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TINY FLUCTUATIONS OF THE AVERAGING PROCESS
AROUND ITS DEGENERATE STEADY STATE
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ABSTRACT. We analyze nonequilibrium fluctuations of the averaging process on T, a
continuous degenerate Gibbs sampler running over the edges of the discrete d-dimensional
torus. We show that, if we start from a smooth deterministic non-flat interface, recenter,
blow-up by a non-standard CLT-scaling factor 8. = £ (/2*1D and rescale diffusively,
Gaussian fluctuations emerge in the limit ¢ — 0. These fluctuations are purely dynami-
cal, zero at times ¢ = 0 and ¢ = 0o, and non-trivial for ¢ € (0, c0). We fully determine the
correlation matrix of the limiting noise, non-diagonal as soon as d > 2. The main tech-
nical challenge in this stochastic homogenization procedure lies in a LLN for a weighted
space-time average of squared discrete gradients. We accomplish this through a Poincaré
inequality with respect to the underlying randomness of the edge updates, a tool from
Malliavin calculus in Poisson space. This inequality, combined with sharp gradients’ sec-
ond moment estimates, yields quantitative variance bounds without prior knowledge of
the limiting mean. Our method avoids higher (e.g., fourth) moment bounds, which seem
inaccessible with the present techniques.
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1. INTRODUCTION, MODEL AND MAIN RESULTS

The averaging process on a graph is a continuous-space Markov chain, which is com-
monly interpreted as an opinion dynamics, a distributed algorithm, or an interface moving
through a randomized sequence of deterministic local updates (see, e.g., [BGPS06, AL12,
Ald13, MSW22] and references therein). Its dynamics goes as follows. Attach i.i.d. Poisson
clocks to edges, and assign real values to vertices; at the arrival times of these clocks, up-
date the values with their average. As time runs, the averaging process converges to a flat
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configuration, and one major problem in the field is that of quantifying the speed of con-
vergence to its degenerate equilibrium in terms of characteristic features of the underlying
graph [CDSZ22, QS23, CQS23|.

In this paper, we examine scaling limits of the averaging process on the discrete d-
dimensional torus Tg, d > 1, subjected to a diffusive space-time rescaling. In this setting,
the averaging process, say u; € ]RTg, evolves by replacing, at rate e~2 for each nearest

neighbor pair z,y € T¢, the values (u_(z),u¢_(y)) with

(g (), ui (y)) = (5 (ui- (@) +ui-(v), 3 (ui-(2) + ui- (1)) -

Alternatively, in the language of stochastic homogenization, uf is the solution to the dis-
crete parabolic problem O,uj = V5 - (ag(t, ')Vaui,) on T¢, in which the coefficient field
ae = (ae(t,));>0, pere is random, time-dependent, and formally given by

, [(AND ()
g

aa(t,x)ZE , t>0, zeT¢. (1.1)
AN ()

Here, dN;"'(z) stands for the increments of the Poisson process of intensity =2 attached
to the pair z, x +ce; € Tg. This homogenization problem is then degenerate, in the sense
that the coefficient field a. is a linear combination of Dirac deltas and, thus, does not
satisfy any ellipticity conditions: there is no C' > 0 satisfying neither a. > C, nor a. < C
(in the matrix sense).

The first ergodic theorems in stochastic homogenization for linear elliptic and parabolic
problems date back to the seminal works of Kozlov [Koz79] and Papanicolau and Varadhan
[PV81]. Since then, there has been an intense activity in considerably extending these
qualitative results. In fact, even quantitative features of the solutions, such as regularity
and fluctuations limit theorems, are by now well understood in the uniform ellipticity
context (see, e.g., [AKM19, JO22], [GM16, DGO20], and references therein), while the
only degenerate examples are limited to supercritical percolation clusters [AD18, Dar21],
rigid inclusions [DG22] and log-normal coefficient fields [GQ24, CGQ24].

In this article, we move one step forward by investigating dynamical fluctuations of the
random u5 in this time-dependent degenerate setting (cf. (1.1)). This result is the content
of Theorem 1, which could be regarded as the functional central limit theorem (FCLT)
after the (quantitative) law of large numbers (LLNs) established in [Sau23]. As recently
worked out in some examples of random walks in time-dependent random environment
(see, e.g., [Rho08, BR18], all concerned with LLNs of random walks’ probabilities), our
FCLT also draws upon the fundamental idea that adding a mixing dynamics potentially
tempers spatial degeneracy. In our case, this dynamics consists in having zero conductances
which suddenly take the value 400 at the occurrence of a Poisson mark. As in most
degenerate instances, this mixing mechanisms plays a crucial role in recovering on large
scales regularity estimates which would deterministically hold true in the uniform ellipticity
setting.

Our approach is probabilistic, based on martingales, as developed by Holley and Stroock
[HS78] and successfully exploited within the context of interacting particle systems (see,
e.g., the monographs [DMP91, KL99]). Nonetheless, in contrast with most systems studied
in that realm, the averaging process u§ has no truly random ergodic states (they all consist
of deterministic flat configurations). This lack of microscopic fluctuations at equilibrium
prevents us to employ methods based on relative entropy, not having a clear notion of local
equilibrium to compare the law of u§ with (see, e.g., [JM18, JL23] and references therein).
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We overcome this obstacle by combining the aforementioned martingale-based approach
with two main ingredients, typical of infinite-dimensional stochastic analysis. On the one
hand, we control a key quantity — squared discrete gradients of ui — by expressing its
expected value as an infinite series of iterated integrals. On the other hand, inspired by
a series of recent works in stochastic homogenization, e.g., [DO20, DG20a, DG20b], we
leverage the Poisson nature of the updates by operating with tools from Malliavin calculus
(in Poisson space). These are the two building blocks in the proof of our second main
result, Theorem 2, a LLN for weighted space-time averages of squared discrete gradients.
Theorem 2 is also an essential step in the characterization of the limiting Gaussian process
from Theorem 1, and reveals the smallness of the fluctuations ui — E°[uf], as well as the
non-diagonal correlation structure of the limiting driving noise (despite the form of the
coefficient field a. in (1.1) with i.i.d. diagonal entries).

In conclusion, as originally proposed in [AL12, Ald13], the averaging process (together
with a long list of companions “random averages” models, e.g., [FF98, BRAS06, CF11,
Lanl12, HH14, BB21, FMZ23], with either site or edge updates) is a natural nonequilib-
rium system of stochastic moving interfaces, whose quantitative features are still largely
unexplored. These include, for instance, a regularity theory and worst-case mixing times
on geometric settings other than the torus. The latter problem becomes particularly inter-
esting in light of the works [CDSZ22, CQS23], which show that on the simplest examples
of expander graphs the averaging process’ degenerate local update rule dramatically af-
fects the timescales relevant to relaxation, if compared to the homogenized dynamics. We
believe the combination of Markov chains’ and stochastic homogenization techniques that
we develop here to be fruitful also in this context.

We now present the model and our main results. Before that, let us introduce some
general notation. All throughout the article, T¢ := (R/Z)?, with d > 1, is the d-dimensional
torus, while T¢ denotes its lattice discretization with mesh size ¢ € (0,1). For simplicity,
we always assume e+ € N. Moreover, with a slight abuse of notation, we often identify
the set ']I'f:l with the undirected graph obtained by connecting vertices of the form x and
y=uxtece € ']Tg with an edge, where ey, ...,eq € R% denotes the canonical basis of R%.
Hence, letting | - | denote the usual Euclidean distance on R¢, we will refer to sites z,y € ’]I‘g
satisfying |x — y| = € as nearest neighbor vertices. Finally, we shall implicitly imply “holds
true for all € € (0,1) with e~! € N” whenever ¢ appears in a statement without any other
indications.

1.1. Averaging process. The averaging process on T is the continuous-time Markov

process (uf)¢>o which evolves on RTE by updating, independently and at rate €2, the
values at nearest neighbor vertices with their average value. A possible rigorous description
of the model goes through the introduction of a family of i.i.d. Poisson processes

N = (N (%))120, wetd, i=1,...d (1.2)

of intensity =2, with the arrivals of N €Z(a;) corresponding to an update among the two
nearest neighbor vertices z and z + ce; € T?. We write P and IE¢ for the associated
probability law and expectation, respectively. Hence, for every starting configuration ug €
RTg, (uf )0 is defined as the unique cadlag solution to the following finite system of SDEs
driven by Poisson processes: for every z € T¢ and t > 0,

d
du(z) = > dANP' (@) [5 (05 (2) + uf (2 + eey)) — v (z)]
i=1
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d
+ Z AN (z — ee;) (3 (U= (2) + uS- (z — ee;)) — ui (2)]
i=1

d
= Z AN, (@) [3 (i (z + ee;) — ui ()]
i=1

d
+ Y ANz —eeq) [§ (w5 (@ — eg) — ui- (2))] (1.3)
=1

with AN (z) = NP () — Nf,’i(m) denoting the increments of the Poisson process. Further,
note that the spacing € in ']I'g and the intensity e~2 of the Poisson processes correspond to
a diffusive space-time rescaling in (1.3).

Since ’]I‘g is a finite graph, it readily follows that, as a strong solution to the system
above, (uf);>0 exists unique for all initial conditions uf € RM, and is a Markov process.
Moreover, due to the connectedness of ']Tg, uj approaches, as t — oo and for all ug € RTg,
the flat profile with value (u§). € R, the spatial average of T¢,

t
uf (z) = (uh)e = Y uf(y)
yeTd

P¢-a.s. and uniformly over x € ']I‘g. In particular, we observe that, despite uj is, generically,
a random element of RT¢ for all times t > 0, the corresponding unique steady state is
deterministic and identically equal to (uj).. Hence, the averaging dynamics is trivial at
equilibrium, registering, in particular, no fluctuations.

In this work, we analyze asymptotics as € — 0 of out-of-equilibrium fluctuations for this
model, which, due to the degeneracy of the steady state, lacks a non-trivial notion of local
equilibrium — a fundamental feature in the theory of hydrodynamic limits for interacting
particle systems (see, e.g., [KL99]). In words, we shall find a scaling factor 6. — oo as
e — 0 and a non-trivial process ()t)¢>0 describing well, in the diffusive regime as ¢ — 0,
the nonequilibrium fluctuations encoded in the centered fields

Vi= 0.4 et ST (u () — B (2)]) 6, (1.4)
z€T?
after taking spatial averages against suitable test functions. Note that we consider a
deterministic initial configuration ug € RTg, so to observe only dynamical fluctuations.
Maybe surprisingly at first, it turns out that, instead of the most standard CLT-scaling
e=4/2 the averaging process’ nonequilibrium fluctuations require an extra factor e!, thus,

0, — c—(d/2+1)
In this sense, fluctuations are unusually small in our context. Next to this, the limiting

fluctuations ) become Gaussian, have rather explicit space-time correlations, and satisfy
Vo = limy_,o0 Vi = 0.

1.2. Tiny nonequilibrium fluctuations. In order to best describe the limit ), let us
further manipulate the equations (1.3) defining u. By adopting the standard notation,
forallg e R™ zeTdandi=1,...,d,

V() =et (g(a +ee;) —g(x)) ,  Vog(a) = (V'9(x))iz1,.a »

€1 -1 € £,0 (1'5)
Vitg(a) =e (9(z) —g(z —eei)) ,  Vigla) = (Vi'g(2))i=1,..a »
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d d
Acg(x) =Y VI'Vog(x) = e (g(a +ee;) + gla — ee;) — 29()) (1.6)
i=1 i=1
and letting diag(a) € R?*? denote the diagonal matrix having a = (a")iz1,..4 € RY as
diagonal elements, the system (1.3) reads as
d
Z {de’i(x)VE’iui, (z) — AN (z — ee))Vous_ (v — ee;) }

i=1

d
> V(AN Ve ) ()
=1

3

dug (z) 5

&2
2
62 € : &, - €, €

=3 V; - (diag(dNy )Vui_) (z)
or, equivalently, by passing to the compensated Poisson processes

No'(z) == NO'(z) — e %t t>0, zeT, i=1,...,d, (1.7)

as
du§ (z) = 2A.uf (z) dt + 52—2Vi - (diag(dN; " )Vus-) (z) . (1.8)

Hence, next to a smoothening Laplacian term %Aguf , the stochastic dynamics is driven
by an i.i.d. diagonal noise which multiplies the discrete gradients Veu7_ of the random
averaging process. The gradient V§ accounts for the conservative nature of the noise.

Our main task is to establish, after centering and scaling with 6., a homogenization
principle for this noise term, in which two main effects equally contribute: on the one
side, the random gradients V°u;_ get replaced by their deterministic counterparts; on the
other side, the stochasticity lost in the previous step is superseded by the appearance of
a non-diagonal structure of the limiting noise. More precisely, we show that the limiting
fluctuations ) solve (in a weak sense) the following SPDE on T¢

dY, = 3AY, — 3V - (£ V) | (1.9)
where:

e Vu, is the gradient of the deterministic solution u; to the heat equation on Td
du = 3Au; (1.10)

o & = (£W )ij=1,..d is a matrix-valued space-time white noise whose covariance is
informally given, for some a = a(d) € (0, 1], by

E[é‘zv] (x) fvg(y)] = do(t — 8)dp(z — ¥) | [P <(1 +a) 1,—; + H ]li7,gj> , (1.11)
for all z,y € T¢, t,5s >0, and 4,5, k, £ =1,... ., d;

e a weak solution to (1.9) is meant to be a solution to the corresponding martingale
problem (cf. (1.16), (5.2)).

The precise statement of this convergence result is the content of the following theorem,
before which we need to introduce some notation. For all k € Ny U {00}, let C¥(T?) be
the space of k-continuous differentiable functions on T¢. We write C(T¢) = C°(T%). For
all o € R, H*(T?) denotes the a*-order fractional Sobolev space on T?, defined as the
closure of C>(T?) with respect to the following Hilbertian (semi)norm

1

1Lz ey = ( ST (@4 ) (F | ém) g |2)2 . fecemly. (112

meZd
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Here, ¢, (z) == 2™ for all x € T? and m € Z¢. Tt is well-known that H*(T?) is a
Hilbert space, and that, for « = k € No, H a(Td) coincides with the usual Sobolev space
W2k(T4). Moreover, H*(T%) — H?(T?) for all a« > 3, and Vi € H~%(T?) for all a > d/2.
For more details and properties, we refer to, e.g., [JM18, Section C]. Finally, we write
D([0,00); H=*(T%)) (resp. C([0,00); H~*(T%))) for the space of cadlag (resp. continuous)
trajectories taking values in H~*(T%) (see, e.g., [Bil99, §2-3]).

Theorem 1 (Nonequilibrium fluctuations). Fiz o > 3 + d/2 and ug € C*(T?). Then,
there exists a = a(d) € (0, 1] such that, when initializing the averaging process (ug)¢>o with
ug = uong, the following convergence in law

e—0

(V5)s0 == (V)=0 .  in D([0,00); H*(T%)),

€

holds true for the corresponding fluctuation fields (yt )e> 0 given in (1.4) with 6, = e~ (@/2+1)
where (Vy)i>0 is the unique process in C([0,00); H~*(T9)) solving the SPDE (1.9)—(1.11),
with:

e initial condition Yy = 0;

e (u);>0 therein being the solution to (1.10) with initial condition ug € C*(T9).

Remark 1.1 (Constant a). Since our proofs do not require it, we did not try to extract
the precise numerical value of the constant a appearing in Theorem 1. We just mention
that

a=1 ford=1, a=

7r
ord=2,

3rm—4 J

while we have some more abstract expressions for d > 3 guaranteeing a € (0,1). For more

details, see Remark A.2.

1.3. A law of large numbers for the squared gradients. In order to prove Theorem
1, we follow a probabilistic approach, taking advantage of the Markovian nature of the
averaging process uj. In formulas, recalling (1.8) and that )Jjj = 0, this corresponds to
decompose the fields )5 in (1.4), when tested against a test function f € C>°(T?), as

t
— [ vdands M), 2o, (1.13)
0
where, for , = ¢~ (4/2+1),

ME(f) = /O 0.2 37 ((diag(dN2 )V ) () - (V- £ ()
z€TY
(1.14)

:/ d/2+1z Z dNaz Vaz € ( )) (%VE’Zf(x)) , t>0,
i=1 zeTd

is a square-integrable martingale (with respect to the filtration generated by the process
uf). The martingale M;(f) has jumps and may be described through its predictable
quadratic variation, referred to as (M®(f)); and explicitly given by

/ ZZ (Vo'us(2))” (395 f(2)) ds,  t>0. (1.15)

z€Td i=1
This derivation uses elementary properties of the compensated Poisson processes in (1.7),
such as E[N;*(z)] = 0 and (N®%(z)); = e~2t, as well as their independence.
In view of the decomposition in (1.13), the proof of Theorem 1 boils down to proving
the following three claims:
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(i) the sequence ((V5)i>0)e is tight in D([0, 00); H~=*(T%)), for a > 3 + d/2;
(ii) all limiting processes ()¢)i>0 are continuous;
(iii) all limiting processes ();)i>0 are solutions to the following martingale problem

Z/tys(%Af)derMt(f% 120, fece(r), (1.16)
0

where (My(f))t>0 is a martingale (with respect to the filtration generated by
(Vt)t>0) whose predictable quadratic variation is deterministic and compatible with
the noise structure described in (1.9)—(1.11).

By the form of the limiting martingale and standard uniqueness results due to Holley and
Stroock [HST78], (ii) and (iii) together would uniquely characterize the limit as the one
described in Theorem 1.

While the proofs of the steps (i) and (ii) above are not particularly problematic, es-
tablishing the third step on the identification of the limiting martingale represents the
major challenge of the proof of Theorem 1. More specifically, thanks to classical martin-
gale convergence theorems, our main task reduces to prove convergence in probability of
the corresponding predictable quadratic variations. Reading out the explicit expression of
these quadratic variations from the right-hand side of (1.15), this means proving a weak
law of large numbers for weighted space-time averages of squares of discrete gradients of
u;. Most of our analysis is devoted to the proof of this result, which, for later reference,
we now state in form of a theorem.

Theorem 2 (LLN for squared discrete gradients). Fiz ug € C%(T9), and let (u§);>0 and
(ut)t>0 denote, respectively, the averaging process and the solution to the heat equation
(1.10), started from ug = uo|ra and ug € C2(T%). Then, for all g = (g) € (C(]0, 00) x T4))4
and t > 0, we have

B[ (IF(9) — I(9))?] =20,

where

Z /0 e Y (Vo) gila) ds (1.17)

d

1- .
Z <1+ Dimj + — Z#)/ (Viug(2))’ gi(z) deds ,  (1.18)
= d— Td

and a = a(d) € (07 1] is the constant in Theorem 1 and Remark 1.1.

1.4. Proof ideas and techniques. The starting point in the proof of the LLN in Theorem
2 is a variance estimate (Theorem 3). We derive this by tools from Malliavin calculus in
Poisson space (see, e.g., [LP11, LP18] and references therein). More specifically, we will
resort to one specific tool in that context: the Poincaré inequality. In words, this inequality
allows to estimate the variance of a functional F' = F'(N¥) of the underlying Poisson process
in terms of (a norm of) its derivative DF with respect to an infinitesimal variation of N¢.
The functional DF is referred to as the Malliavin derivative.

As we will show, for the averaging process, DF' comes with a nice probabilistic dynamical
interpretation in terms of an evolving discrepancy (Section 3.1). We exploit this point of
view to turn this Poincaré inequality into an effective bound. In order to achieve this,
we derive some new second-moment estimates for the discrete gradients of the averaging
process, and combine them with properties of the averaging process earlier developed in
[AL12, QS23, Sau23]. Such improved estimates are key in the proof of Theorem 2, for
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controlling the variance of I'7(g), and are sharp enough to determine the limit of its mean
(Theorem 4).

1.4.1. Poincaré inequality in Poisson space. In our setting, this Poincaré inequality may
be rigorously stated as follows. Recall the Poisson process N¢ in (1.2) of the edge updates,
which we can describe, more precisely, through its intensity measure 7. on Y. := [0, 00) X
T? x {1,...,d} (endowed with the corresponding product Borel o-field), given by the
product measure

Ve = e 2dt ® Vpd v, dy -

Here, dt stands for the Lebesgue measure on [0, 00), whereas, for a discrete set S, vg denotes
the counting measure on S. Letting N(Y.) be the space of integer-valued o-finite measures
on Y., we then interpret N¢ as a random element in the measurable space N(Y,), endowed
with M€, the smallest o-field making the mappings m € N(Y.) — m(A) € R measurable,
for all measurable sets A C Y.. Now, P¢ and IE¢ stand for the law and expectation of N¢,
respectively.

Then, the Poincaré inequality in Poisson space reads, for every measurable function
F:N(Y.) =R, as

Var(F) == B [(F(N?) — EF[F(N9)])?] < / E*[ (D iy F(N9))? ] doe(t, , 1)

0o d
N E_(M)/o et YD E[(DuanF(N) ] dt (1.19)
zeTe i=1

In this formula, for all (¢,z,i) € Ye, Dy, ;) is the difference operator defined, for all
measurable F': N(Y.) — R, as

D(t,x,i)F(m) = F(m + 6(t,m,i)) - F(m) ’ m e N(Ya) )

with 0 ;) denoting the Dirac delta at (t,x,i) € Y.. Roughly speaking, D, ;) plays
the role of derivative at the “point” m € N(Y,) in the “direction” (¢,z,7) € Y.. In our
context, if we keep in mind the interpretation of N¢ as identifying the edge updates for
the averaging process, Dy, ;)F measures the effect on F' of the addition of an update at

time ¢ between the nearest neighbors z and x + ee; € T

1.4.2. Application of Poincaré inequality. In proving Theorem 2, we will apply the Poincaré
inequality (1.19) to functionals F' of the form I'F(g) given as in (1.17), for some t > 0,

9= (9")i=1,..a € (C([0,00) x T?))9, and initial condition u§ € RT¢. This yields

o d
Var (I (9) < 02 [ 7t 30 S B[ (Do T70))

z€Td 1=1

¢ d
= [ S S B (D 7(0)*] .

z€eT? i=1

(1.20)

where the identity uses the fact that I'7(g) does not depend on the history after time t.
Moreover, since (I (g))¢>0 is an additive functional of (u§)i>0, D(s24) 17 (9) may be further
simplified, for s < ¢, as

d .t
IYHOEDS / e’y {(VE’jE(s,m,i)uf«(y))2 - (Vs’jUi(y))z}gﬁ(y) dr,

Jj=1 yeTd
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where, for r > s, E(, , ;u; is the averaging process following the edge updates N°¢, condi-
tioned to be equal, at time r = s, to

LuE(z) +us(z +ee;)) ify=zory=ax+ce
y €T — Epanui(y) =12 ° ’ Z Z
ug(y) else .

Analogously to Dy, , ;) (which acts on functionals F'), the operator E, , ;) acts on (ug),>0

S,x,1
by imposing an extra averaging-update at vertices x and z + ce; € T¢ at time s > 0.
Furthermore, by linearity of the averaging process, E(s ; ;yu; may be further decomposed
as

87(S7x7i)

Es,z,) Uy = Uy + wp : r>s, (1.21)

.. d . L d
namely, a sum of the original process u; € RTe and a “discrepancy” w?’(s’x’z) e R™:, both

evolving as two averaging processes with two different initializations, sharing the same
edge updates. In particular, they are not independent. In view of this, we may recast an
estimate of the right-hand side of (1.20) into a bound on the evolution of such a discrepancy,
and a central part of our analysis deals with establishing precise quantitative estimates on
it and its discrete gradients (see Section 3.2 for more details).

1.4.3. Ultracontractivity and gradient estimates for the averaging process. Next to the
Poincaré inequality in Poisson space, our analysis builds on two functional analytic prop-
erties of the averaging flow on the discrete torus: ultracontractivity and second-moment
gradient estimates.

Ultracontractivity. By ultracontractivity we mean a bound of the following form: for all
T > 0 and some C = C(d,T) > 0,

—d/2
B[ Jug 1 220pay ] < (ug)2 + C llugl|Toray ((EVE) 77V, te(0,T7).  (1.22)
Here, || - || »(1ay, p € [1,00], denotes the LP-norm on T¢ with respect to the uniform measure
e ie., for all g € RTg,
1
P
Ioliomsy = (=4 5 lot@? ) for pe ), lollmegy = sup lo) - (129
zelg

zeT?

We write (- | -);2 (1¢y for the inner product in L(T9).

Estimates of type (1.22) for parabolic equations are classical, dating back to Nash’s
work ([Nasbh8], see also [F'S86]), and are well-known also in the graph context (see, e.g.,
[DSC96)). For the averaging process, they were first derived only recently in [QS23], and
further refined on T, establishing the stronger inequality [Sau23, Theorem 2.1]

—(d/2+1
B[l 1 ng) ) < ClllFacay) (1)~ e >0, (1.24)

On the left-hand side above, || ||H1(Tg) reads, for all g € RT¢, as

RS
ol oy = (= 2 Y [950ata ) (1.25)

zeTd i=1

In order to see why (1.24) is stronger than (1.22), it suffices to integrate over time the
following identity due to Aldous and Lanoue [AL12, Eq. (2.7)]:

d 1

EE[ Huf”%mrg)] ) E[ Hui”%ﬂ(rg)] ) t=>0. (1.26)
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Finally, we observe that the bounds in (1.22) and (1.24) are effective for all t = O(1), as
well as for very small times ¢ < 1. We emphasize that such estimates for ¢ < 1 will play
a key role in Lemma 3.3, when proving Theorem 2.

Gradient estimates. The second important and new ingredient is a thorough analysis of
the dynamics of discrete gradients of the averaging process on the torus on a diffusive
space-time scale. This will be carried out in Sections 2 and 4. In a nutshell, this approach
goes through:

(a) first, solving explicitly the SDEs governing the evolution of (V&u$);>q C RT¢
(Lemma 2.1);

(b) then, reducing asymptotics of the second moments E[(V'u§(x))?] to the analysis
of infinitely-many iterated integrals (Propositions 2.1, 4.1 and 4.2).

This latter step is what allows us to determine the non-diagonal form of the limiting
correlations (cf. (1.11)). Next to asymptotics, we extract some new pseudo-contractivity
and small-time estimates for gradients’ second moments of independent interest (Lemmas
2.3-2.5).

It is worth to mention that similar estimates were recently obtained in [Sau23, Propo-
sition 2.2], aiming at capturing the correct order of magnitude of E[(V®'u§(z))?] for a
wider time window, including the regime t > 1 as ¢ — 0. However, while the approach
in the aforementioned work only provides bounds, in the present article, we are able to
determine exact asymptotics by restricting to times t = O(1). Finally, our analysis relies
solely on second moments, not involving higher (e.g., fourth) moment estimates, whose
control seems to be out of reach with the present techniques.

1.5. Structure of the paper. The rest of the paper is organized as follows. In Section
2, we collect some technical results concerning discrete gradients of the averaging process
which will be used all throughout. In Sections 3 and 4 we prove Theorem 2 on the LLN
for I'f defined in (1.17). More specifically, in the former section, we prove that variances
vanish as € — 0, while in the latter one we establish the convergence of the means. Section
5 is devoted to the proof of Theorem 1. In Appendix A, we prove a few auxiliary results
employed in Sections 3 and 4.

2. DISCRETE GRADIENTS

In this section, we derive a number of technical results on the random discrete gradients
of uf on ']Tg, of use for the subsequent sections. Before starting, let us introduce some
notation.

After recalling that N¢ is the o-field associated to N¢ (cf. Section 1.4.1), we define
Fe = Ne®o(uf) as the product o-field associated to the Poisson process and the averaging
process’ initial conditions. We write (Fj)¢>¢ for the corresponding filtration, with respect
to which (uf)¢>0 C RT is adapted. In particular, uf € RT is J§-measurable. Furthermore,
recalling the definitions of V! V', V& V¢ and A, from (1.5)—(1.6), we introduce the
random walk (X§);>o on T¢, with semigroup (Pf)i>o and infinitesimal generator $A..
Moreover, we let (pf(z, y))tzo,x,yeTg denote the corresponding transition probabilities. In
what follows, we will repeatedly use that all discrete gradients commute, namely,

vavivevj — vevjvevi , vavivivj — vivjvavi , Vivzvivj — vi’]viﬂ , (2‘1)

for all 4,7 = 1,...,d, from which we readily obtain the following well-known intertwining
relations for the semigroup and the gradients on ’]Tg:

PEVET = VSIPE | PEVS = VEUPE t>0,i=1,...,d. (2.2)
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We remark that A. and Pf are symmetric operators on L?(T¢) (cf. (1.23)) and that,
by translation and rotational invariance of the random walk’s dynamics on ']I“Ei, we have
pi(z,y) = pi(y,x) = pi(y — x,0) = pi(z — y,0). Finally, in order to lighten the notation,
we write P = P® and IE = IE¢ all throughout.

2.1. Stochastic dynamics of discrete gradients. As a first step, we write the random
discrete gradients of u; in a mild-solution form. For this purpose, recall the definition of
compensated Poisson processes N¢ = (Nf’i(x))t>07meTg,i:Lm,d, as well as the equations
(1.8) solved by ug. -

Lemma 2.1 (Mild solution). Fiz uf € RTE. Then, PP-a.s., we have
Vo (2) = Pf (V9'ag) (@) + ) ) / bi% (2, y) VS ul-(y) ANS (y) (2.3)
- 0

for allt >0, :L"G']Tg and i =1,...,d, where
b (w,y) = 5 (f (2, y +eei) + pi(x,y — eej) — P (x +ce; —ej,y) —pi(w,y)) - (24)
Proof. Passing to the discrete gradients in (1.8), we obtain

d(VEus) (z) = %V”Aguf(x) dt + %Ve’i (V5 - (diag(dN; )Vui_) ) ()

9 d
. e . . — . .
_ %Aa(ve’ZU§)($) + 5 Z \ARAVAL (dNtE’] VE’]U?)(SU) 7
j=1
where for the second step we used the commutation relations (2.1). Note that the above
finite system of SDEs (with compensated-Poisson noise) has the form d f; = %Aa frdt + Fy,
hence, recalling that Pf = exp (%Ag), Ve s admits the following explicit form, P-a.s.,

t

9 d
Ve = B ()@ + [P (G 0 N ) o
0 j=1

d 2 rt
. I . . _ .
= B (V) )+ 3 5 [ VIR (NG Ve ) a)
j=1
where the last step employs the intertwinings in (2.2). The desired claim now follows by
recalling (2.4) and observing that, for all g € RM, we have
22 VIS PEg(a) = = (VP g(x) — V= P glw — ze))
= Pig(x +ee;) — Pig(x) — Pig(x —ecej + ce;) + P g(x — eej)
=) 265 (z,9) g(y) -
yeTd
This concludes the proof of the lemma. O
2.2. Second moments of discrete gradients. Let us iterate the expression from Lemma
2.1 to obtain formulas for the expectation of V='u$ (z) V='v§ (x), where (uf)i>0 and (v§)i>0
are two copies of the averaging process starting from u§ and v € RTg, respectively, driven

by the same Poisson noise. For this and subsequent results, the following quantity defined
in terms of b7’ (z,y) (see (2.4))

(@, y) = (Y (), t>0, myeTd, ij=1,....d, (2.5)
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will play a key role, whose main properties are collected in the next lemma and proved in
Appendix A.

Lemma 2.2. Forallt>0, z,y € ']I'd andi,j =1,...,d, we have

0" (x,y) = 4, (y, @) . (2.6)

Moreover, the following quantity
d ..
=>. > ¢y (2.7)
Jj=1yeTd

depends only on d > 1 and t > 0 (thus, not on x € ']I'g andi=1,...,d), and satisfies

> 1
/ Q. (t)dt = = . (2.8)
0 2
We state a notational remark.

Remark 2.1 (Notation). Here and all throughout, we adopt the following standard nota-
tion: for allt >0 and k € N,

[O,t]I; = {(81,...,8k) e0,t]f s >...> Sk} ,
while, for all h € C([0,t]%),

/ dsy---dsgh(- / / / <) dsg - -dsy
[0,t]%

Moreover, within this context, we implicitly identify sy = t and, whenever r € ']Tg s a
fized vertex and i = 1,...,d a fized direction, yo := = and jo = i. We employ analogous
notations when replacing 0 (resp. t) by —oo (resp. 00), in [0,t]%

Proposition 2.1. For all ug,v§ € RTg, t>0,x¢€ ']I'f:l andi=1,...,d, we have
o
E[Veiuf (z) Voo (2)] = Y7 (g, 05) () (2.9)
k=0
the above series being absolutely convergent. Here, each summand is defined, for k =0, as
1150 (ug, v5) () = P (VE'ug) (x) PE(VE05)(x) (2.10)
while, for k > 1, as (identifying so =t, yo = x and jo =i, cf. Remark 2.1)
1" (uf, v5) () (2.11)

d
= /[Ot]k dSl .. ‘dSk Z Z (H qs;‘nl 113; Yo— 1;?43)) Hi;ﬂjk’ (U UO)(yk)
LS

Y1y Y €TE I, Jk=1

where ¢° is given in (2.5). In particular, for ugy = v§, we have
E[(V'ui ( ZHW W§) (@), with TF(uf) =T (u,uf) . (2.12)

Proof. The two proofs of (2.9) and (2.12) are essentially the same; for notational conve-
nience, let us discuss in detail the one of (2.12), and only quickly comment on that of (2.9).
Recall (2.3) and note that Pf(V'u§) is F§-measurable, while

t . . —_ B .
E[ / b (2, ) (AN Ve’Jui)(y)‘fg} o0,
0
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because s — b5 (x,y) VEIus_(y) is predictable and s — NE7(y) is a martingale with
respect to (F;)s>0. Hence, the left-hand side of (2.12) reads as

B[V ()]
d ¢ 2
_ € ejug T 2 €,3,J T €, €, us-
_ (PF(VE ) (@) +E[<;y§d/obt_s<,y>(dzv () Vo <>))]
d t
= (P (Vo) (@)’ + > ) / (b5 (2,))* e B[(V*ul(y)) ] ds
Jj= 1y€Td 0

@)+ T [ e B i)

J=1yeTd

where for the second step we used the fact that N¢ is a family of i.i.d. martingales, each
with predictable quadratic variation given by s — e72 s, whereas the third step employs
the definition in (2.5). Hence, letting Uy () = E[(V="uf(x))?] and recalling (2.10), we
may rewrite the above identity as

U (2) = I F (u) +Z Z/ gi% (2, y) U (y) ds

Jj=1yeTd

which, by non-negativity of all three functions involved, may be iterated infinitely often,
yielding (2.12), which @ priori may be infinite. However, recalling (2.10) and (2.8), we
first obtain

Jﬂ(ua

Sup HHi O)HLOO(Tg)

>0
and, then,

<[V | fegay <000 G=1ud,

E[(V*'uf(z))?] <]HiaX HVEJUOHL@(W ZZ_ —ZJHiaX HVE’JUOHLOO(W) 00 .
pd k=0 d

This proves the desired claim when uf = v, i.e., (2.12). When uj # v, we similarly have

E[Ve'u§ (z) Vo5 (2)]
) 4> Y [ e B v @] ds.
Jj=1yeTd
which, thanks to
) '70 ) j ) j N
igg HH? (UE’US)HLM(M) = HVEJUEHLOO(M)HVEJUSHLOO(M) <00, j=1....d,
and the identity in (2.8), may be iterated, yielding (2.9). O

2.3. Technical estimates. All lemmas in this section are required for the proof of Lemma
3.2 below. We start with the following upper bound on integrals of second moments of

discrete gradients, which may be thought of as an annealed pseudo-contractivity bound in
H'(TZ).

Lemma 2.3. Recall the definition of |- || g1 (pay from (1.25). Then, for all uf € R™ and
t > 0, we have

E[H“i”?{l(?rg)] < 2”“8”?{1@1) : (2.13)
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Proof. By definition of || - || jj1(ga) and Proposition 2.1, we have
€

E[Huﬂﬁ{l('ﬂ*d Zg ZZHS,Z,k 8

k=0  zeTd =1

Hence, the desired claim in (2.13) follows from

e’y ZH”"“ 6)(@) < 27F||ufl 7 g keNp. (2.14)
z€Td 1=1

We start with the case & = 0. Recalling (2.10), we have

d d
e ST W) (@) = Y e Y (B (V) ()

z€Td i=1 P

d
<> et BV ()

i=1  zeTd
d
] 2
=Y e (VG ())? = (gl ey (2.15)
i=1  zcTd

where the second step follows by Jensen inequality, while the third step used the symmetry
of Pf in L%(T¢). This proves (2.14) for k = 0. For the general case k > 1, first recall (2.11).
Then,

d
e 3N I () ()
z€Td i=1
d

= /[Ot]k dsy---dsg Z Z <H qs;gﬂl 178Jez Vo1, yé)>
>

Y0y Yk —1 ETL G0 Tk —1=1

T Z TS0 (uf) ()

yp €T jr=1

k d
:/[0 ) dsy -~ dsg (H Q€(84—85_1)> e > IO (uf) (ur)
A3 =1

yr€TE jr=1
< ||u0H2H1 ds

k
dsy, (H Qe(se — 8@—1))
LS =1

[o%) k
swmmqgm@

—k 2
=2 HUSHHl(’H‘g) ’

where the second step follows from (2.6)—(2.7), the third step used the inequality in (2.15),
the fourth step used the non-negativity of Q., whereas the fifth step follows from (2.8).
This proves (2.14) for k > 1, thus, concludes the proof of the lemma. O

The following lemma presents a second bound on the expectation of discrete gradients.
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Lemma 2.4. For all ug,vg € R™ and t > 0, we have

d
ZE [(Vohug | Ve th>L2(Tg)] <2 (anlax [V=us HL‘X’(M) ) <Z |‘VE’iUSHL1(Tg)> :
Proof. Recall (2.10). Since
T2 06) ()| < [V 00| e gy P [958 (1)
we obtain

d d
Ed Z Z ‘H?Lo(ug??}(a))(x)‘ < Zirll,ax,d Hva7iu6HL°"(Tg) Ed Z Z EE |va7iv(a)‘ (.’L’)

z€T? i=1 i=1 zeTd
d
= o 9y (Nl (20
1=

where for the last step we used the invariance of P, i.e., (Pfg). = (g)., for all g € T
Finally, recalling (2.9), we get

ZE Vszu Vsz L2 (14) _edZZ‘E vez 6 vez 6( )”

xe’]l‘dl 1
<3 3 )|
k=0 Z‘ETdZ 1
< max HV U || oo <ZHV“’U Hp(@)) >,
1=1 k=0

where for the last step we first used (2.16) and then (2.8). This concludes the proof of the
lemma. O

The following estimate turns out to be useful for small times and concentrated initial
conditions. In what follows, we let B,(z) C T¢ denote the open ball of radius o € (0, 3)
around z € T?, and exploit the following classical exit-time estimate for the random walk
(X7)i>0 (see, e.g., [DSPS21, Eq. (4.4)] and references therein): for all ¢ € (0,1), x € T¢
and p € (0,1),

Z i (z,y) < P ( sup | X7 — x| > p> < cjexp <_1/c227p> , (2.17)
yeTd s€[0,4] t/4 Ve
lz—y[>p

for some constants c1,co > 0 depending only on d > 1.

Lemma 2.5. Let the initial condition ug € RTE pe vanishing outside B,(x), for some
o€ (0, %) and x € T¢. Then, for allt € (0,1), p € (0 + ¢, %) and n € N, we have

d
. o C'(p—o) -
QN2 2 2} _—2 n
2 B0 Vo 0 72mp)] < C lldllzoe s {6 o <_n(t1/2 EVARS S

for some constants C,C’ > 0 depending only on d > 1.
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Proof. Recall (2.12). Then, for every integer n > 1, the left-hand side of (2.18) reads as

d d
S B[y Vi Ry =2t D Y B[V ()]
i=1

yeTd i=1
lz—y|>p
d n ' d o) '
D DEDBD B e (O R DD DD W A ()
yeTd  i=1 k=0 yeTd i=1 k=n+1
lz—y|>p lz—y[>p
d n o) d
DI IO <5d Zn:v%k<ue><y>>
yETg i=1 k=0 k=n+1 ye’]l‘g i=1
lz—y|>p
d n
3 ZZHW 3 () + 27 gl e (2.19)
yeTd =1 k=0
lz—y[>p

where the last step used (2.14) to bound the expression in parenthesis, and 27" = >2° , 27*
Recall (2.10). By Jensen inequality, supp(u§) C By (z), and the crude bound

max [Vl oo ray < 267 Ul oo ey

) 7

we get, for all s € (0,1), j =1,...,d, and y € T,

; _ 2
I70w5)(y) < 262 luglgowqrsy D PE(y.2). (2.20)
z€T?
|x—z|<o+e

Thanks to the exit-time estimate (2.17), we have, for y € T¢ satisfying |z — y| > o + ¢,

. C xr — — 0 — €&
E9005) ) < 272 il oy {rewn (-2 2= ey

st/2ve

As a consequence, we obtain, for £ = 0 and for some Cy = Cy(d) > 0,

i c(p—o—c
d Z ZHE 0 6 <C(]€ 2||’LL0HLO<>(Td)eXp< %) . (222)

ye’]l‘d i=1
lz—y|>p

For k=1,...,n, recalling (2.11), we have

d
et > I ug) ()

ye’]fg i=1
lz—y|>p

d
- /[0 Ik dspodsi 3, ) (H € yz—hyz)) II570(uf) () -
)t >

Y0,-- ,ykerJm SJk=1
lyo—z|>p
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By splitting the summation over y; € T? into {y, € T : |z — yx| < 0 + £55=} and its
complement, the estimates in (2.20) and (2.21) yield

d
7'7k -
>0 D T wh) () < 262 [ufl|f e (ray

yeTd i=1
j—y|>p (2.23)
p: o (5 =9\ e o
X (If (0 + = E,,0)—I—C1exp<— t1/2§\/g J o+ 5=,p) ] ,

1
where, for all 0 < p; < py < 3,

d
I (p1, p2) 32/[0ﬂk dsp---dsp > Z (Hqsg“ll’ﬁf Yo 1,yé)> , (2.29)
LIPS

Y0, ykETE  J05--Jk=1
lyol>p2, lyil<p1

d
J5*(p1, pa) 32/[0 . dsp---dsp Y Z <Hqséﬂl,§’zﬂ yé—b@/é)) - (2.25)
7t>

Y0, Yk €TL  J05-sJk=1
lyo|>p2; Y| >p1

Note that we used the translation invariance of the transition probabilities of (XF);>0 to
get rid of the dependence on x € ']Tg. Let us extend the above definitions to the case k =0
as follows:

I%(p1,p2) =0, J%(p1,p2) =1 (2.26)
We first estimate Jf’k in (2.25). By (2.8), we readily obtain, for all 0 < p; < py < 2,

T (o1, p2) < JPF(0,0) < demd27h (2.27)
We now deal with If’k in (2.24), for all kK < n € N. Define

P2 — P1
A= )\(P17/727n) = m .

Recalling the definitions (2. d (2.5) and the exit-time estimate (2.17), we have, for all

4) an
tE(Ol)and0<p1<p2 %

ax = sup / Z anw z,y)ds < Cre 2t exp< 75(1/;22\—/,01)> , (2.28)
€

1= 7 7 ETd e']l'd ] 1
jo—2l2p2 o=yl <p1

for some C; = Cy(d) > 0. Analogously, by splitting the summation over y;_; € ’]I‘g into
{yk_l €T : jyp_1] < p1 + /\} and its complement, we obtain

d

k 9, 9,
o= [ i XY (Hqsga yy>>
)t >

Y0yeeesYh—1 ETE JOs- 2Tk —1=1

\yo|>p2
[T Y s
0 yr€TE Jr=1
lyk|<p1
1 gek—1 _ c2 A k—1
<27' Yo+ A p2) + Cre 2teXP<—m> J T (pr+ A p2)
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—1 7e,k—1 —k _—(d+2) _ co A
<2 It (p1+)‘7p2)+022 € teXp( t1/2\/€> )

where for the first inequality we used (2.8) and (2.28), while for the second one we used
(2.27). Here, Cy = Co(d) > 0. Finally, noting that po — (p1 + n\) > A and recalling (2.26),
we may iterate the above inequality, so to obtain

If’k(pl,pz) <Oy k2P e 42 ¢ oxp <—%> , forall k <n. (2.29)

By combining the estimates in (2.22), (2.23), (2.27) and (2.29), we get, for some
Cs,C4,Cs > 0 depending only on d > 1,

n d
Z<sd > ZH?"”%ua)(y))

k=0 yeTd  i=1
[z—y[>p
n n
< Gy g gpayexp |~ LT ) (4 2y S gk 3ok
= e WY (EVS
k=1 k=1

Cs (0—0—5)>

< Cse WG |12 o pay € -
>~ U5 ” OHL (Tg) Xp( m (t1/2\/5)

where for the last step we used ¢ < 1. Inserting this bound into (2.19), and estimating
HuSHip(Tg) < Cge? HuSHzLOO(Tg), for some Cg = Cg(d) > 0, we get the desired result. [

3. PROOF OF THEOREM 2. VARIANCE VIA POINCARE INEQUALITY

The main goal of this section is to provide a quantitative control of the right-hand side
of (1.20) — thus, of the variance of I'7(g) — and prove that it vanishes as ¢ — 0. We
fix t >0, g = (¢")i=1...a € (C([0,00) x T?))4, and the initial conditions ug € C(T?) and

ug = ol € RT¢ all throughout the section. Finally, || - ||, indicates uniform norms, e.g.,
9]l = max sup sup |gi(t,:17)‘ and luol| o, = sup |ug(x)]| . (3.1)
i=1,....,d >0 pcTd z€eTd

Theorem 3 (Variance). Let I'F(g) be given as in (1.17). Then, for all h € (0,1),
00 d
_h)d
- / e D7 D Bl T1(9)) ] ds < C gl lluolll ()M e (3.2)
O zerdi=1
for some C = C(d,h) > 0.

We break the proof of Theorem 3 into steps. We start by estimating a conditional
version of the expectation on the left-hand side of (3.2).

Proposition 3.1. We have, P-a.s., for all s € (0,t), x € T¢, i =1,...,d, and h € (0,1),
2 i 2 _p)—d_
E[ (Do I¥(9)" | F5] < O™ gl lluollZ, (Vo 'us(@)” (9272
where C = C(d, h) > 0.

Before presenting the proof of Proposition 3.1, we use it to prove Theorem 3.
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Proof of Theorem 3. The tower property and Proposition 3.1 yield the following bound on
the left-hand side of (3.2):

¢ <d+2/ ZZ]E woi ()% | F2]] ds

z€T? i=1

< C llgli % Wzl““/ 'Y S Bl ds

z€Td i=1

The desired claim now follows by Aldous-Lanoue identity (1.26), which allows to write the
above time integral as

2 2
2 [|ugllz2(rey < 2l|ubllzoo(ra) -
This concludes the proof of the theorem. O
The rest of this section is devoted to the proof of Proposition 3.1.

3.1. Dynamics of the discrepancy. Let us adopt the following shorthand notation: for
all s € (0,t), z € T¢ and i = 1,...,d,

Az:s x,i) = (D(s,x,i)rta( )) 2

</ D> Z { (VE’]U + VeI e (y )) (VE’jUi(y))Z} A) dr>2 | (3.3)

yeTe j=1

where we recall from (1.21) that (wi’(s’x’z))rzo denotes the discrepancy created by the extra
update at time s at the vertices z and x + e;. From now on, we shall drop (s,x,7) from
the notation, and simply write, e.g.,

A® =

€ e _ & (s,x,0)
(s,2.4) and wh = w Y

Next, we split the expression in (3.3) into three terms: for all 6 € (2,1),

( / > Z {(V” w D (y ))2 +2 VT w5 (y) v U$(y)} 9y d?‘>2

yeTe j=1
2
<2</ ZZ Ve’]w gr()d>
yeTd j=1
(s+o)A 2
+16 </ g Z ZV”U} ) VEIuE(y) ¢ (y) d7‘>
s yETd] 1
t 2
+16 </ 3 ZVE’]W ) VEIug(y) g1 (y) dr)
(sF+0)A yeTd j=1
= 245 + 16 45° + 16 45° (3.4)

where we used twice the elementary inequality (a + b)? < 2a? + 2b%, a,b € R. Our task is
to analyze the dynamics of the discrepancy (w$),>s, bounding the conditional expectation
of each of these three terms. For this purpose, let us observe that, while wi = 0 for r < s,
for r = s we have

= 5 V() (Lo = Lotee)) (3.5)
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from which we obtain

1 i 2
s agry = =0 3 (wE(w)? = & <42 (VE(a))? (3.6)
yeTd

3.2. Proof strategy. We estimate the three terms in (3.4) in three separate lemmas in
the subsequent section. As an overview of the proof strategy, we observe that all three
lemmas fundamentally exploit the time integrals. In this way, we avoid to estimate fourth
moments of discrete gradients, for which we are not able to recover convergent recursive
inequalities, as done for the second moments.

In this spirit, the first term A is handled rather easily by squaring the time integral,
applying Cauchy-Schwarz, and gain L?-norms of w¢ from the time integration and Aldous-
Lanoue identity (1.26). The resulting upper bound depends on the discrepancy only via
Hw?HiQ(Td) ~ e2d42) « 2442 (see (3.6)), which therefore suffices. The third term /1?5,
althoughsit contains both w; and u, is dealt with analogously. Nevertheless, if we were
to take § = 0 (as in A7), this strategy would yield [|wgl| 2 (ga) ||u§||%2(Tg) ~ ¢¥2 which
is too poor for our purposes. This explains the necessity of introducing a small burn-in
time of size 2 < § < ¢, producing a regularization effect of the Dirac-like discrepancy w¢.
This smoothening is quantified in terms of the ultracontractivity of the averaging process
(1.22).

The second term A§’5 concerns the remaining part of the time integral left over by /16’5,
namely, from time r = s to » = s + . This term is the most delicate. Instead of relying
on Cauchy-Schwarz inequality, this time we must leverage the fact that, for small times
and when starting from highly concentrated data, L'-norms display a better decay than
L?norms. In order to turn this observation into effective bounds, we crucially employ:
(i) a localization argument (Lemma 2.5, with 6'/2 < p < 1); (ii) pseudo-contractivity
estimates for discrete gradients (Lemmas 2.3 and 2.4).

3.3. Proofs. We split the proof of Proposition 3.1 into three lemmas, one for each term
n (3.4). We start with the first term in (3.4). Here, C; = C1(d) > 0.

Lemma 3.1 (Estimate of A7). We have
; 2
E[AT | ] < Cr e |gll5 1§l 7o (ray (Vo u5(@)) ™ -
Proof. Since
t t
2 2 2
25 <209l [ 1wl [ 1051 ar'dr
S T

the tower property and Aldous-Lanoue identity in (1.26) yield

t t
d
B4 75) < 2ol [ B |1 ey [ 25 B [l ey 1 73]

s

]-"3‘1 dr
t
< 4]gl% / B e 2 gy 105 23y | ]

t
< 4ol hoslmey | ELNE ey | 75] ar

2 4
< 8|lgll5 15l (ray -

where the third step used that r — [JwE ”%Q(Td) is deterministically non-increasing for r > s.
Finally, we obtain the desired inequality by (3.6), which yields

sl F2 nay = 272202 (Vs (@)
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d 2 i 2
< 22 |7 (pay (Vo5 (@)

2d+2 2 i 2
<t HUSHLOO(Tg) (Vg (@)™,

where the last step follows by the P-a.s. monotonicity of L>(T¢)-norms for the averaging
process. ]

The estimate of the second term in (3.4) is the most involved one. Here, Co,C% > 0
depend only on d > 1.

Lemma 3.2 (Estimate of A5). We have, for all § € (€2,1), p € (4e, 3) and n €N,
n ) 2
B[AS° | 5] < Co T |l g)12, ug]F oo ey (VEs ()

where
TE0Pm — =252 {(pg)d + e 2exp ( cs 51/2> + Z_n} .

Proof. By the tower property and

jmax IV=7 w5 || oo () < 267 [l oo ey < 267 ! g/l oo (1ay r=>0,
we get
B[A5° | 7] < 4= gl N e gr / SB[V o 257 FE] dr . (37)
j=1
where
750 = /S+ dZZUE (VoW (y) VEIus, (y) | F2]|dr', re(s,s+0). (3.8
" yeTd j=1

We apply Lemma 2.4 to the integrand in (3.8), so to obtain

d
25 <28 s 9790 ) (32 197 e
’ j=1 :

d
<43 108 gm0 190 e ) -
j=1

By combining this estimate with (3.7), we get

s+4 d 2
0 _ g
B[45° | F5] < 166720 |\g]1%, luf 7o (re) / E[(Z HV”wiHLl(Tg))
j=1
We now split the L'-norm above as follows: for any p € (4e, %) and 7 =1,...,d,

IV g =% D2 [VIui() +e* D [Vuiy)]

y€Te y€T?
lz—y|<p lz—y|>p

= 115, ) VI will L1 vy + 1By () VoI Wil 1 ey

}‘5} dr. (3.9)

from which we obtain, by Cauchy-Schwarz inequality,
d

<Z Hvavjw HLl(Td > S Z {H]lB VE’]wEHLl Td + |’]].BC(Z.)V57JQUEHL1 ']rd)}

7j=1
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M=

< O Y {1,012 19905 Bty + Iy Vo905 [

1

<.
Il

IN
$2
M=

(P 195905 ) + gy V05 32}
1

d
Pl e X Y (Vi) |

yeTd j=1
lz—y[>p

<.
Il

C}

/—/H

for some constants C7,C% > 0 depending only on d > 1. Taking expectations, the above
estimate yields
8]

d 2
B (19 us e

j=1

< 4Bl 1oty | 73]+ 3 S E[(vui)’ 7]}

yETd Jj=1
M—m>p

< otfo il + e X S E[(vuE)’ 7))

yETd Jj=1
lz—y|>p

205{2,0%5 (VEiug( et > ZE [(V=Ius(y))” |f€]} (3.10)

yETd Jj=1
lz—y|>p

where the second step follows from Lemma 2.3, while the third step used (3.5), which
ensures that, for some ¢ = ¢(d) > 0,

d
; 2 i 2
Sl ey =€ D D (VHIui(y)” = ce? (VHui(e)” .
yeTe j=1
Observe that w¢ is non-zero only in a 2e-neighborhood of x € T¢. Moreover, by (3.5),
52 i 2
w7 o0 (ay = 0} (V=g ()

Henceforth, Lemma 2.5 applied to (w:),>s yields, for all n € N and r € (s, s + 9),

d
i 2 [ _ C'p “n
ZE[H]ch ve,]ws”LQ(Td ’ fE] <C (ve e(x)) {5 2exp <_n(51/2> + 2 } . (3.11)

j=1
By combining (3.9), (3.10) and (3.11), we get the desired estimate. O
We now bound the third term in (3.4). Here, C5 = C3(d) > 0
Lemma 3.3 (Estimate of Ag’é). We have, for all § € (€2,1),

_ i 2
B[A5° | F2) < Oy 2052602 g1, s 2 gy (V50E(2))?
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Proof. Since A§’5 = 0 whenever s + 6 > t, let us assume s + § < t. Then, by repeatedly
applying Cauchy-Schwarz inequality, we get

[A€5 | s+6]

t 2
2
< IgI%E ( JIRC e dr)
s+

fﬁw}
2 ol ([ 2 ' 2
<ot ([l ar) ([ Il ar)

£
s+0

t 2 3 t 2
< gl E ( / ||wi||§mg>> §+5] EK / ||ui||%mg>dr) fﬁw]-
L s+ s+0

By estimating both expectations as already done in the proof of Lemma 3.1, we get

B[A5° | Fys] < 8lgll% Hw§+5Hiz(Tg) Hu§+5|‘iZ(Tg)
< 81lgl2% [|w5 s 72 nay 16 170 sy -
By the tower property, we obtain
E[45° | F£] = BIE[45° | Fos] | F5] < 81905 gl o cray B wSssllamay | F5] -
Since (ws). = 0 (cf. (3.5)), the last expectation may be further estimated thanks to (1.22):
B[ wSasFaqme) | 2] < C il pay 672
Recalling (3.5), we have
g1 ray = 252 (Vo ui(@))”
and, thus, the desired result. O
We conclude this section with the proof of Proposition 3.1.
Proof of Proposition 3.1. We exhibit a choice of § = d(¢) € (¢2,1) yielding
BLAZ | 5] < Ce™2 gl g3y (Vus(@))* Vi, £ {1.2.3) . (3.12)

for some V7 < C”(edm)(l_h)ﬁd?, for all h € (0,1) and some C' = C'(d,h) > 0. The
inequality in (3.4) would conclude the proof of the proposition.

For what concerns ¢ = 1, we have Ai’é = A5 and, by Lemma 3.1, we obtain (3.12) with
Ve = e~ (@42) 2442 — od Consider the case £ = 3. Letting § = e201-% ¢ € (0,1), Lemma
3.3 yields (3.12) with

VE = e (042) ((24+245-d/2) _ —d-242d+2d+ad _ gad

By setting a = (1 — h) 3-% for some small h € 0 1), we obtain the desired claim for
2d+2

¢ =3. Consider £ =2, and let p = ¢!~ for b = 2d+2 € (a,1), as well as n = [|loge|?].
Then, by inserting these choices into the claim of Lemma 3.2, we obtain

b—
V2£ = g_(d+2) E—2+4—4a { 2d—bd e exp ( C2 (2 “T) n 2_10g2a|}
9

—(b—a)
— E—4a+d—bd + E—d—2—4a exp (-Cé Hglogg‘z_l) + 2—[log€|21 . (313)
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Since b = 5#@ and a = (1 — h) b, the first term in (3.13) is smaller than (Ed/2)di+2 <Vs.
Observe that the choices b > a and n = [loge|?] ensure that the second and third terms
in (3.13) are bounded above, uniformly over ¢ € (0,1), by, e.g., C"Vf = C"<?, for some

C"” = C"(d,h) > 0. This proves (3.12) for £ = 2 and, thus, concludes the proof. O

4. PROOF OF THEOREM 2. MEAN

In view of Theorem 3 on the variance of I'F(g), the proof of Theorem 2 is complete
as soon as we show convergence of the corresponding means. This fact is summarized
in the following theorem. Also in this section, we fix a test function g = (gi)izl,,,,7d €
(C([0,00) x T9))4, as well as the initial condition uy € C%(T?), and consider uf := Ug|pd-

Theorem 4 (Mean). Let I'F(g) and I(g) be given as in (1.17) and (1.18), respectively.
Then, for allt > 0, we have

E[I§(9)] <% Li(g) -

We break the proof of Theorem 4 into two main steps: Propositions 4.1 and 4.2. We
remark that, while the proof of Theorem 3 was crucially exploiting the time integration in
the definition of I'f(g), this time we establish a pointwise convergence in both time and
space variables. Here, the series representation in terms of Hf’l’k(ug) for expectations of
squared gradients (Proposition 2.1) plays a prominent role. For such expressions, we estab-
lish two claims. First, we introduce an approximation ﬁim(ug) of Hi’z’k(ug) (Proposition
4.1). Then, we prove a limit theorem for these approximations (Proposition 4.2).

Proposition 4.1. Recall (2.11). Then, for allt >0 andi=1,...,d, we have
- ek, ¢ ek e
>[I (wh) @) — T () (@)
k=0

e—0

=%, (4.1)

uniformly over x € T¢. Here, ﬁilk = Hflk for k =0, while, for k > 1,
TT5* (uf) () (4.2)

d d
7-70 i i
- Z Hi ! (Ug)(x) /[0 t}k dSl e dSk Z Z (H qsg‘”l 157; Yo—-1, y@)) ]]‘]k:] :
]:1 HABS

Y1yee sy €TE I, Jk=1

Proposition 4.2. Recall (4.2). Then, there exists a = a(d) € (0, 1] such that, for allt >0
andi=1,...,d, we have

S @ 2 Y (14t + T ) (V@) (0
k=0 Jj=1

uniformly over x € ']I‘g.

We present the proofs of these two propositions in the subsequent section. Before that,
we conclude this part by proving Theorem 4.

Proof of Theorem 4. From (1.17) and Proposition 2.1, we have

Z/ ZE V“Ex))] (a;)ds

— Z/ ;: {ZHWc }gs(x)ds.

i=1 z€Td
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By the uniform boundedness of g and the estimate in Lemma 2.3, we may apply the
dominated convergence theorem, so that the convergence in Theorem 4 reduces to that
of the term in curly brackets above, for all s > 0 and uniformly over z € T¢. Recalling
the expression of I;(g) from (1.18), this is precisely the content of Propositions 4.1 and
4.2. 0

4.1. Proofs. We start with two lemmas on some additional properties of the functions ¢°
defined in (2.5). The first of this lemma is a refinement of Lemma 2.2 in the multidimen-
sional case d > 2. We defer the proof of the following lemma to Appendix A.

Lemma 4.1. Fiz d > 2. Then, for all z € ']I‘g, t>0,andi,j=1,...,d, the quantity
QU(t) =Y ¢ (x,y) (4.4)
yeTd

depends only on d > 2,t >0 and 1,—;. Moreover, letting

oo b ifi=7
QY (t)dt =: { . 4.5
| eEma={ Lo (4.5
we have b, ¢. € (0, %] and the following limits

b:= limb, , ¢ = limec, (4.6)
e—0 e—0

ezist in (0, 1].

Remark 4.1. Comparing Q% and Q. given, respectively, in (4.4) and (2.7), we have

d
> QY =Q.(t), t>0,i=1,...,d, (4.7)
j=1
which, together with Lemma 4.1 and (2.8), yields
1 1

The following result refines property (2.8) when the extremes of integration are not ¢t = 0
and t = oo, but rather t =T > 0 and t = co. As already done for Lemmas 2.2 and 4.1, we
postpone its proof to Appendix A.

Lemma 4.2. There exists a constant cs = c3(d) > 0 satisfying, for all T >0,

—3/2

/OO Q.(t)dt < ege® (T v e?) (4.9)
T

We are now ready to prove one of the two propositions of the section. All throughout,
we employ the notation of Lemma 4.1 introduced for the case d > 2; if d = 1, by writing,
e.g., 97, b, ¢, we actually mean Q, 3, 0, respectively.

Proof of Proposition 4.2. In view of Lemma 4.1, we may adopt the following shorthand
notation for the time integral in (4.2): for all integers £ > 1, and for all ¢ > 0 and

d k
R?Z,Jvk = /[0 " dsl cee dsk Z (H Qgeil’“(Sg_l - Sg)) ]ljo=i]ljk=j R (4.10)
>

j07j17"'7jk:1 /=1
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with the usual convention that sg := t. Similarly, we write

d k oo .
Rig’jvk = Z <H/O QL1 (s) ds) Ljo=illjy=; - (4.11)
(=1

J0se-Jk=1

Further, set R; ik pEbik — 1;—; for k£ = 0. With these definitions, we readily obtain

R;vivjvk S Rig7]7k , k 2 0 . (4.12)
We now claim that, for all ¢ > 0 and some C' = C(d) > 0,
(1= Ct323/2)F pejiik < REVIH k<l|e']. (4.13)

Indeed, for all k < [e7!], Rf’i’j’k is bounded below by

d
Z Ljo—ily,—; /

t

o S1 Sk—1 . .
dsy Qﬁo’ﬂ(dsl)/ dssy - / dsg Q" (sp_1 — k) ,

G0yeemin=1 t—et s1—¢t k—1—¢t
o (4.14)
where we used Q""" > 0 and k < [¢7!] (guaranteeing that s;_; — et > 0). Thanks to
Lemma 4.2, we estimate each nested integral as follows: for all £ =1,... k,
Sp—1 . . e} . . oo . .
/ le717]e(85_1 _ SZ) ng — / ngflvje(s) ds _ / QZ\Z*I?]Z(S) ds
Ssp_1—¢€t 0 te

> / Q‘Z:'Zflvjé(s) ds — c3 +—3/223/2
0

o
> (1— Ct32:302) / Qi1 (5) s
0
where the first inequality used Lemma 4.2, whereas for the last inequality we employed the
non-degeneracy of the limits (4.6) (thus, ensuring liminf._,q fooo Q27 (s)ds > 0) and chose
a sufficiently large constant C' = C(d) > 0. Inserting these bounds into (4.14), we obtain
(4.13). In conclusion, by combining (4.12) and (4.13), we get

o) L€71 [e%s)
Z ‘Rf’”’k _ Rio”k‘ < Z <1 (- C”t_?’/ze?’/z)k) Rk 4 Z Rk
k=0 k=1 k=le—1]+1

<1—(1-C32e82) 7 L glenl

where the last inequality used (4.7) and property (2.8). In conclusion, we obtain

o
S| rit - R o, (4.15)
k=0
forallt >0andi,j=1,...,d.
We now prove that, for all 7,5 = 1,...,d, we have
N i > b+c ifi=j
€,i,j,k €20 Bk 1
];ROO ——>kz_lRoo : 1_b+cx{2c it (4.16)

where b, ¢ € (0, 1] are the limits in (4.6).

Recall the definition of Ri&f’j’k, k € N, from (4.11). Thanks to Lemma 4.1, REHIE
may be precisely determined by counting how many times adjacent indices in the se-
quence (Jo, J1,- -, Jk—1,Jk) € {1,... ,d}kJrl coincide. For this purpose, let N(jo,...,jx) €



TINY FLUCTUATIONS OF THE AVERAGING PROCESS 27

{0,1,...,k} denote the number of adjacent indices with the same value, i.e.,

k
N(j07 s 7]k) = Z ]]-]271:]'( .
(=1
Then, by (4.5), we have

d
e,5,5,k _ N(jos--sdr) k=N (jos---Jk) N P
R = E (be Ce Ljo=ilji=j -
Jose-Jk=1

Clearly, the above quantity depends on ¢,5 = 1,...,d only through 1,—;; therefore, we
may introduce the following shorthand notation: for all k € N,

Ff = REWF if i =5, $ = REWF if iy,
When d > 2, such quantities satisfy
Ff =b., Gl =c,
as well as the following one-step recursive formula: for k& > 2,
Fi = b Fp_y+(cc+(d=2)c) Gy = b-Fi_y + (35— b:) Giy
Gi, = ¢.Ff  +(b:+(d—2)¢.)G5_, = ccFf_+(3—c)Giy,
where for the second set of identities we used relation (4.8). In other words, letting

1_
M, = (bE 3 ba), we just obtained
Ce 5 — Ce
(&) =) == (3).
from which we get

S () —ao (%) withre= (20U
= € Ce Ce 01

In conclusion, since

_ 1 1+2c 1—20
I-M) ' t=— e €
( 2 1—b€+c€< 2. 2—2[1€> '

the left-hand side of (4.16) equals, depending on whether ¢ = j or i # j,
1 b+ ifi=j
l—be+ch{2c€ i

Taking € — 0, (4.6) yields (4.16) for d > 2. When d = 1, ¢ # j is not possible; hence, we
have Ff = b¥ for all k € N. Since b, = 1 (see Remark 4.1), the left-hand side of (4.16)
equals 370, Ff = 5°7°,27% = 1. Since b = 1 and ¢ = 0 when d = 1, the right-hand side
of (4.16) equals 1, as desired. '

Now, recall that V/u; = V/Paug = P,V7ug, for all j = 1,...,d, and similarly for
the e-semigroup and corresponding gradients. By the functional CLT for (X} );>0, the
assumptions ug € C3(T9) with u§ = Uolye ensure

(4.19)

sup sup (Ve’ijug(x))2 - (Vjut(x))2 =% , j=1,....d. (4.20)

120 zeTd
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In view of (4.15), (4.16) and (4.20), the claim in (4.3) follows by a triangle inequality.
Indeed, recalling the definitions (4.2), (4.10), (4.11), (2.10), and the uniform boundedness

of Hf’]’o(ug), we have, as € — 0,

iﬁ?’*‘%ua)(x):z 7 ZRW

k=0 j=1
(4.20) = = Z (Vjut(:n))z Z Rf’i’j’k
j=1 k=0
@15) = ~ Y (Vw(2)* > Ry
j=1 k=0

d
(416) = =~ >  (Viu(z Z RYF

where we defined R5" = 1,—; for K = 0. Observe that the above convergences hold for
allt > 0,i=1,...,d, and uniformly over = € T¢. This proves (4.3) with a = Y 22, é’é’k,
thus, concluding the proof of the proposition. O

<.
Il
—

Remark 4.2. The proof of Proposition 4.2 — in particular, relations (4.16) and (4.19) —
allows us to express the value a = a(d) € (0, 3] in terms of the limits b, ¢ € (0,1] in (4.6),
combined with the relation (4.8):
b+c  1-2(d-2)c
= . 4.21
TT1b+c 1t2dc (4.21)

Proof of Proposition 4.1. Recalling (2.10), (2.11) and (4.2), we have, for all k € N,
ik =ik
I (ug) () — 15" (ug ) ()

d

= /[0 e dsy---dsp_1 Z Z (H qs‘;)ll 1,835 y£—1,ye)>

Y1y Yk — 1€Td JiseensJk—1=1
Sk— . )
[as Y S ) (0405 () — 5905 )}
0 d 1
yr€TY jr=

Further, by ug € C?(T%), u§ = up|s and the functional CLT in (4.20), we get

[T2000) () —~ T ) (2)| < O [ Po P uo(u) — PV u(a)] < Cs
for some C1,Cy > 0 depending only on uy € C*(T%). Hence, the left-hand side of (4.1) is
bounded above by

00 [Nog e[]?
CiY K o)) < [ Y KpMuo)(@) | + Cp2mIlessl® (4.22)
= k=1

d k-1
K (ug) () = /[ - dsy---dsp_q Z Z (H qs;“l 1;]5(?45 1,yz)>

> yl,...,yk,leTgjo,n-,jkfl:l =1
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Sk_ . .
></ dsg Y Z 0575 2 (g1, Yk) | Pavo V70 (i) — PiV7ug ()| . (4.23)
> yx€TY jr=1

From now on, the proof ingredients are similar to those of Lemma 2.5 and Proposition
4.2. More in detail, we show, as already done in Proposition 4.2, that the integrals appear-
ing in the definition (4.23) of K" (ug)(z) may be restricted around their upper extremes,
e.g., integrate sp over [sp_ — &t, s;| rather than on the whole [0,s;_1]. Then, we con-
clude by exploiting the space-time continuity of PsV/uq(z) and the localization arguments
employed in the proof of Lemma 2.5. We sketch this part of the proof below.

By splitting the domain of integration of the first integral in (4.23) into {s1 < t — et}
and its complement, we get, for some C3 = Cs(ugp) > 0,

K ¥ (uo) (@) < C3 L7* + K5 (uo) (@) (4.24)
where, for allm =1,...,k,

d
Kf’k7m(u0)(x) = /[ ]k dSl s dSk Z Z (H qsznl 1;7; Yeo—-1, yf))
—00,t]%

Y1yeers Y €TL JO - Jk=1

X ‘PskvijO(yk) Ptvjku(] (Hﬂ[sl 1—€t,Sp_ 1](S€)> ) (425)

k—1
Lok = d< > ( / Q.(s > < deg t3/2g3/2 9= (k=1) (4.26)
te

Note that in (4.26) we used Lemmas 2.2 and 4.2 to obtain the inequality. Moreover, with
the notation in (4.25), we may define K kO K; k. Applying this same strategy to
K%Y (ug)(x), by splitting the integral with respect to sy € (—00,s1) into {so < s1 — et}
and its complement, we get

KyP (uo) () < C3 L™ + K (ug) ()

and

Thus, by iterating k times the above inequality, (4.24) yields
K{F(up)(x) < Oy k LEF + KPP (ug) (2) . (4.27)
Since k < [|loge|]?, we further get, for all p € (0, 3),

KERF <d2* P,y — PV
(o) (@) < s (| BV = B9 o | e
|r—s|<elloge|?

+ d2_k{ max sup sup ‘Psvjuo(y) — P,V ()| }
3=1,0d 520 4 yeTd
lz—yl<p

d
—|—C4/ dsy---dsyg Z Z Hqséﬂl 178]5 Ye—1,Ye)
[0,€|10g5\2t]§

Yl ye- ,yke’ll‘djo, HJe=1
lyk—z|>p

= d27k {w(&? logel?) + ﬁ(p)} +Cy I° (g,p) . (4.28)

\lglt
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Note that the time integral above coincides with I} ’k(pl, p2) introduced in (2.24) — and
estimated in (2.29) — with the following choices:

P1L=¢€, P2 =P, 75:€|10g5|2t7 n:H10g5|—|2'
As a consequence, summing over k = 1,..., [e71/2], (4.27), (4.26), (4.28) and (2.29) yield

ogel1?

> K7 (ug) ()
k=1

!
< Cj (t_3/263/2 +w(e|logel?) + 9(p) + e~ exp <—07£>> ,
llog e|” €1/2
for some C5 > 0 depending only on d > 1 and ug € C%(T9). Taking, e.g., p = el/3 the
above bound and the space-time continuity of P;V7ug ensure that the left-hand side above
vanishes as ¢ — 0, for all ¢ > 0. The desired claim now follows from (4.22). O

5. PROOF OF THEOREM 1

In this section, we prove the functional CLT for the distribution-valued cadlag process
(¥ )t>0 defined in (1.4). Let us recall from (1.13)—(1.14) the decomposition of () );>o into
a drift and a martingale term:

t
Vil = [ VGANAs T M), 120, fec¥T). ()
0
Observe that, by (1.15) and the notation introduced in (1.17), (U )¢>o defined as
Ui (f) = Mi(f)? = I¥(3Vf), t>0, feC™(T, (5:2)

is also a distribution-valued martingale (with respect to the natural filtration of (V5 ):>0)-
Recall that all these fields depend on the initial conditions

uy € C3(T9) and ug = ugl|e € RT¢ ,

which we fix all throughout this section.

As already mentioned in Section 1.3, the proof of Theorem 1 may be divided into steps
(1)—(iii): tightness of the sequence, continuity of the limit points, and characterization of
the limit, respectively. As we will see, these three steps build on Theorem 2 and two main
estimates, which we present and prove in the next subsection.

5.1. Main estimates. Define, for all g € R", 191l Lip(ray = max,-:L___,d||V€7ig||Loo(Tg).

This definition naturally extends to functions f € C°°(T9).

Lemma 5.1 (Second moments of fields). For all f € C>®(T%) and t > 0, we have
E[YE()?) < 11 cra 146 e (5.3)
EIMG (1)) < 112000 16 B ) - (5.4)

Proof. We start with the proof of (5.3). By expanding the square and taking expectation,
we obtain

EV;(f)?] =62 Y {B[ui(2)ui(y)] — Efuf(@)] B[ (y)]} f(@)f () - (5.5)

x,yeTe

Writing u§ (x) as the mild solution of (1.8), we get

d 9
e . _ .
ui (z) = Pfug(z) + 5 /0 Pe V(AN VS ) ()
i=1
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— Prug —/EjW%s,<>WZW@M?w.

2€Td

Since N¢ = (Nf’i(:n))tzo, 2€Td, i=1,...q 1S a family of i.i.d. martingales satisfying E[(NS(2))2] =
£72¢, we obtain

E[u§($)U§(y)] = E[uj ()] Euj ()]

_/23 [(Voul(2) "] (VS5 (-, 2) (@) VEipE_o (- 2)(y) ds

2€T?

Inserting this identity into (5.5) and recalling that 6, = e~ (4/2+1D  we get

2

B =5 2 3 [ Bl o)) | T (0 9w £

zer i=1 zeTd
=ty Z/ [(V'us(2))’] (AP Voif(2))  ds . (5.6)
2€Td i=1

By the estimate || P V=" f]| oo (ray < [V fllpoo(ray < 1 Fllip(ray:

1 t1 1
mwuﬂsawﬁmgé§EWm%mn@g;wa@w@@mw (5.7)

where the second inequality used Aldous-Lanoue identity (1.26). This yields (5.3).
For what concerns (5.4), since the process in (5.2) is a mean-zero martingale, we get

E[M:(1)?) = B[rF(3V<)]

Noting Ff(%Vf) equals (5.6) with Pf_ V'f replaced by V=if (cf. (1.17)), the argument
leading from (5.6) to (5.7) proves (5.4). O

Lemma 5.2 (Size of jumps). For all f € C>®(T%), we have

E[iglg VE(F) = Vi (D] < e [ Fluipray 14§l Lo (ra) -

Proof. By the Poisson nature of the averaging dynamics, there is IP-a.s. at most one update
at the time. Suppose to observe an update over the nearest neighbor vertices x and
y=x+¢ee; € ']Tg at time ¢ > 0; then,

Vi (f) =Y ()
= 0. |5 (ug- (2) + u- () (f (@) + f(y) — uf- () f(z) —u(y) F(y)]
= 0|5 (uf- () — ug- (1) (f(z) = f(v))]
< O €™ f | ipray - Il oo (e
< 6™t 1 Liperay Ul oo (ay

where the first inequality used |f(z) — f(y)| < || fl|Lip(ra), While the second one used the
monotonicity [|ug]| oo rd) < 14§ oo (ra)- Recalling e = e~ (4/241) concludes the proof. [
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5.2. Martingale convergence theorem. In view of the martingale decomposition in
(5.1)—(5.2) and the conclusions of Theorem 2 and Lemma 5.2, the classical martingale
convergence theorem (see, e.g, [EK86, Theorem 7.1.9, p. 339]) applies to our case. For the
reader’s convenience, we collect its consequences in the following proposition.

Proposition 5.1. Recall (1.18). Then, for all f € C*°(T%), there exists a unique (in dis-
tribution) real-valued square-integrable continuous martingale M7 = (Mtf )e>0 (with respect
to its natural filtration) with Mg = 0, predictable quadratic variation equal to Ft(%Vf),

and Gaussian independent increments. Moreover, recalling (1.14), (1.15), and (1.17), we
have, for all f € C>®(T?),

(Mo == M, inD([0,50);R) . (5.8)

Proof. Since (I3(3Vf))i>0 is a continuous deterministic non-negative function, [EK86,
Theorem 7.1.1, p. 338] proves the first assertion on the existence and uniqueness of the
martingale (Mtf)tzo-

As for the claim in (5.8), it suffices to observe that the hypotheses of [EK86, Theorem
7.1.4, p. 339], as well as conditions (1.16)—(1.19) therein, hold true in our case. Indeed, the
predictable quadratic variations (I'f (3 V°f))i>0 of (M (f))i>0 are continuous non-negative
processes. Hence, the hypotheses and conditions (1.16) and (1.18) are fulfilled. Condition
(1.17) therein follows from

Vi () = Y- (Dl = IM(f) = M- () (5.9)

which holds because the drift term in (5.1) is continuous, and Lemma 5.2. Finally, condition
(1.19) is a consequence of the triangle inequality

TE (V1) — DV )| < [T AVED) — TGV + [T (39 5) - VD)
t
< N lipcrey Jmax Ve f — VZf”LOO(Tg)/O Hui”%ﬂ(qrg) ds + |7 (5Vf) = LGV ,

taking expectation, Aldous-Lanoue identity (1.26), and Theorem 2. This concludes the
proof of the proposition. O

5.3. Tightness and continuity of limits. In view of the decomposition (5.1), tightness
and continuity of the limit points for (J§)>0 in D([0,00); H~%(T9)) is equivalent to the
same property for the corresponding drift and martingale terms. Since we already estab-
lished convergence for the martingale when tested against smooth test functions (Propo-
sition 5.1), the tightness proof for this term may be simplified. For this purpose, let us
start by recalling from [Bil99] a useful characterization of tightness with continuous limit
points for general cadlag processes.

Proposition 5.2 (Tightness & continuous limits). Let (Z,|-||) be a Banach space. A
sequence of Z-valued cadlag processes ((Y)i>0)e is tight in D([0,00); E) and such that all
limits are continuous if and only if the following three conditions hold true: for all T > 0
and v > 0,

lim limsupIP( sup ||YS| > C) =0, (5.10)
(—00 =0 t€[0,T)
lim limsuplP( sup ||YS —Ys| > 7> =0, (5.11)
6=0 0 5,t€[0,T]

[t—s|<d
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and

limIP< sup ||V -YZ[ > ’y) =0. (5.12)
=0 te[0,7)

Proof. Just combine Theorems 13.2 and 13.4 in [Bil99] with the inequalities in (12.7)—(12.9)
therein. O

Remark 5.1. Thanks to the definition of the norm |- || f-a(qay in (1.12), Proposition
5.2 simplifies if (Z,]-|) = (H~*(T9), |- | r-a(ray), for some o > 0. Indeed, while the

first condition in Proposition 5.2, namely (5.10), remains unchanged, the second condition
(5.11) may be replaced by

lim limsupIP< sup |YE(dm) — Yo (ém)] >’y> =0, me 7.
=0 e—0 5,t€[0,T)
[t—s|<d

An analogous simplification holds for the third condition (5.12).

We now have all we need to prove the desired claim for the sequence ((Vf)i>0)e-

Proposition 5.3. The sequence ((V§)i>0)e is tight in D([0,00); H=%(T9)), for all a >
3+ d/2, and all limit points are continuous.

Proof. By (5.1), it suffices to verify the conditions in Proposition 5.2 for the drift and
martingale terms separately. Recall (3.1), and fix T' > 0, 7 > 0 all throughout the proof.
We start with the drift term, for which we adopt the following shorthand notation:

t
A5 (f) ::/0 VE(3A.f)ds, t>0, fecC®(T).

As for the first condition, namely (5.10), Cauchy-Schwarz inequality yields

T
limsup E[ sup ”AiH?{—a(Td)] < T/ Z (1+ ’m\2)_o‘limsup]E[‘yg(%Aa¢m)‘2]d3
e—0 t€[0,T] 0 mezd e—0
< 2m)"' T2 |fuollZ, D (1+ m[*)~ (7%,
mezZd
where the second inequality used (5.3) in Lemma 5.1 and limsup,_, HAquHiip(Tg) <
(2m)*(1 4 |m|?)3. Since a@ > 3 + d/2, the right-hand side above is finite. Therefore,
Markov inequality yields (5.10) for the drift. For the second condition (5.11), a similar
argument yields, for all m € Z9,
limsup B[ sup | A7 (dn) — AS(m) ] < 8T (2m) (1 + Im[*)? [luol%,

e—0 5,t€[0,T]
[t—s|<d

which vanishes as § — 0. By Markov inequality and Remark 5.1, this suffices to prove
(5.11). The third condition (5.12) is trivially satisfied since the drift is continuous.
Turning to the martingale term (M3 ):>¢, we have

E[ sup M F-aay] < D (14 |m) " E[ sup [Mg(dm)]*]
te[0,T] mezd t€[0,T]

< 3 0+ mP) BMS(ém) ]

meZd

< 2m)? Juollze Y (14 |mf?) =Y,
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where the second step used Doob inequality, while the third one used (5.4) in Lemma
5.1. The right-hand side above is finite because o > 1 + d/2. This proves the first
condition (5.10). Now observe that Proposition 5.1, (5.9), and Lemma 5.2 ensure that, for
all m € Z%, the sequence ((M¢(¢m))i>0)e satisfies all three conditions in Proposition 5.2
with (2, -]]) = (C,|-]). Remark 5.1 concludes the proof. O

5.4. Final step. We now have all we need to prove Theorem 1. Indeed, the decomposition
of (V5 )i>0 in (5.1), and Propositions 5.1 and 5.3 ensure that any limit process, say (t)+>o0,
have paths in C([0, 00); H~%(T%)), for all @ > 3 + d/2, and solve the martingale problem
(1.16) in C(]0,00); H=*(T%)) with Yy = 0. Moreover, the martingale (M;);>o in (1.16)
satisfies

(Mi(f)ezo = (M )iz0,  feC>(TY,

where (Mtf )t>0 is defined in Proposition 5.1, and the above identity is meant in distribution.

The proof of Theorem 1 ends as soon as we show that such a limit martingale problem has
a unique solution. For this purpose, we introduce S(T%) = (), g H*(T?) and S(TY)’ :=
Uaer H*(T?). Since the embedding H*(T?) — HP(T) is Hilbert-Schmidt for all o >
B+d/2, (S(T?), L*(T%), S(T%)") defines a countably Hilbert nuclear triple. Hence, it suffices
to establish uniqueness of solutions in the larger space C([0,c0); S(T?)’). By the Gaussian
nature of the problem, the latter is precisely covered by Holley-Stroock theory [HS78] (see
also [K1.99, §11.4] or [JM18, Section C.5]).

APPENDIX A. PROOFS OF LEMMAS 2.2, 4.1 AND 4.2

In this appendix, we prove all results contained in Lemmas 2.2, 4.1 and 4.2 concerned
with the quantity first introduced in (2.5), which we recall here for the reader’s convenience:
forallt >0, z,y € T¢ and 4,5 = 1,...,d,

-2

3 2
S (2, y) = T(pf(w—é‘ej,y)+p§(w+6ei,y)—p§($+66i—€ej,y)—pi(w,y)) (A1)

qt

All throughout this section, we will exploit the invariance and product structure of the
random walk (X7 );>0 on T¢: for all t > 0 and =,y € T¢ with z = (")i=1,....ds

pi(@,y) =pi(y,2) =p; 0,z —y),  p;(0,2) Hﬂt (A.2)

where 7§ denotes the distribution of the continuous-time random walk on T, (i.e., one-

dimensional), started from the origin and with nearest-neighbor jump rates equal to %6_2.

As already mentioned at the beginning of Section 4.1, Lemma 4.1 essentially generalizes
Lemma 2.2. For this reason, we find more convenient to prove these two lemmas together.

Proofs of Lemmas 2.2 and 4.1. We start by expressmg ¢° in (A 1) in terms of 7¢, intro-
duced in (A.2): for all t > 0, x = (2);=1,. 4 € T¢, and 4,5 = 1,...,d with i # j,

2 —2
90, 2) = (Hwt ) (i (o + ) — mi (@) (mi ! — &) — ()
0#£i,5

(Hﬂt ) (3V°ri ()" (§Vini(a?))”

L#i,g
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while, for i =75 =1,...,d,

25_2 . . .
6’“(O x) = (Hﬂf(ﬂ)) e (ﬂf(xl +e)+m(at —e)— 2715(:52))2

I
~
3
M
)
~

S~—
~
[ ]
—
>
3
iy
—
N’
(]

where all e-gradients and corresponding laplacians here are one-dimensional. Define, for
all t > 0,

Re(t) = et ”ﬁ”%%m) = m3(0) ,
8:(t) =213V [ aqr,y = 213V 2, (A.3)
To(t) = e |38 | e,
Since A, = V*V§ = ViV® and Eﬂ't = %Aaﬂt, we have
St)=—5RU, T =58 (A4)

Now, summing over x € ']I'f:l, we obtain

R()2S(t)? if i j(d>2

QU (t) = > ;" (0,x) el )d_l ) N 7&7 (d22) (A.5)

= RAIT() iti=j(d=1).

The form of the right-hand side above proves the first claim in Lemma 4.1.

Further summing over j =1,...,d, we get

Z QI (1) = Re(t)™V Ta(t) + (d — 1) Re(t) 2 S.(1)?

(A.6)
€

_ —§(Ra(t)d_185(t))/ ,

where the second step follows from (A.4). Hence, since R.(0) = 1, S.(0) = ¢!, and
S:(t) = 0 as t — oo, we get

1

/ Q.(t)dt = ——/ (Rs(t)d_lSs(t)),dt:%(Re(o)d_ng(O))25. (A7)

This is precisely the main claim in Lemma 2.2 (see also its reformulation in Remark 4.1).
This settles the analysis when d = 1.
In order to prove the final claim in Lemma 4.1 on

b. _/ R0 To(t) dt cgz/ooRg(t)d_zSe(t)zdt, (A8)
0

and the existence of their limits (see (4.5)—(4.6)), fix d > 2 and first observe that, since
Re(t), Sc(t) and Q.(t) are all strictly positive for all ¢ > 0, (A.5) and (A.7) ensure that
be,cc € (0, %) Furthermore, by the first identity in (4.8), it suffices to show that either b,
or ¢, converges to a value in (0, %) Let us focus on c..
Recall (A.3). From Laplace inversion formulas (see, e.g., [Cox89, Eq. (2.3)]), we know
e71-1
Re(t) =¢ Z exp{—2¢(ej)e 2t} , withze T ¢(2) :=1—cos(2mz) .
j=0
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This and the first identity in (A.4) yield

e 1-1

. = /OOO g2 | Z Y(ej1) Y(eje) exp {2 (¥(eji) + ... +7/’(€jd))€_2t} dt

_ & ' b)) bh)
B j{: V) + ... +v(eja)

J1seendd

which converges, as € — 0, to

1 () P(a?) : . .

T2 d th 2= ()= . A9

c 2A¢Wﬂmﬁww)% with & = (2")i=1,.a € (A.9)

Since the above integral is strictly positive, this completes the proof of Lemma 4.1. O

Remark A.1 (Properties of b and ¢). The above proof also reveals the behaviors of the
coefficients b and ¢ as functions of the dimension d > 1.

(1) Monotonicity. Since R.(t) € (0,1) and S:(t),Tz(t) > 0 for all t > 0, (A.5) and
(A.8) state that both b, and ¢ — and, thus, their limits b and ¢, too — are strictly
decreasing with d > 1.

(2) Bounds. By (4.8) and b > 0, we have the upper bound ¢ < 2(d Ty Since P(z) €

[0,2] and [ ¥(2)dz = 1, the integral in (A.9) yields the lower bound ¢ > 4.
(3) 2D. When d = 2, the value of the integral in (A.9) is explicit:

1 1 1
TT,Z):E +¢x) T2 7 T

where for the second identity we used (4.8).

Remark A.2 (Formula for a). By combining (4.21) and (A.9), we get, for all d > 2,

1—(d—2 dede

zd) ~ i d
a= a(d) = - +x2+¢( s with x = (JE )i:l,...,d e T .
L d IS,

We conclude the appendix with the short proof of Lemma 4.2.

Proof of Lemma 4.2. By (A.6) and arguing as for (A.7), we have

/Qe tydt =

where for the inequality we used R. < 1. The desired estimate in (4.9) is a consequence of
the fact that S.(T') is, up to normalization, the Dirichlet form of the diffusively-rescaled
continuous-time random walk on T? with n = 1, which is well-known to have the power
law behavior T-(+1/2) = 7-3/2 for T ¢ (¢2,1). For a simple proof of this fact, see, e.g.,
[BB21, Eq. (5.9)]. 0

(Re(T)THS.(T) < 58:(T),  T>0,

l\DIO)

Acknowledgements. The author thanks Assaf Shapira and Matteo Quattropani for fruit-
ful discussions. The author acknowledges financial support by “Microgrants 2022”, funded
by Regione FVG, legge LR 2/2011.



[AD18]

[AKM19]

[AL12]
[Ald13]
[BB21]
[BGPS06]

[Bil9g]

[BR18]

[BRASO6]

[CDSZ22]
[CF11]
[CGQ24]
[Cox89)]
[CQS23]
[Dar21]
[DG20a]
[DG20b)]
[DG22]
[DGO20]
[DMP91]
[DO20]
[DSC96]

[DSPS21]

[EKS6]

[FF8]

[FMZ23]

TINY FLUCTUATIONS OF THE AVERAGING PROCESS 37

REFERENCES

Scott Armstrong and Paul Dario. Elliptic regularity and quantitative homogenization on perco-
lation clusters. Comm. Pure Appl. Math., 71(9):1717-1849, 2018.

Scott Armstrong, Tuomo Kuusi, and Jean-Christophe Mourrat. Quantitative stochastic ho-
mogenization and large-scale regularity, volume 352 of Grundlehren der mathematischen Wis-
senschaften. Springer, Cham, 2019.

David Aldous and Daniel Lanoue. A lecture on the averaging process. Probab. Surv., 9:90-102,
2012.

David Aldous. Interacting particle systems as stochastic social dynamics. Bernoulli, 19(4):1122—
1149, 2013.

Sayan Banerjee and Krzysztof Burdzy. Rates of convergence to equilibrium for potlatch and
smoothing processes. Ann. Probab., 49(3):1129-1163, 2021.

Stephen Boyd, Arpita Ghosh, Balaji Prabhakar, and Devavrat Shah. Randomized gossip algo-
rithms. IEEE Trans. Inform. Theory, 52(6):2508-2530, 2006.

Patrick Billingsley. Convergence of probability measures. Wiley Series in Probability and Statis-
tics: Probability and Statistics. John Wiley & Sons, Inc., New York, second edition, 1999. A
Wiley-Interscience Publication.

Marek Biskup and Pierre-Francois Rodriguez. Limit theory for random walks in degenerate
time-dependent random environments. J. Funct. Anal., 274(4):985-1046, 2018.

Marton Baldzs, Firas Rassoul-Agha, and Timo Seppélédinen. The random average process and
random walk in a space-time random environment in one dimension. Comm. Math. Phys.,
266(2):499-545, 2006.

Sourav Chatterjee, Persi Diaconis, Allan Sly, and Lingfu Zhang. A phase transition for repeated
averages. Ann. Probab., 50(1):1-17, 2022.

Giacomo Como and Fabio Fagnani. Scaling limits for continuous opinion dynamics systems.
Ann. Appl. Probab., 21(4):1537-1567, 2011.

Nicolas Clozeau, Antoine Gloria, and Siguang Qi. Quantitative homogenization for log-normal
coefficients. arXiv:2408.00168, 2024.

J. T. Cox. Coalescing random walks and voter model consensus times on the torus in Z%. Ann.
Probab., 17(4):1333-1366, 1989.

Pietro Caputo, Matteo Quattropani, and Federico Sau. Cutoff for the averaging process on the
hypercube and complete bipartite graphs. Electron. J. Probab., 28:Paper No. 100, 31, 2023.
Paul Dario. Optimal corrector estimates on percolation cluster. Ann. Appl. Probab., 31(1):377—
431, 2021.

Mitia Duerinckx and Antoine Gloria. Multiscale functional inequalities in probability: concen-
tration properties. ALEA Lat. Am. J. Probab. Math. Stat., 17(1):133-157, 2020.

Mitia Duerinckx and Antoine Gloria. Multiscale functional inequalities in probability: construc-
tive approach. Ann. H. Lebesgue, 3:825-872, 2020.

Mitia Duerinckx and Antoine Gloria. Quantitative homogenization theory for random suspen-
sions in steady Stokes flow. J. Ec. polytech. Math., 9:1183—-1244, 2022.

Mitia Duerinckx, Antoine Gloria, and Felix Otto. The structure of fluctuations in stochastic
homogenization. Comm. Math. Phys., 377(1):259-306, 2020.

Anna De Masi and Errico Presutti. Mathematical methods for hydrodynamic limits, volume 1501
of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1991.

Mitia Duerinckx and Felix Otto. Higher-order pathwise theory of fluctuations in stochastic
homogenization. Stoch. Partial Differ. Equ. Anal. Comput., 8(3):625-692, 2020.

P. Diaconis and L. Saloff-Coste. Nash inequalities for finite Markov chains. J. Theoret. Probab.,
9(2):459-510, 1996.

Lorenzo Dello Schiavo, Lorenzo Portinale, and Federico Sau. Scaling limits of random walks, har-
monic profiles, and stationary non-equilibrium states in Lipschitz domains. Ann. Appl. Probab.
(to appear), arXiv:2112.14196, 2021.

Stewart N. Ethier and Thomas G. Kurtz. Markov processes. Characterization and convergence.
Wiley Series in Probability and Mathematical Statistics: Probability and Mathematical Statis-
tics. John Wiley & Sons, Inc., New York, 1986.

P. A. Ferrari and L. R. G. Fontes. Fluctuations of a surface submitted to a random average
process. Electron. J. Probab., 3:no. 6, 34, 1998.

Luiz Renato Fontes, Mariela Pentén Machado, and Leonel Zuaznabar. Scaling limit of an equi-
librium surface under the random average process. arXiv:2310.04252, 2023.



38

[FS86]
[GM16]
(GQ24]
[HH14]
[HST78]
[JL.23]
[IM18]
[1022]
[KL99]
[Koz79]
[Lan12]
[LP11]
[LP1g]
[MSW22]
[Nas58]

[PV81]

[Qs23)
[Rho08]

[Sau23]

TINY FLUCTUATIONS OF THE AVERAGING PROCESS

E. B. Fabes and D. W. Stroock. A new proof of Moser’s parabolic Harnack inequality using the
old ideas of Nash. Arch. Rational Mech. Anal., 96(4):327-338, 1986.

Yu Gu and Jean-Christophe Mourrat. Scaling limit of fluctuations in stochastic homogenization.
Multiscale Model. Simul., 14(1):452—-481, 2016.

Antoine Gloria and Siguang Qi. Quantitative homogenization for log-normal coefficients via
malliavin calculus: the one-dimensional case. arXiv:2402.19182, 2024.

Olle Haggstrom and Timo Hirscher. Further results on consensus formation in the Deffuant
model. Electron. J. Probab., 19:no. 19, 26, 2014.

Richard A. Holley and Daniel W. Stroock. Generalized Ornstein-Uhlenbeck processes and infinite
particle branching Brownian motions. Publ. Res. Inst. Math. Sci., 14(3):741-788, 1978.

Milton Jara and Claudio Landim. The stochastic heat equation as the limit of a stirring dynamics
perturbed by a voter model. Ann. Appl. Probab., 33(6A):4163-4209, 2023.

Milton Jara and Otdvio Menezes. Non-equilibrium fluctuations of interacting particle systems.
arXiv:1810.09526, 2018.

Marc Josien and Felix Otto. The annealed Calderén-Zygmund estimate as convenient tool in
quantitative stochastic homogenization. J. Funct. Anal., 283(7):Paper No. 109594, 74, 2022.
Claude Kipnis and Claudio Landim. Scaling limits of interacting particle systems, volume 320
of Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin, 1999.

S. M. Kozlov. The averaging of random operators. Mat. Sb. (N.S.), 109(151)(2):188-202, 327,
1979.

N. Lanchier. The critical value of the Deffuant model equals one half. ALEA Lat. Am. J. Probab.
Math. Stat., 9(2):383-402, 2012.

Glinter Last and Mathew D. Penrose. Poisson process Fock space representation, chaos expan-
sion and covariance inequalities. Probab. Theory Related Fields, 150(3-4):663-690, 2011.
Giinter Last and Mathew Penrose. Lectures on the Poisson process, volume 7 of Institute of
Mathematical Statistics Textbooks. Cambridge University Press, Cambridge, 2018.

Ramis Movassagh, Mario Szegedy, and Guanyang Wang. Repeated averages on graphs. Ann.
Appl. Probab. (to appear), arXiv:2205.04535, 2022.

J. Nash. Continuity of solutions of parabolic and elliptic equations. Amer. J. Math., 80:931-954,
1958.

G. C. Papanicolaou and S. R. S. Varadhan. Boundary value problems with rapidly oscillating
random coefficients. In Random fields, Vol. I, II (Esztergom, 1979), volume 27 of Colloq. Math.
Soc. Jdnos Bolyai, pages 835-873. North-Holland, Amsterdam-New York, 1981.

Matteo Quattropani and Federico Sau. Mixing of the averaging process and its discrete dual on
finite-dimensional geometries. Ann. Appl. Probab., 33(2):936-971, 2023.

Rémi Rhodes. On homogenization of space-time dependent and degenerate random flows. II.
Ann. Inst. Henri Poincaré Probab. Stat., 44(4):673-692, 2008.

Federico Sau. Concentration and local smoothness of the averaging process. arXiv:2311.14176,
2023.



	1. Introduction, model and main results
	2. Discrete gradients
	3. Proof of Theorem 2. Variance via Poincaré inequality
	4. Proof of Theorem 2. Mean
	5. Proof of Theorem 1
	Appendix A. Proofs of Lemmas 2.2, 4.1 and 4.2
	References

