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ON A SERIES OF SIMPLE AFFINE VOAS AT NON-ADMISSIBLE LEVEL
ARISING FROM RANK ONE 4D SCFTS

TOMOYUKI ARAKAWA, XUANZHONG DAI, JUSTINE FASQUEL, BOHAN LI, AND ANNE MOREAU

ABSTRACT. We study the representations of the simple affine vertex algebras at non-
admissible level arising from rank one 4D SCFTs. In particular, we classify the irreducible
highest weight modules of L_2(G2) and L_2(B3). It is known by the works of Adamovié
and PerSe that these vertex algebras can be conformally embedded into L_2(D4). We also
compute the associated variety of L_2(G2), and show that it is the orbifold of the associated
variety of L_2(D4) by the symmetric group of degree 3 which is the Dynkin diagram automor-
phism group of Dy. This provides a new interesting example of associated variety satisfying a
number of conjectures in the context of orbifold vertex algebras.

1. INTRODUCTION

Throughout this article, all Lie algebras are defined over C and all topological terms refer
to the Zariski topology.

It is well known that the automorphisms of the Dynkin diagrams of the classical simple Lie
algebras B3 = s07(C) and D4 = s0g(C) induce embeddings from the exceptional simple Lie
algebra GG, into Bs, and from Bg into Dy:

(1) Gy <2 By <2 Dy

For an arbitrary simple Lie algebra g, consider the corresponding extended affine Kac—Moody
Lie algebra

g=g®C[t,t ' |®CKaCD

with usual Lie bracket, see Section 2. Let V*(g) be the universal affine vertex algebra as-
sociated with g at level k, and L(g) its simple quotient. It will be always assumed in the
article that k # —h;/ is not critical, where h;/ is the dual Coxeter number of g. Thus V*(g) is
conformal with conformal grading given by the semisimple element Lo = —D.
The embeddings (1) induce embeddings for the corresponding universal affine vertex alge-
bras at any level:
VF(Gy) — VF(Bs) — VF(Dy),

but this does not hold in general for the simple quotients. However, remarkably, the following
conformal embeddings at negative integer level £ = —2 were established by Adamovi¢ and
Perse in [AP]:

(2) L_5(Ga) — L_2(B3) = L_2(Dy).

Here a conformal vertex algebra U is said to be conformally embedded into a conformal vertex
algebra V if U can be realized as a vertex subalgebra of V' with the same conformal vector.
Moreover, Adamovi¢ and Perse proved that L _o(Dy) is a finite extension of L_o(Bs3) and that
L_5(Bs) is a finite extension of L_5(G2).
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1.1. Main results. In this article, we are interested in the representations in the category O of
the simple affine vertex algebras L_o(G2) and L_y(B3); those of L_o(Dy4) were previously
studied in [AM1]. We also compute the associated variety of L_o(G2); that of L_5(B3) and
of L_o(Dy) were described in [AM1, AM3].

Recall that to an arbitrary vertex algebra V' one attaches, in a functorial manner, a certain
affine Poisson variety Xy referred to as the associated variety [Arl], see Section 2.3. To
describe our result about the associated variety, note that the embedding ¢5: Go — D, induces
a projection map D; — G35. Hence we get a linear map

mo: Dy —» Go,

identifying D4 and G with their duals through their respective Killing forms. More con-
cretely, given = € Dy, then my(z) is the unique element of G2 defined by kg, (m2(z),y) =
kp,(x,y) for all y in G2, where k4 is the Killing form of g. Denoting by O, the subregular
nilpotent orbit in G2, by O, the minimal nilpotent orbit in D4 and by @Steg, Opin their Zariski
closures, we have by [LS],

3) 6sreg = T2 (Gmin)-
Note that Ogeg and Opiy have both dimension 10. Furthermore, by [AM1], Oumin is precisely
the associated variety of the vertex algebra L_o(Dy).

The following result was conjectured in [F2, Conjecture 4.5], and agrees with the physical
expectation [LXY, Table 4], see also Section 1.2 below.

Theorem A. The associated variety of L_2(G3) is @sreg.

Likewise, the embedding ¢3: B3 — D, induces a linear projection map
Ry D4 — B3.

The associated variety of L_o(B3) was obtained in [AM3]:

4 X1 o(Bs) = Oshort = T3(Opmin),
where Oghore is the unique short nilpotent orbit in Bs and Oghort 18 its Zariski closure. Here, a
nilpotent element f of a simple Lie algebra g is called short if for (e, f, h) an sla-triple,

g=9-1Dgo D g1,

where g; = {z € g: [h,2z] = 2jx}. In B3 = s07(C), the partition corresponding to Oghort
is (3, 14) and Oghort has dimension 10, too. Similarly to the computations of X;_,p,) and
X1_,(By)» the proof of Theorem A is based on the analysis of singular vectors and the theory
of W-algebras. Here, obtaining a singular vector is much harder, and the novelty is the use
of the explicit OPE’s between the generators of the subregular WW-algebra in G2 computed
in [F2]. It was observed in [F2, Corollary 4.2] that W_5 (G2, fsreg) 2 C which prompted to
conjecture X L_5(Ga) = @Sreg.

Our next results give a complete classification of the simple highest-weight L_(g)-
modules and the simple ordinary L_5(g)-modules for g = G5 and g = Bs. Here, a mod-
ule is called ordinary if Ly acts semisimply on it with finite-dimensional graded components
and a grading bounded from below. Let us denote by Lg(k, 1) the irreducible highest-weight
modules of g at level & with highest-weight i + kAg, where p is in the dual of the Cartan
subalgebra of g and A is the dual of the central element K in the dual of the Cartan of g.
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Theorem B. The set {Lg,(—2,1;): i = 1,...,20}, where the ;’s are given by Propo-
sition 3.4, provides the complete list of irreducible L_o(G3)-modules from the category O.
Among them, Lg,(—2,0), Lg,(—2,w1) and Lg,(—2,ws) are precisely the irreducible ordi-
nary modules of L_2(G2).

Exploiting our singular vector in V' ~2(G3) and the notion of subsingular vectors (see Defi-
nition 2.1) in V ~2(B3), we succeed to describe the maximal ideal of V ~2(Bs). This leads us
to the following classification result.

Theorem C. The set {Lp,(—2,u;): ¢ = 1,...,13}, where the u;’s are given by Propo-
sition 5.7, provides the complete list of irreducible L_o(Bs)-modules from the category O.
Among them, Lp,(—2,0) and Lp,(—2,w) are precisely the irreducible ordinary modules
for L_Q(Bg).

We also establish the following result.

Theorem D. We have the following decomposition
LD4(—2, —2@1) = LBS(—Q, —2@1) D LBS(—Q, —3@1)
as L_o(Bs)-modules.

Note that Lp,(—2,—2c01) is not an ordinary module since its Lg-eigenspaces are not
finite-dimensional. Since L_o(B3) < L_9(Dy) is a conformal embedding and since both
Lp,(—2,—2w) and Lp,(—2,—3w) have the same conformal dimension —1 (see the for-
mula (7)), Theorem D in particular implies the non-trivial decomposition

LD4(—2w1) = LBS(—le) (&) LBS(—?)LTJl)

of an infinite-dimensional representation of the finite-dimensional Lie algebra B3, where
Lg(pe) denotes the irreducible highest-weight modules of g with highest-weight ;. The au-
thors do not know whether this has been known in the literature.

1.2. Motivations from physics. The vertex algebras L_5(G2), L_2(B3) and L_5(Dy) are
neither rational nor lisse. Therefore, they are not related in any sense with rational conformal
field theories in two dimensions. However, they are remarkably related with superconformal
field theories in four dimensions, via the 4D/2D correspondence discovered in [BLL™].

In more details, for any four-dimensional N' = 2 superconformal field theory (SCFT),
there is a subsector which can be described by a two-dimensional vertex operator algebra
(VOA). The normalized character of the corresponding VOA reproduces the special limit of the
superconformal index, called the Schur index. On the one hand, four-dimensional SCFTs lead
to some interesting conjectures for large classes of VOAs. For example, it is expected [BR]
that the Higgs branch of such a 4D theory is the associated variety Xy, of the corresponding
VOA V. On the other hand, the representation theory of the VOA produces new physical
observables of the 4D SCFT, such as the ordinary Schur index and the Schur index in the
presence of boundary conditions, line defects and surface defects.

One of the major advancement in the last ten years is that one can engineer a large class of
new 4D SCFTs by geometric methods.

The classification of A/ = 2 rank one SCFTs have been studied based on the analysis
of their Coulomb branch geometries and all possible deformations of planar special Kéhler
singularities, labeled by their Kodaira type which are consistent with the low energy Dirac
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quantization condition [AL+1, AL+2]. One particularly interesting class of theories in these
frameworks is the class of Argyres—Douglas theories [DG, DX] which cannot be studied like
usual quantum field theory, since they are strongly coupled interacting 4D SCFT which have
no known Lagrangian description in general.

In [LXY], the authors found a universal formula for the rank of the theory so that a complete
search is possible. They listed all rank one, rank two, rank three Argyres—Douglas theories
based on this formula and found the corresponding VOA and the associated Higgs branch for
these theories. This classification gives some very interesting rank one SCFTs such that the
Higgs branches are not given by one-instanton moduli spaces on R* for a flavor symmetry
group GG. All these rank one Argyres—Douglas theories coincide with [AL+2] but arise from
entirely different constructions. For exemple, the simple affine vertex algebras L_o(G2) and
L_5(Bs3) appear as the vertex operator algebras corresponding to rank one Argyres—Douglas
theories in four dimension with flavour symmetry G5 and Bs.

Consequently, one expects [SXY] that the representations of these vertex algebras are
closely connected with the Coulomb branch of the circle compactified corresponding 4D the-
ory; for L_5(Dy), the corresponding Coulomb branch is related to [GMN] the moduli space
of the SLo-Higgs bundles on the sphere with four punctures. However, for the other two the-
ories it seems there are no precise description of the corresponding Coulomb branches at the
moment.

In this context, studying the representation theory of these simple affine vertex algebras
becomes very important. For example, the decomposition in Theorem D suggests the decom-
posability of generalized Schur index.

1.3. Connections with mathematical conjectures. First of all, as a negative integer, —2 is
a not an admissible level for GG3. Therefore, Theorem A provides a new example of a vertex
algebra whose associated variety has a finite number of symplectic leaves outside the admis-
sible levels. Indeed, in the setting of affine vertex algebras associated with g, this condition is
equivalent to that of being contained in the nilpotent cone of g (see for instance [AM4, Propo-
sition 12.1]), and the symplectic leaves are nothing but the coadjoint orbits of g*, identified
with the adjoint orbits of g through the Killing form.

Vertex algebras whose associated variety has a finite number of symplectic leaves are re-
ferred to as quasi-lisse vertex algebras [AK], the lisse ones corresponding to the case where
the associated variety has dimension zero. The following was conjectured in [AM3].

Conjecture A. If V is a simple quasi-lisse conformal vertex algebra, then Xy is irreducible.

Theorem A thus gives a new example where Conjecture A holds.

Our result is also interesting in the context of orbifold vertex algebras. By (3), @sreg is the
orbifold of O, by the symmetric group & 3 of degree 3 which is the group of automorphisms
of the Dynkin diagram of Dy. The group &; naturally acts on V¥(Dy) at any level. According
to [AP], this action passes through the quotient L _o(Dy) at the level —2 and, remarkably, we
have L_5(Ga) = L_2(D4)%3, where for V a vertex algebra and G a finite subgroup of the
automorphism group of V', V& denotes the fixed point vertex subalgebra. Hence, Theorem A
can be reformulated as follows:

X V63 = Xv/ 63,
for V. := L_9(Dy). In general, it is not true for an arbitrary vertex algebra V acted by a
finite group G that Xy,¢ = Xy /G. The following was proved by Miyamoto in [M] though:
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if V is a lisse simple conformal vertex algebra and G is a finite solvable subgroup of the
automorphism group of V, then V' is also lisse. It is believed that an analogue conjecture
holds for quasi-lisse vertex algebras'.

Conjecture B. Let V = @n>0 Vi, be a simple positively graded quasi-lisse vertex algebra
such that Vi = C and G a finite solvable automorphism group of V, then VC is also quasi-
lisse.

Theorem A supports Conjecture B, and also the equalities (4). Indeed, by [AP], we also
have L_5(B3) = L_3(D4)%/?Z where Z/2Z is the group of automorphisms of the Dynkin
diagram of Bs.

Then, our result gives new evidences for the following conjecture stated in [AEM].

Conjecture C. If W is a finite extension of the vertex algebra V then the corresponding
morphism of Poisson algebraic varieties w: Xyw — Xy is a dominant morphism.

As mentioned above, by [AP], L_o(Dy) is a finite extension of both L_(G3) and L_o(Bs)
and the restriction of 7y (resp. 73) to Oy is precisely the corresponding morphism between
X1_y(py) and Xp_,(q,) (resp. Xp_,(B,))- Since

dim Gmm == dim Gsreg - dim@short - 107

Theorem A and the equalities (4) furnish new examples where Conjecture C holds. Most
examples so far occurred between simple affine vertex algebras and }V-algebras at admissible
levels [AEM].

Finally, in the course of the proof of Theorem A, it will be proved that

) H%S,fsreg(L*Q(Gﬂ) = sz(Gg, fsreg) = C,

where HY, s, f(—) denotes the Drinfeld—Sokolov reduction with respect to the nilpotent el-
ement f of g, Wy(g, f) is the simple quotient of the universal WW-algebra W¥ (g, f) :=
HY s, f(Vk (g)) associated with g and f, and fyce is an element of the subregular nilpotent
orbit of G, see §2.4 and Section 4. The next conjecture ([KRW, KW]) was proved for many
cases, but mainly for k& an admissible level.

Conjecture D. HY, 1(Li()) is either zero or isomorphic to Wi (g, [).
The identities (5) give a new case where Conjecture D holds for a non-admissible level.

1.4. Organization of the paper. The rest of the article is organized as follows. Section 2
regroups a few preliminary results on Zhu’s algebra and Zhu’s correspondence, associated
varieties and VV-algebras. We fix in this section the main notation of the article. In Section 3,
we study the representations in the category O of the simple affine L_5(G2). This is based
on the obtaining of a singular vector. The computation of the associated variety of L_5(G2)
is achieved in Section 4. Section 5 is about the representations of L_o(Bs). We first study
the representations in the category O exploiting the results about GG3. Furthermore, we study
non-ordinary modules using spectral flows from ordinary modules of L_5(Bs). There are two
appendices: Appendix A gives the explicit formulas of a singular vector in V ~2(G5) and of
its image in the Zhu’s algebra. Appendix B describes useful polynomials in the symmetric
algebra of Bs related to subsingular vectors in V~2(B3).

IThis was suggested to one of the authors by DraZzen Adamovi¢ in a private communication.
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2. PRELIMINARIES

Let g be a simple Lie algebra with Killing form g4 as in the introduction, and let g =
g[t,t7 1] ® CK @ CD be the extended affine Kac-Moody Lie algebra associated with g and the
inner product

with the commutation relations

[z(m),y(n)] = [z, yl(m +n) + m(@|y)omin oK, [D,x(m)] =ma(m), [K,g]=0,

form,n € Z and z,y € g, where x(m) = x @ t".
Letg = [g,9] = g[t,t '] ® CK. Fix a triangular decomposition g = n, @& b @ n_ so that

§=n_@®hon, and F=n_Shdn,

are trlangular decompositions for g and g, respectively, with n_ = n_ + Lg[t=1], 2, =
ny +tglt], h=hdCK @®CDandh = h @ CK. The Cartan subalgebra b is equipped with a
bilinear form extending that on h given by

(K|D) =1, (h|CK &CD) = (K|K) = (D|D) = 0.

We write Ay and § for the elements of H* orthogonal to h* and dual to K and D, respec-
tively. Let A be the root system of (g, h) with basis II = {ay,..., o}, and denote by 6 the

highest positive root. We write w1, ..., wy for the fundamental weights of g with respect to
a1,...,ag and Ag, Ay, ..., Ay for those of g.
For k € C, set

VF(g) = U(®) ®u(gackecn) Ck,

where Cy, is the one-dimensional representation of g[t] ® CK @ CD on which g[t] & CD acts
trivially and K acts as multiplication by k. The space V*(g) is naturally a vertex algebra,
called the universal affine vertex algebra associated with g at level k. By the PBW theorem,
we have V¥(g) = U(g[t~1]t~!) as C-vector spaces.

The vertex algebra V*(g) is graded by D:

= EB Vk(g)d, Vk(g)d ={ac€ Vk(g): Da = —da}.

deZxo
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This grading gives a conformal structure provided that k is not critical, that is, k # —hg/.
A Vk(g)—module is the same as a smooth g-module of level k, where a g-module M is called
smooth if z(n)m = 0 for n sufficiently large for all z € g, m € M.

2.1. Singular vectors and highest-weight modules. For each o« € A, fix a nonzero root
vector e,. Recall that a vector v € V*(g) is called singular if e, (0)v = 0 for all & € IT and
e_g(1)v = 0. In other words, v is a singular vector if v is singular for g with respect to n.. If
v is singular for V*(g), denote by (v) the ideal in V*(g) generated by v, that is, (v) = U(g)v.
We set

(6) Vi (9) = V*(g)/ (),

the associated quotient vertex algebra.

Let L (g) be the unique simple graded quotient of V*(g). As a g-module, Ly (g) is iso-
morphic to the irreducible highest-weight representation of g with highest-weight kAq. If Ny
denotes the unique maximal ideal of V*(g), then

Li(g) = V*(g) /N,
and Ly,(g) is a quotient of V}, (g). We will also make use of the notion of subsingular vector.

Definition 2.1. A vector vy, € Ny, is subsingular if there exists a proper submodule Nj, of Ny,
such that the following conditions hold:

vsub & NI, eq(0)vsuy € N, forall a € U, e_g(1)vgup € Nj.

Note that the image of a subsingular vector in V*(g)/N/ is a singular vector of V*(g)/N}.
For A € bh*, we denote by Lg(\) the irreducible highest-weight representation of g with
highest-weight A. Similarly, for A € §* we denote by I@(S\) the irreducible highest-weight
representation of g. In the case where A = A+ kA, we shall sometimes write Lg(k, ) instead

of Lz(X). In this way, we have

A finitely generated module M over a conformal vertex algebra V' is called ordinary if L
acts semisimply, M, being finite-dimensional for all d, where

Mg={m e M: Lym = dm},

and the conformal weights of M are bounded from below, i.e. there exists dg so that My; = 0
for d < dp. Call the conformal dimension of a simple ordinary V'-module M the minimum
conformal weight of M. More generally, a V-module M is said to be of positive energy if it

is Z>o-graded, M = @ Mgy,+q, with My, # 0, such that a(n)My, C Mj_,, where for
dEZ;o

a € V of conformal weight A we write a(z) = > a(n)z
ne”z

The highest-weight g-module L (k, \), regarded as a V*(g)-module, has conformal dimen-
sion

—n—A

(AJA +2p)

(7 hrony = W7

where p is the half-sum of positive roots.
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2.2. Zhu’s algebra and the characteristic variety. For a positively Z-graded vertex algebra
V =@, Va, let A(V) be the Zhu’s algebra of V,

AV)=V/V oV,

where V o V' is the C-span of the vectors

a o b = Z <?> a(i_g)b

120

fora € Va,A€Zz0,beV,andV — (EndV)[z, 27, a — 3, .5 )z~ "', denotes the
state-field correspondence. The space A(V') is a unital associative algebra with respect to the
multiplication defined by

ax*xb:= Z <?> ag—1)b

120

fora € VAo, A € Z>p, b € V. Denote by [a] the image of a € V in A(V).

Let M = € Mg,+q4, with My, # 0, be a positive energy representation of V. Then
deZxo

A(V') naturally acts on its top weight space Mo, := My, and the correspondence M +— My,
defines a bijection between isomorphism classes of simple positive energy representations of
V and simple A(V')-modules [Z].

The Zhu’s algebra A(V*(g)) is naturally isomorphic to the universal enveloping algebra
U(g) [FZ], where the isomorphism F': A(V*(g)) — U(g) is given by

(8) F(la1(=n1 = 1) ... am(=npy — 1)1]) = (=)™ mg, 0 ay,

foraj,...,am € gand ny,...,ny, € Z3p.
We have an exact sequence

A(Ni) = U(g) — A(Li(g)) — 0

since the functor A(—) is right exact, and thus A(L(g)) is the quotient of U(g) by the image
Jj. of the maximal ideal Ny, in A(V¥(g)) = U(g):

A(Lx(9)) = U(g)/ -

In particular, if v is a singular vector,

A(Vil)) = U(g)/(v'),

where (v') is the two-sided ideal in U(g) generated by the vector

The top degree component of Lz() is Lg(X), where ) is the restriction of A to h. Hence, by
Zhu’s correspondence, a level k representation Lz(\), that is A(K) = k, is a Ly (g)-module if

and only if J, Lg(\) = 0.
Set U(g)" := {u € U(g): [h,u] = 0forall h € b} and let

©) Y:U(g)" — U(h)



SIMPLE AFFINE VOAS AT NON-ADMISSIBLE LEVEL ARISING FROM RANK ONE 4D SCFTS 9

be the Harish—Chandra projection map which is the restriction of the projection map U (g) =

Uh) ® (n_U(g) + U(g)ns) — U(h) to U(g)". It is known that Y is an algebra homomor-

phism. For a two-sided ideal I of U(g), the characteristic variety of I is defined as [J]:
Z(I)={)ebh*: p(\) =0forall pe T(I"},

where 1" = I NU(g)". Identifying g* with g through (—|—), and thus h* with b, we view
Z (I) as a subset of .
The following result was established in [Ar3, Lemma 2.1].

Lemma 2.2. For A € b*, A € Z'(I) if and only if I Lg(\) = 0.

In other words, the characteristic variety 2 (I) classifies the simple U(g)/I-modules in
category 09, where 09 is the BGG category O of g.
According to [Ad, AM, Ar3], we have the following result.

Proposition 2.3. Let v € V¥(g) be a singular vector, Vi.(g) = V/{v) as in (6), v' := F([v])
the corresponding image in U(g) and R the U (g)-submodule of U(g) generated by the vec-
tor v'. The following statements are equivalent:

(i) Lg(p) is an A(Vi(g))-module,

(ii) RLg(1) =0,
(iii) R, = 0, where R% := RN U(g)",

where v, is a highest-weight vector of Lg(1).

In the notation of the Proposition 2.3, given r € RV, there exists a unique polynomial
pr € T(RY) such that rv, = p,(1)v,. Define the polynomial set of b by
(10) Py ={p,: r e R}
If v is a subregular vector, one can define similarly &7, using the U (g)-submodule of U(g)

generated by the vector v' := F([v]).
As a consequence of Proposition 2.3, we obtain:

Corollary 2.4. Let v € V¥(g) be a singular vector and Vi,(g) = V/{v). There is a one-to-
one correspondence between the irreducible A(Vy(g))-modules in the category O% and the
weights (i € §* such that p(u) = 0 for all p € P,

Define the left-adjoint action on U (g) by
(11) xpf =[xz, f]forx € gand f € U(g).
This action extends to U(g) and we still denote it by x 1, f for z € U(g) and f € U(g).

2.3. Associated variety. As in the introduction, let Xy be the associated variety [Arl] of a
vertex algebra V/, that is the reduced scheme associated with the Zhu'’s Cy-algebra of V'

Ry :=V/Cy(V),
with C5(V) = spanc{a_o)b: a,b € V}. In the case that V is a quotient of V¥(g),
V/Co(V) = V/g[t~!]t 2V and we have a surjective Poisson algebra homomorphism
(12) Clo*] = S(g) — Ry = V/glt " t2V, @ —a(-1) +g[t™]t7?V,

where z(—1) denotes the image of x(—1) in the quotient Ry,. Then Xy is just the zero locus
of the kernel of the above map in g*. It is a G-invariant and conic subvariety of g*, with G the
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adjoint group of g. Similarly to the characteristic variety, identifying g* with g through (—|—),
we view it as a subset of g.
For V = V¥(g), we get

Ryk(g) = S(g)

under the algebra isomorphism (12). For v € V*(g), denote by v the image of T in S(g) by
the above isomorphism. If v is a singular vector of V*(g), then

Rf/k(g) = S(9)/1Im,

where M is the g-module generated by v” under the adjoint action, and I, is the ideal of S(g)

generated by M.
It will be also useful to consider the Chevalley projection map
(13) v: S(g)" — S(b),

where S(g)" = {z € S(g): [h,z] =0 forall h € b}.

2.4. Affine VW-algebras. For a nilpotent element f of g, let W¥(g, f) be the universal -
algebra associated with (g, f) at level k, defined by the generalized quantized Drinfeld—
Sokolov reduction [FF, KRW]:

WH(g, ) = Hps ;(V*(0)),
where H 10) g f(M ) is the corresponding BRST cohomology with coefficient in a g-module M.
We have a natural Poisson algebra isomorphism Ry 5y = C[7%], where 7y = f + ¢,
with g¢ = {x € g: [z,e] = 0}, is the Slodowy slice associated with an sly-triple (e, h, f)
[DK, Ar2]. It follows that
Xwie.f) = -

Let Wy(g, f) be the unique simple quotient of W¥(g, f). Then Xy, (g.f) 18 @ C*-invariant
closed Poisson subvariety of .. Let O}, be the category O of g at level k. We have a functor
O — W¥(g, f)-Mod, M — H}q (M),
where W¥ (g, f)-Mod denotes the category of W*(g, f)-modules. According to [Ar2], for
any quotient V of V*(g), X HYg (V) is isomorphic, as a Poisson variety, to the intersection
Xy N . In particular, H), s (V') # 0if and only if G.f C Xy and H},g (V') is lisse if

Xy =G.f.

3. ON THE REPRESENTATIONS OF L_5(G32)
In this section, g is the simple exceptional Lie algebra of type GG with simple roots o, avg

and Dynkin diagram

aq s

===

In particular, o is the simple short root. One can fix the root vectors so that

[604176042] = €aj+as; [ea17ea1+a2] = 262a1+a27

[eal s €201 +O¢2] == 363041 +a2) [eag s €30y +O¢2] = €3a1+2as-
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All other commutation relations can be obtained by using the Jacobi identity. It will be conve-
nient to number the other positive roots as follows:

ag=a1+ag, a4=2a1+as, a5=3a1+as, ag=3a1+2ay=20.
Denote by wi, wy the fundamental weights of Gy with respect to aq, a9, and by {h; =

ay, hy = a3 } a basis of the Cartan subalgebra.

Theorem 3.1. There is a singular vector Vsing of V~=2(Gy) of weight —2Ag + 4wy — 66. In
particular, vsing has conformal weight six and they is no singular vector of conformal weight
strictly smaller than six.

Due to the complexity of the specific form, we place an explicit form of such a singular
vector in the Appendix A.

Proof. The affine space {\ + kAg: A € h*} is identified with an affine subvariety of H* by the
correspondence

A+ EkAg— A+ kA — hL()\)57

where 17,y is the conformal dimension given by (7) and héQ =4.

The strategy in order to find a singular vector is the following. We search for a GGo-weight
of a potential singular vector v that makes the conformal dimension an integer. Then we test
the conditions of a singular vector,

e, (0)v =0, eq,(0)v =0, e_g(l)v=0,

with 8 = 31 + 2as from smaller to larger conformal dimensions. For any A\ = a1 + aswos,
we have

hroy = % (2(a1 +2) +3(a2 +2)) + az ((a1 + 2) + 2(az + 2)) .

We list the integer solutions for the conformal dimension from 2 to 6 in Table 1. We observe

conformal dimension weight

0 0

1 w1

2 w9

3 no solution
4 3@1

5 2w09

6 Vi¥ovil

TABLE 1. The integer solutions for the conformal dimension

that there is no corresponding solution for a singular vector with conformal weight 1,24, 5.
However, there is indeed a singular vector with conformal weight 6. Our candidate, that we
denote by vsing, is described in Appendix A and has G'2-weight 4co1. Then it is straightforward
to check that

€as (O)Using =0, €an (O)Usingv 679(1)Using =0.
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Alternatively, we can compare the first few terms of the character formulas of V' ~2(G3) and
L_5(G2) by using Kazhdan-Lusztig polynomials to determine the existence of a singular
vector with conformal weight 6.2 U

Keep the notation relative to vsing as in Section 2: [vsing] denotes its image in the Zhu’s alge-
bra of V=2(Gy), vging the corresponding element of U(G2) via the isomorphism (8), Tging the
image of vgiyg in the Zhu’s Cz-algebra and vgng the corresponding element of S(G2) through
the isomorphism (12).

Let also (vsng) be the submodule of V~=2(Gy) generated by Using, and V_Q(GQ) =
V=2(G3)/{vsing) the associated quotient vertex algebra. Then the Zhu’s algebra A(V_5(Gy))
is isomorphic to U(G2)/(vg,e)> Where (vy;,,) is the two-sided ideal in U(G2) generated by
the vector v;ing. The explicit form of v;ing can be found in Appendix A as well.

Lemma 3.2. The zero-weight subspace L, (4w1)? has dimension 8, spanned by the linearly
independent vectors below

2 2
v = (64—a4)LU;ing7 V2 = (6—04362—0446—045)nging7 V3 = (e—age—cm)LU;ing
Vg = (e—a2€—a462—a5)nging7 U5 = (e—aleQ—ou;e*@)LU;ing

/ _ 2 2 / _ 3 /
(e—oqe—aae—cme*@)lzvsing V7 = (e—alefe)Lvsinga vg = (e—al e—ase—a4)LUsing

V6

Lemma 3.3. Let p; € U(h) be the image of v; for i = 1,...,8 by the Harish—-Chandra
projection (9). Then, the polynomial set {p1, ... ,p7} forms a basis for Pugng» Where

pi(h) = — 24 (2h1 + 3ha + 3) (8h] + 60hah] + 36RT + 178h3h5 + 212hah? + 24hT + 261h3h7
+ 438h3h3 + 48hohi — 44h7 4 189h3hy + 369h5h1 — 28h3h1 — 152hohy — 24hy + 54h)
+ 108h3 — 42h3 — 96h3 — 24hs)

p2(h) = 2(32h8 + 294hs T + 192h + 1081h3R7 + 1398hahi + 312h7 + 2070h3 AT + 39283 A1
+ 1542hoh} — 3207 + 2223h3hT 4 5346h3 T + 255Thahi — 630hahi — 360h7 + 1296h3hy
+ 3582h3h1 + 1656h3hy — 1554h3hy — 1164hahy — 144hy 4 324hS + 972h3 + 396h3
— 828hj5 — 720h3 — 144hs)

p3(h) = — 4(16hS + 161hah} + 96hT + 634h3h7T + T63hohi + 156hT + 1254h5h3 + 2260h3 h}
+ 865hah? — 16h% + 1332hsh? + 3123h3h5 + 1558h3hT — 2T1hohi — 180h; + 729h5 Ry
+ 2016h3hy + 1041h3hy — T08h3hy — 582hahy — T2hy + 162h5 + 486h5 + 198h3
— 414h3 — 360h3 — T2hs)

pa(h) = 6h1ha (h1 + ha 4+ 1) (b1 4 2hs 4 2) (1 + 3ha + 3) (2h1 + 3h2)

ps(h) = 2h1 (h1 + 2ha + 2) (32h7 + 218hahi + 128h% + 555h3h7 + 614hahi + 56h7 + 612k Ry
+ 882h3h1 — 10hohy — 144hy + 243h5 + 360h3 — 249h3 — 390hy — 72)

pe(h) = — 2hy (h1 4 2ha + 2) (16h7 4+ 109k hi + 64h% + 264h3hT + 289hahi + 28hF + 279h3hy
+ 396h3h1 — 1Thahy — T2hy + 108h3 + 153h3 — 132h3 — 189h, — 36)

pr(h) = — 4(h1 — 1)y (h1 + 2ha 4 2)(h1 + 2ha + 3)(16h; + 63hahy + 32h1 + 63h3 + 63hs + 12)

ps(h) = 6(64hS + 534hahf + 384RT + 1829h3h7 + 2556hah] + 624h7 + 3168h3h% + 6210h5h5
+ 2594hoh3 — 64h% + 272Thahi + 6426h3h? + 2863h3hT — 1412hoh? — 720h% + 918h3hy
+ 2322h3hy + 402k hy — 2538h3hy — 1824hohy — 288h;)

2This was suggested to one of the authors by Yiwen Pan in a private communication.
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Proof. According to Lemma 3.2, we have dim Lg, (4c01)? = 8. Furthermore, one obtains
by direct calculations that v; = p;(h) mod n_U(G2) + U(G2)ny fori = 1,...,8. Itis
easily checked that {p1,...,pg} is linearly dependent, whereas {p1, ..., p7} form a linearly
independent set. U

Corollary 2.4 implies that the highest-weights X of irreducible A(V_3(G2))-modules from
the category O are given by the solutions of the polynomial equations:

Api(h) =0, i=1,2,...,T.

Proposition 3.4. The complete list of irreducible A(\N/,Q(Gg))-modules in the category O is
given by the set {L¢,(p;): i =1,2,...,20}, where the p;’s are given by Table 2.

pr |0 p11 | —3w@2

B2 | w1 H12 —%wz

M3 | w2 H13 —§W1 + %fm
pa | —2top pia | — 3w — 3o
ps | —3woy pis | w1 — Swo

He | —2 Hi6 | @01 — §w2
pr | —2w9 pir | w1 — o

pg | w1 — 2wy || pig | 201 — %ZUQ
po | —3w1 fi19 | 21 — 32
f1o | —5w fi20 | 3w1 — S

TABLE 2. The weights pu; for G

From Zhu’s correspondence, we deduce the following result.

Theorem 3.5. The set {Lg,(—2,pi): @ = 1,...,20} provides the com-
plete list of irreducible V,Q(GQ)-modules from the category O, and the set
{Lg,(—2,0), Lg,(—2,701), Lg,(—2,w2)} provides the complete list of irreducible
ordinary modules for ‘7_2(6’2).

Proof. The first part of the Theorem follows directly from the Proposition 3.4 and Zhu’s corre-
spondence. We look for the irreducible ordinary 17,2(G2)—modules among the list of modules
in the category O. An ordinary V,Q(GQ)—module M has finite-dimensional graded spaces. In
particular, the space corresponding to the graded space with the minimal conformal weight is a
finite-dimensional Go-module. Hence, the irreducible ordinary V_Q(Gg)-modules correspond
exactly to the dominant integral weights in the Table 2. U

Theorem 3.6. The vertex algebra 17_2(G2) is simple, and hence V_Q(Gg) = L_5(Go).

Proof. According to Theorem 3.5, the only possible GGo-weights for a subsingular vector (see
Definition 2.1) in V~2(G3) with respect to (Using) besides 0 are @ and ws. The conformal
weights of those potential subsingular vectors are respectively:

(w1, @1 + 2p) (w2, w2 + 2p)
(14) L R )
2(k +h¢,) 2(k +h¢,)
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with h& = 4 and k£ = —2. It is clear that there are no subsingular vectors in the subspace
V~=2(G3)1 of elements of conformal weight one. So it suffices to show that there is no sub-
singular vector of weight wo with conformal weight two. Notice that we have the following
decomposition as a Ga-module of the symmetric algebra (see [Ga, Chapter IV, Proposition 2]):

S*(G2) = L, (20) ® La, (0 + o) & L, (0).
Therefore, we obtain that, as Go-modules,
V2(Gy)s = 5%(Ga) ® Gy
= LG,(20) @ Lg, (0 + ) © L, (0) @ La, (0).

Since 6 = wy and § + o = @y, it suffices to show that eg(—2)1 is not a singular vector with
respect to V_o(G2). This is obvious due to the fact that

6*02(1)69(_2)1 = 63a1+a2(_1)1’
and e_q, (1) € ny while €30, ya,(—1)1 & (Vsing)- O

Combining Theorem 3.5 and Theorem 3.6, we obtain the classification of the irreducible
modules of L_5(G2) in the category O. This completes the proof of Theorem B.

4. ASSOCIATED VARIETY OF L_5(G2)

We continue to assume that g is the simple Lie algebra G5, and we keep the related notations
of the previous sections, in particular about the numbering of positive roots in Gi2. First, using
the computations of the previous section, we establish the following result.

Proposition 4.1. The associated variety of L_o(G2) is contained in the nilpotent cone of G.
In other words, the simple vertex algebra L_o(G2) is quasi-lisse.

Proof. We follow the strategy adopted in [AM2]. Let M be the Go-module generated by v;’ing
under the adjoint action, and Ij; the ideal of S(G3) generated by M. Then RL_Q(GQ) =
S(GQ)/IM Set

10, = W(Iy N S(Ga)Y),
where W is the Chevalley projection map (13). We extract seven linearly independent polyno-
mials of b in I}):

[6797 [e_as, [€_a4, v;i’ng”] = —3h1hs (hl + hz) (hl + th) (hl + 3h2) (2h1 + 3h2) s

[6*0447 [e*au [e*au [e*au vgl/ng]m =-24 (hl + h2) (hl + 2h2) (2h1 + 3h2)47

[€7Q5, [e,a“ [e,a“ [e,ag, 'U;,/“g”]] =4 (hl + hz) (hl + 2h2) (hl + 3h2) (2h1 + 3h2)2 (4h1 + 3h2) s
[e—ass [e—ass [e—ag, [e—ag, Vingl]] = —4 (h1 + h2) ® (h1 + 3h2)? (16hT + 33haht + 18h3)

[e—0, [e—aus [e—aus [—a, Vingl]]] = 4h1 (h1 + h2) (h1 + 2h2) (2h1 + 3h2)? (4h1 + 9h2),

le—o, [e—as, [e—ass [e—ay s Ving]]]] = —2h1 (h1 + h2) (R + 2h2) (ha + 3ha) (16hT + 51hahy + 45h3)
[e—o, [e—0s [e—ays [e—ays Vingl]] = —4hT (h1 + 2h2)? (16hF + 63hah1 + 63h3)

where the equalities are modulo n_S(G2)+S(G2)n;. The only semisimple element vanishing
these seven polynomial equations is 0. Because the associated variety is invariant under the ad-
joint group, this implies that the associated variety of L_5(G2) has no (non-zero) semisimple
element, and so is contained in the nilpotent cone of G3. The proportion follows. (]
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Set

h
f:fsreg:efag‘kefau $:§:h1—{—2h2

so that (e, h, f) is a subregular sl>-triple in Go. It defines a grading with respect to fqeq. The
nilpotent element fg., is even and we have
g=902D9-1DgoDg1D g2,
where
g2 = Cey, g2 = Ce_yp,
g1 = Ceq, ® Cen, ®Ceny ®Ceps, 9g-1 =Ce_n, ®Ce_n, ®Ce_q, @ Ce_yy,
go=Ch; & Cho &® Ceal D Ce_al.

The centralizer of f in G is a four-dimensional vector space g/ = g’i 5@ g]: 1> with:
9]:1 =Cle—qy +€—ay) ®Ce_n, D Cle—ay — 3€_ay), 9{2 = Ce_y.

Consider the VW-algebra Wk(Gg, fsreg) associated with G and fi, (see Section 2.4). Since
dim g/ = 4, we know that the W-algebra W*(Gy, fsreg) s strongly generated by the fields

JUsee} | Jle—ag} jle-az=3e-as} and Jie-o} defined bellow. The OPEs between the generators
have been computed in [F2]:

JUseed = jlace % L e N T AV AL —é P Jemen e — <g - k) I — (54 2k) 0"
{e—ag}t — je—ay _ l . 7h2 7ha2 | 7i . T€ay T€aq .71 ha
J J LI g T =2 (54 2k) 0T
Jlemasm3as) = Joreamd0as ; DM g g e s g g

4+ Jh2 e (g + k) I 4+ (3+k)HJ 1

gJle-0} =g Jc-0 L 93 439 ] 5 4 : Jo-e2 Joo1 ; 9 JO-a2 Je-az . 49 Jo-an Jh1 .
1 1
+3:J%es gh2 . Jo-ea g1 ;43 Jo-es Jh2 :—gaQJeal -3 Jhggee .

71. h1 7h1 7€0y .
3.JJJ :

1

—:JM2ageen +§ 2QJM g s — g gt gy Jh2
— gy gee gt g gt :% DJeer e Joer sy Joea g g2
— i Joe g2 g +% s g Joen

For k # —4, we can redefine the generators as follows:

J{fsreg}

44k

conformal weight 2 : Gt = — Jifsee} 4 g jle-as}

conformal weight 2 : L = —

conformal weight 2 : G~ = — Ji¢-as=3¢-as}
conformal weight 3 : F' = 6.Jt¢-0},

Let (—|—) be an invariant inner product of G5. Define x € g%, by x(2) = —(foreg|x) for
T € g>0. Set

mimg ®g Jyi= Y Cle'le - x(@),

rem
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‘We obtain
(fsreg|ea2) =1, (fsreg|6a3) =0, (fsreg|€a4) =3, (fsreg|ea5) =0, (fsreg|66) =0,

and
V" = 9(e_py + €_ny) — 126_q, + €2, — 3eq,6—a, — 3hT — Yhihy — 6h3 mod.J,,
Moreover,
9 sl _ 19 1602} — g je-aateas _ 190024 ; Jea1 Joar ; 3 Joar Jo-en
—3:Jmgh g ghghe s 6 gh2 gtz (21 4+ 9K)0TM — 6(5 + 2k)DT2.

Next, consider the term e_,, (0)vsing Which preserves the conformal weight. It is easy to
select the possible nonzero terms inside v, that contribute for the evaluation of e_,, (0)Vsing,
namely

V" = e, (—1)?eay (—1)ea; (—1)%1 — ea, (—1)3eay (—1)ea, (—1)ha(—1)1 — ea, (—1)*ea, (—1)e_a, (—1)1
+ eas(—1) ear (—1)e—as (1)1 = eaz (=1) eaz (—1)e—ay (1)1 — eay (—1) e—ay (- 1)1
— eay (1) hi(=1)"1 = Bea, (—1) A (=1)ha(=1)1 = 2eq, (—1)*h2(~1)"1
+ 10€as (—1)eay (—1)%eas (—1)eay (—1)h1 (=1)1 + 15€a; (—1)ea, (—1)*eas (= 1)ea, (—1)ha(—1)1
+ 8€as (—1)eay (—1)*€an (—1)e_az (—1)1 — Teas (—1)ea, (—1)*e_as (—1)1
—deq. (—1)ea, (—1)h1(=1)e_a, (—1)1 — 2eas (—1)ea, (—1)2ha(=1)e_a, (—1)1.
By calculation, we have
X(€—ay (0)0™°) = —33h1€a1 — 33ea1h1 — 34ea1h2 + 34h1€_a1 — 346_@3
= —356_a3 + 366_a5 —92.3% (e—ayh1 —hie—q,) —2- 35e_a1h2 + 35h1€_a1
+2.3% (e—a,h2 + hae—q,) + 10 - 3Sea1h1 +15- 3Sea1h2 + 8. 34€_a3
—7-3%e oy —4-3"hie—a, —2-3"hae_a,.
Hence

2
(e—ay (0)vsng)” = 3% 12 (f(e,aa —3e—as) + ghleal — hie_o, + hoeq, — hge,al) mod Jy.

The following result is known, see for instance [Ar2, DK].

Lemma 4.2. Denoting by M the connected nilpotent subgroup with Lie algebra wm of the
adjoint group of G, we have:

Rype(q.p) = (S(9)/ I )Y
Theorem 4.3. We have
H%S,fs,-eg(L72(G2)) =W _2(Ga, fsreg)
Proof. Set for simplicity f := feg. Writing I, = <vsing>, we get the short exact sequence
(15) 0 — Ig, — V2(Gy) — L_5(Gs) — 0.

Applying the quantum Drinfeld-Sokolov reduction HY, g f(—) to the above sequence, we ob-
tain the short exact sequence

0 — Hpg ((Ia,) — W(Ga, f) — Hpg ;(L_3(G3)) — 0

due to the exactness of the quantum Drinfeld—Sokolov reduction functor.
Suppose that v, maps to v in W7™2(Ga, f). One can easily verify that the conformal
weight of ¥ equals 2. By Lemma 4.2, its image in Ryy-2(q, s) is the image of the vector
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(é—a; (0)vsing)” in (S(g)/JX)M. It is clear that vgjn, maps to —12L — 3G in W™2(Ga, f),
and similarly e_, (0)vging maps to 324G~ in W~2(Gy, f). From the OPEs of the four strong
generators L, G*, F (see [F2]), we see that —12L — 3G does not generate the maximal
ideal in W~2(Ga, f), but the element G~ does. Thus, HIO)SJ(IGQ) is the maximal ideal in
W™2(Gy, f), and hence Hp,g ;(L_(Gs)) = C. O

Remark 4.4. From the above proof, we recover that W_o(Ga, f) = C from [F2, Corol-
lary 4.2].

We are now in a position to prove Theorem A.

Proof of Theorem A. As in the previous proof, set for simplicity f := fqe,. Write g for the
simple exceptional Lie algebra G2, and G for its adjoint group. Let Oy = G. f be the adjoint
orbit of f. We have to show that X7,_,,) = <D_f

On the one hand, by [Ar2], the associated variety of H s.t(L—2(G2)) is the intersection of
X1._,(ay) With the Slodowy slice .5 := f + g%, whence

{1y = Xno , (1s(@) = Xica@) N

using H%S’f(L,g(Gg)) = W_s(Ga, f) = C from Theorem 4.3. As a consequence, the asso-
ciated variety X, _, (¢, contains f and so O, because X _,(c,) is closed and G-invariant.

On the other hand, the associated variety X;,_,(q,) is included in the nilpotent cone N of
(2 by Proposition 4.1. We conclude that

(D_f C XL_Q(GQ) C N,

and so X,_,(q,) is the closure of the regular or the subregular nilpotent orbit of G3. The
intersection between the nilpotent cone and the Slodowy slice s is two-dimensional whereas
X1 _y(Ge) N = {f}. the only possibility is X7, _,(q,) = Oy.

Theorem 4.3 also allows to prove that X;,_,q,) C N without having recourse to Proposi-
tion 4.1. The argument first appears in [F1, Proposition 6.3.1]. We reproduce it for complete-
ness of the paper. Suppose that there exists a non nilpotent element © € Xj,_,,). Denote
by x = =z, + z; its Jordan decomposition with x,, nilpotent and x, a nonzero semisimple
element. The G-invariant closed cone C'(x) := G.C*z generated by z is included in the asso-
ciated variety. But according to [CM, Theorem 2.9], C'(z) contains the induced nilpotent orbit
Indgws (O, ) from the adjoint orbit of z,, in g¥. The only induced nilpotent orbits in G5 are
the regular and the subregular orbits, so C'(z) strictly contains the subregular nilpotent orbit.
The variety C'(z) is G-invariant, reduced and irreducible. Thus by [Gi, Corollary 1.3.8],

0= dim(XL_Q(GQ) N yf) = dlm(C(.%') N yf) = dim C(z) — dim (Df > 0,

whence a contradiction. O

5. THE REPRESENTATION THEORY OF L_5(Bs)

In this section, we study the representations of the simple affine vertex algebra L_o(Bs).
Let us consider the simple exceptional Lie algebra of type B3 with simple roots 31, 52, B3 and
Dynkin diagram

1 B2 B3
O—QO >0
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and the simple Lie algebra D, with simple roots 71, Y2, 73, v4 and Dynkin diagram

71 Y2 3

Y4

We describe below the explicit embeddings to: Go — Bs and t3: By — D, induced by
the automorphisms of the Dynkin diagrams. First, one can express a Chevalley basis of G2 in
terms of that for B3, which gives the embedding to: G2 — Bs:

Cay = €5, + €, €_qy =€_p, +e_g,,

Can = €By, €—ay = €-p

€az = €B1+82 ~ €B2+Ps €—az = €= (B1+82) ~ E~(Ba+Bs)>

Cas = T€pt28; T E/1tBatBy  Cmas T TE—(Ba4283) T E—(Bi+Ba+Bs)
Cas = TCB1+B2+2635 C-as = TC-(B1+B824285))

Cag = ~€B1+262+28s -as = T~ (A11282+20s):

hi = ha, = hg, + hg,, ho = hay, = hg,.

Similarly, let us describe the Chevalley basis of B3 in terms of that for D, in order to get the
embedding t3: B3 — Dy:

€681 = €y €—B1 = €1

€8y = Cy9, €—By = €9,

€63 = Ey3 T Eyy, €3 = €—yz T €y

€B14+B2 = Cy1t72s €_(B14+B2) = C—(1+72)

€By+Bs = Evatys T Cryatas €—(B24B3) = E—(2+73) T E—(v24ma)>

€B1+B2+B3 = Cyityatys T Cyidtyatyar  €—(Bi+Ba+Bs) = E—(m+ra+13) T C—(mi+v2+7a)

€B2+283 = Cyat+y3+yas €_(B24+283) = C—(y247v3+74)>
€B1+B2+283 = Cyit+v2+y3+vas €—(B14+B2+283) = C—(n1+r2+73+74)>
€B14+2B2+283 = Ev1+272+y3+740 €—(B1+2B2+2B3) = C—(m+2v2+73+71)

hg, = hyys  hgy = heyy  hpy = hys + Dy
We can compose these linear maps so that
(16) Gy <2 By <5 Dy —— V~2(Dy) —» L_o(Dy).

In [AP], Adamovi¢ and PerSe proved that the vertex subalgebra generated by G (resp. Bs)
in L_9(Dy) is isomorphic to the irreducible affine vertex algebra L_o(G2) (resp. L_o(B3)).
Consider the vertex algebra homomorphism iz: V ~2(G3) — V ~2(B3) induced from 15. A di-
rect consequence of [AP] is that the vertex algebra homomorphism zo: L_5(G2) — L_o(Bs)
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is well defined and satisfies the following commutative diagram

V=2(Gy) —2 V=2(Bs)

”Gzl lﬂBs

L_2 (Gg) Er— L_Q(B3)

L2

where 7, and 7p, are the natural projection maps.
Let N3 be the maximal ideal in V' ~=2(Bs) and let

G2 . .
Using *= Using
be the singular vector of V' ~2(G52) as in Theorem 3.1. It is clear from the commutative diagram

that 22(<vsGin2g>) C N5, because 73 o 7TG2(<’USCi;an>) = 0. Hence the vector

G’g)

W = i2(Vgng

is contained in N3 with conformal weight 6. Fix hp, = spanc{hg,,hs,, hs,} a Cartan
subalgebra of Bs. Since the embedding s does not preserve the hp,-weight, we decompose
w into a sum of hg,-weight vectors

(17) w=3" w,

”
nebp,

where h.w,, = pu(h)w, for all h € hp,. It is known by [AM2] that there is a singular vector

Bs of conformal weight two in V ~2(Bs) given by:

Using

By _
sing
651+252+253(_1)653(_1)1 - 651+52+253(_1)en2(_1)1 + 651+52+53(_1)652+253(_1)1'

B3

We denote by 17 the left-ideal generated by Vsing in V=2(Bj3), and consider the quotient

vertex algebra
V_o(B3) = V" 2(Bs) /1.
The U (Bs)-submodule RP3 generated by the vector v’ fr?g under the adjoint action is isomor-

phic to Lp,(2tw3). By using the same method as for G2, we can determine a basis of the space
of polynomials & g,, defined as in (10) with respect to R75.

sing

Bs _Bs B
Lemma 5.1. We have QUBS = spanc{p;?,py°,p3° }, where

sing
PPl (h) = (2hg + h3)(h1 + hy + h) + 2(hg + h3),
pY2(h) = (ha + h3)(2hy + 2hy + hs + 2),
pP3(h) = hy(hy + 2ha + hy + 2).

One gets the complete list of irreducible A()_2(B3))-modules in the category O by solving
the polynomial equations

pP(h) = pBe(h) = pP3(n) = 0.

Using Zhu’s correspondence, we obtain the following results.
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Theorem 5.2. The complete list of irreducible V_o(Bs)-modules in the category O is given
by the following set:
{Lpy(—2,ui(t)): i=1,2,3, t € C}
where,
,U,l(t) = twy, Mg(f) = (—1 — t)wl + twoog, ,11,3(75) =twy — 2(1 + t)TD3.
Corollary 5.3. The complete list of irreducible ordinary modules for V_o(Bs3) is given by the
following set:

{LB3(—2,]€W1)2 ke Z;()}.

The vertex algebra V_o(Bs) is not simple and the following lemma gives a description of
the structure of the quotient vertex algebra, see [AKM+, Corollary 7.6]°.

Lemma 5.4. The vertex algebra V_o(Bs) contains a unique ideal I = Lp,(—2, —6Ao+4A1),
where Ao, A1, Ao, A3 are the fundamental weights of Bs.

The key observation is that the unique singular vector in V_5(Bs3) comes from a subsingular
vector in V~2(Bs).

Lemma 5.5. In the decomposition (17), assume that Wy, # 0 and Wy, ¢ I B3 then the
maximal ideal N 1_923 is generated by Wy, and vsl?lf’g.

Proof. Since N 1_923 is homogeneous with respect to by , we deduce that wyr, € N ?5’ Let
vsub be a homogeneous subsingular vector in V' ~2(B3) which maps through the quotient map
V~=2(B3) — V_5(B3) to the unique singular vector in V_5(B3). S0 vgy has b, -weight 4o
and conformal weight 6. By Lemma 5.4, we have N ?5’ = (Vsub, vsl?lfg). For any ideal J, we
denote by Jg the conformal weight 6 subspace of J. It is clear that for any u = ) peh, Uy,
in (vgub)6\I 2, u, # 0 implies that 1 < 4coy, where the equality holds if and only if u, =
Ud, = CUsyp Mmod 153 for some constant ¢ # 0. Since w4, € N%’ \IB3, Wi, = CUsub
mod 173 for ¢ # 0. Therefore vy € (Wye,, 172). O

Under the adjoint action of Bs, the submodule of U (B3) generated by vector wy, is iso-
morphic to L, (4w ), the zero-weight space of Lp, (4w ) has dimension six. Let

L_3(B3) := V"*(B3)/(wawy, I™).

Hence the irreducible highest-weight modules of A(L_y(Bs)) are determined by polynomials
in Lemma 5.1 and 5.6 below.

Lemma 5.6. Let &, be the polynomial set (10) relatively 10 Wiz, defined by the decom-
position (17). Then P, = Spanc{pfg,pfg, e ,p§3}.
Proof. By direct calculation we show that the following six polynomials are linearly indepen-

dent, modulo n_U(B3) + U(Bs)ny:

B3 __
Py” = (6—31—52—336—31—32—336—51—32—536—31—52—33)L (w4ﬁ'1)7

Bz _
pPs” = (6*31*1326*31*»32*336*31*132*336*131*32*2133)L (w4w1) )

3There is a typo in [AKM+, Corollary 7.6]: L, (—2, —4Ao + 2A1) should be L, (—2, —6A¢ + 4A1).
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B3 __
Dg > = (€—B1—Bo€—B1—B3€—B1— B2 —283€—B1—B2—283) [, (Waco ) »
B3 __
b7" = (6—316—51—32—536—51—52—536—31—252—233)L (w4‘W1)7
B3 __
ps” = (6*31e*ﬁl*326*131*32*21336*131*232*233)[‘ (w4W1)7
B3 __
Py~ = (6*316*131 6*31*2»32*21336*31*2132*2133)L (w4w1) .
The explicit form of these polynomials can be found in Appendix B. (]

Proposition 5.7. The complete list of irreducible A(L_o(B3))-modules in the category O is
given by the set {Lp,(pi): i = 1,2,...,13}, where the ;’s are given by Table 3.

p1 |0 ps | —5ws + 3ws
p2 | w1 o —%w2 + w3
p3 | —2w fio | —3@1 — 32
pa | —3wo1 pi1 | —3w

M5 | —TO2 H12 —%Zm

pe | —2ws s | —3wi + 32
pr | w1 — 2wy

TABLE 3. The weights p; for Bs

Proof. The assertion can be established through a straightforward computation involving the
polynomials in Lemma 5.1 and 5.6. (]

Theorem 5.8. We have L_o(Bs) = L_o(Bs).

Proof. According to Proposition 5.7, the set of the solutions of the equations in & 5, U2,
sing
is distinct from the solution set of 91}33. Hence w,;, is nonzero and not contained in Bs,
sing

We complete the proof due to Lemma 5.5. U

4w

Using the Zhu’s correspondence, we have achieved the proof of Theorem C.

5.1. Decomposition of non-ordinary modules. In this paragraph, we obtain a nontrivial de-
composition theorem of non-ordinary modules coming from the spectral flows of the ordinary
modules. These modules are still graded by Ly, however, they are not necessarily bounded
below.

According to [AP], we have

(18) LD4(—2, 0) = LBS(—Q, 0) D LBS(—Q,wl).

Identifying hp, with its dual using (—|—), the fundamental weights of B3 are w; = (1 +
Bo + B3, oo = B1 + 289 + 203, w3 = % b1+ B2 + % B3. Consider the standard representation
L := Lp,(w1) = C7 of By with canonical basis ¢;, i € {1,...,7}. We schematize the
representation by the following graph.

L51+52+53 3 €9 L €3 £> €4 L €1 A €7 L €6 L €5 € L,51,52,53,

where f; 1= e_g, is the negative (3;-root vector.
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Assume for awhile that g is an arbitrary simple Lie algebra as in Section 2. For an arbitrary
g-module M, one obtains a new g-module structure on M by twisting the action by a certain
automorphism o of g as follows:

z(n)o*(v) = o* (0~ (z(n))v), foranyz € g,n € Zandv € M.

To distinguish the two module structures, we will denote the new module by o*(M ). Among
to the automorphisms of g, the spectral flows are of particular interest. We refer [L] (or to
[R, Appendix A] and references therein) for precise definitions and motivations.

In the following, we consider spectral flow automorphisms which correspond to translations

Y of g defines a

of the extended Weyl group of g. More concretely, each simple coroots «,

transformation 7; that acts on the generators of g as follows:
Ti(ea(n)) = ea(n —{a,af)),  7i(hj(n)) = hj(n) — (af o) )on 0 K,
(@]0}) ;.
2
withn € Z, « € A and Ly = —D. The powers of 7; acts as follows:

7i(ea(n)) = ealn — s, af)),  7(hj(n)) = hj(n) = s(aj]a;)on o K,

TZ(K) :K, TZ‘(LQ) :Lo—hl(O)—F

2
PK) =K,  15(Lo) = Lo — s hi(0) + (o |a!) K.

2
Return to the case of g = D, and consider the spectral flow automorphism along the direc-
tion A1, which is defined by: o~! := 7'117'217'31 / 27'41 /2 Ttis direct to check that o is determined

by the following maps
€y (n) €y (TL + 1)’ €—y (’I’L) €y (’I’L - 1)’ €ty; (’I’L) = €4y (’I’L),
K+ K, hP*0)— hP4(0) + K, hP*(0) — hP4(0), fori = 2,3,4.
In particular 0~ (e_g(n)) = e_g(n — 1).
Applying the spectral flow to both sides of (18), one obtain the decomposition of Theo-

rem D.

Proof of Theorem D. 1t is clear that the spectral flow o preserves Bs, and hence the
highest-weight module structures for L_o(Dy4) and for L_o(Bs). It suffices to show that
0*Lp,(—2,w1) = Lp,(—2,—3w ), which follows from the following lemma.

Lemma 5.9. Let 1., be the highest-weight vector of Lp,(—2,w1). Then
o*(e—p,(0)e_g(0)1, ) is the highest-weight vector of 0* Lp,(—2,w1) = Lp,(—2, —3w).

Proof. From the realization of the standard representation Lp,(w;), we deduce that v =
e_p,(0)e_p(0)15, # 0 is the lowest weight vector in Lp, (1) of weight —w;. By calculat-
ing the conformal weight, we have

0_1(651 (0)v = 651(1)6—51 (0)e—p(0)1, = 0.
For ¢ = 2, 3, we have

Ofl(eﬂi (0))v = e, (0)e—p, (0)e—g(0)1z, =0,
where the last equality is due to the fact that —zoy + 3; = 51 — 3; is not a weight in Lp, (co1).

Similarly, we have
o He_g(1))v = e_g(0)v = 0,



SIMPLE AFFINE VOAS AT NON-ADMISSIBLE LEVEL ARISING FROM RANK ONE 4D SCFTS 23

as —w; — 0 is not a weight in Lp,(w;). Therefore v is a singular vector in
o*(e—p,(0)e_p(0)15,) of highest-weight —2A¢ — 3w0;. O
Lemma 5.9 concludes the proof of Theorem D. U

APPENDIX A. SINGULAR VECTOR FOR V~2(G5)

We give in this appendix an explicit description of a singular vector vgj,e in the affine vertex
algebra V =2(G3) with weight —2Ag + 4o — 65 in V~2(G3) (385 terms) as obtained in
Theorem 3.1. We also obtain from this the image v(,, := F([Vsing]) Of ¥sing is the Zhu’s
algebra, where I is the isomorphism (8).

Vsing = —60eg (—3)eag (—2)ea, (—1)1 + 12e4(—3)eas (—1)eay (—2)1 + 60eg (—2)eay (—3)ea, (—1)1 — 120e4 (—2)eas (—2)ea, (—2)1
+ 36€0 (—2)eas (—1)eay (—3)1 + 84eg(—3)eay (—1)ea, (—2)1 — 84es(—1)eas (—2)eay (—3)1 + 8ea, (—3)ea, (—1)°1

—12e0, (—2)%ea, (=1)°1 = 12e05 (=3)ea, (1) eag (= 1)1 + 48ea s (—3)eas (—1)eas (—1)°1 — 36eay (—3)eas (—1)ea, (—1)eay (—1)1
+ 60eag (—2)eay (—2)eay (—1)eag (—1)1 — 24eas (—2)eay (—1)%eag (1)1 — 60eas (—2)€as (—1)°1 + 60eay (—2)ea, (—1)eay (—1)1
— 24eas (—2)eag (—1)eas (—2)eas (—1)1 — 60eay (—2)eas (—1)eay (—2)eay (—1)1 + 48eay (—2)eays (—1)ea, (—1)eay (—2)1

— 28¢5 (—1)eay (—3)eay (—1)eas (—1)1 — 125 (—1)eay (—2)eay (—2)eas (—1)1 + 48eay (—1)ea, (—2)ea, (—1)eas (—2)1

— 8eas (—1)eay (—1)eay (—1)eas (—3)1 + 24eay (—1eas (—1)eas (—3)eas (—1)1 — 24eq, (=1)eay (—1)eas (—2)eas (—2)1

+ 36€ag (—1)eag (—1)eay (—3)eay (—1)1 — 48eas (—1)eag (—1)eay (—2)eay (—2)1 — 12e6(—3)eay, (—1)ea, (—1)ea; (—1)1

+ 489 (—3)eas (—1)eas (—1)eay (1)1 + 489 (—3)eay (—1)ea, (—1)h1(—1)1 + 48 (—3)eay (—1)ea, (—1)h2(—1)1

— 360 (—3)eag (—1)%e—ay (—1)1 + 48e9 (—3)eq(—1)eay (—1)°1 + 24eo (—3)eg(—1ea, (—1)e_ay (—1)1

+ 489 (—3)es(—1)eas (—1)e—ag (—1)1 + 60es (—2)eay (—2)eay (—1)eas (—1)1 — 12e9(—2)ea, (1) ea, (—2)1

—120e9 (—2)eag (—2)eas (—1)eay (1)1 + 60eg (—2)eay (—2)ea, (—1)h2(—1)1 + 729 (—2)eay (—2)eay (—1)e_qq (1)1

— 360 (—2)eas (—1)eas (—2)eas (1)1 + 48eg(—2)eas (—1)eas (—1)ea; (—2)1 + 72e0(—2)eas (—1)eay (—2)h1(=1)1

4 36e0 (—2)eas (—1)eay (—2)ha(—1)1 — 16e4(—2)eag (—1)eay (=1)h1(—2)1 — 36eq(—2)eas (—1)ea, (=1)ha(—2)1

— 48eg(—2)eag (—1)%e_a; (—2)1 — 60eg(—2)ea, (—1)°1 — 60eg(—2)%eay (—1)e—ay (—1)1 — 72e9(—2) eay (—1)e—ag(—1)1

— 72e0(—2)ea(—1)ea; (—2)ea; (—1)1 4 156e4(—2)eq(—1)eay (—2)e—ay (—1)1 — 48eg(—2)eq(—1)eay (—1)e_ay (—2)1

+ 72e9(—2)es (—1)eas (—2)e—ag (—1)1 + 48es (—2)eo (—1)eag (—1)e—ag (—2)1 — 36e9(—1)eay (—3)eay (—1)ea; (—1)1
—12eg(—1)ea, (—2)%ea; (=1)1 4 60eg (—1)ea, (—=2)eay (—1)ea, (—2)1 — 12e9(—1)eay (—1)%ea, (—3)1

+ 489 (—1)eas (—3)eas (—1)eay (—1)1 — 48eg(—1)eay (—3)ea, (—1)h1(—1)1 — 84eg(—1)eay (—3)ea, (—1)h2(—1)1
+36e0(—1)eas (—3)eas (—1)e—aq (—1)1 4 60eq (—1)eas (—2)eas (—2)ea; (=1)1 — 120eq (—1)eas (—2)eas (—1)ea; (—2)1

+ 24ep(—1)eas (—2)eay (—2)h1(=1)1 4 16ep(—1)eas (—2)eay (=1)h1(—2)1 4 84eg(—1)eag (—2)ea, (—1)ha(—2)1

—72e0(—1)eas (—2)%e—aq (—1)1 + 48eh (—1)eay (—2)eas (—1)e—aq (—2)1 + 48eg(—1)eay (—1)eas (—3)ea, (1)1

—96e0(—1)eas (—1)eas (—2)ear (—2)1 + 48eg(—1)eay (—1)eas (—1)ea; (—3)1 + 36e0 (—1)eas (—1)eay (—3)h1(=1)1

+ 84ep(—1)eas (—1)eay (—3)h2(—1)1 — 32e9(—1)eag (—1)eay (—2)h1(—2)1 — 84eg(—1)eag (—1)ea, (—2)ha(—2)1

4 48eg(—1)%ca, (—3)ea, (=1)1 — 60eq (—1)%ea, (—2)°1 — 42e9(—1)ca, (—3)e_ay (—1)1

+42e9(—1)%eay (—2)e—ay (—2)1 — 42 (—1) ez (—3)e—agz (1)1 — 480 (—1)eas (—2)e—ag (—2)1

+ 6eay (—2)eay (—1)°h1(—1)1 + 8eay (—2)eay (—1)%ha(—1)1 + 2eq, (1) %eay (—=2)eaq (~1)1 — ea, (—1)*h1(=2)1

— 20, (—1)*h2(=2)1 = 12eq, (=2)ea, (1) eay (—1Dea; (=1)1 — 12eq5 (—2)ea, (—1)%eag (=1)h1 (—1)1

— 1205 (—2)eay (—1)%eag (= 1)ha(—1)1 + 6eag (—2)eay (—1)%e_aq (—1)1 + 48eay (—2)eas (—1eag (—1eay (—1ea, (—1)1

+ 48eag (—2)eag (—1)eag (1) h1(—1)1 + 48eay (—2)eays (—1Deag (—1)2h2(—1)1 — 24eas (—2)eas (—1)eay (—1)eay (—1)h1(—1)1
— 36€as (—2)eag (—1)eay (—1)eay (=1)ha(—1)1 — 24eq, (—=2)eay (—1)ea, (—1)eag (= 1)e_qq (—1)1

+ 18eag (—2)eag (1) eay (= 1)e—aq (1)1 — 1205 (—1)eay (—2)eay (—1)eay (—1)eaq (—1)1

— 24eag (—1)eay (—2)eay (—1)eas (—1)h1(—1)1 — 28eay (—1)ea, (—2)eay, (—1eay (—1)ha(—1)1

— 2ea5 (—1)eay (—2)eay (—1)%e—ay (—1)1 — deay (= 1)eay (= 1eag (—2)eas (—1)eaq (=1)1 — Beas (—1)eay (—1) eay (—2)ea; (—1)1
+ 10eag (—1)ea, (1) eay (= 1)ea; (=2)1 = 2eas (—1)eay (—1) eag (—2)h1(—1)1 — 8eas (—1)eay (—1)%eas (—2)ha(—1)1

+ 8as (—1)eay (—1)%eas (= 1)h1(—2)1 + 12eq, (= Dea, (1) eay (—1)h2(=2)1 — deay (—Dea, (—1)%e—a, (—2)1
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+ 18eay (—1)%eas (—2)eay (—1)ea; (—1)1 4 18eays (—1) eas (—2)eas (—1)h1(—1)1 + 24eq, (—1) eagy (—2)eas (~1)h2(~1)1

+ 6eas(—1)%eag(—1)eay (—2)ea; (—1)1 — 30eay (—1) eag(—1)eas (—1ea; (—2)1 — 16eay (—1)%eay (—1)%h1(—2)1

— 18eay (—1)%eay (—1)°ha(=2)1 4 18ea; (—1)%ea, (—2)eay (—1)h1(—1)1 + 36eay (—1) ea, (—2)eay (~1)h2(~1)1

+ 18eay (—1)%eay (—2)eag (—1)e—ay (1)1 — 12eq; (—1)%ea, (—1)eay (—2)h1(—1)1 + 3eag (—1)%ea, (=1eay (—1)h1(—2)1

—12eqy (—1)%eay (—1)eag(—2)e—ay (—1)1 + 13eay (—1)%ea, (—1)eas (—1e—aq (—2)1 + 36eay (—1)%eay (—2)e—ay (—1)1

— 9eag (—1)eay (—1)e—ay (—2)1 — 12e9(—2)ea, (—1)%ea; (~1)h1(=1)1 — 24eg(—2)ea, (—1) ea, (—1)ha(—1)1
—12eg(—2)eay (—1)%eas (—1)e—ay (—1)1 — 6eg(—2)ea, (—1)%e—ag (—1)1 + 42e0(—2)eay (—1)eay (—1ea, (—1)°1

+ 480 (—2)eas (—1)eas (—1)eay (=1)h1(=1)1 + 5deq(—2)eas (—1)eas (—1)eay (—1)ha(=1)1

+ 6e0(—2)eas (—1)eas (—1)%e_ay (—1)1 — 28eg(—2)eay (—1)ea, (=1)eay (=1)e—aq (1)1 + 72eg(—2)eays (—1ea, (—1eay (—1)e—ay (1)1
—4eg(—2)eag (—1)eay (—1)eag (—1)e—ag (—1)1 — 40ep (—2)eas (—1)eay (—1)%e_ay (1)1 — 16eg(—2)eay (—1)ea, (=11 (—1)%1

— 60 (—2)eas (—1)eay (—1)h1(=1)ha(—=1)1 — 36 (—2)eays (—1)ea, (—1)h2(—1)°1 + 90es (—2)eas (— 1) eay (—1)e—ag (1)1

+ 48e9(—2)eag (—1)%eas (—1)e—a, (—1)1 — 126eg (—2)eay (—1)%eay (—1)e—ag (—1)1 — 48eg(—2)eas (—1)*h1(—1)e—a,y (—1)1

— 18eg(—2)eag (—1)*ha(—1)e_ay (1)1 + 48eg(—2)eq (—1)ea, (—1)°h1(—1)1 + 96eg(—2)eq (—1)ea, (—1).ha(—1)1

+48e9(—2)es (—1)eag (—1)ea; (—1)e—ay (1)1 + 24es (—2)eg (—1)eay (—1)eay (—1)e—ay (—1)1

+ 24e9(—2)es (—1)eay (1) hi(=1)e—ay (—1)1 + 36e(—2)eg(—1)ea, (=1)ha(—1)e_ay (1)1

+ 48e9(—2)es (—1eag (—1)ea; (—1)e—ay, (1)1 — 108eg(—2)eo (—1)eas (—1)e—ay (—1)e—ay (—1)1

— 126e¢ (—2)eq(—1eas (—1)ea, (—1)e_g(—1)1 + 48eg(—2)eg (—1)eay (—1)h1(—1)e_aq(—1)1

+108eg (—2)eq(—1)eag (—1)ha(—1)e—az (—1)1 + 18es(—2)ea (—1)%e_ay (—1)e—ay (=1)1 — 24eg(—1)eay (—2)eay (—1)eas (—1)h1(=1)1
— 360 (—1)eay (—2)eay (—1)eas (—1)ha(=1)1 — deg(—1)eay (—2)eay (—1)eas (—1)e—ay (—1)1 + 8eg(—1)ea, (—2)ea, (—1)%eay(—1)1
— 6eg(—1eay (—1)eag(—2)ea; (=1)°1 — 12ep(—1)ea, (—1)%ea, (—2)h1(—1)1 — 13eg(—1)ea, (1) ea; (=2)h2(~1)1

+ 8eg(—1eay (—1)%ea; (—1)h1(=2)1 4 6eg(—1)eay (—1)%ea; (—1)h2(—2)1 4+ 16eg(—1)ea, (—1)eas (—2)e—a, (—1)1

—6eg(—1eay (—1)%eag(—1)e—ay (—2)1 +4deg(—1)eay (1) eag (—2)1 + 6ep(—1)eay (—2)eay (—1)ea; (—1)%1

+48ep(—1)eas (—2)eas (—1)eay (=1)h1(=1)1 4 90es (—1)eag (—2)eas (—1)ea; (=1)ha(—1)1 4 42ep(—1)eas (—2)eas (1) e_ay (—1)1
+4eg(—1)eas (—2)eay (—1)eas (—1)e—ay (—1)1 = 72e4(—1)eag (—2)eay (—1)eas (—1)e—ay (—1)1

+ 28ep(—1)eas (—2)eay (—1)eas (—1)e—ag (—1)1 + 40eg(—1)eas (—2)eay (=1)%e_ay (=1)1 + 16eg(—1)eay (—2)ea, (—1)h1(—1)%1

+36e0 (—1)eas (—2)eay (—1)h1(=1)hz(=1)1 — 108es (—1)eas (—2)eas (—1)eas (—1)e—ag (—1)1

— 48e9(—1)eas (—2)eas (—1)eas (—1)e—a, (—1)1 4 126ep(—1eay (—2)eas (—1)eay (—1)e—ag (—1)1

+48e9(—1)eas (—2)en(—1)h1(=1)e—a, (1)1 4 36e0(—1)eas (—2)eq (—1)hz2(—1)e—a, (1)1 — 12eg(—1)eas (—1)eay (—2)ea; (—1)%1
+ 24eg(—1)eas (—1Deay (—1)ea; (—2)ea; (1)1 — 12e0(—1)eas (—1eag (—2)ea; (—1)h1(—1)1

+6e9(—1)eas (—1eas (—2)ea; (—1)ha(—1)1 — 12¢p(—1eag (—1)eay (—2)eas (—1)e—ay (—1)1

+48ep(—1)eas (—1)eas (—1)eay (—2)h1(=1)1 4 30es (—1)eas (—1)eas (—1)eay (—2)ha(—1)1

—32¢ep(—1)eas (—1)eas (—1)ear (=1)h1(=2)1 — 30eq(—1)eag (—1)eas (—1)ea; (=1)ha(—2)1 + 6es(—1)eas (—1)eas (—1)%e_ay (—2)1
+ 16e0(—1)eas (—1)eay (—2)ear (=1)e—aq (—1)1 — 36eg(—1)eas (—1)ea, (—2)eay (—1)e_ay (1)1

— 24ep(—1)eas (—1)eay (—2)eas (—1)e—ag (—1)1 — 6ea(—1)eas (—1)eay (—2)eay (—1)e—a, (—1)1 — 32eg(—1)eay (—=1)ea, (=2)h1 (—1)°1
— 48ep(—1)eas (—1)eay (—2)h1(=1)h2(—1)1 — 15eg(—1)eay (—1)ea, (—1)ea; (—2)e—aq (=1)1

+13eg(—1)eas (—1eay (—1)ea; (—1)e—a; (—=2)1 — 90ep(—1)eay (—1)eay (—1eay (—2)e—ay (—1)1

+ 360 (—1)eas (—1)eay (—1)eas (—1)e—ay (—2)1 — 6ep(—1eag (—1)ea, (—1)eas (—2)e—ag (—1)1
—13eg(—1)eas (—1)eay (—1)eas (—1)e—ag (—2)1 + 10es(—1)eas (—1)eay (—1)%e—ay (—2)1
+3eg(—1)eag (—1eay (—1)h1(=2)h2(=1)1 — 12¢g(—1)eas (—1)ea, (=1)h1(—1)ha(=2)1 — 90es (—1eay (1) eay (—2)e—ay (1)1
+9e0(—1)eas (—1)eay (—1)e—az(—2)1 — 5deg(—1)eag (1) eag (—2)e—a, (1)1 — 30es(—1eas (—1) eay (—1)e—a, (—2)1
—126e9(—1)eag (—1)%eay (—2)e—ag (—1)1 + 36eg(—1eagy (1) ha(—=2)e—aq (—1)1 — 9eg(—1)eag (—1)%ha(—1)e—a, (—=2)1

+ 48eg(—1)%ea, (—2)ea, (=1)h1(=1)1 + 84eg(—1)%ea, (—2)ea, (—1)ha(—1)1 — 16eg(—1)en, (=1)*h1(—2)1

—2leg(—1)€eay (—1)%ha(—2)1 — 48eg(—1)%eagz (—=2)ea; (= 1)e_ay (1)1 + 5deg(—1)eag (—1ea; (—2)e—ay (1)1

—12e9(—1)€ag (—1)ea; (—1)e—ay (—2)1 — 22eg(—1)%ea, (—=2)ea; (= 1)e_ag (1)1 — 78es(—1)ea, (—2)h1(—1)e_qy (—1)1
—126e9(—1)%eay (=2)ha(—1)e—ay (—1)1 + 15eg (— 1) eay (—1)eay (—2)e—ag (—1)1 — 13eg(—1)%ea, (= 1)ea, (—1)e_ag (—2)1

—3eg(=1)%eay (—1)h1(=2)e—ay (1)1 + 12e9(=1)eny (=1 h1(=1)e—ay (—2)1 — 63eg(—1)ea, (—1)ha(—2)e_a, (—1)1
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+ 63e9(—1)%ea, (—1)ha(—1)e_ay (—2)1 — 48 (—1)’eay (—2)eay (—1)e—ay (1)1 + 90eg(—1) eay (—2)e—ay (—1)e—a, (1)1

+ 126eg (—1)%eag (—2)ea, (—1)e_a(—1)1 — 48eg(—1)eq(—2)h1(—1)e_az(—1)1 — 126e(—1)%ep(—2)h2(—1)e_aq(—1)1
—30eg(—1)%eay (—1)ea; (~1)e—a, (—2)1 — 9eg(—1) eag (—1)e—ay(—2)e—ay (—1)1 + 9eq(—1) ey (—1)e—ay(—1)e—a, (—2)1

—126eg (—1)%eay (—1)ea, (—2)e_o(—1)1 — 63es(—1)eq (—1)ha(—2)e—agz(—1)1 + 9eg(—1)eq(—1)eg(—1)ha(—1)e—ay(—2)1
—9ep(—1)%e_ag(—2)e—ay(—1)1 +63es(—1)%e_ag(—1)e—ay (—2)1 + eay (—1)eay (—1Dea; (1)1 — ea, (—1)%eag(—1)ea; (~1)h2(~1)1
—eayg(=1)%eas (—1)%e_ay (1)1 = eay (1) eay (m1)e—ag (1)1 + eay (=) *eay (=1)e_ay (—1)1

—eag (=D eas (—1)e—ag (=11 — eay (—1)e_ay (=11 — eay (=1)*h1(=1)°1 — 3ea, (=1)* k1 (=1)ha(—1)1 — 2eq, (=1)*h2(—1)1

— 2eag (—1)eay (—Deag (—1)eay (—1)ea; (=1)1 + 2ea; (—1)eay, (—1)eas (1) eay (~1)h2(=1)1 4 2ea, (—1)eay (—Deas (—1)e—ay (—1)1
+ 10eags (—1)eay, (—1)%eay (—1)eay (~1h1(=1)1 + 15eas (—1)ea, (—1)%eay (—1)ea; (~1)ha(—1)1

+ 3eag (—1)eay (—1)eas (—1ea; (—1)e—ay (—1)1 + 6eas (—1)ea, (—1) eag (—1)eay (—1)e—ay (1)1

+ 3eag (—1)eay (—1)%eas (=1)%e_as (1)1 + 8eay (—1)ea, (—1)%eas (~1)h1(—1)1

+ 19eay (—1)eay, (—1)%eag (—1)h1(—1)ha(—1)1 + 12eq, (—1)ea, (—1)>eag (—1)ha(—1)1

+ 8as (—1eay (—1)%eag (=1)e—as (1)1 + deay (= 1)ea, (=1)%eag (—1)e—ay (=1)1 — Teay (—1eay (—1)*e_ag (=1)1

—deag (—Deay (~1)?h1(—1)e—a; (1)1 = 2eay (—1)ea, (—1)%ha(—1)e_a; (=11 — eay (—1)%eay (—1)%ea, (—1)°1

— 30eas (—1)%eag (—1)eay (—1Dea; (—1)h1(=1)1 — 36eas (—1) eas (—1)eay (—1)ea; (—1)ha(—1)1

— eas (—1)%eas(—1)%ea; (—1)e—a; (—1)1 — 9eas (—1) eas (—1)%eay (—1)e—ay (—1)1 — eag (—1)%eaz (—1)%e_ag (1)1

— 16eay (—1)%eay (—1)°h1(—1)%1 — 33eas (1) eas (—1)*h1(—1)ha(—1)1 — 18eay (1) eag (—1)?ha(—1)°1

4 3eag (—1)%eay (—1)eay (e (—1)e—ay (—1)1 — 27eqy (—1)eay (= 1eay (—1)%e—ay (1)1

+ 3eas (—1)%eay (—1)eay (~1)h1(=1)1 + 9eas (1) eay (—1)eay (—1)h1(—1)ha(—1)1

— 18eay (—1)%eay (—1)eag(—1Deay (—1)e—ag (—1)1 — 3eay (—1)%ea, (—1Deas (—1)%e—a, (1)1

+ 13eags (—1)%eay (—1)eag (—1)h1(—1)e—a; (=11 4+ 9eay (—1)’ea, (—1)eas (—1ha(—1)e—a; (—1)1 + Seay (—1)%ea, (—1)%e_ay (—1)%1
+ 18eag (—1)%eay (—1)%eay (—1)e—ay, (—1)1 4 42ea; (—1)%eay (—1)%eag (—1)e—ag (—1)1 — 27eqs (—1)eay (=1)%eay (—1)1

—9eag (—1)eay (—1)h1(—1)e—a; (~1)1 — 27eqs (—1)%eay (—1)h2(—1)e—a, (—1)1 — 15ea (1) eag (—1)e—ay (—1)%1

— 5deag (—1)%eag (—1)eag (—1)e—ay (—1)1 — 63eay (—1)%eag (—1)%e—ag (—1)1 — 2eg(—1)ea, (—1)eay (—1)ea, (—1)°1

+ 2eg(—1eay (—1)eag(—1)eay (—1)%ha(—1)1 + 2e0 (—1)ea, (—1)eas (—1)%ea; (=1)e—ay (—1)1 + 3eg(—1)ea, (—1)%ea; (—1)%e_ay (=11
+ 8eg(—1eay (—1)%ea; (—1)h1(=1)%1 4+ 29eg(—1)ea, (—1)%eay (~1)h1(—1)ha(—=1)1 + 27ep (—1ea, (—1)%ea, (—1)ha(—1)°1

+ 6eg(—1eay (—1)%eay (—1)ea; (—1)e—ay (1)1 4 3eg(—1eay (—1)%eag (—1)eay (—1)e—ag(—1)1

4 10eg(—1)eay (—1)%eas (—1)h1(—1)e—ay (—1)1 + 15eg(—1)eay (1) eas (—1)ha(—1)e—ay (—1)1 + deg (—1)ea, (—1)%eay (—1)e—a, (—1)1
—8eg(—1)eay (—1)%e_ay(—1)e—ay (=1)1 = Teg(—=1Dea, (—1)*e_g(=1)1 + deg(—=1ea, (—1)*h1(=1)e_ag (—1)1

4 10eg(—1)eay (—1)*ha(—1)e_as (1)1 — 30eg (—1)eay (—1)eay (—1)ea; (—1)°h1(=1)1 — 5deq (—1)eay (—1)eay (—1ea; (—1)%ha(—1)1
—2eg(—1eag (—1)eag(—1)ea; (—1)%e_a; (—1)1 — 32e9(—1)eas (—1eas (—1)ea, (—1)h1(—1)°1

—96¢e0(—1)eas (—1)eas (—1)eas (—1)h1(=1)h2(=1)1 — 72e¢(—1)eas (—1)eas (—1ea, (—1)ha(—1)%1

—36€e0(—1)eas (—1)eas (—1)eas (—1)eas (—1)e—ay (—1)1 — 2ep(—1)eas (—1)eas (—1)%eaq (—1)e—ag (—1)1

—30eg(—1)eag (—1eag (—1)°h1(=1)e—ay (—1)1 — 36eg(—1)eas (—1)eag (—1) ha(—1)e_ay (—1)1

+13ep(=1)eas (—1)eay (—ear (m1)hi(=1)e—aqy (=1)1 + 12eg(—1)eas (—1)eay (—1)ea; (—1)ha(=1)e_qa, (1)1
—2leg(—1)eas (—1)eay (—1)eas (—1)ear (—1)e—ag (—1)1 — 27eg (= 1)eay (=1)eay (=1)eay (=1)ha(—1)e_ay (=1)1
—6eg(—1)eag(—1)eay (—Deag(—1)ea; (—1)e—ay (—1)1 + 21ep(—1)eay (—1)eay (—1)eas (—1)e—ay (—1)e—aq (—1)1

—13eg(—1)eas (—1eay (—1)eas (—1)hi(—1)e—ay (=1)1 — 27ep(—Deag (—1)eay (—1)eas (—1)h2(—1)e—ay (—1)1
+42¢e9(—1)eag (—1)eay (—1)%eaq (=1)e—ag (—1)1 — 10eg(—1eay (—1ea, (—1) e—ag (—=1)e_aq (—1)1
+42¢ep(—1)eag (—1)eay (—1)%eag (= 1)e_a(—1)1 + 18eo (= 1)eay (—1)eay (=1)%ha(—1)e_a, (—1)1
+3eo(—1)eas (—1)eay (—1)h1(=1)h2(=1)1 + 9eg(—1)eag (= 1)ea, (=11 (—=1)ha(=1)%1 — 15eg(—1)eag (—1)%eaq (=1)e—qay (—1)°1

— 5deg(—1)eas (—1)%eay (—1)ea; (=1)e—a, (=1)1 + 27ep (—1Deag (—1)%eay (—1)e—ay (—1)e—a, (1)1
+9e0(—1)eas (—1)eay (—1)h1(—1e—az (=1)1 — 27eg (—1)eas (— 1) €ay (—1)ha(—1)e—agz (1)1

—126¢9(—1)eas (—1)%eay (—1)ea; (—1)e—ag (—1)1 + 30eq (—1)eay (—1)%eas (—1)e—ag (—1)e—ay (—1)1
—63e0(—1)eag (—1)%eag (—1)%e_a(—1)1 — 5deg(—1)eay (1) eag (—1)ha(—1)e_a, (—1)1
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—9ep(—1eag (—1)°h1(=1)ha(—1)e—a; (—1)1 — 27eg(—1)eay (—1)*ha(—1)%e_q, (1)1

—eg(—1)%ea; (—1)%e_a, (—1)1 — 16ep(—1)%ea; (—1)*h1(—1)°1 — 63eg(—1)ea; (=1)*h1(—1)ha(—1)1

—63eg(—1)%eay (—1)%ha(—1)°1 — 9eg(—1)eay (—Dea; (—1)%e—ay (—1)1 — eg(—1)%eag (—1)ea; (—1)%e_ag (—1)1
—30eg(—1)%eag(—1)ea; (~1)h1(—1)e—ay (—1)1 — 5deg(—1) eag (—1)ea; (~1)h2(—1)e—ay (—1)1 — 9ep(—1) eas (—1) e_a, (—1)°1
—3ep(—1)%eay (—Dea; (—1)%e—a, (—1)1 + 18ep(—1)%eay (—1)ea, (—1)e—ay (—1)e—a, (—1)1

—13eg(—1)%eay (—1)ea; (~1)h1(=1)e—ag(—1)1 — 30eg(—1)ea, (~1)ea; (—1)h2(—1)e_ag(—1)1

+27eg(—1)%ea, (—1)eay (—1)e—ay (—1)°1 — 3eg(—1)ea, (~1Deas (—1)e—ag(—1)e—ay (—1)1 + 42eg(—1)%ea, (—1)%ea, (—1)e_o(—1)1
—18eg(—1)%ea, (—1)%e_ay (—1)e—ay (—1)1 + 5ea (—1) ea, (—1)°e—ag (—1)°1 — 3eg (—1) e, (—1)h1(—1) e_a, (1)1
—9ep(—1)%eay (~1h1(=1ha(—1)e—ay (—1)1 — 63eg(—1) eay (—1)ea; (1) e_ag(—1)

4 30e9(—1)%eas (—1)ea; (—1e—az(—1)e—a; (—1)1 — 5deg(—1)’eas (—1)ea, (—1)ha(—1)e_a, (=1)1

+27eg(—1)%eas (—1)eay (—1)e—ag(—1)e—ay (—1)1 — 126e9(—1)eag (—1)eas (—1)ea, (—1)e_g(—1)1

+ 5deg(—1)%eay (—1)eas (—1)e—a, (—1)e—ay (—1)1 — 15eg(—1)%eas (—1)eag(—1)e—ag (—1)%1
+9eg(—1)%eq(—1)h1(—1)e—ay(—1)e—ay (=1)1 4+ 9ep(—1)eq(—1)h1(—1)ha(—1)e_az(—1)1

+ 5deg(—1)%eg(—1)ha(—1)e—ay (—1)e—a, (—1)1 — 63eq(—1)%ea; (—1)%e_g(—1)1 + 5deq (—1)%ea, (—1)e—ay, (—1e—ay (1)1

—15eg(—1)%eay (—1)e—az (—1)%1 — 27eg(—1)%e_ay (—1)%e_ay (=1)1 — 9eg(—1)%h1(—1)e_ag(—1)e—ay (1)1

v;i“g = 72ea4ea569 — 966alea16989 — 726011&’&3 eageo + 368a18a4 eay€o t+ Ge,a3 eag€pey + 728,(126&46989 — 36@a3 €ag€agCas

+ 24eag€ay€ayay — 4€ay€ay€aya,y + 100h1eq  eazep + 10e_o; €aq€ay€as s + 18€a;€—asCaseoy — 45e_n; €anCayCayCay
+5e_aq€ag€ayasCay — 60€a; €aq€as€ago + 6€aq€agCagays — 42€q; €ag€agasas T 200, €ag€ayCayCay

+ 108hzeq, eagep — 45e—_o  haeageageo + 4€a; €ageasCayCas — 2€a; €agayCayCay + 126e_gea,easepen

+ 126e_ag€ayCagCages +30€6_a € €ageoes + 84€_a,€az€agCas€s —4€_a,€a,€a, Ca5€0 — 4€_az€ai€ay€0€h + 99€_ag€asCasCayen
+19e_ageag€ay€as€s —6€_ag€a €ay€a € — 426_ay€a;€agz€oCy — T26_ay-€—_ag€p€oey +90€e_a,€as€a,€as60 — 42€6_ay€ag€agCas€o
+6e_aseazea oo + 72e_agzh2easeqeq +45e_a,hiea,egeg + 90e_a,hoea,egeg — 80hieq, €ai e — 15e_a) €—a; €aq €asCas o

- 158—(116—&18&38&58&58&5 + 58—a1€—a18a48a48a58a5 — €—a1€a;CayCay€OCH — 2€a1€a1€a1€a3€a589 - 100hlealea3ea5eg

+ 4Ohlealea4ea4eg + 15hlea2ea4ea5ea5 — 50h18a38a38a58a5 + 3Ohlea3ea4ea4ea5 — 5hlea4e‘Me‘Mea‘4 + 32h1hlea4ea5eg

— 159hgealealegeg — 150h28a18a38a589 + 67hgealea4ea4eg — 54h28a38a38a58a5 + 36hgeagea4ea4ea5 — 6h26a4ea4ea4ea4

+ 8lhohieq,easep + 36hohoea, eag o + 3€—a;-€aq€a;€ayCay € + 3€aq €ay CagCayCasCas — €—aq Cay €asCasCas Cay

+ 38—a1€a1€a3€a4€a4€a5 —€—a€a1€ay€ayCayCay T 3Oe,ale,agealea56989 + 3Oe,ale,aaeagea56a569 - 1Oeale,agea4ea4ea569
+ 18e,ale,azealea4egeg - 27e,ale,a2e,azegegeg + 27e,ale,a2ea2ea5ea5eg =+ 2le,ale,a2ea38a4ea5eg — Se,ale,a2ea4ea4ea4eg
+9e_a,e—ashieagegeq + 5dea, e—ayh2eageoes + 13ea; hiea; eayaseo — 9e—ai hi€ayeagagas + 13€—a  hieasea,asas

—4de_q hieas€a €ayas + 12— hoea ea ages — 27e_o  ha.€as€asasCas + 9€ay h2€aseayasCas — 2€—ai h2ea,eayayay
—9e_qqhohieageageqs — 2Te_aq hahaeageag g — 2€a; €aq €ag CanCay €9 — 9€aq €aq €asCanCasCay — 2€a1 €aq CanCasCayCay

+ €eaj€a;anCayay ay — GBe,gealealegegeg — 1268,gealeasea58989 =+ 428,(98&18&48&48989 — 636,96‘13 .Q3€ay5 €ax €
+42e_geag€a, Ca €as€o — T€_g€a, €a €ay€ays — 63€_ag€aq€aqaseoey — 126€_ag€a; €agCayas€o +426_ag€a; €ayCayCas€o

— 63e_ag€az€agCasCagCay T 426 _a5€a5€a,CayCagCay — T€—a5€ayCayCayCayCas — 3€—ay€aqCaq€ay€hCsd — DA€ _a,€aq CanCayCar €l
—6e_a €aq€az€a Cas€o T 4€_a €aq€ay€a €ay €0 — Dd€_a,€ay€ag€asCasCas T 1860, €ay€ay€ayCasCay — 3€—ay€az€agCayCasCas
+tde_a €a3€a,€ayCayCay — €—ay€ayCoyCayCayCay — Dde_ah2.€0 eazepeg —de_o, haeageageageo + 18e¢_a, h2ea,a aseo

— €—_a3€aq€ayCaz€oCs — 21e,a36aleazea4ea589 - 2e,a38alea38a38a5eg + Be,a38a18a38a4ea4eg - 1567Q387a3€a1€96989

— 15e_a3€—a3€a5€as€e€s + 5€_a3€_a5€a,€a, €0€9 — 27€_03€an€Can€arsCayCasy — 186 _a3€a5€az€a,CayCay T 8€—a3€asCayCayCayCay
— €_a3€a3€ag€agCasag T 3€—agz€ag€agCayCayCay — E—az€agCayCayCayCoy — 13670(3}7,160‘16&46969 + Qe,aahleazeaseaseg
—13e_aghi.eazea azeo +4e_agzhiea ea ea o — 30e_agh2en; easeoes — 27e_azhaeas,aseases — 27e_azhaeagea,easeo

+ 10e—agzhz2ea,€a €a e +9€_azhohieageges — 9e_a,€aq€aqastoy — 36€_a,€aq€anCaszCas€sd + 6€_as€asCanayCays
+2€_a5€a;€ag€aga, € + 54 _ay€ o, €aq€p€0€0 + 5dE_as€_a €az€ag€ges — 18€_as€_ay €a €a, €0€0 + 2T€ay€_agz€anCasn
—3€e_ay€—a3€az€a, o€y — Qe,aze,aahlegegeg +27e_ay€—a9€ay€ay €0€0 — 9€_ay€_ay€agz€ag€0€o — 2T€_ay€as€asCayCasCay

- Qe,a2 €ag€ag€agasCay T Ge,azeazeasea4ea4ea5 +e—as€as€ay€ayCayay t+ 2e,a2 €a3€azCaz€ayCas — €—agCazCagCayCayCay
—30e_ash1ea;eazepes — 30e_a,h1eagazeages + 10e_a,h1€azea a0 — 3€—ashihiea,egep — 5de_ayhoea; eageocy

— 27e_agsh2eagea a9 — 36€_ayhoeageazeagey + 15e_a,hoeazea, €a, s — 9e_ayhahieae0eg — 30h1eaq €aq€asCas o

— 30h1€a; €asCaglayCas + 10h1€a, €ayCay ayas — 16h1hieq, eayegeg — 32h1hi1eq, €ageasep + 8h1hiea, eayeayco
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+ 3h1hleazea4ea5ea5 — 16h1hlea3ea3ea5ea5 + 8h1hlea36a4ea4ea5 — h1h16a4ea4ea4ea4 — 54hgealealea2ea5eg

+ 2h2ea; €aq agay s — 36h2en; €anCagCasCay + 15h2€a; anCayCayay + 2h2€a; €agCagayay — h2ea; €agCayCayCay
— 63hahi1eq; €a; oo — 96h2hlealea3 easeo + 29hoh1ea; €ayeay o + Yhahiea, €ay€apCay — 33h2h1ea3 €ag€agag

+ 19h2hieasea,ay€as — 3hahiea,ea, ea ay + 3hahihiea,eageq — 63hahaeq, eagegeg — T2hohoeq, €ageaseo

+ 27hahseq; €ay€a, e — 18hohoeageagCasas + 12hahoeageayayay — 2hahaea, ea € ea, +h2hohiea easen

APPENDIX B. POLYNOMIALS FOR SUBSINGULAR VECTOR OF V ~2(Bg).

We give in this appendix the explicit form of the polynomials in the symmetric algebra of
the Cartan of B3 appearing in Lemma 5.6.

po3 = —24(16h% + 112hah? + 64hgh? + 96h5 + 320h2hT + 104h2h7 + 496hoh?t + 368hahshi + 264hsh’ + 156h7 + 480h3 A%
+ 88h3h% + 984h3h3 + 472hohIhY + 260h3 K%Y + 444hoh? + 832h3h3h3 4 1032hahsh? 4 156h3h? — 16h% + 400h5h]
+ 41h3h% + 912h3 K3 4 296hahih® + 106h5h% + 246R2ZK% + 7T92h2h3R3 + 696hahih’®
— 7TTh3hT — 464hoh® + 928h3hsh? + 1412h3hsh} + 12hohsh} — 358hsh> — 180hT + 176h5h1 + 10R5hy
+ 376h5h1 + 91hohihy + 13hgh1 — 150h3hy + 328h3hhy + 154hohihy — 96h5h1 — T06h2hy + 584h5hSH,
+ 542h2hZh1 — 415hah2hy — 269h2hy — 476hah1 + 512hEhahy + T60h3hshy — 488h2hshy — 886hahshy
— 306h3hy — T2hy + 32R 4 hS + 48h5 + 11hahl — by — T6h; + 50h3h; + hohs — 13hs — 72h3 + 120h3 R
+ 33h3h5 — 111hah} + 135 + 442 4+ 160h3h3 + 100h3h3 — 265h3hs — 2Thohy 4 36h; + 24hs + 112h5h;
4 116h3hs — 244h3hs — 110h3hs + 54hahs — 36h3)
pe3 = —2(32h8 + 204hah® 4 128h3h5 + 19207 + 544h2hT + 200h2h7T + 986haht + 6T6hahshi + 536hsh}t + 312h%
+ 776R3 1% + 1520313 + 1934h303 + 839hah2h? + 500R2K% + 888hoh® + 1432h2hsh® + 2077hahsh® + 356hsh®
— 3203 4+ 624h3h3 + 56hgh’ + 1774h3hT + ATAhohSh? 4+ 160h5h? 4 592h2h3 4 1322h2h2H2 4 1301hohih?
— 156h2h2 — 814hah? + 1520h3 hah? + 2808h3hsh? + 209h2hsh’ — 636hsh’ — 360h> + 268h5h1 + 8h3hy
+ 730h3h1 + 115hohahy + 4highy — 120h5hy + 493h2hah1 + 196hahhy — 200h3hy — 1262h2hy + 927hSh2 R,
+ 974h2Zh3h1 — 69Thoh2hy — 580h2h1 — 824hoh1 + 808hahshy + 1497hihshy — 637h2hshy — 1718hohshy
— 528h3hy — 144h1 + 48hS + 96h3 + 8hohl — T2h3 + 59h3h; — 14hohy — 144R5 + 1710305 + 18K2A5
— 120h2h3 4 24h3 + 244h3h3 + 16Th3hs — 319h3h2 — 118hahl + 48ho + 172k hs 4 230hahs — 272h5hs
— 254h3hs 4 28hahs)
ped = —4(16hS + 9Thoh® + 64hsh® + 96h5 + 246h2h% + 96h2ht + 462hsh* + 323hohsh? 4 272hsh? + 156h%
+ 334h3h% + 64h3h3 4 860hZhY + 387hoh2h® + 240R2K3 + 4TThah3 + 654h3hah? + 989hahah? + 200hshs
— 16R% + 256h5h% + 16hsh? + T60hSh% + 193hoh3h? + 48h5h% + 402h3h3 + 586h2h2h% + 576hah2h?
— 68h2h% — 312hoh? 4 664h3hah® + 1268h2hsh? 4 192hahsh® — 284hsh? — 180h3 + 105h5hy + 308h5h;
+ 32hghshy — 16hahy + 43h3hy + 194h3h3hy + 33hahihy — 112h3 Ry — 488h2hy + 395h3h2hy + 393h5h3 R,
— 335haohZhy — 268hihi — 400hahy + 338h3hahi + 649h3hahy — 203h2hghy — 734hahshy — 252hshy — T2hy
+ 18RS + 42h5 — 6h3 + 16h2hs — 16hahy — 42h3 + 65h5hS — 15h2h5 — 50hahy — 12h3 4 100h3h2 + 57h3h3
— 119h2h% — 38hah3 + 69h3hs + 98hahs — TThihs — 86h2hs — 4hahs)
P23 = —2hy (hy + 2ha + hs + 2) (32h7 + 180hah® 4+ 96hsh® + 128h% + 3720202 4 104h2h? + 422k, k7
+ 392hohgh® + 216hsh> + 56h° + 332h5hy + 48h3hy + 332h3h1 + 273hoh2hy 4+ T6h3h1 — 176hshy
+ 520h2h3h1 + 341hohshy — 132hshy — 144hy + 108h5 + 8hjs — 26h5 + 61hoh — 12h5 — 512k
+ 175h2h3 — 34hoh2 — 176h3 — 402hy + 224h3hs — 3Thohs — 613hohs — 228hs — 72)
pE3 = —2hy (hy + 2ha + hs + 2) (16h% + 80hoh® + 48hsh?® + 64h% + 148h2R7 + 48h2h? + 217hah?
+ 176hohsh® + 112hsh? + 28h2 4 120h5hy + 16h3h1 + 188h2h1 + 112hoh2hy + 32h2h, — 66hah
+ 212h2hsh1 + 171hohshy — 52hshy — T2hy + 36hs + 3h3 + 16hoh3 — 16h3 — 216h3 + 64h3h2
— 46hah2 — 80h2 — 195hy + 84h3hs — 31h2hs — 261hahs — 108hs — 36)

po3 = —4 (h1 — 1) hy (h1 + 2ha + hg + 2) (b1 + 2hs + ha + 3) (16h2 + 63hahy + 32hghy + 32h1 + 63h3
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4 16h3 + 63ha + 63hahs + 32h3 + 12)
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