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We study the integrability to second order of the infinitesimal Einstein defor-
mations of the symmetric metric g on the complex Grassmannian of k-planes
inside C". By showing the nonvanishing of Koiso’s obstruction polynomial,
we characterize the infinitesimal deformations that are integrable to second
order as an explicit variety inside su(n). In particular we show that g is
isolated in the moduli space of Einstein metrics if n is odd.
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1 Introduction

Let g be an Einstein metric on a closed manifold M™, that is Ric, = Fg, where

E = SC;’;I" is the Einstein constant. An important problem is to decide whether g is
rigid, i.e. whether the equivalence class [g] under homothetic scaling and pullback by
diffeomorphisms is isolated in the moduli space of Einstein structures. By a deep result
of Koiso [8, Thm. 3.2], g is not rigid if and only if there exists an analytic curve (g;)
of Einstein metrics through ¢ = ¢o that are not all equivalent. In fact, this curve
may be taken to consist of unit volume metrics and to be transversal to orbits of the
diffeomorphism group. Thus one may assume the tangent vector h = gg to be a so-called
ti-tensor, i.e. h is traceless (trh = 0) and transverse (divergence-free, 6h = 0). The
symmetric 2-tensor h = ¢y then satisfies the linearized Einstein equation Aph = 2FEh,
where Ay, is the Lichnerowicz Laplacian. The solutions to this equation which are in
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addition tt-tensors are called infinitesimal Finstein deformations. The finite-dimensional
space of infinitesimal Einstein deformations of ¢ is denoted by &(g). Canonically, the
isometric group of (M, g) acts on £(g). For a comprehensive exposition, we refer the
reader to the monograph of Besse [2, §12].

It follows immediately from Koiso’s results that ¢ is rigid if £(g) is trivial. However
the converse is in general false, as illustrated by the symmetric metric on CP?* x CP!
[7]. The question is thus: given h € £(g), does there exists a curve of Einstein metrics
(g9¢) with h = go? If this is the case, the infinitesimal deformation h is called integrable.

The main tool for studying this question is the Einstein operator

B(g) = Ric, - S scalgvolgg7
m
where the volume of ¢ is normalized to one. If (g;) is an analytic curve of Einstein metrics
of volume one, then E(g;) and all its derivatives have to vanish at ¢ = 0. This gives
a sequence of obstructions for an arbitrary curve through ¢ to be a curve of Einstein
metrics. An element h € £(g) is called integrable to order k there exists symmetric
2-tensors hg, ..., hy such that for the curve (g;) defined by

k tj
g =g+th+y —h;
=2

the first k derivatives of E(g;) vanish at ¢t = 0, i.e.

d’ :
@t:OE(gt)ZO forj=1,... k.

An element h € e(g) is called formally integrable if it is integrable to all orders, that
is, if there is a formal power series solution of E(g;) = 0. Koiso showed that this is in
fact equivalent to integrability, i.e. the existence of an actual curve of Einstein metrics
through ¢ with first order jet h. In particular, if A is not integrable to order k for some
k € N, then there does not exist a nontrivial curve of Einstein metrics through ¢ and
thus the metric g is rigid.

By definition, any h € £(g) is integrable to first order, i.e. the curve g, = g + th solves
the Einstein equation to first order in the sense that the first derivative of E(g;) vanishes
at t = 0. The next step is to study the question whether a given h € £(g) is integrable
to second order. For this, one has to find a symmetric tensor h, such that the curve
gt = g+th+ %hg satisfies

d2
~ 42 li=o
that is, E}(h,h) € imE]. Koiso showed that this is equivalent to E(h, h) being L*-
orthogonal to the space e(g) itself [7, Prop. 3.2]. Hence h € £(g) is integrable to second

order if and only if W(h, h, k) = 0 for all k£ € €(g), where the trilinear form VU is defined
by

0 E(g) = Eg(h, h) + Ej(ha), (1)

\I/(hl, hg, hg) = (Eg(hl, hg), hg)L2 for hl, hg, hg c E(g)



Thus a necessary condition for integrability to second order for an h € &(g) is the
vanishing of the Koiso obstruction W(h) = W(h, h, h). Koiso gives an explicit formula for
W(h), which is a complicated combination of second order derivatives of h [7, Lem. 4.3],
which is in general rather difficult to compute.

In [I0, Thm. 1.1] an explicit formula for the full obstruction form W(hy, hs, h3) is given
in terms of the Frolicher-Nijenhuis bracket in a coordinate-free way. For the special case
hy = hy = hy = h it recovers the Koiso obstruction W(h). In particular, it turns out that
VU is symmetric in all 3 arguments. However, it can be shown a priori that on €(g), the
form W coincides with the third variation of the Einstein—Hilbert functional at ¢ and is
thus completely symmetric. Hence the new formula for W(hy, hs, h3) can also be checked
by reformulating the Koiso obstruction and then polarizing.

Let (M,g,J) be a compact Kéhler-Einstein manifold with Kéhler form w. In this
case, a further simplification of the expression for ¥ is possible. Identifying symmetric
2-tensors with symmetric endomorphisms of T'M via the metric, one has a splitting of
Sym? T*M into endomorphisms commuting resp. anti-commuting with J, and a corre-
sponding splitting

e(g) =¢e"(g) @ (9).

Koiso showed in [§] that
et (g) ={FoJ|F e Q)" (M) Nker(A — 2E) Nker d*},

where Qg'(M) is the space of primitive (1,1)-forms and A = dd* + d*d is the Hodge
Laplacian. Now [10, Thm. 1.4] gives the following criterion{!

1.1 Proposition. Assume that (M, g, J) is a compact Kihler—Einstein manifold with
€ (9) =0. Then h = F o J € (g) is integrable to second order if and only if

wAdG,FNAF),, + (wWAdF,F ANdG+ G NdF),, =8E(F?0 J,G) .,
L L L

holds for all elements G o J € e*(g). In particular, the Koiso obstruction for h = F o J
can be written as

U(h) =6(wAdF,FNdF),, —=8E(FAF,FAw),,. (2)

In [6] Koiso already studied the case of compact symmetric spaces M = G/K and
arrived at the following list of infinitesimally deformable spaces:

1.2 Proposition. Only the following irreducible symmetric spaces of compact type admit
infinitesimal Einstein deformations:

(i) M =SU(n) with n > 3,
(i) M =SU(n)/SO(n)  with n > 3,
(iii) M =8SU(2n)/Sp(n)  with n >3,

IThe original version contained a numerical error: the factor 8 E originally read %



(iv) M =SU(p+q)/S(U(p) x U(q)) with p,q>2,
(V) M = EG/F4.

In all of these cases it turned out that £(g) = g as a G-module, where g = iso(M, g)
is the Lie algebra of GG, which is also the isometry group of (M, g). Moreover, in these
cases the Koiso obstruction can be viewed as an invariant cubic polynomial on g, i.e. as
an element of (Sym?® g*)“.

Koiso already showed that all infinitesimal Einstein deformations on M = Eg/F), are
unobstructed to second order simply because in this case (Sym®g*)¢ = 0. The first
substantial progress on the rigidity problem for compact symmetric spaces was recently
obtained in [I]. The authors show that the bi-invariant metric on SU(n) is rigid for n
odd, thereby exhibiting the first example of a rigid Einstein metric on an irreducible
manifold. In addition, for n even they describe the variety of infinitesimal Einstein
deformations integrable to second order.

In this article we will study the complex Grassmannians M = SU(p + ¢)/S(U(p) x
U(q)), with p,q > 2. These are the only Hermitian symmetric spaces in the list above.
Moreover, all other spaces in the list admit an invariant symmetric 3-tensor [4, Prop. 2.1],
which can be used to give an explicit parametrization of the space £(g) by Killing vector
fields through a bundle morphism [I, Lem. 2.8]. For the Grassmannians we need another
way to make the isomorphism g = e(g) explicit. Extending and generalizing the approach
of [I0], we construct it as a first-order differential operator instead of a bundle map.
The construction in [10] relies on the quaternionic Kéhler structure of the two-plane
Grassmannians, however our approach shows that this is not a crucial ingredient.

We note that the complex Grassmannians satisfy the assumptions of Proposition [L.]
since the space e~ (g) vanishes, as will become evident later. This enables us to make
use of the simpler form (2)) for the obstruction polynomial.

In [I0, Thm. 1.5] it is shown that the symmetric metric on the 2-plane Grassmannian
SU(n + 2)/S(U(2) x U(n)) is rigid for n odd. More generally the set of infinitesimal
Einstein deformations integrable to second order is explicitly characterized as an alge-
braic subset of g = su(n + 2). We prove a similar statement for all Grassmannians,
simplifying the argument, and recovering the results of [10] in the special case of the
2-plane Grassmannian. Our main result is the following.

1.3 Theorem. Let M = SU(n)/S(U(ny) x U(n_)), n = ny + n_ with ny,n_ > 2,
the complex Grassmannian with its Hermitian symmetric structure (M, g, J). Then the
following holds:

(i) The set of infinitesimal Finstein deformations in £(g) which are integrable to second
order is isomorphic to the variety

2= {X € su(n)

X2 = tr(Xz)In}.

(i) If n is odd, then all infinitesimal Finstein deformations are obstructed to second
order. Thus the metric g is rigid.



The structure of the article is as follows. §recalls some basic facts about the structure
of the complex Grassmannians as a homogeneous space and introduces some notation.
In §3] we shall discuss the required fibrewise machinery, that is, considerations of rep-
resentation theory and curvature, and some auxiliary invariant objects are introduced.
After a brief discussion of Killing fields and potentials in §4] together with some dif-
ferential identities, we explicity parametrize the infinitesimal Einstein deformations by
Killing vector fields in §5l

Before we can take on the Koiso obstruction polynomial ¥, we collect some of the
properties of and identities between invariant cubic forms on su(n) resp. on Killing
fields in §6l Finally, in §7] we express ¥ in terms of previously defined polynomials and
prove Theorem [L.3

Returning to the list in Proposition [.2] we note that the only remaining spaces where
one can expect to show rigidity are SU(n)/ SO(n) with n > 3 odd. Indeed, for G = SU(n)
with n even, Propositions and show that there always exist infinitesimal Einstein
deformations that are integrable to second order, regardless of whether the obstruction
polynomial ¥ vanishes identically or not. Therefore, in order to investigate the rigidity
of the remaining symmetric spaces, one would have to take into account at least the
third order obstruction. That is, given an infinitesimal deformation h € £(g) together
with a symmetric tensor ho satisfying the second order condition [I by differentiating
E(g;) thrice and applying Koiso’s orthogonality argument [7, Prop. 3.2], one needs to
check whether

E}(h, h, h) + 3B (h, he) L e(g).

A closed formula for E’g” , which would involve the third variation of the Ricci tensor, is
however currently lacking.

2 The structure of the complex Grassmannians

Let ny,n_ > 2 and n =n4 + n_. We consider in this article the complex Grassman-
nians
SU(n)
S(U(ny) x U(n_))’

a symmetric space of real dimension 2n,n_. Denoting with g and £ the Lie algebras
of G and K, respectively, we have a reductive decomposition g = £ & m that satisfies
the Cartan relation [m,m] C €. The isotropy representation m, canonically identified
with the tangent space T, M at the identity coset, is as a complex representation of K
isomorphic to C"+ ®¢ (C"-)*, where C* denotes the definining representation of U(k).

Equipped with the standard metric g induced by the negative of the Killing form
(see §3.1) and the canonical complex structure J corresponding to multiplication with
i on m, the manifold (M,g,J) is an irreducible Hermitian symmetric space, and in
particular Kahler—Einstein of positive scalar curvature.

Since (M, g) is a symmetric space, the Lie algebra of Killing vector fields iso(M, g)
is isomorphic to g. The isomorphism is explicitly given by taking fundamental vector

M=G/K =




fields, that is

-~ -~ d
g3 X +— X, X, = i exp(tX)p.

We frequently and tacitly identify 2-forms o € A%T » M via the metric with skew-
symmetric endomorphisms o € so(7,M), and we do not notiationally distinguish be-
tween those two. Concretely, the identification is given by

g(aX,Y):=a(X,Y), X, Y eT,M.

In particular, J is identified with the Kahler form w.
Let AM'T*M be the (real) subbundle of (1,1)-forms, i.e. 2-forms commuting with J,
and let
AS'T*M = {a € AMT*M | tr(aJ) = 0}

be the subbundle of primitive (1,1)-forms. We denote with aq the projection to Aé’lT*M
of any v € AYT*M. Composition with the endomorphism J yields a parallel bundle
isomorphism
AVIT*M =5 SymT T*M : av+— aJ

with the bundle of symmetric 2-tensors commuting with J.

The bundle of (1, 1)-forms is a homogeneous vector bundle with fiber A'm = u(m).
Via the infinitesimal isotropy representation, the Lie algebra £ = R @ su(n,) @ su(n_)
embeds into Al'm, thus defining a parallel splitting

A'T*M =F, PE_®F

where E. have fiber su(ny) and F := (E; @ E_)*. For a € AY'T*M, we denote with
a4 the projections to the subbundles E.., respectively.

3 Fibrewise identities

In order to perform calculations on the complex Grassmannians, we need a bit of
preparation. In particular, we will employ Casimir operators on representations of K, the
eigenvalues of the curvature operator on M, commutator and anticommutator relations
for endomorphisms of 7'M, and some auxiliary objects that shall be explained later.

3.1 Casimir operators

We recall a few key facts about Casimir operators and record a few relations between
different normalizations.

Let g be a compact real Lie algebra equipped with an invariant inner product Q).
For any representation p, : g — gl(V), its Casimir operator (with respect to @)) is an
equivariant endomorphism Cas%}Q € Endy V defined as

Casf? := =3 pu(X,)?,



where (X;) is any Q-orthonormal basis of g.

If V., is an irreducible representation of g of highest weight v € t* (where t C g is a
maximal toral subalgebra), then the Casimir operator acts on V, as multiplication with
a constant Casg’Q given by Freudenthal’s formula,

Cas?® = Q" (v, + 20), (3)

where Q" is the dual of the restriction of @) to t, and d, is the half-sum of positive roots
of g.
The Killing form of a Lie algebra g is the invariant symmetric bilinear form B, defined
by
By(X,Y) :=tr(ad(X) oad(Y)), X,Y €g.

It is known to be nondegenerate if and only if g is semisimple, and negative-semidefinite

if and only if g is compact. We assume from now on that g is compact and semisimple.

Thus — By is an invariant inner product on g called the standard inner product.
Clearly, Casimir operators behave under scaling of the inner product as

Casy@ = ¢1Cash?, c>0. (4)
The standard inner product is distinguished by the following normalization property.
3.1 Proposition. On the adjoint representation of g, Causg”Bg = 1d.

This fact may be utilized to determine the ratio between two invariant inner products
that differ by a factor.

Let G be a compact semisimple Lie group with Lie algebra g, K a closed subgroup
with Lie algebra ¢, and m an Ad(G)-invariant complement of € in g. Then m is canon-
ically identified with the tangent space at the identity coset of the homogeneous space
M = G/K (and thus called the isotropy representation), and after restriction to m the
standard inner product —B; induces a G-invariant Riemannian metric on M called the
standard metric. The Einstein equation for this metric reduces to a simple condition on
the Casimir operator of the isotropy representation [2, Prop. 7.89, 7.92].

3.2 Proposition. The standard metric on M = G/K is Einstein (with Einstein con-
stant E) if and only if Casﬁ’fBg = Ad for some constant A € R. If this is the case,

then .
A=2F — —.
2
This formula is usually employed to quickly find the Einstein constant of a standard
homogeneous Einstein manifold. However, if G/K is a symmetric space, then this is not

needed, as the following proposition shows [2, Prop. 7.93].

3.3 Proposition. The standard metric on a symmetric space of compact type is Einstein
with B = 1.
2



At times it becomes necessary to work with different invariant inner products on the
same Lie algebra. For example, if h C g is a simple subalgebra, then necessarily By is
a constant multiple of the restriction Bg’h since both are h-invariant. Another example
is the situation where ad : € — so(m) is faithful and b C € is any subalgebra. Then the
standard inner product _Bg‘m induces on so(m) = A*m an inner product (-, )5z in the
usual way, i.e.

_ e VBlee) — X 5)
(v, B) a2 _;a(ez,e])ﬁ(el,ej) = 2tr(aoﬁ), (
where (e;) is a —Bg‘m—orthonormal basis of m. Pulling this back along ad }h gives an
invariant inner product on b that we shall also denote by (-, ) 2.

For our purposes and in the context of the complex Grassmannians, both of these

issues shall now be addressed.

0. . . k 5u(k su(k:) k,2_1
3.4 Proposition. On the defining representation C* of su(k), Casg = Sz ld.

Proof. We note first that the highest weight of the defining representation is the first
fundamental weight w; in the convention of Bourbaki, while the highest weight of the
adjoint representation is wy + wy_1. The Casimir eigenvalues of the fundamental weight
representations are calculated for example in [14] (see the table on p. 17). Taking into
account the normalization in Prop. B.1Il we find the desired value. O

3.5 Lemma. Under the standard inclusion su(k) C su(n), 2 < k <n —1, one has
n
Baun) |y = 7 Boutr-

Proof. Let ¢ > 0 such that Bsu(n)}

5u(k:)7stu(n)
C su(n)

k) = cBeyk)- We consider the Casimir operator

and take a trace. On one hand,

tr CasE) Paw Ztr (ad(X. Z Bam)(Xi, X;) = dimsu(k) = k* — 1,

sun

where (X;) is a —Bgy(n)-orthonormal basis of su(k). On the other hand, we note that
the restriction of the adjoint representation of su(n) to the subalgebra su(k) splits as
su(k) @ (n — k)C" plus an (n — k)2-dimensional trivial summand. Thus

k),—Bgsu(n — k),—Bgsy k),— By
tr Caszgn))’ ) _ 1 Caszgki 4 (n = k) tr Cas™®Pew

:Cil.<k2_1>.ﬁ

k
by @), Prop. BT and Prop. 3.4 It follows that ¢ = 7. O
3.6 Lemma. Under the standard inclusion of by = su(ny) into € == s(u(ny) du(n_)),
==
<'7'>A2’hi - QniBfJi'



Proof. Let (X;) be an orthonormal basis of h, with respect to (-, )2, and (e;) a —By-

orthonormal basis of m. We take a trace of Czis&i’("')"2 as follows. Using the definition
of the inner product on 2-forms (), we may calculate

tr Case "0 = 37 By(ad(X)%e. ¢5) = — Y By(ad(Xi)e;, ad(X;)e;)
%] @]
=2 (X;, X;)p» = 2dimbs = 2(n} — 1).

Let ¢ > 0 such that (-, -)Az}hi = —cBy, . Recall that m =2 C"+ ®@¢ (C")* as a represen-

tation of £. Restricted to h. it splits as m = n C"* (or its dual, which has the same
Casimir eigenvalue). Hence, using () and Prop. B4l we find

:c_l-(ni—l)-Z—I.

2

_ bt,—B _ ny —1

tr Cas?ni< 2 ol gy Casy ™ =ct. 2n,n_ - %
2ng

Thus 2¢ = Zii as claimed. O

3.7 Corollary. For the isotropy and adjoint representations of su(n),

2
su(na), () Mg — 1 su(ne) ()2 2N
Casny = 7n+n, Id, C su(ns) = —n¢ Id.

3.2 The curvature operator

On a Riemannian manifold (M, ¢) with Levi-Civita connection V, let R be the Rie-
mann curvature tensor defined by

R(X,Y)Z: [Vx,Vy]Z—V[)Qy]Z, X,Y,ZE%(M)
Moreoever we denote by Ric(X,Y) = tr(Z — R(Z, X)Y) the Ricci curvature and let
g(Ric(X),Y) = Ric(X, Y)

define the Ricci endomorphism Ric : T,M — T,M. The curvature operator (of the first
kind) is the self-adjoint linear operator R : A>T, M — A?T, M derived from the curvature
via

(R(XAY),ZAW) = g(R(X,Y)Z,W),

where the inner product on A*T, M is the usual one induced by g, cf. (B). We note that
in our convention, positive curvature operator implies negative sectional curvature.

We will need some of the eigenvalues of the curvature operator on the complex Grass-
mannians. Although they are available in the literature, we take the liberty to rederive
them using the so-called standard/Weitzenbick curvature endomorphism IC(R) which is
given on any vector bundle VM = O(T'M) x, V associated to the orthonormal frame
bundle O(T'M) as

K(R) =) pu(wa)ps(Rwa).



where (w,) is an orthonormal basis of so(T,M) = A*T,M, and p, is the differential of
the representation p : O(n) — GL(V).
We shall make use of the following known facts.

3.8 Proposition. (i) On T'M, we have K(R) = Ric.

(i) On A*TM, we have K(R) = Ric, + 2R, where Ric, is the extension of Ric as a
derivation, i.e.
Ric,(X AY) =Ric(X)AY + X ARic(Y).

3.9 Proposition. If (M = G/K,g) is a Riemannian symmetric space with metric g
induced by the restriction to m of an invariant inner product Q) on g, then

K(R) = Cas}®
on any homogeneous vector bundle VM = G X V.

The eigenvalues of R may now be calculated with ease.

3.10 Lemma. The eigenvalues of the curvature operator on the complex Grassmannians
with the standard metric are given by

1 n
Rw=—gw, Rl =-3-d,  R| = 0.

(RwBELBE_ )+

Proof. Recall that (M, g) is Einstein with Ric(X) = 2X by Prop. B3l Thus we have
Ric,(X ANY) = X AY, and Prop. yields

K(R) =1d + 2R

on A°T'M. Since E4 are homogeneous vector bundles with fiber su(n..), we may combine
Prop. with Prop. B.1land Prop. to obtain

— 1 £—B 1 _ n4 su(ni)vasu(ni) 1 o n4 1 . ’]’I,:F
R‘Ei == §Cassu(ni) — §Id == %Cassu(ni) — §Id == % — 5 Id = —%Id
On the trivial bundle Rw, the Casimir term vanishes, yielding Rw = —%w. For the sake

of completeness we note that Rw @ E, @ E_ is fibrewise isomorphic to the Riemannian
holonomy algebra € = s(u(n,) @ u(n_)) of the symmetric space (M, g), so the curvature
operator vanishes on its orthogonal complement. O

3.11 Remark. Note that the eigenvalues of R have opposite sign as in [10] due to
different sign conventions for the curvature.

10



3.3 Commutators and anticommutators

The natural action of an endomorphism A € End T,M on tensors is as a derivation.
On differential forms in particular it may be written as

Aca = ZAei A (e o), aeNT,M,

where (e;) is an orthonormal basis of T,M. If a is a 2-form, identified via the metric
with a skew-symmetric endomorphism, then A,a may be expressed using a commutator
and an anticommutator as

Ava = [Ap2, o] + { A2, o},

where A2 and Agy2 are the skew-symmetric and symmetric part of A, respectively,
according to the decomposition End TM =2 A*TM @ Sym?TM. This occurrence of
both commutators and anticommutators in the natural action warrants a discussion
about their behavior with respect to the relevant subbundles of A2T'M on the complex
Grassmannians.

Recall that the isotropy representation m of the complex Grassmannian M = G/ K is,
as a complex representation, equivalent to C"+ ®¢ (C"-)*. Under this equivalence, the
almost complex structure J translates to multiplication with i. We may thus identify
the (assocative) algebra End™ m of endomorphisms commuting with J with the algebra

gl(nyn_,C) = gl(ny,C) ® gl(n_,C)
acting on m = C"* ®¢ (C")* in the natural way, namely
(A® B)(v® \) = (Av) ® (AB™)
for A € gl(ny,C), B € gl(n_,C), v € C", A € (C™)*. The subalgebras gl(ny,C),

which embed using the Kronecker product into gl(nyn_,C) as
gl(ny,C) = gl(nyn_,C): A= A® I, ,
gl(n_,C) = gl(nyn_,C) : B—1,, ®B,
clearly commute with each other. This seemingly trivial observation has important

consequences for commutation and anticommutation relations between elements of the
vector bundles E; and F.

3.12 Lemma. [E;,E_] =0.

Proof. Since E, are subbundles of the algebra bundle End* 7'M whose fibers correspond
to the subspaces su(ny) C gl(ns,C) C gl(nyn_,C) = End" m, this follows directly from
the observation above. O

3.13 Lemma. Under the above identification A"'m = {iAB| A € u(ny), B € u(n_)}.
In particular
F =span{afJ|acE,, geE_}.

11



Proof. Identifying m = C"™ ®@c¢ (C")*, the space Ab'm corresponds precisely to the
subspace u(nyn_) C gl(nyn_,C). Following the above discussion, we may write

gl(nyn_,C) =span{AB| A € gl(n;,C), B € gl(n_,C)}.

Recall that the anticommutator of two skew-Hermitian matrices is Hermitian. Take now
A €u(ny) and B € u(n_). Since they commute we have

iAB = %{A, B} € i{u(nyn_),u(nsn )} C u(ngn) = A m,

By counting dimensions, we see that these elements actually span Ab'm. Further split-
ting u(ny) = su(ny) @ iR we obtain

u(nyn_) =iR @ su(ny) @ su(n_) @ span{iAB| A € su(ny), B € su(n_)}.

Thus FF, being the invariant complement of Rw @ E, @ E_ in AT M, is associated to
the last summand. O

3.14 Corollary. If a,hJ € EL, then {h,a} € EL ® Rw.
Proof. Indeed, {u(ny),iu(ns)} C u(ny), which is the fiber of EL & Rw. O
3.15 Corollary. Ifa € EL, hJ € E, then {h,a} € F.

Proof. Since [E;,E_] = 0 by Lemma .12 and both « and A commute with J, we have
{h,a} = 2ah which lies in F by Lemma B.13 O

3.4 Some auxiliary identities

In order to parametrize the infinitesimal Einstein deformations and work out the
second order obstruction to integrability, we introduce a few auxiliary objects and record
some additional useful, albeit technical identities.

3.16 Definition. Let (wF) always denote a local (-, -)s2-orthonormal frame of E..

(i) We define the 4-forms Q4 := > w¥ AwF and Q= %:QJF — nzng_.

(ii) For any A € EndTM, we define C1(A) := >, wrAw?. Here we again identify
2-forms with skew-symmetric endomorphisms.

3.17 Remark. It is not hard to see that the above definitions are independent of the
choice of basis. The 4-forms (24 serve the same purpose as the Kraines form in the
quaternionic Kahler case ny = 2 (or n_ = 2) [10]. Since the bundles E. are parallel and
the wE are skew-symmetric, it follows that also the Q. and thus Q2 are parallel.
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3.18 Lemma. The operators Cy. can be expressed as

2

A.

Lo su(na), ()52
Ci(A) ==C A (A
:|:( ) 2 asg[(m) ( ) n+n7

In particular Cy is su(ny)- and thus €-equivariant, i.e.

Cull, A]) = [0, Cu(A)]  VacRwGE, GE_

and we have CL(A) = ——-A if A€ EL OF and CL(A) = _mly if A€ Rw@E;.

nyin— nyin—

Proof. As su(ny) C so(m) acts on gl(m) by the commutator, we calculate

su(ni),(-,
casg[fm; 02 (4) = — S wE WE A = Y (wEAGE - A(w)? — (WE)*A)

a a

— 20 (A) + {A, Casn ") 72y

Corollary B.7 now implies the first assertion. The equivariance under £ follows from the
fact that Cas™(™+) commutes with the action of su(n.) and that [Ey, E_] = 0 = [E, J].
Restricting the £-module

AM'm 2R @ su(n,) @ su(n_) @ su(n,) @ su(n_)

to su(ny ), we observe that su(ny) acts trivially on R@su(ns ), while the rest is equivalent
to n%t copies of the adjoint representation of su(n). By Corollary B.7 we obtain

2

Ci(A)=— o A, AceRwdEg,
1 2ny ni-—1 1

Ci(Ay=|=-—— A= A AeE F.

+(4) (2 N+ n+n) nyn_ € e @

The following lemma is elementary but stated for convenience.

3.19 Lemma. For any o, 3,7 € A>T M, we have

a s (BAYy)=(a,B)y+ {a,7)8 + Bay +yaB.

In particular

a s (BAB)=2(a,B)B + 268ap.
We shall now take a closer look at the 4-forms 24 and ).
3.20 Lemma. For any X € T'M,

(1) Ziei A (ei /\X):t = —%XJQi,

13



1

(11) ZZ €; (62‘ AN X):I: = Z%;_X
Proof. (i) We calculate

X—'QiZQZ (X 2w A wi:2z<ez,XJw Ve; Awi
—QZX/\% ez/\w —226Z (e; N X)g

(ii) Similarly,

Zel (e; N X)g Z(X/\ei,wai}wai(ei) = —Z(ei,XJwai)wai(ei)

i,a

= = D (@A) = Casy ™ (),

and the assertion now follows from Corollary 3.7

]
3.21 Lemma. For any o € A>T M, we have We note a 15 Qx = 2ax + 2C+(a).
Proof. 1t follows from Lemma that
a1y = ZOZJ (wE AW = Z(Q(a,wi>w + 2wFawd) = 204 + 204 (a).
]
3.22 Lemma. The 4-form ) is primitive, i.e. w 12 = 0.
Proof. Since w L E,, Lemma [3.18 and Lemma [3.2]] imply that
waQy =204 (w) = —QT;iT_llw
and one checks using the definition of 2 that w 42 = 0. U

3.23 Corollary. The 4-forms Q4 and ) are all nondegenerate in the sense that if
X1Qr=00r X 1Q=0 forany X € TM, then X = 0.

Proof. This is a consequence of the holonomy principle: indeed, the kernels of the maps
X = X 12Q4, X — X 4Q would define parallel subbundles of T'M. Since (M, g) has
irreducible holonomy, it follows that these 4-forms are either nondegenerate or vanish.
However Lemma [3.18 and Lemma [B.21] imply that
nin_+1
aiQy = ia

nyn_
for any a € E., so {24 cannot vanish. A similar computation shows that the same is
true for the linear combination 2. O

14



4 Killing fields and differential identities

We recall that a Killing vector field X on a Kéhler manifold (M, g, J) is Hamiltonian
with respect to the Kahler form w, i.e. Lxw = 0. Hence, if M is compact and simply
connected, we have a globally defined function zx, called Killing potential uniquely
determined from X Jw = dzx and fM zxvol = 0. Note that the equation LxJ = 0 also
implies that dX is in QYY(M).

Assume that ¢ is a Kédhler—Einstein metric of Einstein constant % Then Killing vector
fields and their Killing potentials are both in the kernel of A —Id, where A = d*d + dd*
is the Laplacian defined by the metric g. In fact, by Matsushima’s Theorem, the map
X — zx defines an isomorphism between the space of Killing vector fields iso(M, g) and
the (minimal) eigenspace ker(A — Id) on functions. In particular, we have (X,Y )2 =
(2x,2y)r2 and we see that if a Killing potential is L?-orthogonal to all other Killing
potentials, it has to vanish.

By a theorem of Kostant [9, Thm. 3.3], if X is a Killing vector field on a compact
manifold (M, g), the skew-symmetric endomorphism dX is contained in the Riemannian
holonomy algebra of g at each point. Hence, for the complex Grassmannians, dX takes
values in the subbundle Rw @ E, @ E_ with fiber £ € Ab!m.

4.1 Remark. As mentioned in §2] the Killing vector fields on the complex Grassmannian
M = G/K = SU(n)/S(U(n;) x U(n_)) are precisely the fundamental vector fields
generated by the action of G = SU(n). For such a fundamental vector field X generated
by X € g, clearly its value at the identity coset only depends on its m-part — on the
other hand, its exterior derivative is (at the identity coset) given by

(dX), (Y, Z) = g([X,Y], Z), Y,Z e m = T,M,

cf. 2, Lem. 7.27]. By the Cartan relation [m, m] C £, we see that this only depends on
the ¢-part of the Lie algebra element X, which is consistent with the conclusion above.

4.2 Lemma. If X s a Killing vector field,

54

(dX)o = (dX); + (dX)_ = dX —

Ww.
nyn_

Proof. Since dX takes values in Rw ® E; & E_, we know that
(dX,w)

jwl?

dX = (dX), + (dX)_ +

We have |w|?> = —1 tr(J?) = dim¢ M = nyn_. Recall that X being Killing is equivalent
to dX = 2V X. Using that J and ¢ are parallel, we may thus calculate

(dX,w) = % S (en s 2dX) = =3 e, Vo, (JX)

) )

= d*JX = d*dZX = ZX,

and the assertion follows. O
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4.3 Lemma. Any Killing vector field X satisfies the following identities:
() d(dX)e = T2X 40,

2
ny —1

(ii) d*(dX). = X.

n+n

(iii) d|(dX).|? = 2”¥XJ(dX) .
() Al@X). 1 = 222 (@) - X

Proof. (i) We recall that since X is Killing, it satisfies VdX = 2R(-, X). Using that
the bundles E. are parallel and that the curvature operator R is symmetric and

has eigenvalues —%* on Ex by Lemma .10, we calculate

d(dX) i_Zez/\Vel (dX) i_Zel (Ve,dX) s

n
=2 iANR(e;, X)y = ——F i A (es AN X))z
Ze (e; 02 ei N (e )+

Applying Lemma B.20 (i) now yields the first assertion.

(ii) Similar to the above, we find

ZGZJV (dX)+ $Zez (e; N X)g

The assertion follows now from Lemma B.20] (ii).

(iii) Using the same identities as above, we calculate

2n
d|(dX) | = —42 R(X,e)x, (dX)1)e; fXJ(dX)i.

(iv) By taking the codifferential in (iii) and applying Lemma (ii), we obtain
2
A|(dX)]? = % ST ((dX) e(er, Ve, X) + 2(R(X, €1)2, X Aey)

2n 2(ni — )n
= " |(dX)4|* - #Pﬂ%
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5 The infinitesimal Einstein deformations

It has been known for some time that the space £(g) of infinitesimal Einstein defor-
mations of the complex Grassmannian is, as a G-submodule of the space of tt-tensors,
isomorphic to g and thus to the space iso(M, g) of Killing vector fields ([6], see also [3,
Prop. 8.4]). The infinitesimal Einstein deformations have been explicitly described in the
case ny = n_ by Gasqui-Goldschmidt [3, §VIIT.4], while a parametrization by Killing
vector fields has been given in the case n_ = 2 by Nagy—Semmelmann [10, Prop. 6.2].
We extend the latter approach to all n,.,n_ > 2.

We shall parametrize the infinitesimal Einstein deformations of (M,g) in terms of
Killing vector fields using the following map.

5.1 Definition. Let e : X(M) — Q"' (M) be the linear map defined by

X ex = "an Lax), - "in: Ldx)_.
5.2 Theorem. If X is any Killing vector field, then
(i) dex = X 19,
(i) d*ex =0,

(i) Aex = ex.
Moreover, the map e is injective restricted to Killing vector fields.

Proof. (i) and (ii) follow immediately from Lemma and the definition of Q (Defini-
tion B.16). Moreover, by (i) and (ii), we find that Aex = d*(X 1 Q). Next, we observe

(X 5Q) =dX 2Q— X .d*Q,

and d*Q) = 0 since  is parallel (Remark[3.17)). Now combining Lemma [3.18, Lemma[3.21]
and the fact that €2 is primitive (Lemma [3.22)), it is straightforward to calculate that

Aex =dX 1Q=(dX)y 2Q+(dX)_1Q

n? —1 n? —1
= ——(dX); — ———(dX)_ = ex.
X))~ T dX) - = ex
Finally, let X be a Killing field such that ex = 0. Then by (i), X 1 Q = 0, and the
nondegeneracy of 2 (Corollary B.23)) implies X = 0. O

The infinitesimal Einstein deformations of a Kahler-Einstein metric were described
by Koiso [8, Prop. 7.3], cf. [10, §5]. Generally £(g) splits into two subspaces ¢*(g) of
symmetric 2-tensors commuting resp. anticommuting with J, and we have

ef(g) = {aJ|a e QW M), d'a=0, Aa=2Ea}.

For the complex Grassmannians we have thus constructed an injective map from the
space of Killing fields to e*(g)J. By the fact that iso(M, g) has the same dimension as
£(g), we arrive at the following statement.
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5.3 Corollary. The map X — exJ is a linear isomorphism iso(M, g) — e (g) = (g).

5.4 Remark. One may also arrive at the desired isomorphism by a purely algebraic
argument. In light of the Peter-Weyl Theorem for homogeneous vector bundles [11],
Thm. 5.3.6], which states that given such a bundle VM = G X V over a homogeneous
space M = G/K of a compact Lie group G,

LA(M, VM) = PV, @ Hom(V, V)

el

as a G-module (where the sum ranges over all equivalence classes of irreducible repre-
sentations of (), everything equivariantly derived from Killing vector fields plays out
(in our case) on the Fourier mode V., = g, the adjoint representation.

The infinitesimal Einstein deformations fit into an exact sequence

0 — iso(M, g) — ker(A — 2E)}QI(M) — ker(Ap — 2E)}y2(M) — e(g) — 0,
<0

cf. [12, §4]. Since on an irreducible compact symmetric space g = iso(M, g) and g is the
only Fourier mode with Laplace eigenvalue 2F [7, Lem. 5.2|, this sequence descends to
the level of Fourier coefficients as

0 — Homg(g, m) — Homg (g, m) — Homg (g, Symgm) — T — 0.

For the complex Grassmannians, we have Homg (g, m) = span{pr,,}, Homg (g, Symj m)
is via J isomorphic to Homg (g, Aé’lm) which in turn is spanned by both ade o pry,, ),
and T is a suitable one-dimensional subspace of Hom (g, Sym2m) such that the cor-
responding symmetric 2-tensors are divergence-free. That is, T is the space of Fourier
coefficients corresponding to the G-submodule €(g).

A straightforward calculation, also using Casimir operators, yields the appropriate

linear combination of adg o pry,,,) (or (dX)+ in Definition .11 respectively) that spans
the one-dimensional subspace JT inside Homg (g, Ag'm).

6 Invariant cubic forms

As explained in the introduction, the second order integrability obstruction manifests
as an invariant cubic form on £(g). Ultimately our goal is to reduce it to an invariant
polynomial on the Lie algebra g = su(n) and in particular to show that it does not vanish
identically. Throughout the calculation in §7lwe will encounter various such polynomials,
however first we shall record a few of their properties and relations between them.

6.1 Polynomials on su(n)

The following fact is well-known, cf. [3, Prop. 2.1], and has already been exploited in
order to study the second order obstruction on homogeneous spaces of SU(n) [1], 10} [13].

18



6.1 Proposition. The space (Sym® g*) of invariant cubic forms on g = su(n) is one-
dimensional and spanned by the element Py, defined by

Py(X) == itr(X?), Xeg.

6.2 Remark. Recall that for any homogeneous polynomial, the associated symmetric
multilinear form may be recovered via polarization. Using the same symbol for the
multilinear form, we may thus write

Py(X,Y,Z) = %tr(XYZ L 2YX), X,Y,Zeg

Moreover, Py € Sym®g* is contained in Sym? g* ® g* as the g*-valued quadratic form
X — P(X, X,).

6.3 Definition. Let 2 C g denote the variety defined as the zero set of the quadratic
map X — FPy(X, X, ), i.e.

2:={X eg|R(X,X,Y)=0VY €gl.
This variety may be described explicitly, cf. [1, Lem. 3.3], [L0, Lem.6.7].
6.4 Proposition. (i) 2 ={X €su(n)| X?*= @In}

(ii) If n is odd, then 2 = {0}.

(i) If n = 2k is even, then 2 is the union of SU(n)-orbits of all block matrices of the

form
itl, 0
( 0 —it]k) ek

and thus a cone over the complex Grassmannian SU(2k)/S(U(k) x U(k)).

6.2 Polynomials on Killing vector fields
We define the following G-invariant cubic forms on iso(M, g) = g.

6.5 Definition. For any Killing vector field X, let
() #(0) = [ ol

(i) v(X) = | [(dX)s2xvol

6.6 Remark. The G-invariance of u, vy is clear from the fact that G acts by translation
and the mappings X — zx, X — (dX) are all G-equivariant. Thus integrating over
M with respect to the invariant volume form vol averages out the action of G.

It was shown in [5] that the polynomial p does not vanish identically on iso(M, g)
provided n, # n_. However for n, = n_ it does vanish, as we will shortly see.
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6.7 Remark. The (partially) polarized forms of y and v are given by

M(X,X,Y):/ ZE(ZYVOL V:I:(Xava):/ |(dX):|:|22YV01-
M M

The latter is not obvious, but follows along the lines of [10, Lem. 6.8].

Since p,vy are both G-invariant, they are (after application of the isomorphism
g = iso(M, g)) multiples of the polynomial P, described above. Unfortunately, we
cannot leave it at this observation. In order to obtain an expression for the obstruction
polynomial ¥ as a linear combination of p and vy and to show that U corresponds to
a nonzero multiple of F, defined above, it is necessary to relate the polynomials pu, vy
to other cubic integrals. In particular we need the following nonvanishing result, which
shall be proved in §6.41

6.8 Lemma. The polynomials v+ do not vanish identically.

First, however, we shall discuss a few relations between the polynomials p, v and
some cubic integrals of Killing vector fields.

6.3 Relations between cubic integrals

To avoid redundancy, we note here that the proofs in this section repeatedly use the
following facts: any Killing field X satisfies dX = 2V X and VdX = 2R(-, X), while its
Killing potential satisfies dzx = JX as well as Azy = zx. Moreoever, as a consequence
of Lemma B.I0 and the symmetry of R, we have the identity R(X,Y); = —5=(X AY)4
for all X,Y € T,M, and thus, since the bundles E are parallel,

Vy(dX)e = H(X AY),

n

for all Y € T'M and Killing vector fields X. We also remind the reader that n = n +n_.

6.9 Lemma. For any Killing vector fields X and Y,

1
(i) / \X|2zyvol:§/ 2% 2y vol,
M M

(ii) / |dX|?2xvol = 0.
M
Proof. (i) Using that dzx = JX and Azx = zx, we find

d* (2% dzy) = =2(JX, JY ) zx + 25 d*dzy = —2(X,Y ) zx + 2% 2y,
d*(ZXzdeX) = —|JX|22’X - <JX, JY)ZX + ZXzyd*dZX
= —|X|?zx — (X, Y)zx + 2% 2y

Combining the above and integrating yields the assertion.
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(ii) First, integrating by parts we obtain

/(A|X|2)zxvol:/ |X|2A2XV01:/ | X |2zx vol
M M M

Using a local orthonormal basis that is parallel at the point of evaluation, we
calculate

AlX]? = —2Zei(<V6iX,X>) = Zez«X Ae;,dX))
== (e AV X,dX) =) (e; A X, V. dX)

—{dX,dX) + 2Ric(X, X) = —|dX| + | X

Thus we also obtain

/(A|X| )zxvol = / |dX| ZXV01+/ | X |2zx vol
M

and conclude that [, |dX[*zxvol = 0.
U

6.10 Remark. In fact, the statement of Lemma holds true on any compact Kahler—

Einstein manifold with £ = 3

6.11 Corollary. The polynomials p, vy satisfy the following relations.

(i) vy +v_+ w=0.
nyn_
2
-1
(i) (ng —ng)vye = MM. In particular p =0 if ny =n_.
nin

Proof. (i) This follows directly from combining Lemma .2l with Lemma (i).
(il) We recall from Lemma 3] (iv) that

2n¢| 2 2(n% — 1)n+

Al(dX)s]* = (dX)o]* = —————[X]".

Taking the product with zx and integrating, we find with Lemma [6.9 (i) that

/M(A|(dX)j:|2)ZXVOI = anz/i(X) - %M(X)-

But on the other hand, integration by parts simply yields

/M(A|(dX)j:|2)ZXVOI = /M [(dX)+|*Azxvol = vi(X)

Together, these imply the assertion.
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6.12 Lemma. For any Killing vector field X,

2
ny —1

) [ (@X)2(X, X0l = ~va(X) + Elu(X),

2nqn

2 2 2
. ) —nins + ny + 3ng (nL —1)(ni —2)
(ii) /M<(dX)+J, (dX)1)vol = o vy (X) 22 (X).
Proof. (i) First, we calculate
1
Vy(ZxX | (dX):t) = <JX, Y>X | (dX)j: + §ZXdX<Y) | (dX):t
+ %zXX (X AY)s.
Together with Lemma (i) it follows that
* 2 ni —1 9
-

and by integrating and combining with Lemma (i) we obtain the desired equal-
ity.

(i) We start by calculating the codifferential of the vector field (dX)%JX. Similar to
the above, we find that

1
Vr(dX)2TX) = Z2{(X AY)z, (dX)2}JX + 5(dX)2TAX(Y).
Let us consider the terms occurring in d*(dX)3JX one by one. First,

> e (X Aeg)s(dX)eX) = (e; 1 (e AX)x, (dX)1IX)

2
1
=T (4X) L (X, X)

nyn_

by Lemma (ii). Second,

D (e (dX) (X Aey) s JX) = Z(ei, X owH(dX)L(JX Jwie)

(2

= (dX):(JX swi X Jw¥)

1
nyn_
by virtue of Lemma [3.I8 Third, we note that by Corollary B.14] applied to a =

hJ = (dX)<, the endomorphism (dX)%J is a section of EL & Rw. Thus, using
Lemma 4.2, we find that

= —CL((dX)2) (X, X) =~

(dX)+(JX, X)

S e (dX)2IAX (61)) = ~2((dX)2 . dX) = ~2((dX)2 0, dX4) + —2|(dX)

nyn_

)
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Note that the factor —2 comes from the definition of the inner product on 2-forms,
cf. ([B). Putting everything together, we obtain

2
ny —2

(dX) 2 (TX, X) + (dX)2T, (dX)s) — —2—|(dX )]

nin nyn_

d((dXRTX) = -

and after integrating and applying (i) the assertion follows.

6.4 The nonvanishing of .

The purpose of this section is to prove Lemma We note that in the case n,. #n_,
the nonvanishing of v, follows from Corollary (ii) and the nonvanishing of u [5] §5].
Thus it remains to focus on the case n, =n_.

For any Killing vector field X let the functions fi € C*°(M) be defined by

fx = 1(dX)].
As an immediate consequence of Lemma (iv) we find

6.13 Corollary. If n, =n_, then the function fx = [+ — fx satisfies Afx = fx, i.e.
fx is a Killing potential.

As an analogue of [10, Lem. 6.12, (iii)] we have

6.14 Lemma. For any Killing vector field X, the function given by

n n
X2 2 + —
| X"+ Zx+2n+fx+2n fx

2nin_
18 constant on M.

Proof. This follows immediately by taking the differential, applying Lemma and
Lemma A3 (iii), and noting that d|X|* = X L, dX. O

6.15 Corollary. If n, = n_, then for any two Killing vector fields X,Y we have
/ fxzyvol = £2v4 (X, X, Y).
M

Proof. Recall that since zy is a Killing potential, [ 4 Zvvol = 0. Multiplying the expres-
sion in Lemma [6.14] with zy and integrating, we thus obtain

1
/ <|X‘22y + WZ%ZY + f;Zy + fXZy) vol = 0.
M +

Also note that the terms [, |X|?zyvol and [, 2% zyvol vanish as a consequence of
Lemmal6.9](i) and Corollary [6.171(ii), since the latter is just the polarized form pu(X, X, Y).

It follows that
/ [y zyvol +/ fxzyvol =0
M M

With Remark 6.7, we have [ i frzyvol = v (X, X,Y) and the assertion follows. O
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6.16 Remark. The above corollary amounts to the fact that the polynomials v, only
differ by a sign when n, = n_. The geometric reason is the existence of an isometric
antiholomorphic involution between the Grassmannians

SU(n) . SU(n)
S(U(n+) x U(n))  S(U(n_) x U(n2))
that maps any n-plane in C™ to its orthogonal complement. For n, = n_ this involution

interchanges the isomorphic bundles E. and thus the polynomials v, up to a sign change
due to the orientation reversal.

We finish now the proof of Lemma Let X be Killing vector field such that
ve (X, X,Y) = 0 for all Killing vectors fields Y. By Corollary [6.15] this is equivalent to
(fx,2y)rz =0, hence fx = 0, since fy and zy are both Killing potentials. But fx = 0is
equivalent to |(dX),|* = |[(dX)_|* everywhere. We may conclude similarly to the proof
of [10, Prop. 6.16]: of course, there are Killing vector fields with [(dX),|* # |(dX)_|?
at some point. For example, the fundamental vector field X generated by some nonzero
matrix X € su(ny) C su(n) has ((dX),)y # 0, but ((dX),)_ = 0 at the identity coset.

This shows that the cubic forms r4 cannot vanish identically.

6.17 Remark. An alternative, algebraic proof of Lemma [6.8 for general n,,n_ goes as
follows. Consider the (non-invariant) polynomial v/, on iso(M, g) given by evaluating
the integrand of v, at the identity coset, i.e.

Ve(X) =1((dX)o)x2x(0), X €iso(M,g)

The inner product on Ey pulled back to su(ny) C € is some multiple of the trace form
on su(n4 ), while the Killing potential zx (o) is a constant multiple of (£, X), cf. [3, §2.3],
where we may choose the generator £ of su(n)X to be

N+ t.ir.nes7 n_.t.ir.nes7 _n+).

¢ = idiag(n_, n_,—ng,

Thus, under the identification iso(M, g) = g = su(n), the polynomial v/, corresponds to
a nonzero multiple of the cubic form P, € Sym?® g* given by
Py(X) = tr( X3, tr(€X)
. 2 277':& —1 2
=1 tr(Xu(ni)) — T(tr Xu(ni)) tr Xu(n:t)7 X e 5u<n).
-
The key idea is now that integrating v/, over M to the invariant polynomial v, amounts
to projecting P; to the G-invariant part (Sym?® g*)¢, which is by Proposition spanned
by
Py(X) :=itr(X?), X € su(n).

In order to prove the nonvanishing of v it thus suffices to show that Fy and P, are not
orthogonal with respect to the invariant inner product on Sym?g* given by

3
(aragas, bibybs) = Z H<ai7 bo(i)) a;,b; € g".

ceB3 i=1
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To do that it is convenient to complex-linearly extend P, and P; to cubic forms on
sl(n,C), and to express them using the standard basis (z4)7 ,—; of gl(n, C)*. We remark
that restricted to sl(n, C), these linear forms satisfy

1
<xab7 xcd)s[ = 5ac5bd - Eaabécd

The rest is a lenghty but elementary calculation.

7 The second order obstruction to integrability

Recall from Corollary B.3] that the map X — exJ from Killing vector fields to in-
finitesimal Einstein deformations constructed in §5lis an isomorphism, and in particular
e(g) = €™ (g). This enables us to apply Proposition [T Plugging the parametriza-
tion above into the second order obstruction polynomial (2)) and noting that F = % by
Proposition [3.3] we obtain the expression

U(X) =6(wAdex,ex Ndex),, —4(ex Nex,ex Aw) . (6)

Using the preceding results, the goal of this section is to express the polynomial ¥ on
iso(M, g) in terms of the polynomials i, v+ defined in §6.2 and finally to show that under
the idenfitication g = iso(M, g), ¥ corresponds to a nonzero multiple of the invariant
cubic form Py that spans (Sym? g*)¢ (Proposition 6.1)). In order to do that, we are going
to analyze the two terms in () separately.

7.1 The first term
Using Theorem (i), the integrand in the first term of ([@)) is given by
(wAhdex,ex Ndex) = (WA (X 1Q),ex A (X 12Q))

Setting h := ex.J, an elementary calculation using that ex is primitive by construction
and €2 is primitive by Lemma [3.22] shows that

h*(XJQ) :CUJ(G)(/\(XJQ))
and thus the integrand my be rewritten as
(wAdex,ex Ndex) = (h(X 2Q), X 4Q).

Substituting in the definitions of ex and {2 and expanding the sum, we are faced with
terms of the following type.

7.1 Lemma. For anyv € TM and h € Sym* TM such that hJ € Ey, we have

3 2
ning —ni — ongny — 3

(i) (ha(v 2 Qs),v20) =4

h(v,v),

2,2
n+n_
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3 3 2 _3
(i) (he(v 2Qg),v2Q5) = 4ninjF +ony —ning

ninz_ h(U,’U),

202 _p2 _3p2 13
(i) (hu(v 2 Q4),v105) = (hu(v 5 Q)0 5 Q) = _ gl T e Oy +

n2nZ h(v,v).

Proof. Suppose that hJ € E; & E_. First, we note that since h, is a derivation,
ho(v2Qy) =v3hQy —h(v) 2Q4,
:QZ((UJ{h,wéﬁ YAWE 4+ (vowE) A b wE — (h(v) swy) Awy) -

a

It follows that

(he(v 2Qx), v 30L) = =2 Z {(wy 2 Q)hwiv +wy ({h,wy} 2 Q4)v,v). (7)

By virtue of Lemma B.I8 and Lemma .21 we have

2 _+1
wi oy = D) s s 00 o w4 20 ({hwt))

nyn_

and we note that Corollary B.14] and Corollary imply

{h,wE} — —(hJ wiw, hekil,
{h,wE
0, h e ELJ.
We substitute this into () and continue analyzing the occurring terms. First,
2 _+1
S (wit ot = 2= D gy
nyn_

a

Second, using the equivariance of C from Lemma [B.I8 together with Lemma B.7]
S eE Ol = T 4
_ZW Wy [hy wilwy + 2w wy wg hay)
- Z (WEC ([, wE)) + 204 (wE)hw?)
= Z WE[CL(R), W] + M%wffhwff)
= i(wf(?i(h)wf — (w3 )?Ci(h)) + o Ce(h)
= Cji(h) + Casp "= 020 (n) +

= C3(h) + "i“cu h),

nyn—

C+(h)

nyn_
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while (in the case of h € E.J)
Y owidhwi} =) (wihwy + (W)%h)

2

= C;I:(h) — C&Sil(ni)’<.7.>l\2h = C:t(h) —

> (W] wiwr = —h.

a

h,

nyn_

Putting this together and applying Lemma B.I8] we obtain

3 2
ning —ni — ongny — 3

4

(v 2 Q1) 02 QL) = nin’
AR A 4nin¢+3ni—nin¢—3

h(v,v), heEiJ,

w2 h(v,v), heELJ.
This proves (i) and (ii). In order to show (iii), we first note that it suffices to analyze
(he(vaQy),v2Q5) with h € ELJ since h, is self-adjoint. We rerun the calculation above
with an Q- on the right hand side of the inner product. Again combining Lemma [3.1§

with Lemma [3.21] and Corollary B.15 we find

Q(n?F — 1)@jE

nyn_

wE Qe = — {h,wF} 20 =205 ({h,wT}).

As above, we unfold

D waCr({hwi}) = Y wiwy (hwy +wyh)wf

a,b
=Y wrCx([h,wi)) +2)  Cu(wi)hwyf
a b

— Cu(C(h)) + Cas ™0 0 () — 220 ()
= C4(C(h) — 2= C (h)

nyn_

and combining everything we obtain

2 2 2 2
nynZ —ni —3ng +3

(he(v 0Qy), v 3Q) =—4 h(v,v).

2,2
U

Assembling the preceding identities, we now obtain an expression for the first term of
the obstruction polynomial ([@]).

7.2 Corollary. The integrand in the first term of (@) is
(wAdex,ex Ndex) =k (dX)(JX, X) —k_(dX)_(JX, X),
where the constants ki are given by

by (n% —1)*(ning +ni — Snyn_ +3)
= nin '

27



Proof. Continuing the discussion at the beginning of §7.1], we may combine the definition
of Q with Lemma [Z1] and find

—1)(n3ng +ni —5nyn_ + 3)

2,2
n+n_

(n

H N

<W/\dex,<dX)i/\dex> = (dX)i<JX,X)

Combining this with the definition of ex yields the assertion. O

Using the identities in Corollary [6.11] and Lemma [6.12] it is possible to express the
integral of the above term in terms of the cubic forms p and v,. We record the following:

7.3 Corollary. The first term of (@) is given by

(nf —1)(n2 —1)

El:u(X)a ny 7& n—,

3.3
nin? (ng —n_)
(w/\dex,ex /\aleX)L2 = (n2 B 1)3(n2 _3)
—2-— 5 - V—i—(X)a ny =nN—,

ny
with the constant ¢y given by

Oi=n3n® —3ndn_ —3nn® +n’n® +nd +n’ +5n.n_ — 3.

7.2 The second term

The second term in () does not depend on the derivatives of ey. Thanks to the
algebraic preparation in §3.3| it is therefore much easier to handle than the first one.

7.4 Lemma. For a,B3,y € E, ®E_, we have

(@A By Aw) = {a, 81,7,

and this vanishes unless either o, 5,v € By or a, B,y € E_.

Proof. We begin with noting that
(anB,yAw) ={wai(anpb))
and since o, f L w and «, f commute with J, Lemma implies that
walaNp)=alf+ pJa={a,B}J].
The vanishing statements now follow from Corollary B.14] resp. B.15l O

Substituting the definition of ex into (exAex, ex Aw), expanding the sum and applying
the above lemma immediately yields the following.

7.5 Corollary. The integrand in the second term of the obstruction polynomial is

(ex A ex,ex Aw) = 2("—7173_1)@)()1{], (dX).) —

2(n3 — 1)

3

p ((dX)%J,(dX)_).
3
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As before, we reduce the integral of this term to multiples of y and v, by means of
Corollary [6.11] and Lemma [6.12]

7.6 Corollary. The second term of () is given by

(i -2 —1)

€2M<X)7 ny 7£’r1,7’

nind (ny —n_)
e(X e(X),e(X W)ro = i 2 3(n2
(( )/\( ) ( )/\ )L _2(n+_1)5(n+_4)1/ (X), ny=n_,

with the constant {y given by

ly = nini — 4nin, —dn,n® + Qnirﬁ + ni +n? +Tnon_ —4.

7.3 The full obstruction polynomial

Using the expressions in Corollary [.3] and Corollary for the individual terms of
(@), it is now a straightforward matter of calculation to reduce V¥ itself to a multiple of
p(if ng #n_) or vy (if ng =n_ = 3), respectively. We obtain the following result.

7.7 Theorem. The obstruction polynomial ¥V may be expressed as

2n2 — 12(n2 — 1)*(nyn_ — 1)

\II: ni,_n,?i(n—i__n_) lu Zf”‘l’#n*?
2 4 4
I O iFr. —n_.

2nd

Notice that for n_ = 2 this agrees with the result in [10, Thm. 6.24] (up to a scale
factor of (%)3 stemming from a different parametrization, and the notation m = 2n, ).

We recall from §6.2] that the cubic form v, is nonzero, and so is p provided ny # n_.
Thus we conclude as follows.

7.8 Corollary. The obstruction polynomial ¥ is nonzero for ny,n_ > 2.

Theorem is now proved as follows. Since VU is an element of (Sym® g*)¢, which
is spanned by P, (Proposition [6.1]), it must thus be a nonzero multiple of FP,. As a
consequence, the set of infinitesimal Einstein deformations integrable to second order
corresponds under the parametrization X +— exJ to the variety 2 C g described in
Proposition If n is odd, this variety is just the origin — thus no infinitesimal Einstein
deformation is integrable, and g is rigid.

2This refers to the updated version of [I0], containing the correct formula (2)), which is in preparation
at the time of writing.
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