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Abstract. Recently, Mneimneh proved the remarkable identity

i

Zm() (1—p)" kzzﬂ (p € [0,1))

i=1

as the main result of a 2023 Discrete Mathematics paper, where Hy, := Zé_l 1/i is the classical
k-th harmonic number. Thereafter, Campbell provided several other proofs of Mneimneh’s
formula as above in a note published in Discrete Mathematics in 2023. Moreover, Campbell
also considered how Mneimneh’s identity may be proved and generalized using the Mathematica
package Sigma. In particular, he found the generalized Mneimneh’s identity

ka n— ’“( >Hk_(x+y ( Zy x“’ )

In this paper, we will prove a more generalization of Mneimneh’s identity involving Bell numbers
and some Mneimneh-type identities involving (alternating) harmonic numbers by using a few
results of our previous papers.
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1 Introduction

Let N={1,2,3,...} be the set of natural numbers, and Ny := NU {0}. In his recent paper [7],
Mneimneh used the method of probabilistic analysis to establish the following binomial sum
identity involving harmonic numbers

ZHk() (-t = 0D ey, (1)

i=1
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where Hy, is the classical k-th harmonic number defined by

k
1
H, :ZE and Hpy:= 0.
=1

Quite recently, Campbell [I] gave two new proofs of (1)) by using Zeilberger’s algorithm and
beta-type integral formula. Further, using the Sigma package for the Mathematica Computer
Algebra System, Campbell gave the more general Mneimneh’s identity

Zxk"’f( )Hk—(x—i—y ( Zy x“’ ) (1.2)

Clearly, setting (z,y) = (p,1 —p) in (L2)) gives (LI). Moreover, Campbell also emphasized that
this approach may also be used to derive identities for expressions such as

In a 2024 Discrete Mathematics article [6], Komatsu and Wang extended Mneimneh’s formula
to the generalized hyperharmonic numbers. Gencev [4] studied of the binomial sum

n k .
Z(Z) Zj—-] PP(1—p)* (reN, pzeR, p#1)

k=0 j=1

and established explicit formula, see [4, Thm. 2.1].

In this paper, using the method of integrals of natural logarithms, we will establish the
explicit formulas of the following general Mneimneh-type binomial sums involving Bell numbers
and some Mneimneh-type binomial sums involving (alternating) harmonic numbers.

Theorem 1.1. For any reals x,y with x/(x +y) > 0 and n,p € N, we have

St (1) = oo (- () ) S i,

|
j=1 i=0 ’ J:

(1.3)

where s(n,k) and Yi(n) stand for the (unsigned) Stirling numbers of the first kind and Bell
numbers (see Section[3), respectively.

Remark 1.2. All Stirling numbers s(n, k) and Bell numbers Yj(n) can be expressed in terms
of a linear combination of products of harmonic numbers.

In particular, letting p = 1,2 in Theorem[[.T]and noting the facts that s(n,1) = (n — 1)}, s(n,2) =

(n—D!H,_1,Ys(n) =1,Y1(n) = Hy, Ya(n) = H? + H? | we also obtain (L2) and
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Theorem 1.3. For any reals x,y and z € (—o0,1) with z/(x +y) > 0 and n € N, we have

k- ; n ) — .
Zxk - k( ) il I Aty it LA (1.5)
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Obviously, letting z — 1 in (LA) gives (L.2). Setting z = —1 in Theorem [[.3] yields the
following corollary.

Corollary 1.4. For any reals x,y with x/(x +y) > 0 and n € N, we have

J_ .
ka " k( >Hk_zy (gg+y)"—ﬂ, (1.6)
where Hy, is the alternating k-th harmonic number defined by
k
-y &
j=1

Specially, setting (z,y) = (p,1 —p) (p € [0,1]) in (L6]) yields the following Mneimneh-type
identity

Jj—=1 _
and Hy:=0. (1.7)

n

S, <Z>pk(1 =Y (1-py _j(l - 217)]“ (1.8)
k=0

j=1

From equation (L4) and Theorem [[3] we can also obtain the following corollary.

Corollary 1.5. For any reals x,y with z/(x +y) > 0 and n € N, we have

—J

Z$knk< >H,§2) (@ +y)" ZyJ:IH—y Zj:y :L"—I—y Zyﬂx—l-y H; b,

(1.9)
Ly -j Ly -j
H%JFH}LQ)_QZy(w{;y) _2any(wfy)
k, n—k 2 _ n Jj=1 J Jj=1 J
ZSE I i ey ey ey
y(z+y)™ Yty oy @ty
+3Zij—Z . > -
j =1
(1.10)

We will prove Theorem [[T]in Section [3] and Theorem [[.3] and Corollary in Section [l

Conjecture 1.6. The Theorems [l and[I.3 hold for any reals x,y and z.



2 Preliminaries and lemmas

2.1 (unsigned) Stirling number of the first kind

We recall the definition of (unsigned) Stirling number of the first kind. Let s(n,k) denote the
(unsigned) Stirling number of the first kind, which is defined by [2]3]

iz (1+ ) (1 n g) (1 n %) - Zn:s(n—i— 1,k + 1)z, (2.1)

with s(n,k) := 0 if n < k, and s(n,0) = s(0,k) := 0, s(0,0) := 1, or equivalently, by the
generating function:

o0 n

logh(1 —a) = (1" > s(n, k:)% (z € [-1,1)).

n=1

The Stirling numbers s (n, k) of the first kind satisfy a recurrence relation in the form
s(nk)=s(n—1,k—1)+(n—-1)s(n—1,k) (n,keN).

Obviously, s (n, k) can be expressed in terms of a linear combinations of products of harmonic

numbers (see (2.5))). In particular,
s(n,1) = (n = 1)},
s(n,2) =(n—1)1Hy,_1,
stn3) = " 2 ],
s(n,4) = (";1)! HE, —3H,  H?, + 20 ]
a5 = OV o, —om_ i, + s s,
In [9, Thm 2.5], we proved
s(n,k) = (n—G-1({1}4_,) (k,neN), (2.2)

where (,({1}1) is a special multiple harmonic sum defined by ({/}, denotes the sequence obtained
by repeating [ exactly r times)

Gl = Y —— (2.3)

/”L /”L ...”’L
n>ni>ng > >ne>0 172 r

For k = (k1,...,k,) € N" and positive integer n, the generalized multiple harmonic sums (MHSs)
are defined by

1
(n(k) = Cn(kly---ykr) = Z ﬁ (2'4)
n>n1>-->n,>0 g Ny
We set ¢, (0) :=1if k=0 and ¢,(k) :=0if n <r. For k= (k) € N,

n

Calk) = HI =3 (2.5)

=17



(1) iq

is the n-th generalized harmonic number of order k, and furthermore, if kK = 1 then H,, = Hj,
the classical n-th harmonic number. When taking the limit n — oo in (2.4])) we get the so-called
classical multiple zeta values (MZVs) (see [5,12]),

(k) == lim (u(k),

n—o0

defined for k € N" and k1 > 1 to ensure convergence of the series.

2.2 Bell polynomials
Define the exponential partial Bell polynomials By, j by

(& m\ & t"
] anm :23n,k($1,$2,---,$n)m, k=0,1,2,...,
n=

n=1

and the exponential complete Bell polynomials Y, by
n
Yo(z1,22,...,2,) = ZBn,k(azl,azg, cey Tp)

(see [2, Section 3.3]). According to [8, Eq. (2.44)], the complete Bell polynomials Y,, satisfy the
recurrence

n—1

n—1
Yo=1, Yn(xl,azg,...,a;n):z< i )xn_j}/}(xl,xg,...,xj), n>1,
=0

from which, the first few polynomials can be obtained immediately:

Yo=1, Yi(z1) =1, Ya(xr,22)=2af+z2, Ys(x1,22,23) = 2]+ 3z 129+ 23,

Yi(xy, 29,23, 24) = x‘ll + 6x%:172 + 4123 + 3x% 4+ x4 .
Define the Bell number Yi(n) by
Yi(n) = Y (H,, 1H® 2HO) ... (k- 1)1HP). (2.6)

Clearly, the Bell number Y} (n) is a rational linear combination of products of harmonic numbers.
We have

Yi(n) = Hy,

Ya(n) = H2 + HP,

Y3(n) = H3 + 30 H,?) +2H®),

Yi(n) = H: + 8H,H® + 6H2H? + 3(H?)? + 6HWY,

Ys(n) = H2 + 10HHP + 20H2HP) + 15H,,(H?)? + 30H,HY + 20HP H®) + 24H).

In [9, Eq. (2.9)], we showed

G ({1h) = Y () (nym € No), .7



where (¥({1},) is a special multiple harmonic star sum defined by

G =y —

n n o« e n :
N>y >ng > >ne>0 L2 "

For k = (ki,...,k,) € N" and positive integer n, the generalized multiple harmonic star sums
(MHSSs) are defined by

G =Gl k)= Y (2.8)

n>ny>->ne>0 01

Similarly, we set (% (0) :=1if k=10 .

2.3 Some Lemmas

Next, we present some lemmas, which are useful in the development of our main theorems.

Lemma 2.1. ( [10, Thm. 2.9] ) For n € N and p € Ny, we have

Y, ().

1
/t"—llogp(l —t)dt = (—1)P (2.9)
0

Lemma 2.2. ( [§, Thm. 2.2]) For n,m € N and x € (—o0, 1), we have

xT

/ Vo™ (1 — )dt = m!%(ﬁ({l}m; 7)
0
m—1

_|_

S

02" Ylog™ 7 (1) (Gi(1)5) ~ Gh((1})) . 210

J=0

where (X({1},) (r € Ny) is defined by

Ny

X
G{1}rz) = Z ning and  (y(0;z) = 2™
n>n1>ng > >ne >0

(Note that in [9, Thm. 2.2], the range of values for x is x € [—1,1), but in fact, the above
equation also holds for x € (—oo, —1].)

Lemma 2.3. ( [11, Thm. 4.53]) For k = (k1,...,k,) € N" and l € Nyo,n € N, we have

T

2 Hnj T = O P G(R)a(R), (2.11)

n>ni>ng > >ne >0 j= 1 7=0

where?j = (k1,...,kj) andzj = (kp,... kj) foralll1 <j<r.



3 Proof of Theorem [1.1]

For z/(z + y) = 0, namely x = 0, (I.3) is obviously holds. For z/(x + y) > 0, applying Lemma
[2.1] the left hand side of (L3]) can be rewritten as

Za;k n- ’“< > Za;k n- ’“< > /Oltk_llogp(l—t)dt
= (- )/log (1—-1) Zx’”’“()t’f Lat

n—1
= (- log?(1 — t) k+1”k1<n>k+1tkdt
1 [ o )3 )
n—1 1
= (=1) / logP(1 — t) Z;p’f“"’“ ( ) >tkdt
0 k=
! i, n—1
= (- 1)*”713:/ logP(1 —t) (a:t)ky”_k_1< i )dt
k=0
1
DPnz [ logP(1 —t)(tz +y)" tdt (letting u = tx + y)

0
T4y

1)Pn u" " log? w)du
T

af
Pn/y {log (xzy) + log (1—#+y>yjdu
»

= (—1)1”an; <]l9> logP ™ (m 1_ y> /;H—y u" 1 log! <1 — :L_ y)du

= (—1)pnz <Il)> logP~! (m I y> /x+y u" 1 log! <1 — j_ y)du
=1 Y

+ (—1)p<(x +y)" — y") log? <$—+y) (letting u = v(z + y))

x
= (—1)"n(z + y)"z I;) logP~! (%‘W) /(1 o v Log! <1 — v)dv
y(a+y

=1

+(—1)p<(x+y)"—y"> log? <x—;y) (3.1)

(In order to utilize Lemmas 2] and 2.2], the integration in the second to last row of the above
equation needs to satisfy y(x +y)~! < 1, namely z/(z +y) > 0) Using Lemmas 2.1 and 2.2] by
an elementary calculation, the (B8I]) is equal to

R e

1<i<i<p

< (G - (e +9)™))
s E ()65

1<i<i<p
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x > i (3.2)

n>ky>->ki>1

Noting the fact that the (B.2)) can be rewritten as

and

S (@) ={ Ot

- ()"
Za:’f’f<) D D (3.4

n>ky > >ky>1

we obtain

In Lemma 23] replacing n by n — j + 1 and letting r = p — 1, (k1,..., k) = ({1}p—1) and
[l =j —1, we easily obtain

1
2 (5= 1) (s +5 = 1)

n—j+1>i12>>ip 121

- plz VG ({161 ({110 (3.5)

Hence,

Z ky - ky :Zn: Z

n2ki22kp2l j=1 J S L
j
()
_N"___\rrys 3 1
j=1 J TR RO I o A AR U S A

n 1— ( y >j p—1 .
= (-1 ++y > (DiGE)G ({1 p-1-)
i=0

o () e g

=0

where we used the equations ([2.2]) and (2.7).
Finally, substituting (3.0) into (84) yields the desired evaluation (L.3]). Thus, this concludes
the proof of Theorem [I.11



4 Proofs of Theorem and Corollary

For z/(x +vy) = 0, namely x = 0, Theorem [[.3] and Corollary are obviously hold. For
x/(x +y) >0, in (ZI0), setting m = 1 and replacing x by z gives

/ t"og(1 — t)dt = - x"log(1l —z) — Z % —log(l—=2) p. (4.1)

0 ,
7j=1

Hence,

n

227 (z" —=1)log(1—2) — n/ t"log(1 — t)dt.

0

Hence, by a similar argument as in the proof of ([B.]) gives

Z:Ek " k< ) Z%j :—m/zloga—t)(xt+y)"—1dt+log(1—z)((xz+y)"—(w+y)")
j=1
n/ymy " og <“$> du +log(1 — 2) (xz + )" — (x +y)")
[ () 2
+1log(l1—2) ((zz+y)" — (z +y)")

( ) 27+ y)" — y") +log(1 — 2) (z7 + )" — (z + 9)")

xz+y
— / ”llog<1— 4 >du
T4y

< L) (o + )" = o)+ Tog(1 = 2) (@ + )" = (a4 )"
n(z +y) /(Iiﬂ/ 1y+x v og(1 — v)dv. (4.2)

Therefore, applying (4.1), by a direct calculation, we deduce

S S

j=1 i=1 J

This completes the proof of Theorem [[.3] (Noting that from x/(z+y) > 0 and z € (—o0c, 1) gives
(zz+y)(z+y)~t<1).
Multiplying (L5) by 1/z and integrating over the interval (0,1), we have

n n n—j 1 J_aJ
Z oy <”> H]g2) _ Z (z+ %/) / (wz +y) —y ds
=0 k’ 0 z

=




Hj 1 HZ2 + H)
> =G = Ya(n) = —E
=17

and substituting (4.4]) into (4] yields (LI0)). Thus, we complete the proof of Corollary

5 Conclusion

We presented the explicit formulas of the following Mneimneh-type binomial sum of (alternating)
harmonic numbers

Zxk - k( ) Zxk - k( >Hk Zxk - k( )Hk and Zxk - k( ) H?.

It is possible that some of other Mneimneh-type binomial sums can be obtained using techniques
of the present paper. For example, multiplying (I5) by log? !(z)/z (p € N) and integrating
over the interval (0,1), we have

n ) . .
kyn—k () g+ (z+y)" —1 @z Y)Y~y
Zx < > i — 1 ' Z / log? (z)fdz. (5.1)

0

Hence, if the evaluation of the integral on the right hand of above can be established, we can
obtain the explicit formula of Mneimneh-type binomial sums on the left hand of above. We leave
the detail to the interested reader. It should be emphasized that Komatsu-Wang [6, Eq. (4)]
gave an evaluation of (5.I) with z = 1 —¢q and y = ¢, where ¢ is a real number. Gencev [4, Thm.
2.1] established a generalization of Mneimneh summation formula

Z@ Ek:j— B o <<1+%> Tl_1>, (5.2)

n .. -n
k=0 j=1 n>ny>-ne>1 1 r

where r € N,p,z € R and p # 1.
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