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Abstract

Isolated patches of spatially oscillating pattern have been found to emerge near a pattern-forming
instability in a wide variety of experiments and mathematical models. However, there is currently
no mathematical theory to explain this emergence or characterise the structure of these patches. We
provide a method for formally deriving radial amplitude equations to planar patterns via non-autonomous
multiple-scale analysis and convolutional sums of products of Bessel functions. Our novel approach
introduces nonautonomous differential operators, which allow for the systematic manipulation of Bessel
functions, as well as previously unseen identities involving infinite sums of Bessel functions. Solutions
of the amplitude equations describe fully localised patterns with non-trivial angular dependence, where
localisation occurs in a purely radial direction. Amplitude equations are derived for multiple examples of
patterns with dihedral symmetry, including fully localised hexagons and quasipatterns with twelve-fold
rotational symmetry. In particular, we show how to apply the asymptotic method to the Swift-Hohenberg
equation and general reaction-diffusion systems.

1 Introduction

The emergence of fully localised patterns—consisting of compact patches of pattern surrounded by a uniform
state—have been observed in a wide variety of physical and mathematical models [12, 13, 16, 24]. Numeri-
cally, these patches are found to emerge from a pattern-forming or Turing instability (see Figure 1) but there
currently does not exist a mathematical theory to explain their formation from quiescence. The prototypical
equation that exhibits these localised structures is the planar Swift—Hohenberg equation (SHE) given by [25]

Oru = —(1+ A)u — pu + vu?® —u? (1.1)

where v = u(t,r,y) € R, A := 92 + (‘373 is the planar Laplacian, v € R is fixed, and 0 < p < 1 acts as
a bifurcation parameter such that there is a pattern-forming instability at = 0. Crucially, it is observed
that near onset the patches appear to have a solution structure described by the product of a slowly varying
radial envelope with a domain-covering pattern.

In one spatial dimension, there is a well-established weakly nonlinear approach to studying the emergence
of localised patterns near p = 0, via multiple-scales analysis. Here, one formally derives an equation for a
slowly varying envelope over a fast varying periodic pattern by carrying out an expansion of the form

u(t,z) = e (A(T, X )e™* + c.c.) + O(e?), w=ep, (T, X) = (e’t,ex),

where 0 < € < 1 is the asymptotic small parameter, A € C and c.c stands for the complex conjugate of the
preceding term. Carrying out a multiple-scales analysis (e.g. [3]) for the SHE leads to an amplitude equation
for A given by the cubic Ginzburg-Landau equation

1 2
Ar = 4Axx — LA + 4 ( ?g - i) |A[2A. (1.2)
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Figure 1: Bifurcation diagram of a localised hexagon patch in the Swift—-Hohenberg equation (1.1) for v = 0.9. The
computations are carried out as described in [16].

Justification of this approach in one dimension has been carried out in [19, 20, 23]. In particular, it was
proven by Schneider [22] that the Ginzburg-Landau approximation results in an error of size (9(5%) for all
t<T.=0(2).

The one dimensional analysis was later extended to the radial (axisymmetric) case in [7, 15, 18, 21] where they
considered stationary axisymmetric solutions of (1.1) and carried out rigorous radial normal form analysis.
Their proofs consist of matching a core-manifold of solutions (i.e. solutions that remain bounded as r — 0)
with a far-field manifold (i.e. solutions that decay to zero exponentially fast in 7) to construct a variety
of localised radial solutions. Localised ring solutions in the far-field manifold were then found to solve a
nonautonomous variant of the Ginzburg-Landau equation, given by

2 2
0:4<i+i> A_,:LA+4<19V —Z) |A]2A,

dR 2R 18

where R = er is a slow spatial scale.

Recently, Hill et al. [8, 9] developed an approximate theory for the emergence of fully localised planar
patterns with dihedral symmetry. In particular, they studied the existence of patches and rings for general
two-component reaction-diffusion systems near a pattern-forming instability by carrying out a finite-Fourier
decomposition in the angular coordinate. This decomposition resulted in a large system of radial ODEs, for
which they performed a similar rigorous radial analysis as in the axisymmetric case and showed the existence
of various approximate localised patches and rings.

Asymptotic analysis of general 2D localised patterns is significantly more difficult, as one can not simply
reduce to an ordinary differential equation. Amplitude equations for planar hexagons have been derived
where one carries out an asymptotic expansion of the form

u(t,z,y) =¢ (Al(T, X,Y)e™ + Ag(T, X, V) #HV30)/2 L Ay(T, X, Y)e e =V30)/2 4 c.c.) + 0(e?),

where (T, X,Y) = (¢2t,ex,ey) and A; are complex functions; see for instance [10] for a review. One can then
derive three coupled amplitude equations for each of the A;’s. However, even in the case where each A; only
depends on one slow spatial variable, these equations have no explicit solution and their analysis remains a
significant challenge; see for example [5].

In this paper, we instead extend the weakly nonlinear analysis of [3] to polar coordinates. In particular, we
formally look for a slowly varying axisymmetric envelope over a domain-covering pattern, using asymptotic
techniques to derive a radial amplitude equation. Using this approach, we formally show the bifurcation of
4 different types of fully localised patterns; stripes, hexagons, rhomboids, and a twelve-fold quasipattern, as
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Figure 2: Examples of fully localised (a) stripes, (b) on-centre hexagons, (c) off-centre hexagons, and (d) a twelve-fold
quasipattern

shown in Figure 2. We expand u in an angular Fourier series given by

ult, z,y) = A(t,r,0) = > un(t,r)e’,
neZ

with the reality condition u_,, = U, for all n € Z, such that the SHE (1.1) becomes

Opti, = —(1 + Ap)*up — pty, + v Z U — Z Uil U (1.3)
i+j=n i+j+k=n

for each n € Z, where A,, := 9% + %ar — :f—j We note that the angular Fourier projection has transformed
each nonlinear term in (1.1) into a convolutional sum in (1.3), which we exploit below. We then look for
solutions near the pattern-forming instability by carrying out an expansion of the form

un(t,r) =€ (A(T, R) anJn(r) + A(T, R) anJ_n(r)) YO(?),  p=cp,  (T,R) = (2, er),

where A € C is a slowly varying envelope, {ay}rez are fixed coefficients that define the geometry of the
domain-covering pattern, and J,(r) is the n-th order Bessel function of the first kind. The key here is
that the slowly varying envelope is the same for each Fourier mode u,, allowing us to construct a single
amplitude equation for A. The amplitude A can then be thought of as an axisymmetric amplitude of the
planar function u(t, z, y).

In order to carry out the multiple-scales analysis in polar coordinates, several problems need to be overcome.
The first is that Bessel functions do not work well with the standard radial differential operator 0,. For
example,

0rTalr) = 5 netr) = Juss (1)) = Joa() = () = =g (1) + 2 (),

for an arbitrary n € Z, and so applying 9, to J,(r) either requires keeping track of two sets of shifting
indices or introduces additional nonautonomous terms into the problem. Hence, we need to find a method
to simplify the differentiation of Bessel functions. We do this by introducing what we call Bessel differential
operators

D, ::ar+;, nez.

These operators form an integral part of the recent radial function space theory of [6], where D,,, D_,, act as
the natural differential operators for an n-th angular Fourier mode u, (r). For our purposes, the operators
D,,, D_,, have the convenient property that

Dy dn(r) = Ju-1(r), D_pndn(r) = =Jny1(r),

for all n € Z, and so they effectively act as shift operators on the index n of J,(r). By using these Bessel
operators, we are able to preserve much of the radial harmonic structure of the operator A,, in our multiple-
scales analysis.



The second problem is how to analyse nonlinear terms involving Bessel functions. In particular, we need to
be able to compare nonlinear convolutional sums of Bessel functions with higher-frequency terms Ji(mr).
We derive several useful identities, including

Z Ji(ar)J;(br)Jii(cr) = Jp((a+bxc)r),
i+jt+k=n

which solves this problem. In this case, we can thus treat products of Bessel functions as radial analogues
of the complex exponential function; e.g.,

eleMre I8 = o2 ~ Z Ji(r)J;(4r)J_(3r) = Jn(2r).
i+j+k=n

When replacing each Bessel function J;(r) by a;J;(r), the resulting identities become significantly more
complicated. However, the method to derive these identities remains simple and is very easy to automate.
In this work, we restrict to a small number of particular cases whose identities we derive in §2.2. To the
authors’ knowledge, the identities presented in §2.2 have not been stated elsewhere, other than the folkloric
result that

Z JZ(’I“)J_l(’I“) =1.

=
However, the proof of Proposition 2.2 is so straightforward that it would be naive to assume it has not
been proven up until now. One aim of this work is then to promote the knowledge of these identities to
the wider community and highlight the practicality of using Bessel functions in the study of fully localised
planar patterns.

The rest of the paper is outlined as follows. In §2 we show how to expand the linear SHE operator (1+A,,)?
in terms of the Bessel differential operators D,, with multiple scales » and R = er, before then deriving
various important identities regarding convolutional sums of products of Bessel functions. Then, in §3 we
carry out the multiple scales asymptotic expansion for the SHE to derive radial amplitude equations for fully
localised stripes, hexagons, rhomboids and a twelve-fold quasipattern. We extend this approach to a general
reaction—diffusion system in §4, where we again derive an amplitude equation for fully localised hexagons.
Finally, we conclude in §5 with a discussion of the strengths and limitations of our approach, as well as the
next possible extensions of this work.

2 Bessel functions: differentiation and nonlinearity

The key issues when considering radial differential equations such as (1.3) are the presence of non-autonomous
differential operators and maintaining control of the nonlinear terms. To alleviate each of these problems, we
present the key tools that will allow us to derive radial amplitude equations in §3. We begin by introducing
nonautonomous differential operators that will be convenient when working with Bessel functions. Following
this, we derive identities involving convolutional sums of Bessel functions which will enable us to simplify
nonlinear terms in our differential equation.

2.1 Radial differential operators

We first explore the role of differentiation in the analysis of Bessel functions. To simplify the differentiation
of Bessel functions, we introduce n-indexed nonautonomous differential operators D, := &, £ % for any
n € Z, which we call Bessel differential operators. These operators have the convenient property that

Dy Jn(r) = Jp_1(r), D_pndn(r) = =Jny1(r),



for all n € Z, and so they effectively act as shift operators on the index n of J,(r). The Bessel operators
satisfy the following commutation relation D,,,D,, = Dy, +1D,,—1 for any n,m € Z, and we note that

Tl2

1

where Bessel’s equation can then be written as (1 + Di_,Dy)u = 0.

In order to follow the approach of Burke and Knobloch [3] to formally derive radial amplitude equations for
(1.3), we must first introduce radial multiple-scale analysis which we design to be convenient when working
with Bessel functions. We introduce a slow radial variable R := er, and define the n-indexed slow differential
operators Dy = (GR + %) and A,, := D;_,,D,,. We consider a function u, = un(r, R), where we assume
that wu,, acts like an J,, Bessel function with respect to r and like an axisymmetric function with respect to
R. This assumption means we choose to apply the operators {Di,,A,} and {ﬁo, Ao} to u,, respectively.

We note that, for any function f(r, R), we can write
(&+2)7 = (0 +5) £ +e (O+275) £ = Duf +eDosf

for any k € Z. Hence, when considering the function u,, we choose the index k so that we are always applying
a convenient Bessel operator to the Bessel function that we assume wu,, acts like. In particular, we see that

A, = (% + 1_") {Dnun + sﬁoun]

T

= (Dl—n + Eﬁo) Dnun +e (D_n + 6@1) ﬁoun
= Dl_nDnun +e€ (Dn + D—n) @Oun + 62 @1@0un.

Note that for the term Dgu,, we have chosen (% + 1;") = (D_, + 5151), since we expect Dou,, to act like
d

Ju(r), whereas for the term D, u,, we have chosen (- + I_T") = (D1—n+ 5150), since we expect D, u,, to act

like Dy, Jp(r) = Jp—1(r). Thus, we have so far determined the following

1+An)up,= (14+D1_,Dp)uy, +¢(Dp+D_y) Doun, + £2 D1 Doty
Applying the operator (% + %), we obtain

(% +2) 1+ An)u, = (% +2) [(1 +D1_nDy) un + D, Dotn + eD—p Do, + €2 7517507%} )
= (Dn + 8250) (14+D1-nDp)un +¢ (Dn,l + 5251) DnDoun
+e (Dn+1 + 615,1) D,nf)oun + &2 (Dn + 52%) ﬁlﬁoun,
=D, (14 Dy D)y +¢ [(1 + Dy Dy) Dotty, + (Dy_1 + Di_y) Dnﬁoun]
+e2 {QDnljﬂA)Oun + D,nﬁ,lﬁoun} + O(e%).
Finally, we apply (% + 1=1), resulting in
An (14 A0 tn = (D1 +€Do) Do (14 D1y Dyt + [ (Do +2D1 ) (14+ D1y D) Dou
+e {(Dg_n + 615_1) Dn_anﬁoun + (D_n + 5—:151) Dl_nDnlA)oun}
+22 [2(D1on + Dy ) DuD1Dotun + (D_nin) +D2) Dy D_1Doun| + O(?),
= D1y Dy (1+ D1 Dn)tty + & [(Dy + Do) (1 +2D1yDy) Do

+ 52 |:(]. + 4D1,nDn) f)lﬁoun + Dflan,nﬁflﬁoun + Dn,anﬁ,lﬁoun} + 0(53),



which implies that
(14+ A7) up = (14+D1-nDp) tn 4 € |2(Dp + D_y) (14 D1_,, D) Do,
+ e [2 (1+ 2Dy D) DrDotty, + D1 Dy D_1Doun + Dn,lpnﬁ,lﬁoun} +O().

For simplicity, we would like to express as many differential ope{ators for r (R) in terms of the Laplacian
operator A, = D1_,D,, (A, =D1_,D,) or just 9, = Dy (Or = Dy). To this end, we write
14+ A0 0 = (14 A uy + ¢ [40, (1 + Ay) Orun)
+22 [2(1+ A) Agun + 28, D1 Doty + D1y Dy D1 Dot + Do 1 DD Do | + O(2),
= (14+ A  un + ¢ [49, (1 + Ay) Opun] + €2 [2 (1+A,) Agup + 2Ana§un]
+ &2 [(Dp—1 — Di1-n) Do — (Dny1 — Doi-p) D] D_1Dou, + O(£?),
— (1 4+ A un + ¢ [40, (1 + Ay) Opuin] + &2 [2 (1+ An) Agup + 2An812%un] +O@E).

where we have used the fact that D,, + D_,, = 20, and D,, — D_,, = 2% = £ 22 for all n € Z. Hence, we
have arrived at the convenient asymptotic expansion

1+ A0 up = (1+A0) up + ¢ 40, (14 A,) Oruy) + €2 [2 (14 A,) Aguy, + 2Ana§un] + 0. (2.1)

Remark 2.1. [t is strange to see nonautonomous terms in a multiple-scale asymptotic expansion, and so we
emphasise why we choose certain nonautonomous terms to be in terms of the “fast” variable r rather than
the “slow” variable R.

Suppose we chose to write every nonautonomous term in terms of the slow variable R, so that the leading
order differential operator becomes (1 + 92)%. Applying the operator (1 + 92) to J,(r), we note that

n2

1 1 2
(14 87)Jn(r) = *;ar‘]n(r) + ﬁ‘]n(r) =€ Earjn(r) +¢e?

n
R?
and so we obtain additional higher order nonautonomous terms in our asymptotic expansion. These higher
order terms will then combine with the other monautonomous terms in our asymptotic exrpansion, which

In (1)

will require the application of various Bessel function identities in order to simplify. Hence, our choice of
preserving certain “fast” nonautonomous terms is purely for convenience, as it allows us to present a simpler
method for radial multiple-scale analysis in §3.

2.2 Convolutional sums of Bessel functions

Having resolved the issue surrounding derivatives of Bessel functions, we now turn our attention towards
the nonlinear terms in (1.3). We present identities for the summation of convolutional products of Bessel
functions, such that the indices k; € Z of each Bessel function sum up to a fixed index n € Z. As we already
noted when deriving (1.3), the projection of polynomial nonlinearities onto a given angular Fourier mode

e results in summations of exactly this form.

We begin with the following general result for simple combinations of Bessel functions,

Proposition 2.2. Fiz n € Z, m € N, j € Ng with j < %, and k := (k1,...,ky) € Z™, with
k| :== ki1 + -+ k. Then,

Jal(m=2j)r) = > T[ () [T J-r (), (2.2)
{=1

[k|=n i=j+1

where the convolutional sum is taken over allk € Z™.



Proof. We begin with the Jacobi-Anger expansion [1, (9.1.41)]
el” cos(0) Z lkJ 1k:9
kEZ

and note that, by projecting onto the n-th angular Fourier mode, we recover the following result
r—n 2

1

— el(reos()—n0) qg — Tn(r), (2.3)
2

which is known as the Hansen—Bessel formula. We also note the complex conjugate of the Jacobi—Anger

e—i’r‘ COS(Q) — Z i_ka—('r) e—ik9 — Z ik‘J_k(T) eik‘9

keZ keZ

expansion

and consider the product
m J
st - (S o0t (T #erntone).
i=j+1 k€7 (=1koeZ
Collecting the summations, we obtain
m J
ei(m72j)rcos(0) — Z i\k\ei|k|6 H ka(’/‘) H‘]—ke(r)
kezm i=j+1 =1

and so, projecting onto the n-th angular Fourier mode, we obtain

Y i((m—27)r cos(8)—nb) 149 _ ifkl=n /27r i(1k|—n)0
27r/0 e do kezzjm o ). dellj_LJk HJ o (r
m J
= > II 70 [T7x0)
[k|=n i=j+1 =1

Finally, we note that the left hand side is a particular case of the Hansen—Bessel formula (2.3), and so
Tn((m —=2j)r) = Y H T, (r H J ke (r
|[k|=n i=j+1
O

Remark 2.3. Each convolutional sum can also be written with nested convolutional sums, and we note the
following examples

Sno= Y Ji(r)J_(r (2.4a)

i+j=n

Tn(r) =" L)L) k(r) = > Ti(2r)Ti(r), (2.4b)
i+j+k=n i+j=n
RG] (2.40)
i+j=n

Ta@r) =Y L)) i(r) = Y Ji(2r)J(r) (2.4d)
i+j+k=n 1+j=n

which we will use presently. Clearly each summation is symmetric over i,j,k € Z, and so one can also
permute the summation indices to obtain additional formulae.



(a)

Figure 3: Surface plots of the real part of (a) us, (b) um, and (c) ug, defined in (2.5), (2.6), and (2.10), respectively

The identities stated in (2.4) are inherently connected to the Bessel expansion of the complex function

ug(r, ) = ") = Zika(r) ekt (2.5)
kEZ

which we call a stripe pattern, as plotted in Figure 3(a). We can also write down Bessel expansions for
other two-dimensional patterns, which then allow us to derive additional nonlinear Bessel identities similar
to (2.4). Due to the increased complexity of these identities, we restrict to only the quadratic and cubic
cases.

We consider the following function
1 ir cos(0) ir cos(6+2x) ir cos(6— 2
wn(r,6) = (e te ) te g ) (2.6)

which we refer to as a hexagon pattern, as plotted in Figure 3(b). We note that uy has the following Bessel
expansion

1 : us i : i
ug(r,0) = 3 Zlk(l +2cos( 2 )) Ty (r) e = Zl3kJ3k(r) e3h0
kez keZ

and so we can derive the following result,

Proposition 2.4. Fizn € Z. Then,

> Jailr)Js(r) = 2 Joan(r) + 2 Tan(20)

e 3 3
i+j=n
1
D2 Jailr)osi(r) = 300+ (VD)
i 9 1 (2.7)
D i) s (r)Jsa(r) = S0no + 5 Jan(3r) + f2(V37)
i+j+k=n
5 2
Z J3i(r) S35 (1) -3k (r) = §J3n(7') + §J—3n(27”) + fs(VTr)
i+j+k=n
where we collect terms with irrational frequencies wy,...,w, into arbitrary functions fi(wir,...,w,T) for

i=1,2,3.

The proof of Proposition 2.4 (as well as subsequent propositions) follows a standard approach. Taking
products of {up, T}, one obtains terms of the form exp(ir[e; cos(6 +mq) + ¢ cos(8 + ma) + c3 cos(6 + m3)])
for ¢; € {-1,0,1}, m; € {0, %’T, —%’T} Using trigonometric identities, each term can then be expressed
as exp(iCrcos(6 + ¢)), where C, ¢ can be found explicitly in terms of {c1, ca, c3,m1, ma, m3}. Following a

projection onto the n-th angular Fourier mode ¢’ and an application of the Hansen-Bessel formula (2.3),



one obtains the results stated in (2.7). The details are simple but laborious, and so we omit them from this
work.

We next apply a translation (z,y) — (z,y + %) to (2.6), resulting in
UR(’/', 0) — é (eircos(e) _ eircos(@#»%’) _ eircos(szT7r ) (28)

which breaks the Dg symmetry of ug. The resultant pattern is a hexagonal lattice with a depression at the
origin; we note that Dy symmetry is preserved, and so we refer to ug as a rhombic pattern. For the Bessel
expansion of ug, we find that

ur(r,0) = Z ikaka(r) eike,

kEZ

where a,, := % (1 — 2(:05(2"“T7'))7 and we obtain the following result,

Proposition 2.5. Fixn € Z. Then,

2 1
> g i) (1) = Sandon(r) + 5 (1+2c0s (357)) Ju(2r)
1+j=n
1
Z aiajJi(r)J_j(r) = g(gn,o + fl(\/gr)
e 9 1 (2.9)
> @i ()5 In(r) = Sbno + Ganda(30) + f2(V3T)
it+j+k=n
5 2
Z aajapJ;(r)J;(r)J_g(r) = §aan(T) + 77 (1 + 2COS(2"T7T)) J_n(2r) + f3(VT7r)
i+j+k=n
where we collect terms with irrational frequencies wy, ..., wy into arbitrary functions fi(wir,...,wyr) for
i=1,2,3.
Finally, we consider the superposition of two copies of ug rotated by an angle of {5 and — {5, respectively,

which we write as

UQ(T 0) — 1 (eircos(GJr%) _ eircos(9+%’) _ eircos(Of%r) + eircos(t?f%) _ eircos(9+%) _ eircos(Of%)> ) (210)
’ 6

The function ug is a special case of the arbitrarily rotated hexagon lattices considered in [11] and forms a

quasipattern with Dy, symmetry, as plotted in Figure 3(c). The quasipattern ug has the following Bessel

expansion

ug(r,0) = Z 3%by T3, (1) €3F0
kez

where by, := cos(%”), and so we derive our final set of identities,



Proposition 2.6. Fizn € Z. Then,

S bibiJsi(r) (1) = SbuT () + $hadsn(2r) + i <\f2 r24V3 )

1+j=n
1
S ity ) ay(r) = oo + £ (VErVEr /2 VB )
i+j=n
1 1 /
Z bibjbkjgi(T)Jgj(T)Jgk(T) = —5n70—|— 7an3n(37") +f3 <\/§7’,\/§7’, 2:|:\/§7">
i+jthen 18 36 (2.11)
+ fa (\/Sr, \/5+ Qﬁr)
11 1 r——
Z bibjbkjgi(’l")(]gj(T‘)J_gk(T) = %bnjgn(’l’) + stnj_gn(QT) + f5 (\/i?", 2 :t \/§T>
i+j+k=n
+ fo (VBrVTr VAE 235 VaE VB V5273 7)
where we collect terms with irrational frequencies wy, ... ,wy, into arbitrary functions fi(wir,...,wyr) for

i=1,...,6.

Other more complicated patterns can be considered beyond the four that we concentrate on in this paper;
for instance one could choose squares or other cases of rotated hexagons considered in [11], including other
quasipattern or superlattice structures.

3 Radial amplitude equation for the Swift—-Hohenberg equation

We now wish to apply the tools presented in the previous section in order to derive a radial amplitude
equation for a planar PDE (1.1). We define u = 2fi for 0 < ¢ < 1, and introduce the slow variables
T := €2, R := er, with k-index slow differential operators dp and Aj.

We recall from §2.1 that, under the assumption that w, has the form u, (7T, r, R), where u, acts like an .J,,
Bessel function with respect to 7 and like an axisymmetric function with respect to R, we can express the
differential operator for (1.3) in the asymptotic form (2.1),

T4+ A0 U0 = (14 A up 42 48, (14 A,,) Oguy] + 2 [2 (14 An) Agun +4 A, 03u, | + O(3).
Then, taking a regular perturbation

Un = 0O (T, r, R) + 20 )(T,r, R) + 30 (T, r, R) + O(%),

we obtain
O(eh) 0= —(1+A,)0® (3.1a)
0(?) 0= —(1+A,)7 0 48, (1+A,) 90 +v Y v (3.1b)
i+j=n
O(e?) Orvl® = — (1+A,)% 0P =48, (14 A,) 9pvl) —2(1+ A,) Agn®
—4 A, 0300 — 1w ® 42y Z UZ(O)UJ(-I) - Z vgo)v](-o)v,(co) (3.1¢c)
i+j=n i+j+k=n

The rest of this section is dedicated to solving (3.1) by applying the identities introduced in §2.2. We choose
particular radial profiles that correspond to the patterns ug,upy,ugr, ug defined in (2.5), (2.6), (2.8) and
(2.10), respectively.

10



3.1 Fully localised stripes
For the stripe pattern ug introduced in §2.2, we solve (3.1a) with the ansatz
v = A(T, R)J(r) + A(T, R)J (1), (3.2)

where we note that we have chosen the complex amplitude A(T, R) to be identical for all values of n € Z.
We recall that this is equivalent to assuming that the original function u(t, z,y) is composed of a planar
pattern multiplied with a slowly varying axisymmetric amplitude. Using this ansatz, (3.1b) becomes

128,200 =1 3 o

i+j=n
=v > (AJi(r) + ATi(r) (AJ5(r) + AT (1))
i+j=n
= A2 N () Ji() 2 |AR N ()T (r) A vA S ()T ()
i+j=n itj=n iri=n

= VA2, (2r) + 20| A26,0 + VA T (2r)
Taking an ansatz of the form
v = 6.0 01+ ArJn(r) + A1J_p(r) + BiJn(2r) + BiJ_n(2r)

we obtain
80 O1 + 9B1 T (2) + 9B1 T (2r) = v A2, (2r) + 20| A|20n0 + VA T (21)

which implies that
oD = 2| A28, + Ay T (r) + AT (1) + gAQJn(ZT) + gf.]_n@r). (3.3)
Then, we substitute (3.2) and (3.3) into (3.1c) to obtain

Or AT, (r) + 07 AT _p(r) = — (1 + A, 0@
12 [ 205 (4) 0T (21) + KaR (3%) 0y n(2r)]

24 A 1912 3
+[4BRA /,LA+4< 13 4 |A|A ()

2
+ [4813,4 A 44 (19” _ 3) |A|2A] J_n(r)
18 4
+ 2v (AE + ZAl) 5n,0
+20AA T, (2r) + 2vAAL T, (2r)

4p? 4p? —3
— —1) A%, — 1A J_,
+ ( 13 ) Jn(3r) + ( 18 ) J_n(37)

We restrict to the coefficients of the prime frequency J,,(r), where we recover the standard cubic Ginzburg—

Landau amplitude equation

2
OrA = 40%A — A + 4 (1?2 - i) |A]2A, (3.4)

now posed on the half-line R > 0 rather than on the whole real line. We note that the equation (3.4) is
identical to the amplitude equation (1.2) derived in the one-dimensional Swift—Hohenberg equation.

The assumption that A is axisymmetric induces a compatibility condition at R = 0 of the form drA(0) = 0.
By reversibility of the time-independent case of (3.4), any steady localised solution of (3.4) must thus form
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a homoclinic orbit. Then, for v < \/g—; there are no steady localised solutions of (3.4), and for v > \/g—;
there is a steady localised solution

L (E
AR) ==+ 387 — 57 sech ( 5 R> . (3.5)

Having found a real steady localised solution to (3.4), we can write down a steady fully localised solution to
(1.1) of the form

i(r,0) = eA(er) Y (Ju(r) + J_n(r)) €’ + O(e?),

ne”Z

=2eA(er) Y Jjan| (1) cos(2n0) + O(e?),
nez
= 2eA(er) cos(rsin(6)) + O(e?).

Converting into Cartesian coordinates, we have found a fully localised solution to (1.1) of the form

u(z,y) = 2cA (5\/952 + y2> cos(y) + O(g?),
as well as

u(z,y) =2A (5\/952 + y2) cos(z) + O(e?),

since the SHE (1.1) is invariant under rotation.

3.2 Other fully localised patterns

We now consider the other dihedral patterns ug, ugr and ug defined in § 2.2. We note that the quadratic
projections in (2.7), (2.9) & (2.11) all include J,(r) terms; this means that the quadratic terms in (3.1)
partially lie in the kernel of (1 4+ A,,)? and thus cannot be removed by normal form transformations.

To circumvent this problem, we take v := e such that (3.1) becomes

O(et) 0= —(1+A4,)°00 (3.6a)
O(e?) 0= —(1+A,)° v —48, (14 A,)dzv® (3.6b)
O(%) Orv® = —(1+A,)° 0P —48, (14 A,) 0gvl) —2(1 + A,) Ago®
— 42,0500 — @ 4+ Z v(o) (O) Z vi(o)vj(»o)v,(co) (3.6¢)
i+j=n i+j+k=n

For the hexagonal pattern uy we solve (3.6a) and (3.6b) with the ansatz

0l = AJan(r) + AT sn(r), o) = Ay Jan(r) + AL J_gn(r) (3.7)

and v\ = oV =0 for all n € Z with 3 {n, such that (3.6¢) becomes
OrAJsn(r) + OrAJ_3,(r) = 405 A3, (1) + 461%317 sn(r) — AAT30 (1) — PAT _3,(r)
(U D) o2 4 20 A2 S i) (1)

i+j=n
+ 042 7 Ts(r) sy (r) + 0AT N Tai(r)Js ()
i+j=n i+j=—n
Z ng J3] Jgk( ) 3|A| A Z J31 Jgj( )J73k(7”)
i+j+k=n i+j+k=n
— —3
=BJAPA > Jai(r) s () oak(r) = A Y Tai(r)Js(r) Jak(r)
i+jt+k=—n i+j+k=—mn

12



and, using the identities (2.7),
a _ 2 p 5412 20 2 2,(2)
OrAdsy(r) + 0rAJ_s,(r) = |405A — 1A — g\A| A+ ?A Ja3n (1) = (1 4 Azyn)” v,
o o 9w 2V
+ |40RA = A = S|APA+ A T (1)

+ % [0A® — 2| APA] Ty (2r) + % [0A° — 2/ A12A] J_g0(2r)

20 1 1—
T §”|A|25mO — A% (37) - §A3J_3n(3r)
+ f(\/?:r, \ﬁr)

for some function f of irrational frequencies {v/37,v/7r}. We restrict to the primary frequency Js,(r) and
define Ay, := %A, so that we obtain the amplitude equation

Or Ay = 40%Ay — fuAy — 15| A2 Ay + 204, (3.8)

Note, if we consider the rhombic pattern ugr defined in (2.8) and follow the same approach as above, we

obtain
117(10) = 3AnanJdn(r) + 3AnanJ_n(r), US) = AranJn(r) + Aran J_p (1) (3.9)

for all n € Z, where A}, again satisfies (3.8). Finally, considering the quasipattern ug defined in (2.10) and
following the same approach, we obtain

08 = 6A,by T3 (1) + 6A5bn J_5n(r), WS = AybyJan (1) + ArbpJ_gn(r) (3.10)

n

and v,(LO) = v%l) =0 for all n € Z with 3 { n, where A, satisfies
OrAy = A0%A, — A, — 33| A 2 A, + 20A,". (3.11)

Stationary, real solutions of equations (3.8) and (3.11) can be investigated using phase plane analysis. The
standard set up is that there is a small amplitude homoclinic solution that bifurcates off the trivial state and
broadens to a “table-top” localised pattern as one approaches the Maxwell point, fi = fipr; see Figure 4.

For general equations of the form
0 =40%5A — A+ 20A% — aA®

there is an explicit homoclinic solution

A(R) \/gﬂ

i+ Vi — i cosh (ER)’

for all 0 < [t < fipr, where the Maxwell point jiys is located at fipy = %ﬁ

rhomboids we find that gy = g = %f/?, which is exactly the same Maxwell point as found for fully
localised hexagons in [16], and for the quasipatterns fiys = fig := %1)2 < fig.

2. Then, for the hexagons and

Hence, for i < fipr there is a homoclinic orbit that corresponds to a localised solution Ay to (3.8), and thus
to steady localised solutions ug,ug to (1.1) of the form

up (z,y) = 2eAp(ev/22 + y?) (cos(a:) + cos(wfé/gy) + cos(%‘ﬁ’y)) +0(e?),

ug(z,y) = 2eAp(ev/ 22 + y?) (cos(a:) - cos(mfg/gy) - COS(%@)) + 0O(£?).
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Figure 4: Sketches of (a) the bifurcation diagram and (b) the corresponding phase plane of the amplitude equations
(3.8) and (3.11). A homoclinic orbit bifurcates from fi = 0 and tends to a heteroclinic connection as i — fim,
resulting in a localised solution that widens into a uniform state as [i increases.

Similarly, for fi < fig there is a homoclinic orbit that corresponds to a localised solution A, to (3.11), and
thus a steady localised solution ug to (1.1) of the form

uq(,y) = 26 44(e/2% + ) (Cos(“*ﬁ’zéé”g)y) + cos(UYRI=U=VIN) 4 o U=vBe (vl

+ COS(—(17\/§)925:/%1+\/§)1/) + cos(%) + cos(w_y)> + O(£%).

9

2

4 Fully localised hexagons in reaction—diffusion systems

While we have so far only considered fully localised patterns in the Swift-Hohenberg equation (1.1), our
approach can also be applied to other PDE systems. To highlight this, we consider a general class of two-
component reaction—diffusion systems and derive a radial amplitude equation corresponding to fully localised
hexagons. Two-component reaction—diffusion systems are used to model a myriad of physical phenomena,
ranging from dryland vegetation [26] to nonlinear optics [17] to the spread of epidemics [2], and can be

written in the following form
dru = D(u)Au — £(u; ) (4.1)

where u = u(t,z,y) € R? and p € R. We assume the diffusion matrix D(p) is invertible for all p € [0, p0],
for some pg > 0, and that the trivial state undergoes a pattern-forming instability at u = 0. Following
the work of Hill et al. [8, 9], we consider stationary solutions of (4.1) and invert the matrix D(p). Then,
performing a Taylor expansion of (4.1) about (u, u) = (0,0), we obtain

0=Au—M;u-—pMsu—rQ(u,u) — C(u,u,u), (4.2)

where v € R is a fixed parameter, M; are fixed real matrices, and Q, C are bilinear and trilinear functions,
respectively. Note that we have truncated the Taylor expansion of (4.1) at the cubic order in u; any higher
order terms do not affect our analysis, and so we omit them for simplicity. Finally, we assume that M; has
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repeated eigenvalues A = —k? with generalised eigenvectors Uo, Uy € R? such that
(M1+kg) Uo :0, (Ml‘i’kg) ﬁl :kgﬁ()a
with dual vectors {Ug,Us} such that Uy - U; = 6, ;.

We restrict ourselves to looking for fully localised hexagon solutions to (4.2), and so we expand u in the

u(z,y) =u(r,6) Zu;), el3n?

ne”Z

following Dg Fourier series

with the standard reality condition u_s,, = s, for which (4.2) becomes

0 = Az,usz, — Mjug, — uMous, — v g Q(us;, usy) E C(us;, usj, usy) (4.3)
i+j=n i+j+k=n

for all n € Z. We define ;1 = €21, v = e0 and R = er, and take an expansion of the form
us, = 5ug23 (r,R)+¢ u(l)(r, R) +¢&° u:()i) (r,R) + O(e")

so that (4.3) becomes

O(e) (M; — Ag,)ul?) =0, 4.4a)
0(2) : (M; — As,)ull) = (D, + D_s,) Doul?, (4.4Db)
O(e?) : (M — Agp)ull) = (Ag — iM, ) u§)) + (D3, + D_3,) Dous,)

-0 Z Q(ug?),ugj Z C( U—31 ,ug(; 7u;,?). (4.4c)
i+j=n i+jt+k=n

We solve (4.4a) with
ul)) = A(R)Jsn (ke )0 + A(R) T30 (ke 7)o, (4.5)
and (4.4b) with
ul) = [A1Jsn(ker) + A1 J g0 (ker)] Ug
1 — . (4.6)
+ ﬁ [aRA (DSn + D*Sn) J3n (kc 7’) + aRf4 (DSn + D73n) J73n (kc 7‘)} Ula

where we note that
(M1 — Azyp) [(D3n + D-3n) Jan (ke T)]Ul = k?[(DSn +D_3p) J3n(ke T)]UO
— (Asn + E2)[(Dsn + D35 Jan (ke )] U1,
= k2 (Dsn + D—sn) Jan (ke 7)Uo + O(£?).

The O(£?) terms are hence absorbed into the O(e?) equation, which does not affect our analysis.
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We substitute (4.5) and (4.6) into (4.4c), resulting in

(M, — Agy)u (AO ,LMQ) O 4 (D, + D_3,) Doull
~ 0 0 0 0
-V Z Q ug’n)’ ui(’)]) Z C ui(’n)7 113]), ui(’)k:))
i+j=n i+j+k=n

- (AO - gMz) 0o (Adsn (k) + AJ g0 (k1))
+ [0rAL (D3n + D—3n) Jan (ke ) + OrAL (Dan + D—3n) J3n (ke 7)] Uy
+ [03A (—4T3n (ke r) + O()) + 0% A (—4J 3 (ker) + O(e))] Un
—0QuA® > Jai(ker)Jaj(ker) = 20 Qol AP > Jsi(ker)J_s;(ker)

i+j=n i+j=n
~ —2
— VUV Q()A Z Jgi(kc ’I“)Jgj(k/’c 7") — COA3 Z Jgi(ch)Jgj(k‘cT)Jg,k(ch)
itj=—n i+j+k=n
— 3C0|A|2A Z J3i(k‘CT)Jg,j(k‘cT)J,gk(k’c’f)
i+j+k=n
— 3Co|A|QZ Z J3i(k‘c7“)¢]3j(k)cT)J_gk(kc’l“)
i+j+k=—n
—3
—CoA" > Tsiker)Jsj(ker) sk (ker),
i+j+k=—n

where we have defined Qg := Q(UO,UO) and Cy := C(UO,UO,UO) Again the O(e) terms are absorbed
into the O(e*) equation. We take the inner product of (IM; — Agn)ugn) with U} and restrict to the prime
frequency Js, (k.r), resulting in

0= —40%A, — i (Uf : Mgffo) Ap — 20 (U’f : QO) a4, 15 (Ul* : CO) | An|2Ap, (4.7)

where we have again defined A, := 1 A4 and used (2.7) to simplify the convolutional sums. Thus, we obtain
an amplitude equation that is qualitatively the same as (3.8) for the Swift-Hohenberg equation.

5 Conclusion

In this paper, we have derived a new multiple-scales asymptotic analysis to explain the emergence of fully
localised planar patterns. We first posed the Swift—-Hohenberg equation in polar coordinates before carrying
out a Fourier expansion in the angular variable. By introducing a slow variable R = er and performing a
formal multiple-scales analysis, we found a slowly-varying axisymmetric amplitude over a domain-covering
pattern described by an infinite sum of Bessel functions. Here, each Bessel function replaces the standard
exponential function in our multiple-scales analysis, and so we developed appropriate tools and techniques
to work with derivatives and nonlinear combinations of these functions. Then, we were able to carry out
the necessary asymptotic analysis in order to derive a single amplitude equation, for which we could find
explicit localised solutions. This approach helps to explain numerical observations that, at small amplitude,
fully localised patches appear to consist of an axisymmetric envelope over a domain-covering pattern.

This approach has several advantages over other attempts to explain the existence of localised patches of
patterns. The main advantage is the simplicity of the approach and its generality. In each of the cases
presented, we obtain a single equation for the slow-varying amplitude, to which we are able to find explicit
localised solutions. The method can easily be extended to general reaction-diffusion systems, as we have
shown in §4, and we believe it can be easily extended to more complicated models like Rayleigh—-Bénard
convection.
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Our results raise new questions regarding the connections between fully localised patterns and the localised
axisymmetric patterns studied in [15, 18]. In the Galerkin finite-Fourier approach of Hill et al. [8, 9], it was
found that some localised dihedral patterns (including hexagons) are qualitatively similar to axisymmetric
spots, while others were instead related to axisymmetric rings. We note, however, that the approach described
in this paper does not work for purely axisymmetric patterns, since we do not have any equivalent identities
for dealing with nonlinear products of just Jy Bessel functions. Furthermore, it is not clear that one would
be able to recover our results in a Galerkin finite-Fourier approximation, since we again lose the nonlinear
identities that are vital to our analysis.

Several extensions and problems remain. For instance, it would be interesting to explore radial invasion
fronts, where a circular region of pattern widens and invades the trivial state; see [4] for an investigation
in this area. Since each amplitude equation is posed on a half-line with continuity condition 9z A(0) = 0,
it is unclear whether one can go to a travelling frame like in the study of invading one-dimensional fronts.
However, translating patches of pattern should still be tractable with the approach described in this paper,
since one can go to a travelling frame before then introducing polar coordinates. We note that an amplitude
equation does not explain the snaking or non-snaking of the patches observed in numerics and so extending
the exponential asymptotics of Kozyreff & Chapman [14] would be an interesting next step. Finally, the
rigorous validation of the amplitude equation for long time scales following the approach in [22] would also
be worth investigating.
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