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A QUANTITATIVE CLOSING LEMMA AND PARTNER
ORBITS ON RIEMANNIAN MANIFOLDS WITH
NEGATIVE CURVATURE

MICHELA EGIDI AND GERHARD KNIEPER

ABSTRACT. In this paper we prove a quantitative closing Lemma for
manifolds of negative sectional curvature. As an application we study
partner and pseudo-partner orbits for self-crossing closed geodesic.

1. INTRODUCTION

In this paper we provide a quantitative closing Lemma for closed Rie-
mannian manifolds of negative sectional curvature. More precisely, let (M, g)
be a closed Riemannian manifold of dimension d > 2 whose sectional curva-
ture K is bounded by —/ﬁ}% <K< —/ﬁ}% for some 0 < k1 < Ko < 00 and let
¢t : SM — SM be the geodesic flow on the unit tangent bundle SM of M.
The metric d induced by g on M yields a metric d; on SM given by

dy(v,w) = max d(cy(t),cy(t))
te[—1,1]
where ¢y, ¢, are geodesics in M with initial vector v and w, respectively.
Under these assumptions we obtain the following quantitative version of the
closing Lemma (see Theorem in Section .

Theorem 1. There exist &g = do(k1,kK2) € (0, %) and tg = to(k1,k2) > 1
such that for all § < &y, all T >ty and all w € SM with di(w, o7 (w)) < §
there exist u € SM, T' > 0, with ¢7 (u) = u and
T —T'| < 205,

where the constant C' s given by

4 /2

c=2 (ﬂ + 3).

K1 K1

Furthermore,

dy(6°(w), ¢°(w)) < (5C +1)5 Vs e [0,T].

A first consequence of the closing Lemma is the existence of so called
partner orbits of closed geodesics with small self-crossing angle. A closed
geodesic ¢, : [0,T] — M with ¢,(Th) = ¢(0) for 0 < T} < T has a
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self-crossing at p = ¢,,(0) at time 77 and we denote by <t,(w, —¢é,(17)) its
crossing angle.

Partner orbits have been studied by physicist to explain universal be-
haviour of the spectrum of the associated quantized systems (see [I] for
more details). These partner orbits are new closed geodesics with slightly
smaller length whose image lies in a very small neighbourhood of the origi-
nal closed geodesic. For surfaces they have been first studied by Sieber and
Richter [I1], [10] and such pairs are sometimes referred to as Sieber-Richter
pairs. A rigorous mathematical treatment has been provided for closed sur-
faces of constant negative curvature by Huynh and Kunze in [7] and Huynh
in [6]. While in [7] and [6] the authors used an algebraic approach, we will
use more geometric techniques which work for Riemannian manifolds with
variable negative curvature and arbitrary dimension (see Theorem in

Section .

FI1GURE 1.1. Geodesic ¢, with self-crossing with small cross-
ing angle € = <(,(w, —¢,(T1)) and its partner orbit c,.

Theorem 2. Let M be a compact Riemannian manifold with sectional cur-
vature —KJ% < K < —/ﬁl% for 0 < k1 < Ko. Let gy := I—’Tﬁm’j}m and let
To = to(k1, k2) > 1 be the one from Prop. . Then for all closed geodesic
cw : [0,T] = M of period T with a self-crossing at p = ¢, (0) at time Ty
and crossing angle ¢ < g9 and T1,T — 11 > Ty there exists a closed orbit
ey : [0, T = M of period T" < T satisfying

T-T < (E + 16’;2>€,
and such that _—
deeals.Th < (24252

for all s € [0,T"].

For surfaces we can improve the estimate of the action difference obtained
in Theorem 2| (see Theorem in Section . In particular, if the pinching
constant of the Gaussian curvature is at least % the action difference is of
order €2 in the crossing angle €. This result confirms the findings of Sieber
and Richter [IT], 10], and agrees with the result of Huynh and Kunze [7] for
surfaces of constant negative Gaussian curvature. More precisely, we obtain:
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Theorem 3. Let (M, g) be a compact Riemannian surface with Gaussian
curvature —K% < K < —/i% for 0 < k1 < Ko. Let gg := %m’fﬁm and let
To = to(k1,k2) > 1 be as in Proposition . Then for all closed geodesic
cw: [0,T] = M of period T with a self-crossing at p = ¢,,(0) at time Th with
crossing angle € < €9 and T, T — 11 > Ty, there exists a closed geodesic
cy: [0,T"] = M of period T' < T such that

4Kk
Cie?<T-T < Cae 2 e (0.3),
- T o mLe[ln],

K2

where C; are suitable positive constants depending on the curvature bounds
and the injectivity radius of M.

A second consequence of the closing Lemma is the existence of so called
pseudo-partner orbits for closed geodesic with large crossing angle, that is
the existence of a pair of two closed geodesics remaining close to the loops of
the original self-crossing geodesic. Their lengths are comparable, although
smaller, with the the length of the loops (see Theorem in Section @

Cw(Th)

FI1GURE 1.2. Geodesic ¢, with a self-crossing of large cross-
ing angle <(,(w, —¢é,(T1)) € [m — ¢, 7] and its pseudo-partner
orbit.

Precisely we prove the following;:

Theorem 4. Let M be a compact Riemannian manifold with sectional cur-
vature —/1% < K < —K,% for 0 < k1 < Ky, Let g9 := 1—7%,{1’11,{2 and let
To = to(k1, k2) > 1 be the one from Prop. . Then for all closed geodesic
ey @ [0,T] — M of period T with a self-crossing at p = ¢,,(0) at time T}
such that <, (w,¢w(Th)) =€ < eo and T1,Ty :=T — Ty > Ty there exists a

pair of closed geodesics c,, and c,, of period Ty and Tg, satisfying

. 8 N 8
0<T1—T1<<K2—|—1>5 and 0<T2—T2<<K2—|—1>5.
K1 \ K1 K1 (K1
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Furthermore,
12 K9
< 2=
e (s),euls) < (72 +1)e
for s € [0,T1], and

12 K9
< (2=
e, (s),ewl(s +T1)) < (7 4 1)

for s € [0, Ty]. In particular,

d(cu, (T1), ey (0)) < 22 ("2 + 1) ..

K1 aat

The paper is organized as follows: in Section [2] we recall important facts
about Hadamard manifolds and we prove some trigonometric estimates
which we will need in the sequel. In Section [3| we obtain the quantita-
tive version of the Anosov closing Lemma formulated in Theorem In
Section [4] we derive the existence of Sieber-Richter pairs for any dimension,
together with the estimate for the action difference stated in Theorem
while in Section [5| we analyse Sieber-Richter pairs for surfaces and obtain
an improved estimate for their action difference (see Theorem . Finally in
Section |§| we prove the existence of pseudo-partner orbits (see Theorem .

2. BASIC FACTS ON HADAMARD MANIFOLDS

In this section we recall certain standard facts on Hadamard manifolds, i.e,
complete simply connected Riemannian manifolds of non-positive curvature
which we will need in the sequel. We start with the construction of the
boundary at infinity and a discussion on Busemann functions. We then
prove some basic estimates for geodesic triangle under the assumption of
negative pinched curvature and we conclude this section with a quantitative
version of the Anosov closing Lemma, on which the construction of partner
orbits will be based.

For the rest of this section, X denotes a Hadamard manifold of dimension
d> 2.

2.1. Boundary at infinity. To introduce the boundary at infinity of X,
we follow [4, B] and we start by defining an equivalence relation on the set
of geodesics in X.

Definition 2.1. Two geodesic rays c1,ca: [0,00) — X are called asymptotic
if supyso d(ci(t), ca(t)) < oo. This is an equivalence relation; we write 0X
for the set of equivalence classes and call its elements points at infinity. We
denote the equivalence class of a geodesic ray (or geodesic) ¢ by c(o0).

Given v € SX | let ¢, be the unique geodesic with ¢,(0) = v. The following
is proved in [3, Propositions 1.5 and 1.14].

Lemma 2.2. Given any p € X and £ € 0X, there is a unique geodesic ray
c=cpe: [0,00) = X with ¢(0) = p and c(oo) = §. Equivalently, the map
fp: SpX — 0X defined by fp(v) = cy(00) is a bijection.
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Following Eberlein and O’Neill [4] we equip 90X with a topology that
makes it a compact metric space homeomorphic to S*~ 1. Fix p € X and let
fp: SpX — OX be the bijection v — ¢,(c0) from Lemma The topology
(sphere-topology) on 0X is defined such that f, becomes a homeomorphism.
Since the map f,° Yfp: S,X — S,X is a homeomorphism for all ¢ € X [3],
the topology is independent of the reference point p.

The topologies on X and X extend naturally to X := X U JdX by
requiring that the map ¢: Bi(p) = {v € T,X : |Jv|| < 1} — X defined by

o = {om () ol <1
SO {fp@) ol =1

is a homeomorphism. This topology, called the cone topology, was also
introduced by Eberlein and O’Neill in [4]. In particular, X is homeomorphic
to a closed ball in R™. The relative topology on 90X coincides with the
sphere topology, and the relative topology on X coincides with the manifold
topology.

Every geodesic ¢: R — X determines two distinct points c¢(—oo) and
¢(4+00) on 0X. We will use the notation

(2.1) v i=cy(—00) and vT = c¢y(+00).
We also write

(2:2) X = {(&m) € (0X)*: € #n}
and consider the endpoint map

(2.3) E: SX — 0°X, v o= (v ,0h).

By [3, Proposition 1.7], every pair of distinct points on 90X is joined by
exactly one geodesic, so the map E is onto. Note that E is continuous by
the definition of the topology on 0.X.

2.2. Busemann functions. Given v € SX, the function b, : X — R
defined by

bu(q) = lim (d(g, cu(t)) — 1)

is called the Busemann function associated to v. Busemann functions are of
class C?, as proved by Heintze and Im Hof in (the proof of) [5, Proposition
3.1], see also the references therein for an unpublished result of Eberlein. For
a discussion on the regularity of Busemann functions in the more general
context of no conjugate points see [8] and [9].

Definition 2.3. Given p € X and { € 0X, let v € S, X be the unique
unit tangent vector at p such that c,(c0) = &. We call be(q,p) = by(q) the
Busemann function based at & and normalized by p (be(p,p) =0).

The zero set of the Busemann function b¢(q, p) given by
He(p) :=={q € X | be(q,p) = 0}
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is called the horosphere through p centred at £&. The Busemann function
fulfils the following cocycle property:

(2.4) be(p,q) = be(p,7) + be(r, q) for all § € 0X and p,q,r € X.
Note also that
(2.5) be(p,q) = —be(q,p) for all £ € 0X and p,q € X.

Furthermore, gradbe(q, p) = —¢q.¢(0) and is, in particular, independent of p.
For ¢ € X and £,n € 0X we denote by

(€, ) = <14(¢q,£(0), ¢4,5(0)) = cos(gradbe(g, p), gradby(q, p))
the angle of £, 7 as seen from ¢ (visibility angle).

Lemma 2.4. Let X be a Hadamard manifold. Then for any pair of points
&,m € 0X the visibility angle f(q) = <4(£,n) defines a C! function onq € X.
If the sectional curvature K of X satisfies —k?> < K for some k > 0, then
the norm of the gradient of f is bounded by k. In particular, f is Lipschitz
continuous with Lipschitz constant k.

Proof. Since Busemann functions are C?, it follows from the definition of the
visibility angle that f is a C'! function. Since the Hessian of the Busemann
function is positive semi-definite and bounded from above by k, we obtain
the estimate for the gradient of f. O

2.3. Some trigonometrical estimates for pinched negatively curved
Hadamard manifolds. In this subsection we present some results related
to geodesic triangles, angles, and orthogonal projections in a Hadamard
manifold X with bounded sectional curvature K.

In the following, we denote by A(p1,p2,ps3) a geodesic triangle with ver-
tices pi1,p2,p3. We may also use the notation Ae(p1,p2,p3) to specify in
which manifold the triangle lives. The angles with vertices p; are denoted
by «a; and the lengths of the sides opposite to a; by £;, 1 = 1,2, 3.

We start by recalling the law of cosine and sine in the case of non-constant
negative curvature.

Lemma 2.5. Let X be a Hadamard manifold with —k3 < K < —k? for
some 0 < k1 < kg < 00, and let A(p1,p2,p3) C X as described above. Then

(2.6) cosh(k1€3) > cosh(k141) cosh(kil2) — sinh(k1/;) sinh(k1f2) cos(as),

and

(2.7)  cosh(kals) < cosh(kaly) cosh(kale) — sinh(kaly) sinh(kals) cos(as).
g

Moreover, if as = % we have
. Sinh(/ﬂfi)
2.8 )< =1,2
( ) Sln(al) - Sinh(lilfg) ! B
and
il .
(2.9) sin(a;) > SHhlmal) g,

Sinh(/@gfg)



Equality in all of the above holds if kK1 = ko.
The above inequalities give us the next lemma.

Lemma 2.6. Let X be a Hadamard manifold with K < —k? for some r1 > 0
and let A(p1paps) be as in the beginning of this subsection. Then

20,2 as cosh(k1l3) — 1
2.10 = <2sin’(57) < ‘
( ) T2 - S ( 2 ) - sinh(mél)sinh(m@)

Furthermore assume that a3 = 3 ,then

1
. <
(2.11) cosh(k1fy) < Sn(as)
and
) cot(ag)
. < — .
(2.12) sin(aq) < Snh(rils)

Proof. We start by proving (2.10). The addition theorem for hyperbolic
functions yields

COSh(Iilfl) COSh(Klfg) = Sinh(lﬁlgl) Sinh(lilfg) + COSh(Hl (62 — 61))
Therefore, by the law of cosine ([2.6)) we obtain

cosh(k1f3) > sinh(k141) sinh(k102)(1 — cos(as)) + cosh(ky(ly — ¢1))

> sinh(k1£1) sinh(r142)(1 — cos(as)) + 1.

Using 1—cos(a;) = 2sin?(%) and the inequality sina > 2 for all a € [0, 3]
we obtain (2.10]).

We now turn to the proof of (2.11)) and (2.12)). The law of cosine (2.6
with ag = 7/2 and (2.8)) yield

cosh?(k1l3)  cosh?(k1l3)
cosh?(k1ly) 1+ sinh?(k1fs)
- cosh?(r143) _ 1 + sinh?(k143)
= 1+ sin?(ag)sinh?(k1f3) 1+ sin?(ag) sinh?(k143)
1
= sin?(ag)’
which proves . Equation is a consequence of and the

estimate just proved:

cosh?(k14y) <

sinh?(k161)  cosh?(k16y) — 1

. 9
S < =
m (011) B SinhQ(Iilfg) sinh2(/<o1€3)
< sin21(a2) -1 B 1-— Sinz(ag)
= sinh®(k1f3)  sin®(ap) sinh? (k1 43)

cos? (o) _ cot?(az)
sin?(a) sinh?(k103)  sinh?(k103)
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The corollary below gives relations among sides, angles, and distances
from a vertex to the opposite side in a geodesic triangle, assuming that one
of the angles is large enough and the lengths of the sides starting at its
vertex are bounded from below.

Corollary 2.7. Let X be a Hadamard manifold with K < —k? for some

k1 >0, A(p1,p2,p3) be as in at the beginning of this subsection, and assume

_1
cos(g)

further by c1 the geodesic connecting ps and pa2, by co the geodesic connecting
p3 and p1, and by c3 the geodesic connecting p1 and p2. Then

ag € [1 —¢, 7| for somee € (0,5). Seta(e) = %1 arcosh ( and denote

€
(2.13) c1([0, 41]), e2([0, £1]) € {q € X|d(g,c3) < a(§)}-
Assume furthermore that ¢; > R; for some R; > 0, i = 1,2, then
€

. > —2a(=
(2.14) l3> R+ Ry 2a(2),
and
(2.15) sin(a;) < tan(e)sinh ' (k1 R;) 4,5 € {1,2},i # j.

Proof. We first observe that the functions ¢ — d(c1(t), c3) and t +— d(ca(t), c3)
are convex and therefore

max d(q,c3) = d(ps, c3).
g€ci1Uco

Since a3 > /2, the foot-point projection p of p3 onto c3 is contained in the
geodesic segment between p; and p;. Consider the angles 1 = <, (p1,p)
and @2 = <, (p2,p). Since at least one of the angles ¢; is bigger or equal
than %}, and § — § < % < 7, Eq. (2.11) in Lemma implies

1 1
d =d S oy aeosh { Sy
(pg, Cg) (p37p) = arcos (SiD(SOi)>

1 1 1 1 €
< = - <= = ) =—q
S arcosh (sin (?’)) S arcosh (cos (;)> a(2),

proving (2.13). The equation ([2.14]) is a direct consequence of the triangle
inequality:

3 = d(p1,p) +d(p,p2) > R1 — a(e/2) + Rz — a(/2).

We now turn to the proof of (2.15). Eq. (2.12)) applied to A(p;, p3,p),

1=1,2, yields
) cot(g;)
)< — T

sm(ozz) - Sinh(/ﬂRj)
for i,j € {1,2} with i # j. Since 7 —¢ < 1+ 92 < 7 and ¢; < 7, we obtain
P2 > m—¢€— 1 > 5 — ¢ and similarly ¢; > § — €. Therefore, we obtain

T
——c

cot(ip;) < Cot(2 ) = tane,

which implies the claim. O



9

The next lemma tells us that the angle between points at infinity is small
if their corresponding vectors are close w.r.t. to the metric on SX defined
by

dl (U7 w) = tGIn[—alXI] d(cv (t)a Cw (t))7

where the metric d is induced by the Riemannian metric on X. Note that
by definition the metric is flip-invariant, i.e. dj(v,w) = dj(—v, —w).

Lemma 2.8. Let X be a Hadamard manifold with sectional curvature K <
—kK3 for some k1 > 0 and let SX be endowed with the metric di defined
above. Let v,w € SX such that dy(v,w) < § for 0 € (0, %] Then for
p = mw we have

Tp(cu(+00), cw(+00)) < f(9) and <p(cy(=00), cu(—00)) < f(9),

uhere §(5) = 2avesin (GRS,

Remark 2.9. Since the function f(4) is convex and attains its maximum at
% with value 7, it holds

fo)<oms vie (o %}

Cw(+00))

Proof. By the flip-invariance of d; it is enough to prove <, (¢, (+00),
<{Cw v (1) Y Cw (

f(9). Let s > 1 and set a(s) := <, 0)(cw(+00), cy(5)), B := <c, (0)(
and a(s) = <, (0)(co(1),cu(s)). Then
Lp(ey(+00), cy(+00)) = Sli)rgo a(s) < lim a(s) + 5.

S—00

Z A

)

It is enough to show that S+a(s) is bounded by f(d) := 2 arcsin (%) .

By assumption we have d(c,(0), ¢,(0)) < § and d(cy(1), (1)) < 0. Let
q be the foot-point projection of ¢,(1) onto ¢, and consider the triangle
A(cw(0), ¢, cp(1)). Then we have 8 = <, 0)(cu(1),q) and by (2.8) we have
sinh(k1d(cy(1),q))
sinh(k1d(cy(0), cy(1)))

By the triangle inequality we have

d(cw(0), co(1)) = d(cw(0), cw(1)) = d(cw(1),co(1)) 21 =0

and therefore we obtain

sin(8) <

which implies 8 < %f(é)

For the angle n := <., (1)(cw(0), ¢y(0)), we have n < $£(8), with a similar
argument as before considering the triangle A(cy(0),cy(1),q1), where ¢ is
the foot-point projection of ¢, (0) onto ¢,.

Consider now the triangle A(c,,(0), ¢y(s), ¢y(1)) with angles &(s), m and
at the points ¢, (0), ¢y(1) and ¢, (s), respectively. Since 7; is the complement

sin(8) <

sinh(k19)
sinh(k1(1 = 9))’
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of the angle n and a(s) + 11 +v < 7w, we have m —n + a&(s) + v < 7, which
implies a(s) < 7.
We conclude

B +a(s) < f(9)

for all s > 1 and the claim follows. O

We conclude this subsection with a result for orthogonal projections on
geodesics in 2-dimensional Hadamard manifolds.

FiGURE 2.1. The 4-gons in Lemma [2.10

Lemma 2.10. Let X be a Hadamard manifold of dimension 2 with sectional
curvature —k3 < K < 0 for some kg > 0. Let ¢ be a geodesic in M and let
x1 # 12 € X not lying on ¢ and such that the geodesic connecting x1 and
x9 does not cross the geodesic c. Let further r; = d(x;,c) = d(z;, c(t;)) for
i=1,2, then

d to — 1
(2.16) sinh? (/<;2(x12’x2)) < cosh(kgry) cosh(kgry) sinh? (/@2’221‘)
) ro—7T
+ sinh? (I€2|221|),
with equality if K = k.
Proof. We first consider the case K = —x? = —x2. The general case follows

by a comparison argument.
Assume that to > t1. Set s := d(w1,c(t2)) and let o = <, (c(t1), 21).
Since the angle at ¢(t1) is equal to 7/2 we have

cosh(ks) = cosh(k(ta — t1)) cosh(kry).
Since dim X = 2 we have 3 := <,)(z2,71) = 7/2 — a and so

cos(f) = sin(a) = m
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by law of sine in negative constant curvature. By the law of cosine we also
have
cosh(ks) cosh(kre) — cosh(kd(x1,z2))

cos(f) =

We therefore obtain

sinh(ks) sinh(kry)

sinh(kry) sinh(kry) = cosh(ks) cosh(kry) — cosh(kd(x1, x2))
= cosh(kry) cosh(kry) cosh(k(ty — t1)) — cosh(kd(x1, x2)).

Using cosh(z) = 2sinh?(x/2) + 1 for = k(ty — t1) and = = xd(x1,22) we
obtain

to —1
sinh(kry) sinh(kre) = 2 cosh(kry) cosh(krs) sinh? (k 2 5 1)

d
+ cosh(kry) cosh(kry) — 2 sinh? (H(:CIQ’xQ)) -1

Since cosh(k|ra —r1|) = cosh(kry) cosh(kre) —sinh(kry) sinh(krs), and using
again cosh(k|rg — r1|) = 2sinh(k|re — r1]/2) + 1 the claim follows.

Let now X be with sectional curvature —mg < K < 0. Consider the
triangles Ax(c(t1),z1,c(t2)) and Ax(c(te),z2,c(t1)). Denote by X, the
Hadamard manifold of the same dimension with sectional curvature equal
to —x3. Consider the triangle Ax,, (p1,p2, p3) such that

apr = de(t) = 7/2, dx,,(p1,p2) = dx(c(t1),71) =r1, dx,, (p1,p3) = ta—t1
(we again assume to > t1). By Toponogov’s theorem

dx.,, (p2,p3) > dx(c(t2), 1).

Similarly consider the triangle Ax, (q1,4q2,q3) such that

g2 = <ce(te),  dx,,(q2,q1) =t2 —t1, dx,,(q2,q3) = dx(c(t2), x2) = ra.

Again we have
dx,,(q1,q3) > dx(c(t1), z2).

Glue Ax,, (g1, g2, g3) and Ax,, (p1, p2, p3) along the edge with common length
such that ¢» = p3 and ¢; = p; and so that the points g5 = p3, ¢1 = p1, P2
and g3 are vertices of a 4-gon in X,,, see Figure

Let now o = <p;(p1,p2) and a = <q4,)(c(t1), 21). We have

sinh(kar) sinh(kar)
sinh(kadx,,, (P2, p3)) ~ sinh(kadx(c(t2), 1)

sin(a’) = < sin(a).

Since o/, < /2 and sine is increasing on [0,7/2], we conclude o/ < a.
Setting 8 = <¢(1,)(71,22) and B’ = <g,(p2, ¢3), we have ' = 7/2 —a’ >



12 MICHELA EGIDI AND GERHARD KNIEPER

7/2 — a = [3. Therefore

cosh(radx,, (p2,q3)) = cosh(kara) cosh(kadx,, (P2, p3))
— sinh(karg) sinh(kadx,, (p2,p3)) cos(8’)
> cosh(kary) cosh(kedx (c(t2), 1))
— sinh(kory) sinh(kedx (c(t2), 1)) cos(B)
> cosh(kadx (21, 22)),

and we conclude dx,, (p2,q3) > dx(x1,z2). Hence

. dx(x1, T .
sinh? (@)((212)) > sinh®(kadx,, (P2, ¢3)/2)
to —1
= cosh(kary) cosh(kary) sinh? (m%)
) ro—T
+ sinh? (K2|221’)3
as claimed. O

3. A QUANTITATIVE CLOSING LEMMA

Let M = X/T be a closed d-dimensional manifold, d > 2, with sectional
curvature —n% < K < —m% for some 0 < k1 < kg < oo, where X is
its universal cover and I' is the group of deck transformations. The map
pr: X — M denotes the canonical projection, while we denote with 7 :
SM — M the foot-point projection defined by m(v) = p for all v € S, M.
Furthermore, we will denote by ¢’ the geodesic flow on M, i.e. the map
@t SM — SM, ¢t(v) = é,(t), where ¢, is the unique geodesic with ¢,(0) =
m(v) and ¢é,(0) = v. By abuse of notation, we will also denote by 7 and
@' the foot-point projection from SX onto X and the geodesic flow on X,
respectively.

The class of closed geodesics on M is in one-to-one correspondence with
the conjugacy classes in the group I' of deck transformations. We here recall
some elements of this correspondence, which we will use in the next sections.

Given a closed geodesic ¢: R/¢Z — M, the length ¢ > 0 is such that
c(t+£) = ¢(t) for all t € R, and thus for every lift ¢ of ¢ there is a unique
~v € I' such that

(3.1) c(t+4) =~c(t) for all t € R.

Definition 3.1. If ¢, v, and ¢ > 0 are such that (3.1)) holds, then we say
that v is the axial isometry of (¢, ¥), and c is an axis of 7.

If ¢ is an axis of some -y, then it follows immediately that ¢ = procis a
closed geodesic on M. Moreover, every axial isometry « of ¢ fixes ¢(£00).

Lemma 3.2. Given any geodesic ¢ on X such that ¢ = pro c is closed, the
set of v € T fixzing c(—o0) and c¢(00) is an infinite cyclic subgroup.
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The preceding discussion lets us go from closed geodesics to deck trans-
formations. We will also need to go in the other direction.

Definition 3.3. Given v € T'\ Id, the length of 7 is
7] := inf{d(q,7q) : ¢ € X}.

Lemma 3.4. For every v € I'\1d, there exists qo € X such that d(qo,vq0) =
|v| > 2inj(M). Moreover, if c: R — X is a geodesic joining qo and yqo, then
c(t+|v|) = ye(t) for allt € R, so ¢ :=proc is a closed geodesic.

Using Busemann functions we can define the so called Hopf map.
Definition 3.5. The Hopf map H: SX — 0°X xR forpg € X is
(3.2) H(v) := (v ,v",5(v)), where s(v) := b, (v, po).

Given disjoint sets P,F C §X, the set H1(P x F x {0}) represents the
set of all v € SX whose past history under ¢’ is given by P, whose future
evolution is given by F, and such that b,- (wv,pg) = 0. We will use the
following choice of P, F: given our fixed choice of vg € Sp, X, we consider
for each 6 > 0 the sets

P =Py(vg) == {w™ | w € Sp, X and <, (w,v9) < 0},

3.3
(3:3) F =Fy(vo) = {w" | w € Sp, X and <, (w,vg) < 6}

Lemma 3.6. Let c: R — X be a geodesic with c(co) € Fg(vg) and ¢(—o0) €
Py(vg) and py = mvg. Then

1 1
d <a(f) =— h .
(po,c) < a(h) p arcos <cos(6)>
Proof. By assumption there are v,w € S, X such that <, (v,v) < 6,
Tpo (W, —vp) < 0, v = ¢(00), and w = ¢(—00). Then <, (v, w) > 7 — 20
and Corollary [2.7] yields the claim. O

Now consider
(34) Ty(vo) :=={y €Tl |vFg(vg) C Fy(vp) and 'y*ng(vo) C Py(vo)}-

Lemma 3.7. Given any v € I'j(vo), there exists an axis ¢ for v such that
c(—o0) € Py(vg) and c(+00) € Fy(vg).

Proof. By the Brouwer fixed point theorem, « has one fixed point in Py(vg)
and one in Fy(vp). By Lemma it has up to parametrization a unique
axis ¢ whose endpoints are the fixed points of ~. O

The following definition is justified by Lemma [3.6

(35) Ag(’l)()) = {U eSX ‘ (’Uf,UJr) € Pg(vo) X F@(’Uo)
and d(mv, mvg) < a(f)}.
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Further we define

(3.6) Ly(vo,t) := {v € T' [ Ag(vo) N ¢~ "7, Ag(vo) # 0}
The next proposition will be crucial for the proof of the quantitative
closing Lemma. Its proof is inspired by the one given in [2, Lemma 4.9].

Proposition 3.8. Consider the constant 0y = %@'ﬁm and the function

p(0) = 2(;2 + 1)0. Then there exists to = to(k1, k2) > 0 such that for all
6 € [0,60], t >ty and all v € Ty(vo, t) we have

"}/Fp(g) (’Uo) C Fp(g) (1)0) and ’yile(g)(Uo) C Pp(g)(vo).
In particular, Tg(vo,t) C I 0 (vg).

Remark 3.9. It is possible to determine £y explicitly. In particular, ¢g > 1.

wo 1)3’

FIGURE 3.1. Proving the inclusion 7F, g4 C F,p in
proposition [3:8]

Proof. We prove the first inclusion; the second is similar. Consider v €
Ty(vg, t) for some t > 0. Then the set Ag(vg) N ¢ v Ag(vo) is non-empty
and therefore the sets

7 Ag(vo) N ¢~ Ag(vo) and ¢ Ag(vo) N v.Ag(vo)

are non-empty as well. Therefore, there exist vy, w; € Ag(vg) with v lvy €
¢~ Ap(vo) and y.w; € @' Ap(vp) and consequently there exist vo, wo € Ag(vg)
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with v, vy = ¢~y and y,w; = ¢lws. From the definition of Ag(vg) we
obtain that ¢,,(—00) = vy € Py(vg) and cy,(o0) = wy € Fo(vo).

We show that for all 0 < 6 < 6y := gmfzm, all t > tg > 0 for a tg

depending only on k1, k2, and all v € T'y(vp,t) we have

YF p(0)(v0) C Fp9)(v0),
where p(0) is defined as in the statement of the proposition. Consider 7 €
F 9)(v0), i.e <y (v, m) < p(f). The triangle inequality yields
Ipo (va_v 1) < <Ipo (U(T’ w;) + Ipo (w;v 1)
<0+ <P0(w;r7’77])'

s

Denote by x; = mv; and y; = mw;. Since a(f) < ,%9 for 0 < 6y < 7, we
obtain
Tpo (W3, 7)) < Kad(po, y2) + <Tyo (w3, yn)
Qd(po, y2) + Ty, (w;—v 7$2) + Ty, (7x2a 777)
20(0) 4 Ty, (YY1, ¥2) + L1y, (72,7)

K2
< 2;19 + <y, (YY1, 772) + Ty-1y, (22,7).

<K
<K

Since d(yz,vy1) = t and d(y2,722) > d(y2,vy1) — d(yy1,v22) = t — 2a(0),
the estimate (2.10)) in Lemma yields a constant b depending on x; such
that

Lyo (YY1, Y22) < be 1 EmdW1.22)) g (f)

(3.7) < pe~r1(t=2a(0) 4 () < 27b€*f$1(t72a(9))0.

K1
In particular this implies that we can choose t; > 0 only depending on
K1, k2 such that <, (yy1,y2) < g for all ¢ > ¢1. Now we want to estimate
<Iy-14,(72,7) from above. Note that

<Iac2 (777 U;_) < K2d(p07 SCQ) + <IpO (U;_7 77)
< kiad(po, x2) + <Tpy (V3,15 ) + Lo (V575 1)

< koa(0) + 0 + 2(% +1)0
1

<472 4 36,
1

K
K
From the triangle inequality we obtain
T =Ty (v ' 21,05) < Doy (V21,7 2) 4 (Y 20 0) + Ty (0, 03),
and therefore
<[x2 (U,V_lyz) > = <12 (77’ U;) - <Zx2 (’7_13317 7_1y2)

> 4" _gg _pemt-20) 2y
- K1 R1

)
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where the estimate <t;, (v 121,y 1y2) < b’e_’“(t_%(e))%ﬁ follows as in (3.7))
and o' > 0 is a constant only depending on 1. In particular, one can choose
to > t1 such that

_ K
Lo (0,7 Ty2) > — 4(;? +1)0

for all t > t9. Let z be the orthogonal projection of x5 onto the geodesic ray
connecting v 'y, and 7. Using Corollary we obtain

4
d(z,22) < a(Q(Z +1)9) < (’””2:2’“)9
1

for all 0 < T —— = . Finally, inequality (2.9) in Lemma yields the
requested upper bound

sinh(%@)
1

<I’y*1y2 (.%'2, 77) = <{,Y,1y2 (1'2, Z) < arCSin(sinh(Hld<7_1y2; Z)))

of < -1,,(z2,7n). Using

Y Y2
_ _ 4(ko + K
d(v y2, 2) > d(v y2, 22) — d(22,2) > t — 2a(0) — : 2/{21)9
1

and the estimate ([3.7)) we can choose tg > t2 such that for all ¢t > ¢y we have

Ly (YY1, Y22) + Ty-1y, (x2,m) <0,
which yields
K
<P0(w;a’777) < 2;29 + 0.
1

Hence
<Zpo(vo ;) < <[P0(UO ,wy ) + <o (w3, ym) < 2(/{ + 1),

which implies the assertion.
O

From Propositionfollows that any v € T'g(vo, t) for 8 small enough and
t large enough has an axis whose length is comparable with ¢ and which is
not far away from a geodesic with - recurrent initial vector. More precisely:

Proposition 3.10. Let 6y, tg, and p(0) as in Prop. . Then for all 8 < 6
and all t > to any v € Ty(vo,t) has an axis ¢ with c(—o0) € P ) (vo) and
c(+00) € F 9 (vo) whose length satisfies

2:‘%2
. - (== < <7
(3.8) t—— ( - +3)e < 0+t

Moreover any geodesic ¢,: [0,t] — X with ¢,(0 ) = v € SX such that v €

Ap(vo) N ¢ty Ag(vo) satisfies
(3.9) d(c(s), co(s)) < 2(2"’”2 +3)0 s

K1
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Proof. Let p(0) = 2(2—? +1)6. The existence of an axis ¢ of v with ¢(—o0) €
P ,5)(v0) and c(+00) € F ) (vo) follows directly from Proposition and
Lemma
To prove the estimate for |y|, we consider a vector v € Ag(vo)Nd~ . Ag(vp).
Hence, v € Ay(vg) and ¢'(v) € v.Ag(vg). The definition of Agy(vg) implies
(v=,v") € Py(vg) X Fg(vo), d(mvg, mv) < a(f) and d(y(mvp), 7t (v)) < a(6).
Using the triangle inequality we obtain
a(0) > d(y(mvo), 7" (v)) > d(y(mvo), 7v) — d(mv, 7¢' (v))
> d(v(mvo), mvo) — d(mvo, 7v) —
> d(7y(mvo), mvo) — a(f) — ¢,
and therefore d(y(mvg), mvg) —t < 2a(f). Since |y| = infyex d(p,yp) and
a(f) < %19 for 6 < 0y < 7, we obtain

7] —t <2a(9) < i@.
K1

To obtain a lower bound for |y| we assume that the axis ¢ is parametrized
such that d(mvo, c(0)) = d(mvg, ¢). We then obtain

(3.10) d(mvg, c(0)) = d(mvo,c) < a(p(d)) < ;p(ﬁ),

due to (c(—00),c(+00)) € P,py(vo) x Fpp)(vo) and Lemma Since
v¢(0) = ¢(|y]), the triangle inequality implies

71 = d(e(0), 7¢(0)) > d(rvo, yrve) — d(7e(0), Y(xv0)) — d(vo, e(0))

4
> d(wvp, o) — —p(6)

> d(ro, 76! (v)) = (' (v), ) — (v 70) ~ = p(0)

(©),

which yields the lower bound

>t —2a(0) — /{—1;)

4 4 /2
=T >t=—(0+p0) =t - — (22 +3)s,
K1

K1\ R1

as claimed.
Finally, let ¢, : [0,t] — X be the geodesic with ¢,(0) = v. Since d(mvg, Tv) <
a(0), éy(t) = ¢'(v) € 1+ Ag(vg) and using Eq. (3.10]), we have

d(c(0), ¢, (0)) < d(c(0), mvg) + d(mvg, ¢,(0)) < a(p(8)) + a(),

and
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where we also used that y¢(0) = ¢(]y|) and that v is an isometry. The above
estimate together with (3.8]) implies

d(e(t), cult)) < dle(t), elly) + d(e( 7)), cu(t))
< [t = Iyl + alp(8)) + a(9)
< 2a(p(9)) + 2(6) + a(p(8)) + a(8) = 3a(p(8)) + 3a().

By convexity of the function s +— d(c(s),cy(s)) and the estimates for a(f)
and a(p(f)) we obtain

6 /2
d(c(s), co(s)) < 3a(p(6)) +3a(0) < (=2 +3)0,
for all s € [0, ¢] which concludes the proof. O

The estimate in the above proposition can be somewhat improved if we
additionally assume that the vector v satisfies yrv = wo!(v).

Proposition 3.11. Let 6y, tg, and p(0) as in Prop. and let v € Ty(vo, t)
with 8 < 6y and t > tg. Assume further that there exists a vector v €
Ag(vg) N ¢ty Ag(vo) such that ymv = ¢t (v). Then v has an axis ¢ with
c(—00) € P,g)(vo) and c(+00) € F,g)(vo) whose length satisfies

4 /2kK9
11 <t-— < — (==
(3.11) 0<t h!_m(mm)a
Furthermore
6 2%2
. < (=
(3.12) de(s), culs)) < ( - +3)9 s € (0,4,

where ¢, [0,t] — X is the geodesic with starting vector v.

Proof. Let p(0) = 2(%’ + 1)9. As in the previous proposition, the existence

of the axis ¢ such that c¢(—o00) € P,g)(vo) and c¢(+00) € F,g)(vo) follows

directly from Proposition and Lemma Clearly, the length of ¢ is |v]|.
Since |y| = infpex d(p, vp) and yrv = 7¢'(v), we have

t = d(mv, 7¢ (v)) = d(mv,y7v) > |].
Parametrizing ¢ such that d(mvg, ¢(0)) = d(mvg, ¢), we have
d(ymv,vc(0)) = d(mv, ¢(0)) < d(mv, wvg) + d(mvg, c(0)) < a(f) + a(p(8)),
which follows from Lemma and the assumption v € Ap(vo).

Using the reverse triangle inequality we obtain

] = d(e(0),1¢(0)) > d(ymv, wv) — d(xv, e(0)) — (7w, 7¢(0))
> d(rdt (v), 7v) — 2a(0) — 2a(p(0)) > t — —0 — —p(0),

K1 K1

which implies the estimate (3.11)) using the definition of p(f) and the esti-
mate a(f) < %1«9 for 6 <60y < 7.
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It remains to estimate the distance between c¢(s) and ¢,(s) for s € [0, ].
Since

we have

0

Remark 3.12. If one further assumes that mv = 7vg, the estimates (3.11)
and (3.12)) become

and
d(c(s),cp(s)) < lf(zi + 1)0 Vs € [0, 1],

respectively, since d(mv, ¢(0)) = d(mvg, ¢(0)) < a(p(h)).

We can finally state the announced quantitative version of the closing
lemma for the geodesic flow on the manifold (M, g). For that we recall the
definition of the dynamical metrics d; on SM and introduce its lift d; onto
SX:

dy (v, w) = ter?_alxl] d(cy(t), cy(t)), for allv,w € SM

and

dy(v,w) = ter)[rljilxu d(cv(t),cw(t)), for allv,w € SX,

where d is the metric on M and d its lift on X. We also need the following
Lemma.

Lemma 3.13. Consider the function a(f) := ;Tll arcosh (Fﬂe)) introduced

in Lemma . Then < a(k1B) for all B € [0, ﬁ] and a is monotonically

increasing on [0, min {g, 2“71}]

S

values 0 resp. oo at 0 resp. 7. Note, that § < a(k1p) is equivalent to
9(B) := cosh(k1) cos(k18) < 1.

Since g(0) = 1 and g(5;-) = 0, it is enough to prove that ¢'(8) < 0 for all

B € [0, z5-]. We have

g (B) = k1 sinh(k13) cos(k18) — k1 cosh(k1 ) sin(k13),

Proof. The function S +— a(k1/) is non-negative on [0, 7| and assumes the
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which in particular implies ¢’(0) = 0 and that ¢'(5-) < 0. Since

g"(B) = —2k¥sinh(k18)sin(k18)) <0
we obtain ¢'(8) < 0 on [0, ﬁ], which proves the first part of the lemma.
Finally, for @ € [0,7/2) the function a(f) is monotonically increasing,

hence also on the interval [O, min {g, 2“71}]
O

Theorem 3.14. There exist 5o = dp(k1, k2) € (0, %) and ty = to(k1,k2) > 1
such that for all § < &, all T >ty and all w € SM with di(w, o7 (w)) < §
there exist u € SM, T > 0, and C = %(%2 + 3) max{2m, k1} such that
o7 (u) = u,
T —T'| < 203,

and

di(¢°(w), ¢*(u)) < (5C +1)6 Vs €[0,T].
Proof. Let ¢y [0,T] — M be the geodesic such that ¢'(w) = ¢,(t) for all
te[0,T].

Consider the lift ¢ of ¢, on the universal cover X of M, let p = ¢(0) and
v = ¢(0).

From the assumption d; (w, <Z5T(Ui)) < 0 follows the existence of v € '\ Id
such that dj(v.vo, ¢(T)) < 9, ie. d(v(é(s)),e(T + s))) < 4, for s € [-1,1].
We first observe that

§ > di(7.(v0), &(T)) = di(vo, 75 6" (v0)) = di (vo, #" 7" (v0)).-
From Lemma 2.8 and Remark 2.9 follows

(3.13) (70" (10)) " € Fars(vo) and (v, '¢" (v0))~ € Pars(vo)
for all § € (0,1).

Let now 0y and tg as in Proposition and set 65 := max{2m, k1}0.
Choose dy € (0, ﬁ] such that 05 < 6y for all § € (0,0, and let T" > .
Recall that
(3.14)  Ag(vg) :={v € SX | (v ,vT) € Py(vg) x Fy(vo)

and d(mv, mvg) < a(6)}.
We claim that
Ags (v0) N ¢~ Ty Ag, (vo) # 0.

Since vy € Ag;(vo) it is enough to show that ¢~ T+.(vg) € Ags(vo). From
(3.13) and the definition of 65 it follows

(719" (0)) ™, (716" (v0))™) € Py, (v0) x g (v0)-
Since
d(m(vo), ¢~ 7 (v0)) < di(vo, 677 (v0)) < 6 < a(k16) < a(bs),
by Lemma and by the choice of 5, the claim is proved.
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Proposition now implies the existence of an axis ¢ of v of length 7"
such that
4 /2
T —T'| < 7(2 +3)05
K1 K1
4 /2
< — (ﬂ + 3) max{2m, k1 }d =: 2C0

K1\ R1

(3.15)

and
~ . 6 2/62
d(c(t),c(t) < —(— 0s = 3Co t T
(E().e) < (T2 48)65 =306 vie[o.T]

Since d (w, o7 (w)) < § we have for the lift & of ¢, that
J(vé(s), é(s+T)) <9
for s € [—1,1]. This implies for s € [0, 1]
A(ET + 5),c¢(T +5)) <dET +5),e(T' + 5)) + d(c(T' + 5), ¢(T + s))
= d(&(T + s),ve(s)) + |T = T'|
< d((T + s),78(s)) + d(vé(s), ye(s)) + [T — T'|
< 3+ d(é(s), cs)) +2C6
<6+ 3CH+2CH = (5C +1)6.
For s € [—1,0] we calculate
d(@(s), e(s)) = d(12(s), ve(s))
d(ve(s), é(s +T)) + d(E(s +T), (s + T)) + d(c(s + T), c(s + T"))
§+3C+|T —T'| < (5C +1)6,

since ve(s) = v(s+T) and s+ T € [T —1,T] C [0,7]. Putting all the
estimates together yields

<
<

d(@(t),elt)) < (5C +1)5
for all t € [-1,T + 1] and therefore,
d1(é(t), ¢(t) < (5C +1)8

for all ¢ € [0,T] where C is the one from (3.15). By projecting onto M we
obtain the closed geodesic ¢, = proc with starting vector u € SM of period
T’ satisfying (3.15)). In particular u is such that v = ¢ (u) and

di (¢ (u), ¢'(w)) < (5C +1)d
for all t € [0, 7] as desired. O

If w and ¢ (w) have the same foot-point projection, the underlying closed
geodesic is a geodesic loop and assuming d; (w, ¢ (w)) to be small enough,
it is easy to see that the deck transformation associated to (the lift of) the
geodesic loop has an axis giving the existence of a closed geodesic nearby.
In this case, Proposition [3.11] gives slightly improved action difference and
distance estimate.
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Theorem 3.15. There exist 0y = do(k1, k2) € (O, %) and ty = to(k1, ko) > 1
such that for all § < &g, all T > to and allw € SM such that dy (w, ¢" (w)) <
§ and mw = 7w¢T (w) there exist u € SM, T' > 0, and C = %(% + 1) such
that o7 (u) = u,

0<T—T <4C5,

and

di (¢ (w), ¢*(u)) < (10C +1)5 Vs e [0,T].

Proof. Using the same notation as in Theorem the assumptions imply
the existence of v € I'\ Id such that yp = &T) and dy (ysvo, &(T)) < 6.

Let tg and Ay be as in Proposition and choose dp = %90. Further, let
T > to and set 05 = 270 for all § € [0, dp]. Then 05 < by for 6 < Jp.

As before, we prove that v, 1¢T (vo) € Ag,(vy). We have

0 = d(yp,&(T)) = d(p,y"&T)) = d(p, 77, ¢" vo),
and
(710" (v0))* € Fo,(vo) and (7,16 (v0))~ € Py, (vo)
for all § € (0,%) by Lemma and Remark which proves the claim.

By Proposition and Remark there exists an axis ¢ of v of length
T’ < T satisfying
, 8 /Ko 167 / ko ~
0<T—T < f(—+1)95= —(—+1)6::4C§,
K1 \K1 K1 K1
and such that
~ - 12 K2 ~
d(c(t), &(t)) < == (f + 1)95 =605 Vtel0,T].
K1 \R1
For s € [0, 1] we follow the estimate of the previous proposition to obtain
d(e(T +5),&(T + 5)) < d(c(T + 5),7¢(s)) + d(ye(s), vé(s)) + d(v&(s), &(T + 5))
<T—T 4605+ = (10C + 1)4.

Similarly, for s € [—1,0] we obtain d(c(s),é(s)) < (10C 4 1)8. Projecting
onto M we obtain the desired claim. O

4. CONSTRUCTION OF PARTNER ORBITS

Using the results of Section (3| we can now prove the existence of partner
orbits of self-crossing geodesics, together with the fact that they have smaller
period and that they remain close to the original geodesic.

We recall that a closed geodesic ¢, has a self-crossing at p = ¢,,(0) with
crossing angle ¢ if there is a time 77 € (0,7") such that ¢, (0) = ¢, (71)
and <{rw(w, —cy(T1)) = €. We will also refer to such geodesics as closed
geodesic with self-crossing at p at time 77 to emphasise the time at which
the intersection takes place.
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Theorem 4.1. Let M be a compact Riemannian manifold with sectional
curvature —K% < K < —/i% for 0 < k1 < Ko. Let gg := %m’jrlm and let
To = to(k1,k2) > 1 be the one from Prop. . Then for all e < g, all
Ty, Ty > Ty and all closed geodesic ¢, : [0,T] — M of period T = Ty + T»
with a self-crossing at p = ¢,(0) at time Ty and crossing angle € there exists

a closed orbit ¢, : [0,T'] = M of period T' < T satisfying

18 16
T—T’g(—+ ';2)5,

K1 K7
and such that for some T3 € [0,T'] we have

25 24/-@2)
— €

+—

d(cy(s), cw[0,T7]) < <,{1 p

for s € [0,T3] and

25 24 K9
d u s C—w O>T <|{— 2 )
(cu(8), c—w[0,To]) (m + 2 >e

for s € [T5,T’]. Summarizing both inequalities yields

25 24kg
d(cu(s), cw|0,T]) < | —
(eusheals. ) < (2252 0

for all s € [0,T"].

Proof. Let ¢, : [0,T] — M be as in the statement of the theorem and denote
by cyp1: [0,Th] = M, cpi(t) = cu(t) and cypo: [0,T2] — M, cypa(t) =
cw(T1 + t), where Ty := T — T the associated geodesic loops. Consider
the geodesic loop ¢y : [0,T2] — M given by ¢, 2(t) = cw(T — t) reversing
the orientation of ¢, 2. Let ¢,,1 and ¢, 2 be the lifts of ¢,,1 and ¢y 2 to the
universal cover X such that ¢, 1(71) = ¢y,2(0) =: p; and let 77 and 72 be the
deck transformations with 1 (¢,,1(0)) = €1 (T1) and Y2(¢y 2(0)) = éy 2(T3).
Then & : [0, T3] — X with &(t) = €, 2(T2—t) is a lift of ¢,, 2 with initial point
&(0) = ¢y2(T2) = y2p1 and therefore é3(t) = 72_107(15) is a lift of ¢, 2 such
that 52(0) = P1. Set 51 == 5w71, Do ‘= 51(0), Vo ‘= 51(0) and P2 = 52(T2)
Then ps = 75 &(T2) = 5 "(p1) and <, (¢1(T1), é(0)) = &. Furthermore,

Do (73 171) 400, €2(T2)) = Lo (W, —4p2(0)) = &.

Finally, let ¢3 : [O,T] — X be the geodesic connecting pg and ps2, where

T = d(po, p2). In particular, the points pg, p1, p2 form a geodesic triangle in
X. We observe that Eq. (2.14) in Corollary together with the triangle
inequality yields

. € 2
4.1 0<T-T<2a(=) < —
( ) — — a(2)—51€7

where the last inequality is due to the fact that ¢ < ¢g < w/4. Moreover,
T >T, >Tfori =1,2. Indeed if T < T3, then by Corollary 2.7 we
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would obtain Ty + Ty — 2a(e/2) < T' < T, leading to Ty < 2a(e/2), which
contradicts Proposition A similar contradiction holds assuming 7' < Tb.

Set 01 := <ty (v0,¢3(0)) and Oy := <1, (G3(T), é2(T2)). Clearly, 6; < ¢ for
i = 1,2 and setting v := &3(0) we have v € Ay, (vo) C Aa-(vp), since

(v, v") = (€3(—00), &3(+00)) € (Py, (v0), Fo, (v0))-

We also have

A

(4.2) 7ol (v) = &(T) = p2 = 75 “71P0 = V5 "NV = Y Y17V,

and

o (v0, (1) 71T (v) = <z leo((’YElVl)*vo,ﬁﬁT(v))=<p2((72_171)*00=53(T))

< <y (9 ' 71) w00, E2(T2)) + <y (62(T), E3(T))
<e+ 0y < 2e.

This implies that (5 'v1)5 1¢T( ) € Ag:(vg) and therefore v € ¢7T(’72_1’Y1)*A2€(vo).
In particular

v € Age(v0) N &~ T (75 1) Aae (v0),

which implies 5 fyl € ng(vo, ) Since the vector v satisfies the assump-

tions of Propos1t10n and Remark . T > Ty and ¢ < g, there exists
an axis c of v Ly of length T = |y, 11| satisfying

16

(4.3) 0<T - T<;1(1+1)

and

(4.4) d(c(s), &(s)) < 24( + 1) Vs e [0, 7).
R1 \R1

Moreover, estimates and (4.1] . yield
OgT—T’: (T—T) (T—T')

4.5 2 16 18 16
(4.5) < —e+— ( +1) (——i— I;Q)s.
K1

T K1 K1 K1 K7

Let now ps be the orthogonal projection of p; onto ¢35 and T3 € [0, T | such
that é3(T3) = ps. Since <, (po,p2) € [r — e, 7] and € € [0, 7r/2), we obtain
from Corollary.that d(p1,p3) < a(5). Then d(¢(0, T1] 3(s)) < a(5) for

all s € [0, T3] and d(E2(0, T3], E3(s)) < a(5) for s € [T3, T]. We then obtain
d(c(s),¢1[0, Th]) < d(c(s), e3(s)) + d(es(s), €1(0, Tn])

24 /K e 24
7(724_1)6_‘_@( ) < ( —i—l)e—l-f
K1 \KR1 2 K1 K1

25 24Kg
=|—+—7" )¢
K1 Iil

IA
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for all s € [0,T3]. Similarly
d(c(s), &2[0, To]) < d(c(s), és(s)) + d(cs(s), c2(0, T3])

25 24ko

—+—F €

K1 Iil
for all s € [Tg,T]. Finally, projecting s — ¢(s) onto M we obtain a closed
geodesic ¢, (s) = proc(s) on M of period

T € (T— (§+@)g T)
K1 H% ’ '

IN

Using the estimates above and the fact that 7" < T we obtain

2 24
d(cy(s), col0, T1]) < <5 + ;”) e Vselo,T)
K1 Iﬂ?l
and 25 24
dehen0 T < (24 252) e wemT),
K1 K’l
Summarizing both inequalities yields
25 24
d(cu(s), cu[0,T]) < < + §2> e Vselo,T).
K1 Iil

FIGURE 4.1. Proving Theorem
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5. CONSTRUCTION OF PARTNER ORBITS FOR SURFACES

In the case that the manifold M has dimension 2, it is possible to improve
the estimate for the action difference in Theorem by means of Lemma
2.10[ This new estimate is consistent with the result in [7]. To this end,
we need an estimate from above for the length of closed geodesic loops in
M, and one from above and below for the difference between the lengths of
sides in a geodesic triangle.

Proposition 5.1. Let M be a compact d-dimensional manifold, d > 2,
with sectional curvature —k < K < 0, for some k > 0. Assume that the
injectivity radius inj(M) = & is positive. Let ¢ : [0,r] — M be a geodesic

loop, i.e. ¢(0) = c(r) and assume <(¢(0), —¢(r)) <e > 0. Then

1 b
1 > — h{ —+1
(5.1) r 2 —arcos (1 ~eos(e) + >

with b = 2(cosh(kp) — 1).

Proof. Let é: [0,7] — X be a lift of ¢ and let ¢(0) = v € S,X. Then there
exits v € I' with y(p) = é(r). Furthermore, <(v«(v), —¢(r)) < e and ~é(t)
is the geodesic with initial condition v, (v). Since by the assumption on the

injectivity radius we have d(¢(5),v(¢é(5)) > p. Using (2.7) in Lemma 2.5 we
obtain

cosh(kp) < cosh(md(é(g),'y(é(%)) < COShQ(KJg) — SinhZ(Hg) cos(e)
=1+ sinhZ(ng)(l — cos(e))
1
=1+ i(cosh(m“) —1)(1 — cos(e))
which yields
h — 1) < cosh —1
T~ cos(e) (cosh(kp) — 1) < cosh(kr)
and therefore
1
— [ arcosh L +1 <r
K 1 — cos(e)
where b = 2(cosh(kp) — 1), as claimed. O

Lemma 5.2. Let X be the universal cover of a compact manifold M = X/T°
of dimension d > 2 with sectional curvature 75% <K< 711% with 0 < k1 <
ka. Let A(p1, p2,p3) be a geodesic triangle in X such that <, (p1,p2) = T—¢
for some ¢ € (0,7) and such that T; = d(ps, p;) satisfies with T; instead
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of r fori=1,2. Let T' = d(p1,p2) and T =T} + Ts, then
1 1 8(b+2)?
- (177(177) 2) <T-T
K2 ©8 2 (b+2)4+ 24 )=
1 g2 £\t
<-—tog(1-F-(—=)").
=T g 4 V/2b
Proof. The proof is essentially an application of Lemma We start with

the upper bound. By (2.6)) in Lemma the addition theorem for hyper-
bolic cosine, and the fact that 1 — cos(e) = 2sin?(/2) we estimate

(5.2)
cosh(k1T") > cosh(k1Ty) cosh(k1Ty) — sinh(k1T}) sinh(k1T%) cos(m — €)
= cosh(k1(T1 + T3)) + (cos(e) — 1) sinh(k177) sinh(k17%)
= cosh (k1 (T} + Ty)) — 2sin?(e/2) sinh(x, T} ) sinh(k1T%).

Moreover
sinh(k1T1) sinh(k1Ty) 1 (eMTt — emmT1)(ermTz — gmmT2)
cosh(k1T) 2 el 4 e=mT
(5.3)
(1 _ 6—2K1T1)(1 _ 6—2K1T2) 1
= < —.
2(1 + ¢ 2m7) =2

Using (5.2) and (5.3) and since e*/2 < cosh(z) < (e* + 1)/2, we then

estimate

e T 41 S cosh(k1T")
emT = cosh(k1T)

Using the assumption that 7; satisfies (5.1f) for i« = 1,2 and again the fact
that 1 — cos(e) = 2sin?(¢/2), we obtain

(5.4) > 1 —sin?(g/2).

2sin(e/2
(5.5) e"2Ti > cosh(koT;) > b 1= %7
1 — cos(e) 2sin®(e/2)
so that
- 26 2sin’(c/2) 2sin?(e/2) \ %7
H/1T < 711 _an \e/e) _ _«sInEfa) 2 '
‘ _exp( K2 ? (b+2s,in2(s/2))) (b+251n2(5/2))

Therefore from (5.4)) we obtain
e T'=T) > 1 —gin?(e/2) — e 7T
2sin?(g/2) )2;
b+ 2sin?(e/2)

2 4rq

1-5 - (55)"

>1 - sin®(¢/2) — (
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and consequently
1 g2 £\t
-1z (-5 (5) ")
which proves the upper bound.
For the lower bound we proceed similarly using in Lemma
cosh(kaT") < cosh(koT) + (cos(e) — 1) sinh(k1T}) sinh(k2T%)
= cosh(kaT) — 2sin*(e/2) sinh (k1 T} ) sinh (ko Th).

Since T" < T we have

cosh(roT') _ w2 o7 ooyl
cosh(raT)  er2l f e—ral _ © T+ e 2ml =€

Moreover, using ([5.5) we estimate

K2 (TlfT)'

sinh(k2T1) sinh(kaTa) (1 — e 2r2T1)(1 — e=2m2T2)

cosh(kaT) 2(1 4 e—2r2T)

N (“(%)2)2 1 4(b+2)?

(
> S T T i L o4
- 2<1+ ( 2sin?(e/2) >4> 2 (b+2)*+24
b+2sin?(e/2)
since the function (111724) is decreasing for x € (0,1) and bi;i:%% €
(0, b%) for € € (0, 7). Therefore
! 2
Ra(T'—T) < cosh(k2T") <1 95in2(-/2 <1 o 4(b+2) )
c =~ cosh(keT) — sin”(e/2) 2 (b+2)*+2¢
2
31_2«1_4ﬂﬁ£Li%a
m2\2  (b+2)t+2¢
since sin(z) > 2z for « € (0,7/2), and consequently
1 1 8(b+ 2)?
T -T< —1 (1——(1—7> 2).
= ko ©8 2 (b4 2)* + 24 c
(]

We are now ready to prove Theorem 3 stated in the introduction.

Theorem 5.3. Let M be a 2-dimensional compact Riemannian manifold
with sectional curvature —m% <K< —KZ% for0 < k1 < ky. Letegy := 1“—6“1’1152
and let Ty = to(k1,K2) > 1 as in Proposition . Then for all ¢ < &g, all
Ty, Ty > Ty and all closed geodesics ¢y [0,T] — M of period T = Ty + Ts
with a self-crossing at p = ¢,(0) at time Ty and crossing angle € < g¢ there

exist constants C1,Co,C3 > 0, depending on the curvature bounds and on
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the injectivity radius of M, and a closed geodesic ¢, : [0,T] — M of period
T < T such that

4Kq

0182§T*T/§ Cae r2 %6(0

0362 % S [%,

Proof. Let ¢, be as in the statement and denote by ¢, 1: [0,T1] — M,

cw1(t) = cp(t) and cy2: [0,T2] = M, cya(t) = cw(Th +t), where Ty :=

T — T, its geodesic loops. Let also ¢, 2 such that ¢, 2(t) = c¢,(T —t), and

71, 72 be the deck transformation associated to ¢i = €y, 1, Cy 2, respectively,

which denote the lifts of ¢, ;1 and ¢, 2. Following the beginning of the proof

of Theorem consider the geodesic é(0) = v, '@(t) and set po := ¢(0),

vo = ¢1(0), and py = &(Ty) so that vi(po) = p1, ¥5 (p1) = p2, and
<y, (61(T1), é2(0)) = . Moreover,

G (9 171) 500, E2(T2)) = T (w, —é0,2(0)) = €.
Denote by ¢3: [0, T | = M the geodesic connecting py and py where T =
d(po, p2). Let also 01 := <tp,(vo,¢3(0)) and b := <, (C3(17), &5(T2)).
Considering again the vector v := ¢3(0) and arguing as in the proof of

Theorem we obtain that 75 'y1 € oz (vg, T') and Proposition yields
the existence of an axis ¢ of v, 'y, such that ¢(—o0) € P -y and ¢(+00) €

F(2c), for p(2e) = 4(:—? + 1)5.
To estimate the action difference |T' — 7’| where T" = |5 71| we proceed
as follow. Parametrising ¢ such that d(po, c) = d(po, ¢(0)), we have

d(p2, c(T")) = d(v3 '71(po), 72 ' 71(c(0)))
8 K9
= d(po, ¢(0)) < a(p(2e)) < ;1(;1 +1)e,
by Lemma Further we have § = <) (po,c(T")) = <17y (p2,c(21"))
which in turn gives <7v)(p2,¢(0)) = 5, due to dimension 2. This means

that ¢[0,7"] is the orthogonal projection of &[0,7] onto ¢. Hence, Lemma
[2.10] (applicable because of dimension 2) with ry = r5 = d(po, ¢(0)) yields

N

!/

sinh (Hgg) < cosh(k2d(po, ¢(0)) sinh (ﬁg%),
and since T > T’ = |y, 'v1| and using the estimate for d(po, ¢(0)) we further
obtain
ST eraT/2(1 — e=T)  sinh(kyT/2)
“er2T'/2(1 — e=r2T")  sinh(koT7/2)
< cosh (k2a(p(2¢))).

Using the definition of the function a(-), we conclude that there exists a
constant D > 0 depending on k1 and kg such that

T—1’
e 2 <1+ De?,
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leading to
T ! 2 2
(5.6) T —-T < —log(1+ De?).
K2

Combining this estimate with the upper bound in Lemma and using the
Taylor series of log(1 + x) and of log(1l — ) we find constants Cy,C3 > 0
depending on k1, k2 and inj(M) such that

T—1'=(T-1)+ (@ -1
2 1 g2 dry
< Zlog(1+ De?) — —1o (1_7_<7 ﬂz)
K2 8 ) K1 & 4 V2b
m
< Che m2 %E(O,%)
o 0362 mE[%l

Finally, since 7' — 7" > 0 the lower bound in Lemma yields
T-T =(T-T)+(T-T)

2o (- a1 G

Y

Z 01527

for C7 > 0 being the first non-zero coefficient of the Taylor expansion of the
function on the second line at ¢ = 0. Combining the estimates above, we
obtain the desired action difference.

O

6. CONSTRUCTION OF PSEUDO-PARTNER ORBITS

We now turn to the study of closed geodesics ¢, : [0,T] — M, where M is
again a manifold of arbitrary dimension, of period 71" having a large crossing
angle at ¢, (0) = ¢(11) for T7 € (0,7). We will express this fact assuming
that its complement angle <(ry(w, ¢y (71)) = € is small enough. Indeed, if
the latter angle is small, the crossing angle <(ry(w, —¢w(71)) is necessarily
between m — € and 7, and therefore large. Under this assumptions we show
that a pair of closed geodesics exists which stay close to the two loops gen-
erating the original closed geodesic and whose length are comparable but
slightly smaller than the length of the loops. This pair of geodesics is often
referred to as pseudo-partner orbits.

Theorem 6.1. Let M be a compact Riemannian manifold with sectional
curvature —n% < K < —H% for 0 < k1 < Ko. Let gy := 1%»@1252 and let
To = to(k1, k2) > 1 be the one from Prop. . Then for all closed geodesic
cw : [0,T] = M of period T with a self-crossing at p = ¢, (0) at time Ty
such that <, (w, ¢y (Th)) =€ < eo and T1, Ty :=T — T > Ty there exists a
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pair of closed geodesics ¢, and cy, of period Ty and Ty, satisfying
. 8 . 8
0§T1—T1§<H2—|—1>5 and 0 <TH, —Th < — <@+1>5.
K1 \ K1 K1 (K1

Furthermore,

fOT s € [07T1]; and
Alean(s)seuls + 1) < = (2 41)e

for s € [0, Ts]. In particular,

A(cur (1), 0y (0)) < 22 <”2 + 1> e.

K1 \ K1
Proof. Let ¢, : [0,T] — M be as in the statement of the theorem and
denote by cy1: [0,T1] = M, cy,1(t) = cw(t) and ¢y 2: [0,T2] = M, cy2(t) =
cw(T1 +t), where Ty := T — T the associated geodesic loops. Let &, 1 be a
lifts of ¢, 1 to the universal cover X and set &,,1(0) =: po € X, é4,.1(0) := v,
and ¢, 1(T1) =: p1. Let 4 be the deck transformation with v;(po) = p1.
Then

<Ip1((’)/1)*’00, éw,l(Tl)) = <[7Tw(w’éw7l(Tl))) =€

by assumption, which implies that ¢ (vg) € (71)«Ac(vo).
Therefore vg € Ac(vo) N ¢~ 1 (1)« Ac(vp) and by Proposition and
Remark there exists an axis ¢; of 41 of length T} such that

.8
(6.1) 0<T — T g—(ﬂ—i—l)s,
K1 \KR1
and such that
~ 12 )
. < 2=
(6.2) d(er(s), e (5) < (H1 +1)e

for all s € [0,T7].

A similar construction using a lift of the geodesic loop ¢, 2 and the asso-
ciated deck transformation vy, we obtain the existence of an axis ¢o of 9 of
length T satisfying

~ 8 K2
. <Th, —-Th < —(—+1
(6.3) 0<T5 2_%1</{1+>5,
and such that
12
(6.4) dlea(s),eup(s) < (22 +1)e
K1 \R1

for all s € [0,T3].
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Projecting the two axis ¢; and co onto M we obtain two closed geodesics
cu, = proci(s) and ¢, = proca(s) of period 71 and T, respectively, whose

periods satisfy (6.1]) and (6.3)), and such that

12
den(s),cu(s) < — (= +1)e, 50,71,
K1 \KR1
and
12 K2

dews(s)cu(s +T) < = (2 41)e, s €[0T,
K1 \R1

Moreover, using these estimates and the triangle inequality we obtain

d(cuy (T1), €uy (0)) < d(cuy (Th), w1 (T1)) + d(Cw,1 (Th), cw 1 (T1))
+ d(cw,2(0), cu, (0))

12 A 12

< —(@+1)s+(T1 —T1)+—(@+1>s
K1 \R1 K1 \K1
24 2

< *(@—Fl)e—l—é(@%-l)e: 3—<@+1>5
K1 \K1 K1 \K1 K1 \K1

which yields the last estimate. ([l
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