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AFFINE FLAG VARIETIES OF TYPE D

QUANYONG CHEN, ZHAOBING FAN, AND QI WANG*

ABSTRACT. The Hecke algebras and quantum group of affine type A admit geometric
realizations in terms of complete flags and partial flags over a local field, respectively.
Subsequently, it is demonstrated that the quantum group associated to partial flag vari-
eties of affine type C is a coideal subalgebra of quantum group of affine type A. In this
paper, we establish a lattice presentation of the complete (partial) flag varieties of affine
type D. Additionally, we determine the structures of convolution algebra associated to
complete flag varieties of affine type D, which is isomorphic to the (extended) affine
Hecke algebra. We also show that there exists a monomial basis and a canonical basis
of the convolution algebra, and establish the positivity properties of the canonical basis

with respect to multiplication.
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2 QUANYONG CHEN, ZHAOBING FAN, AND QI WANG
1. INTRODUCTION

The geometric realization of Hecke algebra has played important roles in geometric
representation theory. Iwahori [Iw64] provided a geometric realization of Hecke algebras
as convolution algebras H 4 on pairs of complete flags over a finite field. Soon after,
Iwahori and Matsumoto [IM65] realized the affine Hecke algebras H 7 by utilizing pairs of
complete flags of affine type over a local field. These works are the foundation of geometric
representation theory.

The geometric realization of quantum groups and Hecke algebras has always been a
topic of great interest and significance. Beilinson, Lusztig and McPherson [BLM90] made
a significant contribution by constructing a geometric realization of quantum Schur algebra
S;i 4 as convolution algebras on pairs of partial flags over a finite field. They also realized
the (modified) quantum group U(gl,,) in the process of the stabilization and completion
of quantum Schur algebras, and showed the modified quantum group U(g[n) admits a
canonical basis. In a subsequent work by Grojnowski and Lusztig [GL92], the Schur-Jimbo
duality is realized geometrically by considering the product variety of the complete flag
varieties and the n-step partial flag varieties of type A. The affine quantum Schur algebra
S.,.4 is by definition the convolution algebra of pairs of flags of affine type A in [Lu99, Lu00].
Also, there is an affine version of Schur-Jimbo duality formed in [CP96]. Motivated by
[BW13], Bao, Kujawa, Li and Wang [BKLW 14, BLW14] provided a geometric construction
of Schur-type algebras S;L’ 4 and Hecke algebras H¢ in terms of n-step partial flags and
complete flags of type Cy, respectively. Fan and Li [FL14] established a new duality
between the Quantum algebra S™ and the Iwahori-Hecke algebra Hp of type D attached
to SOp(2d) algebraically and geometrically by considering the (partial) flag varieties of
type D.

Recall that there is a lattice representation of the complete and n-step flag varieties
of affine type C over a local field in [Sa99]. The affine Schur algebra Sj ; (resp. affine
Hecke algebra Hg) are by the definition the convolution algebra of pairs of partial (resp.
complete) flags of affine type C' [FLLLW20]. The crucial point to study the structure of
the S;L’d, as long as the corresponding i-quantum group, for example, generators, relations

and the canonical basis etc., is the lattice presentation of the partial flag varieties. The
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quantum algebra Uy, is by definition a suitable subalgebras of the projective limit of the
projective system of Lusztig algebras, and the comultiplication homomorphisms gives rise
to show that Uy, is a coideal subalgebra of U(;[n)

To this end, it is compelling to ask what happens to the classical case of the affine type
D. The purpose of this paper is to provide an answer to this question, as a sequel to
[FL14, FLLLW20]. In section 2, we recall some results of flag varieties of type D over a
finite field. In section 3, our first main result is the construction of lattice presentation
which can be adapted to affine type D, on which the special orthogonal group SOg(V')
(where F' = F((£))) acts for the complete flag varieties Y9 and for the n-step partial flag
varieties Xi 4» Which is formulated in this paper, for n even. This lattice presentation can
be used to study the affine Schur algebra and the corresponding i-quantum group, which
has been study in forthcoming paper [CF]. In section 4, we parameterize the orbits for the
product Y x V9 under the diagonal action of the group SOp (V') by the set of matrices.
We show that the affine Hecke algebra HJ is by the definition the convolution algebra
of pairs of the complete flags in V9, and admits a monomial basis and a canonical basis,
which enjoys a positivity with respect to multiplication.

In this paper, we denote by N and [a, b] the set of nonnegative integers and the set of
integers between a and b, respectively.

Acknowledgement. We express our gratitude Haitao Ma for valuable discussions and
comments. This paper was partially supported by the NSF of China grant 12271120 and
12101152, the NSF of Heilongjiang Province grant JQ2020A001, and the Fundamental

Research Funds for the central universities.

2. FLAG VARIETIES OF TYPE D

In this short section, we introduce general conventions, fix some notation, and offer a
brief review of some definitions and facts for flag varieties of type D over a finite field. For
more details, we refer the reader to [W97].

Let F be a finite field of ¢ elements with odd characteristic. Fix a positive integer d

and set D = 2d. Moreover, we fix a symmetric bilinear form Q on FP whose associated
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matrix under the standard basis is

(2.1) J =

0

For a vector subspace W of FP| we write |[W| and W+ for its dimension and orthogonal
complement, respectively. A vector subspace W is called isotropic if W c W. For any
isotropic subspace W, the bilinear form @ induces a non-degenerate symmetric bilinear
form @‘WL/W on W+ /W. Moreover, the associated matrix of @‘WL/W is of the form (2.1)
with rank D — 2|WW| under a certain basis.

Denote by Op(D) and SOp(D) the orthogonal group and the special orthogonal group

with respect to Q, respectively. We have the following propositions.

Proposition 2.1. Let W and W' be isotropic subspaces with dimension d — 1 and f :
W — W' an invertible transformation. Then there exists g € SOp(D) such that glw = f.

Proposition 2.2. Let W be an isotropic subspace with dimension d— 1. Then there exist
exactly two mazximal isotropic subspaces Vi and Vo containing W. Moreover, these two

mazximal isotropic subspaces are in different SOp(D)-orbits.
Proposition 2.3. Let W and W’ be two mazimal isotropic subspaces. Then
[W/W NW'| =0 mod 2
if and only if there exists g € SOp(D) such that gW = W'.
Fix a maximal isotropic subspace M. Let % be the set of filtrations as following:
i~ {F = (F)o<i<p | |[Fi| =i, F, = F_, and |Fy N M| = 0 mod 2} .

By Proposition 2.3, SOp(D) acts on % component wisely, i.e., (¢F); = g - F;. Moreover,
SOp(D) acts transitively on % thanks to the condition |Fy N M| =0 mod 2.
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We consider the stable subgroup B of F' for some F' = (Fj)o<i<p € % . Suppose
{v1,--- ,vp} is a basis of F” such that @(vi,vj) = 0;,p+1—j and {v1,--- ,v;} a basis of Fj,
for 1 <1i < D. Denote by B; the subgroup of SOr(D) such that

Bi = {9 € SOr(D) | gF; = F;}.

It is easy to see that B = Nj<;<pB; is a Borel subgroup and # ~ SOg(D)/B.

3. LATTICE PRESENTATION OF AFFINE FLAG VARIETIES OF TYPE D

In this section, we will establish a lattice presentation of the complete (partial) flag
varieties of affine type D.

Let F' = F((€)) be the field of formal Laurent series over F and o = F[[¢]] the ring of
formal power series. Denote by m the maximal ideal of o generated by ¢.

Let V = FP be a vector space with a symmetric bilinear form Q : V x V — F whose
associated matrix under the standard basis is of the form (2.1). A free o-submodule £ of
V with rank D is called an o-lattice. Clearly, an o-basis of L is also an F-basis of V. For
any lattice £ of V', we set

LL={veV|QwL)cCo}, L={veV|QWL)Cm}.

The o-modules £F, £L* are also lattices of V. It is straightforward to show that (L£f)f = £
and £* = eL!. For any two lattices £ and M, the following equations hold:
(L+ M =Ln M, (LMY = L8+ M,
3.1) (L4 M)* =L NM*, (LNM)* =L+ M.
Moreover, for any g € Op(V'), we have

(3.2) gLt = (gL)*, gL* = (gL)".

3.1. Primitive lattice. A lattice L is called o-valued with respect to Q if Q(L, L) C o.

Suppose L is an o-valued, we can define an induced symmetric F-bilinear form
Q:L/eLx L)eL — o/m ~TF

by Q(z +eL,y +eL) = Q(x,y)|e=0-
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Definition 3.1. A lattice £ is called primitive if £ is o-valued and the induced symmetric

bilinear form @ is non-degenerate on L/eL.
Proposition 3.2. A lattice L is primitive if and only if £ = L.

Proof. Let {z1,--- ,xzp} be a basis of £ and B = (b;j) pxp the associated matrix of the

bilinear form under this basis. Denote by B* = (b;‘j) Dx D the adjoint matrix of B.
Suppose that £ is primitive. Then we have b;;,b}; € 0 and det(B) € o\m. We only need

to verify that £f C £. Let v = a1z1 + --- + apxzp € LF. Then Q(z;,v) €ofor 1 <i< D,

which means that
ai

(3.3) B : | eo”.
ap

By left multiplying B* on the two sides of (3.3), we have
det(B)a; €0 = a; € 0 = L = LF.

Conversely, suppose that £ = £f. Tt is apparent that £ is o-valued. If the induced
bilinear form @ is degenerate on £/cL, then there exists a vector v = 3 a;z; € L\eL such
that Q(v,z;) € m for 1 <i < D. This implies that e~'v € £¥, which is in contradiction to
L = L. We complete the proof. O

By a similar argument as that of [W97, Theorem 1.26] and [FL14, Lemma 3.1.1], we

have the following proposition.

Proposition 3.3. A lattice L is primitive if and only if there exists a basis {vi,--- ,vp}
of L such that Q(v;,v;) = 8 p+1—j-

Proof. One side is clear. Suppose that £ is a primitive lattice. Let {x1,--- ,xp} be a
basis of £ and B = (b;j) pxp the associated matrix of the bilinear form under this basis.
Then we have b;; € o and det(B) € o\m. Without loss of generality, we may assume that
bi1 € o\m. Let

=121, =1 — bl,ibl_lla:i for 2 <i<D.
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Then {,--- 25} is a basis of £ and the matrix B’ = (b;j)DXp of the bilinear form Q
under this basis is
L0 - 0
O K
0 bpy ==+ bpp
Performing the same produce, we can find a basis {zf,--- ,2,} of £ such that the as-

sociated matrix of the bilinear form ) under this basis is a diagonal matrix, denoted by
D = Diag(di1,- -+ ,dpp), where d;; € o\m for 1 < i < D. Note that there exist ¢; € o\m
and ¢;|l.—o = 1 such that d;; = Siic?, where s;; = djilc=0. According to [W97, Theorem
1.26], there exists a basis {v1, -+ ,vp} of L such that the associated matrix under this
basis is of the form (2.1). We complete the proof. O

Let M, L be two lattices such that e£ € M C £ = L£f and Q(M, M) C m. Then M /eL
is an isotropic subspace of £/eL, whose complement space is M*/eL. In particular, if
M* = M, then M /eL is a maximal isotropic subspace.

By a similar process of extending basis of finite type, we have the following proposition.

Proposition 3.4. Let M, L be two lattices such that e£L C M C L = LF. Assume that
QM, M) C m and |M/cL| = a. Then there exists a basis {vi,--- ,vp} of L such that

Q(vi,vj) = 6 pr1—j and {v1,- -+ ,Vq,EVa41, - ,€UD} a basis of M.
We now consider the set Z of pair of lattices
Z={(M,L) | M=M"L=L} L. MCL}.

By (3.2), there exists an Op(V)-action on Z by g - (M, L) — (gM,gL),VYg € Op(V).
Moreover, Op (V') acts transitively on Z by Proposition 3.4.

Proposition 3.5. Let (Mo, Ly), (M, L) be two pairs in Z such that
IM/MN M|+ |L/LNLy| = 1.
Then for (M', L") € Z, we have
(3.4) (MM O M| + (MM M|+ L)L Lol + |£/L N LI =1 mod 2.
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Proof. We shall to show that (3.4) holds in both of the following two cases:
(3.5) (a) M =My, |[L/LNLy=1; (b) L=Ly, I M/MNMy|=1.
Suppose that case (a) in (3.5) holds. We only need to verify that

L'/ L |+ |L /LN L) =1 mod 2.

According to Proposition 3.4, there exists a basis {vi,--- ,vp} of £ such that Q(v;,v;) =

8ip+1—j and {e71vy, v9,- -+ ,op_1,evp} a basis of Ly. We have
L=LNLy®Fup; Lo=LNLo®Fe oy

The result will be verified by showing that £ N Ly N £’ is exactly properly contained in
exactly one of the LN L' and £ N Ly. We verified it by contradiction. If £ N Ly N L'
is properly contained in £ N £ and £’ N Ly, then there exist y1,y2 € £ N Ly such that
vp +y1 and e tvy 4+ yo € L/, which is absurd since £’ is primitive. So we may suppose
that LNLoNL =LNL =LoNL'. Tt is equivalent that £+ L' = L+ L', which means
that vp =2 +y+ac'v; € L for some z € L',y € LN Ly and a € F. We get a = 0 since
Q(z,x) € o. Similarly, there exist 2’ € £ and y’ € £LN Ly such that e vy = 2’ +9/. This
is a contradiction to Q(z,z') € 0. We complete the proof of the case (a).

The proof of case (b) is a counterpart in case (a) and so we omit it. O

Similar to the argument of finite case, which is formal and not reproduced here, we have

the following proposition.

Proposition 3.6. Let (Mg, L), (M, L) be two pairs in Z defined as in Proposition
3.5. Then (Mg, Ly), (M, L) are in different SOp(V')-orbits. Moreover, there exists g €
Or(V)\SOr(V) such that g(My, Ly) = (M, L).

The following proposition shows that there are exactly two SOp(V')-orbits on Z.
Proposition 3.7. For any two pairs (Mg, Ly), (M, L) € Z, we have
IM/MN M|+ |L/LN Lyl =0 mod 2

if and only if there exists g € SOp(V') such that g(Mg, Lo) = (M, L).
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Proof. Assume that |[M/M N Mo| + [L/L N Lo| = 0 mod 2. We shall define (M, L;)
inductively by setting that

Miy1=eL; + MnNL;, Livi=Mip1+LN 6_1./\/12'4_1, for ¢ > 0.
By (3.1) and induction, we have M} = Mi,ﬁg = L;. For i,a € N, we get
MNe " Mi=MNe "Lisg=MNe M1 =Mne 1L,

This implies that
M;
Mi_in Ml

Mﬂﬁi_l‘_ MnNM;
N MNM;_4 ’

i—1

Similarly, we have
LNe Li=LNe M, =LNe i1 =LNe %2 M;_q,

and

LNe "My LNL;
‘,cmzi_l‘ :‘ LOLi1 ‘: ‘,cm,ci_l '

Thus,
‘cm co‘ = Z 1fml€aifﬁo\ - Z ‘ﬁﬁﬂﬂﬁi 1
|- Tl | 5 Mo
So we have the following diagram:

(Mo,ﬁo) — (Ml,ﬁo) — (Ml,ﬁl) — (Mz,ﬁl) — (Mz,ﬁg) —
— (M, L) — (Mpg1, L) — (Mpg1, Lig1) —

(3.6)

According to diagram (3.6) and Proposition 3.6, there exists g € Op(V)\SOg(V) such
that g(Mo, Lo) = (M, L).

Conversely, suppose that there exists g € SOp (V) such that g(My, Ly) = (M, L). Let
(M’ L") be a pair in Z such that (M, L), (M’, L) are two pairs defined as in Proposition
3.6. If

IM/ MO M|+ |L/LN Lol =1 mod 2,
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then according to Proposition 3.5, we have
IM'JM Y Mo| + |£' /L N Lo| =0 mod 2.

From above results, there exists ¢’ € SOp(V) such that ¢'(Mo, Ly) = (M',L’). We have
9 g(M, L) = (M L"), which is contray to Proposition 3.6. We complete the proof. O

3.2. Complete affine flag varieties of type D. Fix a pair (M, L) € Z, we consider
the set V9 of all collections A = (A;);ez of lattices in V' as following:

Y :{A = (Niez | Ai C Nip1, Ai = eliyp, A7 = Ap—y, [Ai/Aia| =1,
for i € Z, |£/L N Ap|+ |M/M N Ay =0 mod 2}.
From (3.2) and Proposition 3.7, we define an SOp(V')-action on Y3 by g : A — g(A) = A/,
where AL = g(A;) for i € Z.

Proposition 3.8. The action of SOp(V) on Y is transitive.

Proof. Let AJ = (Ag)ieZ € VY for j € {1,2}. By Proposition 3.4, we can find bases
{v{, . ,U]b} of A]b as in Proposition 3.3 such that {U{, e ,fug,avljﬂ, e ,Evjb} are bases
of Ag , for i € [1,D]. We define a linear transformation g of V by sending v} to vZ. It
is easy to verify that g- A' = A2 and g € Op(V). According to Proposition 3.7, there
exist p1,p2 € SOp(V) such that p1(M, L) = (AL, AL) and pa(M, L) = (A3, A%). Thus

papy HAL AL) = (A% A2)). Moreover, we have
IAL/AY A2+ AL /AL N A% =0 mod 2,
which implies that g € SOp(V). O

Given A = (A;)iez € V3, we consider the stable subgroup I of A. Let {vq, -+ ,up} be
a basis of Ap defined as in Proposition 3.3 such that {vy, - ,v;, €041, ,evp} is a basis
of A; for 1 <14 < D. Denote by I, the subgroups of SOp(V) such that

In, = {9 = (9rs)DxD € SOR(V) | gAi = A}
For the lattice A; and g € I,,, we have

Zgrsvs e, forl1 <r<i; Zegrsvs eA;, fori<r<D.
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Thus, we get that
m, ifl1<r<i,i<s<D;
grs € m_l, ifi<r<D, 1<s<i;
0, otherwise,

where m™! is the o-module generated by e~'. Moreover, we have Iy = Ni<i<plIa,, and I

is consists of the elements as the following form:

om .-+ m m
00 - m m
(3.7)
o0 -+ 0 m
o 0 - 0 0]

Hence I, is an Iwahori subgroup and Y3 ~ SOp(V)/I,.

3.3. Partial flag varieties. Fix an even positive integer n = 2r, for some r € N. Let

an, 4 be the set of chains L = (L;);cz of lattices in V subject to the following conditions:
(38) L; C Li—i—la L, = ELH—na L;k =L, ; VieZl.

Then SOp(V) acts on Xi 4 by component-wise action. Denote by Xs’g and Xs’cll the subsets

of A7 ; as following:
X0 ={L=(Li)iez € X2 4 | IM/Le " M| +|£/Ly N L] = 0 mod 2} ;
X0y ={L=(Li)icz € X34 | IM/L O M| +|L/Ly, N L] = 1 mod 2} .

Then thd can be decomposed as Xg’d = XE:S U Xs; We set

(3.9) Ag’d =< A= (Ai)iEZ € NZ ‘ ANi =M= /\H_n,VZ' € Z; Z N=D

1<i<n

The set X° , admits the following decomposition:

Xa= || Au@), where X (a) ={L € X3, | |Li/Li1| =a;,Vi€ Z}.

a=(a;)€A? ,
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For the partial flag varieties, we have the counterpart of Proposition 3.8.

Corollary 3.9. Assume L = (L;)icz, L' = (L})icz € an’g NAY (&) (resp. an’; nad @)
for some a = (a;)iez € Abmd. Then there exists g € SOp(V) such that g- L = L'.

Let L = (L;)iez € Xg’d(a) for some a = (a;)iez € Afl’d. Denote by Gp(,) the stabilizer
of L under the basis defined as in Proposition 3.3. By the same argument as for the

complete case, each element of G p(,) is of the form as following:

B m .- m m
o By --- m m
(3.10) T
0 0 B,.1 m
| o 0 0 B,

where B; is the block of type a; x a; with all entries in o for 7 € [1,n]. Moreover, G p(a) is

a parahoric subgroup. Then we have

= | {r= e e X | Letu@) = ] 805(V)/Cpa,

0 0
aEAn,d aeAn,d

and A7) ~ A0~ | xe, SOF(V)/Gpa)-

4. GEOMETRIC REALIZATION OF THE AFFINE HECKE ALGEBRA

In this section, we study the convolution algebra H$ of pairs of complete flags of affine
type D. We present multiplication formulas in ’Hg with generators, and prove ’Hg is

isomorphic to the (extended) affine Hecke algebra of type D.

4.1. Parametrizing SOp(V)-orbits on Y9 x V3. Let X, be the set of matrices with

entries being non-negative integer as following:
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Yd :{O' € MatZXz(N)

0ij = 01-i1—j = Oit+D j+D, Vi,] € Z, E oy = E o =1,
i

J
Z o5 + Z 0;; = 0 mod 2}.

i<0<j i<d<j
Let SOp (V) act diagonally on the product Y x V3. Thanks to the condition
|L/LNAp|+ |M/MN Ay =0 mod 2,
we may define a map @ from the set of SOp(V)-orbits in Y x VI to X4, by sending the
orbit SOp(V') - (A, A) to o = (04j)i jez, where
v ‘Ai—l +A; N A;'—l ‘

By the definition of o;;, we have
S A+ A ZﬂAl ]‘_‘AD_Z'—FAD_H_Z'QAID_H_]-‘
il
=i = A, +A_;NA- Ap—_; + Apt1-; N A/D—j
‘ 21+A Ai+ AN A
Ni_q+ A,) i—1 + AN A
By a similar argument as for [FLLLW20, Proposition 3.1.2] and [H99, Proposition 2.6],

we have the following proposition.

‘ = Ojj, for i,j € Z.

Proposition 4.1. Let 0 = (0y5)i jez be the associated matriz of (A, A") under the map ®.
Then we can decompose V into V = @®; jezVi; as F-vector spaces satisfying that |Vij |= 04,
@ Vkla A; = @ Vkly Vi,j € 7.
kIEZ k<i klEZI<j

Moreover, there exists a basis {x}|1 <m < a;;} of Vi; such that

7,7 Ex2+Dj+D, VZJEZ 1<m<0’Z],

’

Z,x@)z@(azkl, zii), Vi, j, k,l € Z, 1<m<o,1<m <oy,
(4.1)
( Z)xz;): ( zg)xk—i-D]—i-D) \v/iajyk’lezalgmgo-ijalém < Ok,
(Z,x@): Ommts V1<i,k<D,i+k=D+1,j+1=D+1.
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From proposition 4.1, we have the Iwahori-Bruhat decomposition for the group SO (V).
Proposition 4.2. The map ® : SOp(V)\YV) x V3 — X4 is a bijection.

Proof. By Proposition 4.1, & is clearly surjective. Assume that there exist two pairs
(A, A), (A, A') of lattice chains in 3 such that ¢(A, A') = ®(L, L’) = 0. We can find bases
{z}}} and {y7 } for the pairs (A, A’) and (A, N ), respectively, defined as in Proposition 4.1.
We define a linear transformation g : V' — V by sending z; to y fori,j € Z,1 <m < oyj.
Then we have g € Op(V) and g - (A, A") = (A, A’). Moreover, since A and A’ belong to
V3, we get g € SOp(V) from Proposition 3.7. We complete the proof. O

4.2. Convolution algebra. Let v be an indeterminate and A = Z[v,v~']. We define
,HS;A = ASOF(V)(yS X yg)

to be the space of SOp(V)-invariant A-valued functions on Y x Vy. For 0 € X4, we
denote by [o] the characteristic function of the corresponding orbit O,. Then ’Hg; 4 is a
free A-module with a basis {[o] | 0 € X4}. We define a (generic) convolution product % on
HZ;A as follows. For a tripe of matrices (o, 0’,0") € Xgx 34X 34, we choose (A, ") € Oy,
and let g, .7 57,4 be the number of A’ € Y9 such that (A,A') € O, and (A',A”) € O,.
Then there exists a polynomial g, o, € Zv,v~!] such that gy s o/ = Goo’ o o= v for

every odd prime power q. We define the convolution product on 7-[3. 4 by letting
0] %[0l = Goor 010",
0.//

Equipped with the convolution product, the A-module ”Hg; 4 becomes an associative A-
algebra. We set that

HY = Qv) @4 Hia-
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We shall provide an explicit description of the multiplication formulas of HJ. For any
1 <j <d—1, define the characteristic function [7}] in ’Hg; 4 by

1, if Ay = AL Vi € [0,d)\{j}, A; # Af;

0, otherwise.

[T5)(A, A) = {

1, if A; = AL Vi € [2,d], Mg # Ay, Ay # N, Ay C Al

0, otherwise.

[TO](AvA,) = {

1, 0f Ay = ALV € [0,d =2, Mgy # Ny, Ag # NjyAg oy C N

0, otherwise.

[Td](AvA,) = {

1, if Ay = AL Vie[Ld—1],Ag # Ay, Ag # Aly;

0, otherwise.

[TP](AvA,) = {
For i,j € Z, let EY be the Z x Z matrix whose (k,[)-th entries are 1, for all (k,l) =
(i,7) mod n, and 0 otherwise. We set
Eéj — Fi 4 pl-il—i,

Moreover, we define a function on Z x Z by

&(z,y) = { 2 =y

0, oterwise.

By a similar argument to [Lu99, Proposition 3.5] and [FLLLW20, Lemma 4.3.1], we get

the following lemma.

Lemma 4.3. Assume that h € [1,d —1]. Let 0 = (05)ijez € Xa-
(a) Assume that o, = op1, = 1. Then

(4.2) [Ty % [o] = v* "D [g — EFF — g 4 B EITER) L (8RD — 1)[6].
(b) Assume that o_1, = o1, =1. Then

(4.3) [To] * [o] = v¥®V[o — E;VF — E3Y 4 BV 4 By + (080D — 1)[q].
(c) Assume that 04_1 = 0q+1, = 1. Then

(44) [T =[o] = " ™o — Bg7H — BT 4 BT 4 BT (08D — 1)[o].
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(d) Assume that oo, = 0q; = 1. Then
(4.5) [T,) % [0] = [0 — EY* — EF' + By* + EJTH.

A product of basis elements [Bi] - - - % [By,] in ”Hg; 4 is called monomial if for each i, B;
is of the form 7, for some a € [0,d] U {p}.

From Lemma 4.3 and a similar argument to [BF05, §8.6], we get the following proposi-

tion.

Proposition 4.4. For any o € 3, there exists a monomial product [By]*- - -x[Bn] € H. 4
such that [o] = [Bi] * - -+ * [Bp,].

Proof. By the results of [BF05, §8.6], for any matrix o = (o) € ¥4 such that Zi§0<j oij =

Zigd <;0ij =0 mod 2, there exists a monomial product such that
(4.6) [0] = [B1] % -+ [Bn],

where B; is of the form Tj for some j € [0,d]. By Lemma 4.3, given a matrix o € ¥4

satisfying that >, o, 0ij = 3 ;<4< ; 0ij = 1 mod 2, we have

where 0/ = 0 — Eg’k — Eg’l + Eel’k + Eg+l’l. Then there exists a monomial product such
that [0'] = [B]] *---« [B/ ] is of the form (4.6). Thus,

o] = [Tp] * [Bi] =+ * [Bpy.
We complete the proof. O

Example 4.5. Consider the matriz o = (045)i jcz € Lq as following:
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C-1|C |C1L|C| " |Cd|Cd+1 | """ |CD-1|CD | CD+1

T1 1

T2 1

Td+1 1

TD—-1 1

rD 1

where ‘r;” and ‘c;’ in the table indicate the i-th row and j-th column of the matriz o,

respectively. We have
[O’] = [Tp] * [Tl] koo ok [Td—l] * [Td] * [Td_g] koo ok [Tl]

Recall [Lu83] that the (extended) affine-Hecke algebra Hbvd of type D is a unital as-
sociative algebra over A generated by T; for i € [0,d] and T, subject to the following

relations:

T? = (V¥ = 1)T; + 0%, 0<i<d,
TiTj Ty = T TiTj, 1<j<d-—1,
T;T; =T;Ti, 1<4,j<d-T1and[i—j|>1,
ToT, =TTy, k#2, Ty =TTy, 1#d—2,
101210 = 121012, Ty—oTili—2 = Tily—2Tyu,

(4.7) To =T, 11T,, Ty=T,T43 1T,

(4.8) T, =T,I\T, 1<i<d—1.

Proposition 4.6. The assignment of sending the functions [Ty], for a € [0,d] U {p}, in

the algebra HS,A to the generators T, of Hbvd in the same indexes is an isomorphism.
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Proof. The relations above except the labeled ones are reduced to the finite type and hence

omit it. Since (4.8) is clear, we only need to prove (4.7) holds. Note that
[Tp] * [T1] * [Tp] = §G'r, 1 [To],
where G, 7, is set of the pairs (A, A”) in Y x V] determined by the following conditions:
(1) Ay =Af=A1NAY
(2) A/l = Al and All/ = Al;
(3) A=Al =A; fori € [2,d];
(4) (A, A) is a fixed pair in Y3 x ) whose associated matrix is Tp.
It is clear that §G7, 7, = 1, which implies that [Ty] = [T}] * [T1] * [T},]. The left one is

similar, and hence we omit it. O
4.3. The canonical basis of HS;A. Fix A € V3. For 0 € ¥4, we define
YA={N eI (AN)EO,}.

This is an orbit of the stabilizer subgroup Stabgg,.(1/)(A) of SOr(V'), and one can associate
to it a structure of quasi-projective algebraic variety. Now, we compute its dimension d(o).
The following lemma analogue of [Lu99, Lemma 4.3] and [FLLLW20, Lemma 4.1.1].

Lemma 4.7. Fiz A € V3. For o € X4, the dimension of YA is given by

(4.9) d(a):%( Z TijOkl — Z oij — Z O’Z'j).

i>k,j<l i>1>j i>d+1>j
i€[1,D]

Define a partial order ” < ” on ¥4 by ¢ < ¢’ if O, C O,. For any 0,0’ € ¥4, we say

that o < o’ if and only if
Y oou< Y ok, Vixjg
k>i,1<j k>i,1<j

Since the Bruhat order of affine type D is compatible with the Bruhat order of affine type
A, we see that the partial order ”<” is compatible with the Bruhat order of affine type D.

Assume for now that the ground field is IF of the finite field F. Let IC, be the intersection
cohomology complex of the closure Y_Uf\ of YJA, taken in certain ambient algebraic variety

over T, such that the restriction of the stratum IC, to Y} is the constant sheaf on Y.



AFFINE FLAG VARIFETIES OF TYPE D 19

We refer to [BBD82] for the precise definition of intersection complexes. The restriction
of the i-th cohomology sheaf ”H%,A (IC,) of IC, to YU/} for o/ < o is a trivial local system,

whose rank is denoted by n, ;. Set

{o}a = Z P, ;|o], where Py, = Zno,707ivi—d(0)_

o’'<o 1€Z

The polynomials P, , satisfy

)

P,y =1, Py, cv 'Zv™ Y for any o’ <o.
Recall {[o] | o € ¥4} forms an A-basis of ”Hg; 4- We have the following theorem.

Theorem 4.8. The set {{o}a | 0 € X4} forms an A-basis of . 4, called the canonical
basis. Moreover, the structure constants of 7-[3. 4 with respect to the canonical basis are in
N[v,v~1.
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