™ of . To present this,
we will first write in the equivalent form

oo~ L 4 y(1 +ae) = gy, (3)

10



For all e=! ¢ N, W*$ takes the graph form
oo
x) = Z ma®;
k=2

with the last equality valid locally z € (—4§¢,d¢), lim._,od° = 0. In particular, y = m(z) is a (locally
defined) solution of (35)).
Now, the blowup transformation defined by

T =€, Y= ey, (36)
for all € > 0, separates the node and the saddle, so that the latter is at (Z,7) = (1,0). Inserting

into gives

(T — 1) (1 + €a’T) = € 1g°(€7, €7), (37)

&l &

where
e g (ex, ey) =: ef () + euh’ (T, 7),

oo (o)
F@=) fie?z* Ry =) hi! ’“y+Zthle’““ T
k=2 k=2

k=11=2

In these coordinates, is a singularly perturbed system with respect to 0 < ¢ < 1 and W™? takes the
following form

o0
7 =m(T) := ¢ 'm(ex) = Z T ImTh,
k=2

where the last equality again holds true locally (z € (—e 10 ¢ 1¢)). In the language of Geometric
Singular Perturbation Theory (GSPT) [7,18], the set {7 = 0} is a normally hyperbolic and attracting
critical manifold in the (Z,7)-plane of 5:O~ Therefore there is a (nonunique) slow manifold as a graph
7y = O(e) over a compact subset T € I. This slow manifold only has finite smoothness in general, see |7].
However, the unstable manifold W* of the saddle (Z,3) = (1,0) in the (Z,7)-coordinates is an example
of an analytic slow manifold of the following graph form:

Wu: y=eH () Te(0,2] H(0F)=0; (38)

here H (%) extends C*-smoothly (1 < k < oo, specifically not anaulytlcally7 see Corollarym 1tem to
T = 0. We will also need the following lemma (which we prove in Section

Lemma 2.4. Suppose that et ¢ N, 0 < € < 1, and write
L= N4 N¢:=|e!] and o €(0,1).
Then the following holds true.

1. The series

—e . D)1 -0a) < TDk+a’) _,
e ThtieD) (39)
k=Ne¢

is absolutely convergent for all 0 < |Z| < 1; in particular VE(O) =0,

V@) >0, div () >0 VYZe(0,1), (40)
2. Lower bound:
— (N1

—e€ X 3

) > <z< -
VvV (7) 6<l—x> V07x74 (41)



3. At the same time, for any 0 < |Z| < 1,
V()| = oo for af =0T and1™.
4. Asymptotics forT = O(e): Let T = €Ty € [—€da, €8], 52 > 0 fizred. Then for all0 < e < 1, e ! ¢ N:

€

V(@) = (14 0(1))T (@) (N)*" 172" (@) Y

with each o(1) being uniform with respect to o € (0,1).

Figure 4: Phaseportrait of for e > 0, e ' ¢ N (and (—=1)V"S% > 0); please compare with Fig.
Theoremsays that if SO, # 0 then we can track W** (in magenta) by the graph 7 = (—=1)N" SO V" (z),
see also Corollary [2.6] and further details in Theorem [2.5

Our main result on the analytic weak-stable manifold then takes the following form (see Fig. .

Theorem 2.5. Fizx K > 0, 63 > 0, 0 < v < K and consider with g¢ given by , satisfying
Assumptions and @ Then the quantity SO from Theorem is well-defined. We suppose that

8% #0, (43)

so that the center manifold is nonanalytic.

Now, consider the convergent series Ve defined in . Then the following holds for all 0 < € < 1,
el ¢ N: Let W¥s : 5y = m®(Z), with m¢ defined in a neighborhood of the origin, denote the analytic
weak-stable manifold in the (T,7)-coordinates, see , and let I C [—526, %} be an interval so that

V'@)| <K Vzel (44)

Then I C domain(m*) and
ime(z) — ()N SV ()| <v Vel (45)
In other words, when holds true, then by taking 0 < € < 1, we can track W"* : 5§ = m*(T)

throughj = (=1)N" 8% V*(z). More precisely, we have the following result, which we illustrate for S, > 0
in Fig. |5} the weak manifold has to be reflected about the z-axis for S, < 0.

Corollary 2.6. Fiz c > 0 small enough, suppose that Assumptions (md hold true and that S, # 0.
Put s = sign(S%) and let W™* denote the analytic weak-stable manifold. Then the following holds true
regarding the position of W™ for all N¢ = |e7 1] > 1:

Intersections of W™ with {y = +c} for x > 0:

12



1. W™# does not intersect W*. More precisely, we have the following:

(a) Suppose that N€ is even. Then W*™* intersects {y = sc} for x > 0.
(b) Suppose that N€ is odd. Then W™* intersects {y = —sc} for x > 0.

Intersections of W™ with {y = +c} for x <0:
Define

a(N) = (N9 =N 1 —q(N¢) = (N)*' 1N, (46)
2. Suppose that N€ is even. Then the following holds:

(a) W intersects {y = sc} for x <0 for all 0 < a® < a(N°€).
(b) W3 intersects {y = —sc} for x <0 for all0 <1—a° <1—a(N°).

3. Suppose that N€ is odd. Then the following holds:

(a) W™ intersects {y = sc} for x <0 for all 0 < a® < a(N°).
(b) W intersects {y = —sc} forx <0 for all0 <1—a <1—a(N°).

Proof. We let K > 0 be large enough and take 0 < v <« K small enough and first consider the
intersections of W** with {y = +c} for > 0 (proving items [la| and . We let 0 < € < 1 be so that
Ve(%) > K, see ([1). Then since V' () is an increasing function of , see ([@0), 6 € (0, 2) defined by the
equation

V() = K,

is uniquely determined. We then apply Theorem with I = [0,6]. In particular, from we
conclude that W™ intersects {y = +1S% K} for € (0,6) when N° is even/odd, respectively. From
{y = :I:%SEOK }, we undo the scaling (36) and return to and apply the backward flow, see Fig.
This completes the proof of items [La] and Finally, for item [I| we notice that W* does not intersect
{y = +c} for all 0 < e < 1, recall (38).

We then turn to the intersection of W** with {y = £¢} for x < 0. For this purpose, we again let
K > 0 be large enough, put d2 = 1 (for concreteness), take 0 < v < K small enough, I = [—4,0] with
0 < 0 < € and use the expansion for —d2¢ < T < 0 to obtain the following for all N€ > 1: Consider
a(N¢) and @(N°) defined in (46). Then for any 0 < a¢ < a(N°) < 1, V*(exy) is given by

1 e ce_ne =
— (NN e, (47)
ae
to leading order, whereas for any 0 < 1 —a¢ < 1 —a(N¢) < 1, V' (ex2) is given by
1

(NN Y e, (48)

to leading order. We have here used ,

1 _ 652 _ 1 1 _ _
{1 +§2/ e(lv)zzvdv} = and {1 +§2/ e(lv)zzdv} — T2
0 L2 0

In both cases ((47) and (48)), there are remainder terms that we can assume are bounded by v >
0, uniformly with respect to a¢ (whenever and do not exceed K in absolute value); this
characterization will be adequate for our purposes.

We now further claim that for any 0 < o < a(N€), then with To = —1 exceeds K > 0 in
absolute value. To show this, we just estimate

1 c e e 1
7 Ne a®+1—N -1 N¢ —1 >
SV L1 5

1

(Ne)ae+1—N€e—1 — (Ne)1+a6—aoe—1 2 (Ne)§e—1 > K,

13



using that |a® — a®| <  for all N©>> 1. A similar result holds for forall 0 < 1—a° <1—alN°).
We leave out the details in this case.

Consider now items [2a] and [3a] regarding a¢ — 0. We then have by (which is continuous
and monotone with respect to T € [—1,0)) and that for any 0 < a¢ < @(N°€), the equation
[ (T)| = 1S9 |K has a solution T_ € (—¢,0). The sign of m*(Z_) is determined by (—1)V"szY", cf.
and . From {y = +1|S% |K}, we undo the scaling and return to (27). Then the proof of
items [2a] and [3a is completed by using the backward flow. Indeed, W™ aligns itself with one side of W*¢
in this case and we can therefore just use W*® as a guide for the backward flow up until W**’s transverse
intersection with {y = +c}, see Fig. [4f The case a® — 1 (items [2b| and is similar and we therefore
leave out further details.

O

o | A \t 4

]y

VVSL \
I/,I/"H,
aft — 17 L \ #
/( T\f l" A i €
W / \ T

Figure 5: Illustration of the results of Theorem see also Corollary The strong stable manifold
W*#% in green, the analytic weak-stable manifold W in magenta, the stable manifold of the saddle W*
in blue, and finally the unstable manifold of the saddle W* in red. The diagram assumes S > 0; if
SY < 0 then the diagram should be reflected about the z-axis. The analytic weak-stable manifold W®*
“flaps” on the = < 0-side of the node as a¢ transverses (0, 1), aligning on y > 0 or y < 0 with W** as
either o — 0" or a® — 17. On the = > 0-side, W™ remains on one side of W* for all a¢ € (0,1) and
only “flaps” as N€ varies. In particular, W*"*® and W* do not intersect.

2.1 Overview

We prove Theorem [2.2] in Section Theorem is proven in Section [ see also Section where
Lemma is proven. The strategy of the proof of Theorem follows insofar that we write
g =m(T) as a finite sum § = Zgiz meT", up until “before the resonance”, plus a remainder M (T) =
o@N SH) that we solve by setting up a fix-point equation using an integral operator 7€, see Lemma
A main difficult lies in estimating the growth of coefficients in the series expansion of g¢ when composed
with the finite sum 7 = EkN: msz" (with the number of terms going unbounded as ¢ — 0). This is
covered by the novel Lemma (which does not depend upon Assumption . Our treatment of M* is
also novel (and also does not rely on Assumption [2)) insofar that we view the integral operator 7€ as a
bounded operator on a certain Banach space D§ of analytic functions H = H(7) with H(z) = Oz +1),
see . We conclude the paper in Section

14



3 The center manifold W¢: The proof of Theorem

In this section, we consider ¢ = 0 and in the equivalent form

d
mzﬁ +y(1+ aox) = go(x, y), (49)

where

9°(z,y) = () + ph®(z,y) Zf 2y h ety

k=1 1=2
cf. and . Let
=Y miat, (50)
k=2
denote the formal series expansion of the center manifold y = m°(x). We define
w) =T (k+a) Vk>2, (51)
and a norm
yk
ol = sup 2. (52)
wy

on the space DY of formal series y = > -, yrx®. Notice that is well-defined by virtue of Assumption
and that D is a Banach space (due to the sequence space [ being Banach). For any C' > 0, we also
define

C={yeD" |yl <Y, (53)
as the closed ball of radius C. Moreover, for y(z) = Y=, yxz* € D° we define (¢°(-,y(*)))x by
o0
= (8" y())r®;
k=2

(R°(-,y()))k is defined in a similar way. By (3I)), we have (h°(-,y(-)))x = 0 for k = 2,3 and 4 and
therefore

(0" y()2 =13,

(go(vy()))3 = g7

@y = £, oY
@CyODe = fR+pu°Coy()e, k=5

Then

(R, () Z th ) Yk >5. (55)
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Proof. We use the expansion of h° in and Cauchy’s product rule:

[e'S) 0 oo k
ZQk Zpl = ZZ(]kfjp]" (56)
k=0

1=0 k=0 5=0
We have
ho(x,y(x)) = bz y(x)" = Z (Z h%lazk) Z(yl)ﬂj
1=2 k=1 1=2 \k=1 j=21

O

Proposition 3.2. Let y € B¢. Then ¢°(z,y) € D°. In particular, there is a constant K = K(a°, p,C)
such that

(o y()kl < Bp™* + pKuw)_y Yk >5. (57)
Moreover, y — h%(z,y) is C' and
(DR, y()) ()il < Kwil_ollz]| ¥z e D", (58)

recall the definition of || - || in (52).

We prove this proposition in Section [3.I] below. First we need some intermediate results.

Lemma 3.3. Consider w9 defined in for all k > 2 and suppose a® > —2 (Assumption . Then the
following holds.

1. Conwvolution estimate: There exists a C = C(a) > 0 such that

2. Let p > 0. Then there ezists a C = C(a®, p) > 0 such that

k—2
ij*k”w? < ng,z Vk>4.
j=2

3. Let £ > 0. Then there exists a C = C(a®, &) > 0 such that
L5)
> &) gy < Cuwp, VE>A

=2

Proof. We prove the items successively in the following.
Proof of item[1] We first notice that

k—2 13)

0,0 0,,0
E wiwg_; <2 E W;Wg_j,
Jj=2 Jj=2
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with k& > 4. The result follows once we have shown that

15)
23 wiwp ; <Cwp , Vk>4, (59)
j=2

for some C' = C(a®). We believe that this result, which is a result on gamma functions, is known, but
for completeness we will present a simple proof that will form the basis for proofs of similar statements
later on.

The starting point for this approach is to define ®9(j) for j € [2,k — 2] by

wiwy_; = exp(®7(j)). (60)
We have

d
@®%ﬁ=¢u+a%—¢%—j+ﬁ»

d? . ) )

) =G +a) + (k= j+a),

using . Since the digamma function ¢(z) is strictly increasing for z > 0, see , and since a® > —2
(recall Assumption , we conclude that ®9(j), j € [2,k — 2], is convex, having a single minimum at
j= % We therefore have that

V) <QU-2)+P Viel24], (61)
where
1 (wg 2)2
PO) = wu? d QY= 1 127 . 62
eXp( 1) wak—2 al Ql g _9 0og wgw272 9 ( )

in particular equality holds in for j=2and j = % so that also

k
exp (Q(f (2 - 2) + P10) = wp -
We illustrate the situation in Fig. @ Then by , a simple calculation shows that
Q) = —log4+o(1) and (w2/2)2/w2_2 —0 for k— 0. (63)

Therefore

L5) o .
> wfup_; < wwi_,+ / eIt g
. 2

Jj=2

< (L+1log ™" dywdw)_s (1 + 0gg—oo(1))
using and (63)), for all k£ > kg large enough. This finishes the proof of item
Proof of item|4 We proceed as in the proof of item (I} Let w) = exp(®9(j)) for j € [2,k —2]. Then
®Y is convex; in fact d%@g(j) = ¢(j + a) (positive for j > 4 since a® > —2), ;7-22‘1)8@) =¢'(j +a) >0,
see and . We conclude that

() < QG -2)+ P Vjie2k-2], (64)
where
exp(PY) =wd and QY . log whg >0 (65)
X = = ;
2 2 2= 14 wd

in particular equality holds in for j=2and j=k—2. By , we find that

Q% =logk —1+o0(1) for k— ooc. (66)
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y = dY(4)
~

Qi —2)+ P

y=

o
N
B
[
o
<

Figure 6: Graph of the function ® (magenta) and the secant Q{(j — 2) + P (in black), see (60) and
(62)). Since ®! is convex, holds.

We can therefore estimate

k—2 k—2
P20 < T h2 2004 P Z(Png)j'
j=2 =2

By , there is a kg > 1 such that
pe? > 2 Yk >k,

and therefore by estimating the geometric sum and using , we find that

k—2
3720 < 6@V — 940 ) Yk > k.
j=2

It follows that

k—2
1 .
C :=sup 5 E p7_k+2w? < 00,

w
k>4 k—2 j=2

is well-defined.
Proof of item[3 We use

w) < e+ ) [2,k],

with Q9 and P defined in (65]), to estimate

L5
Zfl wp_ 20-1) < eszHDQf 2 Z 72Q2
1=2
By , there is a kg > 1 such that
g% < Vh >k,

and therefore by estimating the geometric sum and using , we find that

> & ) < 2D+ — 00 ) Yk > ko

18



It follows that

L5

-2
C :=sup Ef wy_ 20-1) | <09,
k>4 \ Wi 2%

is well-defined. O

Remark 4. The strategy used in the proof of Lemmam based on the convezity of the functions ®%(j),
see e.g. (60) and Fig. @ will also be used for e > 0 below, see Lemma

Lemma 3.4. If G € D° and H € D° then GH € D°. In particular, there is a constant C = C(a®) such
that

(GH)i| < ClG|[|Hlwi—y Yk > 4. (67)
Proof. Notice that implies the first statement since

wh_y 1
w)  (k—1+a%(k—2+a)

vk > 4.

using . Next regarding , we use : (GH) = 25;22 GjHy-; =

k—2
(GH)R| < |IGIH| Y wiw)_; < CIGII| H]|w)_s,
=2
by Lemma [3.3] item [I] O
A consequence of this result is that
el < Mlyll'C' ol _pyy VR 22, (68)

for all [ > 2. This follows by induction. Indeed, having already established the base case, | = 2, in
Lemma [3:4] we can proceed analogously for any [ by writing

k—2
(W) = Z (') yk—s
j=2(-1)

and using

k—2(1—1)
Z w wk 21-2)—j = Cw272(l71)’
cf. Lemma [3.3]item [l We also emphasize the following:
(y')k, k > 21, only depends upon s, - yYe—20-1) YIEN. (69)
3.1 Proof of Proposition
We now turn to the proof of Proposition [3.2] (with k£ > 5). By (33), (54), (55) and Lemma [3.4] we have
kz 1J

[(@°CoyONel < Bp™* +n Z lyll'o~'C* 12;)] w?

j=2l

<Bp~ +uZIIpr ‘e 12/)] *wd 501y
Jj=21
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the last estimate, due to

Rl k-1 L5] k
Z("')Z<"')§ (...)Z(...)’
=2 j=21 =2 j=2l

is not important, but it streamlines some estimates for ¢ = 0 with similar ones for ¢ > 0 later on (see
e.g. (115)). We focus on the final term:

L5) k
H Z lyll'p~'C ! Z PRy
1=2 j=2l

By Lemma item [2| with ¥ — k — 2(I — 2), we can conclude that

k
Z Pjikw?—z(z—l) < Cw2—2(l—1)a
j=21

where C' > 0 is large enough but independent of [ and k. We are therefore left with

L5)
NZ Hy”lpilclwg—z(l—l)v
1=2

upon increasing C' > 0 if necessary. This sum is bounded by uKwy_2, with K = K(||y||) > 0, for all

k > 5 by Lemma item ] This completes the proof of (57).
The proof of (58) proceeds completely analogously. In particular, we find that

5] k-1

oo
(DROCy(NE)e =D > by 12); Va(z) =) za® €D k>5,
1=2 j=2I k=2
which is well-defined by Lemma We therefore leave out further details. O

3.2 Solving for the center manifold

We are now ready to show that m° € D°. We define the nonlinear operator 7° : D° — D by

70 (y) (LE) — Z(_l)kwg Z (71)j(g0(()-7y(~))j :Ek. (70)

k=2 j=2 J

Lemma 3.5. Let m%(x) =Y ;—, mlz* be the formal series expansion of the center manifold y = m°(x)
of B34). Then m°® € D° if and only if m° is a fiz-point of T® : D° — DO:

TO(0) = w0,

Proof. Tt follows from Lemma that the m{’s of the formal series of the center manifold m°(z) =
Yoo, mbxk are given by

k

mp = (-)fupst, spe= Y LA, (71)

=2

here the right hand side only depends upon m3,...,m%_, (which is a simple consequence of and
(169)). Consequently,

° = (),

and the statement follows. O
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Proposition 3.6. Let
Z i
w

Then there is a po > 0 sufficiently small such that T® : B2F — B2F" (recall ) is C! and a contraction
for all 0 < p < po small enough.

Proof. We have
1T%(y)|| = sup |Sk|<z| ) |

<§:M? }:'W ‘<F+O()<2F

for all y € B2F, provided that p > 0 is small enough. Here we have used that

00 o
> pen YA <k
J

Jj=2 Jj=5 J

1
(j—1+a)(j—2+a’)

Pﬂg

<oo, K=K(F), (73)

Il
o

by Proposition [3.2] see (57)), and a® > —2, recall Assumption [1} 7° is also C* and D(T°(y)) = O(u) cf.
59). O

For any 0 < p < 9, we have m® € DY, being the unique fix-point of the mapping 7° : B2 — B2F.
We then define

S0 o i 5p = 30 VAN, -
j=2

see .

Lemma 3.7. Consider the assumptions of Proposition . Then the series SO, is absolutely convergent
and |S%| < 2F.

Proof. We have
Z AN _

R
wj
by . O
In turn, if S% # 0 then
Im9| = (14 0(1))S2 w) for k — oo, (75)

cf. and , and there are constants 0 < C; < Cs such that
Ci(k — D)k < jm| < Co(k — 1)k, (76)
for all k large enough. Here we have used :
T(k +a®) = T(k)(1 + o(1)k*" = (k — 1)I(1 + o(1))k*
In this way, we obtain our first result.

Lemma 3.8. If S 75 0 then m® € D is not convergent for any x # 0 and the center manifold of
(z,y) = (0,0) for (49) is therefore not analytic.

Proof. From we have that m9x* /4 0 as k — 0 for any x # 0. O
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Remark 5. We do not know whether the converse:
“if SO =0 holds then the center manifold is analytic”,

which holds in the linear case (recall Lemma , is true in general. We leave this as an open problem
for future work.

Lemma 3.9. For all p > 0 sufficiently small, the following holds
5%,
fs

= 5+ O(w) £ 0.
2

Proof. We have

e’} AO . )
SgozziJr,u'Z (; ()))J (77)

j=2
The nonlinear operator T depends on f9 in a C'-way and so does its fix-point m° € DY. In particular,
from T9(m%) = MmO, with TY given by .7 we conclude that 2 3 f0 € D satisfies the fix-point equation:

~0

o > > F(=1D)2(DRO(,m° () (S ),
gfo = % Z( DFwpah + MZ(—l)kwg Z 5 Otz z".
2 2 =2 k=5 j=5 J

which, with m® € D° given, we can solve by Banach’s fixed theorem. The result then follows by

differentiation of .
O

3.3 Completing the proof of Theorem

Theorem item 1 follows from Lemma see also with m{ = %d‘i—kkmo(O), w) = T'(k + a).
Finally, Lemma is precisely the statement in Theorem [2.2) - item 2.

4 The analytic weak-stable manifold W"*: The proof of Theo-
rem

To study and the analytic weak-stable manifold for all 0 < € < 1, 7! ¢ N, we use the scalings ,
repeated here for convenience:
r=€T, Y=¢€y.

Inserting this into leads to the singularly perturbed system

T =ex(T - 1),

N B B o (78)
¥ =791+ ea’T) + €g°(Z,7),

or equivalently

o dy | _ e — € (7 T

ex(x—l)%+y(1+€a l’) = €g (-’%y), (79)
where

(@) : = gt (er,€y) = € f(ex) +pe *he(eT, p),
\ o ee—_— (80)

=f(@) =h"(z,7)
using . Here we have also defined f and h in the last equality. By (32 .7 we obtain the absolutely
convergent power series expansion of f and &':

D)= Y f i, Bmg) = Yo bt S kg (s)
k=2 k=2

k=11=2
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For all e ¢ N, 0 < e < 1, (x,9) = (0,0) is a nonresonant hyperbolic node of (the eigenvalues
being —e and —1). Consequently, there is an analytic weak-stable manifold:

wess g=mt(z), m(T) =y mz", T€(-6,0), (82)
k=2

§ = () > 0, see e.g. |6, Theorem 2.14]. Now, for any formal series F(Z) = Y o, JpZT", we define
“(-,7(-)))x as above:

7@, 7(@) = > (@ 7)sT".
k=2

Again, (h°(-,7(-)))k is defined in the same way, recall (80). We have (A (7())k = 0 for k = 2 and 3
and therefore

@y =13,
eI = fe (53)
@I = 12+ uB GO k=4
Lemma 4.1. Let§ =Y, J,Z" and define (§')i, k > 21, by
y@' = > @
k=21
Then
B k-2 4 L552) k—1 '
B CIONE =D hejae ™7+ D Y i@, k>4 (84)
j=2 =2 j=2I

(The last sum is zero for k =4.)
Proof. The proof is identical to the proof of Lemma [3.1] and further details are therefore left out. O

Lemma 4.2. Suppose that e 1 ¢ N, 0 < ¢ < 1 and let denote the analytic weak-stable manifold.
Then the Ty, ’s satisfy the recursion relation:

(1 — ek + e(k — 1+ aV_y = (" (e () V> 2 (85)
here we define m§ = 0. In particular, the right side of only depends upon M5, ..., Mj,_5.

Proof. Simple calculation. O

Lemma 4.3. For e ' ¢ N, 0 < ¢ < 1, define

I'(e!'—k)T (k+ac)

wy, = >2
Wi T (671) Yk = 4, (86)
and
k e
e 1V (eac(-.me())s
= wj(l —€j)
Then ?Z depends upon ms, ..., My_o for each k > 4 and mj, satifies
m, = (-1)FwLS, VEk>2. (87)
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Proof. The result follows from induction on k, with the base case being k = 2, upon using and the
recursion relation

(1—ek)wy, = e(k — 14 a)wj,_q,

7€ ?

for the wj,’s in the induction step. O

Lemma 4.4. Write
my =: " tmg, (88)

and let m°(z) = > e, mgmk denote the formal series expansion of the center manifold for e = 0, recall
(71). Then for any fized k,

ms — my,
as € — 0.
Proof. Inserting (88]) into , it is straightforward to obtain
mi(1— ek) + (k — 1+ a)ymi_y = (9°C,m () = mg + (k= 1+ a")ymi_y = (¢°(,m" (")),

as € — 0. The result then follows from induction on k. O

4.1 Growth properties of my,

We now study the formal series and the growth properties of my, &k = 2,... N¢. For this purpose,
the following lemma, on the properties of the wj’s, defined in , will be crucial.

Lemma 4.5. Suppose that a® > —2, that ¢! ¢ N and write
et ="N+afY N =[], a°€(0,1), (89)
Then the following can be said about Wy, defined in , forall2 <k < N€:
1. For fized k > 2:

as € — 0.

2. Lower bound of W, (1 — €k):

W (1 —ek) >T(k+a)ed ! V2<k <N +1.

3. Conwolution estimate: There is a C' = C(a®) such that

k—2
W, < CWsWy,_, V4<k <N+ (90)
j=2
and
Ne—-1
Y Wy < CWe Ty (ye_qy YN H1<E<2AN-1). (91)
j=k—(Ne-1)
4. Define
1 @5\[5_1
q = lo ,
@i=Fe—gloe w5 (92)



Then

1 I'(l+a >
9= a+1—a)logN®+log ——= +o0o(1) |,
Qi Ne—3 (( Jlog & I'(2+af) S (93)
Py =loge+1logT' (24 a®) + o(1)
and
ws, < Q=D w9 < | < NE -1, (94)
for all 0 < e < 1. In particular,
Ne—1 Ne—1 3
wEer < Qik=2+Figk < §2Ce VO < 4§ <.
kzﬁ (TR kzzz e < € <0< 1

for some C >0 and all 0 < e < 1.

5. For fized et ¢ N,
(—D)N D (@)1 — ) T(k+a)
el'(e™1) Nk+1—e1) (95)

= Ok Ha Y

7€

wk:

with respect to k — oo.
6. Let £ > 0. Then there is a constant C' = C(a%, &) such that

k—2
S o ws < Cwp_, V4<E< N+, (96)
j=2

forall0 <e< 1.

7. Let £ > 0. Then there is a constant C = C(a¢, ) such that

L

[MEd

]
(€7 ) 2(@5) Wy < CTHW,_, VA< k<N +1, (97)
=2

forall0 < e < 1.

Proof. We prove the items successively in the following.
Proof of item[1] For fixed k € N, we have

Wl = F(;F_(E__l)k)r(k +af) =

F(G_I)Ek_l . b1
using , and the definiton of the gamma function.
Proof of item[4 We calculate
wi(l—ek) T(et—k+1) 1 Ek_lﬂffll 1 o ke

P(k+a9) Tl it —j)

usingandl—(k—l)eZoﬁ>Of0r2§k§N€+1.

Proof of item @ We first focus on and notice from item |1 that the claim holds true for all
4 < k < kg with kg > 0 fixed and all 0 < € < 1. We therefore consider kg < k < N¢+ 1 with kg > 0
fixed large. We write
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By proceeding as in the proof of Lemma a simple computation, using and , shows that
D5, (4), 7 € [2,k — 2], is convex, having a unique minimum at j = g Therefore

P51 (J) < Q51 (J —2) + Psy, (98)

where @)%, and Ps; are chosen such that

2
D5, (&) — @5,(2) 1 (m)
le = 2 2 = log —6—26 I P?fl = CI)ZE’)I(Z)
k_2 2 T Wy,

In particular, equality holds for j =2 and j = g in and consequently

2 € k € €
(mi) = @G g, = el
2

Using and , a simple calculation shows that

IS+
L2+ a)T'(k—2+a°)

= —log4(1 4 0k, —00(1)),

1
Q5 < & 210g
k_

for all kg < k < N¢+1, uniformly in 0 < € < 1. Then proceeding as in the proof of Lemma [3.4] we have

k—2 ')
S, <+ [ €Dy
=2 2

< 2(1 + log ) w5, (1 + o(1)),

which completes the proof of .
The inequality is proven in a similar way. First, we put k = 2(N€—1) — p and use and
to obtain

Do W1y = D@ + 14 p— J)T(a% + 1+ 7)(N)X 0V (1 1 o(1)).

Therefore

Ne¢—-1 P

D Ty = D Wty e

j=k—(N<—1) §=0
p
= (N2 PY "T(a + 14 p— j)T(a + 1+ 4)(1 + o(1)).
j=0

Here

p
Y T(a +14p—jl(a"+1+j) < Cl(a + I(a+1+p),
7=0

cf. and therefore holds true for all 2(N€—1) —p < k <2(N€—1) and any p > 0 provided that
0<ex 1.
We therefore proceed to consider N¢ +1 < k < 2(N€—1) — p with p > 0 fixed large. We write

Ne—1 5] L5)
Yoo wwp_ <2 Y wwp_ =2 e®3209),
j=k—(Ne-1) j=k—(Ne-1) j=k—(Ne-1)

As above, ®5,(j), j € [2,k — 2], is convex, having a unique minimum at j = £, so that

P55(J) < Q32(J — 2) + Psy, (99)
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where (%, and Ps, are now chosen such that

1
= log —
Ne—-1-3 Wy (Ne—1)WNe—1

o P2 (5) — Ppa(k— (N 1))
Q32 o Ne k
2

—1
Pgy = (k= (N° = 1)).

Equality holds in for j=k— (N —1) and j = g Now, using and a simple calculation
shows that

B 2
Pt b)

T(1+a)T(e ! — (k- (N<—1)))

Q32 < log < —log4(1 + 0p00(1)),

k
Ne—1-%

forall N°+1 < k < 2(N°—1)—p, uniformly in 0 < e < 1. We can now complete the proof by proceeding
in the exact same way that we did in the proof of (90).
Proof of item[{] First, we write

W, = ePia(k) ,
where

L(e7! — k)L(k + a%)
el'(e7 1)

@4 (k) = log

Again, W§(k) is convex on k € (2, N¢ — 1] (having a minimum at k = ky,(€) :== 2= — %). Next, Q§ and
Py, defined by , are chosen such that
_ TN 1) - WE(2)

Qy = Ne_3 ) PEZWZ(Q)’

specifically
Wi(k) <Qi(k —2) + Py,
for all k € [2, N — 1] with equality for k =2 and k = N° — 1:
ws =eli, W | = QW TP (100)
Moreover, Q§ = o(1), see which we prove below. Consequently, for all 0 < ¢ < %, we have

Ne—-1 N°—-1

Z ok < Z Qi (k—2)+Pf sk

k=2 k=2
o0
< elig? 4 / eQik=2+ P sk g
2
< Co%eli,
Here we have used that

o0
1
/ e PRk = ————6% V0o<§<e
9 logd—1 —a
To complete the proof of item |4} we just have to prove the asymptotics in . The asymptotics of
Py follows from item |1} so we focus on Q4. For this, we use Stirling’s approximation in the form for
Ne> 1.

@i=Fegle 4
1 I'(1 OT(Nc—-1 €
_ log (L(L+ o) LN =1+ a) (101)
Ne¢—3 I'(2+4a¢) T(Ne¢+ ac —2)
_ 1 F(1+O[€) eya‘+1l—a“
— g 108 (Tl 1+ o)) ,



using (86), e 7! = N+ o and

eya®—1

[(N¢—1+af)

_ (
T(Ne+ar—2) (1+0(1))

in the last equality of (101).
Proof of item @ For (5, we use the reflection formula and Sterling’s approximation in the form

([22) for k — oco.

Proof of item[6 It is easy to verify the claim for all 4 < k < k¢ for any ko > 0 fixed and 0 < e < 1
by using item [1] We therefore consider kg < k < N€+ 1 with ko > 0 fixed large and write

w5 =: e®s0),
Again, ®f is convex for any j € [2, N — 1] and therefore
5(7) < Q61 —2) + Fg,
where Qf and P are chosen such that equahty holds for j =2 and j =k — 2:

€ wk: 2 P —€
( ) _ 1 6 —= .
6= k 4 I ws c w2

By the convexity of ®§ it follows that Q§ is increasing. Therefore by item [1f and

[(ko — 2+ a%) R
€ > _—
Q6_10g6+0(e)+log( T2+ a9 )

= loge + O(e€) + log ko (1 + 0ky—o00 (1)),
for all kg < k < N€ — 1. In turn, we can assume that

Ee e > 2 Yk e [k,

(102)

N¢—1].

This allow us to estimate the sum as a geometric sum:

k—2

>

Jj=2

k—2

1€)k727j@; < ({716)167261366 Z(geflng)j

Jj=2

< 2(5716)]67261366 (geflng)k72
< 2eQs(k=2)+F5
= 2Wy,_q.
Proof of item[7 It is easy to verify the claim for all 4 < k < ko for any kg > 0 and 0 < e < 1 by
using item [I] We therefore consider ky < k < N€+ 1 with kg > 0 fixed large and write
@; = 6<I)§3(])7
as in the proof of item [6], with
5(J) < Q61 —2) + F,
for all j € [2,k — 2] with equality for j = 2 and j = k — 2. We may assume that ko > 0 is such that

€ € 1
(67tee 2@t s) < 3 Yk € [ko, N® + 1],

for all 0 < € < 1. In this way, we estimate can estimate the sum as a geometric sum

5] 5]
(5_16)1_2(@5)1_1@272(171) (T

=2 =2

[N
N

Le)lePs (=1) Q5 (k=2)+Ps

72Q§+P,§)l

2
< 9(€e )2k (6716672Q2+P§)

_ €€
= 2W5W5,_o,
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for all kg < k < N€+ 1. Here we have used (102)) in the last equality.
O

In contrast to the analysis of the center manifold for ¢ = 0, we are in the present case of ¢ > 0 only
interested in estimating the partial sum of (82):

Ne-1 k e —
— —€=k € k—e Q¢ <° <_1)J(€g€<'7m€('))>j
Y= E myx’, my = (—1)"w.S,, S,= E — - )
~ k k ( ) kX k k = ’lUj(l _ 6])

where
NE = |_6_1J7

recall . (We will deal with the remainder later, see Section . We therefore define the semi-norm

o0 —
_ |yk‘
1 7z = sup E (103)
,;2 § ke[2,Ne—1] W

on the set of formal series § = Y oo, 7, "
Lemma 4.6. Consider §(T) = Zszegl xZ" and define ()g, k = 21,..., (N —1) by

I(N€—1)

y@ = Y @zt (104)

k=21

Then there exists a C = C(a®) > 0 such that for any | € N\ {1} and all 1 < p <[ the following holds
true:

— Z_l — 1€\l —Dp (-53€ — 1 (75h€
(@0l < 1ol () €@ @ @200

Veke[p— )N =1)+2(l—p+1),p(N° = 1) +2( - p)],

(105)

for all0 < e < 1. Here <;: 11> is the binomial coefficient, ‘1 — 1 choose p — 17, for any 1 <p <.
In particular, for p=1:
@)kl < Myl C' = (@5)' W5 g1y, (106)
Vke2l, N —1+2(—-1)],

forall0 <e< 1.

Proof. The claim is proven by induction, with the base case being [ =2, p=1 and p = 2.
The base case: (I,p) = (2,1), (2,2) . For [ = 2, we have by Cauchy’s product formula:

min(k—2,N°—1)

@)l < llyll? > W5W_ ;-
j=max(2,k—(N¢—1))

We first consider p = 1: 4 < k < (N€—1)+2 = N¢+ 1. Then by itemof Lemma see (90), we
conclude that

@)kl < llyl* Cwsws, .

Next, for p = 2:
Ne—1
(@l <yl > wwi_; < YlIPCWe W (e,
j=k—(N<-1)
using .
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Induction step. The induction proceeds in two steps: We assume that the claim is true for all
1 e N\ {1} and all 1 < p <. We then first proof that it is true for [ + 1, 1 < p < [. Subsequently, we
consider p =1+ 1.

We assume that holds true. Then by using Cauchy’s product formula we find that

min(k—2,I(N°—1))

@ = Z @)iTr—;-

j=max(2l,k—(N¢—1))

Forp=1and k € [2(l + 1), N — 14 2l], we find

@)kl < Iyl ot Z —j
=2l
k—21
<yl e @s) T Y WG _ag-1)—;
j=2

l l
< [yl C"(ws) wh o,

using (90), which proves (105) with I — {+ 1 and p = 1. Next, for 2 < p < I, we find completely
analogously that

k—2
@l < >0 1@)ilFk]
j=k—(Ne=1)
(p—1)(N°=1)+2(l—p+1) k—2
< > |@);|[Tn_ | + > @) l[F5— 1
Jj=k—(N<-1) j=(p—1)(Ne=1)+2(l—p+1)

for
Eellp—1)(N —=1)+2(l —p+1),p(N = 1)4+2(l —p+1)].

Therefore by (105)) (for (I,p) and (I,p) — (I,p —1)):

-1 . _
(@0 < () ) O ) s

(p—1)(N=1)+2(l—p+1)

" W (p-2)(Ve—1)~2(1—p+1) Tk
j=k—(Ne—1)
wll (22]) ot e
p—1
k—2
X Z w;*(pfl)(N€*1)72(l—p)ﬁi;,j

j=(p—1)(N<=1)+2(I—p+1)

< [yl O (ws) P (e 1)’0_1((;—12)*(;—11))

X Wy (p-1)(Ne~1)=2(1—p+1):

using and to estimate the two sums. Then as

-1 -1 l
(p—2)+<p—1>_ (p—1> (107)
the claim follows.

We are left with proving that the claim holds true for p =1+ 1 and

ke[l(N —1)+2,(1+ 1)(N° = 1)],
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where
I(N°—1)

@l < Y 1@

j=k—(N<-1)
By the induction assumption, we have

(@)l < 9l CH @Se—)' ™ W5 11y ve— 1)
for all
kell—1)(N®—1)+2,l(N°—1)],
see (105) with p = I. Therefore

I(N°—1)

1@l < gl O W) ! Z WS (—1y(Ne—1)Wh—j
j=k(Ne-1)

< ||§||l+1cl(wfveq)lﬁiflweq)a

using . This proves (|105) with { — 1+ 1 and p =1+ 1 and completes the proof.

By using Lemma [4.5] item {4} we obtain the following uniform bound on (')

Lemma 4.7. Consider §(T) = Zg;;lykfk and recall the definition of (§')x in (104). Then there is a
new C' > 0 such that

@)kl < [[g]] el 2R ol <k <I(N° - 1), (108)
for all0 < e < 1. Here QF and P§ are defined in ,
Proof. We will use (105)), repeated here for convenience:

_ l e e
@l < ' (5 )) 0 @9 @5 T e sy

(109)
Vike[p—-1D(N =1)+2(l-p+1),p(N°—1) +2(I - p)],
where 1 < p <. Using we have
we = eP4€, Whie_q = eQaN =3)+Pi anq wy, < eQalk=2+Pi o < | < N€ 4+ 1,
and we can therefore estimate the underlined factor in (109) as follows:
(@) P (Wye 1 )P T (1) (e 1)ty < €74 P (@N =DHPD (=D o(Qilk— - }=2)+PD),

where {---} = (p— 1)(IN¢ — 1) 4+ 2(I — p). By simplifying, we obtain

(ﬁg)l_p(ﬁﬁvg_l)p 1@k (p—1)(N¢—1)—2(l—p) < 6(_2QZ+PZ)lesz. (110)

Subsequently, we use

()5

=0

for all 1 < p <. Therefore (108) follows from (109)), (110) and (111]). O

Lemma 4.8. Recall the definition of the semi-norm ||-|| in (103) and suppose that |[y|| < C with C > 0.
Then there is an K = K(C) > 0, independent of 1 and €, such that

())2] < Bp~?e
| < Bp7i¢&,
(')))kl < Bp Rl 4 pelKwg,_, V4 <k<NC+1,

forall0 <e< 1.
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Proof. We use : _ _
1@ CIODE A Oel + pl(h Gyl VE = 2.
The first term on the right hand side is directly estimated by :
|(F (el < Bp~ 2,
for all £k > 2. We therefore focus on the second term, which vanishes for k = 2 and k& = 3. By using ,

&9,

and (106)), we obtain

7;| < lgllws vje2 N —1],

k—2
(RGOl < D0 p7HH 1T o
j=2

5] &
£33 o2 )

1=2 j=21
k—2
=lgllp~"e> (p~ e)F 0w
j=2
L5 k—2(1—1)
£ ot ) Y (ot g,
1=2 =2

for all 4 < k < N€+ 1. We now use and , respectively:

(RGOl < [17llp ™" eCs_y
5]

JFZPf” ?1gll"C* (ws)" 1wy, - 2(1-1)
1=2

< |lgllp~"eCw} 5
4]

=25 =15 =2 —e\l—1-—¢
+p 271 Y (oIl Ce) T (@) T Wy
=2

T 7€
< Kewj,_o,

with K = K(||y|,a’, p) > 0 large enough. Here we have used that w5 = O(e) cf. Lemma |4.5|item

This leads to the following important estimate:

Lemma 4.9. Fiz C > 0 and define
oo .
pi
F=8B _.
JZ:Q I+ a0)

Then the following holds for all 0 < p < po with py > 0 small enough:

. 9(0)));
Z Jl<2F V2<E<NS |yl <C,

= 1 - ey)

forall0 <e< 1.
Proof. Let K = K(C) > 0 be the constant in Lemma We then estimate

k p]Jl ew]2
> LI < 5y p RS

Jj=2
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for all 2 < k < N°€ using Lemma Then by the definition of wj, and , we have

Wiy  D(e!—j+2)L(j —2+a)
w5 (el = )T +a9)
_ (Dt —)
(J—1+a)(j—2+a)

Therefore by Lemma [4.5] item [P] we find that

k N° .
9())); (1—eG =1))(1 —¢€j)
Z 1—6]) gBJZF(j—i—a6 K Z (G—1+a)(j—24+a%)(1—¢j)

=2 (112)

7(’0 1
<B) ————= tuk . , :
;F(jJraE) jzz;l(]flntae)(J*QJraf)

The result now follows. O

Following Lemma we have that 7 = m(T) (as a power series) is a fix-point of the nonlinear
operator T defined by

s k J(eqe (- () s
y) _ ;(_1)kw; (lu))i((lg_(ev]y)() ))] zk. (113)

Jj=2

By Lemma[f.§ and Lemma we have that there is a up > 0 such that for all 0 < p < g the following
estimate holds:

IT“@)|| < 2F Y|7] <2F, 0<e< 1,

with respect to the semi-norm || - || defined in (103]). This directly leads to the following;:
Proposition 4.10. There is a pg > 0, such that for all 0 < p < pg the following holds true:

1. The analytic weak-stable manifold satisfies the following estimate

[me|| < 2F,
forall0 <e< 1.
2. The numbers
k e
< (=17 (eg°(-,m"()));
S, = — - 2 <k < N°€,
g ]Ez:z wS(1 — €j)

are uniformly bounded with respect to 0 < e < 1, et ¢ N.

Lemma 4.11. Let 0 < p < po with pg > 0 small enough so that Proposition [{.10] applies and so that
the series SO, from Lemma is well-defined and absolutely convergent. Then

gjve — 8% for N°¢— occ.

Proof. The proof is elementary, but since this result is crucial to the whole construction, we provide the
full details:
Write

(eg°(m ()); = €5, (9°(,m’(-))); =: 75.
oo oo —1)7 9 .
By Lemma |Sye| < 2F. Moreover, SO, = ijz ( ij)(_, %5 is absolutely convergent, recall Lemma,
J
For fixed j we have (recall item |1| of Lemma |4.5)

w5 =T (j+a Ne M1+ 0(1)) = w?ej_l(l +0(1)).
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Moreover, by Lemma [£.4] we have

1—j5 —e€ 0
€ eg; — g5,

and therefore

(—D’(eg5)  (=1)'g}

— 114
w5(1—ej)  T(j+a")’ (114)
as € — 0 (fixed j).
Next, we estimate
per il 1—6] = _j 1—63) w?
N°¢ | =€ 00 ) 4,0
(=1)€g5 (—1)7gj
+ ——~ |t 0
j;—l wj(l —€j) j;l w3
J .
<y (—1Vegs  (=1)g5 (115)
= 0
= w5 (1 — ej) w;
Y ()
2 \tGre) "G Tr e -2 ra)
Bp~i K
+ + = - )
j;1< I'(j+a) (4 —1+a0)(y—2+a0)>

for any 2 < J < N¥€, using w? =T(j + a°), Lemma (see also (112])) and Proposition (see also
(73)). Consequently, we have

$o g | | e
il w5(1 — €f) = = w(1 — €j) w?
= 1
+2u(K + K) Z - Y Z 0
j:J+1(‘7_2+a)(]_ Pl JHFJ-FG

(116)
for all 0 < e < 1, e ¢ N. Now, for any v > 0, we take J > 1 (independent of € > 0) so that each of
the last two convergent series on the right hand side of are less than v/3. Subsequently, we then
take € > 0 small enough so that the first term on the right hand side of (using (114))) is less than
v/3. In total, we have

Ne (-1 Jeg] © (_1) )
2 1= o)) ! WS
Jj=2 Jj=2

and the result follows. O

4.2 Estimating the finite sum
Let j"[H] denote the nth-order Taylor jet/partial sum of H(Z) = > p, H,z":

H):=> Hi()* YneN.
Moreover, we define the nth-order remainder by

r"H] = (I—j"[H] = Y Hi()* vneN.
k=n-+1
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Lemma 4.12. Consider the partial sum
GV e Z miTh,
k=2

of the series M (T) = Y 1oy msz". Then there is a constant C > 0 such that

. 33
Mm@ < Ce VTe | -2 (117)
474
forall0 <e< 1.
Proof. The estimate (I17) follows from item [4| of Lemma 4.5 with § = 2. O

Lemma 4.13. For any D > 0, we define
~e (= —€(z N —1li—€|(= - 33 )
9@ q) =9@ ;" "M@ +q VTE|-7, 7| a€(=DD) (118)
It is well-defined for all 0 < € < 1 and has the absolutely convergent power series expansion
5T, q) = 35(@) + TG (@) + T Y _ G (®)d, (119)
with
oo

3@ = o, Gro= @ (5" T MIO)k-
k=2

Moreover, we have the following estimates (Q4 is defined in )

G50l < Cw})?e? =4 Vi > N+ 1; (120)
specifically, for k= N€+1:
[9Net1.0l < CWGWYe_q, (121)
and
g @ <uCD " viz1, (122)

forall0<e<x1,7T € [f%, %] Here C > 0 is some constant that is independent of D and e.

Proof. The expansion of g¢ follows from composition of analytic functions. For the property of the
convergence radius in ((122)), we use the binomial theorem to obtain

. n—I
— “Z (Z he em-l m) 1 <’Z) (jN _1[W€](§)) L 1>2, (123)
cf. and , and use , and . This gives

~e (= 3 — - n—1_-—non n— — — — —2y i+l
97 (@) < Sup~t YT 2 (Co T < Bup (2o )T < 6ppT? D

n=lI

for all 7 € [—%, %], D < (2p7te)7! and 0 < € < 1, upon estimating the geometric sums.
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Next, we notice that (121 follows from (120) upon using (100)). We therefore turn to proving (120)).
V@ O)k By @4), B3). [ < 2F

For this purpose, we use (83)) and focus on estimating (h6(~,j
in the seminorm (103)) (cf. Proposition [4.10)) and Lemma we obtain that

B min(k—2,N°—1) 4 4
R, iV T me) ())e| < 2F Thtimlekh il g
|( ( yJ 14 i
j=2
L% ] min(k,l(N€=1))
+ Z Z pfk+j7l6k7j+l72(2F)lclfle(72Qi+Pj)leQij
=2 j=21
Ne¢-1
< 2Fp_36(p_16)k_(N +1) Z (p—le)N —1—_]@;
j=2
L5 min(k,l(N€—1)) k—j
+ e@ike—2071 (2pfleFC’e*2QZ+P4€) Z (pflee*Qz) .
=2 j=21

[SIE
i

Here
0<plee @<, 0<2 teFCe 2@t « 1,

for all 0 < e < 1, recall . But then, by estimating the geometric series and using exp(Pf) = w5 (see
(1100))), we conclude that

(R (-, N ] ()] < Ceike1QaT2P = Cag)?eQith—),
for some C' > 0 large enough. This gives the desired estimates (upon C' — C). O
We now turn to estimating ;N [@¢]; in contrast to jN ']
respect to a¢ € (0,1).
Lemma 4.14. Suppose that S° # 0. Then

sz | < (14 0(1)S% w6 VT e[-4,4], (124)

m], it is not uniformly bounded with

for all 0 < € < 1. Moreover, fiz any K > 0 and suppose for N¢ > 1 and a¢ € (0,1) that

3 K w
<min [ © :
1) S min <47 (2|Sgo||r(a€)(N€)ae+1ae) ) (125)

(For fized af, the expression on the right hand side of (125)) converges to % for N¢ = o0). Then

7N @) (@) < K VT € [-4,4). (126)

Proof. We estimate
—e =N° ¢ N€
My | <|S e o

5

|I’(046)I’(N6 + ac) 5N

= (1+0(1))]82
(14 0(1))[5% (T —1) (127)
= (14 0(1))[S%|T(a) (N)* ="M,
using , , SY 0 and Stirling’s approximation (in the form ) on the factor
I'(N€¢+a I'(N¢ € L(N€)(N€)* . ¢
( +a ) _ ( +a ) _ (1 +0(1)) ( )( ) _ (1 +O(1))(Ne)a B Y 7 (128)

el'(e1) (1—eT (et —1) [(Ne)(Ne)ya—1
for N¢ — oo; in particular the o(1)-terms in (127) are uniform with respect to a. Using (125)), we have

(1+o(1))S& T (@) (N« Hma6h < %K(l +o(1))

The result then follows from jV [m¢|(z) = jV ~'m](z) + my. " . O

If we take D > C > 0 and 0 < € < 1, then it follows from Lemma that g¢(z, M.z ) is
well-defined for all T € [§, 0] with § > 0 satisfying ([125]).
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4.3 The operator T°¢
Define H — T¢[H] by

Ee_l T v e T+ta‘—1
T<[H|(7) = /0 (1=v) H(v)dv

1 — g)e t+ac e 141
ot e ety (129
T T (1 —-v) @ _
— e /0 o[eroN Hw)dv V—-1<zT<1.
It is well-defined on analytic functions H with jV°[H] = 0, see also [10, Section 7].
Lemma 4.15. Suppose that e~ ¢ N. Then the following statements hold true:
1. For any analytic H with jN"[H] = 0, G = T¢[H] is the unique solution of
_ _.dG _ N
ex(l — z)% —(1+eT)G=€eH and j" [G]=0. (130)
2. T¢ [(-)NFH] has an absolutely convergent power series representation for —1 < T < 1:
i1l (1 —af) > D(k+a%) _,
Te [(,)N +1} @) =oe = >, T (131)
T(N“+1+a), & Tlh+T-cT)
Proof. To prove item we define J(T) := (I*gﬁ and subsequently Z(Z) := fOE mlf@)dv.
Then 1
Moreover,

T'@) =@ (7 (a1 -7) )
_ Iz 1+ ea’x
=JI )ef(l—f)’

and therefore

ex(1—-2)T°[H]'(Z) = (1 + eaT) T (Z)L(T) + eH (T).
Consequently,

ex(1—7)T[H]) (Z) — (1 + ea’T)T[H|(T) = eH (T),

as desired.
Next, to prove item [2, we use item [I] and the fact that the solution is unique. Then Lemma [{.3 with

—e for k= N°¢+1,
0 else,

(g°(,m () = {

allow us to write 7¢ [(-)N ] (Z) = Y77 ve., M;Z" as an absolutely convergent power series; notice the
change of sign when comparing ((130) and . In particular, we find that

e (_1)N€+1
Sy =———"—— Vk > N+ 1(zero otherwise),
Wie (1 —ac)

and therefore

—€ 1 (_1)sz
mL. =
Pl —ac (-1 Hwg.

Vk > N°+ 1(zero otherwise),

37



by - Subsequently, we then use item |5 of Lemma to write
(-Drw, T(2-a9) T'(k + af)
()N Iy, DN+ 1+a9)T(k+1—e 1)
(1-—a9)T(1—a) T(k+a°)
DN +1+a) D(k+1—e?)

This gives the desired expression in .
O

We will view 7€ on the Banach space D§ of analytic functions H : [0,6] — R with |H(z)z NV 1|
bounded at T = 0. More specifically, we define

D§ :={H : [0,0] = R analytic : [|H|||; < oo},
with the Banach norm

T[N (9)

TIOY @ 1

IH]ls == sup [H(Z)]
0,6]

ze(

here we have used that 7 [()¥*!] (z) = 0@V ') as T — 0 and that 7 [(-)V"+1] (Z) > 0 for all

z € (0,1), cf. Lemma item

The case T < 0 has to be treated slightly different (we will have to take 0 < —T < dq¢); we will
consider this case at the end of Section .6 below.
A nice property of the Banach norm ((132]) is highlighted in the following Lemma.

Lemma 4.16. Define

[H|s:= sup [H(®) (133)
z€(0,0]

Then the following estimate holds:
[Hlls < [IH|l; VH €D;.

Proof. The proof is elementary. Indeed, for any T € (0, §] we have

TN @)  TIOY ] @ T[] @
() < <H<m>| e ) ) <l < O D s
and therefore
HE) < Il > 1 (135)

since 7 [(-)N"*!] (z) is an increasing function of Z € [0,1). As H(0) = 0 the inequality (I35) holds for
all T € [0, ], completing the proof. O

Notice also the (obvious) fact that
E s < 15,

for any 0 < ¢’ < §. This also holds with || replaced by ||, recall (133). We will use these properties
without further mention in the following. The following set of equalities

17 [N lls = 7 [N s = T [0 ] 0) vo<o<1, (136)

are consequences of 7¢[(-)N"*!] (Z) being an increasing function of Z € [0,1), and they will also be
important.
It turns out that

0<d<?2, (137)

e~ w

will be adequate for our purposes.
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Lemma 4.17. Fiz any 02 > 0, suppose that e+ ¢ N and that (137) holds. Then there exists a Ky =
K5(d2,a%) such that the following holds true.

1. Define o¢ : [—62¢, 2] — Ry by
_ 1 VO < |Z| < dae
0@ =9 e = 2 (138)
(T~ 1d2¢) Ve <7 < 4,

so that

4\ 7 _ 3
5626 <o0(zT) <1 VT E |—dae, nE (139)

Then there are constants 0 < C; < Co, C; = C;(da,a), such that the following holds for all
0<e<1l,el¢N:

Ch (m')Ne+1 0e(T) < (1 —af)

1-=

T [0 @] < <H>N o, (140)

1-7z

for all —02e < T < %,
2. Asymptotics for T = O(e): For any T = €Ty, Ty € [—09, 2], the following asymptotics hold true

1

1
T [(')NEH} (ex2) = 1 ~(ez) N [1 +@/ 7By dy + 0(6)] YTy € [—02,02],

0
with O(e) being uniform with respect to af € (0,1).
3. T¢:Ds — D5 is a bounded operator. In particular, let

75 := sup WIT[H]ll5,

1H ;=1

denote the operator norm. Then

€ K -
IT<ls < 7= (1 +logoe(8) 7).

In particular, the operator norm is uniformly bounded with respect to 0 < ¢ < 1, ¢! ¢ N if

0 < d < dge (cf (138)).
4. The following holds for any i € N:

; Ky6°
1T (Y ) Il < =22 1|l ¥ H e D5, (141)
5. The following holds for anyl € N:
T [ ]l < 6002 T [()341] (o) (142)

6. Suppose that E,R >0, 0 < § < R and consider
H@) = > Ha" vzel,d,
k=Ne41
with |Hy| < ER*. Then

ERN€+1

IT[H]l; < T-hs

T[] o),

forall0 <e< 1.
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7. Let C := Cngl > 1, with C; > 0 defined in (140), E, R > 0, and suppose that Y € D§ and

HEY)=Y H@Y vEe0,6,0<|YVl;<R, (143)
=2
with

|H||s < ER"™' VI>2,
recall (133]). Then

T [HCY ()] lls < 4eBKCRIYI; VO < Y ls < 5(CR)™

1
2
uniformly in o € (0,1). In particular, Y s T€ [h(,?())} is C! and for all0 < e € 1, it is a
contraction:

IDAT [H Y (D] D)lls < 0@ Zlls ¥Z € D5, IY]l; < %(CR)‘1~

(144)
Proof. We prove the items successively in the following.

Proof of item The result follows from [10, Lemma 7.2], see [10, Eq. (7.10)], and it is based on the
integral representation for 7°¢ [(-)N 1]

T[N @) = (1_2“ / g

. (145)
‘E|a fN * e 14a —1 —a“
= 7(1 — E)E_1+a€ . (1 — U) |'U‘ drU

For completeness, we include the details (which will also be important later): Firstly, for T = €zy €
[—€da, €0a], d2 > 0 fixed, we use:

(1-2) =

T _ ) o—262
— ¢ log(1-7) _ -7 (1 + 0(652)) =0(1) = 26,
for all 0 < e < 1. Consequently, for T € [—€da, €d2]

T OV @)=

(146)

(1Z5) " avotyar = [ompra

() a2

1—ac’
where 0 < C7 < O(1) < Cy. Next, for doe < T < %, we use a separate set of estimates:

T {(.)N“rl} (@)] < af)elhra /01(1 — v)e*1+aﬁ_1u—a5dy

_ -1
xe

T(e7t +a)I'(1 — a)
(1-—z) "o T(et+a°+1—a)

671

T

Wu +o(1)I(1 — af)e! =

= \ N
< (s (1 — x> (T 1026) 7 (1 — )71,
and

b2¢ —1 e €
W/() (1 71})5 +a flvfa dv
>0 (-2 N (@ 165e) 1
— 1 1_7 - -

1—ac
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for some C; = C1(d2,a’) small enough, cf. (146)). Here we have also used , (22)) and .
Proof of item |24 For item [2| we use (145) with the substitution v = Z¢ and (146)) with T = e€x5 €
[—€da, €d2]. This gives

1
Te [(-)NE“} (@) =2V ™2 (1 4+ O(e)) / e~ (el =12 (1 4 O(e52))5~ " do
0

1
= ENE'HeEQ(l + O(e)) (/ e (tela®=1)vm2 =gy, 4 O(E)) ,
0

with each O(e) uniform with respect to a®. We now use integration by parts on the remaining integral:

1 . _ . 67(1+6(a‘71))52 1 . _ .
/ e~ (Ite(a®=1)tm2 = gy, — T {1 + (14 e€(a® — 1))T2/ e(1Fe(@—1)A-v)z2,1-a dv}
0 —ac 0

e T2

1
[1 + Tg/ e O(e)] .
1—ac 0

This completes the proof.

Proof of item@ We estimate using (129)), (134]) and (140)
T[ON )
TN (@)

5671 1 T(1_w e 14ac—1 i1
< e TG S, T 0 @,

— —\ N°+1
_ z° 1-=2 L
S C(26’1 ! (1 _f)e*1+ae < > U€(x) !

T “liac— Ne+1
(1 —v)e +a—1 v
[ (1) e,

|T€[H]

8

1 1—af efae_l
< C Oi 1—7% —a"—a
<0y (1—7) P~
X / (1- U)aurae,zv—aeae(U)de|H|||6
0
—=a—1 T . ;
< K5 JE(ZL‘) /0 v @ O'E(’U)d’UH|H|H6 VO<T_5S 17

for some Ky = Ko(82,a") > 0. Here we have used uniform bounds on
—\1—a—a® —\a+a—2 = 3
(1-7) and (1—-7) for = e |0, 1l

Due to (138)), we estimate 0 < T < dae and do¢ < T < 4 separately. The former gives an estimate

T[N (9)
TN+ (=)

K
jae IH[l;, Y0 <T < dse,

‘TS[H] < 1

directly. We therefore consider e < T < § < % and find

fl)éf_l /x o ( ) 1 626 . xT 1
_ v aevdvzie/ v_adv—I—/ v dv
ac(T) Jo (d26)t=2 Jy 5

2€

1
Sy log(Z ™' 62¢)
1

= 1+1 7).
1_0[6( +logo. (7))

This completes the proof.
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Proof of item [} Proceeding as in the proof of item [3} we find

ey TLON T (9) ! i—af -

(147)

As above, we estimate 0 < T < g€ and d2¢ < T < § separately. In the former case, we directly obtain
that

Ko7
<- (1]l
1+ 11—«

e TIOY ] 6)
|T O T%(-)N‘/H]] ®

KQIL’

[IH|ls Y0<T< doe.
We are therefore left with doe < T < § where

€_
T 1

Ue(x)

Here we have used that

/ vi*aeaé(v)dv < / v dy = x— Veby < T <9,
0 0 ¢

1 525 . . 526 -
—_ v dv < v dv.

G ), s

This completes the proof.

Proof of item[5 This case is easy:

‘Te {<.)IN‘+1} (E)‘ < §U-1N e [(_)N”rl} @) Vo<

T <6,
and therefore
e [y < 80DV e [V 9.
Proof of item[6 We have
. P ERN H1gN°+1
H(z)| < ERN +1zN +1 ksk _ <z <
|H(Z)| < ER T kZ:OR(S "o Y0 <T <9,

and consequently

ERN 1 Ne

€ )| < 2 Te (. +1| (= T <6
THI@)] < =5 T [N ] @ vo<z<s
The result follows.

Proof of item [} Now, for item [7] we use the linearity of 7¢ and first estimate each of the terms of
the sum o, 7 | Hi( v

(V'] By (@9, ([33) and (), we find that

o TIOY )
V[YM”TKW%wu>

€
x

e (TI )T
S K2 UE(E) A v O—E( ) < [( >N€+1] (6) ) dv |||Y|||6
(
-

(148)
—a—1 (l 1)(N+1)—a“ l
11T oe(v) —1 _
S K2C O'e(fE) 0 (5(l 1)(N€+1) (5) 1 dUH|YH|5 Vo<z S 5’
with C = Cy/Cy. We claim that
e [
7 [ lls < = (149)

In order to prove this, we only have to show that

foﬁfl ,U(l 1(N+1)—a ae(v)l % _

(@) /0 D5 (3)I-1 dv S 1 V0 <z <4, (150)
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cf. (148)). Consider first the simplest case 0 < T < § < dge. Then 0.(T) = 0c(v) = 0.(6) = 1, for all
0 <7 <wv, and we have

il G L R A OO 1 (x)“l)(Né“)
0@ Jy 00D g (§)-1 (—1)(N + 1) +1—a\d

< 1

SU-1)(N +1)+1-a

< 1

T(l-1(Ne e+ +1-af =11 -a)

_ 1

~ (I =1)(Ne+a)

. €

-1

and (150) follows. We are left with 0 < 7 < da¢ < § and de < T < §. For the former, we have
0e(T) = 0e(v) = 1, 0e(8) = (57 152¢)' " and
Tl [T U= ) —at 5 ()] T
& ‘ dv =7~ . —dv
0(T) Jo  GUTDINH U (5)7 o OU=DWNH1) (§-15,¢)(-D(1-a)
1

B 2\ (CDWNVa) o\ (=1)(1-ac)
S (I=1D(Ne+1)+1—a\§ o€

p=D(N+1)—a®

1
<
T (I-D(Ne+1)+1—ac’
< ¢ ,
— -1
and (150 follows. We finally consider doe < T < §:
Tl [T U-D(N D)= ()] 1 Sze = DN +1)—a
— dv = dv
o (@) Jy SCDE g (5)-1 (0ae) 1o SU—D(NFa7) (5,e)I-D(I—a7)
T (=) (N“+1)—a—I(1-ac)
/ — dv
5ac sA—D(N+ar)
_ 1 . 1
T (I-1)(Ne+1)+1—a° (I-1)(N +a
2
< - =
= U=V o)
2
-1

and ([150) follows. Here we have used § > ds¢€ in the denominator of the first integral on the right hand
side. In turn, we obtain (149) and therefore

€ . 7l B a 3 Y
I [ZH&-)Y lls < 26EKC™ RS (CRIT )
1=2 =2
CR|Y||;

i s
L= CR|Yls

_ _ 1 B
< 4BKCRIVIE VIV, < 3(CR) ™
The fact that the mapping Y — T¢[> 2, Hl(-)Yl] is C! and a contraction for all € > 0 small enough

follows from identical computations. Further details are therefore left out.
O
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The following will also be important: Define

€

U (@) = (N + Y. T [(ON ] (@)

this quantity corresponds to My in Lemma 7.2].

(151)

Lemma 4.18. Fiz 63 > 0 and suppose that €' € N. Then we have the following statements regarding

U:
1. U has an absolutely convergent power series representation
— r 1 - INCS
U€(T) _ ( af +a ) —k

2. Forall0<e<1,e1¢N0<d< % the following estimate holds:

s = 170, 2 — v () o O
6= ASENPVESS 1-9 79 .

Here C; = Ci(02,a°) >0, i =1,2.
3. Asymptotics for T = O(e): Let T = €Ty € [—€da, €d2], 62 > 0 fized. Then:

U (ez2) = [(a%)

1—ac
with o(1) uniform with respect to a¢ € (0,1).

Proof. We prove the items [TH3] successively in the following.

Proof of item[1] For (152)) we use and (95)):
Wye x (N +a)T [()V ] (@)

P(a®)L(N¢+a) (N 4a)I'(1—af) I'(k+a%) _
(1) TN +1+a) 2 T(k+1— e—l)wk
(

k=Net1
~ T(a)I'(1 + af) i Tk + a) -
N el(e~1) p N Fk+1—e1)" °

Proof of item@r Next, regarding we use , , , ,

— D@)T(N +a“+1)__, e (@ )D(N +a“+1) . e
U= el(e™1) T [()N ’ } - (1—e'(Ne+ ac — l)T [()N ’ }

= T(a)(1+ o(1)) (N« H2-e e [()N 1]

and subsequently (140).
Proof of item|3 Finally, for (154) we use (156) and Lemma item

F7€

U (e@2) = D(a) (1 + o1 (N)"+27T* |()V ] ()

1 . ! - c
—(emp)NHL {1 +§2/ =021 =0 4y 4 o(1)
0

= (e (N 2o
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(Ne)a€+2fa5(€f2)]\7€+1 |:]_ +f2/ e(lv)m2vlaedv+0(1):| )
0

(152)

(153)

(154)

(155)

(156)



4.4 Solving for the analytic weak-stable manifold

In the following, we write m® as

€

me =N [m )+ M, N[m) =M (157)
we will use 7€ to set up a fix-point equation for M°. For this purpose, let
G'(@Y) =g m)@+Y) -g°@ i (@)
We clearly have
G'@Y)=2C,@Y + > G @Y, (158)
1>2

and for any D > 0:

IG5 <pcD " vieN,

with C' > 0 independent of p and €, provided that (125) hold and that 0 < € < 1. This is essentially
identical to the computation leading to (123)) (with j&¥ ! replaced by V), using ||V [m¢]||s < K, see
(126).

The following result corresponds to [10, Lemma 7.3].

Lemma 4.19. Y = M€ satisfies the fiz-point equation:
Y(@) = (N +a) (1N Ty Sy T ()N ] (@)
=T [ g (O, T | @ - TG (.70 @)

Proof. With mj, given by , we obtain

(159)

dM*
ef(f—l)%+(1+eaef)M —€e(N€ + a®)mS.zV !
+e (r [700), N 0)] @) + G @ ).
Using mfy. = (—1)NEE§\,ESJ\,€7 and Lemma item |1} the result follows; notice again the change
of sign when comparing and . O

We denote the right hand side of by F(Y)(Z):
FV): = (V4 a) (1) @5 B T [ (V1]
N . . . (160)
=T N [ O O] - T [E O Y )]

and define the closed ball
BC :=Dsn{||Yll; < C},

of radius C' > 0.

Proposition 4.20. Suppose that SO #0 and > 0 small enough. Then for any K > 0, a¢ € (0,1),
N¢>1, thereis an 0 < 0 < % such that for any 0 < 6 < 9 the following holds:

1. Boundedness of the “leading order term?”:

[ ()N (161)

ISI

2. F: B2K — B2K | defined by (160), is a contraction.
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Proof. The first claim in item |1| is obvious as UE(O) = 0, see also Lemma and . We therefore
proceed to proof item [2| regarding F : B2E — B2K being a contraction. For this purpose, we estimate
each of the three terms on the right hand side in the norm || - [[5, recall (132).

The first term:

(N +a) (=) Wi Sy T[N ] (@).
We write the first term as
(14 o(1)(-1)N" SLT (@),

using Lemma and (|151)). Then by using (152)) and the assumption on d, see (161)), we have

OV + ) (1) @5 B T [0V 4]l < 5

The second term:
=T [ 7O O] | @),

For the second term, we first use (L18]):

€

g (@ 3N [m](@))) = g (@ mi. 7).

Therefore

" [ge((.)d-zve[ms] } Z gkox + g1 (@)my.T N
k=Ne41

4 Z 6 (@) (S )TN+,
using (I19). We now use item [6] of Lemma [£.17}

o0 N€+1 .
|||”r€[ > gz,omk] lls < ST [0V ] 6)

k=Ne+1

Here
E = C(w5)%e %, R=¢9%,

cf. (120)) and Consequently,
ERN T = O(w5)%e% WV =3 = Cwsw. 4,
using and therefore R < % for0<é < % for all 0 < € <« 1. Therefore we arrive at
II7* [ > §Z,o(~)’“] lls < 5CTSye T [()V ] (0)
k=Ne+1
< ezéK,

with C' > 0 large enough, for all 0 < € < 1. Here we have also used ., -, , '(af) > 1 and
w5 = O(e) to estimate

5Cwy T (VN 1] (0) < ETISLIIT 5 < K,
in the last inequality. Proceeding completely analogously, we obtain

17 [ (s Y42 1l < w18 6T [(1Y+] (9) < e
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and by Lemma item

I7* Z ). “““] ly < 1O 3D g 18 07 ()74 6)

=2

= uCK, i (E_1|WN6|5NE)Z_1 [mne|T¢ [(.)Ne-i-l} (5)

for some C' > 0 independent of y and e. Here we have again used (161]) and taken D > 0 large enough.
In total, we conclude that

=7 [ [7(0.3™ ] | s < o).

It follows that the second term is bounded by 1K for all 0 < e < 1.
The third term:

T [G((), Y ()] @).

For the third term, we also use items [| (with ¢ = 2) and [7| of Lemma Specifically, by (158]), we
directly obtain

—

Il =7 [G(O. 7] lls = 0w) < 3K,

for ||Y||; < 2K by taking D > 0 large enough.

In total, F : BgK — B(%K is well-defined when holds and 0 < e < 1, e ¢ N for 1 > 0 small
enough. The fact that F is a contraction follows directly from using item [7] of Lemma on the third
term, see (144). In fact, we find that the Lipschitz constant is O(p) for all 0 < e < 1 (independently of

€ (0,1)). O

Pr0p051t10n 4.21. Assume that the conditions of Proposztwnm 14.20) hold true and that ( - ) holds. Let
M° denote the solution of the fix-point equation . Then

me(@) = {7 @) - T ] @ )+ o) ()Y S (oY + T @) ) (162)

:=B*(%) =V(T)

for all 0 < T < 6, with this equation defining B and V°, and where
)= (g0, )] @) + G @3 @)).
Moreover, the following estimates hold true:

1B s = O(e), V' @)ls < (163)

K
[Soc]

Proof. (162) follows directly from (I57) with ¥ = M" given by (I59). Subsequently, the estimate for B°
follows from ([133) and the proof of Prop051t10n (see the second and third terms). Finally for the
estimate for V", we use that U" is an increasing function of T € [0, 4] and

IVElls = @5 ()Y + T ls = @iy o™ +T"(8) = |[why ()™

\SI

using (161)) in the final inequality. O

47



V' has the following absolutely convergent power series expansion

. L)1 —-a) <  T(k+a) -

e VD (i gy

—l<z<1 (164)

This follows from ((152)).
Remark 6. The quantity V° corresponds to © pmain in [10, Eq. (7.25)].

4.5 Completing the proof of Lemma [2.4

We prove the items successively in the following.
. . . 7€ . . o e
Proof of item |1} The power series expansion (164]) of V' in (162)) was proven in Proposition
The absolute convergence of this power series expansion follows from :
T(k + a)

CrSEr=ke (14 o(1))ks oL, (165)

Each term of the series V° is positive for T > 0, which implies . o
Proof of item For the lower bound, we use w4, > 0, the definition of Ve

Vi@ =uyz"V" 40U @ >U(x) VO<T<I,
and the lower bound of U* (see (I53)):

—e 1
T) >
V(z)_011—a6

D (a)(Ne)* 2 <>NEH 0(F) Y0<T<

> w

We take 0> = 2 in (139) and obtain

which together with

(Ne)a€+2—of > Goﬁ—ae—Q and

I'(a)>1 Va“€(0,1),0<e<1,

DN =

l—«

leads to

e~ w

—e 1 . 7 \VH
Vi(z) = 5016*“’*1 <1_$> vo<z <

We now use that a® > —2, recall Assumption [} to conclude that
1 a1 1 2t ac
5016 Z€<:>50126 Vo<ex 1.

Indeed, let v =2+ a® > 0. Then by taking 0 < € < 1, we have that |a¢ — a®| < %V and hence

c 1 1
T < eV =2V 5 (0 for €— 0.

This completes the proof of item
Proof of item@ The divergence with respect to o — 07 and 1~ is a direct consequence of the factors

[(af)T(1 — af) in the definition of V*, recall (20]).
Proof of item[J} Finally, in order to obtain (42) we use the form in (162):

T5€

V(@) =wy. 7 + U (7),
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(154) and
W TV = (14 o(1))D(a)(N€)» F1-"gN",

This gives

—e €

V(er2) = (1+ o(1))T(a)(N)* 17" (ez2) ¥

F € € € € ! . €
+ : (04036 (Ne)a +2—a (efg)N +1 [1 +fz/ e(1=0)T2,,1—a dv+o(1)]
- 0

= (14 0o(1))D(a) (N> F1=2" (ezy)N

- 1
X (1 y 22 [1 + fg/ e—v)T2gl=a’ gy 4 0(1)}) .
1—ac 0

€

4.6 Completing the proof of Theorem (2.5

We consider T of the forms [0,4], 0 < § < %, and [—6,0], 0 < & < dq¢, separately in the following and
prove the statement of Theorem [2.5in these cases. It will then follow that the statement is true for any
I C [—62¢, 3] satisfying (44).

The case [ = [0,0]. If I = [0,6], § < 3, satisfies ({44]), then

IV lls = 1@ (N s + 1T )15 < K.

We therefore apply Proposition with K replaced by K|SO |. In this case, Theorem then follows
from Proposition see (162)) and (163).

The case I = [—4,0]. Now, we consider case I = [—4,0] with 0 < ¢ < dge. In this case we adapt the
space D§ and the norm ||| - |||; in the following way:

D§ :={H : [-6,0] = R analytic : [|H||; < oo},

where
N°+1
Il = _sup |H<u>W : (166)
and importantly:
0 <8 < dse. (167)
By (140), we have
7\ ] (3 7\ .
cl<1_$> < (1=a) |77 [()¥ ] (x)’§02<1_x> V—be<z<0, (168

see ([138).

Lemma 4.22. Fiz 65 > 0 and suppose that (L67) holds. Then the items @-@ mn Lemma also hold
true with || - |5 given by (166).

Proof. The proof of Lemma carries over since ((168)) holds. O

In this way, we obtain a similar versions of Proposition (which only relies on the estimates in

items in Lemma [4.17) and Proposition with

[H|ls:== sup [H(u)l,
u€[—6,0]

relying on (168)) to estimate V° in the sup-norm. Then, by proceeding as above for I = [0, §], we complete
the proof of Theorem in the case I = [—4§,0], 0 < § < da¢,
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5 Discussion

In this paper, we have provided a detailed description of analytic weak-stable manifolds near generic and
analytic saddle-nodes (under a certain smallness assumption of the quantity u = sup u€, see Assumption
). In further details, we have identified the quantity S, with the property that S # 0 implies the

00
following (cf. Theorems and [2.5)):

(R1) The center manifold is nonanalytic.
(R2) A certain flapping mechanism of the analytic weak-stable manifold W™,
(R3) W™# does not intersect the unstable manifold of the saddle W* for all 0 < e < 1, e~ ! ¢ N.

Overall our approach is inspired by [10], proving statement (R2) for a specific (rational) system. In
summary, [10] performs a blowup (scaling) transformation, writes the weak analytic manifold as a power
series in the scaled coordinates, truncated at an order just below the resonant term, and then treats the
remainder through a certain integral operator (7¢). We also follow this strategy, but have brought the
method into a form that is more in tune with dynamical systems theory (through normal forms, center
manifolds and fix-point arguments). In this way, we established (R1)—(R3) as a generic phenomena for
analytic saddle-nodes (albeit still within the context of Assumptions [1|and . We also feel that we have
obtained a deeper understanding of the underlying phenomena and also streamlined the method of [10]
along the way. For an example of the latter, in our treatment of 7¢ we have used a Banach space of
analytic functions H(Z) = O(ZY ') and set up a fix-point argument for the remainder; this approach
does not depend upon Assumption [2| (see discussion below).

It is our belief that our results will find use in different areas of dynamical systems, in particular in
the area of singularly perturbed systems where weak-stable manifolds play an important role (e.g. in the
folded node |2l[15]). At the same time, we are confident that our results can be generalized. In particular,
we conjecture that Assumption [2] can be removed so that our statements hold true for any analytic and
generic unfolding of a saddle-node with a® > —2 (by virtue of Assumption [1] and the normal form, see
Theorem [2.1]).

Let us first emphasize where Assumption [2]is needed: It is used in the proof of m°® € D°, see Propo-
sition and in the proof of the uniform boundedness of M in the semi-norm , see Proposition
4. 10

At the same time, it is important to emphasize that it is NOT needed in the treatment of the remain-
der, see Proposition To see this, notice that in the proof of Proposition [4.20] we only need that
G has small Lipschitz-norm, see The third term. To show this, we can first use the final condition
of , see Remark [1] to estimate the Y-linear part of G, and for the nonlinear part of G we can use
Lemmaitem (it is, in particular, O(e) in the norm || - ||| for all x> 0).

In other words, in order to remove Assumption [2] we just need to find alternative proofs of Proposition
[3.6] and Proposition [4.10

Let us focus on the former and

0 0
. m
m°(z) = ngxk €D’ = Sup|7§| < 00.
k=2 k>2 W
0
In [10], the authors show that their corresponding sequence %, k > 2, is bounded by essentially setting
k

up a majorant equation for S defined by
ml = (~1)"ulsy, (169)

see |10, Lemma 5.4]. It follows from (with f? replaced by (¢°(-,m°(:)))x) that SY satisfies the

following recursion relation

(=DM CmO ()

0
Wy,

Sl(c) = Sl(c)fl + ) wg = F(k + a[O)’

with (¢°(-,m°(:)))x depending on S9,...,Sy_5 (upon using (169)). The proof of [10, Lemma 5.4] first

consists of showing (using the majorant equation for S9) that [SY| < KoC§ for some Ky > 0, Co > 1
and all k. This is Step 3 of their proof. One can take Ky = 1,Cy = e™ for some n € N.
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Then in Step 4 of the proof of [10, Lemma 5.4], the authors show that the exponential bound can
be improved: There is some § = % > 0, m € N large enough, and a K; > 0 large enough such that

1S9 < K1 (Coe )k = Klek(”fﬁ) for all k. Importantly, the authors of [10] show that this process can
be iterated (with n and m fixed) in the following sense: For each | € N with n — % >0, thereisa K; >0
such that

L

|Sp| < K1) = Kze’“("‘m),

for all k. Here [ € N is the number of applications of the improvement. Setting [ = nm then gives
|S?| < Ky (uniform bound) for all k as desired.

For our general normal form in Theorem [2.1] it is straightforward to reproduce Step 3 and the
existence of Cy from (without using g > 0 small). However, we have not been able to reproduce
the argument in Step 4 in the general framework. We will pursue this further (along with alternative
approaches to majorize Sg) in future work. Here we also plan to consider a’ < —2 (which is excluded
in the present work by Assumption . Furthermore, we would also like to explore connections to the
interesting results of C. Rousseau |13], see also [14] and references therein, on the analytic classification
of unfoldings of saddle-nodes.
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A  Proof Theorem [2.1]

We first use [13, Theorem 2.2], where the following normal form is provided

&= (x— e,

- ¢ ¢ (170)
g =—y(l+ar)+g°(z,y),
with

9 (z,y) = x(x — ) f(x) + y*a(x, y). (171)

In comparison with |13, Theorem 2.2] we have here replaced their (z,€,t, go, 0(y)) by

1 ~e
(_55 + ﬁ? 1627 —t, _fe’ue(x’y) = y2u (x,y))

In order to achieve the desired normal form in Theorem we apply three elementary transformations
(T1)—(T3) to obtain (170 with ¢g¢ given by and satisfying (30]), repeated here for convenience:

gﬁ(x7y) = fe(m) + ue(x’y)

F@) =S fat, (g =Y upaty+ 30wl ety (172)
k=2 k=2

- k=11=2
and
[fe] < Bp~F, lug ;| < pp ¥t and u%l =0 VkIleN eec|0,¢), (173)
respectively. The purposes of each of these successive transformations are:
(T1) Remove the z-linear term from (—exf€(0)) on the right hand side of the y-equation in ([170]).

(T2) Remove the y-linear term of the resulting nonlinearity g¢ = f€ + u¢ obtained after application of
(T1) for e = 0: u%l =0 for all & > 2, see the last condition in (|173).

(T3) Remove the z = 0 part of the resulting nonlinearity ¢ = f€+u® obtained after application of (T2):
ug, =0 for all | > 2 and all € € [0, ), see (172).
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For (T1), we define g =y + eflff(?z. This gives the following system

&= (x— e,

. ~ . e (174)
y=-g(1+az)+g(x79),
with
9, §) =D fidt + ) a2ty + >0 ag .ty (175)
k=2 k=2 k=0 =2
and
(0
a‘=a+ 26{ ( )he(0,0).
—€

This completes (T1). We drop the tildes.
For (T2), we introduce a new z-fibered diffeomorphism defined by

ud >
k’llxk_l = 2%/ (z) = Zugylxk.

(my) = g=e "Dy, l)=) -
k=2 k=2

A simple calculation then shows that in the new (z, §)-coordinates, we obtain a system of the form
with g¢ given by , for a new f€ and a new 4 now satisfying “2,1 = 0 for all £ € N, upon dropping
the tildes. This completes (T2).

Now, finally for (T3) we analytically linearize the & = 0-subsystem: There is a locally defined
analytic near-identity diffeomorphism y — § = <(y), ¥¢(0) = 0, d% €(0) = 1, depending continuously
on € € [0,¢p), such that

oo
g=—y+> ugy = i=—7
1=2
In the coordinates (z,§), we therefore obtain the desired form (170) with g¢ given by (172) and satisfying
(173]) upon dropping the tildes a final time. In particular, the estimates in (173) follow from Cauchy’s
estimate for all p > 0 small enough.
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