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Abstract. We prove that the homoclinic class of every hyperbolic periodic

orbit of a geodesic flow over a C∞ closed rank 1 Riemannian manifold equals
the unit tangent bundle. As an application, we give a proof using symbolic dy-

namics of the theorem of Knieper on the uniqueness of the measure of maximal

entropy [Kni98] and theorems of Burns et al on the uniqueness of equilibrium
states [BCFT18].

1. Introduction

Homoclinic classes are an efficient way of decomposing the dynamics of hyper-
bolic systems into smaller pieces. Introduced by Newhouse in [New72] as general-
izations of the basic sets introduced by Smale in his spectral decomposition theorem
[Sma67], homoclinic classes have been used in more complicated settings beyond
uniform hyperbolicity, see e.g. [BC04].

Rodriguez Hertz et al introduced ergodic homoclinic classes of hyperbolic pe-
riodic points, and studied the uniqueness of SRB measures for surface diffeomor-
phisms [RHRHTU11]. Buzzi, Crovisier and Sarig introduced homoclinic classes of
hyperbolic measures and proved that each class carries at most one measure of
maximal entropy [BCS22]. Later, Buzzi, Crosivier and Lima studied homoclinic
classes of measures for three-dimensional flows with positive speed [BCL23].

In this article, we consider homoclinic classes for geodesic flows over rank 1
manifolds, in any dimension. Let M be a C∞ closed Riemannian manifold with
nonpositive sectional curvature, and let φ = {φt}t∈R : T 1M → T 1M be its geodesic
flow. We say that M is rank 1 if there is a vector x ∈ T 1M without a parallel
Jacobi field perpendicular to the flow direction. This assumption implies various
geometrical and dynamical properties of φ, see Section 2.1. Let HC(O) denote the
homoclinic class of the periodic orbit O, see Section 2.2 for the definition.

Main Theorem. Let φ be the geodesic flow over a C∞ closed rank 1 Riemannian
manifold. If O is a hyperbolic periodic orbit, then HC(O) = T 1M .

Returning to the case of diffeomorphisms, Buzzi, Crovisier and Sarig proved that
the constructions of countable Markov partitions of Sarig [Sar13] and Ben Ovadia
[BO18] code homoclinic classes by irreducible countable topological Markov shifts,
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and that each homoclinic class supports at most one equilibrium state for each
admissible potential, see Theorem 3.1 and Corollary 3.3 in [BCS22]. Employing
the same methods, we provide applications of the Main Theorem to give proofs,
for rank 1 manifolds, of the theorem of Knieper on the uniqueness of the measure
of maximal entropy [Kni98] and theorems of Burns et al on the uniqueness of
equilibrium states for some classes of potentials [BCFT18]. Let ψu denote the
geometric potential of φ and let Sing be the singular set of φ, see Section 2.1 for
the definitions.

Theorem 1.1 (Theorem A of [BCFT18]). Let M be a C∞ closed rank 1 Riemann-
ian manifold, and let ψ : T 1M → R be Hölder continuous or of the form ψ = qψu

for q ∈ R. If P (Sing, ψ) < P (ψ), then ψ has a unique equilibrium state µ. This
measure is hyperbolic and fully supported.

Above, P (ψ) and P (Sing, ψ) denote the topological pressure and topological
pressure restricted to Sing respectively. We note that Theorem 1.1 is not the full
statement proved in [BCFT18], since we do not characterize µ as the weak–* limit
of hyperbolic periodic orbits. We also remark that µ is Bernoulli, due to [LLS16]
in dimension two and to [CT22,ALP20] in any dimension.

For multiples of the geometric potential in surfaces, we also recover part of
Theorem C of [BCFT18].

Theorem 1.2 (Theorem C of [BCFT18]). If M is a C∞ closed rank 1 surface,
then its geodesic flow φ has a unique equilibrium state µq for the potential qψu for
each q ∈ (−∞, 1). This measure is hyperbolic and fully supported.

Again, we are not able to characterize µ as the weak–* limit of hyperbolic periodic
orbits. Finally, using the pressure gap P (Sing, 0) < P (0) proved in [BCFT18,
Theorem B], we are also able to recover Knieper’s theorem on the uniqueness of
the measure of maximal entropy.

Theorem 1.3 ([Kni98]). If M is a C∞ closed rank 1 Riemannian manifold, then
its geodesic flow φ has a unique measure of maximal entropy. This measure is
hyperbolic and fully supported.

Let us stress that, in dimension two, the pressure gap is automatic, hence we pro-
vide a self-contained proof of Knieper’s theorem in dimension two, using homoclinic
classes and symbolic dynamics.

2. Preliminaries

2.1. Geodesic flows in nonpositive curvature. Let M be a C∞ closed Rie-
mannian manifold and T 1M be its unit tangent bundle, which is also a closed
Riemannian manifold. Let φ = {φt}t∈R : T 1M → T 1M be the geodesic flow on
M , and X be the vector field generating this flow. We assume that M is a rank
1 manifold: it has nonpositive sectional curvature and there is a vector without
parallel Jacobi fields perpendicular to the flow direction.

Regular and Singular sets: The regular set of φ is defined by

Reg = {x ∈ T 1M : ∃t ∈ R s.t. K(π) < 0 for every plane π ⊂ Tγx(t)M},
where γx is the geodesic starting at x. The singular set of φ is defined by

Sing = T 1M \ Reg = {x ∈ T 1M : ∀t ∈ R,∃π ⊂ Tγx(t)M plane s.t. K(π) = 0}.
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Clearly, Reg and Sing form a partition of T 1M , with Reg open and Sing closed.
Geodesic flows on rank 1 manifolds have (weak) invariant directions and manifolds
at every point. More specifically, there are continuous dφ–invariant bundles x ∈
T 1M → E

s/u
x and continuous foliations {Ŵ ss/uu(x) : x ∈ T 1M} tangent to Es/u

and invariant under φ such that:

(1) Es, Eu are orthogonal to X and dim(Es) = dim(Eu) = dim(M)− 1.
(2) x ∈ Reg if and only if Es

x ⊕ ⟨Xx⟩ ⊕ Eu
x = Tx(T

1M).
(3) Reg is dense in T 1M .

(4) Ŵ s/u(x) :=
⋃

t∈R Ŵ
ss/uu(φt(x)) is a φ–invariant connected manifold of dimen-

sion dim(M) and tangent to Es/u ⊕ ⟨X⟩.
(5) There is a universal constant C = C(M) such that if dx is the induced distance

on Ŵ s(x) then dx(φ
t(x), φt(y)) ≤ Cdx(x, y) for all y ∈ Ŵ s(x) and all t ≥ 0; a

similar statement holds for Ŵu(x) and t ≤ 0.

(6) Ŵ s/u(x) is dense in T 1M for every x ∈ T 1M .

See [Ebe01] for proofs of (1)–(5), and [Bal82] for a proof of (6). For an orbit O,

define Ŵ s/u(O) := Ŵ s/u(x) for any x ∈ O. We also recall the definition of the
geometric potential.

The geometric potential of φ [BR75]: The geometric potential of φ is the
function ψu : T 1M → R defined as

ψu(x) = − d
dt

∣∣∣
t=0

log det(dφt
x|Eu

x
) = − lim

t→0

1
t log det(dφ

t
x|Eu

x
).

2.2. Homoclinic classes and symbolic dynamics. In this section, we combine
results of [LS19, ALP20, BCS22, BCL23] on codings of hyperbolic measures. Let
G = (V,E) be an oriented graph, where V,E are the vertex and edge sets. We
denote edges by v → w, and assume that V is countable.

Topological Markov shift (TMS): It is a pair (Σ, σ) where

Σ := {Z–indexed paths on G } =
{
v = {vn}n∈Z ∈ V Z : vn → vn+1,∀n ∈ Z

}
is the symbolic space and σ : Σ → Σ, [σ(v)]n = vn+1, is the left shift. We endow Σ
with the distance d(v, w) := exp[− inf{|n| ∈ Z : vn ̸= wn}]. The regular set of Σ is

Σ# :=

{
v ∈ Σ : ∃v, w ∈ V s.t.

vn = v for infinitely many n > 0
vn = w for infinitely many n < 0

}
.

We will sometimes omit σ from the definition, referring to Σ as a TMS. We only
consider TMS that are locally compact, i.e. for all v ∈ V the number of ingoing
edges u → v and outgoing edges v → w is finite. Although we use the same
notation, the regular set of φ and the regular set of Σ are not related; we maintain
the notation because they are classical in their contexts.

Given (Σ, σ) a TMS, let r : Σ → (0,+∞) be a continuous function. For n ≥ 0,
let rn = r + r ◦ σ + · · · + r ◦ σn−1 be the n–th Birkhoff sum of r, and extend
this definition for n < 0 in the unique way such that the cocycle identity holds:
rm+n = rm + rn ◦ σm, ∀m,n ∈ Z.
Topological Markov flow (TMF): The TMF defined by (Σ, σ) and roof
function r is the pair (Σr, σr) where Σr := {(v, t) : v ∈ Σ, 0 ≤ t < r(v)} and
σr : Σr → Σr is the flow on Σr given by σt

r(v, t
′) = (σn(v), t′+ t−rn(v)), where n is

the unique integer such that rn(v) ≤ t′+ t < rn+1(v). We endow Σr with a natural
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metric dr(·, ·), called the Bowen-Walters metric, such that σr is a continuous flow
[BW72]. The regular set of (Σr, σr) is Σ

#
r = {(v, t) ∈ Σr : v ∈ Σ#}.

Similarly, we will sometimes omit σr and refer to Σr as a TMF. The roof functions
we consider will always be Hölder continuous, in which case ∃κ,C > 0 such that
dr(σ

t
r(z), σ

t
r(z

′)) ≤ Cdr(z, z
′)κ for all |t| ≤ 1 and z, z′ ∈ Σr, see [LS19, Lemma 5.8].

Irreducible component: If Σ is a TMS defined by an oriented graph G = (V,E),
its irreducible components are the subshifts Σ′ ⊂ Σ defined over maximal subsets
V ′ ⊂ V satisfying the following condition:

∀v, w ∈ V ′, ∃v ∈ Σ and n ≥ 1 such that v0 = v and vn = w.

An irreducible component Σ′
r of Σr is a set of the form Σ′

r = {(v, t) ∈ Σr : v ∈ Σ′}
where Σ′ is an irreducible component of Σ.

χ–hyperbolic measure: A φ–invariant probability measure µ on T 1M is χ–
hyperbolic if for µ–a.e. x ∈ T 1M all the Lyapunov exponents are greater than χ in
absolute value, except for the zero exponent in the flow direction.

Let µ be a hyperbolic φ–invariant probability measure. For µ–a.e. x ∈ T 1M ,

W ss(x) =

{
y ∈ T 1M : lim sup

t→+∞
1
t log d(φ

t(x), φt(y)) < 0

}
denotes the strong stable manifold of x and

W s(x) =
⋃
t∈R

φt[W ss(x)]

denotes the stable manifold of x. We define similarlyWuu(x) andWu(x) the strong
unstable and unstable manifolds of x.

Given a hyperbolic periodic orbit O, we let W s/u(O) = W s/u(x) denote the
stable/unstable manifold of O, for any x ∈ O.

Homoclinic class of hyperbolic periodic orbit: The homoclinic class of a
hyperbolic periodic orbit O is the set

HC(O) =Wu(O) ⋔W s(O).

To simplify the notation, we will sometimes write N := T 1M .

Homoclinic relation of measures [BCS22,BCL23]: We say that two ergodic
hyperbolic measures µ, ν are homoclinically related if for µ–a.e. x and ν–a.e. y
there exist transverse intersections W s(x) ⋔ Wu(y) ̸= ∅ and Wu(x) ⋔ W s(y) ̸= ∅,
i.e. points z1 ∈ W s(x) ∩ Wu(y) and z2 ∈ Wu(x) ∩ W s(y) such that Tz1N =
Tz1W

s(x) + Tz1W
u(y) and Tz2N = Tz2W

u(x) + Tz2W
s(y).

The homoclinic relation is an equivalence relation among ergodic hyperbolic
measures, see [BCL23, Prop. 10.1]. Next, we state the coding theorem for non-
uniformly hyperbolic flows that we will use to prove Theorems 1.1, 1.2, and 1.3.
This theorem mixes the versions presented in [ALP20, Theorem 10.1] and [BCL23,
Theorem 1.1].

Theorem 2.1. Let X be a C1+β vector field with X ̸= 0 everywhere, let φ : N → N
be the flow generated by X, and let χ > 0. If µ1, µ2 are homoclinically related χ–
hyperbolic probability measures, then there is an irreducible topological Markov flow
(Σr, σr) and a Hölder continuous map πr : Σr → N s.t.:
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(1) r : Σ → R+ is Hölder continuous and bounded away from zero and infinity.
(2) πr ◦ σt

r = φt ◦ πr for all t ∈ R.
(3) πr[Σ

#
r ] has full measure with respect to µ1 and µ2.

(4) Every x ∈ N has finitely many pre-images in Σ#
r .

Proof. If M has dimension two, then we can apply [BCL23, Theorem 1.1] directly.
Since this latter theorem is not available in higher dimension, we have to argue dif-
ferently. Let O1,O2, . . . be the χ–hyperbolic periodic orbits homoclinically related
to µ1 (and hence to µ2).

Claim: There is a global Poincaré section Λ such that if f : Λ → Λ is the Poincaré

return map and S is the singular set of f , then:

(1) Λ is adapted for µ1 and µ2, i.e.

lim
|t|→∞

1
t log d(φ

t(x),S ) = 0 (2.1)

for µi–a.e. x ∈ Λ, i = 1, 2.1

(2) For every n, there exists a compact, φ–invariant, transitive, locally maximal,
χ–hyperbolic set Kn that contains O1, . . . ,On and such that Kn ∩ S = ∅.

The singular set is S = {x ∈ Λ : {x, f(x), f−1(x)} ∩ ∂Λ ̸= ∅}.

Proof of the claim. Fix xi ∈ Oi and zij ∈ Wu(xi) ⋔ W s(xj), and let τij ∈ R such
that zij ∈Wuu(xi)∩W ss(φτij (xj)). We construct a one-parameter family of global
Poincaré sections Λr, where r varies in an interval [a, b] and each Λr is the union of
finitely many codimension 1 disjoint balls D1(r), . . . , Dk(r) ⊂ N centered at points
y1, . . . , yk ∈ N , each of them with radius r and almost orthogonal to X. The
details of the construction can be found in [LS19, Section 2] for three-dimensional
flows and in [ALP20, Section 10] for any dimension. We can assume that the roof
functions of the Poincaré return maps to Λr are all larger than some ε0 > 0. As
the radius r varies, the boundary of Λr varies as well. Applying a double counting
argument and the Borel-Cantelli lemma, for Lebesgue almost every choice r ∈ [a, b]
the section Λr satisfies (1) above, see [LS19, Theorem 2.8] for details. Hence we
focus on showing that (2) holds in a set of parameters r ∈ [a, b] of positive measure.
We will prove this using parameter selection. Observe that if K is φ–invariant,
then K ∩ S = ∅ if and only if K ∩ ∂Λr = ∅.

Write zii = xi, and let Oij denote the orbit of zij . Consider the countable union

of orbits
⋃

i,j Oij . Clearly, the set of parameters r ∈ [a, b] such that
(⋃

i,j Oij

)
∩

∂Λr ̸= ∅ is countable. Below, we consider r in the complement of this set. We will
use the following notation: given two functions g(δ), h(δ), write g = On(h) when
there is a constant C > 0 that depends on n and δ0 > 0 such that |g(δ)| ≤ C|h(δ)|
for all |δ| < δ0.

Fix n and δ > 0. In the sequel, we construct a δ–neighborhood of
⋃

1≤i,j≤n Oij .

Let C = C(n) > 0 such that

d(φ−t(xi), φ
−t(zij)) ≤ Ce−χt

d(φt+τij (xj), φ
t(zij)) ≤ Ce−χt , ∀1 ≤ i, j ≤ n, ∀t ≥ 0.

1This is equivalent to the projection of µi to Λ being adapted in the notation of [LS19].
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Let tij = On(| log δ|) positive such that φ−tij (zij) ∈ Bδ(Oi) and φ
tij (zij) ∈ Bδ(Oj).

The set Zn =
⋃

i Oi∪
⋃
{φt(zij) : 1 ≤ i, j ≤ n, |t| ≤ tij} is the union of finitely many

pieces of orbits and
⋃

1≤i,j≤n Oij ⊂ Bδ(Zn). Arguing as in [BCS22, Lemma 3.11],

we can construct inside Bδ(Zn) a compact, φ–invariant, transitive, locally maximal,
χ–hyperbolic set that contains O1, . . . ,On. Thus, we estimate the measure of the
set of r ∈ [a, b] such that Bδ(Zn) ∩ ∂Λr ̸= ∅.

Denoting by |Oi| the length of Oi, the total length of Zn is∑
1≤i≤n

|Oi|+
∑

1≤i,j≤n

2tij = On(| log δ|).

Recalling that ε0 is a lower bound for the roof function of Λr, the set Zn ∩ Λr has
at most 1

ε0
On(| log δ|) = On(| log δ|) elements. Then the intersection Bδ(Zn) ∩ Λb

is contained in On(| log δ|) balls of radius 2δ. The set of parameters Bad(n) = {r ∈
[a, b] : Bδ(Zn) ∩ ∂Λr ̸= ∅} is thus contained in the union of On(| log δ|) intervals of
length 4δ, and so has Lebesgue measure On(δ| log δ|). Since limδ→0 δ log δ = 0, we
can take δn such that Leb[Bad(n)] < ε/n2 for small ε > 0 and so the complement
[a, b]\

⋃
n≥1 Bad(n) has positive Lebesgue measure.

In summary, we can choose r ∈ [a, b] such that:

◦ Condition (2.1) is satisfied: the space of r ∈ [a, b] satisfying it has full measure.

◦
(⋃

i,j Oij

)
∩ ∂Λr = ∅: the space of r ∈ [a, b] satisfying it is the complement of a

countable set, hence has full measure.
◦ Bδn(Zn) ∩ ∂Λr = ∅ for all n ≥ 1: the space of r ∈ [a, b] satisfying it has positive
measure.

This concludes the proof of the claim. □

Once the section Λ = Λr is chosen, apply [ALP20, Theorem 10.1] to construct
a TMF (Σr, σr) and a Hölder continuous map πr : Σr → N satisfying (1)–(4) in
Theorem 2.1, with the exception that Σr might not be irreducible. SinceKn∩S = ∅
and Kn is compact and χ–hyperbolic, [ALP20] implies that Kn ⊂ πr[Σr]. Since
Kn is uniformly hyperbolic, we actually have Kn ⊂ πr[Σ

#
r ].

The final step is to find an irreducible component Σ′
r of Σr that lifts both µ1

and µ2. For that, we proceed as in [BCL23, Lemma 10.4]:

◦ For each n ≥ 1, there is an invariant, compact, transitive set Xn ⊂ Σ#
r that lifts

Kn.
◦ Since O1 has finitely many lifts in Σ#

r , the sequence X1, X2, . . . has a subsequence
Xn1 , Xn2 , . . . containing a same lift (v, t) of O1. Take Σ′

r to be the irreducible
component of (v, t). Then O1, . . . all lift to periodic orbits in Σ′

r.

Now proceed as in [BCL23, Theorem 1.1] to lift generic points for µ1 and µ2 to Σ′
r.

This completes the proof of the theorem. □

3. Proofs

Proof of Main Theorem. Let O be a hyperbolic periodic orbit.

Claim: W s/u(O) = Ŵ s/u(O).
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Proof of the claim. We prove the claim for W s(O) (the other proof is analogous).

We first show that W s(O) ⊂ Ŵ s(O). Fix ε > 0 small enough so that

W s
ε (O) = {y ∈ T 1M : d(φt(y),O) < ε,∀t ≥ 0} ⊂W s(O).

Let Ŵ s
δ (O) ⊂ Ŵ s(O) be the δ–neighborhood of O in the dx metric, for (any) x ∈ O.

If y ∈ Ŵ s
ε/C(O) with dx(y, x) < ε/C where x ∈ O, then by property (5) of Section

2.1 we have

d(φt(y),O) ≤ dx(φ
t(y), φt(x)) ≤ Cdx(y, x) < ε

for all t ≥ 0, hence Ŵ s
ε/C(O) ⊂ W s

ε (O). Since Ŵ s
ε/C(O) and W s

ε (O) both have

dimension dim(M), we conclude thatW s
δ (O) ⊂ Ŵ s

ε/C(O) for small δ > 0. Therefore

W s
δ (O) ⊂ Ŵ s(O) and by the invariance of Ŵ s the same occurs for W s(O) =⋃
t≥0 φ

−t[W s
δ (O)].

Now we prove that W s(O) = Ŵ s(O). Since Ŵ s(O) is connected (see e.g.
[BP07, Prop. 12.2.4]), it is enough to show that W s(O) is open and dense in

the induced topology of Ŵ s(O). Recall that ε > 0 is small such that W s(O) =⋃
t≥0 φ

−t[W s
ε (O)], where W s

ε (O) = {y ∈ T 1M : d(φt(y),O) < ε,∀t ≥ 0}. Since

W s
ε (O) is open in the induced topology of Ŵ s(O), the same holds for W s(O). To

prove that W s(O) is closed in the induced topology of Ŵ s(O), let z ∈ Ŵ s(O) and
zk ∈ W s(O) such that dx(zk, z) → 0, for (any) x ∈ O. We wish to show that
z ∈W s(O). By the triangle inequality and property (5) in Section 2.1, we have

d(φtz,O) ≤ d(φtz, φtzk) + d(φtzk,O)

≤ dx(φ
tz, φtzk) + d(φtzk,O) ≤ Cdx(z, zk) + d(φtzk,O).

Let k such that dx(zk, z) < ε/2C, and then let T0 > 0 such that d(φtzk,O) < ε/2
for all t ≥ T0. Hence d(φtz,O) < ε for all t ≥ T0, and so φT0z ∈ W s

ε (O). This
proves that z ∈W s(O), as wished. □

By the claim and property (6) of Section 2.1, we conclude that W s/u(O) =

Ŵ s/u(O) is dense in T 1M . Fix y ∈ Reg, and let U ⊂ Reg be an open set containing
y. Let ε, δ > 0 small such that:

◦ For every z ∈ Bε(y), Ŵ
s/u(z) has internal radius at z larger than δ.

◦ If Ns, Nu are submanifolds tangent to Es ⊕ ⟨X⟩, Eu ⊕ ⟨X⟩ respectively and if
there is zs/u ∈ Ns/u ∩ Bε(y) such that Ns/u has internal radius at zs/u larger
than δ, then Ns, Nu have a transverse intersection at some z ∈ U .

The parameter ε > 0 exists because Es/u varies continuously and Es
y⊕⟨Xy⟩⊕Eu

y =

Ty(T
1M). Since W s/u(O) is dense, then W s(O)∩Bε(y) ̸= ∅ and Wu(O)∩Bε(y) ̸=

∅, hence W s(O) ⋔ Wu(O) at some point z ∈ U . This implies that y ∈ HC(O).
Since y ∈ Reg is arbitrary, HC(O) ⊃ Reg. Finally, since Reg is dense in T 1M , we
conclude that HC(O) = T 1M . □

Proof of Theorem 1.1. Let ψ be Hölder continuous or of the form ψ = qψu with
q ∈ R. In particular, ψ is continuous, hence the existence of an equilibrium state is
guaranteed by the C∞ regularity of φ [New89]. For the uniqueness, let µ1, µ2 be two
ergodic equilibrium states. Since P (Sing, ψ) < P (ψ), we have µ1(Reg) = µ2(Reg) =
1 and so µ1, µ2 are hyperbolic. Since µ1, µ2 are ergodic, we can take χ > 0 small so
that µ1, µ2 are χ–hyperbolic. The measures µ1 and µ2 are homoclinically related.
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Indeed, let O be a hyperbolic periodic orbit and x ∈ O. Let yi ∈ Reg be a generic

point for µi, i = 1, 2. Since W s/u(O) = Ŵ s/u(O) is dense in T 1M , we have
W s

loc(y1) ⋔ Wu(x) and Wu
loc(y2) ⋔ W s(x). By the inclination lemma, we conclude

that W s(y1) ⋔ Wu(y2) near x. Interchanging the roles of y1, y2, we also have
W s(y2) ⋔Wu(y1).

Applying Theorem 2.1 to µ1 and µ2, we get an irreducible TMF (Σr, σr) and a
Hölder continuous map πr : Σr → R such that µi[πr(Σ

#
r )] = 1 for i = 1, 2. There-

fore, µ1, µ2 lift to ergodic measures µ̂1, µ̂2 on Σr. These measures are equilibrium

states of the potential ψ̂ = ψ ◦ πr.

Claim: ψ̂ is Hölder continuous.

Proof of the claim. When ψ is Hölder continuous, ψ̂ = ψ ◦ πr is the composition of
two Hölder maps, hence Hölder continuous.

When ψ = qψu for some q ∈ R, we show that (v, t) ∈ Σr 7→ Eu
πr(v,t)

is Hölder

continuous, which obviously implies that ψ̂ is Hölder continuous. It is enough to
show that v ∈ Σ 7→ Eu

πr(v,0)
is Hölder continuous, since by dφ–invariance this

implies that (v, t) ∈ Σr 7→ Eu
πr(v,t)

is Hölder continuous.

As in the proof of Theorem 2.1, let f : Λ → Λ be the Poincaré return map.
The map F : v ∈ Σ → Fu

x ⊂ TxΛ, where Fu
x is the unstable direction for f

at x = πr(v, 0), is Hölder continuous. As a matter of fact, employing the no-
tation of [ALP20], Fu

x is the tangent direction of the u–admissible graph V u[v] =
limn→∞(F−1◦· · ·◦F−n)(V−n), where F−n is the unstable graph transform defined
by the edge vn → vn+1 and V−n is any u–admissible graph at v−n, see [ALP20, Sec-
tion 4.5].2 Therefore, if two sequences v, w are close then V u[v], V u[w] are C1–close.
For the details, see [BO18, Proposition. 3.12(5)], whose proof applies verbatim in
the context of [ALP20].

Let px : TxΛ → X⊥
x be the orthogonal projection. Such map exists and is

an isomorphism because both X⊥
x , TxΛ have dimension dim(T 1M) − 1 and TxΛ

is almost orthogonal to Xx. We have Eu
x = px(F

u
x ). Since x ∈ T 1M 7→ X⊥

x and
x ∈ Λ 7→ TxΛ are C∞, the map P : x ∈ Λ 7→ px is C∞. Therefore v ∈ Σ 7→ Eu

πr(v,0)
,

being the composition P ◦ F , is Hölder continuous. □

The measures µ̂1, µ̂2 project to ergodic σ–invariant probability measures ν̂1, ν̂2 on
the irreducible component Σ which are equilibrium states of the Hölder continuous

potential ψ̂r − Ptop(ψ)r where ψ̂r(v) =
∫ r(v)

0
ψ̂(v, t)dt, see e.g. [PP90, Proposition

6.1]. By [BS03, Theorem 1.1], we conclude that ν̂1 = ν̂2, and so µ1 = µ2.
Finally, we show that the unique equilibrium state µ is fully supported. The proof

is the same of [BCS22, Corollary 3.3]. Using the same notation of the previous
paragraphs, ν̂ has full support in Σ by [BS03] and so µ̂ has full support in Σr.

This implies that supp(µ) = πr(Σr), so it is enough to show that πr(Σr) is dense
in T 1M . Let O be a hyperbolic periodic orbit homoclinically related to µ.3 We
thus have supp(µ) ⊂ HC(O) = T 1M , hence it is enough to show that πr(Σr) is
dense in {Wu(O) ⋔ W s(O)}. The proof of this fact in [BCS22, Corollary 3.3]

2Actually, the coding Σ is obtained from a refinement of a preliminary coding. The sequences
on Σ lift to sequences on this preliminary coding, whose vertices are double Pesin charts and
whose edges define stable/unstable graph transforms.

3The existence of this orbit is consequence of Katok’s horseshoe theorem for flows; another
way to obtain this is by the symbolic coding of [ALP20].
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uses [BCS22, Proposition 3.7], which works equally well in our context. Hence we

conclude that supp(µ) = πr(Σr) = HC(O) = T 1M . □

Remark 3.1. When M is a surface and ψ = qψu, [LLS16] proves uniqueness

without using the Hölder continuity of ψ̂. For that, the authors show that ψ̂r above
is cohomologous to the Hölder continuous function v ∈ Σ 7→ − log det(df |Fu

πr(v,0)
),

see [LLS16, Lemmas 8.1 and 8.2]. We note that the same proof applies here.

Proof of Theorem 1.2. The proof is the same of [BCFT18, Theorem C]. We include
it for completeness. Let M be a surface and ψ = qψu for q < 1. Inside Sing all
Lyapunov exponents are zero. Let µ be a φ–invariant measure supported on Sing.
By the Ruelle inequality, h(µ) = 0. Also, since ψu = 0 on Sing, it follows that

h(µ) + q

∫
ψudµ = 0.

Therefore P (Sing, ψ) = 0. On the other hand, if λ is the Lebesgue measure, then
by Pesin equality

h(λ) + q

∫
ψudµ = (1− q)h(λ) > 0.

Therefore P (ψ) > 0 = P (Sing, ψ). Now apply Theorem 1.1. □

Proof of Theorem 1.3. WhenM is a surface we have, as in the previous proof, that
P (Sing, 0) = 0. Since P (0) = htop(φ) > 0, we get the pressure gap P (Sing, 0) <
P (0). Applying Theorem 1.1, we conclude the uniqueness of the measure of maximal
entropy. In higher dimension, we invoke [BCFT18, Theorem B] to get the pressure
gap P (Sing, 0) < P (0). Again, applying Theorem 1.1, we obtain the uniqueness of
the measure of maximal entropy. □
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