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ON A VARIATIONAL PROBLEM RELATED TO THE CWIKEL-LIEB-ROZENBLUM AND
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LIEB-THIRRING INEQUALITIES

THIAGO CARVALHO CORSO AND TOBIAS RIED

ABSTRACT. We explicitly solve a variational problem related to upper bounds on the optimal
constants in the Cwikel-Lieb-Rozenblum (CLR) and Lieb-Thirring (LT) inequalities, which has
recently been derived in [ ] and [ ]. We achieve this through a variational char-
acterization of the L! norm of the Fourier transform of a function and duality, from which we
obtain a reformulation in terms of a variant of the Hadamard three lines lemma. By studying
Hardy-like spaces of holomorphic functions in a strip in the complex plane, we are able to provide
an analytic formula for the minimizers, and use it to get the best possible upper bounds for the
optimal constants in the CLR and LT inequalities achievable by the method of [ ] and
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1. INTRODUCTION
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for y > 2, where R, = (0, o) is the multiplicative group,

« d
L*(Ry; %) :{f: R; — C measurable : / |f(s)|2?s < oo},
0

and the convolution is taken with respect to the Haar measure % in the multiplicative group,

(msma) ()= [ () ma) T (12)

The solution of (1.1) gives an upper bound on the constant in the CLR inequality.' In the article
[ ], the authors proved a lower bound on the variational problem for M, and were able to
provide upper bounds that in dimensions d > 5 improved the till then best upper bounds on the
optimal constant in the CLR inequality due to Lieb [ ]. However, the choice of test functions
in [ , Appendix D] seems quite arbitrary and the questions of existence of optimizers and
the corresponding optimal value for M, were left open.

In the article at hand we prove that the variational problem (1.1) indeed has a solution, and
we give a description of the optimizer in terms of the solution of another optimization problem,
which makes an interesting connection to (a variant of) Hadamard’s three lines lemma.

In order to state this connection, let us consider the set H(S) of holomorphic functions on the
strip

S={x+iyeC:0<y<1}
in the complex plane, and introduce the following class of spaces similar to Hardy spaces:
Definition 1.1 (H”9(S) spaces). Let 1 < p,q < oco. We say that a holomorphic function h: S — C
belongs to the space H”4(S) if

1 1
lRllspacs) = su inf —fylleer) + = llgyllLam) < oo, (1.3)
) R ferr @) gyeLa(): Ty Follerwy + Clgylom
fyrgy=hy

where for 0 < y < 1, h, : R — C denotes the function h,(x) := h(x +iy).* Moreover, we say that
a holomorphic function h : S- — C on the lower strip S_ = {x —iy € C: 0 < y < 1} belongs to

HP-4(S_) provided that the reflected function z € S — h(z) belongs to HP4(S).

We will show in Lemma 3.1 that such functions admit boundary values in certain L? spaces.
More precisely, for any h € HP%(S), there exists hy € L?(R) and h; € L?(R) such that

lim(hy, ¢) = (ho, @) and lim(hy, @) = (hy, @),
ylo yM
for any Schwartz function ¢ € S(R).

1.1. Main result. The first main result of this paper can now be stated as follows.

Theorem 1.2 (Three lines variational problem). Let M, be defined via (1.1). Then we have

—2)r—2 h_ ~ !
M, = 16%% max ”1_;)//)/”L (R;/y (1.4)
% heH>2(S_) ”hO”LD“(R)Hh_lHLZ(R)

where hy and h_; are the boundary values of h in the sense described above. Moreover, the maximizer
of (1.4) exists and is unique up to the transformation hy g ,(z) = ph(z — a)e“ fora,w € R and

peC\ {0}

'For more details on the CLR estimate and how it is connected to the variational problem (1.1), we refer to

1

2Note that we do not require the functions f, g in the above decomposition of h to be holomorphic.

(
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This three lines variational problem resembles the variational problem associated to the famous
Hadamard three lines lemma. In the latter, one replaces the L? norm in the denominator by the
L* norm; one can then apply the maximum principle to conclude that the constant function is
the unique maximizer (up to the symmetry described above), which gives the statement of the
Hadamard three lines lemma. For problem (1.4), however, the same strategy does not apply as the
functions considered

(i) need to be in L? along the line R + i, in particular they may be unbounded,
(ii) only extend to the boundary of the strip in a weak sense to be made precise later, and
(iii) the maximum principle does not apply.
Nevertheless, it turns out that problem (1.4) can also be solved in the sense that an explicit analytic
formula for the optimizers can be given. This is the content of the next theorem.

Theorem 1.3 (Optimizer). The unique optimizer (up to symmetries) of Problem (1.4) is given by
h(z) = B (2)e”r?),

where By (z) = Z_fi is the Blaschke factor (for the upper half plane) with zero at z, = i(2 — )%) e C,,

zZ—z

and the function 0, is defined via

1 gy(k)(eiZk — izk)
J

= —1
Oy(z) = o lim kse k(cosh(2k) — 1)

_2

dk, Withgy(k) e (ze—(Z—%)|k| ye vkl _ e—(4—%)|k|) ]

From the above formula, one can easily evaluate the values of M, to high precision. The
numerical values® of M, for some values of y are displayed in Table 1.1.

M)’
0.371185695
0.098174770
0.040698664
0.020862684
0.012143294
0.007698202
0.005190491

O [0 | NG [ (W

TaBLE 1.1. M, for different values of y.

1.2. Applications to CLR and LT inequalities. Our main motivation for studying the variational
problem (1.1) comes from its recently discovered connection to the CLR inequality [ ,
]. Remarkably, the same variational problem also appears in a recent upper bound for
the optimal constant in the Lieb-Thirring (LT) inequality [ ]. Let us briefly recall these
results and explore their consequences in connection with our main results.
We start with the CLR inequality, for which in [ , Theorem 1.3] the authors proved the
following upper bound for the CLR constant:

Theorem 1.4 (CLR bound). Letd € N and 0 < o < d/2. Then the best constant Ly 4, in the
Cwikel-Lieb-Rozenblum inequality for the fractional Schrodinger operator (—A)° +V,

Na((=0)° 4 ) < Lag, [ V-(oan 09

3The numerical values were obtained using the standard numerical integration routines of MATLAB and indepen-
dently cross-checked with Mathematica.
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satisfies

L y+1
0do Y M,, withy=4 (1.6)

1
1 A(y—nyy-2"7 o’
L, 4r-2

cd _ _|Bil

where the semi-classical constant is given by L§ , = (o)

and N, denotes the number of negative
eigenvalues (counting multiplicity).

We can therefore combine the values obtained for M, with the above result to update the best
known upper bounds for the CLR constant. The result is displayed in Table 1.2.

d/o Optimal upper bound via VP | Best known so far
3 7.51651 6.86924
4 6.28319 6.03398
5 5.88812 5.95405
6 5.70334 5.77058
7 5.60029 5.67647
8 5-53645 5.63198
9 5.49398 5.62080
d/oc— o 5.34282 -

TaBLE 1.2. Comparison between previously best known upper bounds on the
CLR constant and the best possible bounds via our solution of the variational
problem (VP) for M, in (1.1). The values in the third column of Table 1.2 were
extracted from [ , Table 1].

Remark 1.5 (Asymptotics of CLR upper bound). The asymptotic bound

L
lim sup —=27 < 5.342823 (17)
d/o—0co 0,d,c
in Table 1.2 is proved in Section 5. Moreover, one can show that in the opposite limit y = g l2,
the right hand side of (1.6) has the asymptotic behaviour
1 )/+1
! +0(1), (18)

Z M., =

4(y-22" (-2
where O(1) denotes a term bounded by a constant as y | 2; this follows from the lower and
upper bounds in [ , Proposition 1.4], and we refer to that article for details. Note that the
blowup as y | 2 in (1.8) is expected, since the CLR inequality (1.5) does not hold in the case g <2

[ , B

We now turn to the Lieb-Thirring inequality. In [ , Theorem 2], the authors proved the
following upper bound for the LT inequality.

Theorem 1.6 (LT Bound). For anyd € N and o > 0, the best constant L, 4, in the Lieb-Thirring
inequality for the fractional Schridinger operator (—-A)° +V,

Tr[(-A)° +V]- < Ll,d,g/

V_(x) 5 dx, (1.9)
Rd

satisfies

Liao _ (d+20)"5

LS, .~ die(20)?

d _ _20 _|Bi]
Cio. where Ll 4o = dh0 @ (1.10)
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and

d - oo (1= [ 0(6)f(s)ds)”
s= —  inf 24 0 d } .
Ca, in {('/0 o(t) t) /0 t (1.11)

20 feel®,) Pl
||f||L2(R+):1
At first glance, problem (1.11) looks different from problem (1.1). However, setting m;(t) =
V2f(t*)t and my(t) = V2¢(t72)t™!, one can easily verify that

Il sy = Iz ol as) = ol

and
(my % my)(17)

/ Fts)p(s)ds = 2T,
0 t2
where the convolution is understood with respect to the multiplicative group, see (1.2). Thus,

from the change of variables t2 > tanda scaling argument (see Lemma 2.4) we find that
d
Cao = —M,, a, where Cy, is defined in (1.11) and M, is defined in (1.1). (1.12)
o o

Consequently, we can also use the computed values for M, in Table 1.1 to update the best known
upper bounds on the LT constant.

Corollary 1.7 (LT Bound Updated). For anyd € N and o > 0, the best constant in the Lieb-Thirring
inequality for the fractional Schriodinger operator (—A)° + V satisfies

Li’ld’g < l re = M,, withy =2+ %, (1.13)
lae *r-27
where M, is defined in (1.1). In particular, we have
Li’ll’l < 1.44655, Li’f’l/ 2 <1.75177, limsup Li’ld"’ <1.96551, and limsup Li’ld"’ =1
11,1 1,3,1/2 s Ligs 210 Ydo
(114)

Let us now compare the values derived above with previous results. For the LT inequality, our
bound L; 1,1/ Lfll | < 1.44655 improves only marginally over the previously best known bound

Li11/ Lfl 41 < 1.45579 derived in [ ]. This shows that the lower bounds derived for C; , and
M, respectively in [ , Corollary 8] and [ , Proposition 1.4] were rather optimistic
and the exact optimal values of (1.1) are in fact much closer to the upper bounds obtained in these
works. Moreover, from the induction in dimension argument due to Laptev—Weidl [ ] and
Hundertmark-Laptev-Weidl [ ], it is well-known that
L Lia
Ll o AL gy anyd >d e N. (1.15)
LCI Lcl
1,d1 1Ld',1

We can therefore extend the upper bound in (1.14) from the case d = 1 = ¢ to all dimensions
d > 1 with o = 1; in particular, our results marginally improve the best upper bounds for these
cases as well. On the other hand, for the polyharmonic Schrédinger operator with o # 1, the
induction-in-dimension argument is not available and our bounds significantly improve over the

best known bounds as g becomes large. For instance, for the ultra-relativistic operator in three

cl —
1,3,1/2

(1/0.826)% ~ 1.77443 [ ] while the asymptotic bound in (1.14) is about 38% better than the
asymptotic bound

dimensions the bound in (1.14) only slightly improves over the previous bound L 31/2/L

L
lim sup —2% = ¢ ~ 2.71828
d cl
5 ™ 1,d,0
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in [ , Corollary 3].

For the CLR inequality the situation is similar. The new upper bounds presented in Table 1.2 do
not improve over the original upper bounds derived by Lieb [ ] ford = 3,4. For dimension d >
5, however, we obtain improvements over the values derived in [ ]; these improvements

become significantly better as d/o grows. Moreover, in contrast with the LT inequality, where
the case d = o = 1 gives the best bound for all higher dimensions, the upper bound for the
CLR inequality is monotonically decreasing in d/o; therefore, the upper bounds for large d/o
presented here (see Table 1.2) provide significant improvements not only for the fractional case
but also for the case ¢ = 1.

To conclude our brief comparison with previous works, let us make a few remarks. First, both
the LT and the CLR inequalities can be stated in a dual form (see, e.g., [ , Equation 6]). In
particular, the upper bounds derived here can be translated into lower bounds for the dual con-
stants, denoted by K 4, for the LT inequality in [ ]. Second, in view of [ ][Theorem
1.7] and [ , Remark 7], the bounds derived here also apply to operator-valued Schrédinger
operators. Third, in view of Theorems 1.4 and 1.6, we expect the variational problem for M, to
also provide interesting upper bounds for the whole family of LT inequalities (i.e. sums of p
moments of the negative eigenvalues with p > 0). This will be the content of future work. Finally,
let us refer to the review articles [ , , ] and the books [ , ] for
further information on recent developments regarding Lieb—Thirring and related inequalities, as
well as the state of the art on the Lieb—Thirring conjecture.

1.3. Outline of the proofs of our main theorems. We now outline the proof of Theorems 1.2
and 1.3. First, based on a characterization of the space of Fourier transforms of L!(R) functions,
we derive an alternative formulation (2.4) of the variational problem (1.1). This reformulation,
via its symmetries, allows us to obtain a convex formulation of the problem; we then apply the
Fenchel-Rockafellar duality theorem to obtain a dual formulation of (2.4), see Theorem 2.10 below.

The next step of our proof brings in some tools from complex analysis to restate both the primal
and dual variational problems in (2.4) and (2.15) as minimization problems over the Hardy-type
spaces HP(S) on a strip in the complex plane introduced above. More precisely, we show that
the domains of these problems are in one-to-one correspondence with the boundary values
of functions in HP9(S) for suitable p,q € [1, co]. From this correspondence, and the previous
reformulations, we immediately obtain the three lines problem stated in Theorem 1.2.

The final step in our proof is to effectively solve the Euler-Lagrange (EL) equations associated
to the three lines problem from Theorem 1.2. This is a quite challenging problem, owing to the
fact that the EL equation (see egs. (4.2) and (4.5)) is non-local and non-linear in the sense that
it relates the boundary values of a meromorphic function at the opposite ends of a strip in a
non-linear way. To overcome these challenges, we implement the three following main ideas:

(i) Factorize the poles (and zeros) of the optimizer via a Blaschke product decomposition. For
this, it turns out that the single Blaschke factor introduced in Theorem 4.7 suffices.

(ii) Linearize the EL equation by applying a logarithmic transformation. More precisely, we
make the ansatz h(z) = By(z)eey(z) for the optimizer, which allows us to re-state the
non-linear EL equation (4.5) for h as a linear equation for 0,.

(iii) Overcome the non-locality by using the fact that holomorphic functions on the strip
can be viewed as the Fourier transform of rapidly decaying tempered distributions with
complex argument.* In other words, we make the ansatz 0, (z) = 7)(z) for some tempered
distribution , which results in a linear local equation that can be formally solved pointwise.

The rest of the proof then consists in showing that the formal guess obtained for the optimizer is
in the right function space and indeed satisfies the EL equation.

1.4. Overview of the article. We end this section with a brief outline of the rest of the paper. In
Section 2, we carry out the first step of our proof and obtain a primal and dual reformulation

4This is actually the idea that led us to introduce the Hardy like spaces H”4(S).
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of problem (1.1) over the classical Lebesgue spaces L'(R) and L*(R). In Section 3, we study
the boundary values of functions in H”4(S), and derive the reformulation of our variational
problem over these spaces. The construction of the optimizer of (1.4) is carried out in Section 4.
In Section 5, we prove the asymptotic upper bounds for the CLR and LT inequalities stated in
Table 1.2 and Corollary 1.7. In Appendix A, we briefly discuss how the characterization of the space
of Fourier transform of L'(R) functions (Lemma 2.1 below) naturally appears in the maximal
Fourier multiplier bound derived in [ , Theorem 4.2], which is of independent interest.
The proof of some technical lemmas used in Section 3 are presented in Appendix B. In Appendix C,
we prove existence of optimizers for problem (1.1), even though this is not explicitly needed for
the proof of our main theorems (since we explicitly construct the optimizers).

2. THE DUAL PROBLEM

In this section, we show that Problem (1.1) can be reformulated in L' (R) with respect to standard
Lebesgue measure. We then derive a dual formulation for this problem on the space L (R).

2.1. Formulation over L!(R). It is convenient to transform (1.1) to R by an exponential change
of coordinates, yielding

y—2
M, = inf (R){(Hmllle(R)||m2“L2(R)) llmy * my — eXp||i§(R)}, (242)

mi,my eL?

where L?(R) now denotes the classical Lebesgue space of square integrable functions on R,
m; * my is the standard convolution

my % ma (k) = /R i (k — wmy(u)du,

and for y € R, L} will be used throughout this article to denote the exponentially weighted L°
spaces

L(R) = L*(R;e "*dk) :{m ‘R C:|ml?, = / Im(k)|?e "< dk < oo}. (2.2)
¥ R

This sets our problem in the more conventional framework of L? spaces on R.
We use the following convention for the Fourier transform of a function m € L}(R),

m(k) = ‘/Rm(x) e dx,

as well as its extension to the space of tempered distributions S’(R). With this convention, we
have the following characterization of the Fourier transform of integrable functions.

Lemma 2.1 (Fourier transform of integrable functions). Let m € S’(R). Then m € L'(R) if and
only if there exists my, my € L*(R) with m; * my = m. Moreover, we have the equality

”fﬁ”Ll(R) = min{||my||2||mal| 2 : my * my = m}, (2.3)
where the minimum is attained.

Remark. The proof of Lemma 2.1 is a straightforward consequence of the convolution property of
the Fourier transform and Plancherel’s theorem. In fact, the first statement is known and can be
found, e.g., in [ , Theorem 1.6.3]. However, we could not find a reference for the variational
characterization of ||m||;1 stated in (2.3). Therefore, we present the simple proof below.

Remark (Connection with maximal Fourier multipliers). Lemma 2.1 also allows us to improve the
maximal Fourier mutliplier bound in [ , Theorem 2.1, Theorem 4.2] in a natural way. For
the details, see Appendix A.
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Proof of Lemma 2.1. Suppose that m € L'(R). Then there exist measurable functions |m| : R —
[0,00) and 6 : R — [0, 27r) such that mi(x) = |m|(x)el? ™). In particular, if we define (Zﬂ)%r\n/l =
(27) %171 = V|r|ei?®)/2 ¢ [2(R), then my * my = m by the convolution property of the Fourier
transform, and

Il = @m)llmimellp = @o)llmle M2l = lmillelimell

by Plancherel’s theorem. The converse implication and the inequality ||m;]| < ||m1]z2]|mz|lL2
follows from reversing the previous steps and using the Cauchy-Schwarz inequality. ]

The above characterization is the first key step of our analysis; it allows us to reformulate
problem (2.1) in the following way:

Lemma 2.2 (Reformulation on L'(R)). Lety > 2 and define the functional
F, LY(R) - RU {+x}, m+ Fy,(m) = ||m — exp ||i§.

Then F, is strictly convex and lower semi-continuous in L' (R) with domain
domF, = {m eL'(R): m—exp € Li(R)} )

Moreover, we have

M, = inf |m|’°F m), 2.
o= inf iR (m) o

with M, defined in equation (2.1).
Remark 2.3 (Notation). In Sections 3 and 4, we will mostly be working with the functional
-2 -2 A
Ey(m) = Imll[;*Fy(m) = Imlls % I = expll, (2.5)
with domain
dom&, =domF, = {m € L*(R):m —exp € L}z,}. (2.6)
To simplify notation, we write exp, : R — R, x = exp,(x) := e** for « € R.

Proof of Lemma 2.2. The strict convexity of F, follows directly from the strict convexity of the
norm in LJZ, squared. Moreover, the lower semi-continuity follows from Fatou’s lemma by ob-

serving that convergence in L!(R) implies uniform convergence of the Fourier transform. The
reformulation of (2.1) in (2.4) is immediate from Lemma 2.1 after interchanging the role of real
and reciprocal (Fourier) space by considering m as a function in L' (R). ]

The functional F, has the following scaling property: for any > 0 and m € L'(R), there holds
Fy(mg) = @’ ?F,(m) where mg(x) = a " ¥m(x). (2.7)
As a consequence, Problem (2.4) can be reformulated in several ways.

Lemma 2.4 (Scaling property). For any p,q > 0 and a > 0 we have
rq
inf {F Py q}:C g, )M PP
inf AR+ alml] | = Cvpg. M)
where M, is defined in (2.1) and

q

(y—z)p)(yZ)mq( q ) (y-2)p
C P-4, a) = ————— +1|ar-2r+q,
pga =" - p

Moreover, we have

M, = inf F,(m). (2.8)
meLl'(R)
Imll <1
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In particular, if a minimizer of (1.1) exists, it is unique up to the transformation my,(x) := m(x)a"*71,

a > 0.

Proof. From (2.7) we have

inf {F, (m)p+a||m|| 3= inf 1nf{F (ma)p+a||ma|| N
meLl(R) meLl(R) @

= inf inf{a""PPF,(m)? + a 9allm||,}. (2.9)
meL!(R) a>0

Minimizing the function a — f,(a) = a(Y‘Z)PFY(m)p + ofqa||m||1qd1 yields

q Prq

miy fo(@) = L) (a5 i 2 )
a>0 q (y=2)p t

which together with (2.9) completes the proof. Equation (2.8) follows from similar arguments.

Moreover, the uniqueness of the minimizer (provided it exists) follows from the strict convexity

of F, and the convexity of ||-|| 1. |

2.2. Duality. We now observe that eq. (2.8) can be re-written as

M, = inf {F (m)+G(m)},
Ll

where G : L'(R) — {0, +c0} is the characteristic function (in the convex analysis terminology) of
the unit ball in L1, i.e.

G(m) = 0, if ||m||L1(R) <1,
+o00, otherwise.

The idea is now to apply the Fenchel-Rockafellar duality theorem to obtain a dual formulation of
our problem. For this, we start with the following extension of Plancherel’s theorem.

Lemma 2.5 (Plancherel’s theorem). Let 1 < p < oo, then for any g € LP(R) withg € LZ_Y(R) and
m € LT (R) with /i € LX(R), there holds

gom = [ Goamadx = 5 [ Gk = 5 @), (210)

Proof. Let ¢ € CW(R) be a real-valued function satisfying ¢(x) = 1 for |x| < 1/2 and (p(x) =0 for
|x| > 1, and set @ (x) = @(ex). From the definition of the Fourier transform we have 9.g = ¢ * g
for any g € 8’ (R). Moreover, if g € L (R) for some 1 < p < oo with g € L_Y(R) for some y € R,
then by dominated convergence and the approximate identity property of ¢, respectively, we
have

¢eg — g stronglyinL?, —and ¢@.+g—g strongly in LP(R) (or weak- for p = c0)

as € | 0. From the assumptions on @, we see that g = Pc@¢/2 and P.g € L*(R). Hence, using the
above convergence and Plancherel’s theorem for L?(R) functions, we conclude that

1o .
§<g, my = hﬁ; g(«)eg, Pe/29) = lgg«oe % g, Pej2 ¥ my = (g, m).
[ |

Remark 2.6. Recall that the Fourier transform of a function g € L*(R) has to be understood
in the sense of tempered distributions. Since the Fourier transform of a tempered distribution
is itself a tempered distribution, the condition g € LEY(R) means that g can be identified with
a function that lies in LEY(R), which puts a one-sided (exponential) decay constraint on the
Fourier transform g. This allows us to define certain integrals of g against exponentially growing
functions.
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Lemma 2.7. Lety > 2 andg € L*(R) withg € LEY(R). Then the limit

liin / p(ek)g(k)e*dk, ¢ e C(R), ¢(0) =1, (2.11)
€l JRr
exists and is independent of ¢. We can therefore define
(exp, §) = / g(k)ekdk = liﬁ’)l / o(ek)g(k)e*dk (2.12)
R €lo JR

for any ¢ € C°(R) such that ¢(0) = 1.

Proof. We decompose eX = p(k) + g(k), where p(k) = eI and q(k) = (ek - e_k) 1(0,00) (k).
Note that p(x) = 1+2x2 e L'(R)andq € L)Z, fory > 2.

Let (k) = ¢(ek) for k € R, then ¢, is an approximate identity in L!(R), in particular
@e * p — p in L'(R), and by the classical Parseval identity, we have

e—0 1

~ L s s >0 1[5 _1 [ g(x)
[ ot ak = - [ 6+ mgtoax = o [ progeoar=1 [ 22 ax

27 T Jr1+x2

The limit is independent of the choice of ¢ and, since g € L™ (R), it is finite. Moreover, p.q — ¢
in L)Z, as € | 0 by dominated convergence, from which it follows that

/ 0c(DaFk) 3 [ gk dk,
R R

2

where the limit is finite since g € Li and g € L2,

and independent of ¢ (as long as ¢(0) =1). =
We can now compute the dual of F,.

Proposition 2.8 (Dual of F}). The Fenchel conjugate Fy: L¥(R) — R U {+0co} of F, is given by

Fy(9)= sup (Re/Rg(_x)m(x)dx—Fy(m))

mEdomFy

L1172, + =Re / gkyekdk,  ifge 1
1627y 2 R ’ v
+00 otherwise,

where fR g(k)ekdk is understood in the sense of (2.12).

Proof. Note that dom F, # 0, since m(x) = 77'(1 + x?)! is integrable with (k) = e I¥l, so
m(k) — ek e L)z, for any y > 2 (see the proof of Lemma 2.7).
To compute the dual, we fix some my € domF, and split m € domF, in m = my + h with

h € L'(R) such that h € L2. Then
F; (9) =Re / g(x)mo(x) dx — F,(mo) + sup (Re / g(x)h(x) dx + F,(mg) — F,(mg + h)) .
R heLl:hel} R

Note that [Re (g, mo}| < [|gllL=|lmollLr < o0 and Fy(mg) < oo since mg € dom F,. Hence, F; is
finite if and only if

sup  (Re (g, h) - 2Re ( (7 - exp) exp_,. h) — [IAI%,)
heLl:lzeL,% Y

= sup sup (Rea(g,h) - 2Rea (7 — exp) exp_, h) — a?IIAIL,
heleiAzeLfaeC v

[t my 2 (o - expyexp_, )|
= sup -

heLI:}AzeLf, 4 ”hH]Zd?/

< 00,
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Since C°(R) ¢ {i‘l\ € L)z, : h € L'} and the former is dense in L2, the above quotient is finite if and
only if the linear functional ¢ : C;°(R) — R given by

B e(h) = (g ) = 2( (7 - exp) exp_ . )

extends to a bounded linear functional on L;‘;(R). In this case, the Riesz representation theorem

implies that there exists a unique G € L%Y([R) such that f(i’l\) = (G, i’l\> for all h € L)z,(R). In
particular, since (my — exp) exp_, € L2 y (recall that my — exp € L)z,), it follows that

(g9, h) = <G +2(my — exp) exp_,), i1\> forall h e L)z,,

from which we conclude that g € L2 v (R). We may therefore apply Parseval’s identity (Lemma 2.5)
to obtain

|2 2
|<g, hy —2 <(n/17) — exp) exp_,, h>| |<%§— 2(myo — exp) exp_,, h>|

1 1
sup - — = sup - =
heLI:}AzeLf, 4 ||h||i?/ heleﬁeL?, 4 ||h”1'2,§
- |
=~ ||[—g - 2(mp — exp) ex
1277 0T R Py,
-Y
It follows that
1 2
F;(g9) = Re (g, mo) — [lmo — exp |7, +|(-—g — (mo — exp) exp_,
Y 47 2,
R 1
= (4—71)2”9”@ +Re (g, mo) — e (9. mo — exp). (2.13)

To complete the proof, we observe that by dominated convergence, for any ¢ € C.°(R) with
@(0) = 1, setting ¢, = ¢(e-), there holds

1 - 1 TR
J-Re [ GO () - &) dk = tim = Re [ G (k) - &) d
2 R elo 21 R
R 1 R
= limRe /g(x)?ﬁe * mo(x) dx — lim — / g(k)pe(k)ek dk
€lo R elo 2 JRr

- 1 S
=Re /g(x)mo(x) dx — —Re / g(k)ek dk.
R 2 R
With this and (2.13), we can conclude that
N 1 ~12 1 ~ PN 2
F,(9) = WIIgIIL; + 5 Re (g exp), ifgel”, (R),
and Fy(g) = +oo otherwise. |

From the above lemma and the Fenchel-Rockafellar duality theorem we obtain

Lemma 2.9 (Duality). The strong duality

M, = inf F,(m)=— min{|glli + —
= 1m m) = — min 00 _
v meL'(R) v geL® gllL 1672

2
llmll <1 geL?,

~ 1 ~
912, + poRe [ gt arf  Ga

holds. Moreover, there exists a unique minimizer for the problem on the right-hand side.

Proof. By the Fenchel-Rockafellar duality theorem [ , Theorem 31.1], we have
inf F = inf {F +G =— min {F,(9)+G"(-9)}.
ont y(m) melﬁ(m){ y(m) + G(m)} gergg{lm{ v (9) (-9)}

lmll <1
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where the minimizer of the dual problem exists provided that both F, and G are convex and lower
semi-continuous in L!(R), and that there exists at least one point of continuity of G in the domain
of F,. The lower-semicontinuity and convexity can be directly checked for G and are proved in
Proposition 2.8 for F,. To verify the last condition, note that m,(x) = m(x)a *"! € dom F, for
any a > 0 and m € domF,. So for a big enough, we have ||m./||;: < 1, hence m, is a continuity
point of G in the domain of F,. The uniqueness of the minimizer follows from the strict convexity
of ||||i2y It remains to calculate

G'(g) = sup (Re /R g<_x>m<x>dx—c<m>)= sup Re /R 3CIm(x) dx = [lgllz

melLl melL?
[Im]l 1<1

which completes the proof. ]

As for the primal problem, we can derive a scale invariant version of the dual problem.

Theorem 2.10 (Scale invariant dual problem). Let M, be defined as in (1.1), then we have

Re [ g(k)edk
—S— (20

4y —2)r? (
eL® ~y v
s 11, lgll~"

Y
T b'e 8}*,(9)), where  &,(g) =

a.
(R)
2

gelLz,

Moreover, the maximizer exists and is unique up to re-scaling and translating in Fourier space, i.e.,
up to the transformation g, g(x) = fa*g(x) with p > 0 and a > 0.

Proof. First, note that up to multiplying g by a phase ', § € R, the term Re fR g(k)ek dk appearing
in the dual problem (2.14) can be replaced by —| fR g(k)ekdk|. Next, by defining Jap(x) = Pg(x)a’™
and noticing that g, g(k) = fg(k —log a), we find

1 1
My =-inf inf —NGupll?. ~ | | Gap(k)ekdk
Y 12 a;({lﬁ>0{”ga’ﬁ”+ 16ﬂ2||g“,ﬁ||L§y zﬂ“/Rga,ﬁ( )e }
1 1
" a:é},;>o{/3”9'|L + Rl 3l ﬁah‘ (ke

Hence our task reduces to finding the minimizer of the function
f(a, B) = Pey + p2a¥c, — Pacs  with ¢y, cp > 0 and ¢35 > 0.

This can be done by finding the (unique) critical point of f, which is given by

Y
1y C3
oy = ———— ,Bo = PETE
c3y—2 ¢, ¢

Eq. (2.15) then follows by substituting back the values of ¢y, ¢3, ¢5 and evaluating f at (@, fo). ™

3. REFORMULATION IN THE COMPLEX PLANE

In this section we first derive properties of the mixed Hardy-type spaces of holomorphic
functions on the strip introduced in Definition 1.1 in the introduction. It turns out that their (non-
tangential) limits along the real axis correspond to the domains of the primal and dual problems.
This allows us to interpret our problem as a variant of the variational problem associated with the
classical Hadamard three lines lemma, as stated in Theorem 1.2. The connection with holomorphic
functions will also be useful to characterize the primal and dual optimizers in Section 4.
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3.1. Mixed Hardy-like spaces on the strip. The main result of this section is that the space

{f € LP(R) : f € L(R)} can be identified with the boundary values of functions in H?#(S).
To prove this, we need the following lemma.

Lemma 3.1 (Existence of boundary values in H?(S)). Let h € HP*?(S), then there exist hy € LP (R)
with hy € L2(R) and h; € L*(R) such that

lim(hy, ) = (ho,p) and lim(hy, @) = (hy, @) (3.1)
ylo yT1

for any Schwartz function ¢ € S(R). Moreover, for any ¢ € C.°(R), there holds
(hy, P1—y) = (ho, @1) forany0 <y <1, (3.2)
where 9y (k) = p(k +1iy) = fR e~ (k+Y) o (x)dx. In particular, if hy = 0, then h = 0.

The proof of the above lemma is an adaptation of standard arguments used in the theory of
Hardy spaces (see, e.g., [ , Lemma 11.3] and [ , ]). For convenience of the reader,
we present the details in Appendix B.

Theorem 3.2 (Boundary values in H”%(S)). Let 1 < p < co. For anyv € LP(R) witho € L2(R)
there exists a unique function h € HP%(S) such that hy = v. Moreover, there holds }Azl(k) =o(k)e k
for almost every k € R.

Conversely, for any h € HP2(S) we have hy € LP(R) and ho € L3(R).

Proof. Letv € LP(R) witho € Lg([R{). We have to show that v has a unique holomorphic extension
to the strip S with h; € L2(R). In fact, the uniqueness of such an extension is immediate from the
last statement in Lemma 3.1, so we just need to prove its existence. For this, the idea is to consider
a(k) .= 0(k)e % for k € R and y € (0,1), and construct h € H”?(S) via Fourier inversion
% fR (k) %% dk. Since 0 € L%(R), some care has to be taken. To this end, we split the function

e'*Z into two parts

el = elf¥e kY = k¥ (70 (k) + g, (k)

for some suitably chosen functions p,,q, : R — C, and set

ﬁ(x +iy) = (0% py)(x) + i ‘/R qy(k)ﬁ(k)eikx dk, ye(0,1).

Since v € LP(R), if p, € L'(R), Young’s inequality implies that [[v % py Lo < |||z [|pyllr:. On the
other hand, since 0 € L2(R), the second expression is a well-defined L*-function if ¢, exp € L*(R).
In particular, we obtain

|Rllygo2 < sup (

1~
lollze llpyllzr + ~1lollzllqy exp [l | -
O<y<1 Y

l-y

Hence, in order to obtain ||E||Hp,2 < +oo, we have to be able to choose p,, g, in such a way that

oyl 1-y and |[lgyexpliz~ <y (3-3)
for y € (0,1). A possible choice is given by
) (e”¥k — eyk)l{kg()}, fory < 1/2,
qy(k) = -yk -k
e lik<oy + € "1lig>0)s for Yy > 1/2,

and

e Ylkl, fory < 1/2,

py(k) =
Py(F) {(e_yk - e_k)l{kzo}, fory > 1/2.
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Then eix’((ﬁy(k) +qy(k)) = ek for any z € S, and

1y
;m, fOI'y< 1/2,
Py(x): 1 l_y
fory > 1/2.

27 (1—ix)(y — ix)

In particular, for any 0 < y < % there holds [|pyllz1(ry = 1 and ||q, expllr~®r) < y, while for
% <y < 1 we have [|pyll;1r) £ 1-yand ||q,expllr=r) $ 1. Therefore, conditions (3.3) are
fulfilled. _

Note that by construction, the function h attains the function v as boundary value as y | 0 in a

distributional sense. Indeed, for any Schwartz function ¢ we find that

- 1 [— 1, U SR
(hy, @) = (py * v, 0) + E/quv(k)qo(k)dk = 5 (0(py +4y), §) = 5—(Ge v, 5)
ylo 1 .
> 2_<U"P> = <U’ ‘P)
JT

It remains to show that h : S — Cisa holomorphic function. For this, we perform a different
decomposition e'?* = 7, (k) + s, (k) with

r.(k) = e Zkl and sy(k) = (e_ﬁk - eiik) 1k <0}

Then r, (&) = }T zi;Z for £ € R, in particular r, € LY(R) N L®(R) for any z € S. In view of

Lemma 2.5 we then define the function

h(z) = /R r (O + 5 /R 5 (08(k)dk.

Note that the second term is well-defined because 0 € L2(R) and

0 0
/lsz(k)lzeZk dk s/ e2<1—y>’<dk+/ 2k gk < oo
R - —oo0

[Se]

for any 0 < y < 1, hence s, € L? ,(R) for any z € S.

Since z +— 1,(k),s.(k) are holomorphic functions on S for any k € R, the function h is
holomorphic on S by Morera’s and Fubini’s theorem.

We now use an approximation argument similar to the one used in the proof of Lemma 2.5
to show that h,(x) = i{y (x) for a.e. x € R and any 0 < y < 1, which completes the proof. Let
¢ € CX(R) be a mollifier satisfying ¢(0) = 1 and set v (x) = v(x)@(ek). Since v, has compact
support, the function

he(z) = % /R 5. (k)i dk (3.4)

is analytic. From the two different splittings e’ = ¢™** (p y+qy) (k) = 72(k)+s,(k) and Plancherel’s
identity, it satisfies

B = (py 1000 + o [ qy0aeax= [ mBoc0as - [ stk )
Since v = v * ¢ — v strongly in L?(R) (or weak-x* for p = o) as € | 0, we have
Py * Ve = py*0v  strongly in L (R) (or weak-+ for p = c0) and (r;,ve) — (rz,0)
forany 0 <y < 1 and any z € S, respectively. On the other hand, since 9. — 9 in L2(R), we have

Oeqy — 0qy InL*(R) and  (s;,0¢) — (s2,0),
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again for any 0 < y < 1 and z € S. From these convergence results (and dominated convergence),
we find that

(hy, V) = liIn<h€, Yy = (i{y, Yy for any Schwartz function ¢y € S(R).
€l0

from which we infer that h,(x) = Ey (x) forae. x € R.
The converse implication follows directly from Lemma 3.1. [ ]

3.2. The variational problem over holomorphic functions. We can now use the previous lemma
to reformulate our primal and dual problems over certain Hardy-like spaces. In particular, we will
present the proof of Theorem 1.2.

Proposition 3.3 (Primal problem over holomorphic functions). Let M, be the value defined in (1.1)
and let

2
1 v
= —_—— .6
P = L (36)
then the primal problem (2.1) is equivalent to
4r . -2
M)/ = 7 lnf{”mOHL(R)||m1||iZ(R) m—py € HI,Z(S)} (37)

where my(x) = m(x) and my(x) = m(x + i). Moreover, the minimizer (provided it exists) is unique
up to the transformation m(z) — e* 2/ m(z) fora € R.

Remark 3.4. (1) In other words, Proposition 3.3 says that the primal problem consists in
finding the best holomorphic approximation to the simple pole function (z — i%)_1 with
respect to suitable L? norms on the boundary of S.

(2) In the formulation of Proposition 3.3, the ansatz used for the primal problem in [ ,
Appendix D] corresponds to

~ 1 (Xpﬁq
h(z) _PY(Z) = 5(0( -1 —iZ)P(ﬁ_ 1-1z)9(1 +iZ)'

Proof of Proposition 3.3. Let m € dom &, i.e. m € L'(R) such that m — exp € Li. By the change

of variables %(k) = ffl()%k), which amounts to m(x) = gm(%x), we have that
dom &, = {m e LY(R) : i — exp: € Lg(R)} .
Y

Next, note that Py(x) := p,(x) for x € R satisfies P, € L'(R) with 130(k) = e_%lkl; in particular,

since y > 2,
~ 2 ©
/ ‘Po(k) —erH e gk = /
R 0

Hence, we may write

dom&, = {m € LY(R) : m =Py +oforv e L'(R),0 € L3(R)}.

2 zkz

e v —ev"| ek dk < .

Consequently,
My =2 min |17 72017 - exp2 I, = 2 min [1Py + oll/ By + 8 — exp: |- (38)
Y melL! L ylaoy ol L y 'Ly
vel?

We now consider the function P;(x) := p,(x + i), which by the residue theorem satisfies

PAl(k) = ﬁo(k) e k- 2miRes; 2 (pye_ik(z_i)) = ﬁo(k) e k- e%e_k.
Y
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Then by (3.8), we can write
2 —ona ~
M, = — min||Py + 0||{1 2HP1 exp+expz +0 — exp:z ”iz
Y velL! Y y e
vel?
2 . Y2015 . A 2
= —min||Py + 0|}, HP1 +oexp_,; ||L2. (3.9)
Y velL!
vel?
Appealing to Theorem 3.2, v is the boundary value hq of a unique holormophic function h € H2(S).
Since h; = vexp_, for such h, we obtain
I . -2
[|P: +h1||L2 =— min [P+ ho”{l |

2
Y heHL2(s) [P+ ]

2 _
M, == min ||P+hol|¥
Y YheHu(S)ll 0+ holl},

where in the last equality we used Plancherel’s theorem. This completes the proof of (3.7). =

We can now give the proof of Theorem 1.2.

Proof of Theorem 1.2. Similar to the previous proof, note that for any g € L*(R) such that g €
L%Y(R) we have that the function g(x) := Eg(—)éx) satisfies g € L*(R) and g € L3(R). Moreover,
there holds

1l = Slglli=. 11gl7, = TNGl%, . and Re (Gexp_z) = LRe (3. exp).
liy Theo’{em 3.2, we can now find a unique h € H*?(S) with hy = g. The function h satisfies
hy(k) = g(k)e™® for k € R, and therefore
1G113; = WAl = 2l
Moreover, for any y € (0, 1) we have that E;(k) = 'g?"(k) e V¥ for k € R, hence

Re @, eXp_%) =Re /R;}\'e_ik dk =Re ‘/Rf/z;(k) dk = 27Re h% (0) = 27Re h(i)%).

We can therefore recast (2.15) into

Y
2
= Lom(y —2)" 2l max —Re My (3.10)

M
Y y+1 heH™2(S) 2 1-2
Y 1hs 7, Aol "

Up to a phase factor, Re h(i)%) can be replaced by |h(i%)| in the maximization problem (3.10),
which by translation invariance of ||h;||;2 and ||h¢||r~ can in turn be replaced by ||hz||r~. By
Y

passing from h : S — C to the function h:S. —C,zm E(z) := h(z), we obtain (1.4). [

4. CHARACTERIZATION OF OPTIMIZERS

In this section we derive the Euler-Lagrange equation for the primal problem and use it to
characterize the primal and dual optimizers. One of the key observations is that the primal and
dual optimizers can be seen as analytic/meromorphic extensions of each other.

4.1. Euler-Lagrange equation and dual-primal optimizer relation. Let us start with the Euler-
Lagrange equation for the functional &, associated with the primal problem (2.4),

-2~
Ey(m) = |Imll};"lIm - explli;-
Formally, the Gateaux derivative of &, is given by

m — exp

dn&y(8) = (v = 2)lImll}; 171 — expl|j, Re (signm, 5) + z||m||{:2Re< ,3>, (4.1)

Y
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where signz = ﬁ, z € C\ {0}, is the complex sign function. To make this calculation rigorous,
however, the critical step is to show that m(x) # 0 almost everywhere. It turns out that, by using
finer results in the theory of Hardy spaces, one can show that this holds for any m € dom&,.
This calculation, however, is rather technical and not needed for our purposes in this article.
Instead, we show here that m is a minimizer of &, provided it satisfy the folowing Euler-Lagrange
equation.

Lemma 4.1 (Euler-Lagrange equation). Let m € dom &, satisfy m(x) # 0 a.e. and the Euler-
Lagrange equation

@n(k) +c (rﬁ(k) - ek) e =0 foraekeR, (4.2)

for some constant ¢ > 0, then m is a minimizer of the primal problem (2.4). Moreover, for any > 0,
the function

g = Psignm, (4-3)
is a maximizer of (2.15).

Proof. First note that since m # 0 a.e., we have signm € L®(R); in particular, the Fourier
transform @ is well-defined in the tempered distribution sense. Equation (4.2) therefore
makes sense as a distributional identity, and implies that m/g;n € L%Y(R), from which we infer
that (4.2) also holds pointwise for a.e. k € R. Hence, if we set

I 2
E;m) = lImlor + =17 - expll?,

where ¢ > 0 is the constant in (4.2), from Plancherel’s identity (Lemma 2.5) we conclude that
ES(m + €d) — EE(m)
lim —~ !

€lo €

= Re (signm, §) + ° Re ((m — exp) exp_ ,§>
2 ¥

1 — .
= —(signm + c(m — exp) exp_,,d) = 0.
27 ¥

In particular, m is a critical point of &. Consequently, m must be the global minimizer of &; by
the strict convexity of 8;, and therefore, a minimizer of &, by Lemma 2.4.

For the statement about the dual optimizer we set g := fsign m for some f > 0. Then, since m
is a primal optimizer and satisfies m # 0, we have

- A . - T/T\l— ex ~
dm&Ey(8) = (y - 2)||m||j’:1 3||m — exp ||i$Re (signm, 8) + 2||m||{l ’Re <Wp 5> =0.
Y

From this equation, Plancherel’s identity in the version of Lemma 2.5, and (4.2), we conclude that
the constant ¢ > 0 in (4.2) is given by

dr Imllp

= _ > 0. (4.4)
v = 2|l ~ expll7,

In particular, we have

, (am?  mll3,

(v =2 1 - expl?,

G112, = pelim —expll?, = B
“y y

Moreover, there holds

1/~ ~ ~ ~ ~ 4
F7HG exp =) =~ = exp) exp_ . exp —) = el = expllfy =~ limlu
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hence
~ 4 R ar ar
(9. exp) = p——IIml|p1 + (g, m) = f——|Im||p1 + 27(g, m) = f | ——[Im||1 + 27[[m]|L:
y—2 y—2 y—2
2wy
= p——lImllp:.
y—2

So, using that ||g||~ = f, and substituting the above values in the dual problem (2.15) we find
4(y —2)"* Re (g, exp)” 2~ 2
&,(g9) = - = — = lImll}, "l — expll}, = &, (m) = M,
T g1, gl v t

which implies that g is an optimizer by the strong duality in Theorem 2.10. ]
In the holomorphic formulation, the above Euler-Lagrange equations can be stated as follows.
Lemma 4.2 (Euler-Lagrange - Holomorphic version). Suppose that m € p, + H"*(S) can be

meromorphically extended to S, := {x +1iy : 0 < y < 2} and satisfies the following properties:

(i) m can be continuously extended to the boundary 3S,, and the function m — p, is bounded on
Sz,
(ii) m satisfies the Euler-Lagrange equation

signmy = —cmy,,  for somec > 0. (4.5)
Then m is a minimizer of (3.7). Moreover, for any f € C\ {0}, the function
h(z) = pm(z+2i) forallze S_,, (4.6)
is a maximizer of (1.4).

Proof. Let ¢ € CX(R), and notice that ¢ is an entire function by the Paley-Wiener theorem. By
assumption, m has a meromorphic extension to Sy, which we also denote by m, and this extension
is holomorphic in S(12) = {x +iy € C : 1 < y < 2}. In particular, the function z — m(z + 2i)¢(z)
is holomorphic in the strip S and continuous up to the boundary. Moreover, this function is
bounded by assumption (i) and has integrable decay as |x| — oo. Consequently, we can apply the
Cauchy integral theorem (c.f. (3.2)) and use (4.5) to obtain

(signmy, o) = —c{my, Po) = —c{my, P1) = —c((m _py)l,@1> —c{(py)1, P1) (4.7)

for any ¢ € CP(R). Note that since m — p, € H"*(S) and by assumption (i), the function

z = (m - p,)(z +1)@(z) is holomorphic in S, bounded and continuous on S, and has integrable
decay as |x| — oco. Hence, by (3.2) applied to the function m — p,, there holds

((m _Py)b(/P\l) = ((m = py)o, P2) = (Mo, P2) — {(py)o, P2)- (4.8)

Recalling the definition of p, in (3.6), we see that the function f, : z — (p,)(Z+1)¢(2) is
holomorphic on C \ {z1, z,} with two isolated poles of first order at z;, = i(1 }%) Hence, the
residue theorem implies that

((py)1s P1) = ((py)os P2) + 2riRes;, fy = ((py)os P2) — (/P\z—% (0). (4.9)
Combining (4.7), (4.8), and (4.9), it follows that
(signmo, Po) = —c(mo, 92) +c@,_2(0). (4.10)

Now note that from (4.5), we have signm, € L*(R), in particular, signmy is a tempered
distribution and its Fourier transform is well-defined. On the other hand, m, € L' (R), so that by
the standard Plancherel identity, we can rewrite (4.10) as

(sign mo, @o) = —C/

(Zﬂ%O(x) - e_%x) e p(x)dx, forany ¢ € C®(R).
R
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Since C°(R) is dense in S(R), the (inverse) Fourier transform of sign my is uniquely defined by
the above equation and satisfies

2x

- _2
2msignmy(x) = —c (Zm\nf)(x) —e Yx) e fora.e. x € R.

Therefore, using that m(x) = ﬁﬁio(—x) for x € R, the rescaled function my(x) = )%mo()z—/x)
satisfies the Euler-Lagrange equation (4.2) from Lemma 4.1. Thus, m is a minimizer of the primal
problem (2.4) and from its correspondence with the holomorphic version (3.7), we conclude that
m is a minimizer of the latter.

We now prove the statement on the dual optimizer: First, notice that the dual problem (1.4) is
invariant under a phase change, in particuar, we can assume f > 0 in (4.6) without loss of generality.
Next, notice that the re-scaled boundary value g(x) := )%ho()%x) satisfies g(x) = —cf sign mo()%x)
by (4.5). As )%mg(}%x) satisfies (4.2), the function g satifies (4.3), and the proof follows from the
statement for the dual optimizer in Lemma 4.1. ]

4.2. Optimizers. We now give an explicit construction of the optimizers of our variational
problem. To this end, we use the following lemma to construct a phase function 6 (on R) whose
analytic extension satisfies a logarithmic variant of the Euler-Lagrange equation (4.5).

Definition 4.3. Let g € L!(R) be an even function. For any ¢ € S(R), we define

g (¢(k) = o(=k) = 2¢"(0)k) dk, (4.11)

19(0) = | Ko@) = 1)

and

- = g(k)

o) = [ L2 00 - p(-k) dk (412)

0
Lemma 4.4. Let g € L'(R) be an even function. Then ng,7, € S’(R) define tempered distributions.
Moreover, for any |y| < 2,
(ngexp_,)(¢) = ng(exp_, @), ¢ € S(R),

is a well-defined tempered distribution.

Remark 4.5. The tempered distributions 1y and 77, can also be defined via the principal value
integrals

g(k)

ng(e) = 151?3 o m(fp(k) - ¢’ (0)k) dk
T g(k) ,
- lm / oo =5 () = 0(=k) = 20 (0)1)
and
_ k * ag(k
i =tim [ L2 ak=tim [ L 00 - -k dk,

for any Schwartz function ¢ € S(R). Hence 7, is the Cauchy principal value distribution

associated to k — g(%.

Proof of Lemma 4.4. Let g € L'(R) and |y| < 2. Then for any ¢ € S(R) we can estimate

® k
/1 W(e_ykfp(@ +eY (k) +2yp(0)k — 2¢’ (0)k) dk

e Yk + ek 4 2yk + 2k
< sup
k>1| k(cosh(2k) —1)

S(llellze @) + Nl Nl @) 191l r)- (4.13)

(lelle )y + l@” Il @) 1) gl () -
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Moreover, setting i/ = exp_,, ¢ and noting that the map k — (k) — v (=k) — 2y’ (0)k is odd, we
have

1244 k3
<y ||L°°[—1,1]§

k s t
[y (k) — ¢ (=k) — 29" (0)k| = |/_k/0 /O " (r)drdtds

for any k € [0, 1], hence

LG R k) — 20/ (0)k) dk
/0 k(cosh(zk)—l)(lp( ) — Y (=k) = 2¢'(0)k) ’ (4.14)

k2
- n’ o[ < "’ o[ . .
cosh(zk)—l‘ [ Ty 7 Y [ PRTRY 7 Y PR

< sup
ke(0,1)

By the definition of ¢/, it follows from the Leibniz rule and |y| < 2 that

3
197 lim-say < sup € o () = 3yp” () + 35° ()~ o )] < 3 o e,
ke[-1,1 J=0

Together with (4.14) and (4.13), this shows that 7, exp_,isa tempered distribution for any |y| < 2,
in particular that n, defines a tempered distribution. The easy proof for 7, is standard. ]

The phase function 6 can now be defined via inverse Fourier transform of the tempered
distribution 74, which can be extended to the complex plane owing to the fact that 7y exp_, isa
tempered distribution for any |y| < 2.

Lemma 4.6 (Singular principal value phase function). Let g € L'(R) be an even function with
bounded derivatives up to order 3 on [~1,1]. Then the function z  0,(z) := %qg(eiz(')) is well-
defined and holomorphic on the open strip S(_z2) = {x +iy € C : |y| < 2}. Moreover, it has a
continuous extension to the closure of S(_, ) satisfying

1 .
iIm 6, (x — 2i) — 0,(x) = z—ng(elx(')), (4.16)
and the estimate
, |xly S
Re 0y (x +1y) ~g(0) == | < llgls + > g lzto.1)) (417)
=0

forany x +iy € S(_z2).

Proof. For the estimate (4.17), note that for x + iy € S(_5) we have

1 [ gl (cos(kx) sinh(ky) - ky)
Refy(x+1y) = T [ k(cosh(2k) — 1) d

1 ! g(k)(cos(kx) sinh(ky) — ky)
o /0 k(cosh(2k) — 1)

dk.

Clearly, since |y| < 2, the first term is bounded by

* g(k)(cos(kx) sinh(ky) — ky)
‘/1 k(cosh(2k) — 1)

1

T

dk

< llglle-

For the second term, we write

1 [ g(k)(cos(kx) sinh(ky) — ky)

P /0 k(cosh(2k) — 1) dk

1 ' g(k)(cos(kx) — 1) sinh(ky) 1 (! g(k)(sinh(ky) — ky)
T /0 Kosh(zh) —1) ¢+ 3 /0 k(cosh(zk) — 1) ok



ON A VARIATIONAL PROBLEM RELATED TO THE CLR AND LT INEQUALITIES 21

and use that since
sinh(ky) —ky | _ [yP
k(cosh(2k) —1)| —

ke(0,1)
the latter expression is bounded by
1 /1 g(k)(cos(kx) — 1) sinh(ky) dk
7 |Jo k(cosh(2k) — 1)

To estimate the remaining term, we take an even, smooth cut-off function y € C;°(-1,1) with
|y <land y =1on[- and split

< llglle-

22]

1 g(k)(cos(kx) — 1) sinh(ky)

P /0 k(cosh(2k) — 1) dk

1 1 g(k) sinh(ky)

= —[ XUC)W( OS(ICX) - 1) dk (418)
+ - / (1- y(k)) g(k);g‘z;ky))( os(kx) — 1) dk. (4.19)

The term (4.19) is again bounded by |(4.19)| < ||g||1: (uniformly in x), while for (4.18) we have to
extract the behaviour in x more carefully. To this end, we write

1 1 p1
cos(kx) — 1= —/ kx sin(kxt) dt = —/ / k*x*t cos(kxts) ds dt
0 0o Jo
and obtain

' g(k)sinh(ky)
‘/0‘ X(k)m(COS(kK’) - 1) dk

= —x / / / x(k)g(k) ks}ir(l;gcy) t cos(kxts) ds dt dk. (4.20)

Note that the function ¥, : R — R, ¢, (k) = X(k)g(k)% for k € R, is even, so that
interchanging the order of integration (which is justified by the absolute integrability of the

integrand), we may write

(4.20)=—x2/1/1@(|x|ts)tdsdt=—|x|‘/1/|x“@(s)dsdt

= —|x| / l//y(s) ds + |x| / . gby(s) ds dt = —[x|7,(0) + |x| / l//y(s) dsdt.

|x|¢
At this place the regularity of g comes into play: first, in order to evaluate
k sinh(ky)

44(0) = 2(0)g(0) Jim T

Y
9(0)5,

and secondly, to extract decay of lpy. Indeed, i/, is a compactly supported C? function on (-1, 1)
with bounded third derivative, hence

3
Wyl < Y I (14972
Jj=0

for any s > 0. Using that k — % is uniformly bounded on R for |y| < 2, it follows that

3
Wy ()] 5 D19 (ro1)(1+9) 7,
j=0
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in particular

[ [ Tardsde |19 e oan |l [ [ s asdes Y 192 s o
0 |x|t 7=0 0 |x|t 7=0

Hence, we have shown that

x|y

Re 0, (x +iy) — g(O)T

3
< llghe + D g9 e o-
j=0

In order to prove the relation (4.16), note that

.. _ 1 % g(k)(sin(kx) cosh(ky) — kx)
tmby(x=iy) =2 /0 k(cosh(2k) — 1) dk,
and
! < g(k)(sin(kx) — kx)
by (x) = Z/O Klcosh(zk) = 1) ¥
It follows that
ilm 0 (x — 2i) — 04(x) = %/"0 g(Tk) sin(kx) dk = iﬁg(eix(-))_
0

We are now in position to construct the optimizers of our variational problem.
Theorem 4.7 (Analytic formula for optimizers). Up to the transformation h, g, (z) = fh(z - K)el%?,
a € R, e C\{0},k € R, the unique optimizer h € H*?(S_) of (1.4) is given by the formula

z—i(2—)%)

h(z) =B Oy (2), h B =
(2) y(2)e where v (2) iz )%)

(4.21)

is the Blaschke factor (on the upper half plane) with zero ati(2 — )%), and 0, = %ngy (e71)) with Mg
given by Definition 4.3, and

gy(k) =nm (26_(2_%)|k| +e Ty Ik e_(4_%)|k|) . (4.22)

Remark 4.8. A simple calculation shows that for y > 2 the function g, is two times continuously
differentiable on R with g, (0) = 27. The third derivative of g, is continuous away from the origin

but has a jump discontinuity at zeros with g;" (0+) = 247(2 - )%) = —g,(0-). By the exponential

decay in both directions it follows that g)(,j ) e LY (R) N L*(R) for j < 3.

Remark 4.9. Note that for a > 0, the Blaschke factor b, (z) := 2% has the following properties:

z+ia
(i) by has a simple pole at —ie in the lower half plane and a simple zero at i« in the upper
half plane.
(i) |bg(x)] =1 for x € R, while |by(z)| < 1 for z € Cy; in particular,

sign by (x) = by (x) = exp (—Zi arctan g) for x € R.
X

(iii) For x,y € R such that x + iy # ia, there holds

exp [i (arctan ? — arctan %)] , X#0,

s Y-« _
sign e x =0.

signby (x +iy) = {
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Proof. In view of Remark 4.8 and Lemma 4.6, the function 6, is holomorphic on S(_; ) with a
continuous extension to the boundary of the strip. Since the Blaschke factor B, is meromorphic
on C with a single simple pole at —i(2 — )%) € S(—2,2), the function h is meromorphic on S(_5 ).
Moreover, by (4.17),

|eey(x+iy)| = eReOy(x+iy) o o-7lxllyl g y € (—2,0). (4.23)
Consequently,
hy € L'NL® forany —2<y<0,y#—(2- )%), (4.24)
and since h has exactly one simple pole at —i(2 — %), there exists § > 0 such that®
|Bh(z) — py(z+2i)] <1 for zin a neighborhood of —i(2 - )%). (4.25)

From (4.24) and (4.25), we see that the function m(z) = ph(z — 2i) is meromorphic in S, with
m — p, € H"*(S). Moreover, m extends continuously to the boundary 9S,, and therefore satisfies
assumption (i) from Lemma 4.2. Consequently, it remains to show that h solves

signh_, = —hy. (4.26)

)

To this end, note that by Remark 4.9,

==

42
sign B, (x — 2i) = exp (—i arctan ( ! ) +iarctan (
x

and

2_2
B, (x) = exp (—21 arctan ( ! )) ,

hence

sign By (x — 2i)
By (x)
It follows that

==

. 2-1
=™ where frx)=2 arctan( y) + arctan(
X

4 — £
Y
) - arctan( )
X

signh_,(x) — olfy (%) Gilmb, (x+20) =6 (x)

ho(x)
Consequently, h satisfies (4.26) if and only if
ilm 0, (x — 2i) — 0, (x) = —if, (x) —ira(x), (4.27)

for some a : R — 2Z + 1. Since the distributional Fourier transform of f(x) = arctan% is given
by

~ 1- e_lkl
f(lk) = —JTiT fork e R,
we have that
~ .gy(k) - 27
frk) = IT.
SIn fact, f = ﬁe_ey(_i(z_%)), which is positive because y > 2 and 6, (—i(2 - )Z/)) = %rygy (e(z_%)(‘)) €R.
Y
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In particular, taking a(x) = sign (—x) with distributional Fourier transform a(k) = Zip.v.%, we
have

1 i 1. g9y(k) i gy (k)
— T, () = —1 e dk = —1 / 8 kx) dk
e @)= tim [ = St [ P sintin
. k _ 2 .
= L lim / gr(R) = 2 o) dk + - Tim 2T sin(kex) dk
27 €lo lk|>e k 27 €lo |k|>e k
1 ~ 1 _
= — /f,,(k) sin(kx) dk + —ma(sin(k(-))) = —if, (x) —ira(x).
27w Jr 2
It then follows with (4.16) that (4.27) holds. [

5. FURTHER CONSEQUENCES FOR THE CLR AND LT BOUND

5.1. Asymptotics of LT and CLR upper bound. In this section, we prove the asymptotic upper
bounds for the LT and CLR constant presented respectively in Corollary 1.7 and Table 1.2, which
are based on the following lemma.

Lemma 5.1 (Asymptotics for three-line problem). Lety > 2 and h be the optimizer from Theorem 1.3.
Then we have

i =1 (5)
y/2 y-2 2
yl2 Y ”hOHL"O(R)”h_lHLZ([R)
[fy 2,9 R
lim 47 T2 L (R; = 47re2(/ xz_EZReeoo(X—l)dx ~ 5.342823, (5.2)
y=ee ”hOHLm(R)Hh—l”Lz(R) R X +1

where

_ ® ge=2k _ o=tk 4 q )
Re O (x —1i) = ‘/0 m (cos(xk) sinh(k) — k)dk.

Proof. We start with a few preliminary observations. Note that for x +iy € C \ {-i(2 - %)} we

have
2
x? + (2 - )% - y)
By (x +iy)|* = -, (53)
x2+(2 - % + y)
and |e9y(x+iy)| = eRe by (x+iy) with
. 1 [ gy (k) .
=—— _ h - ) .
Re 0, (x +iy) p /0 k(cosh(2k) — 1) (cos(xk) sinh(yk) — yk)dk (5.4)

It follows that ||hg||r~ = 1, and

2 x2+(3_§)2 2Re 0, (x—1)
h_ :/—e Oy X1 dx
|| 1||L2(R) R X2 4 (1 _ 5)2

— 2)242 — 2)2
1 / (1 },) X +(3 Y) eZReQY((l—%)x—i) dx
1—)% R x2+1 ’

In particular, by dominated convergence (recall (4.23)), we obtain

2 2 . d .
(1 - )_/) ||h71||i2(R) & 4e2Re 02 (=1) ‘/R = = 4re?Re (=) (5.5)
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Moreover, the re-scaled boundary value g(x) = )%ho()%x) is an optimizer of (2.15) by construction

(see the proof of Lemma 4.2), in particular, |h_z ||z~ = %Re (exp,g) = h(—}%i). Hence,
Y

. 1 Red,(-i2
gl = Ih(=if)] = — ", (56)
Y
so that
2\ _i2y yl2 .
(1_?) Ih_z [l = RO 25 2R, (57)

Combining (5.5) and (5.7), we have

e Mheaylleg 2\ 51 (1= 2R
lim o = » :11m47'r(1——) —3 — =1
N T TN T e AT
£
since lim, |, (1 - %) =1.

For the limit y — oo, first observe that

PN *© gy(k) .
Rety (i) =~ [ pregy = (h(E —

and since sinh()%k) - )%k < ()%k)3 for k < % and sinh()%k) - )%k < e%k for k > %, we may bound

z gy (k) , 2\* [ (2w
/O —k(cosh(zk)_l)(smh(%k)—%k)dks(}—/) /0 gy(k)dk_(}—/) .

and, since k — e%kk(cosh(Zk) — 1) is decreasing on [%, o), we have
Y
z gy (k) e 2 1 /°°
——————(sinh(%k) - ¢k)dk § —————— k) dk
/0 k(cosh(2k) — 1) (sin (Y ) Y Jdk < y cosh(y) =1 J, 9y (k)
2 1 y?
~ ycosh(y) —12y2 —3y+1’

Y
In particular, yRe 9,,(—1)%) — 0 as y — oo. Hence, using that (1 - )%) — e? as y — oo, it follows
that

2\ 77 ;2
: Y _ 1 _ - YRe O, (-i%) _ 2
N Az |l o) = lim (1 y) e T r=e (5:8)

)/—)

On the other hand, by dominated convergence we have

N B gy (k) .
Re 0 (x —1i) = - ‘/0 m(cos(xk) sinh(k) — k) dk

iy - w(k
y_> % [ W(Zk))_l)(cos(x’c) Slnh(k) - k) dk = Re Goo(x _ i),

with g (k) = 7 (Ze_2|k| +1-— e_4|k|). Therefore,
24+ (3-2)2 2
||h—1||iz = / i g)-GZReHY(x_i) dx =5 / X+ 9eZReQW("_i)dx.
u;gx2+(1—;)2 R X2+ 1
Combining this with (5.8) then yields (5.2). [

The proof of the asymptotic bounds displayed in Table 1.2 and equation (1.14) are now immediate
consequences of Theorem 1.2, Theorem 1.6, and equation (5.2) in the case of the CLR bound, and
Theorem 1.2, Corollary 1.7, and equations (5.1) and (5.2) in the case of the LT bound.
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ArPPENDIX A. CONNECTION WITH MAXIMAL FOURIER MULTIPLIERS

In this section we show how the variational characterization of the Fourier transform of
integrable functions from Lemma 2.1 can be used to reformulate the maximal Fourier multiplier
bound derived in [ , Theorem 2.1, Theorem 4.2].

To this end, let us first recall the setup of [ ]. Let f.g : R — R, be Lebesgue
measurable functions on R%,d > 1, m : R, — R, be a continuous bounded function, and B f.g.m
the operator whose integral kernel is given by

e m(f (x)g(n)). (A1)

Bf,g,m(xa ’7) = (2]‘[)d/2

We then define the maximal operator associated to By.g , as’

Bym(9)(x) = sup|Brgm(p)(x)], x¢€ RY,  for ¢ € S(RY). (A.2)
20
One of the key results in [ ] concerns the boundedness of the maximal operator B, on
L*(RY).
Theorem A.1 (Theorem 2.11in [ 1). Assume that

m(t) = /R K () mato)®

for somemy, my € L*(R,, %). Then the maximal operator By, defined in (A.2) extends to a bounded
(sub-linear) operator on L?(R%) with operator norm bounded by

|Bg.mll L2 (me)—r2(Re) < ||m1||Lz(R+,%)||m2||Lz(R+,%)~ (A.3)

The proof of Theorem A.1 presented in [ ] relies on a clever combination of Plancherel’s
and Fubini-Tonelli’s theorem, and the scaling invariance of the Haar measure ‘i—s. The bound
(A.3), however, is not optimal since the convolutional decomposition of m is not unique, and the
product of the L? norms of m; and m, — and hence the bound in (A.3) — depends on this choice.
In particular, this leaves some room for improvement by optimizing over m; and m,.

It turns out that minimizing over the functions m; and m; yields precisely the L! norm of the
Fourier transform of m, as proved in Lemma 2.1. From this observation, we obtain the following
improved version of Theorem A.1.

Theorem A.2 (Improved maximal Fourier multiplier Bound). Let g : R? — R, be a measurable
function in R%, d > 1, and suppose that m : R, — R, is a non-negative measurable function whose
Fourier transform, defined as
[Se]
r?l(a)) — / m(t)e—ilogwlogtﬂ’
0

t

YFor the precise definition of the maximal operator, in particular measurability issues, we refer to [ 1.
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satisfies
o0
~ ~ dow
T (Aa)
Then the maximal operator B, defined in (A.2) extends to a bounded operator on L*(R%) with

1. .
||3g,m||L2(Rd)_>L2(Rd) < ﬂ”m”p(Rﬁdf)- (A.5)

Proof. First note that the exponential map exp : R — R, is a group isomorphism from the
additive group to the multiplicative group, and pushes the Lebesgue measure forward to the
measure %. Thus for any m € LP(R,, %), 1 < p < oo, there holds ||m|1r(r) = ||m||Lp(R+,Q),
where m(x) = m(exp(x)), and )

t

/R+ m () - [ itlog s =0y

Moreover, we have m = m, where m is defined via (A.4) and m is the standard Fourier transform
of m on R. In particular, the variational characterization of ||m||;: in Lemma 2.1 can be transfered
to the multiplicative group, i.e.,

inf{||m1||L2(R+,‘?)HmZ“L?([RJ,,d;) tmypxmy = m} = “m”Ll(th?S) = gllmllLl(R+,%)-

To complete the proof, we can now apply Theorem A.1to B, (note that m is continuous as its
Fourier transform lies in L' (R)), optimize over m; and m,, and use the above characterization. m

APPENDIX B. SOME TECHNICAL DETAILS ON THE SPACES HP4

In this section, we give the proof of Lemma 3.1 on the existence of boundary values in the sense
of distributions for functions in H”%(S).

Lemma B.1 (Uniform estimate). Let1 < p < oo and h € HP*(S), then we have
|h(2)] < [|Allye2 (y_% +(1- y)_%) forany z=x+iy€S.

Proof. First note that by the definition of H”?(S) in (1.3), we can find two functions f,g: S — C
such that f + g = h and

Ifyllze®) < hllup2(1=y)  and  [igyllew) < llhllue2y, (B.1)

for y € (0, 1). Consequently, by the mean value property of holomorphic functions and Holder’s
inequality, for any z = x + iy € S and p < min{y, 1 — y} we have

/ h(z + re')dt|rdr < — If (w)|du + —; / |g(u)|du
0 Tp ) Tp B, (2)

2
P Jo B, (z

-1 1 1 1
(rp?)' P y+p p (mp?): y+p 2
L UM )+ I gl

y=p y—p

p? p
1 yrp % 1 y+p %
—2(/ (1—w)pdw) +—(/ wzdw) ) (B.2)
pP \Jy—p P\Jy—p

Hence by taking the limit p — min{y, (1 —y)}, the first term in (B.2) can be bounded by y_i and

1 P

|h(2)]

INA

< |lRllpge

the second term by (1 — y)_%. ]
For the proof of Lemma 3.1, we shall need the following regularity result.

Lemma B.2 (Absolute continuity of measures with exponentially weighted Fourier transform).
Let p € M(R) and suppose that i € L)z, for somey € R. Then p is absolutely continuous with respect
to the Lebesgue measure.
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The proof of Lemma B.2 relies on a classical result of F. and M. Riesz [ ] on analytic
measures, that is, Borel measures p on R with the property that fi(k) = 0 for all k < 0. The
following version can be found in [ , Lemma 13.4].

Lemma B.3. Let p € M(R). Then the following are equivalent:

(i) p is analytic;
(ii) foranyz € Cy = {z € C : Im(z) > 0},

/u(dX_)ZO;
R X—Z

(iii) p(dx) = u(x)dx, whereu € L*(R) withu(k) = 0 forallk < 0.
We refer to [ , Sections 5.5 and 13.2] for more details and the proof.

Proof of Lemma B.z. The case y = 0 follows from the fact that the Fourier transform is an iso-
morphism on L?(R). Moreover, by considering ji(A) = u(—A) instead of y, we may assume that
ﬁeL)z,withy>O.

Define the function

m(k) = ji(k)1(k<oy,

then from the assumption m € L}2, and Holder’s inequality, we have that m € LY(R) N L*(R),
which implies that m € Cy(R) N L?(R). In particular, the measure

p1 = p—mdx

has a well-defined Fourier transform that vanishes identically for k <0.
Now note that for any z € Cj, the function x +— r,(x) := 5= - belongs to Co(R) N L*(R),

2mx z

and its Fourier transform 7, (k) = e IZkl{kgo} lies in L'(R) N L?(R). Let ¢ € S(R) and define
@e =€ 'p(2). Then piy * @c = j1 % @c + m x ¢ € L'(R) + L*(R) and we have

pxge—pu in M(R) and m+¢. —>m inL?(R)ase |O.

In particular

1 [ p(dx)
2mi Jgp x—2

/ 7200 () = lim / 7200 pir * e () dx.

Parseval’s formula then implies that for any € > 0

[ s e ax = 5 [ 7@ g dk =0
R T JR

since 7, (k) and i1 (k) have disjoint support. It follows that for all z € C,,

L paw
271 Jgp x—2Z '

From the identity (z; —22)(x —z1) " !(x—2zz) ' = (x —z;1) ! = (x—zz) ! forany x € R, z1,z, € C,,
we conclude that

/ i (dx) =0 forany zy,z; € C,.
(x—z1)(x - z2)

In particular, the measure pi,(dx) := (x +1i) "' (dx) is a bounded Radon measure satisfying the
assumptions of Lemma B.3. Therefore, y, is absolutely continuous with respect to Lebesgue
measure on R, which implies that p(dx) = (x + i) g2 (dx) + mdx is also absolutely continuous.

|
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Proof of Lemma 3.1. The first step is to show that for any ¢ € C°(R), the function
y > (hy, @y,—y) isindependent of y € (0, 1). (B.3)

For this, we notice that the function z — h(z)$(z + iyy) is holomorphic on S_, as ¢ is entire by
the Paley-Wiener theorem. Hence Cauchy’s Integral Theorem implies that

R _— _—
‘/—R (hy(x)@yo—y(x) - hy’ (x)@yo—y’ (x))dx

y({______ -
. / (hw<—R>¢y0_w<—R> R (R gew(R) |dw =0,
’

for any y,y" € (0,1). In the limit R — oo, the first term converges to (hy, Py,—y) = (hy', Oyo—y)s
while by the uniform (with respect to R) control on h,,(+R) from Lemma B.1 and the fast decay of
¢@w(£R), the second term vanishes, which proves (B.3).

Let us treat the case p € (1, o] first. By definition of the space H”?(S), we can decompose
h = f + g such that (B.1) holds, i.e. “fy”Lp(R) < ||Allype(1 — y) and ||gy||Lz(R) S |lAllgpey. In
particular, as y | 0, we have ||gy||;2(R) — 0 and ||f,llr(r) < 1. Hence, g, — 0 strongly in L*(R)
as y | 0, and there exists a subsequence y, | 0 and a function hy € L?(R) such that f,, — ho
weakly in L? (respectively weakly-* in L® for p = o) as y, | 0. We claim that the limit hj is
independent of the subsequence (y,). Indeed, there holds

(hy = ho, @o) = (hy, P—y) — (ho, Po) = (hy, O—y — o)

B3, ~ R L
= <hyn’ (P_yn> - <h0’ (P0> - <hy; Q—y — (,0()>
by )+ G - Gy =) G

for any ¢ € C;°(R). Note that for any y € (0, 1) we may bound
[Chy, -y = Do)| < [{fy, @—y — @0} + 1{gy, P-y — o)
< Wllin 164 =l g, - + 93l - = Bollzcay = 0
as y | 0, which follows from the uniform bounds SUP)« <1 (IIfylle + llgyllzz) < 1 and the
convergence §_, — @o in L'(R) N L¥(R) as y | 0. Hence, letting y, | 0 in (B.4), we obtain
(hy = ho, o) = —(hy, @y — @o) — 0 asy | 0. The argument for the limit y T 1 is analogous.
Since C;°(R) is dense in S(R), we conclude that equation (3.1) holds for any Schwartz function
» € S(R).
For the case p = 1, we can only infer the existence of a finite measure hy € M(R) on R such
that f,, = hy weakly-* in the sense of measures as y, | 0. Therefore, it remains to show that
hy € L'(R). To this end, notice that (B.3) extendstoy =0andy = 1, i.e.,

(ho, @o) = (hy, p1-y) forany ¢ € C°(R)and 0 <y < 1. (B.5)

This follows from the fact that §, — @y, strongly in L' N L* and hy — hy, weakly-+ in M(R)
asy — yo for any 0 < yo < 1, and therefore proves (3.2). We can now appeal to Lemma B.2 to
conclude the case p = 1. Indeed, since ¢_; is the Fourier transform of ¢ exp_,, Parseval’s formula
implies that Hl = hvo exp_; € L*(R). In particular, hy has a Fourier transform in L7, which implies
that hy € L'(R) by Lemma B.2.

|

APPENDIX C. EXISTENCE AND UNIQUENESS OF PRIMAL OPTIMIZER

In this section, we prove that the primal problem (2.4) admits a unique (up to symmetries)
minimizer in L!'(R). In addition, we show that the dual problem can be restricted to the space of
continuous functions vanishing at infinity. Precisely, we shall prove the following theorem.



30 T. CARVALHO CORSO AND T. RIED

Theorem C.1 (Primal optimizer). Lety > 2 and M, be defined in (2.4). Then we have

4y-2? { |(exp, 9)|” }

(Ca)
917112, 1

2
My = min_|m|]}; ||m—eXP|| = ——
Y el (R) ' (2m)y=2yv 4Gy (R)
geL

ie, the infimum over L'(R) is attained, and the minimizer is unique up to the transformation
m(x) — m(x)a > fora > 0.

For the proof of Theorem C.1, we shall use the following lemma.

Lemma C.2. Let F) : Co(R) — (-0, 0] be the functional defined in Lemma 2.8, but restricted to
Co(R). Then its Fenchel-conjugate F,* : M(R) — [0, o] is given by

li-expll’,  iffi—expel?
F*(p) = { v , (C.2)
+00, otherwise,
where M(R) denotes the space of bounded Radon measures.
Proof. From similar calculations as in the proof of Lemma 2.8, we find
- |
F(p) = sup Sup{Re a(<u,g> - —<eXP@) 2||9||
9<Cy (R) aeC 16r
gEL
|27{p, 9) — (exp, §)|?
- 2 (C3)
geCo(R) ”g\HLz
ﬁeL%Y -
Now note that from Parseval’s identity we have
270, g) — (exp,g) = (il — exp, 9), (C.q)

for any g € Co(R) with g € C°(R). Thus by the Riesz representation theorem (recall that C2°(R)
is dense in L)Z,(R)), the supremum in (C.3) is finite if and only if i — exp € L)z,(IR). In this case we
have

|27(p, g) — (exp, )I* _ |( = exp.9)|”
2 = 5 IIu—eXplle,
9€Co(R) 17} geco®) 9117,
geL?, e gel?, B
which completes the proof. ]

Proof of Theorem C.1. From Lemma C.2 and the Fenchel-Rockafellar duality theorem applied to
the functional Fj + |||z, we obtain

M, = min i - expll?, = sup (||9||L°° +
' “ler T geam
i

1 ~ (-
— 1312, +§Re<g,e<>>)2My, ©s3)

where the last inequality follows from Lemma 2.9, and a minimizer in M(R) exists and is unique
by the strict convexity of ||-|| iz
Y

To conclude the proof, just note that any y € M(R) satisfying i — exp € L}Z,(R) must be
absolutely continuous with respect to the Lebesgue measure by Lemma B.2, and therefore, the
variational problem over M(R) coincides with problem (2.4). ]
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