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BOUNDARY BEHAVIOR OF COMPACT MANIFOLDS WITH SCALAR
CURVATURE LOWER BOUNDS AND STATIC QUASI-LOCAL MASS OF TORI

AGHIL ALAEE, PEI-KEN HUNG, AND MARCUS KHURI

ABSTRACT. A classic result of Shi and Tam states that a 2-sphere of positive Gauss and mean
curvature bounding a compact 3-manifold with nonnegative scalar curvature, must have total mean
curvature not greater than that of the isometric embedding into Euclidean 3-space, with equality only
for domains in this reference manifold. We generalize this result to 2-tori of Guass curvature greater
than —1, which bound a compact 3-manifold having scalar curvature not less than —6 and at least
one other boundary component satisfying a ‘trapping condition’. The conclusion is that the total
weighted mean curvature is not greater than that of an isometric embedding into the Kottler manifold,
with equality only for domains in this space. Examples are given to show that the assumption of
a secondary boundary component cannot be removed. The result gives a positive mass theorem for
the static Brown-York mass of tori, in analogy to the Shi-Tam positivity of the standard Brown-
York mass, and represents the first such quasi-local mass positivity result for non-spherical surfaces.
Furthermore, we prove a Penrose-type inequality in this setting.

1. INTRODUCTION

How does a scalar curvature lower bound affect the boundary geometry of a compact Riemannian
manifold? In [12, page 163] Gromov has conjectured that if a compact manifold has scalar curvature
lower bound ¢ € R, then the total mean curvature of the boundary should be bounded above by
a constant depending only on ¢ and the intrinsic geometry of the boundary. Most of the work in
this direction has focused on the case when ¢ = 0 and the boundary consists of spheres, see [21]
and the references therein. A landmark result of this type for 3-manifolds is that of Shi-Tam [19] (a
version also holds in higher dimensions [10]), which shows that if the boundary is mean convex then
the total mean curvature of each boundary component having positive Gauss curvature is bounded
above by the total mean curvature of its isometric embedding into R3. The difference of these two
total mean curvatures appears naturally in mathematical relativity, and is known as the Brown-York
[6] quasi-local mass

(1.1) mpy(S) = — /Z (Hy — H)dA.
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Here ¥ is a boundary component of a compact Riemannian 3-manifold (€2, g), H is the mean curvature
with respect to the outer normal, and Hy is the mean curvature of the isometric image in Euclidean
space. Thus, in analogy with the positive mass theorem, their result states that nonnegative scalar
curvature of 2 implies that mpy (X) > 0. Moreover, they showed that equality is achieved only when
(2, g) is isometric to a domain in R3.

One of the major open problems in mathematical relativity is the definition of a universal quasi-
local mass for closed spacelike 2-surfaces in spacetime [18]. Physically this quantity should represent
the mass-energy content within the surface, while geometrically it may be interpreted as measuring
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the deviation of a domain enclosed by the surface from a model geometry. The use of a model or
reference spacetime is especially pronounced in the Hamilton-Jacobi family of masses, which have
received much attention in recent years particularly with the development of the Wang-Yau mass
[25]. The target spacetime is typically taken to be Minkowski space, and in special cases such as
with the Brown-York mass the model space is restricted further to the Euclidean constant time
slices. Although there are several quasi-local mass definitions of this variety that possess desirable
properties for surfaces of spherical topology, including the positive mass theorem and Penrose-type
inequalities [2,/41/6},16,125], little is known about the quasi-local mass of surfaces with nonzero genus.
For instance, the definitions of the Wang-Yau and Liu-Yau masses are inapplicable for tori. On the
other hand, Alaee-Khuri-Yau [3] recently introduced a notion of mass with positivity properties for
surfaces of any topology which admit an isometric embedding into Minkowski space. However, a
general existence result for isometric embeddings of non-spherical surfaces into Minkowski space is
lacking. Moreover, it is desirable to have a purely Riemannian version of the positivity, a la Shi-Tam,
for surfaces with genus.

In order to expand the range of possible model comparison geometries, it is natural for both
mathematical and physical reasons to consider reference spaces which are static. Recall that a static
manifold is a Riemannian manifold (M, b) which comes endowed with a positive potential function
V that lies in the cokernel of the linearized scalar curvature operator

(1.2) (AV)b — V2V + VRic(b) = 0.
The name is due to the fact that this data and relevant equations arise from static spacetimes which
satisfy the Einstein vacuum equations, where the potential function plays the role of a lapse for the
timelike Killing field and the Riemannian manifold is a constant time slice. In this setting the static
Brown-York mass becomes

1
(1.3) miy(9) = o [V (Ho - H)dA,

b))
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where Hj is the mean curvature of the isometric embedding ¥ < (M,b). Positivity properties
of the static Brown-York mass for spheres with respect to the Schwarzschild manifold have been
established by Lu-Miao [17] with a localized Penrose inequality, and a related spacetime version of
this was obtained by Alaee-Khuri-Yau [2]. Furthermore, when the reference manifold is hyperbolic
space Shi-Tam [20] and Wang-Yau [24] have proven the positive mass theorem for the static mass
of spheres. Other developments concerning static adaptions of various quasi-local masses have been
found by several authors, for a survey see |23].

In this paper, we prove the first positive mass theorem for the static quasi-local mass of tori. The
model geometry will be taken to be the static Kottler manifold (R x T2,b = ds? + ¢?*0), where
o is a standard flat metric on the 2-torus. The potential function V = e® ensures that the static
equations are satisfied. Note that this manifold arises as a quotient of hyperbolic space H? with
identifications along horospheres, and is the induced metric on a constant time slice of the (toroidal)
Kottler spacetime [8] with zero mass and cosmological constant A = —3. A primary motivation for
this choice of reference space is the isometric embedding result of Gromov [11, Theorem B’ (iii),
Section 3.2.4], which shows that any metric on the torus can be isometrically embedded in a scaled
Kottler manifold with sufficiently large negative curvature. Alternatively, one may appropriately
scale any torus to obtain an isometric embedding into the fixed Kottler manifold with scalar curvature
R = —6. These isometric embeddings are constructed as graphs over the s = 0 level set; we shall
refer to such maps as graphical isometric embeddings. It follows that there is a large family of tori
which satisfy the isometric embedding criteria of the main theorem below.



STATIC QUASI-LOCAL MASS OF TORI 3

In order to state the result, some restrictions on the topology of the domain (2, ¢) and its relation
to the surface of interest X, will be needed. In particular, we will utilize the so called homotopy
condition from [9], which generalizes the situation in which there is a retraction of €2 onto its boundary
component Y. The manifold €2 will be said to satisfy the homotopy condition with respect X, if there
exists a continuous map p : 2 — X such that its composition with inclusion poi : ¥ — ¥ is homotopic
to the identity.

Theorem 1.1. Let (€2, g) be a compact connected and orientable smooth Riemannian 3-manifold with
boundary 0 = X U Xy, satisfying scalar curvature lower bound R > —6, the homotopy condition
with respect to ¥, and Ho(Q, Xp;Z) = 0. Assume that ¥ is a torus with Gauss curvature K > —1
and mean curvature H > 0 with respect to the outer normal, and that it admits a graphical isometric
embedding into a Kottler manifold.

(1) If the boundary ¥y is nonempty and has mean curvature H < 2 with respect to the inner
normal, then m3, (X) > 0.

(2) The same conclusion holds if the boundary X5, contains additional components of genus zero
with H < —2.

(8) Under the same hypotheses, if m3y (X) = 0 then 5y, has one component and (S, g) is isometric
to a region in a Kottler manifold.

(4) If Xy, is a minimal surface and E,ll 18 the component with least area then a Penrose-type
iequality holds

21
(1.4) miy (2) > 616};"

where C = 4miny, O,u > 0 in which u a particular spacetime harmonic function and v
denotes the unit inner normal.

Remark 1.2. These results fail to hold if the auxiliary boundary component Y; does not satisfy
the mean curvature condition, or €2 does not satisfy the homotopy condition. Explicit examples are
given in the appendix to illustrate this point.

The proof will rely on a Shi-Tam style extension argument, together with the so called spacetime
harmonic functions that satisfy the equation Au = 3|Vu| and which were introduced in the context
of the asymptotically flat spacetime positive mass theorem [13|. These functions were later employed
to treat the asymptotically locally hyperbolic case of a toroidal infinity by the current authors [1],
and Theorem may be viewed as a localization of those results analogous to the localizations of
global positive mass theorems obtained in [2,/17,/19,]20,24]. The rigidity statement in Theorem
is also related to those of Eichmair-Galloway-Mendes [9, Corollary 1.4] and Yau |27, Theorem 3.2],
who obtained the same conclusion with different hypotheses involving a pointwise inequality for the
mean curvature of X instead of the quasi-local mass condition. Note that the pointwise assumption
on the mean curvature of ¥, can be interpreted as a trapping condition, whereby in a spacetime
setting with umbilic initial data the null-mean curvature of this surface is nonpositive, signaling a
trapped surface that is associated with black holes.

This paper is outlined as follows. In section[2] we prove global existence and asymptotics of the unit
normal flow within the Kottler manifold emanating from the isometric embedding of . Section [3|is
dedicated to the construction of a Bartnik-Shi-Tam asymptotically hyperbolic extension with toroidal
infinity, while in Section {4] it is shown that the static Brown-York mass of the extension’s leaves
converges to the total mass. A positive mass theorem with corners for asymptotically hyperbolic
manifolds with toroidal infinity is then established with the aid of spacetime harmonic functions,
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and Theorem is proved in the final Section Lastly, an Appendix [A] is included to provide
counterexamples to the conclusions of the main theorem if the hypothesis of nonempty ¥, is removed.

2. UNiT NorMAL FLow

In this section we consider the asymptotics and convergence of the unit normal flow in a Kottler
manifold, emanating from a graphical surface with positive semidefinite second fundamental form.
Let My = (R x T?,b = ds® + €?*0) be a Kottler manifold with flat metric 0 = 0;;d0'd¢’ on the
2-torus where o0;; are constants and 6" are circle coordinates, and consider a graph over the s-level
sets

(2.1) B0 = {(v(0),0) |0 = (¢",6%) € T%}
given by a smooth function v on 72. Then the induced metric on ¥y as well as its inverse are given
by

(2.2) Vij = e%aij + v;v5, 7 = e gl — pT2emMyiyd
where v; = Opiv, v' = o¥v;, and p? = 14+e72Y|Vw|2. Moreover, the unit normal vector to X pointing
towards infinity is

(2.3) v=p"(0s —e '),
while the second fundamental form may be expressed as
(2.4) hij = b(VZ v, 89]-) = p_l (—Vijv + QUZ‘U]' + 62v0'ij)

where V and V are the Levi-Civita connections with respect to b and o, respectively. Let F': [0,t0) X
T? — M, be a 1-parameter family of graphical embeddings with F(¢,0) = (v(t, ©(t,0)), O(t,#)) which
satisfies the unit normal flow equation

(25) 6tF =V,

where O(t,-) : T? — T? is a 1-parameter family of diffeomorphisms. We may write ¥; = F(t,T?),
and for convenience will often continue to denote quantities relevant to 3; as above without reference
to .

Proposition 2.1. Suppose that the second fundamental form of the initial surface g C My is
positive semidefinite. Then the unit normal flow exists for all time as a smooth graph, and the
translated graph functions v(t,-) —t converge in C*(T?) for any £ to a smooth function on the torus.
Moreover, the maps O(t,-) converge smoothly to a limiting diffeomorphism.

Proof. First note that local in time existence follows from a standard implicit function theorem

argument for this flow. To obtain long time existence we will establish uniform a priori estimates

on a maximal time interval [0,%y). Notice that the evolution equation (2.5) is equivalent to v = p~1,

and 6" = —p~Le=2%y" where dot denotes differentiation in time, and thus

(2.6) O =10—0"pv=p= (1+6_2”|V1}|3)1/2.

This shows that v is nondecreasing, and that v — ¢ satisfies the transport equation
(2.7) olv—1t)=(p+ 1) te 20 9y (v —t).

Integrating along characteristics yields an upper bound while the monotonicity gives a lower bound,
namely

(2.8) Vmin(0) < Vimin(t) < Vmax(t) < Vmax(0) + 1,



STATIC QUASI-LOCAL MASS OF TORI 5

where vmax(t) = maxger2 v(t, 0) and vyin(t) = mingep2 v(t, §). Furthermore, control on first deriva-

tives may be obtained from the computation
(2.9) o(p® — 1) = — 2(d)e 2| V|2 + 2e™ 20 i (9yv)
' =—2p(p" = 1) — p e 0 0 (> — 1),

where (2.6) has been used. More precisely, viewing this as a transport equation for p?> — 1 and
integrating again along characteristics while utilizing —2p(p? — 1) < —2(p? — 1) produces

(2.10) pPP—1<Ce ™
where the constant C' depends only on p|y,,. Therefore (2.8) yields
(2.11) V)2 = e?(p? — 1) < CePmax(0),

To obtain C? bounds, we will employ the second fundamental form. Observe that since the ambient
metric has constant sectional curvature —1, the relevant evolution equation is

(2.12) bl = —hEh] + 67,

This equation admits an explicit solution, which when interpreting the (1, 1)-tensors as matrices may
be expressed as

(2.13) h(t) =6+ 2e72(h(0) — 8) [A(0) + 8 — (A(0) — )e™] .

Since the initial second fundamental form h(0) is positive semidefinite (with respect to v(0)), we find
that h(t) inherits this property for all future times, moreover

(2.14) |h =], < Ce™.

Next note that and show that

(2.15) Vijv = —phij + 2vvj + €*oi; = —p(hi; — vij) + (2 — p)vivj + (1 — p)e* oy
Hence , , and imply that

(2.16) V20|, < C,

where C depends only on X.

In order to estimate higher order derivatives, let D be the Levi-Civita connection of « and set
ﬁij = hij — ’Yij- Then we claim that
(2.17) |D™Bly < Cype= 2T

for any integer m > 0, where the constants C,, only have dependence on m and ¥y. To see this, first
note that the case m = 0 has already been established in (2.14)). Proceeding by induction, assume
that the estimate holds for integers up to and including m — 1. Observe that (2.12]) together with
Oyvij = 2h;j produces

(2.18) OBij = BirBy,

and a direct computation gives

(2.19) oy(D™B,D™B) = (0yy) (D™ B, D™B) + 2v ([0, D™] B, D™ B) + 27 (D03, D™p) .

Each term from this expression will be analyzed separately. In particular, using 97" = —2y% —23%

yields
(2.20) (Opy) (D™, D™ ) = =2(m 4 2)y(D™ B, D™B) +  x D™ 5+ D™ .
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Furthermore, since the time derivative of Christoffel symbols for v takes the form

(2.21) (9tffj = " (D;hj + Djhiy, — Dihij) = v (DiBjx + D;jBix — DiBi) ,
we find that
m—1
(2.22) [0, D™ B =Y D™ PBx DB,
p=0
and hence
m—1
(2.23) ¥([0,, D™ B,D"B) = > D™ PBx DB+ D™B.
p=0

Next, observe that the evolution equation for § shows

m

(2.24) v (D™9,8,D™B) => D™ PBx DPBx D™,
p=0
and therefore by combining the above we find
m—1
(2.25) 0yy(D™B,D™B) = —2(m + 2)y(D™B,D™B) + B+ DB« DB+ Y D™ PR« DB« DB,
p=1
It then follows from the induction hypothesis that
(2.26) 0| D™BI3 < (=2(m +2) + Ce )| D™ B2 + Ce 2 D7),

where C' is a constant depending only on m. Treating this as a linear first order ODE inequality for
|D™ |, immediately gives rise to the desired estimate (2.17)), and the formula (2.15) then yields

(2.27) V" 20|, < Chp.
We may now bootstrap equation (2.6 to obtain uniform bounds for derivatives in time and space
(2.28) 10!V, < Clpm,

for some C},,, dependent only on I, m, and ¥g. Standard arguments then show that the flow may be
extended smoothly beyond the maximal time %y, and therefore the solution exists for all time.
It remains to establish convergence of the translated graphs. Notice that (2.10]) implies

(2.29) 0i(v—t)| =p—1<Ce™

It follows that v(t,-) — t is Cauchy in C%(T?) as t — oo, and therefore converges to a continuous
limit. Furthermore, differentiating the equation (2.10) and using (2.27)) leads to

(2.30) 0V (v —t)]g < Cre™ %,

from which we obtain convergence of all higher order derivatives.
Lastly, consider the second initial value problem defining the normal flow

(2.31) 00 = _pileiwvv =: U(t, @)7 @(07 ) = 1d,

where Id : T? — T? is the identity map. Since the vector fields & are smooth and the torus is
compact, a unique solution consisting of a 1-parameter family of diffeomorphisms exists for all time,
and is smooth in both time and space. Note that by the estimates above for the graph function v,
we have |U|, < Ce™?! globally for some constant C. It follows from that ©(t,-) is Cauchy
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in C°(T?,T?) as t — oo, and thus converges to a continuous limiting map. To obtain higher order
convergence, differentiate the evolution equation to find

(2.32) 8, (05:0) = (vaw.u) (95:07).

Viewing this as a first order linear ODE for the vector field 050, in which the coefficients satisfy
|VU|, < Ce 2! we find that this vector field is uniformly bounded in time. Using this fact in the
equation then implies that O(t,-) is Cauchy in C1(T? T?) as t — oo, and thus converges to
a continuously differentiable limiting map ©.,. Continuing in this way with a bootstrap argument
yields the desired smooth convergence. In order to show that the limiting map is a diffeomorphism,
first observe that homotopy invariance of the degree implies that deg©®, = 1, and hence it is
surjective. We next claim that this map is a local diffeomorphism. Assume by way of contradiction
that the Jacobian determinant is zero at a point § € T2, then there exists a nonzero pair of constants
such that ¥;c!05:0(f) = 0. Consider the time dependent vectors at this point X (t) = ¥;c'05:0(¢, 0),
and note that implies

(2.33) |0 log | X|,| < Ce™?,

which yields a contradiction for sufficiently large ¢t. We conclude that the Jacobian determinant
is always nonzero for the limiting map, and hence by the inverse function theorem it is a local
diffeomorphism. Because O, : T2 — T2 is also proper, it is a covering map. Furthermore, since
O(t,-) and Oy are homotopic, after conjugation they induce the same homomorphism between
fundamental groups, so that their respective image subgroups have the same index. It follows that
the degree of the cover is 1 which implies O is injective, and therefore is a diffeomorphism. O

3. A BATRNIK-SHI-TAM EXTENSION

In this section we will construct an asymptotically hyperbolic extension of the compact manifold €2
by utilizing the isometric embedding of its toroidal boundary component ¥ into the Kottler manifold,
as well as the unit normal flow from the previous section. This is analogous to the extensions employed
by Bartnik [5] and Shi-Tam [19,20] in the case of spheres. Let {X¢},c[0,0c) be the leaves of the unit
normal flow emanating from the isometric image of ¥, and denote the corresponding induced metrics,
Gauss curvatures, mean curvatures, second fundamental forms, and principal curvatures by ~;, K,
Hy, hy, and Aq(t), A2(t). Since the Kottler metric b is of constant curvature we have Ricy(v,v) = —2
where v is the unit normal to X, and therefore taking two traces of the Gauss equations yields

(3.1) 2M1(H)A2(t) = HE — |h|?, = 2Ricy(v,v) + (2K; + 6) = 2K, + 2.

It follows that if Ky > —1 then X has positive definite second fundamental form, since both A;(0)
and A2(0) cannot be negative as this would lead to a contradiction with by taking a trace and
applying the maximum principle. Proposition then shows that the flow exists for all time, and
guarantees that the principal curvatures remain positive throughout, which in turn preserves
the Gauss curvature bound K; > —1.

The normal flow produces a foliation of My outside of ¥g. This region in parametric space will be
denoted by Q4 = F~1(U°%;), and the Kottler metric there may be expressed as F*b = dt? + ;.
Then a Bartnik-Shi-Tam extension of €2 is the Riemannian manifold (24, ¢g4+) with

(3.2) g+ = w?dt? + Y,
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where the function w satisfies the evolution equation
{Ht(?tw = w?Ayw + (K; + 3) (w — w3) on Q4

(3:3) w(0,0) = wo() >0

9
in which A; is the Laplace-Beltrami operator for ;. This equation guarantees [24, (2.10)] that the
scalar curvature of the extension is Ry, = —6.

Lemma 3.1. Suppose that the surface 3o C My admits the Gauss curvature lower bound Ky > —1.
Then there exists a unique smooth positive solution to (3.3|) for all time, and

C Bt 1)
(3.4) tlg&e (w—1) =ws

for some woo € C(T?). Moreover, this convergence occurs in C*(T?) for any £, and time derivatives
of this quantity decay at the rate e~ 2.

Proof. As noted above, the Gauss curvature lower bound guarantees that the normal flow exists for all
time and has leaves with positive definite second fundamental form, in particular H; > 0. Moreover,
implies that H; = 2+0(e~2!) as t — oo, and thus the mean curvature has a uniformly positive
lower bound throughout the flow. Since the initial condition wg > 0, the linearized equation for (3.3))
is then strictly parabolic so that the implicit function theorem guarantees the existence of a unique
positive solution w for a short time. To extend the flow further, uniform C° bounds will be applied.
Namely, following |19, Lemma 2.2] one may solve the ODE

(3.5) w'(t) = n(t)(w — w*)
to obtain
- 2 [l n(ar) " /?
(3.6) w[C,n)(t) = (1 tCe 2l ) :
where C'is a constant. A comparison argument then yields wW[C_,n_] < w < w[Cy,n4] in which
Ki+3 -

(3.7) Ny = rrgtn }It , Cy=-1+ (ngxwo +1 )
and if miny,, wp > 1 then

Ki+3 -
(3.8) - = max th , C_ = (n%ion w0> -1,

otherwise replace 17— with 1, to achieve the lower bound. Notice that (2.14)) gives \; = 1+ O(e™2),
i = 1,2 and from (3.1 this implies K; = O(e~%). Therefore ne = 3/2 + O(e™?"), and the barrier
estimates show that w remains uniformly positive while also satisfying the asymptotics

(3.9) lw— 1| < Coe™™,

for some constant Cj. This analysis may be combined with Krylov-Safanov estimates |15, Theorem
4.2] to obtain control in C%¢, followed by Schauder estimates to bound all higher derivatives. Long
time existence and uniqueness of a smooth solution to (3.3]) is then established.
In order to obtain refined asymptotics, consider the function z = 3! (w — 1). By rescaling the
metric 4; = e~ 2!y, on ¥, we find that this function satisfies
Oz =3 9w + 3z
(3.10) = (H; 'w?Ayw + H (K + 3) (w — w?)) + 32

= H Az + (3 — Hy (K + 3)w(1 4 w)) 2.
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Here A, is the Laplacian with respect to 44, which according to (2.2]) and Proposition is uniformly
equivalent to the Laplace operator with respect to the flat metric o on 72. This equation suggests

the change of variables 7 = —%6_%, which produces

(3.11) Orz = Hy 'w? Az + € (3 — Hy YKy + 3)w(l +w)) 2

for 7 € [—%, 0). Note that the asymptotics discussed above show that the zeroth-order coefficient is
O(1) are 7 — 0. Therefore, since the equation is uniformly parabolic standard theory shows that z
extends smoothly to a function we, € C®(T?) at 7 = 0. The desired limit and convergence
properties now follow. O

Having constructed the extension (Q4,g4) of (2, ¢g), we will now verify that it is asymptotically
hyperbolic; the precise definition of this type of asymptotic condition is provided in the next section.
To accomplish this goal, we observe that in addition to the original Kottler coordinates (s,6) on
F(Q4) C My, an alternate set of coordinates (¢,6) is also available arising from the foliation given
by the normal flow. Furthermore, the relation between the two sets of coordinates is provided by
Proposition [2.1] and its proof, namely

(3.12) s(t,0) —t = f(0) +O0(e™*)

for some function f € C°°(T?) as t — oo, where all derivatives of this quantity also decay at the
same rate when measured with respect to the background metric b. Moreover, this relation together

with (3.4]) yields
(3.13) lim €% (wo F™' —1) = e Weo 0 07! =: wee,

[e.e]
S§—00

and all derivatives of this quantity decay at the rate O(e~2*) when measured in b; the notation GO,
indicates the limiting diffeomorphism of the torus from Proposition [2.1

Lemma 3.2. Under the hypothesis of Lemma the extension manifold (4, g+) is asymptotically
hyperbolic.

Proof. Tt suffices to rearrange the expression for the metric in the asymptotic end. Observe that
utilizing (3.12)) and (3.13) produces

(F~Y* gy =(F71)* (w?dt® + )
=(F71)* (dt?* + v + (w® — 1)dt?)
=(F~1)* (F*b+ (w? — 1)dt?)

(3.14) =ds® + e o+ 2(wo F71 = 1)d(t o F71)? + O(e™%)d(t o F71)?
=ds® 4 €®°0 4 2wooe 3%ds? — dweoe ™ fidsdf? + 2wooe_35fifjd«9id9j +Q
=(1 4 weoe %)2ds* + *0 + Q,

where

(3.15) 1Qly + |VQIp + [V2Qlp = O(e™*).

Consider now the change of radial coordinate r = s — %wooe_?’s and note that this yields

2
(3.16) Vg = dr® + (eQT + u:;ooe_T> o+ Q,
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in which Q satisfies (3.15]) with s replaced by r. Here 9 : (rg,00) x T? — €, \ K, where K is a
compact set, is the diffeomorphism arising from the composition of F~1 and the radial coordinate
change. The desired result now follows. O

We end this section by recording an observation that the normal flow gives rise to a monotonic
static Brown-York mass which compares the geometry of leaves in the Kottler setting to that in the
Bartnik-Shi-Tam extension. The next result follows from Lu-Miao [17, Proposition 2.2], after noting
that the Kottler manifold M}, is static with potential V' = e°.

Proposition 3.3. Let {(Z¢,v)}i2, denote the normal flow emanating from a surface £o C Mj,
having Gauss curvature Ko > —1. If (Qy, gy = w?dt®> + ) is a corresponding Bartnik-Shi-Tam
extension then

(3.17) V (Hy — Hy)dA, = —/

dt [y, 2,
where Hy and Hy are the mean curvatures of >y with respect to b and g4 respectively, while hy is
the second fundamental form with respect to b, and v is the unit outer normal. In particular, since
9,V >0 and H} — ]ht\?ﬁ > 0 the static Brown-York mass is nonincreasing in t, and is constant if
and only if w = 1.

1
’wfl(w - ]_)2 <Ht8,/v + 5‘/ (I’It2 - |ht”2}’t)> dA’th

4. CONVERGENCE OF STATIC BROWN-YORK MASS IN THE EXTENSION

A Riemannian 3-manifold (M, g) will be called asymptotically hyperbolic with toroidal infinity, if
there is a compact set X C M such that its complement is diffeomorphic to a cylinder with torus
cross-sections, and in the coordinates given by the diffeomorphism v : (rg,00) x T? — M \ K the
metric has an expansion

(4.1) Pg=dr’+e”o+e "m+Q,

where r € (rg,00) is the radial coordinate, o is a flat metric and m is a symmetric 2-tensor all on
T?, and Q is a symmetric 2-tensor on (rg,00) x T2 with the property that

(4.2) Qo+ [VQl + [V2Qly = o(e™").
As before b is the model hyperbolic metric dr? + ¢* ¢ on (rg,00) x T2, and V is the Levi-Civita

connection of b. The quantity Tr,(3m) is referred to as the mass aspect function, and by Chrusciel-
Herzlich [7] it gives rise to a well-defined total mass

(4.3) m(g) = 16% /T T (3m)dA,

if the scalar curvature satisfies (R, + 6) € L'(M \ K); this condition will henceforth be included in
the asymptotics definition above. We have that the Bartnik-Shi-Tam extension (24, g+ ) constructed
in the previous section is asymptotically hyperbolic with toroidal infinity by Lemma [3.2] Therefore,
the extension’s total mass may be computed from (3.16|) to yield

1
(4.4) migr) = - [ wdAa,

™ J12
after noting that m = %wooa in this case.

Proposition 4.1. Under the hypotheses and notation of Proposition it holds that

1 _
(4.5) 57 . VHO( —ug)dAs, > m(g.)
0
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where wy > 0 is the initial condition of equation (3.3)).

Proof. We first show that the static Brown-York mass of normal flow leaves in the extension converges
to the total mass. To see this recall that

(4.6) Hy =w 'H;, H,=2+0(?), & (w—1)=ww+o0(l), dA, =e*(1+0(e*))dA,,
where s and ¢ are related through (3.12)). It follows that

[vi-fan, = [ eeroe®) 1w e+ ol )aa,
(4.7) :

—/ 2woodAs + 0(1).
T2

Combining this with monotonicity of the static Brown-York mass from Proposition along with
formula (4.4) for the mass, produces

1 _ . 1
(4.8) & VHy(1 —wy')dA,, > lim / V(Hy — Hy)dA,, = m(g4).
Yo p3M

5. PROOF OF THE MAIN THEOREM

The primary result will be proven with the help of a positive mass theorem involving corners.
This version of the positive mass theorem in the setting of asymptotically hyperbolic manifolds with
toroidal infinity, may be established using the level set technique associated with spacetime harmonic
functions. This approach has led to the desired theorem when corners are not present [1, Theorems
1.1 and 1.2], and Tsang |22, Theorem 1.1] has shown that it gives rise to a theorem with corners for
the asymptotically flat case. On a Riemannian 3-manifold a function will be referred to as spacetime
harmonic [13] if it satisfies the equation

(5.1) Au — 3|Vu| = 0.

The next lemma is a consequence of [1, Theorems 1.1, 1.2, and 1.3] when k = —g, while taking into
account the analysis at corners presented in [22].

Lemma 5.1. Let (M,g) be an orientable 3-dimensional asymptotically hyperbolic manifold with
toroidal infinity and having nonempty boundary OM # &. Suppose that M satisfies the homotopy
condition with respect to conformal infinity, and Ho(M,0M;Z) = 0. Assume further that there is
a closed smooth hypersurface ‘corner’ S C M disjoint from the boundary, which separates M into a
compact portion M_ and a noncompact portion M, containing the asymptotic end, such that g is
smooth up to S and is Lipschitz across it.

(1) If the boundary OM has mean curvature H < 2 with respect to the inner normal, then there
exists a spacetime harmonic function u € Co*(M)NCE*(M\S), 0 < o < 1 which asymptotes

loc loc
to the radial coordinate function e€”, and induces the mass lower bound
1 |V2u — 3|Vu|g|? 1 /
5.2 > — R,+6 dV+ — | (H- — H})dA
52 gz g [ (FET o) av e & [ as

where Hi are the mean curvatures of S C My with respect to the normal pointing towards
the asymptotic end. In particular, if Ry > —6 then the mass is nonnegative m(g) > 0.

(2) The same conclusion holds if the boundary OM contains additional components of genus zero
with H < —2.
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(3) Under the same hypotheses together with Ry > —6, if m(g) = 0 then (M, g) is isometric to a
region ([so, o0) x T2, b) in a Kottler manifold.

(4) If OM is a minimal surface and 01 M is the component with least area then a Penrose-type
inequality holds

M
(5.3) m(g) > cloM] ‘,
167

where C = 4mingys Opu > 0 and v denotes the unit inner normal.

We may now prove Theorem Since the boundary component ¥ of (2, g) has Gauss curvature
K > —1 and admits a graphical isometric embedding ¥ into a Kottler manifold, Lemmas and
can be used to construct and asymptotically hyperbolic extension (£24, g+ ) with toroidal infinity.
Moreover, since the mean curvature of ¥ is positive H > 0, we may choose the initial condition
of to be wy = Hy/H where Hj is the mean curvature of ¥y, so that the mean curvature
of 0024 = Xy agrees with that of Q, that is Hy = H. The remaining hypotheses for (£2,g) are
sufficient to apply the positive mass theorem with corners result, Lemma to the composite
manifold (2 U Q4,9 U g+). Note that the homotopy condition with respect to conformal infinity
is satisfied, since 2 satisfies the homotopy condition with respect to ¥, and the extension €, is
homotopy equivalent to Y. It follows that m(g4) > 0, and hence Proposition implies that the
static Brown-York mass is nonnegative m%,-(3) > 0. This establishes parts (1) and (2) of the main
theorem. Parts (3) and (4) follow similarly from the same numbered portions of Lemma [5.1]

APPENDIX A. AN EXAMPLE
Here we show that results of Theorem [1.1|fail to hold if some hypotheses are not satisfied. Consider
Q = [rp,70] x T? with Riemannian metric
(A1) g=r2(1=r=) " dr? +12(1 = r7%)de? + r°do?,
where 7, > 1, and &, 6 are coordinates on T? with periods P and Py respectively. Note that if

Pz = 4w /3 then this metric can be extended smoothly to » = 1, and in this case with 7 replaced
by oo the resulting manifold is called the Horowitz-Myers geon [14.,126]. The geon has the topology

of a solid torus S! x D?, is static with potential V = 7 and scalar curvature R, = —6, and is
asymptotically hyperbolic with toroidal infinity having total mass —M%Png. Let ¥ = {ro} x T?

and Xj = {ry} x T?, r;, > 1 be the boundary components of €, and consider the Kottler manifold
My, = ((0,00) x T?,b) with metric

(A.2) b=r"2dr? + %o, o= (1—ry%)de* + do>.

Clearly ¥ isometrically embeds into M}, as the surface ¥y = {r = ro}. Straightforward calculations
show that the mean curvatures and area element are given by

1 1
(A3) Hy=2, H=(1-ry%"Y? (2 — 27~53> = 2+§r0—3+0(r0—6), dA = r3\/1 —ry3deds,

and therefore the static Brown-York mass becomes

1 1 B
(A.4) miy(2) = /Z V(Hy ~ H)dA =~ —PePy + O(ry”).

We conclude that this quasi-local mass is negative for large ro. However, (£2,g) violates the mean
curvature hypothesis of the main theorem since H > 2 at Xj;. Alternatively, one may consider the
case with 7, = 1 to obtain a further counterexample, when there is no inner boundary and €2 does
not satisfy the homotopy condition.
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