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On a Neural Implementation of Brenier’s Polar Factorization
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Abstract

In 1991, Brenier proved a theorem that general-
izes the QQ R decomposition for square matrices —
factored as PSD X unitary — to any vector field
F : R% — R<. The theorem, known as the polar
factorization theorem, states that any field F' can
be recovered as the composition of the gradient
of a convex function v with a measure-preserving
map M, namely F' = Vu o M. We propose a
practical implementation of this far-reaching the-
oretical result, and explore possible uses within
machine learning. The theorem is closely related
to optimal transport (OT) theory, and we borrow
from recent advances in the field of neural optimal
transport to parameterize the potential u as an in-
put convex neural network. The map M can be ei-
ther evaluated pointwise using u*, the convex con-
jugate of u, through the identity M = Vu* o F,
or learned as an auxiliary network. Because M
is, in general, not injective, we consider the ad-
ditional task of estimating the ill-posed inverse
map that can approximate the pre-image measure
M~! using a stochastic generator. We illustrate
possible applications of Brenier’s polar factoriza-
tion to non-convex optimization problems, as well
as sampling of densities that are not log-concave.

1. Introduction

Brenier proved, through his seminal polar factorization the-
orem (1991), that any vector field can be decomposed into
two simpler elements: Given a reference measure p sup-
ported on Q C R, For any F' : Q — RY, there exists a con-
vex potential u : R¢ — R and a measure-preserving map
M : Q — ) (i.e. on has Myp = p), such that ' = Vuo M.
The polar factorization theorem states that any vector field,
no matter how irregular, can be reshuffled to match that
of the gradient of a convex potential, and that this careful
reshuffling in space is achieved by the measure-preserving
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map M. This paper aims to provide a practical approach to
recover approximations of the potential « and vector-valued
map M using exclusively samples x; ~ p and their associ-
ated images F'(x;). We also highlight how a reliable polar
factorization solver, coupled with an estimation of a stochas-
tic generator that mimics the measure-valued inverse map
M1, can be used to study the gradient field of non-convex
landscapes. We consider, in particular, the case where the
field F' of interest is the gradient, with respect to the param-
eters of a neural architecture, of a learning loss. Note that
the polar factorization theorem should not be confused with
the major theorem from optimal transport closely associated
with Brenier, which we recall in §2. That theorem states
that the Monge formulation of the optimal transport (OT)
problem, which seeks the push-forward map transporting a
measure onto another with the least mean displacements (as
measured with squared norms) is solved by the gradient of
a convex potential.

Existing Implementations. Shortly after (Brenier, 1991),
Benamou and Brenier (1994) proposed a numerical ap-
proach to decompose a vector field, with an explicit Eulerian
(gridded) approach. Lagrangian approaches have been pro-
posed by Gallouét and Mérigot (2018), while Mérigot and
Mirebeau (2016) use a semidiscrete OT formulation. Both
are used on low-dimensional manifolds as lower level sub-
routines to solve Euler’s equation for incompressible and
inviscid fluids (Arnold, 1966). More recently, Morel et al.
(2023) proposed to use Brenier’s insight to gradually refac-
tor a normalizing flow as the gradient of a convex map,
a.k.a a Monge (1781) map, by applying measure-preserving
maps for the Gaussian distribution. Their approach does
not, however, rely on neural OT solvers, and focuses instead
on untangling an existing flow to turn it gradually into the
gradient of a convex potential.

Contributions. We propose in this work a neural imple-
mentation of the polar factorization theorem that leverages
recent advances in neural optimal transport. More precisely,

* After introducing the polar factorization theorem, as well
as neural OT solvers, we show how the two blocks of
Brenier’s result can be recovered using input convex neu-
ral networks (ICNN) (Amos et al., 2017). We modify
the ICNN architecture originally proposed in Amos et al.
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(2017) and Korotin et al. (2020), to propose quadratic
(low-rank + diagonal) positive definite layers at each layer.
Starting from an arbitrary field F', we use the modifica-
tions proposed by Amos (2023) to (Makkuva et al., 2020)
to train the Brenier convex potential ug, that appears in
the polar factorization of F.

* We study two alternative parameterizations for the
measure-preserving map M : Either implicit, relying on
the pointwise evaluation of the convex conjugate of ug
composed with F', or explicit, through an additional net-
work M trained to map samples x from p to Vuy o F'(x).

* Because M is not, in general, injective, we consider the ill-
posed problem of inverting M : we approximate a stochas-
tic map I, parameterized as a generator, that can generate
inputs x such as M (z) = y for a given y. We use bridge
matching for this task (De Bortoli et al., 2023).

* We use our approach to factorize gradients of surfaces in
low dimensions and show how to use our tools to study
the critical points of a non-convex energy g. Factorizing
G := Vg as Vug o M¢, and estimating the stochastic map
I, corresponding to M¢, our goal is to generate zeros
of Vg. The minimizer of uy being Vuj(0) by definition
of convex duality, the points generated as I, (Vu(0), z)
where z is a Gaussian noise of suitable size should, in
principle, result in points that are roots of Vg. We use the
cross-entropy loss of a small MNIST digits LeNet (LeCun
et al., 1998) classifier and show the ability to sample new
parameters with low gradient and good performance on
the recognition task.

2. Background

This section introduces neural methods that have been pro-
posed to learn Monge maps between two distributions and
recalls the polar factorization theorem in its original form.

2.1. Neural Approaches to the Monge Problem

The Monge formulation of the OT problem between two
probability measures 4 and v € P(R?) seeks a map 7 :
R? — R? that transports x onto v, while minimizing the
following transport cost:
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The existence of an optimal map 7™ is guaranteed under
fairly general conditions (Santambrogio, 2015, §1), when
e.g. p has a density w.r.t. the Lebesgue measure. In that
case, Brenier’s most famous theorem states that the Monge
problem (1) has a unique solution, found at the gradient of
a convex function f* i.e. T* = V f*. That convex function

f* is itself the solution of the following dual objective:

f* € arginf
feLt(p)

fdpt / frdv @
R R

where the f* is the convex conjugate of f,

f(y) :== sup (z,y) — f(z). 3)

r€R4

Note that the star symbol * used for convex-conjugacy
should not be confused with the star symbol %, used through-
out the paper to denote an optimal solution. The OT map
from v to y is also given by the inverse of V f* when it
exists, V(f*)*. The goal of neural OT solvers is to esti-
mate f* using samples drawn from the source ;1 and the
target distribution v. Makkuva et al. (2020); Korotin et al.
(2020) have proposed methods that build on input convex
neural networks (ICNN), as originally proposed by Amos
et al. (2017), to parameterize the potential f as an ICNN.
The main difficulty in these methods lies in handling the
Legendre transform in (2) of the ICNN variable. To address
this difficulty, surrogate networks can be used to replace f*,
and we refer to Amos (2023) for the most recent proposal to
refine these implementations using amortized optimization.
Neural solvers have been used successfully in various appli-
cations, notably in single cell genomics (Bunne et al., 2023;
2022); see also (Huang et al., 2020; Cohen et al., 2021).

2.2. Polar Factorization

Given a probability distribution p supported on a bounded
set €2, Brenier’s polar factorization theorem states that any
vector field F' : 2 — R? can be written as the composition
of the gradient of a convex function Vu :  — RY with
amap M : Q — () that preserves the distribution p (ie
Myp = p). In that decomposition, Vu is the unique OT
map from Brenier’s theorem that transports the measure p on
Fyup,since Fyup = (Vuo M) 4p = Vuy(Myp) = Vugp.
Theorem 2.1 (Brenier polar factorization). Let p be a prob-
ability measure whose support, ) C R is a bounded set
and F : Q — R? a square-integrable vector field being non
degenerate i.e. [, ||F||*dp < oo and p(F~*(A)) =0 on
Lebesgue negligible subsets A of R®. Then, there exists a
convex function u : ) — R and a map M : Q) — Q that is
measure preserving, i.e. My p = p, such that:

F=VuoM. 4

Both M and Vu are unique.

3. Neural Polar Factorization (NPF)

We describe our method to compute the approximate
polar factorization of a field F', using i.i.d samples
(z1,...,2n) ~ p and their evaluations (F'(z;));. We
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first estimate the convex potential v in the decomposition
F = Vu o M using an ICNN wuy as an OT Brenier (1991)
potential using an improved ICNN architecture. Next, we
show that the measure-preserving map M can be defined
implicitly for any x, by evaluating the convex conjugate of
ug on F'(x): This requires a call to a convex optimization
routine at each evaluation. Thanks to our ICNN’s strong con-
vexity, the transform (3) is well-posed. To underline the link
of that approach to estimate M using ug, we use the notation
Mpy(x). Alternatively, we also propose to learn an amor-
tized model for M, by learning a network M¢ trained on a
regression task using paired data samples {(x;, My (z;))}.

3.1. (Low-Rank + Diagonal) Quadratic Layers in ICNNs

ICNNSs provide a neural network parameterization of con-
vex functions. We propose a modification of the original
architecture presented in (Amos et al., 2017). Our approach
is inspired by the Gaussian initialization outlined in (Bunne
et al., 2023) and the low-rank quadratic layers presented in
(Korotin et al., 2020). The original ICNN was designed to
re-inject the input vector x, transformed by an affine map, at
every layer, as can be seen in (Amos et al., 2017, Equation
2,y — x). Korotin et al., §B.2 proposed instead to modify
x with multiple low-rank quadratic positive definite (PSD)
forms. The PSD constraint ensures convexity of each entry,
while the low-rank choice ensures a reasonable number of
parameters. We propose quadratic PSD forms that incorpo-
rate a positive diagonal plus low-rank matrices (Saunderson
et al., 2012; Liutkus and Yoshii, 2017):

Qas(x) = |0oz|?+||Az|* = =" (diag(d) + ATA) .
The network has L+1 layers for L > 1; we have highlighted
in blue the new PSD (diagonal + low-rank) terms:
Z0 = 09 ([QA})&) (1‘)}1 + Box + Co) s
Zi41 = Oy (WQ}Z@ + [QA}‘,(SZ; (;L)}z + Box + Cg) s

ZL+1 = 0L, (’lULTZg +Qa, 5, (x) + bZEI + CL) eR

ug(z) = zp4+1
)
In all layers above, the index ¢ spans 1, ..., q, where q is
the size of the state vectors z, € R?. This augmented ICNN
is parameterized with the following family of parameters,

0= (Wi € R w, eRL,
(66:L—1 € (Ri)LvA(i):L—l € (RTXd)L)i:L.,qa
o €eRL, AL e R™Y ©)
Bo.—1 € (R*HE by, e RY,
cor—1 € (RN ¢ €R).

The activation functions o, are convex, non-decreasing non-
linear and all parameters in red in addition to all diagonal
vectors § must be non-negative to ensure convexity.

3.2. Estimating the Convex Potential «

Starting from the existence result outlined in (4), we recover,
by applying the push-foward map F on p, that

Fyp = (Vuo M)sp = Vuy(Myp) = Vugp.

Since u is a convex function, it optimally transports p on
Vuyp in the Monge sense. Therefore, the defining feature
of u is that Vu is the Monge map from p to Fyp. We
use Amos’ solver (2023) to estimate the potential u that
pushes p onto Fxp, from the empirical measures p,, :=
LN 0p, and Fyp, = L3 §p(,,). Using this solver
consists of parameterizing the convex function u as an ICNN
up following §3.1 and parameterizing Vu™* directly by an
auxiliary vector-valued network V;. The auxiliary network
V5 is learned by minimizing the objective:

Leonvex-dual(¢) = % D IVe(E (i) = Vg (F(z))II?
i=1

One can show, using Danskin’s envelope theorem (1966),
that Vuj(y) is the maximizer of the convex conjugate (3)
problem for u at y,

Vug(y) = argsup(z,y) — ug(z)

Because uyg is strictly convex, we compute the optimal
solution solving u*(F(x)) with a conjugate solver, e.g.
gradient ascent, (L)BFGS (Liu and Nocedal, 1989) or
ADAM (Kingma and Ba, 2014). We call a conjugate solver
CS any algorithm that, for a given pair (u, y), outputs an
approximation of Vu*(y). This results in the loss:

1 n
Econvex—dual(¢) = E Z HV¢(F(371)) - CS(”O; F(xz))||2
i=1
@)

In practice, the latter is initialized with the predictions of
Vs, which considerably reduces the number of iterations
required for the solver to converge when V, starts making
correct predictions. The parameters of the network uy are
then updated alternatively, by taking steps along the gradi-
ents of the original dual objective of Makkuva et al. (2020):

Evonel0) = 1 S wow) + Vol @), Fla)) o

— ug(Vy(F(2:)))

3.3. Estimating the Measure-Preserving Map )/

In the polar decomposition of F', Vu is tasked with trans-
porting p on Flxp, the measure-preserving map M ensures
then that ' = Vu o M. To express M as a function of F'
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and u, one simply has to apply the inverse of Vu on both
sides. When wu is strictly convex, we simply rely on the
identity Vu* o Vu = Id to obtain:

M=Vu*oF 9)

Evaluating M using a Conjugate Solver. Given a con-
jugate solver CS and the estimate uy for the ground truth
potential u, we can inject them in (9) to get an estimation
CS(ug, F(2)) of M(x) for a given z. Since this estimation
depends on 6, we define that approximation as My(z),

My(z) := CS(ug, F(z)), (10)

with a slight abuse of notation, since 6 should not be under-
stood as a parameter parameterizing M, but instead defining
it implicitly through ug and CS.

Neural Estimation for M/. While My does indeed pro-
vide an estimate of M, it may be convenient to parameterize
the measure-preserving map of interest as a neural network
M, defined with an independent set of parameters &. Bor-
rowing a page from amortized optimization (Amos et al.,
2023), M can be used to initialize the conjugate solver used
to estimate My or even replace it when M is sufficiently
accurate. Furthermore, the parameterization of M by M is
sometimes necessary when, e.g., F' is only given on a few
samples, and one wishes to evaluate M at any point. The
neural map M is then trained to minimize the following
mean-squared error:

1 n
Lpreserving (§) = — > [|Me (i) = CS(up, F(x:))[|* . (11)
i=1

Note that while the loss in (11) resembles (7), the network
V, takes the transported point F'(x;) as an input, whereas
M is only given x;.

Evaluating The Measure Preservation of M/. In both
cases, My, as evaluated with a conjugate solver, or its in-
dependently evaluated neural counterpart M should be
measure-preserving. Indeed, we will use (as in Figure 1,
bottom center plots) any departure from the identity

Myp = (Vu* o F)yp = (Vu*)x(Fyp) =p,

as a way to assess the quality of our factorization.

3.4. Sampling according to the pre-image measure M, !

Measure-preserving maps M are not invertible in gen-
eral (Ryff, 1970), a well-known example in 1D being the
doubling map defined as M (x) = 22 mod 1 that preserves
the Lebesgue measure rescaled to the interval [0, 1]. This
non-invertibility is of particular interest in the optimiza-
tion and sampling applications we propose. For a given y,

our goal will therefore be to generate inputs x such that
My(z) = y. To this end, we learn a generative process to
sample according to the posterior density

1y—niy(2)p(2)
Jo Ly=nty () p(z)d

mo(xly) = (12)

We rely on the augmented bridge matching procedure pre-
sented in De Bortoli et al. (2023) to learn the drift of the
stochastic differential equation (SDE) formulated in (13)
so that, on input Xy = y, the generated samples X; be
distributed according to 7y (z|y) (12).

dX; = (Xy(Xo, Xt) — X¢)/(1 —t)dt + 0dB;  (13)

De Bortoli et al.’s approach refines the bridge matching pro-
cedures that have been recently used to solve inverse prob-
lems (Somnath et al., 2023; Liu et al., 2023; Chung et al.,
2024), by augmenting the learnable part of the drift X, with
the initial point X of the SDE. This slight adjustment al-
lows to correctly recover the coupling measure (Mpy, Id) 4 p
from the paired samples {(x;, F'(x;))}7_, when Xy is pa-
rameterized using a multilayer perceptron trained according
to Algorithm 1.

Algorithm 1 Training of X,

1: ug <— Trained ICNN s.t. Vugup ~ Fyup
2: Initialize X,

3: while not converged do

Draw a sample (x;, F'(x;))

Compute y; = CS(ug, F(x;))

Sample t ~ U([0, 1])

Sample z; ~ N(0, 1)

zy = (1 —t)y; +to; + o(t(1 — 1))/ %z
Ly £ Xy (yi, ) — 4]

10:  Update X, using VLy,

11: end while

R A A

The optimized network X, is then plugged in (13)
that we solve with Heun’s method as implemented in
diffrax (Kidger, 2021) using S discretization steps.
Given a sample y from My p, solving the SDE (13) us-
ing Xy = y allows to generate an output X distributed
according to the posterior density (12). To alleviate the no-
tations, we call I, the generative process such that I (y, z)
is the output X returned by the differential equation solver
associated to (13) on the input Xy = y when the injected
gaussian noise z has been drawn from N (0, I;)®

I,(y,2z) = SDE(Xy,y,2), y € RY, 2z € RS,

To generate several inputs 2 from 7y (z|y), one only needs
to inject different noises z ~ N(0, 1;)®% in I (y, -), i.e.

I’Gb(yv ')#N(07Id)®s ~ W@("y)'
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4. NPF to Study Non-Convex Potentials ¢

In this section, we focus on the polar factorisation of the
gradient field Vg, where g is a non-convex function of
interest. We show how computing the NPF of Vg together
with the inverse map I, can be used to explore the space of
critical points of g.

4.1. On using the Inverse Map I, of Vg

NPF on G = Vg. Letg : R? — R be a function of
interest supported on a bounded set  C R?. Assuming that
Vg : R* — R? meets the requirements of (4), Brenier’s
polar factorization states the existence of a convex function
u and a measure-preserving M that preserves the rescaled
Lebesgue measure on {2, Lq such that:

Vg =VuoM.

For a given vector v, the points in €2 whose gradient with
respect to g is equal to v are all transported by M on the
same point Vu*(v) i.e.

M ({ze€eQ:Vg(x)=v})={Vu"(v)}.

In particular, the critical points of g are all mapped by M
onto the minimizer of the function u, which is Vu*(0).

On Extracting the Critical Points of g. When the NPF
of Vg is learned, resulting in ug, M and I, composing I,
with Vug* provides an inversion process for Vg. Gener-
ating an input point x,, whose gradient is v can in fact be
done by first sampling z ~ N (0, I;)®" and successively
applying Vug* and I, to v:

z, = Iy (Vuy(v),z), where z ~ N(0, 1;)®5.

As a special case, sampling the critical points of g is done by
taking v = 0 in the above procedure with different noises z.
Note, however, that this convexification requires estimating
the polar factorization of Vg as well as the inverse map I,
over the entire space 2, which is computationally expensive.
To optimize the g function, we propose instead to combine
this method with the Langevin Monte Carlo (LMC) algo-
rithm to correctly estimate the polar factorization of Vg
around the minimums of g.

4.2. A LMC Method Assisted by NPF.

LMC algorithm Given a smooth log-concave density

e—9(®)

" e (1

with g : RY — R, the Langevin Monte Carlo algorithm
can sample from 7 by starting from (%) to iterate

P = o) 390 4\ /F3E0, 20 N (O, L)

When g is non-convex, the LMC algorithm lacks guaran-
tees (Roberts and Tweedie, 1996; Cheng and Bartlett, 2018;
Dalalyan and Karagulyan, 2019). In particular, when g has
multiple local minima, the generated samples are highly cor-
related as the particles originating from the LMC algorithm
often get stuck in some basins. For this reason, the LMC
algorithm has been combined with methods enabling global
jumps between modes (Pompe et al., 2020; Gabrié et al.,
2022) to sample multi-modal distributions.

Sampling with Known Polar Factorization for Vg. In
this paragraph, we assume that the polar factorization
(Vu, M) and stochastic inverse map M ~! of Vg are known.
To sample the modes of 7(z) o e 9(*) when g is non-
convex, one can run the LMC algorithm on the convex func-
tion » and sample back using an inverse generator M ~!:

y(k') — M(a;(k))
y ) = B _ ATy (y®)) 4 /2720

L(E+D) Mfl(ywﬂ),z(k%)),

The LMC step on u allows to move along a new descent
direction or exploration direction to reach v 1 while M !
randomly generates a point z(*+1) € Q whose gradient for
g is Vu(yk+1). This way, the neighborhoods of ¢’s critical
points are uniformly sampled, and a particle does not get
stuck in one minimum as M ~! permits global moves be-
tween all the basins. Because it is difficult to differentiate
a minimum from a saddle point or a maximum when sam-
pling critical points using the polar factorization of Vu, this
procedure should be combined with Langevin steps on g to
escape non-minimum critical points. The following para-
graph details the sampling algorithm and complements it by
showing how the polar factorization of Vu can be learned
while sampling.

Unknown Polar Factorization for Vg When the polar
factorization is unknown, we propose an algorithm that
learns the polar factorization of Vg as well as the inverse
map [, using the generated particle trajectories. The al-
gorithm alternates between N Langevin steps on g and N
Langevin steps on ug, while My and I, allow to transition
between the two spaces. Algorithm 2 details the steps of the
procedure. The notation LMC (ug, 7, yl(k), N) means that
N LMC steps are performed on the function ug with a time
step of y starting from the point y(k)

P
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Algorithm 2 LMC-NPF
1: Initialize ug and Iy,

2: Initialize the particles {xl(-o) H<i<n

3: k<0

4: while k < k4, do

5. if £k mod N = 0 then

v = Moa})

yl(k—&-l) — LMC (ugxy,ygk), N)

o = 1,y 2) with 2 ~ N (0, 1)
9: else

10 2t =2 — vV + 27
11:  endif

12:  Update ug, I, with {(xgk), Vg(xl(k)))hgign
13: k+k+1

14: end while

e =D

The main insight of the proposed sampling algorithm is that
LMC steps permit the exploration of the space locally, while
NPF provides and stores a more global viewpoint, that is
able to propose moves to potentially worthy areas.

S. Experiments
5.1. Accuracy Metrics

Assess NPF’s Accuracy. When a field G is only available
through samples, the following three criteria, evaluated on
unseen samples (or test set) {(z;, G(2;))}1<j<m. are used
to assess whether the estimated polar factorization is correct.

* To measure that the distributions Vugyp and G4 p are
close, we compute the Sinkhorn divergence S. (Ram-
das et al., 2017; Genevay et al., 2018; Peyré et al.,
2019) between the two point clouds (G (z;))1<;j<m and
(Vug(xj))1<j<m- To quantify the scale of that mea-
surement, we compare it with the distance between two
batches of fixed size drawn from (G(z;))1<j<m. We
also visualize this proximity by embedding the two point
clouds using the TSNE algorithm (Van der Maaten and
Hinton, 2008) and superimpose them.

» The second criterion assesses whether M is measure-
preserving. Similarly, this is numerically estimated
by computing the Sinkhorn divergence between the
empirical measures associated with (z;)1<;j<n and
(M¢(25))1<j<m, and visualized with a TSNE embedding.

* Finally, we evaluate the Lo distance between G and Vugo
M using the test set. Note that when My is used (rather
than M), that criterion is not useful since it only assesses
the quality of the conjugate solver.

Assess the Generative Inverse Map I,. Given y, we
should be able to sample among the antecedents of y by My
using the multivalued map I;. To quantify that, we esti-

mate the average distance between the probability associated
to the density mq(z|y) (12) and I, (y, ) 2 N(0, I;)®% from
samples. Given the finite test set {(x;, My(z;)) <j<m,
it is unlikely to find a multitude of points with the same
image. For this reason, we approximate M, ' (Mg (z},)), by
constructing the set

Ba(zk) = {z; : [[Mo(x;) — Mo(xx)|l2 < o}

and choose « such that the cardinal of B, (z}) is 100. We
then compute the sinkhorn divergence between the predic-
tions of I, on My (Ba, (vx)) and By, (z1) and average it
over all the z;,. We compare the obtained value with the
distance of two batches of fixed size drawn independently
from the (z;)1<j<m. We also evaluate the fact that the
stochastic map I, o Vu}; approximates G~! by computing
the quantity, using MC samples for z,

1 & "
— > Bun0.10s |G o Lu(Vuy (G(x)),2) — Glay)||?
j=1
15)
We also study the quantity where the cosine similarity re-
places the norm in (15).

5.2. NPF of Topographical Data

Dataset. We use the Python package elevation to get
the elevation of three regions of the world: Chamonix, Lon-
don, and Cyprus. We estimate the gradients associated with
the elevation in these regions with finite-differences, and ob-
tain three datasets composed of (latitude, longitude) points
paired with their gradients. We learn the polar factorization
(Vug, M¢) of the underlying gradient field as well as the
inverse map I,;. Because in these examples, G is only given
through samples, we parameterized the measure-preserving
map using a neural network M. To assess the quality of
our method NPF, we used a 85% training / 15% test split.
More details can be found in the appendix.

Chamonix

Sa(vue#Pn, G#pn) 0.27
Sc(Gypn, Gupy) 1.55

SE (Mg#p’m pn) 0.0029
Sc(pn; ) 0.0034
Eznp, [|G(x) — Vug o Me(x)]|2] 0.96

Eaz [Se((1y(My(Ba(z)), 2), Ba(x))] || 0.048
Se(p64; Pa) 0.077

Se( p128, Plag) 0.039

Table 1. Polar factorization and Inverse multivalued map metrics
for learning the gradient of the elevation in Chamonix area. For
these metrics, p,, and p,, are two empirical measures created from
n = 1024 samples drawn independently from the test set. The ¢
parameter is set equal to 0.1 which is the default parameter.
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Polar Factorization Results. Table 1 shows that the esti-
mated NPF is accurate: the Sinkhorn divergence between
the predicted distribution Vug4p, and the target distri-
bution G'p,, is lower than the divergence between two
batches of size 1024 taken from the target. Similarly, the
Sinkhorn divergence between p,, and its image by M is
lower than that between two batches of size 1024 drawn
from the source. The reconstruction of G is also quite satis-
factory as corroborated visually (Figure 1).

Inverse Map Results. The data from Table 1 in-
dicates that I, generates the antecedents of the
images by Mpy accurately: the estimated quantity
Ey 2 [Se((Iy(Mg(Bu(x)),2z), Ba(z))] is comparable to the
distance between two batches drawn from the source dis-
tribution whose size lies between 64 and 128. To vi-
sualize these performances, we transported the samples
(G(x;))1<j<m, that store gradients of the elevation, using
Iy o Vuy that should estimate the inverse generative map
G~'. We expect very high gradients to be sent to points
where the elevation varies rapidly, such as the sides of moun-
tains in the Chamonix example. To visualize where a gradi-
ent was sent, we plot a point at this localization and color it
according to the norm of the gradient from which it origi-
nates. We compare the image generated by this process with
the one obtained by coloring directly the points (z;)1<;<m
using their associated gradients. In the three cases (Cha-
monix, London, Cyprus), the two images are quite similar
(Figure 2), showing the quality of our reconstruction.

5.3. Learn an NN Optimization Landscape using NPF

In this experiment, we consider a minimal neural architec-
ture capable of classifying MNIST digits. Inspired by the
LeNet architecture (LeCun et al., 1998), we use two convo-
lutional layers, each followed by a Relu and a max pooling
operation. A classification layer leads to an output layer
of 10 neurons, followed by a softmax. The loss function
is the cross entropy, computed with MNIST train dataset
minibatches of size 128, and the vector field under study
is the gradient of that loss for the d = 222 parameters of
the neural network. The loss landscape of a non-linear neu-
ral network being very chaotic (Li et al., 2018), we do not
expect to learn the polar factorization of the associated gra-
dient field perfectly over the all optimization space (2. The
optimization space we are considering is Q = [—1, 1]%22.

Polar Factorization and Inverse Map Results. Accord-
ing to Table 2, we see that, overall, NPF manages to learn
that vector field, but it lacks, as expected, accuracy in some
parts of the space. This is, e.g., revealed visually using
the TSNE plot from Figure 3. Similarly, I,, can be used to
invert My according to Table 3 and the histogram associated
with the cosine similarity on Figure 3 confirms that we can

n=1024 | n=2048
Sc(Vugypns Gypn) 107.5+8.2 | 93.5+5.3
S=(Gypn, Gypy) 110.3 + 8.7 | 87.4+ 4.2

Table 2. Polar factorization metrics for learning the gradient of the
MNIST classifier loss function.

Bz [S-((Iy(My(Ba(z1)), 2), Ba(z1))] || 106.2+0.5
Sc( pess Pa) 111.0+0.6
Se( p128, Plag) 105.7+0.

EynGypn.allG o Iy(Vus(y),z) — yll2 14.2413.0
Ey~G,p,,zc08ine(G o Iy(Vuy(y),z),y) || 0.83+0.18

Table 3. Inverse multivalued map metrics for learning the gradient
of the MNIST classifier loss function.

choose a certain gradient v and use I, o Vuy to generate
classifier weights whose gradient is approximately v. In
particular, I, allows the generation of correct critical points
(Figure 12), which, however, have a low accuracy. This may
be due to the fact that the gradient of good minimums varies
greatly with the stochasticity of the loss function visible
on Figure 13 and Figure 15, compared with the gradient
of critical points with an accuracy of 10%, which is the
performance of a classifier with random weights.

5.4. Learning NPF using Gradient Flow of Particles

In §5.3, we requested that NPF learn the entire gradient
field. This of course limits the ability, given a certain budget
of samples, to provide a good approximation of critical
points through the inverse generative map. This is likely
due to our uniform sampling procedure, which is unlikely to
reveal interesting critical points. In this experiment, we train
NPF using gradient descent trajectories to focus on those
areas. To do this, we initialize 1024 particles randomly and
have them follow a gradient flow. We use these trajectories’
samples to learn NPF.

Polar Factorization Results. The gradients associated
with particles in good accuracy basins vary greatly with loss
stochasticity (see Figure 13). However, we can see that NPF
is faithful in those areas: the Sinkhorn divergence between
the distribution generated by Vug and the target is of the
same order as that between two batches of size 1024.

Inverse Map Results. As for I, the gradients of the gen-
erated weights do have a norm close to 0, and the cosine
similarity distribution reveals that the direction of the gradi-
ents is globally learned but stochasticity prevents us from
performing better. Moreover, we can see in Figure 14 that
the critical weights generated contain valid minima.
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Figure 1. The g function under study is the elevation in the Chamonix area (France). The figures show the respective action of the vector
fields involved in the polar factorization of Vg on a sample measure p,,. We observe that Vug 4 pn ~ G p,. Both implicit and explicit
measure-preserving maps My (10) as well as the explicit network M, trained with the loss (11) permutes the points of the distribution,

ensuring that G ~ Vug o M while (M¢)gpn = (Mo)#pn = pn-

Figure 2. I,,’s ability to replace gradients in the original €2 space
for the example of Chamonix region’s elevation gradient. The
figure on the right is generated by returning the gradients Vg p,,
to their initial position in the image via I, o Vug. This posi-
tion is then colored according to the initial gradient norm (before
transport). We can compare the result with the image on the left,
generated by sampling uniformly in €2 space and colored according
to the norm of their gradient.

Frequency
R
o

o

g
=3

0 1
Cosine

Figure 3. Performance of the NPF and the inverse map I, on
the §5.3 MNIST classifier experiment where the loss gradient
is learned over the entire space §2. The TSNE allows to visualize
in 2D the overlap of the predicted distribution Vug 4 p,, with the
target distribution G4 p,, while the cosine similarity, mentioned in
§5.1, shows that I, permits to accurately generate weights associ-
ated with a given gradient.
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5.5. LMC-NPF on MNIST-XE

We use LMC-NPF (Algorithm 2) to sample the loss of the
MNIST classifier considered in §5.3. Our sampling algo-
rithm is preceded by a warm-up containing particle descents
to explore good minima before sampling as detailed in the
supplementary files.

Sampling Algorithm Results. Following the warm-up,
the TSNE (Figure 5) as well as Figure 4 show that our
sampling algorithm proposes high-accuracy weights that
are completely different from the minima found during
the warm-up period. Since LMC-NPF alternates between
Langevin steps on g and Langevin steps on ugy, we demon-
strate that these minima had indeed been discovered through
the use of NPF by running an LMC algorithm initialized
with the final warm-up particles. The latter was parame-
terized the same way as the one used in LMC-NPF, with
the same number of iterations. We observe that the LMC
algorithm samples around the warm-up particles but does
not detach itself from them. This confirms that the use of
PFNet in the sampling procedure permits the discovery of
new local minima.

6. Conclusion

Brenier’s polar factorization is arguably one of the most
far-reaching results discovered in analysis in the last cen-
tury, underpinning the better known Brenier theorem on the
existence of solutions to the Monge (1781) problem. We
proposed in this work the first implementation, to the best
of our knowledge, of that factorization that is applicable to
higher-dimensional settings. To do so, we have used the
recently proposed machinery of neural optimal transport
solvers. Beyond simply exploiting this result, we have also
proposed to estimate a multivalued map that approximates
the inverse of the measure-preserving map component in
the polar factorization. We have shown that such an inverse
map can be of potential use to sample the optimization land-

=3

Input Input
> >
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E 2.0.5
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- —
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0.0 0.0
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Figure 4. Characteristics of the points sampled using LMC-NPF
for the §5.5 MNIST classifier experiment. In gray the classifier
weights have been drawn uniformly in the (2 optimization space,
while in purple the weights have been sampled using Algorithm 2.
Generated samples are critical points which are good minima, as
shown by the accuracy statistics.

® End chains GD
® LMC-NPF B

LMC f oot

Figure 5. Results of LMC-NPF applied to the MNIST classifier
loss function. The TSNE is used to represent the final particles
resulting from descent trajectories during the Warm-up period (in
red), the particles sampled by the LMC algorithm (in grey), and
the particles sampled by LMC-NPF (in purple).

scape of non-convex potentials. An interesting direction for
perfecting the sampling algorithm would be to reweight the
samples according to their probability, in the same vein as
SMC samplers (Del Moral et al., 2006). This would require
knowledge of the probability distribution generated by the
generative model I,;, which is not possible with the current
methodology.
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A. Computation of the convex conjugate

Given a function convex function u, and a point y, the objective .J,,(z,y) = (y,z) — u(x) is concave with respect to = and
u*(y) = sup, Ju(z,y) can be computed using optimization algorithms like gradient ascent, (L)BFGS or Adam. As for
Vu*(y), taking the gradient for y necessitates differentiate through a supremum. In our case, u is strictly convex a.e. and
the supremum becomes a maximum :

u*(y) = max Ju(z,y)

Danskin’s envelope theorem (1966) allows to differentiate through this maximum and to write:
Vyu'(y) = Vymax Jy(z,y)
= (VyJu(z,))(z"(y))
where z*(y) is the optimal « that maximizes J,,(z, y). Because V,J, (z,y) = x, we get that

Vyu(y) = 2" (y)

B. Preconditionned LMC

g® D = 20 AT f (™) + /2920 28~ N(0, 1)

By replacing V f with its polar factorization, the procedure becomes:
2D = 20 _ Ay 0 M(x®) + /272

By studying y*) = M (2(*)), one can see that the LMC procedure implies doing a preconditioned LMC algorithm on the
convex function .

y(k+1) — M(x(k+1))
=M (m(k) —yVu(y®) + \/2fyz(k))

= M(@®) + Jas (@) [y Vuly®) + /272

+ o(llel])
=y~ Tar (@) Vu(y™) + /29T0 (2 )2
+ o([lel])

with e = —yVu(y®) 4+ /2v2(%). One can note that the preconditioned matrix H = Jj;(x(¥)) is not necessarily positive
definite.

C. Augmented Bridge Matching

Given a coupling IIj ; and random variables (X, X1 ), the Augmented bridge matching algorithm (De Bortoli et al., 2023)
aims at learning a stochastic dynamic mapping between X, and X that preserves the coupling Iy ;.

In the probability space of path measures P(C([0, 1], R?)), let M denotes the path measures associated to the SDE
dX; = v4(X;)dt 4+ o,d By, the functions o and v being locally Lipschitz. Given a path measure Q € M, the diffusion bridge
of Q which is the distribution of Q conditioned on both endpoint is denoted by Q)o,1. The set of path measures considered
to bridge P(Xy) and P(X) according to the coupling Ilg ; is 1o 1Qo1 = fRded Qo,1(-|zo, 21)Io,1(dzo,dz1). In
De Bortoli et al. (2023), the authors showed that under mild conditions, [T 1Q|o,; was associated to the following SDE:

dXt = {bt(Xt) + J?Ut}dt + UtdBt7 X() ~ W

with uy = Ep, |, , [V log Q¢ (X1]X¢)| Xo, Xt] where Q;; and IPy o ; are respectively the conditional distribution of Q at
time 1 given the state at time ¢ and the conditional distribution of [P at time 1 given the coupling state at time 0 and ¢.

12
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This SDE gives a way to sample from Il ; by first sampling X, ~ 1 and then discretize the SDE to get X ;. Because u; is
intractable, it is approximated by a neural network u{ learned to minimize the regression loss:

1
/ ME[lu? (Xo, X,) — V log Q1 o(X1 | X0)|PIB(Xo, X, X)
0

A particular case of diffusion bridge is the Brownian bridge Q)o,; for which v = 0 and o, = o which is the one usually used
in practice.

D. Topography experiments
D.1. Creation of the dataset

We used the Python package elevation to get the elevation of three different regions of the globe: Chamonix, London,
and Cyprus. Given the latitudes and longitudes of the desired area, e levat ion returns a grid of the area with the elevation
value at each grid point. For the Chamonix example, we obtained 323932 points (x,y) € R? and their corresponding
elevation. We dequantized the elevations by adding a uniform noise on [0,1] to them before using a Gaussian filter to make
the gradients smoother. To do this, we used the function gaussian_filter fromthe scipy library. We then numerically
estimate the gradients associated with the elevation and obtain a dataset of 323932 points in R? and the associated gradients
in R? for the example of Chamonix. We obtained data for the Cyprus and London regions in the same way.

D.2. London and Cyprus results

Vugypn Mo ypn

Figure 6. Respective actions of the learned vector fields associated with the polar factorization of the elevation gradient in the London
area.

Figure 7. I,;’s ability to replace gradients in the original 2 space for the example of London region’s elevation gradient.
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Vg4 pn

Figure 8. Respective actions of the learned vector fields associated with the polar factorization of the elevation gradient in the Cyprus
neighborhood.

Figure 9. I,,’s ability to replace gradients in the original €2 space for the example of Cyprus region’s elevation gradient.

Chamonix | London Chypre
We(Vugupn, Fupn) 0.27 0.11 0.020
We(VEypn, Fyp,) 1.55 0.33 0.036
Eg z [Se((Iy(Mo(Bo(xk)),2), Ba(zk))] || 0.048 0.23 0.041

Figure 10. NPF and I, performances for the topography experiments.

E. LeNet classifier Experiments

E.1. LeNet classifier architecture

The LeNet classifier architecture used for the experiments is composed of two convolutive layers followed by a relu activation
function and a max pooling; it ends with a dense layer as described in Figure 11. The optimization space that we consider is

Q=[-1,1]22,

E.2. Complementary graphs for the MNIST classifier experiments
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Convolution
(features: 1, kernel size: 5 x 5, padding: "VALID”)

Max-Pooling
(window: 2 x 2, strides: 2 x 2)

Convolution
(features: 1, kernel size: 5 x 5, padding: ”"VALID”)

Max-Pooling
(window: 2 x 2, strides: 2 x 2)

[ Flatten layer ]

Dense
(output size: 10)

(0,0,1,0,0,0,0,0,0,0)

Figure 11. Le Net classifier architecture used in experiments.
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Figure 12. Characteristics of the generated critical points for the §5.3 MNIST classifier experiment. In gray the classifier weights have
been drawn uniformly in the 2 optimization space, while in purple the weights have been drawn using I, (Vug(0), z).
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Figure 13. Performances of I, for the §5.4 MNIST classifier experiment and stochasticity of the MNIST loss. The distance and cosine
plots demonstrate the ability of I, to correctly generate weights with a fixed gradient. For the stochasticity plot, the classifier weights are
fixed to the weights obtained after gradient descent and different minibatches of MNIST images are used to compute the gradient of the
loss function. The stochasticity plot shows the distribution of the sinkhorn divergence between two gradient batches computed from the

same weights.
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Figure 14. Characteristics of the generated critical points for the §5.4 MNIST classifier experiment. In gray the classifier weights have
been drawn uniformly in the §2 optimization space, while in purple the weights have been drawn using I, (Vug(0), z).
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Figure 15. Performances of Iy for the §5.5 sampling MNIST classifier experiment. The distance and cosine plots demonstrate the ability
of I,; to correctly generate weights with a fixed gradient. For the stochasticity plot, the classifier weights are fixed to the final sampled
particles and different minibatches of MNIST images are used to compute the gradient of the loss function. The stochasticity plot shows
the distribution of the sinkhorn divergence between two gradient batches computed from the same weights.

Frequency

o
<

©
W

B Input

[0 Generated

100
Norm

,_
<

B Input
[ Generated

Frequency
e
(9]

S
o

0 50 100

Loss

Frequency

H
<

©
n

0.0

B Input

[0 Generate

o\

50
Accuracy

Figure 16. Characteristics of the points sampled using Algorithm 2 for the §5.5 MNIST classifier experiment. In gray the classifier weights
have been drawn uniformly in the 2 optimization space, while in purple the weights have been sampled using Algorithm 2. The generated

samples are critical points which are good minima, as shown by the accuracy statistics.
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F. Hyperparameters
F.1. Parameterize uy

In all experiments, the convex function v is parameterized using an ICNN wg whose architecture is detailed in §3.1. The
rank of the quadratic term Q) 4 5(z) is always taken equal to 1, which means that A is a row matrix. We noted that it was
necessary to choose smooth activation functions in »’s parameterization to avoid convergence problems with the
conjugate solvers, that occur especially in high dimension. This is why we have favored the use of ELU (Clevert et al.,
2015) activations in the u parameterization rather than Relu activations.

F.2. Computation of uj

The use of a conjugate solver is necessary to compute the loss functions of V;;, My, I, and to estimate My. In all cases,
the objective is to estimate the gradient of ug’s conjugate at a given point y: V(ug)*(y). For a given experiment, that
justifies the use of the same conjugate solver parameters for these different applications. We relied on ADAM solver for the
computation of the convex conjugate as it runs faster than LBFGS on our examples and use Amos implementation. The
two hyperparameters that remain to be set are the maximum number of iterations given to the solver to converge and the
tolerance factor at which the norm of the gradient is considered small enough for the solver to have converged. These two
hyperparameters are strongly dependent on the dimension of the problem as well as on the function uy and, therefore, on the
distributions p and I p. To amortize the number of iterations required for the solver to convergg, it is always initialized
with the prediction of the V, network that is trained in conjunction with ug.

F.3. Parameterize V,

We use an MLP with 2 hidden layers of size 512 and Relu activation functions to parameterize V, in all our experiments.

F.4. Parameterize M,

The measure-preserving map M is parameterized by a neural network only when the vector field under study is available
through samples only. This is the case in the topography examples where M, is parameterized by an MLP with 2 hidden
layers of size 512 and Relu activation functions.

F.5. Parameterize X,

The learned part of the drift Xy, is parameterized using an MLP, and we use Silu activation functions which is the classic
choice for parameterizing the drift X.

The same hyperparameters have been used for the Chamonix, London, and Cyprus cases.



Neural Polar Factorization

Figure 17. Hyperparameters used for the topography experiments (the same hyperparameters have been used for Chamonix, London, and

Cyprus).

model hyperparameter value

Ug activation function elu
architecture [64, 64, 64, 64]
bl 0.50
b2 0.50
scheduler cosine decay
initial learning rate  0.001
o 0.10
scheduler steps 50000
training steps dual step ICNN
steps 50000

Iy activation function ~ silu
architecture [256, 256, 256]
scheduler cosine decay
initial learning rate  0.001
e} 0.010
scheduler steps 50001
training steps flow matching
steps 50000
o 0.10

Ve activation function relu
architecture [512, 512]
bl 0.90
b2 0.999
scheduler cosine decay
initial learning rate  0.0005
o 0.010
scheduler steps 51001
steps 50001

conjugate solver name Adam
max iteration 200
gtol 0.0010
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model hyperparameter value

Ug activation function elu
architecture [128, 128, 128, 128]
bl 0.50
b2 0.50
scheduler cosine decays
initial learning rate  0.001
o 0.010000
scheduler steps 10000
training steps dual step ICNN
steps 10000

Iy activation function ~ silu
architecture [512,512]
scheduler cosine decay
initial learning rate  0.0005
o 0.010
scheduler steps 4000°
training steps flow matching
steps 50000
o 1.0

Ve activation function  relu
architecture [512, 512]
bl 0.90
b2 0.999
scheduler cosine decay
initial learning rate  0.0005
o 0.010
scheduler steps 11000
steps 10001

conjugate solver name Adam
max iterations 700
gtol 0.10

Figure 18. Hyperparameters used for experiment 6.3.



Neural Polar Factorization

model hyperparameter value
Ug activation function elu
architecture [128, 128, 128, 128]
bl 0.50
b2 0.50
scheduler cosine decay
initial learning rate 0.0001
o 0.10
scheduler steps 30000
training steps dual step ICNN
steps 1002
Iy activation function silu
architecture [512, 512]
scheduler cosine decay
initial learning rate 0.0005
o 0
scheduler steps 61003
training steps flow matching
o 0.10
Ve activation function relu
architecture [512, 512]
bl 0.90
b2 0.999
scheduler cosine decay
initial learning rate 0.0005
@ 0
scheduler steps 62005
steps 1002
conjugate solver name Adam
max iteration 1000
gtol 0.001
particles steps 60000
coefficient LMC f 1
coefficient LMC u 1
particules 1024
warming steps 30000
consecutive LMC steps on f 200
consecutive LMC steps on v 200
Ty 0.10
Tu 0.10

Figure 19. Hyperparameters used for experiment 6.4.
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Neural Polar Factorization

model hyperparameter value
Ug activation function elu
architecture [128, 128, 128, 128]
bl 0.50
b2 0.50
scheduler cosine decay
initial learning rate  0.0001
o 0.10
scheduler steps 30000
training steps dual step
steps 1002
Iy activation function ~ silu
architecture [512, 512]
scheduler cosine decay
initial learning rate  0.000500
Q 0
scheduler steps 61003
training steps flow matching
o 0.10
Ve activation function  relu
architecture [512, 512]
bl 0.90
b2 0.999
scheduler cosine decay
initial learning rate ~ 0.0005
Q@ 0
scheduler steps 62005
steps 1002
conjugate solver name Adam
max iteration 1000
gtol 0.001
particles steps 60000
coefficient LMC f 1000
coefficient LMC v 1000
particules 1024
warming steps 30000
LMC steps on f 200
LMC steps on 200
Ty 0.10
Tu 0.10

Figure 20. Hyperparameters used for experiment 6.5.
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