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1 Introduction

It is well-known that the Virasoro algebra, denoted \//i\r, is an infinite dimensional Lie algebra
with basis {L;, ¢|i € Z} satisfying

i —

[Li, Lj] = (j — i) Litj + 5i+j,0TCa [Li,c] = 0.

Here c is the center of Vir. We denote by Vir the centerless Virasoro algebra. Clearly, Vir is
a Z-graded Lie algebra with Cartan subalgebra bhvi, = CLg. The representation theories of Vir
and Vir have been extensively and deeply studied due to its importance in mathematics and
physics, see, e.g., the survey in ﬂﬂ] One of the most important work in weigh module theory is
the well-known Mathieu’s theorem ] on classification of Harish-Chandra modules, which was
conjectured earlier by Kac ﬂﬁ]

Recently, an interesting non-weight module problem for a Lie algebra g, defined by an “oppo-
site condition” relative to weight modules, was proposed by Nilsson ﬂﬂ, ] Let h be the Cartan
subalgebra of g. Denote by U (h) the universal enveloping algebra of h. This kind of non-weight
modules, referred to as free U(h)-modules since the action of b is required to be free, was con-
structed first for s, by Nilsson ﬂﬂ] and independently by Tan and Zhao ] In another paper,
Tan and Zhao ﬂﬂ] proved that any free U(hvir)-module of rank one over Vir is isomorphic to
Qvir(A, @) (cf. ZT))) for some A € C* and a € C. Following ﬂﬂ, 115, 21, @], free U(h)-modules,

especially for finitely graded Lie algebras containing Virasoro subalgebra, have been extensively
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studied in recent years, see, e.g., @E, H, E, ] and the references therein. It has been realized
that interesting free U (h)-module results will appear under the assumption that b is not a Cartan
subalgebra (e.g., @, H, ]) The latest work in this direction is Nilsson’s work ﬂﬁ], where he

chose h to be the nilradical of a maximal parabolic subalgebra of sl,,.

Let e = £1. In this paper, we focus on a class of not-finitely graded Lie algebras W(e) with
basis {L;m |1 € Z,m € Z;} and relations

[Li,ma Lj,n] = (] - Z‘)Li-i-j,m-i-n + e(m - n)Li-i-j,m-i-n—E- (1'1)

Note that the subspace spanned by {L; o € W(e) |i € Z} is isomorphic to the centerless Virasoro
algebra Vir. For simplicity, we refer to W(e) as not-finitely graded Virasoro algebras. The case
for € = 1 was first constructed in @, ] as the simple Lie algebra W(0,1,0;Z) of Witt type.
The case for e = —1 was naturally realized in M] as the non-simple Lie algebra W (Z) consisting of

smooth function L; ,, := —(14+t)"™e"% € C0 400y under bracket [f,g] = fg'—f'gfor f,g € W(Z).

For not-finitely graded Lie algebras with Virasoro subalgebra, motivated by Mathieu’s work
HE], it is natural to consider the classification of the so-called quasifinite modules, such as the
W-infinity algebra Wi ], Lie algebras of Weyl type ﬂﬁ], Lie algebras of Block type HE, ]
and so on. However, for the Lie algebra W (e), although it admits a natural principal Z-gradation
W(e) = ®iczW(e); with W(e); = span{L;,, |m € Z,}, the zero-graded part W(e)o is not a
commutative subalgebra and more worse it does not contain Cartan subalgebra. This leads to
that one cannot cope with the quasifinite modules over W(e). Fortunately, in this paper, we
find that one can develop the representation theory of W(e) by studying free U (h)-modules with
h = CLg, (although it is not a Cartan subalgebra). To best of our knowledge, up to now, there
are few work on free U (h)-modules over not-finitely graded Lie algebras, see B, , ] for some

attempt on loop Virasoro algebra and some Lie algebras of Block type.

We surprisingly find that the module structures of W(e) are much more complicated than
that of the Virasoro algebra ﬂﬂ], and rather different from those of other not-finitely graded Lie
algebras ﬂﬂ, a, ] Our first main result for W(1) is Theorem B2 in the proof of which the

following combinatoric formula: for m < n,

<nv; 1> i (Z:J B <;> (1:2)

will be used frequently. Our second main result for W(—1) is Theorem 2] for which we need
more technical analysis. We also would like to point out that our techniques used here may be
applied to analogous problems of not-finitely graded Lie algebras which are closely related to

W(e). This is also our motivation for writing this paper.

This paper is organized as follows. In Section 2, we recall the classification of free U(hyi;)-
modules of rank one over Vir, and present an elementary result on a number sequence. In Sections
3 and 4, we classify the free ¢ (h)-modules of rank one over W(1) and W(—1), respectively. Along

the way, we also determine the simplicity and isomorphism classes of these modules.



2 Preliminaries

Throughout this paper, we use Z, Z, C and C* to denote the sets of integers, nonnegative
integers, complex numbers and nonzero complex numbers, respectively. We work over the complex
field C. In this section, we recall the classification of the free U (hyi;)-modules of rank one over
the centerless Virasoro algebra Vir. We also present an elementary result on a number sequence,

which will be used in Section 4.

2.1 Free U(hyy)-modules of rank one over Vir

Recall that hy;, = CLg is the Cartan subalgebra of Vir. Let A € C* and a € C. If we define
the action of Vir on the vector space of polynomials in one variable

Q\/ir()\, a) = (C[t]

by
Li- f(t) = X(t —ia) f(t — 1), (2.1)
where i € Z, f(t) € CJt], then Qi (A, @) becomes a Vir-module. Equivalently, we can rewrite

[23) in a more simple form by restricting the action of L; on monomials:
Li - tF = X(t —ia)(t — )k (2.2)

These modules firstly appeared in ﬂﬂ] as quotient modules of fraction Virasoro modules. From
22), we see that Qyi (A, a) is free of rank one when restricted to hyi,. In fact, we have the
following classification result ﬂﬂ]

Lemma 2.1 Any free U(hvyir)-module of rank one over Vir is isomorphic to Qvyir(\, «) defined by
@2) for some A € C* and o € C.
The simplicity and isomorphism classification of Qv (A, ) are as follows ﬂﬂ]

Lemma 2.2 (1) Qvi(\ «) is simple if and only if a # 0.
(2) Qvir(\,0) has a unique proper submodule tQyi (A, 0) = Qvir (A, 1), and Qvir(A, 0)/tQvir (A, 0)

1s a one-dimensional trivial Vir-module.
(3) Qvir(A1, 1) = Qvir(A2, a2) if and only if A1 = Ag and aq = as.

2.2 An elementary result

Lemma 2.3 Let {B,,|m € Z+} be a sequence of complex numbers satisfying 5o =1 and

/Bm-l—n + (n - m)ﬂm—i—n—i—l = /Bn/Bm + nﬁm/@n—i-l - m/Bn/Bm-l—l' (23)

Then B, = 8™, where B = p1.



Proof. We prove this lemma by induction on m. First, the cases for m = 0,1 are clear. Taking
(m,n) = (1,1) in 23)), we immediately see that #; = 3?. Then, taking (m,n) = (1,2) and (2, 1)
respectively in (2.3]), we have

B3+ By = B} +2B1P83 — B3,

Bs — By = B} + B3 — 2B15s.

Adding the above two equations, we see that 33 = 35.

Let m > 4. Assume that the lemma holds for £ < m — 1. Namely, we assume [ = ﬁf for
kE <m — 1. Next, we consider the case for m. Taking (m,n) — (m —2,1) in (23]), we have

Bm—1+ (3 —m)Bm = B1Bm—2 + Bm—2B2 — (m — 2)51 Bm—1.

A direct computation shows that 3, = B7". This completes the proof. O

3 Free U(h)-modules of rank one over W(1)

Note that the Lie algebra W(1) is Z x Z-graded, and recall that ) = CLg ¢ is the (0,0)-graded

part. In this section, we completely classify the free U (h)-modules of rank one over W(1).

3.1 Construction of free U (h)-modules of rank one over W(1)

Let A € C* and a, 8 € C. Define the action of W(1) on the vector space of polynomials in

one variable
Q)N a, B) == Cl[t]

by

min{m, k}
Lin-t"= )" sl (:‘) <k> MBS (m — s)a — i + Bt)(t — i)F, (3.1)

S
s=0

where i € Z,m € Z, and t* € C[t]. It is important to note here that we allow 3 = 0: if 3 = 0

and s = m in the sum of (3)), although g™ =1 = 37! formally appears, we view
B (m — s)a —iaf + Bt) =t — i«

as a whole, and thus ([BJ) still make sense. Note further that if we take i = m = 0 in (31,
then we have Lo - th = t**1. Hence, Q) (A, @, B) is a U(h)-module, which is free of rank one.
Furthermore, we find that Qyy1)(A, @, 8) is in fact a W(1)-module.

Proposition 3.1 The space Qyy1y(A, a, B) is a W(1)-module under the action [B.1)).



Proof. Taking k =0 in (B1]), we have
Lim -1 = XB" Y ma —iaB + Bt). (3.2)

By [B.2)), we can rewrite (3] as

min{m, k} m k i
Lim - tF = ! t— i) L - 1. 3.3
| > () (e (33
This in particular implies that the action of L;,, on the base element t* of QA o, B) is a

linear combination of the actions of L;; (m — min{m,k} < j < m) on 1. Hence, to prove this

proposition, we only need to check the action of L; ,, on 1. In fact, on the one hand, by (Il and
B2), we have

1 |
W[Limw Ljn] 1= N (J = ) Litjmsn -1+ W(m = 1) Ligjmin—1-1

= (i — 1) af™™ + (2nj — 2mi)af™T T 4 (m? —m — n?® 4+ n)afmT 2
+(j — )BT+ (m—n) g
On the other hand, we have

1 1 o
WLi’m “Ljn-1= yLzm - (nap" T jap"™ + ["t)
= ija” fH — (mj + ni)a” B+ mna® 52 4 Pagmtn
—2miaf™ L m(m — 1)af™T 2 — (i 4 §)a ™

—I—(’I’L + m)()éﬁm+n_lt . ’L'ﬁm+n7f + mﬁm—i-n—lt + ﬁm+nt2’

and thus
L Lin 1~ Ly L 1) = (2 = 2)aB™" + (2n] — 2mi)ag™"")
+(m? —m —n? +n)af™2 4 (j — )BT
+(m —n)pm e
Hence we have [L;m, Ljn| 1= Lim-Ljn-1—Ljy, - Liy-1. This completes the proof. O

3.2 Classification of free U/(h)-modules of rank one over W(1)

Now we show that (yy1)(), a, 8) constructed in (B.I]) in fact exhaust all free ¢/ (h)-modules of

rank one over W(1). This is our first main result.

Theorem 3.2 Any free U(h)-module of rank one over W(1) is isomorphic to Qy)(A, a, B) de-
fined by BI) for some A € C* and o, B € C.



Proof. Let M be a free U(h)-module of rank one over W(1). By viewing M as a Vir-module,
from Lemma 2] we may assume that M = C[t] and there exist some A € C* and a € C such
that the action of Vir C W(1) on M is as follows

Lig-t* = Ni(t —ia)(t — i), (3.4)
We reduce the remaining proof to the following Lemma and Lemma 3.4 O

Lemma 3.3 The action of L;,, on t* is a linear combination of the actions of Li; (m —

min{m, k} < j <m) on 1, and more precisely we have (cf. (B.3]))

min{m, k} m i
Li,m : tk = Z s! < S> (S) (t - i)k_sLi,m—s - 1. (35)

s=0

Proof. We shall prove ([B.5]) by induction on k. First, by (I.I]), we have
Liyy -t =Lim-Loo-1=(t—19)Lim-1+mLjm,_1-1,

which implies that ([B.5]) holds for £ = 1. Let k > 2. Assume that (8.5 holds for k£ — 1, namely

we have
min{m, k—1}

s=0
Next, we prove that ([B.35]) holds for k in two cases.

Case 1: m < k. In this case, by (3.6]), we have

Lim - t* = Lim - Loo - t" 7 = (t = i) Lim - "L 4 mLy gy - tF71
min{m, k—1}

—i-n > (M)t e e

s=0
min{m—1,k—1}

—1 —1
+m Z s! (ms > (k s >(7f — ’L')k_s_lLi’m_s_l -1
s=0
= k-1
— (=L, 1 T — ) L s
(t —i) +;s ) , )= ,
m—1
-1 —1
+m Z s! (ms > (k s >(t — ’L')k_s_lLi’m_s_l -1
s=0
= k—1
= - kLzm 1 ! i —1 k_sLi m—s "1
(t—1) + SZ:;S 5 s (t—1) :
“ [ k—1 ’ . 1
+;8<s s—1 ) Lmes
_ Zsl<m> <k> (t— i) L1
gt s s



Here we have used the combinatoric formula (cf. (I2])
")+ (2) =)
4 =
s s—1 S

Case 2: m > k. Similarly, in this case, we have

in the last equality.

Lim 1" = Ligm - Loo - t" 7 = (t = i) Lim - t* L 4 mLy g - 71

min{m, k—1}

=(t—i) Y. s!@) <k;1> (t= )" Lims - 1

s=0

min{m—1, k— 1}

S0 ot

?r
,_.

= (t— )" Lim

??‘
>_.

k—2 m—
+m Z s!<
s=0

= (t—9)*Lim

1—|—Zs (”;)( >t— D L - 1

_ f: sl <7§> <’;> (t— )" Lip_s - 1.

This completes the proof.

Lemma 3.4 There ezists some 3 € C such that L, -1 = XN (ma —iaB + Bt).

Proof. Denote Fj ,(t) = Ljm, - 1. We determine F; ,,(t) by induction on m.

|
k-1 k) 1 m —
T Lim—s—1-1 k—1)!
D e i
|

k—1 m\ [k —1 m—1
E ! o —_ ks, . —_ 1\ a . .
+ S'<3> <s— 1> (t—1) Lim—s 1+m(k 1)'</€— 1>L,7m_k 1

) Li,m—k -1

The case for m = 0 has been given by (3.4 with £ = 0 (note that, as before, if m = =0 in

this lemma, we have viewed 3~ (ma — iaf + Bt) =t — ia as a whole).
Let us first determine Fj ;(t). Applying
(Lo, Liol =iLi1 + Lio, [L—io,Li1] =2iLo1— Loyp
respectively on 1, by ([B4]), we obtain
iF;1(t) = Nt —ia)Fo1(t) — N'(t —ia) Fo 1 (t — i) + Nia,
2iFp1(t) = ANt +ia)Fiq(t +14) — ANt +ia— )1 (t) + icv.

7



Multiplying ([B.8)) by i, and then using the relation ([B.7]), we can derive that

220 = 2(t2 —i%a® +ila + i) Foq(t) — (12 + it — i%a® + %) Fy (t 4 1)

—(t* —it —i?a® + %) Fy 1 (t —i). (3.9)

If Fo,1(t) = 0, then by [B1) and (B3), we see that Fj(t) = 0 for all ¢ € Z. This proves this
lemma for the case (o, §) = (0,0). If Fy1(t) # 0, we let deg Fp1(t) = K, and assume that

K
Foq.(t) = Zart’", where a, € C and ax # 0. (3.10)
r=0
If K =0, then Fy1(t) = ap. By B9) with ¢ = 1, we have ag = «, and thus Fy1(t) = o (# 0).
If K =1, then Fyi(t) = ap + ait. By (B3), one can also derive that ap = «. Redenote a; by
B, we have Fy1(t) = o+ ft. If K > 2, substituting (3.I0) into (3.9) with ¢ = 1 and comparing
the coefficients of + on both sides, we obtain (K2 + K — 2)ax = 0, a contradiction. Hence, in
general, we have Fy1(t) = a + 8t. Then, by [B.1), we obtain F;(t) = A(a — ia8 + Bt). This
proves this lemma for the case («, 3) # (0,0).

Let m > 1. Assume that this lemma holds for 0 < k£ < m — 1, namely,
Fip(t) = N (ka —iaB + Bt), 0 <k <m — 1. (3.11)
Next, we determine Fj,,(t). Using the same arguments as for the case Fj1(t), by relations
[Lo,m, Lio] = iLim +mLjim—1, [L_i0,Lim]=2iLom —mLom-1

and ([BII)), one can derive that Fj,(t) = A (maB™ ! — iaby, + byt) for some b, € C. Then,
applying
[L11, Lojm—1] = —Lim — (M — 2) Ly yp—1

on 1, we obtain b, = 8™, and thus Fj,,(t) = A'#™ ! (ma —iaB + Bt). This completes the proof.
U

3.3 Simplicity and isomorphism classification of W(1)-modules

Next, we determine the simplicity of {2y (A, a, 8). One will see that although the results are
similar to Lemmas[22[1) and (2), the proofs, especially for Theorem [B5](2), are rather non-trivial.

Theorem 3.5 (1) Qy)(A, «,B) is simple if and only if o # 0.
(2) Qa)(A,0,8) has a unique proper submodule tQyy1y(A, 0, 8) = Qyy1y(A, 1, 8), and the quo-
tient Q1) (A, 0, 8) /t2w 1) (A, 0, B) is a one-dimensional trivial YW(1)-module.



Proof. (1) Let M = Qyy(1y(A, o, B). If e # 0, by viewing M as a Vir-module, from Lemma 2.2(1),

we see that M is simple. If @ = 0, one can easily see that tM is a submodule of M.

(2) From definition, one can easily see that t{2yy(1)(}, 0, 3) is the unique proper submodule of
Q) (A, 0, B). Next, we prove tQyy1y (), 0, 8) = Q1) (A, 1, B) by comparing the actions of W(1)
on these two modules.

First, we consider the action of W(1) on #Qyy(1y(A, 0, 8). For k > 0, by (B.0), we have

. min{m, k+1} (m\ (k41 Jigms N b
Li - (t-tF) =1t > s.<s>< ) > B (t — i) : (3.12)

s=0

Next, we consider the action of W(1) on Qy(1y(A, 1, 8) in two cases. Let k > 0.

Case 1: m < k. In this case, by ([B.1]), we have

= S (7) (i oot

s

_ fy( ) (5)xsmoe i S+1+st< ) (E)pemmrm = sy - iy

s=0

_ )\Z/Bm k+1 + Z < > <];7> )\i/@m—s(t _ Z‘)k—s—l—l

m-l N s
+ > s!<s><f>>\6 Hm = s)(t —i)"

s

:/\Zﬁm _ k+1+z < > >/\25m 3( Z-)k—s—l—l

+§m:(s — 1)!<ST1> <S f . XBMTS (m — s 4 1) (¢ — i)F—5F]

s=1
_ /\zﬁm o k+1 + Z < > i) /\iﬁm—S(t _ i)k—s—l—l
+ i S'< > <S B 1) )\iﬂm_s(t o Z')k—s-‘rl

:Zo T

Here, we have again used the combinatoric formula (L2]) in the last equality.



Case 2: m > k. Similarly, in this case, we have

Lim 1" = Ek: s! <T> (i) NS TN (B(t — i) + (m — 5))(t — i)F

s=0

= f:s'@)( )wm 5t — i)t +st< ><’;>x’5m—8—1(m —s)(t — i)k

s=0

= )\Zﬁm k+1 + Z < > (i) )\i/Bm—s(t . Z')k—s—l—l
i 2 g <T> @ NG m = s)(t = 1) + B! <7Z> NGk (m — k)

sS=

v k+1+zs,<><>wm( -

e[ (F ) s

s=1

+(k+1)! <k+1>w3m bl

— g™t k+1+z < >< >wm (¢ — q)b-stl
+ Zk: s! <?> (S ﬁ 1) XBTTS(t— ) 4 (k4 1) (kﬁ 1) Alpm—h=l

s=1

k+1
= Z S! <m> <k + 1> )\iﬁm—S(t - Z-)k—s+1‘

S S

s=0

Summarizing the above two cases, we have
min{m, k+1}
m\ (k+1\ ., .._ -
Lin-t"= > s!<8> ( . )Azﬁm S(t — )kt (3.13)

s=0

Comparing (B.12) with [B.I3), we see that tQyy1)(A, 0, 8) = Q1) (A, 1, 8).
At last, it is clear that the quotient Qyy(1)(A, 0, 8)/tQy 1) (A, 0, B) is a one-dimensional trivial
W(1)-module. This completes the proof. O

The isomorphism classification of Qyy(1)(), a, B) is as follows.

Theorem 3.6 Qyy1)(A1, 1, 81) = Qy)(A2, a2, Ba) if and only if \1 = A2, a1 = ag and 1 = Ba.

10



Proof. Suppose that ¢ is a module isomorphism from Qyy(1y(A1, a1, 1) to Qyy)(A2, g, Ba).
Denote by ¢! the inverse of . Let f(t) = ¢ 1(1). Since Lgg - t* = t**1 we have

1=o(f(t)) = ¢(f(Loo) - 1) = f(Loo) - (1) = f(t)e(1).

Hence, ¢(1) € C*. Computing ¢(L;0 - 1), we have

@(Lio - 1) = @(Xj(t —ion)) = p(A[ (Lo — ia) - 1) = Nj (Lop — ion) - (1) = N[ (t — iay)p(1).

On the other hand, we have (note that ¢(1) € C*)

p(Lio 1) = Lig - (1) = Ny (t —iaz)p(1).
Comparing the above two formulas, we must have Ay = Ay and a3 = as. Similarly, computing
@(L; 1 - 1), one can derive that
)\Zi(al —ida1 1 + 51?5)(,0(1) = )\é(ag —dan By + ,Bgt)tp(l),

which implies that 51 = 2. This completes the proof. O

4  Free U(h)-modules of rank one over W(—1)

Recall that h = CLg. In this section, we completely classify the free U(h)-modules of rank
one over W(—1). Comparing with Section 3, one will see that the problem becomes more difficult,
especially when determining the actions on 1 (one can compare the following Lemma [L4] with

Lemma [34]). Thus we need more technical analysis.

4.1 Construction of free U(h)-modules of rank one over W(—1)

Let A € C* and «, 8 € C. We define the action of YW(—1) on the vector space of polynomials

in one variable

Q1A a, B) == C[t]
by

k

Lig -t =Y (~1)°! <m +SS N 1> <IZ> NB™HS(E — i — (m + s)afB)(t — i)F2, (4.1)

s=0

where i € Z, m € Z, and t* € C[t]. It should note here that (_01) =1 and (";1) =0ifn > 0.
This guarantees that Qyy_1)(A, @, ) is a U(h)-module, which is free of rank one. Similar to
Proposition 3.0 one can further prove that Qyy_1)(A, o, 8) is a W(—1)-module; the details are

omitted.

Proposition 4.1 The space Qyy—1)(A, o, B) is a W(—1)-module under the action (LI

11



4.2 Classification of free U(h)-modules of rank one over W(—1)

The following is our second main result, which states that QW(_l)()\, a, B) exhausts all free

U (h)-modules of rank one over W(—1).

Theorem 4.2 Any free U(h)-module of rank one over W(—1) is isomorphic to Qyy_1)(A, o, B)
defined by (@) for some A € C* and o, B € C.

Proof. Let M be a free U(h)-module of rank one over W(—1). By viewing M as an Vir-module,
from Lemma 2I] we may assume that M = C[t] and there exist some A € C* and a € C such
that the action of Vir C W(—1) on M is as follows

Lio-t* = N(t —ia)(t — i)k (4.2)
We reduce the remaining proof to the following Lemma and Lemma .41 O

Lemma 4.3 The action of L;,, on t* is a linear combination of the actions of Lij (m<j<

m+k) on 1, and more precisely we have

Lo - tF = f:(—nss! <m s 1> <k> (b= ) Lyps - 1. (4.3)

g s s
Proof. The proof is similar to that of Lemma and is omitted. O

Lemma 4.4 There exists some (3 € C such that L, - 1 = N S™(t —ia — maf3).

Proof. Denote Gj,(t) = Lj, - 1. Since the Lie structure of WW(—1) is essentially different from
that of W(1), one cannot prove this lemma by induction on m as in Lemma 34l In fact, the
situation becomes more difficult, and thus we need more technical analysis. To simplify the proof,
we shall use the shifted notation Y; ;,(t) = A1 Gy (t).

Let N; = degY; 1(t), i € Z. Assume that

N;
Yii(t) = Z aWt", where a?) € C and ag\lf)i # 0. (4.4)

r=0
Let f(x1,22,...,2,) € Clz1,29,...,2,] be a polynomial in n variables. In the following, we shall
use the notation Coeﬁf(x17x27___,x7l)a:f; to denote the coefficient of zl in f(z1,72,...,2,) € Clz,].

In particular, if ¢ = 0, we use it to denote the constant term.

Claim 1 We have N; = Ny and ag\i,z = ag\?g for all i € Z. We shall simply denote Ng by N, and

ag\?g by apn.
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Applying
[(Lji,Li—jol = (i —2j)Li1 — Lo, [L—jo,Lj1] =2jLo1 + Lo2 (4.5)
respectively on 1, by ([2]), we obtain

(t—j = (i—=7)a)Yj1(t)—(t— (i—j)a)Yj1(t —i+j)=Yja(t) = (i —25)Yi1(t) — Yia(t), (4.6)
(t+ja)Yja(t+7) — (¢t —j+jo)Yj(t) + Yja(t) = 25Y0.(t) + Yo(t). (4.7)

Taking j = 0 in (£6), we have
(t — i)Yo (t) — (¢t — i)Yo, (t — i) — Yoo(t) = iYix(t) — Yia(t). (4.8)
Computing (4.6]) + [@1) — (4.8), we obtain

(t+ 7)Yt +7) —iaYji(t) — (¢ — (i — )e) Y (t — i+ j) + 25Yia(t)
= (t—ia+25)Yp1(t) — (t —ia)Yo 1 (t — ). (4.9)

Taking j =i in ([£9]), we have
(t+ia)Y;1(t+1i) — (t+ic —20)Y;1(t) = (t —ia+20)Yp 1 (t) — (t — i)Yo 1 (t — ). (4.10)

Let Ly (t) and R4 (t) denote respectively the left- and right-hand sides of (4.I0]). Considering the

coefficients of the highest degree terms, we have

CoeﬁLl(t)tNi = (N; + 2)@'&5\2, Coefle(t)tNO = (No + 2)2’(1583.
By (4I0) with ¢ # 0, we must have N; = Ny and ag\i,z = ag\?g. Namely, Claim [ holds.
Claim 2 The situation N > 3 is impossible.

Let N > 3. Taking j =1 in ([£9]), we have

Via(t) = 5 (6 — o+ 2¥o(6) — (¢ — i)Yo (¢ — 1) — (¢ +)¥i(t + 1)
+iaY11(t) + (t — (i — D)a)Yi1(t —i+1)). (4.11)

Note that if we substitute ([@II]) into (£9), then we obtain an equation on functions Yj; and
Y11, and both sides can be viewed as functions on 7, j and ¢. Let La(4, 5,t) and Ra(4,j,t) denote
respectively the left- and right-hand sides of ([@3]). By Claim [II a direct computation shows that
there always exist Ky_2(7,7), Ko(i,7) € C[i, j] such that

_ L. .

L. .
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By (£9), we have Kn_o(i,7) = 0 if ij # 0, and Ky(i,j) = 0 if ija # 0. Through a more detailed
analysis, we observe that deg Ky_2(7,7) < 1 and deg Ky(i,7) < N — 1. Since one can first fix
i # 0 (resp., j # 0) and then let j — oo (resp., i — o0), the above two observations imply that
(see Example for concrete equations in the case of N = 3)

Case 1: a # 0.

( COGﬂ‘KN72(Z'7j)Z’ = O,
COGHKN,Q(i,j)j = O,

COGHKO(i’j)Z‘N_l = O,

CoeffKo(m)jN_l = 0;

Case 2: aa = 0.

Coeff iy (1.5 0,

a=0 -

COGHKN—2(ivj)j‘a:O =0.

In both cases, one can derive that ay = 0, which contradicts to our previous assumption ([£.4]).
Hence, Claim 2] holds.

Claim 3 The situation N = 2 is impossible.
Let N = 2. Recall Claim [I In this case, we have
Yia(t) = agt® + a\t +a,
which is essentially derived from relations (AA]). Similarly, start from relations
[Lj2,Li—jo] = (i —2j)Li» —2L;3, [L_jo,Lj2] =2jLo2+ 2Log3, (4.12)

one can derive that
Yia(t) = byt® + b7t 4 b1

By comparing the coefficients of t? on both sides of ([&8]) with i = 1, we can derive that ay = 0,

a contradiction. Hence, Claim [3] holds.
Claim 4 If N <1, then Y; ,(t) = B (t — i) + Y, where B, ym € C and fop = 1,70 = 0.
Let N < 1. Recall Claim [0l In this case, we have
Yii(t) = ait + agi).

By (4I0), we can derive that a(()i) = a(()o) — iaap. Redenote ap by 1, and a(()o) by 71. The above

formula becomes
}/;'71(t) = ,81 (t — iOé) +71-

14



Generally, start from relations (cf. (£ for the case m = 1, and ([@I2]) for the case m = 2)
[Ljms Li—jol = (i = 2§)Lijm — mLi i1, [L—j0; Ljm] = 23 Lom + mLom+1,

one can derive that Y; ,,(t) = B (t — i) + v, for some By, € C. Finally, from ([{2]) we see
that By = 1 and 9 = 0. This completes the proof of Claim 4

Claim 5 We have By, = ™ and vy, = —maB™ L, where 5 € C.

First, let us determine 3,,,. By Claim [l applying the relation
[LO,ma Ll,n] = Ll,m+n + (n - m)Ll,m+n+1

on 1, one can obtain an equation on 3, and v,,. By comparing the coefficients of ¢ on both sides

of this equation, we obtain

/Bm-l—n + (n - m)ﬂm—l—n—}—l = /Bm/Bn + n/Bm/Bn—}—l - m/Bn/Bm-l—l'

Recall that By =1 (by Claim Hl). By Lemma 23] we have 3, = ™, where 8 = ;.

Next, we determine 7,,. By Claim @] applying the relation (i # 0)
[(Lo,m> Lio] = iLjm — mLjmi1

on 1, one can easily obtain 7, = —maf™*!. This completes the proof of Claim Gl

Finally, from Claims [[H5] we see that this lemma holds. O

Example 4.5 For the convenience of the reader we explicitly write the systems of equations in
Cases 1 and 2 in Claim Bl under the assumption N = 3. If a # 0, the system of equations is

1+ 2a) (2(a§°> —a{) =301 + a>ag0>) _0,
(1+ 2a)(a§0) — agl)) —(143a+ 8a2)a§0) =0,

2(af” — ay) =31 + a)af’) =0,

0 1 0
(1—@)(a§)—a§ ))—ag) _—0,
and if o = 0, the system of equations is

2(ago) — agl)) - 3a§0) =0,

(ay) — )~ af” = 0.

It is straightforward to check that both cases yield ag = a0 =o.

15



4.3 Simplicity and isomorphism classification of YW (—1)-modules

Similar to Theorem .5, we have the following result on the simplicity of Qyy_1y(X, a, §).

Theorem 4.6 (1) Qyy_1)(\, , B) is simple if and only if a # 0.
(2) Qw(-1)(A\,0,8) has a unique proper submodule tQyy(—1)(A, 0, 8) = Qyy—1)(A, 1, 8), and the
quotient Qyy—1y(A, 0, 8)/tQy(—1)(A, 0, 8) is a one-dimensional trivial W(—1)-module.

Proof. (1) Let M = Qyy_1y(A, a, B). If @ # 0, by viewing M as a Vir-module, from Lemma[2.2(1),

we see that M is simple. If a = 0, one can easily see that tM is a submodule of M.

(2) From definition, one can easily see that tQW(_l)(/\, 0, ) is the unique proper submodule
of Qyy(—1)(A, 0, ). Next, we prove tyy_1)(A, 0, 8) = Qyy—1)(A, 1, 8) by comparing the actions
of W(—1) on these two modules.

First, we consider the action of W(—1) on #Qyy_1)(A,0, 3). For k>0, by (@I, we have
k+1
-1\ [k+1Y\,
Lim - (t-t%) =t (Z(_1)Ss!<m+3 )( i >)\’Bm+5(t—z’)k_s+l). (4.13)
—~ s s
Next, we consider the action of W(—1) on Qyy_1)(A, 1, 8). Let k > 0. By (&), we have

k

Lign -t = Z_j(—l)ss! (m e 1) @ NBTE (=i — (m + 5)B)(t —i)F

s=0
_ f:(_nss! (m +; - 1) (i) NGBS (¢ — g)Fs ]

5=0
- +s—1\(k

=D (1) (m . > <s>”6m+s+1<m +5)(t —i)h

s=0

k
_ )\Zﬁm(t _ i)k+1 + Z(_l)ss! <m +; — 1> <];7> /\iﬁm+3(t _ Z-)k—s—l—l
s=1

— +s—1) (k
_ (—1)%s! <m 5 > <S> /\iﬂm-i-s-i-l(m +8)(t— i)k_s

s=0

—(=1)*R! <m +k— 1> N B (4 k)
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k
_ )\Zﬂm(t N Z‘)k—l—l + ;(—1)88! <m +; - 1) <]:> )\iﬁm—l—s(t _ i)k—s+1

+§:(—1)S(s—1)!<m+8_2>< § >x’5m+5(m+s—1)(t_i)k—s+1

o s—1 s—1

k .
)k mmr i gmAk+1
MR RV G I

k
_ /\Zﬁm(t _ i)k+1 + ;(_1)88! <m +; — 1) <]:> )\iﬁm+s(t _ i)k—s+1

+§:(_1)58! <m o 1> <3 : 1) N —

s=1

(=) (k4 1)! (m N k) N gL

k41
k+1

=3 (1! <m +SS - 1> <k : 1> NG (¢ kst (4.14)
s=0

Comparing ([ALI3)) with [@I4), we see that tQy(_1)(A,0,8) = Qy—1)(A, 1, 8).
At last, it is clear that the quotient Qyy_1)(},0,8)/ty—1)(A,0,5) is a one-dimensional
trivial W(—1)-module. This completes the proof. O

Similar to Theorem [B.6l one can also prove the following result on the isomorphism classifica-
tion of Qyy(_1)(A, @, B); the details are omitted.

Theorem 4.7 Qyy_1)(A1, a1, 1) = Q—1)(A2, a2, B2) if and only if \1 = A2, a1 = az and
B = Ba.
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